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A B S T R A C T

Scenario-based stochastic model predictive control traditionally considers the optimal strategy to be the
expectation of the optimal strategies across all scenarios. However, while the stochastic problem involving
uncertainties can be substantiated by a large number of scenarios, the expectation of the respective optimal
control strategies derived from all scenarios as the optimal control strategy to the problem is challenging to
justify. We therefore propose a different approach in which we artfully have the optimization program find
the common optimal strategy across all scenarios for the first prediction step at each sample time, which, if it
exists, yields the true optimal strategy with greater confidence. We demonstrate the efficacy of the proposed
formulation through a case study of a research villa in Borås, Sweden, that is equipped with a battery and a
photovoltaic system. We compute a covariance matrix that contains time-dependent information of the data
and use it to generate autocorrelated scenarios from the probabilistic forecasts that serve as the uncertain
input to the energy management system. We justify the credibility of the optimal solution derived from the
proposed formulation with compelling reasoning and quantitative results such as improved self-consumption
of photovoltaic power.
1. Introduction

Renewable energy and energy efficiency are said to be the twin
pillars of sustainable energy policy [1]. Since energy use remains on
the rise [2], increasing the energy efficiency is essential to slow energy
use growth [1]. Simultaneously, an increasing share of renewable
energy sources (RES) is necessary to reduce the carbon footprint of
the increasing energy generation. Buildings are a major energy user
that account for approximately 40% of the global energy use [3], and
across the European Union approximately 32% of that energy is in the
form of electricity [4]. The push to electrify the energy system is sure
to increase those numbers; researchers have already investigated the
requirements to transition the global energy system to one that is driven
purely by renewable energy and found that electricity will become the
main energy carrier, transferring 90% of total energy demand [5]. For
the European energy system, Child et al. [6] concluded that combining
RESs and storage can lower the levelized cost of electricity from the
current e69/MWh to e56/MWh by making use of prosumer flexibility
and seasonal storage. Net-zero energy buildings offer a solution in
that they require less energy than is produced by on-site RESs over
the course of a year [7]. However, the increasing integration of RESs
poses challenges to the distribution system operator, e.g., severe voltage
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fluctuations [8], and improving the self-consumption of energy – in this
case electricity – is therefore preferred to mitigate the aforementioned
challenges without curtailing the power output of RESs. Luthander [9]
showed that battery storage is the most common and most effective
approach to improve self-consumption, revealing that battery stor-
age increases the self-consumption between 11 and 41 percentage
points in recent studies. In contrast, the same study [9] found that
demand-side management (DSM) typically offers less self-consumption
improvement, ranging between 2 and 18 percentage points increase.

Energy management systems (EMS) have been proposed to improve
building energy efficiency and accommodate a high share of RESs.
Such a system optimizes the use of, e.g., controllable devices such
as heating, ventilating and air conditioning systems or energy storage
systems based on user-preferences, relevant forecasts and potentially a
price signal [10]. Various control approaches have been proposed to
support EMSs. For instance, Niu et al. [11] and Terlouw et al. [12]
developed a building EMS based on mixed-integer programming, while
Wu et al. [13] employed stochastic dynamic programming and Acquah
and Han [14] and Conte et al. [15] utilized stochastic optimization.
However, arguably the most common framework for optimal control
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Nomenclature

Indexes

𝜏 𝜏 ∈ [0, 1], used to index quantiles.
𝑏 Boosts, running from 1 to 𝐵.
𝑖 Fitting sample, running from 1 to 𝑁 .
𝑘 Prediction horizon, running from 0 to 𝐾−1.
𝑠 Scenarios, running from 1 to 𝑆.
𝑡 Verification sample, running from 0 to 𝑇 .

Symbols

𝛥𝑡 Temporal resolution (15 min).
𝜂ch Charging efficiency (p.u.).
𝜂dis Discharging efficiency (p.u.).
𝑓 (⋅) Generic variable to denote a prediction.
𝜆buy
𝑡 Marginal electricity price (SEK/kWh).

𝜆sell
𝑡 Feed-in tariff (SEK/kWh).

𝜙sc Self-consumption.
𝜙ss Self-sufficiency.
Pch,max Max. battery charging power (kW).
Pch,min Min. battery charging power (kW).
Pdis,max Max. battery discharging power (kW).
Pdis,min Min. battery discharging power (kW).
PfrG,max Max. power transfer from the grid (kW).
PfrG,min Min. power transfer from the grid (kW).
PtoG,max Max. power transfer to the grid (kW).
PtoG,min Min. power transfer to the grid (kW).
SoCmax Max. state of charge of the battery (p.u.).
SoCmin Min. state of charge of the battery (p.u.).
⊤ Transposition operator.
𝐴 Array containing state parameters.
𝐷 Array containing input parameters.
𝑓𝑠,𝑡+𝑘|𝑡 Scenario forecast (kW).
𝐹𝑡+𝑘|𝑡 Predictive cumulative distribution func-

tion.
𝑃 Array containing power balance parame-

ters.
𝑃𝑘 Probability integral transform random vari-

able.
𝑄 Set of quantiles.
𝑞𝜏,𝑡+𝑘|𝑡 𝑞𝜏 = 𝐹−1(𝜏), the 𝜏th quantile forecast (kW).
𝑢𝑡 System input vector.
𝑥𝑖 Vector of predictors in fitting sample.
𝑥𝑡 System state or vector of predictors in

verification sample.
𝑍𝑘 Transformed 𝑃𝑘 using the Gaussian inverse

cumulative distribution function.

Decision variables

𝜷opt Joint optimal power across scenarios (kW).
SoC𝑠,𝑡 State of charge of the battery (p.u.).
𝑃 ch
𝑠,𝑡 Power transfer to the battery (kW).

𝑃 dis
𝑠,𝑡 Power transfer from the battery (kW).

𝑃 frG
𝑠,𝑡 Power transfer from the grid (kW).

𝑃 toG
𝑠,𝑡 Power transfer to the grid (kW).
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is model predictive control (MPC), which optimizes a control prob-
lem at each sample time for a given horizon and implements only
the optimal control action for the first prediction step, thus minimiz-
ing the temporal impact of model and forecast errors to the greatest
extent possible [16]. The research on deterministic MPC of build-
ings is well-established (e.g., [17,18]) but in this study we focus on
stochastic MPC due to the uncertainties present in renewable electricity
generation and building electricity use. Stochastic MPC typically con-
siders chance constraints [15,16,19] or scenarios [14,20–24]. Chance
constraints allow for the specification of a probability level that a
constraint is satisfied and have the convenient property that they
can be expressed by a deterministic equivalent if the uncertainty is
assumed Gaussian and independent. However, the forecast distribution
can rarely be expressed by common parametric distributions [25] and
forecast errors are rarely independent over time [26,27]. To that end,
Appino et al. [28] used quantile regression in combination with chance
constraints for stochastic day-ahead dispatch scheduling and used a
deterministic MPC algorithm for intra-day to compensate for forecast
errors.

In contrast, scenarios can be sampled from any appropriate distri-
bution, e.g., from the simulated data distribution [21,22], although
independent Gaussian distributions are frequently used [20], or they
can be generated using an autoregressive integrated moving average
model as in [24]. The optimization program subsequently optimizes
over 𝑆 scenarios, resulting in 𝑆 optimal control strategies. The con-
trol action to implement for the first prediction step is typically the
expectation of 𝑆 optimal control actions. However, there is a lack of
ustification that the expectation of the independently solved control
trategies that are scenario-specific represents the true optimal control
trategy of the original problem since the expectation operation essen-
ially only ‘‘smooths’’ the stochastic control strategies derived from the
cenarios. As a result, it hardly satisfies the objective function in all
cenarios, though each of which is supposed to be a valid realization of
he original problem. Following from that are feasibility issues that can
ccur on, e.g., days with highly variable renewable energy generation
hen scenarios may lead to conflicting strategies such as charging or
ischarging a battery simultaneously, and as the conflicting strategies
re issued and executed over time, we may fail to comply with the
roblem constraints at some point during the optimization. Hence,
ur objective is to find a mutual optimal solution across all scenarios

without the ambiguity introduced by taking the expectation afterwards.
If a solution is found, we can be certain that the resulting strategy is
optimal for all scenarios and therefore a more compelling strategy than
the expectation of the optimal strategy set.

1.1. Aim of the study

The energy system will drastically be reformed in the coming
decades, driven by high shares of renewable energy transported as
electricity. This study aims to contribute to the state-of-the-art by
proposing an alternative scenario-based stochastic MPC algorithm that
is more reliable and apply it to a research villa in Borås, Sweden.
The aim of the algorithm is to optimally schedule a battery based on
autocorrelated scenarios of the net load sampled from nonparametric
probabilistic net load forecasts. As mentioned above, the traditional
approach of implementing the expectation of the optimal strategy set
is unlikely to be optimal across all scenarios. We address this issue by
reformulating the traditional approach to include an innovative con-
straint that stabilizes the optimal strategies for the first prediction step
throughout the scenarios, which results in a compelling control strategy
that is globally optimal for all scenarios during the first prediction step.
We compare the proposed MPC algorithm to (i) the traditional scenario-
based stochastic MPC algorithm where the expectation of the optimal
control strategies is the strategy to implement, (ii) an uncontrolled
strategy without forecast, i.e., opportunistic charging and discharging,

and (iii) the deterministic MPC algorithm with a perfect forecast.
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Fig. 1. The solar power production in orange together with the two-day rolling
standard deviation from February to September 2019. As can be seen, PV power
production contains the highest standard deviation during April and therefore presents
a challenging forecasting case.

Although we showcase the reformulated stochastic MPC algorithm on a
villa with a battery and a photovoltaic (PV) system, it can in principal
be extended to any optimal control problem, which is why we make the
code for the proposed MPC algorithm available on https://github.com/
DWvanderMeer/BatterySmartCharging. Finally, we introduce statistical
verification methods of multivariate forecasts that have been developed
by statisticians in the atmospheric sciences with the aim to bridge the
gap to energy forecasters.

The remainder of this paper is organized as follows. Section 2
describes the data, the models and the verification tools to evaluate
the forecasts, scenarios and MPC performance. Section 3 presents the
results and Section 4 discusses the results. Finally, Section 5 concludes
this study.

2. Methodology

This section introduces each of the components of this study indi-
vidually and concludes with the verification tools required to assess
the validity of the probabilistic forecasts, scenarios and MPC algorithm.
The implementation can be summarized as follows: First, we employ
gradient boosted regression trees (GBRTs) to produce nonparametric
probabilistic forecasts up to 24 h ahead at 15 min resolution and
apply a postprocessing technique to improve the calibration. Second,
we compute a covariance matrix from suitably transformed proba-
bilistic forecasts and draw autocorrelated samples from the resulting
multivariate distribution. The autocorrelated samples are subsequently
transformed back using the inverse probability integral transform (PIT)
such that we are left with autocorrelated scenarios. Finally, the stochas-
tic MPC is run using the scenarios as input and the first prediction step
of the optimal control strategy is implemented.

2.1. Data

2.1.1. Net load
The electricity use and PV power production data come from a

research villa in Borås, Sweden, with a temporal resolution of 15 min.
Instead of considering electricity use and PV power separately, we
subtract PV power from electricity use and consider the net load. Recent
work found that considering the net load can improve the calibration
of the probabilistic forecasts [29]. Currently, data from 2018-10-01
until 2019-10-01 are available although gaps are present, which is why
we consider data from February to August 2019. In case the data are
3

of limited length, a common approach in forecasting is to use every g
other data point as train instance and the remaining data points as test
instances to emulate as though more data are available. However, as the
forecasts are input to an MPC algorithm, continuity of the test data is
required. In this study, we use April as the test month for the forecast
models and MPC algorithm while the remaining months are used as
validation and training data. We choose April as the test month because
the variability in PV power production is highest, as Fig. 1 illustrates.
High variability presents a challenge to solar forecasting and generally
results in worse forecasts. Since the MPC framework is designed to
correct model and forecast errors, it is preferable to test the capability
of the MPC algorithm on a test set where forecast errors are significant.

2.1.2. Electricity prices
Hourly electricity spot prices are downloaded from Nord Pool,

which is a European power exchange active in, among other countries,
Sweden. These data are linearly interpolated to 15 min resolution
to match the resolution of the net load. In addition, we assume a
selling price of electricity that is 65% of the buying price, which is
in accordance with the Swedish feed-in tariff [30]. It should be noted
that the value of self-consumed electricity is higher than the selling
price, which is interesting to take into consideration in future work.
Finally, it is worth noting that the electricity price is considered to be
deterministic.

2.1.3. Numerical weather prediction
Numerical weather prediction (NWP) is a vital input when forecast-

ing more than 6 h into the future (see, e.g., [31,32]). In this work,
we retrieve hourly forecasts of the total cloud cover and temperature –
initiated daily at 00:00 UTC – of the high resolution limited area model
(HIRLAM), which is developed by an international research program
of European countries. The interested reader is referred to [33] for a
detailed description of the model physics and parameterizations. This
model features a horizontal resolution of 2.5 × 2.5 km2 and we retrieve
the forecast closest to the research villa. Since the temporal resolution
is coarser than that of the optimization model, we linearly interpolate
the forecasts to 15 min.

2.2. Probabilistic forecasts

2.2.1. Gradient boosted regression trees
We employ GBRTs to produce probabilistic forecasts using the data

described in Section 2.1. Trees are known to predict with low bias
and high variance, which is advantageous since the nighttime values
of the net load are consistent but not constant. To reduce the high
variance of trees, several approaches exist that generally rely on an
ensemble of trees, such as bootstrap aggregation, random forests or
boosting. Originally proposed by Friedman in 2001 [34], gradient
boosting linearly combines weak learners into a single prediction model
and this has been shown to be a highly effective learning technique in
a variety of applications. The model is built iteratively, which means
that it learns from the errors of previous models by fitting a model to
the residuals at each iteration. After all the iterations, also referred to
as boosts, the weak learners are combined into one predictor, which is
defined as [34]:

𝑓𝐵(𝑥𝑖) = 𝑓0(𝑥𝑖) +
𝐵
∑

𝑏=1
𝑓𝑏(𝑥𝑖), (1)

where 𝑥𝑖 is the 𝑖th scalar or vector of independent variables, 𝑓0(𝑥𝑖)
s the initial guess, 𝑓𝑏(𝑥𝑖) is the prediction at boost 𝑏 and 𝐵 is the

total number of boosts. Steepest descent is used1 to minimize the loss

1 It should be noted that this applies to scikit-learn version 0.22.1,
hich can be found at https://scikit-learn.org/0.22/modules/ensemble.html#
radient-tree-boosting.

https://github.com/DWvanderMeer/BatterySmartCharging
https://github.com/DWvanderMeer/BatterySmartCharging
https://github.com/DWvanderMeer/BatterySmartCharging
https://scikit-learn.org/0.22/modules/ensemble.html#gradient-tree-boosting
https://scikit-learn.org/0.22/modules/ensemble.html#gradient-tree-boosting
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function 𝐿(𝑦𝑖, 𝑓 (𝑥𝑖)) of the residuals at each boost and to update the
current solution [34,35]:

𝐟𝑏 = 𝐟𝑏−1 − 𝜌𝑏𝐠𝑏, (2)

where:

g𝑏 = {𝑔𝑖,𝑏} =

⎧

⎪

⎨

⎪

⎩

[

𝜕
[

𝐿(𝑦𝑖, 𝑓 (𝑥𝑖))
]

𝜕𝑓 (𝑥𝑖)

]

𝑓 (𝑥𝑖)=𝑓𝑏−1(𝑥𝑖)

⎫

⎪

⎬

⎪

⎭

, (3)

𝜌𝑏 = arg min
𝜌

𝐿(f𝑏−1 − 𝜌g𝑏). (4)

In order to produce probabilistic forecasts, we select the pinball loss
function as 𝐿(𝑦𝑖, 𝑓 (𝑥𝑖)) to train our GBRT model, which is a function of
nominal probability 𝜏 and is defined as [36]:

𝜏
(

𝑦𝑖, 𝑓 (𝑥𝑖)
)

=

{

𝜏|𝑦𝑖 − 𝑓 (𝑥𝑖)| for 𝑓 (𝑥𝑖) ≤ 𝑦𝑖,
(1 − 𝜏)|𝑦𝑖 − 𝑓 (𝑥𝑖)| for 𝑓 (𝑥𝑖) ≥ 𝑦𝑖.

(5)

nce the model for a specific quantile is trained, a quantile forecast
ith nominal probability 𝑞𝜏,𝑡+𝑘|𝑡 can be issued on the test set where

he vector of independent variables 𝑥𝑡 consists of time lagged net
oad observations and the NWP forecasts discussed in Section 2.1.3.
f several nominal probabilities 𝜏 ∈ 𝑄 (here 𝑄 = {0.1, 0.2,… , 0.9}) are
hosen, a discrete inverse cumulative distribution function (CDF) 𝐹−1

𝑡+𝑘|𝑡
an be issued instead, which requires training |𝑄| models.

ross-validation. GBRTs are sensitive to the hyperparameters, such as
earning rate, minimum samples to split on or the maximum depth
f trees, which is why we perform an exhaustive grid search along
redefined hyperparameter values to find the set that minimizes the
ontinuous ranked probability score (CRPS, defined in Section 2.5). The
ntire forecast model is implemented using scikit-learn [37].

.2.2. Quantile regression
Section 2.5.1 offers a detailed explanation of the desired statistical

roperties of probabilistic forecasts but one important property is cali-
ration, which is to say that, on average, samples from the predictive
DF should statistically be indistinguishable from the observations.
reliminary verification of the GBRT forecasts on the test set revealed
hat the probabilistic forecasts were not sufficiently calibrated, possibly
ue to the limited length of the training data. In order to improve the
alibration of the GBRT forecasts, we use quantile regression (QR) [36]
s a tool to postprocess the GBRT forecasts as initially suggested by
remnes [38,39], by dividing the test set into a test and train set.
imilar to linear regression, QR assumes a linear relationship between
he parameters of the independent variables. However, instead of min-
mizing the squared loss to find the conditional mean, Koenker and
assett proposed to minimize the pinball loss function as defined in
q. (5) to find the conditional quantile with nominal probability 𝜏.
pecifically, 𝑓 (𝑥𝑖) = 𝑥⊤𝑖 𝛽, where ⊤ is the transposition operator and the
raining predictor vector 𝑥𝑖 contains the GBRT predictive distribution.

comprehensive description of the theory on quantile regression can
e found in [40]. Instead of the previous nominal probabilities, here
e choose 𝑄 to be 19 evenly spaced numbers between 0.05 and 0.95

uch that 𝑄 = {0.05,… , 0.95} since the computational overhead for QR
s minimal.

.3. Multivariate scenario generation

It was found in [41] that the empirical copula is a highly flexi-
le tool to model the spatio-temporal dependence structure between
arious locations and forecast horizons. Although the method of ver-
fication will be formally introduced in Section 2.5.2, preliminary
erification in the present study revealed that the empirical copula
roduced uncalibrated scenarios. Since the current study involves only
temporal relationship, we follow Pinson et al. [42] who proposed
4

o compute a covariance matrix from twice transformed calibrated 𝑥
robabilistic forecasts. As mentioned above, probabilistic forecasts are
alibrated if a sample from the predictive distribution is statistically
imilar to the observation, i.e., 𝑌 ∼ 𝐹 . This is true if

𝑘,𝑡 = 𝐹𝑡+𝑘|𝑡(𝑦𝑡+𝑘|𝑡), ∀𝑡 (6)

s uniformly distributed as 𝑃𝑘 ∼  [0, 1], which is commonly referred
o as the probability integral transform (PIT) [43,44]. Note that 𝐹𝑡+𝑘|𝑡
s discrete and we therefore linearly interpolate when necessary. If 𝑃𝑘
s indeed uniformly distributed, the inverse Gaussian CDF can be used
o transform 𝑃𝑘 to a normally distributed random variable 𝑍𝑘 using

𝑘,𝑡 = 𝛷−1 (𝑝𝑘,𝑡
)

, ∀𝑡 (7)

uch that 𝑍𝑘 ∼  (0, 1). Given 𝑘 = 0,… , 𝐾 −1 forecast horizons, Pinson
t al. [42] assumed that the random vector 𝐙 =

(

𝑍0,… , 𝑍𝐾−1
)⊤ follows

multivariate normal distribution defined as 𝐙 ∼ 
(

𝜇0, 𝛴
)

, where
0 is a vector of zeros and 𝛴 a covariance matrix that describes the
emporal relationship between the forecast horizons and has ones on
ts diagonal. Pinson et al. [42] noted that an unbiased estimate of the
ovariance matrix 𝛴 is

= 1
𝑇 − 1

𝑇
∑

𝑡=1
𝐙𝑡𝐙⊤

𝑡 . (8)

In order to produce scenarios, one first generates 𝑆 samples using a
ultivariate normal random number generator with 𝜇0 and 𝛴, which

esults in 𝑆 𝐾-dimensional vectors. The standard normal CDF 𝛷 is
ubsequently used to transform each of the 𝑆 𝐾-dimensional vectors
ack to the uniform variable 𝑃𝑘, i.e.,

𝑠,𝑘 = 𝛷
(

𝑧𝑠,𝑘
)

. ∀𝑠, 𝑘 (9)

Finally, net load scenario forecasts 𝑓𝑠,𝑡+𝑘|𝑡 can be generated using the
marginal inverse predictive CDF 𝐹−1

𝑡+𝑘|𝑡 and the autocorrelated standard
niform samples 𝑝𝑠,𝑘:

𝑠,𝑡+𝑘|𝑡 = 𝐹−1
𝑡+𝑘|𝑡

(

𝑝𝑠,𝑘
)

. ∀𝑠, 𝑘 (10)

2.4. Stochastic model predictive control

In this study, the MPC formulation follows that of the traditional
MPC with an extra dimension, namely the scenarios. Consider 𝑁 num-
er of states, 𝑀 number of inputs and 𝑆 number of scenarios. Accord-
ngly, the MPC optimizes an objective function at each sampling time
to determine the optimal control strategy over the prediction horizon
. In this study, the observed inputs and states are denoted by 𝑢𝑡 and

𝑥𝑡 (note that 𝑥𝑡 is chosen here to conform to standard MPC notation
although it conflicts with standard forecasting notation), while the
predicted input and state at prediction time step 𝑘 are denoted by 𝑢𝑠,𝑡+𝑘|𝑡
and 𝑥𝑠,𝑡+𝑘|𝑡, respectively. Note that the observed inputs and states are
not scenario dependent since there is no uncertainty concerning their
values. The vector of inputs consists of the charging power, discharging
power, power drawn from the grid, power exported to the grid and is
formulated as 𝑢 =

(

𝑃 ch, 𝑃 dis, 𝑃 frG, 𝑃 toG)⊤. The state of the system is the
state of charge (SoC) of the battery.

Herein, we consider mixed-integer linear MPC, i.e., the constraints,
objective function and system dynamics are assumed linear. We note
that the battery dynamics are actually nonlinear but that linearity is a
reasonable assumption as indicated by the large number of studies that
do so, see, e.g., Appino et al. [28]. The system dynamics are formulated
as:

𝑥𝑠,𝑡+1 = 𝐴𝑥𝑠,𝑡 +𝐷𝑢𝑠,𝑡, (11)

where 𝑥𝑠,𝑡 ∈ R𝑁 and 𝑢𝑠,𝑡 ∈ R𝑀 and 𝐴 ∈ R𝑁×𝑁 , 𝐷 ∈ R𝑁×𝑀 . The system
dynamics result in trajectories of inputs and states, which are defined
as

𝑢𝑢𝑢𝑠,𝑡 = {𝑢𝑠,𝑡|𝑡, 𝑢𝑠,𝑡+1|𝑡,… , 𝑢𝑠,𝑡+𝐾−1|𝑡}, (12)
𝑥𝑠,𝑡 = {𝑥𝑠,𝑡+1|𝑡, 𝑥𝑠,𝑡+2|𝑡,… , 𝑥𝑠,𝑡+𝐾|𝑡}. (13)
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𝑥𝑥

𝑢𝑢
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In this study, the objective is to minimize the electricity cost using
the PV system and the battery. The objective function therefore is a
function of the electricity price sequence 𝜆𝜆𝜆𝑡, the initial state 𝑥0 and
ontrol sequence 𝑢𝑢𝑢𝑠,𝑡 and is defined as:

(𝜆𝜆𝜆𝑡, 𝑥0, 𝑢𝑢𝑢𝑠,𝑡) ∶=
𝑆
∑

𝑠=1

𝐾−1
∑

𝑘=0
𝑙
(

𝜆𝑡+𝑘, 𝑥𝑠,𝑡+𝑘|𝑡, 𝑢𝑠,𝑡+𝑘|𝑡
)

. (14)

The entire MPC can subsequently be defined as

min
𝑢𝑢𝑢𝑠

𝑆
∑

𝑠=1

𝐾−1
∑

𝑘=0
𝑙
(

𝜆𝑡+𝑘|𝑡, 𝑥𝑠,𝑡+𝑘|𝑡, 𝑢𝑠,𝑡+𝑘|𝑡
)

(15)

s.t. 𝑥𝑠,𝑡|𝑡 = 𝑥0, ∀𝑠, (16)

𝑥𝑠,𝑡+𝑘+1|𝑡 = 𝐴𝑥𝑠,𝑡+𝑘|𝑡 +𝐷𝑢𝑠,𝑡+𝑘|𝑡, 𝑘 = 0,… , 𝐾 − 1,∀𝑠, (17)

𝑓𝑠,𝑡+𝑘|𝑡 = 𝑃𝑢𝑠,𝑡+𝑘|𝑡, 𝑘 = 0,… , 𝐾 − 1,∀𝑠, (18)

𝑔min
𝑥 ≤ 𝑥𝑠,𝑡+𝑘|𝑡 ≤ 𝑔max

𝑥 , 𝑘 = 1,… , 𝐾,∀𝑠, (19)

𝑔min
𝑢 ≤ 𝑢𝑠,𝑡+𝑘|𝑡 ≤ 𝑔max

𝑢 , 𝑘 = 0,… , 𝐾 − 1∀𝑠. (20)

In Eq. (15), 𝑙(⋅) is defined as
(

𝜆buy
𝑡 𝑃 frG

𝑠,𝑡 − 𝜆sell
𝑡 𝑃 toG

𝑠,𝑡

)

. Furthermore, the
state parameter and state constraints are 𝐴 = 1, 𝑔min

𝑥 = SoCmin and
𝑔max
𝑥 = SoCmax, respectively. The control parameters and constraints are
𝐷 =

(

𝛥𝑡𝜂ch,−𝛥𝑡∕𝜂dis, 0, 0
)

, 𝑔min
𝑢 =

(

Pch,min,Pdis,min,PfrG,min,PtoG,min
)⊤

and 𝑔max
𝑢 =

(

Pch,max,Pdis,max,PfrG,max,PtoG,max
)⊤

, respectively. Finally,
𝑃 = (−1, 1, 1,−1) and determines the direction of the power balance.
The result of the MPC defined above is optimal state trajectories:

𝑥⋆𝑠,𝑡 = {𝑥⋆𝑠,𝑡+1|𝑡, 𝑥
⋆
𝑠,𝑡+2|𝑡,… , 𝑥⋆𝑠,𝑡+𝐾|𝑡}, (21)

and optimal control strategies

𝑢⋆𝑠,𝑡 = {𝑢⋆𝑠,𝑡|𝑡, 𝑢
⋆
𝑠,𝑡+1|𝑡,… , 𝑢⋆𝑠,𝑡+𝐾−1|𝑡}. (22)

As mentioned in Section 1, it is common to take the expectation of
the optimal strategy set derived from all scenarios and implement it
as the first control action, i.e., 𝑢⋆𝑡|𝑡 =

1
𝑆
∑𝑆

𝑠=1 𝑢
⋆
𝑠,𝑡|𝑡. However, other than

that it is a straightforward way of transforming a collection of optimal
strategies into a single strategy, from a physics perspective it is not
directly a justifiable approach. More importantly, due to the dynamic
nature of the sampled scenarios, implementing the averaged strategy
could result in an infeasible problem because the scenario-dependent
optimal strategies can conflict with each other. The key merit of the
proposed method is to introduce a constraint to the MPC framework to
eliminate these issues:

𝑢𝑠,𝑡|𝑡 = 𝛽𝛽𝛽opt, (23)

where 𝛽𝛽𝛽opt ∈ R𝑀 is a decision variable that is consistent over the
cenarios, suggesting the control inputs are forced to be equal. 𝛽𝛽𝛽opt

is also our final optimal control strategy. Algorithm 1 presents the
implementation of the optimal controllers, in which the case study
that includes Eq. (23) is referred to as ‘‘Constrained’’ while the case
study in which the expectation of the optimal control strategies is
taken is referred to as ‘‘Expectation’’. As can be seen from Algo-
rithm 1, Eq. (23) is the only difference between ‘‘Constrained’’ and
‘‘Expectation’’. Furthermore, we include two benchmarks to compare
‘‘Constrained’’ and ‘‘Expectation’’ with: (i) an opportunistic charging
algorithm (‘‘Uncontrolled’’) that charges the battery whenever there is
a surplus of PV power and discharges whenever there is insufficient
PV power to supply the load; and (ii) the deterministic variant of
the ‘‘Constrained’’ and ‘‘Expectation’’ MPC algorithm that receives a
perfect forecast (‘‘Perfect’’). For cases ‘‘Constrained’’, ‘‘Expectation’’
and ‘‘Perfect’’, the objective is to minimize the electricity cost as per
Eq. (15). The stochastic model predictive controller is implemented
using cvxpy [45], in which we use the CPLEX solver v12.10.0 through
the Python API.

We simulate a total of six consecutive days using 𝑆 = 49 scenarios,
5

which we select to maintain a balance between accurately representing
the forecast distribution and computational burden. The sampling time
𝛥𝑡 herein is 15 min and the prediction horizon 𝐾 = 96 time steps (24
h). The battery installed in the research villa has a capacity of 7.2 kWh
while SoCmin and SoCmax are 0.2 and 0.9, respectively. Furthermore,
the installed capacity of the PV system is 3.68 kW. All minimum and
maximum power transfer parameters are limited to 0 kW and 5 kW,
respectively.

Algorithm 1: MPC
𝑡 = 0;
𝑥0 = 50%;
while 𝑔min𝑥 ≤ 𝑥0 ≤ 𝑔max𝑥 do

Generate forecast scenarios 𝑓𝑓𝑓 𝑠,𝑡;
if case study == ‘‘Expectation’’ then

for 𝑠 = 1 ∶ 𝑆 do
𝑥𝑥𝑥⋆𝑠,𝑡, 𝑢𝑢𝑢

⋆
𝑠,𝑡 ← MPC(𝑥0, 𝑓𝑓𝑓 𝑠,𝑡, 𝜆𝜆𝜆𝑡);

end
𝑢⋆𝑡|𝑡 =

1
𝑆

∑𝑆
𝑠=1 𝑢

⋆
𝑠,𝑡|𝑡;

else if case study == ‘‘Constrained’’ then
𝑥𝑥𝑥⋆𝑠,𝑡, 𝑢𝑢𝑢

⋆
𝑠,𝑡 ← MPC(𝑥0, 𝑓𝑓𝑓 𝑠,𝑡, 𝜆𝜆𝜆𝑡);

Select any 𝑢⋆𝑠,𝑡|𝑡 since they are identical
𝑢⋆𝑡|𝑡 = 𝛽𝛽𝛽opt;

if feasible solution then
Apply 𝑢⋆𝑡|𝑡;

𝑡 ← 𝑡 + 1;
𝑥0 ← 𝑥𝑡;

end

2.5. Verification tools

In this study, we use various verification tools to assess the accuracy
of the probabilistic forecasts, the scenario forecasts, and the MPC
output. This section introduces the necessary verification tools.

2.5.1. Probabilistic forecasts
In general, a forecaster who aims to produce high quality probabilis-

tic forecasts aims to maximize the sharpness of the predictive distribu-
tions, subject to calibration [46,47]. As mentioned above, calibration
is defined such that, on average, the observations are distributed as the
predictive CDFs, i.e., 𝑌 ∼ 𝐹 . The PIT histogram is one tool to evaluate
calibration and should be uniform when evaluating Eq. (6) on the ver-
ification samples. Various types of miscalibration can be detected from
the PIT histogram. For instance, a ∪-shape indicates underdispersed
forecasts and a ∩-shape indicates overdispersed forecasts. It is impor-
tant to note that a flat PIT histogram is a necessary but not a sufficient
condition for calibration [47,48]. In addition, it is important to note
that deviation from uniformity is possible due to randomness caused by
a test set of limited size, see, e.g., [26,49,50]. In order to account for
such randomness, Bröcker and Smith [49] suggested to define a lower
and upper bound, henceforth referred to as consistency bars, where
the width of the consistency bars depends on the length of the test set
𝑇 . If it is assumed that the forecast/observation pairs are independent
in time, the lower and upper bounds of the consistency bars can be
defined using the binomial distribution  (𝑇 , 1∕(|𝑄| + 1)). Although not
included here, the lower and upper bounds can be adjusted to account
for serial correlation in which case the bounds would be further apart,
see [26] for a detailed description.

Evaluating PIT histograms for all models during cross-validation can
be cumbersome and a numerical score that addresses both calibration
and sharpness is generally preferred. To that end, we employ the CRPS
to rank the GBRT models during cross-validation and the PIT histogram
to evaluate the calibration of the best GBRT on the test set. The CRPS
is a strictly proper score that evaluates both calibration and sharpness
and is formulated as [51]:

CRPS(𝐹𝑡, 𝑦𝑡) =
∞
(

𝐹𝑡(𝑥) − 𝟏{𝑦𝑡 ≤ 𝑥}
)2 d𝑥, (24)
∫−∞
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Fig. 2. Histograms of 𝑃𝑘 (left) and 𝑍𝑘 (right), plotted for six equally spaced forecast
horizons. The red and dotted lines indicate the nominal level and consistency bars,
respectively, while the blue lines represent standard normal density functions.

where 𝟏 is the indicator function and the average CRPS is calculated as
1
𝑇
∑

𝑇 CRPS
(

𝐹𝑡, 𝑦𝑡
)

. Finally, we use the CRPS to compute a skill score
of model 𝑚 compared to a benchmark model that can be calculated
as 1 − CRPS𝑚

CRPSbenchmark
. As a benchmark we employ the complete-history

ersistence ensemble (CH-PeEn), which is similar to the ‘‘similar day’’
pproach in load forecasting and a variant of multiple valued clima-
ology, a common benchmark in meteorological forecasting [52]. We
efer the reader to Yang [52] for more information and code for the
mplementation of CH-PeEn.

.5.2. Multivariate scenarios
Similar to probabilistic forecasts, multivariate scenarios should be

alibrated in order for decision-making processes to be optimal. The
alibration of 𝑆 multivariate scenarios is a combination of the cali-
ration of the marginal probabilistic forecasts and the accuracy of the
ependence structure. In order to evaluate the calibration of multi-
ariate scenarios, we use the prerank framework proposed by Gneiting
t al. [53] although we use the notation of Thorarinsdottir, Scheuerer
nd Heinz [54] that can differ from the notation in previous sections.
he main idea of the prerank framework is to rank a 𝐾-dimensional
orecast such that it can be visually evaluated in a rank histogram. The
atter is a visual assessment tool – commonly used in NWP ensemble
orecasting – that counts the frequency with which observations land
etween two ensemble members, i.e., their ranks, and is similarly
valuated as the PIT histogram. The challenge is to rank a multivariate
orecast before assigning it to a rank histogram bin [55]. The pre-
ank framework relies on a prerank function 𝜋𝐵(𝐱𝑠) that ranks the
-dimensional forecast and the corresponding observation vector, in
hich 𝐵 =

(

𝐱0,… , 𝐱𝑆
)⊤ and 𝐱𝑠 =

(

𝑥𝑠,1,… , 𝑥𝑠,𝐾
)

. Thus, 𝐵 is a matrix
that contains a 𝐾-dimensional forecast with 𝑆 ensemble members and
the corresponding observation vector 𝐲 = 𝐱0. The aim is to compute
the rank histogram bin 𝑏 of the prerank 𝜋𝐵(x0) within the collection of
preranks 𝜋𝐵(x𝑠), which can be calculated using [55]

𝑏 = 1 +
𝑆
∑

𝟏{𝜋
(

𝐱𝑠
)

< 𝜋
(

𝐱0
)

}. (25)
6

𝑠=1
M

Thorarinsdottir, Scheuerer and Heinz [54] proposed three pre-
rank functions and compared these to the prerank function origi-
nally proposed by Gneiting et al. [53]. Thorarinsdottir, Scheuerer
and Heinz [54] reported two important findings, namely that (1) the
prerank function proposed by Gneiting et al. [53] suffered from iden-
tifiability issues at high dimensions and (2) that none of the prerank
functions are capable of detecting all miscalibration types, i.e., biases,
dispersion and dependence structure misspecification. Therefore, we
select two prerank functions proposed by Thorarinsdottir, Scheuerer
and Heinz [54] because of their interpretability and computational
efficiency. Firstly, it is necessary to calculate the component-wise
rank for each of the 𝐾 elements in the 𝐾-dimensional vector 𝐱𝑠 as
follows [55]

𝑐𝑘(𝐱𝑠) =
𝑆
∑

𝑗=0
𝟏{𝑥𝑗,𝑘 ≤ 𝑥𝑠,𝑘}, 𝑘 = 1,… , 𝐾. (26)

The first prerank function is defined as the average of the 𝐾 component-
wise ranks, which results in the average rank histogram (ARH) [54]

𝜋ARH
𝐵 (𝐱𝑠) =

1
𝐾

𝐾
∑

𝑘=1
𝑐𝑘(𝐱𝑠). (27)

he second prerank function is the band depth prerank function –
esulting in the band depth rank histogram (BDH) – is defined as [54]

BDH
𝐵 (𝐱𝑠) =

1
𝐾

𝐾
∑

𝑘=1

(

𝑆 + 1 − 𝑐𝑘(𝐱𝑠)
) (

𝑐𝑘(𝐱𝑠) − 1
)

. (28)

he reader is referred to Thorarinsdottir, Scheuerer and Heinz [54] and
an der Meer et al. [41] for illustrations regarding the interpretation
f the average rank histogram and band depth rank histogram. In this
ork, the number of scenarios 𝑆 = 49.

.5.3. Model predictive control
In order to quantify the relative difference between the MPC us-

ng forecasts, the MPC using perfect forecasts and the uncontrolled
harging algorithm without forecasts, we use the relative percentage
ifference, which can be calculated as %𝛥 = (𝑥 − 𝑦)∕𝑦 where 𝑥 and 𝑦
re the quantities produced by the MPC using forecasts and MPC using
perfect forecast, respectively. In addition, we use the mean absolute

eviation (MAD) to assess the difference between the two, which can
e calculated as 1

𝑇
∑

𝑇 |𝑥𝑡 − 𝑦𝑡|. This allows us to assess the difference
etween the two case-studies, namely the case in which we take the
xpectation across the scenarios of the optimal charging strategies or
he proposed case in which we solve the common optimal charging
trategy directly across all scenarios. The profit generated by each
lgorithm is calculated as ∑

𝑇

(

𝜆sell
𝑡 𝑃 toG

𝑡 − 𝜆buy
𝑡 𝑃 frG

𝑡

)

.
As final measures, we use the self-consumption (𝜙sc) and self-

ufficiency (𝜙ss) to gauge the performance of the two case-studies.
hese are defined as [9]:

sc =
∫ 𝑡2
𝑡1

𝑀𝑡𝑑𝑡

∫ 𝑡2
𝑡1

𝑃𝑡𝑑𝑡
, 𝜙ss =

∫ 𝑡2
𝑡1

𝑀𝑡𝑑𝑡

∫ 𝑡2
𝑡1

𝐿𝑡𝑑𝑡
, (29)

where 𝑃𝑡 and 𝐿𝑡 represent the instantaneous on-site PV power pro-
uction and instantaneous power use, respectively. Furthermore, 𝑀𝑡
epresents the instantaneous self-consumed power calculated as 𝑀𝑡 =

min(𝑃𝑡 + 𝑆𝑡, 𝐿𝑡), where 𝑆𝑡 < 0 is the charging power of the battery and
𝑡 > 0 the discharging power of the battery [9].

. Results

In this section, the results of the probabilistic and multivariate
orecasts are first presented using the verification tools defined in
ections 2.5.1 and 2.5.2 , respectively. Then, the results of the proposed
tochastic MPC algorithm (‘‘Constrained’’), the traditional stochastic
PC algorithm (‘‘Expectation’’), the uncontrolled charging algorithm
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Table 1
The CRPS and skill of the three forecast models, presented as mean and standard
deviation (𝜇 ± 𝜎) over all 𝐾 forecast horizons.

CRPS (kW) skill (–)

CH-PeEn 0.34 ± 0.46
GBRT 0.19 ± 0.30 0.45 ± 0.06
QR 0.19 ± 0.30 0.44 ± 0.06

Table 2
The mean (𝜇), standard deviation (𝜎), skewness (𝛾) and excess kurtosis (𝜅) of the

aussian random variables 𝑍𝑘. The results are expressed in terms of mean and standard
eviation (𝜇 ± 𝜎) over all 𝐾 forecast horizons.
𝜇𝑍 𝜎𝑍 𝛾𝑍 𝜅𝑍
0.015 ± 0.040 0.98 ± 0.023 −0.091 ± 0.095 −0.23 ± 0.13

Table 3
‘‘Constrained’’ refers to the proposed MPC algorithm, ‘‘Expectation’’ refers to the
commonly used MPC algorithm, ‘‘Uncontrolled’’ refers to opportunistic charging and
‘‘Perfect’’ refers to the case study in which we use a perfect forecast as input to the
MPC algorithm.

Constrained Expectation Uncontrolled Perfect

Self-consumption (p.u.) 0.49 0.47 0.56 0.52
Self-sufficiency (p.u.) 0.60 0.58 0.68 0.64
Profit (SEK) 3.81 3.55 4.53 6.04
%𝛥𝜎2 Power from grid (%) −10.66 0.69 −65.77
%𝛥𝜎2 Power to grid (%) −14.46 −1.23 6.49
MAD Power from grid (kW) 0.07 0.07 0.18
MAD Power to grid (kW) 0.13 0.08 0.34
Mean run time (s) 118.32 112.37 0.00 1.19
Std. deviation run time (s) 20.74 16.91 0.00 0.02

(‘‘Uncontrolled’’) and the deterministic MPC algorithm with perfect
forecast (‘‘Perfect’’) are presented using the metrics defined in Sec-
tion 2.5.3 and a time series plot of the optimal strategies. The results
are further discussed in Section 4.

3.1. Probabilistic and multivariate forecasts

As mentioned in Section 2.2.2, initial forecast verification revealed
that the probabilistic forecasts were not sufficiently calibrated, which
is why we postprocess them using QR. The left side of Fig. 2 presents
the resulting PIT histograms for six forecast horizons evenly spaced
between forecast horizons 0,… , 𝐾 − 1, calculated using Eq. (6). The
red and dotted lines indicate the nominal level and consistency bars,
respectively. As the figure shows, most of the forecasts are calibrated
although some outliers exist at 𝑘 = 19. Table 1 summarizes the results
for the three forecast models, i.e., CH-PeEn, GBRT and QR, in terms
of mean and standard deviation of the CRPS and skill. Note that the
rounded CRPS of GBRT and QR are identical, which is likely caused
by the balancing effect between improved calibration and reduced
sharpness. The difference in skill is caused by rounding.

The right side of Fig. 2 presents histograms of random variables
𝑍𝑘 for the same forecast horizons as previously, calculated from the
PIT random variables using Eq. (7). As a reference, the figure also
presents the standard normal density function represented by the blue
line. As can be seen from the figure, the Gaussian condition is quite
well preserved although 𝑘 = 0 suffers from some bias issues and 𝑘 = 19
shows outliers, similar to the PIT histogram on the left. In order to
verify whether the Gaussian condition is satisfied, we present the mean
and standard deviation (𝜇 ± 𝜎) over 𝐾 forecast horizons of the first
four moments of 𝑍𝑘, i.e., the mean, standard deviation, skewness and
excess kurtosis, in Table 2 (cf. Table 1 in [42]). Although the mean
of 𝜇𝑍 is higher compared to Pinson et al. [42], the other moment
summary statistics compare favorably. Overall, we conclude that 𝑍𝑘
is approximately Gaussian.

Using the technique described in Section 2.3, we generate 𝑆 sce-
narios. Fig. 3a presents, in gray scale, a probability distribution of the
7

daily autocorrelation of the scenarios from the entire test period, as
modeled by the Gaussian copula. Furthermore, the figure presents, in
red, two probability intervals centered around the median, i.e., 0.5 and
0.9, and the median of the daily autocorrelation calculated from the
data in the test period. Fig. 3b shows that the autocorrelation of the
data is generally quite well represented by the scenarios. However,
we observe that at time lags less than 5 h, the autocorrelation in
the scenarios is slightly lower than observed in the data. In contrast,
the autocorrelation in the scenarios between 8 and 12 h time lags
is occasionally higher than observed in the data. Fig. 3b presents
the multivariate rank histograms generated using the two different
prerank functions described in Section 2.5.2. While overall satisfactory,
it appears that the band depth rank histogram tends towards a ∪-
shape, which could indicate too low correlation in the scenarios or
which could be caused by randomness induced by the test set being
of limited length. Fig. 4 presents probabilistic forecasts in the top row
and scenario forecasts in the bottom row. Two forecasts with different
issue times are shown in the columns with the issue time given in
the column title. It can be seen from the left column that there is
variability caused by cloud movement, which results in wide predictive
distributions and consequently a large spread in scenarios. In contrast,
the net load is close to constant during the night, resulting in sharp
predictive distributions that envelop the scenarios. In the right column,
we observe that the predictive distributions become sharper despite the
identical variability induced by cloud movement, which is because the
issue time of the forecast is closer to when it is valid.

3.2. Model predictive control

In this study, the mismatch between the optimal control action and
available or required power due to imperfect forecasts is compensated
with grid power. Other solutions are possible such as first using the
battery to compensate the mismatch. However, this is how the actual
system at the research villa in Borås, Sweden, is currently set up.
Furthermore, we note that ‘‘Constrained’’ and ‘‘Expectation’’ utilize the
same scenario forecasts. Table 3 presents the summary statistics of the
four charging algorithms and Fig. 5 presents the results as time series.
From Table 3, several interesting results can be observed. Firstly, the
proposed reformulation in ‘‘Constrained’’ modestly improves over ‘‘Ex-
pectation’’ in terms self-consumption, self-sufficiency and profit. How-
ever, the ‘‘Uncontrolled’’ algorithm achieves highest self-consumption
and self-sufficiency, whereas the deterministic MPC algorithm with
perfect forecast (‘‘Perfect’’) achieves the highest profit. Furthermore,
Table 3 shows that the variance in grid power exchange resulting from
the ‘‘Constrained’’ algorithm decreases substantially while the variance
in grid power exchange between the ‘‘Expectation’’ and ‘‘Perfect’’ al-
gorithms are similar. The variance in power from the grid resulting
from the ‘‘Uncontrolled’’ algorithm is significantly lower because it
relies less on grid power. Finally, the average time it takes to solve
each algorithm at each time step is presented as well, together with
the standard deviation. ‘‘Constrained’’ and ‘‘Expectation’’ are quite
similar but substantially slower than their deterministic (‘‘Perfect’’)
counterpart.

Fig. 5 shows that overall, the advanced control algorithms do not
differ drastically. However, it can be seen that ‘‘Expectation’’ and
‘‘Perfect’’ are quite close while our proposed stochastic MPC algo-
rithm ‘‘Constrained’’ implements a strategy that occasionally differs
substantially. Since ‘‘Constrained’’ and ‘‘Expectation’’ share the same
information, the different strategies can only result from the additional
constraint included in ‘‘Constrained’’ and the subsequent improved
handling of forecast inaccuracies. In addition, the advanced control
algorithms maintain a higher state-of-charge during nights when the

following days are cloudy, i.e., when PV power production is uncertain.
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Fig. 3. Results from the scenario forecasts for the entire test period. In (a), the distribution of the daily autocorrelation as modeled by the Gaussian copula while the lines represent
various probability intervals of the daily autocorrelation present in the data. In (b), the average rank histogram and band depth rank histogram.
Fig. 4. In the top row, probabilistic forecasts for 1,… , 𝐾 steps ahead plotted by means of the intervals generated by quantiles centered around the median. In the bottom row,
he scenario forecasts for the same forecast horizon. The columns represent two different issue times that are given in the column title.
. Discussion

Traditionally, scenario-based stochastic MPC takes the expectation
cross the optimal control strategies as the strategy for the first predic-
ion step. The main goal of this study is to propose a more compelling
ay to identify the true optimal solution to a stochastic problem

ubstantiated by scenarios and investigate the resulting potential ben-
fits. The true optimal solution to the stochastic problem is found
y including an additional constraint that ensures that the strategy is
ptimal across all forecast scenarios. Autocorrelated scenarios derived
rom calibrated probabilistic net load forecasts serve as input to the
tochastic MPC algorithm that optimally controls a battery based on a
eterministic price signal.

A challenging but vital aspect of probabilistic forecasts is their cali-
ration, meaning that – on average – random draws from the predictive
istributions are indistinguishable from the observations. Calibration
s important because the decisions following from the forecasts should
nclude an accurate approximation of the uncertainty of the underlying
8

stochastic process so as to ensure sensible decisions. Calibration is addi-
tionally important as it enables us to accurately estimate the covariance
matrix 𝛴 that describes the temporal dependencies between the fore-
cast horizons. Due to the nonlinear time series and relatively small
data set, we use QR to postprocess the GBRT probabilistic forecasts and
improve the calibration. The histogram of 𝑃𝑘 on the left side of Fig. 2
shows that the probabilistic forecasts are still not perfectly calibrated.
However, the consistency bars are quite wide due to the limited length
of the test data set, which results in histogram bars that mostly remain
within the margin that could be caused by randomness. Therefore,
we can conclude that the calibration is satisfactory for the current
purpose as we observe no consistent miscalibration. However, we note
that, although the main contribution of this study does not pertain to
the probabilistic forecasts, a possible improvement would be to test
additional forecast models and evaluate their performance or to include
ensemble members from NWP models. We observe that improving the
calibration by postprocessing the GBRT forecasts using QR comes at the
cost of less sharp predictive distributions, as indicated by the CRPS that
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Fig. 5. Time series of the control inputs, the state, the net load and the electricity buy price. The colors represent the various case studies. The electricity sell price is 35% lower
than the buy price. Note that the unit of each subfigure is given in the subfigure title.
remains unchanged (cf. Table 1). A potential improvement for the net
load forecasts could be to switch to CH-PeEn forecasts during nighttime
when the range of net load measurements is determined by only 5
values, which, if forecast wrong only slightly, results in high CRPS and
significantly negative skill.

Multivariate forecasts in the form of scenarios should be calibrated
as well, similar to the univariate probabilistic forecasts. However,
unlike the probabilistic forecasts, the scenarios should additionally con-
tain the correct temporal dependence structure. As mentioned above,
we transform the forecast errors 𝑃𝑘 to standard normal distributed vari-
bles 𝑍𝑘, which are used to compute a covariance matrix that contains
he temporal dependence structure. The right side of Fig. 2 shows 𝑍𝑘

for several forecast horizons and indicates that, overall, the histograms
agree quite well with the standard normal density function (represented
by the blue line) although deviations exist, some due to the randomness
of the limited length of the test set. Table 2 summarizes the first four
moments through the mean and standard deviation of 𝑍 over all 𝐾
forecast horizons to evaluate whether the Gaussian assumption holds.
Although the mean 𝜇𝑍 is higher than reported by [42], the remaining
three moments compare favorably and we conclude therefore that – on
average – 𝑍𝑘 is close to the standard normal distribution  (0, 1). Fig.
3a compares the daily autocorrelation computed from the scenario fore-
casts and the data by means of a distribution and probability intervals,
respectively. As mentioned above, we observe that the autocorrelation
of the scenarios does not entirely match that of the data, which may
explain why the band depth rank histogram in Fig. 3b shows a slight
∪-shape, indicative of too low autocorrelation in the scenario forecasts.
However, the sign of miscalibration could also be caused by the test set
being of limited length. Given the challenging nature of the nonlinear
time series, we argue that the scenarios are sufficiently calibrated for
9

the current purpose but note that a larger test set would provide a more
definitive conclusion.

As mentioned above, the forecast errors are herein compensated
with grid power. In addition, it is important to reiterate that ‘‘Con-
strained’’ and ‘‘Expectation’’ share the same scenario forecasts, while
‘‘Perfect’’ uses perfect forecasts and is therefore deterministic. Ta-
ble 3 shows that the ‘‘Constrained’’ algorithm modestly improves self-
consumption, self-sufficiency and profit over the traditional ‘‘Expec-
tation’’ algorithm. Since they share the information set, we reason
that the difference is caused by the fact that the formulation in the
‘‘Constrained’’ algorithm is designed specifically to find a strategy
that is optimal across all scenarios. Since the scenarios forecasts are
calibrated, we can assume that – on average – the proposed algorithm
finds more rewarding strategies than the ‘‘Expectation’’ algorithm de-
spite the forecast errors. Interestingly, Fig. 5 shows that ‘‘Expectation’’
follows ‘‘Perfect’’ quite closely and yet the ‘‘Expectation’’ algorithm
results in the lowest profit. We infer that it is precisely because the
‘‘Expectation’’ and ‘‘Perfect’’ strategies are close – except the former
results from imperfect forecasts – that the need for compensation is
more substantial and thus more costly, which results in a lower profit.
This provides evidence that finding a strategy that is optimal across
all scenario forecasts is beneficial to the operation of the system.
However, we note that the test set is of limited length and future work
will be dedicated to increasing the length of the test set and adding
additional case studies to support the aforementioned evidence. Such
case studies could also comprise various battery sizes to study the
profitability when batteries are mainly used for, e.g., peak shaving, and
with other controllable devices. Regarding the relatively high profit
of the ‘‘Uncontrolled’’ algorithm compared to the MPC algorithms it
can be said that the imperfect forecasts and relatively high feed-in
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tariff play an important role since the forecast errors are compensated
with grid power. However, many countries are gradually phasing out
feed-in tariffs, which means that self-consumption of PV power be-
comes economically more attractive. Increasing self-consumption can
be achieved by adjusting the objective function accordingly and we
therefore expect that the proposed algorithm offers greater benefit than
the ‘‘Uncontrolled’’ algorithm, despite achieving lower profit in this
case study. In addition, battery costs could be included as well, which
would likely favor the MPC algorithms. Furthermore, it is interesting to
note that the variance of the power exchange with the grid decreases
using our proposed approach, which could be caused by the increased
inertia in the optimal solution as opposed to the ‘‘Expectation’’ case
study in which the variability in the scenarios is carried over to the
averaged solution to a greater extent. Finally, it can be seen that the
stochastic MPC algorithms require approximately 2 min at each sample
time to solve the optimization problem. A recent study that investigated
user-behavior in a real-life peer-to-peer energy market in Switzerland
cleared the market every 15 min, which means that the algorithms as
presented here are sufficiently fast to participate in such a market [56].

While our proposed control algorithm may not seem to outper-
form the conventional approach by large margins, it yields an optimal
solution with greater justification. An important factor that comes
into play in terms of the performance gains is the degree of freedom
on the system design level. We expect a greater performance margin
with the ‘‘Constrained’’ approach on case studies that feature tighter
dimensioning and/or finer temporal granularity requirements, which
is an interesting avenue for future work.

5. Conclusion and future work

In this work, we proposed a new scenario-based stochastic model
predictive control (MPC) formulation. Traditionally, the optimal con-
trol strategies are averaged across all scenarios and the first control
action is applied to the system. However, a key limitation of the
traditional approach is that the average is unlikely to be optimal across
all scenarios, if any. We therefore proposed a scenario-based stochastic
MPC framework that solves all scenarios in one run with the aim to find
the common optimal strategy for the first prediction step at each sample
time. The construction of the joint constraint for all scenarios is a
novel feature of this work. We tested the proposed formulation on data
from a research villa in Sweden, consisting of a photovoltaic system,
battery and an electric load and compared it to the traditional scenario-
based stochastic MPC formulation, an uncontrolled charging algorithm
and a deterministic MPC algorithm with perfect forecasts. The input
to the stochastic MPC algorithms comprised scenarios generated from
a Gaussian copula describing the temporal dependence structure and
probabilistic net load forecasts. We thoroughly addressed the calibra-
tion property of both the probabilistic forecasts and the scenarios using
statistical methods introduced in the atmospheric sciences.

Regarding the stochastic MPC, we provided evidence that our ap-
proach improved upon the traditional scenario-based stochastic MPC
formulation. Since the scenario forecasts were identical, the improved
performance had to be caused by the different ways the MPC algorithms
deal with the imperfect information provided by the forecasts. Salient
is the observation that the traditional stochastic MPC formulation fol-
lowed the deterministic MPC with perfect forecasts closely, yet resulted
in a lower profit after the control actions were compensated with grid
power. Our study provides evidence that the proposed stochastic MPC
formulation manages forecast errors more effectively and we expect
that systems with tighter dimensioning and/or finer temporal granu-
larity would benefit more from the proposed formulation. However,
we noted that more research is required, e.g., through additional case
studies or longer test periods, to assess the full benefits of reformulating
the scenario-based stochastic MPC to find the true optimal solution that
10

we argue is more meaningful.
Since the scenario-based MPC algorithm presented in this study can
easily be extended to include additional state and control variables,
future work will focus on including heating, ventilating and air condi-
tioning systems. Another interesting avenue for future research would
be to control distribution systems rather than single buildings. To
encourage interested researchers to apply the proposed MPC algorithm
to their problem setting, we make the code publicly available on https:
//github.com/DWvanderMeer/BatterySmartCharging.
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