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Abstract
We classify generalized tilting modules and full exceptional sequences for the family
of quasi-hereditary quotients of type A zig-zag algebras and for a related family of
algebras.We also give a characterization of these quotients as quasi-hereditary algebras
with simple preserving duality that are “close” to self-injective algebras.
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1 Introduction and description of the results

Tilting theory, which originates from Brenner and Butler (1980), Happel and Ringel
(1982), plays an important role in contemporary representation theory of finite-dim-
ensional algebras. At the same time, classification of all tilting modules for a given
algebra is usually a hard problem. This problem has been studied in various special
cases, for example in Buan and Krause (2004), Meltzer and Unger (1993), Yamaura
(2012), and some generalizations of this problem were studied in Adachi (2016). For
self-injective algebras this problem is trivial. The generalized tilting modules for the
Auslander algebra of k[x]/(xn) were classified in Geuenich (2018). This algebra is,
in fact, quadratic dual to the main protagonist of the present note. In an earlier work,
Brüstle et al. (1999) characterized classical tilting modules for this algebra as the
Δ-filtered generalized tilting modules.

In the present note we classify all generalized tilting modules for the quasi-
hereditary quotient Bn of the type A zig-zag algebra with n simple modules (cf.
Khovanov and Seidel 2002; Huerfano and Khovanov 2001; Ehrig and Tubbenhauer
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2018). These algebras describe, in particular, blocks of Temperley–Lieb algebras, cf.
Martin (1991), Belletête et al. (2018), and some blocks of the parabolic categoryO for
sln , cf. Stroppel (2005). These algebras are very close to self-injective algebras (in the
sense that all indecomposable projective modules but one are injective) and have finite
representation type. Both these factors significantly simplify our arguments. As it turns
out, see Theorem 2, all generalized tilting modules for such algebras are obtained by
adding a standard or a costandard module (in the terminology of the quasi-hereditary
structure) to a basic projective-injective module.

Other interesting, butmuch less studied, objects are so-called exceptional sequences
of modules. A recent preprint (Hille and Ploog 2017) provides a classification of full
exceptional sequences for the Auslander algebra of k[x]/(xn), which is, as mentioned
above, the quadratic dual of our algebra Bn . In Theorem 3 we provide a classification
of full exceptional sequences for Bn . We show that each exceptional sequence for Bn

is uniquely determined by choosing one module in each pair consisting of a standard
and the corresponding costandard Bn-module.

Apart from these classification results, in Theorem 1 we characterize Bn as the
basic, connected, quasi-hereditary algebra with n simple modules which has a simple
preserving duality and for which all indecomposable projective modules but one are
injective.

The paper is organized as follows: all preliminaries are collected in Sect. 2. Theo-
rem 1 is proved in Sect. 3. Section 4 contains a technical result on non-vanishing of
second self-extensions of certain indecomposable Bn-modules. This result plays an
important role both in the proof of Theorem 2, which can be found in Sect. 5, and in
the proof of Theorem 3, which can be found in Sect. 6. In the last section, Sect. 7,
we also solve similar classification problems for a slightly smaller quotient of type A
zig-zag algebras.

2 Zig-zag algebras, their quotients andmodules

2.1 Basic setup and notation

We work over an algebraically closed field k. For a finite-dimensional k-algebra
A given by some quiver and (admissible) relations, we denote by L(v) the simple
A-module associated to a vertex v of the quiver. We also denote by P(v) the indecom-
posable projective cover of L(v) and by I (v) the indecomposable injective envelope
of L(v). If not stated otherwise, by module we mean a right module.

By a simple preserving duality of a module category we mean an involutive con-
travariant autoequivalence which preserves the isomorphism classes of simple mod-
ules. Simple preserving dualities are given by involutive algebra anti-automorphisms
which fix pointwise some full set of primitive orthogonal idempotents.

We will often abuse notation and write X = Y instead of X ∼= Y for two modules
X and Y .
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2.2 Zig-zag algebras

Let Q be a finite connected unoriented graph without loops and with at least one edge.
Let Q̃ denote the quiver obtained from Q via substituting every edge i j in Q

by two oriented edges i j . We denote by AQ the quotient of the path algebra

kQ̃ of Q̃ by the ideal generated by the following relations:

– any path of length three is zero;
– any path of length two which is not a cycle is zero;
– for any vertex v, all length two cycles which start and terminate at v are equal.

The algebra AQ is usually called the zig-zag algebra associated with Q, see
Huerfano and Khovanov (2001), Ehrig and Tubbenhauer (2018). Directly from the
definition it follows that AQ is Z-graded by path length and this grading is positive in
the sense that all non-zero homogeneous components have non-negative degree and
the degree zero component is semi-simple, see Huerfano and Khovanov (2001).

It follows directly from the definition that, for each vertex v in Q, the projective
module P(v) has Loewy length three and is rigid in the sense that the radical and the
socle filtrations of P(v) coincide. In particular, P(v) has a unique Loewy filtration.
The layers of this unique Loewy filtration are given as follows:

– the top of P(v) is isomorphic to L(v);
– the socle of P(v) is isomorphic to L(v);
– the quotient Rad(P(v))/Soc(P(v)) is semisimple and, for any vertex w, the mul-
tiplicity of L(w) in this quotient equals the number of edges in Q between v and
w.

Consequently, P(v) ∼= I (v) and AQ is a self-injective algebra.

2.3 The algebras An, Bn and Cn

For n ∈ Z>1, we denote by An the algebra AQ , where Q is the following Dynkin
diagram of type A:

1 2 3 · · · n

We denote by Bn the quotient of An by the additional relation that the length two loop
at the vertex n is zero. We denote by Cn the quotient of Bn by the additional relation
that the length two loop at the vertex 1 is zero. The vertices 1 and n are both leaves in
the Dynkin diagram of type A. We therefore refer to these quotients as leaf quotients
of type A zig-zag algebras.

Both Bn and Cn inherit a Z-grading from An . It is easy to see that Bn is never
self-injective, while Cn is self-injective if and only if n = 2.

The algebra An has an involutive anti-automorphism given by swapping the
arrows in each part i j from the definition. This induces involutive anti-auto-
morphisms on Bn andCn . In particular, module categories over all these algebras have
simple preserving dualities.
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2.4 Indecomposable modules over An, Bn and Cn

By Corollary 1 in Huerfano and Khovanov (2001) the algebra An has n(n + 1) iso-
morphism classes of indecomposable modules. It is easily checked that the algebra
An is special biserial in the sense of Butler and Ringel (1987), Wald and Waschbusch
(1985). In particular, all indecomposable An-modules split into three families: pro-
jective-injective modules, string modules and band modules, see Proposition 2.3 in
Wald and Waschbusch (1985). Even more, in case of the algebra An there are no band
modules. Apart from the projective-injective modules P(i) and the simple modules
L(i), where i = 1, 2 . . . , n, we only have four finite families of string modules which
look as follows:

– The modules M(i, j), where 1 ≤ i < j ≤ n are such that i ≡ j mod 2:

L(i + 1) . . . L(j − 1)

L(i) L(i + 2) . . . L(j)

– The modules N (i, j), where 1 ≤ i < j ≤ n are such that i �≡ j mod 2:

L(i + 1) . . . L(j)

L(i) L(i + 2) . . .

– The modules W (i, j), where 1 ≤ i < j ≤ n are such that i ≡ j mod 2:

L(i) L(i + 2) . . . L(j)

L(i + 1) . . . L(j − 1)

– The modules S(i, j), where 1 ≤ i < j ≤ n are such that i �≡ j mod 2:

L(i) L(i + 2) . . .

L(i + 1) . . . L(j)

It is clear that all string modules in the four families above are indecomposable and
not isomorphic to any projective-injective nor simple module. This completes the

classification of the n(n + 1) isomorphism classes of indecomposable An-modules.
All indecomposable An-modules but P(n) are also Bn-modules. All indecompos-

able Bn-modules but P(1) are also Cn-modules.
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2.5 Quasi-hereditary structure on Bn

Let Λ be a finite-dimensional k-algebra with a fixed order L1 < L2 < · · · < Lk on
a full set of representatives of simple Λ-modules. For i = 1, 2, . . . , k, we denote by
Pi the indecomposable projective cover of Li and by Ii the indecomposable injective
envelope of Li . Recall, see Dlab and Ringel (1989), Cline et al. (1988), thatΛ is called
quasi-hereditary (with respect to the order <) provided that there are Λ-modules Δi ,
for i = 1, 2, . . . , k, (called standard modules) with the properties that

– Pi � Δi and the kernel of this surjection has a filtration with subquotients Δ j ,
for j > i ;

– Δi � Li and the kernel of this surjection has composition subquotients L j , for
j < i .

Equivalently, there areΛ-modules∇i , for i = 1, 2, . . . , k, (called costandardmodules)
with the properties that

– ∇i ↪→ Ii and the cokernel of this injection has a filtration with subquotients ∇ j ,
for j > i ;

– Li ↪→ ∇i and the cokernel of this injection has composition subquotients L j , for
j < i .

Following Ringel (1991), we denote by Ti the indecomposable tilting Λ-module
corresponding to i . It is uniquely determined by the properties that Δi ↪→ Ti and
the cokernel of this inclusion has a filtration with standard subquotients. Equivalently,
Ti � ∇i and the kernel of this surjection has a filtration with costandard subquotients.

The terminology here is slightly conflicting. We will refer to tilting modules in the
sense of Miyashita (1986) by generalized tilting modules and those that are connected
to the quasi-hereditary structure, in the sense of Ringel (1991), simply by tilting
modules.

Consider the algebra Λ = Bn and choose the order L(1) < L(2) < · · · < L(n).
Set Δ(1) = ∇(1) = L(1); Δ(i) = S(i − 1, i), for i > 1; and ∇(i) = N (i − 1, i), for
i > 1. Then, for i < n, there are obvious short exact sequences

Δ(i + 1) ↪→ P(i) � Δ(i) and ∇(i) ↪→ I (i) � ∇(i + 1).

Consequently, Bn is quasi-hereditary. It is easy to see that Bn is not quasi-hereditary
with respect to any other order on the full set of representatives of isomorphism classes
of simple Bn-modules. Set

D := {Δ(n),Δ(n − 1), . . . , Δ(1) = ∇(1),∇(2), . . . ,∇(n)}.

Proposition 1 For a quasi-hereditary algebra Λ we have the following vanishing
extensions. For all k > 0 and for all i ≤ j , we have

ExtkΛ(Δ j ,Δi ) = 0 and ExtkΛ(∇i ,∇ j ) = 0.
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For all k > 0 and for all i, j , we have

ExtkΛ(Δi ,∇ j ) = 0.

In particular, for any X ∈ D and k > 0, we have

ExtkBn (X , X) = 0.

Proof Using Lemma 2.2 in Klucznik and König (1999), see also (Cline et al. 1988,
Theorem 2.3), in the first claim we may assume that j is maximal, so Δ j is projective
and ∇ j is injective. The claim is then clear. For the second claim, see Proposition 2.1
in Klucznik and König (1999) or Corollary 3 in Ringel (1991). The third claim is a
special case of the first one. 	


Note that, for the algebra Bn , we have T (1) = L(1) and T (i) = P(i−1) = I (i−1),
for i > 1.

3 A characterization of the algebra Bn

In this section we propose a characterization of the quasi-hereditary algebras Bn inside
the class of all quasi-hereditary algebras. Our result says that the algebras Bn are
non-semi-simple quasi-hereditary algebras which are, in some sense, “closest” to self-
injective algebras.

Theorem 1 LetΛ be a basic, connected, quasi-hereditary algebrawith respect to some
order L1 < L2 < · · · < Ln, where n ∈ Z>0. Assume the following:

(a) Exactly n − 1 of indecomposable projective Λ-modules are injective.
(b) The algebra Λ has a simple preserving duality.

Then n > 1 and Λ ∼= Bn.

Proof By (b),Λ has a simple preserving duality which we denote by �. Then P�
i = Ii ,

for all i .
Our first observation is that the module Pn is not injective. Indeed, assume that

Pn ∼= I j , for some j . If j = n, then Pn has top and socle isomorphic to Ln and this
simple module also appears in Pn = Δn with multiplicity 1. Therefore Pn = In = Ln .
This means that Pn is a direct summand of Λ as an algebra. As Λ is assumed to be
connected, we obtain that n = 1. At the same time, the only basic quasi-hereditary
algebra with one isomorphism class of simple modules is k and this algebra does not
satisfy (a) as there is at least one projective-injective module. Therefore Pn = In is
not possible. As a bonus, we now know that n > 1.

Assume that j < n. Then Pn = I j is a tilting module and it contains Ln . Therefore
Pn = Tn . As � is a simple preserving duality, we have T �

n = Tn and therefore Pn =
Tn = T �

n = I �
j = Pj , which is a contradiction. This shows that Pn is not injective.

We prove the claim of the theorem by induction on n. By the above, the basis of
the induction is the case n = 2. We always have T1 = L1. As P1 = I1 is projective-
injective, it is a tilting module. If L1 = T1 = P1 = I1, then, by the same argument
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as in the second paragraph of the proof we get a contradiction using the fact that Λ

is connected. Therefore P1 = T2. In particular, Δ2 embeds into T2 = I1 and hence
soc(Δ2) = L1.

So, the module Δ2 has simple top L2 and simple socle L1. If the composition
multiplicity of L1 in Δ2 were greater than 1, that would imply existence of a non-split
self-extension for the simplemodule L1. But sinceΛ is assumed to be quasi-hereditary
no such self-extension can exist. This means that there is a short exact sequence

0 → L1 → Δ2 → L2 → 0.

As P2 = Δ2, it follows that the quiver of Λ has exactly one arrow from the vertex of
L2 to the vertex of L1, call it α. Applying �, we see that there is exactly one arrow in the
opposite direction, call it β. As the composition multiplicity of L2 in P2 = Δ2 is 1, we
have αβ = 0. At the same time, the composition multiplicity of L2 in P2 = I2 = T1
is at least 2 as P2 has a copy of L2 at the top, I2 has a copy of L2 in the socle and T2
has a copy of L1 somewhere. It follows that βα �= 0 and we obtain that Λ ∼= A2. This
completes the basis of our induction.

To prove the induction step, we assume that n ≥ 3. Similarly to the case
n = 2, we have that T1 = L1 is not projective. Therefore L1, P1, P2, . . . , Pn−1
is a complete list of representatives of isomorphism classes of tilting Λ-modules.
In particular, Tn = Pj , for some j < n. The latter means that Δn = Pn embeds
into Pj and hence Pn has simple socle L j . Also, HomΛ(Pn, Ps) = 0, for all
s ∈ {1, 2, . . . , j − 1, j + 1, . . . , n − 1} since for such s we have Ps = Ti for some
i < n and the composition multiplicity of Ln in such tilting modules is zero. This
implies that the quiver of Λ contains no arrows from the vertex of Ln to the vertex
of such Ls . By applying �, we see that there are no arrows back either. Therefore the
only arrows from the vertex of Ln in the quiver of Λ are those going to the vertex of
L j and the only arrows to the vertex of Ln in the quiver of Λ are those going from the
vertex of L j .

The equality HomΛ(Pn, Ps) = HomΛ(Pn, Is) = 0 also means that Pn has no
composition subquotients Ls with s as in the previous paragraph. We claim that this
implies that j = n−1. Indeed, assume j < n−1 and let e be the primitive idempotent
of Λ corresponding to Ln . Consider the quasi-hereditary algebra Λ/(ΛeΛ). As Ln

does not appear in Pn−1, the module Pn−1 is a module over Λ/(ΛeΛ). As n − 1 is
now maximal and Λ/(ΛeΛ) is quasi-hereditary, the module Pn−1 must be a standard
module for Λ/(ΛeΛ). If Pn−1 = In−1 = Ln−1, we obtain the same contradiction
with connectedness of Λ as above. If Pn−1 = In−1 is not simple, then the multiplicity
of Ln−1 in Pn−1 must be at least two. This is not possible for a standard module.
Therefore j = n − 1.

Similarly to the case n = 2, we see that there is exactly one arrow from the vertex
of Ln to the vertex of Ln−1, call it α. Applying �, we see that there is exactly one arrow
in the opposite direction, call it β. As the composition multiplicity of Ln in Pn = Δn

is 1, we have αβ = 0. Furthermore the precomposition of α with any other arrow in
the quiver of Λ is zero and, similarly, the postcomposition of β with any other arrow
in the quiver of Λ is zero.

123



196 Beitr Algebra Geom (2020) 61:189–207

Now consider the basic quasi-hereditary algebra Λ/(ΛeΛ). Its quiver is obtained
from the quiver of Λ by deleting the vertex of Ln and the arrows α and β. Therefore
Λ/(ΛeΛ) is connected as Λ was connected and the vertex of Ln only had arrows
to and from the vertex of Ln−1 by the previous paragraph. The simple preserving
duality on Λ induces a simple preserving duality on Λ/(ΛeΛ). The projective-
injective modules P1, P2, . . . , Pn−2 ofΛ are also modules overΛ/(ΛeΛ) and remain
projective-injective. Therefore Λ/(ΛeΛ) satisfies all assumptions of our theorem and
has one less projective thanΛ. Therefore we can now apply the induction assumption.

By induction, we have Λ/(ΛeΛ) ∼= Bn−1. Also, from the above we see that the
quiver ofΛ is isomorphic to the quiver for Bn . Fromwhatwe concluded in the induction
step we have that there are exact sequences

0 → Δn → Pn−1 → Δn−1 → 0,

0 → Ln−1 → Δn → Ln → 0, 0 → Ln−2 → Δn−1 → Ln−1 → 0.

As Pn−1 = In−1 has simple socle and

Ext1Λ(Ln, Ln−2) = Ext1Λ(Ln−2, Ln) = 0

by the above, we obtain that Pn−1 has simple top and socle isomorphic to Ln−1 and
rad(Pn−1)/soc(Pn−1) = Ln ⊕ Ln−2. This means that in the part

Ln−2

δ

Ln−1

β

γ

Ln
α

of the quiver ofΛwe have the relation γ δ = cβα, for some non-zero c ∈ k. Changing
β to β ′ = cβ defines an isomorphism from Λ to Bn . This completes the proof. 	


4 Non-vanishing of Ext2Bn

4.1 The result

The aim of this subsection is to prove the following technical result.

Proposition 2 Let X be an indecomposable Bn-module. Assume that X is neither
projective nor in D. Then Ext2Bn (X , X) �= 0.

Since we have a complete classification of indecomposable Bn-modules, to prove
Proposition 2, we need only to consider the cases when X is either a simple module
L(i), with i > 1, or one of the modules W (i, j), M(i, j), N (i, j), S(i, j) from
Sect. 2.4, with j > i + 1.

To simplify notation, in the following sections, for a subset Z ⊂ {0, 1, 2, . . . , n},
we set

PZ =
⊕

z∈Z
P(z).
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For two integers i ≤ j , we denote by [i, j] the set of all integers s satisfying the
conditions i ≤ s ≤ j and s ≡ i mod 2.

4.2 Proof of Proposition 2 for modulesW(i, j)

Let ek be the idempotent corresponding to L(k) and let J = BneBn , where e =
e j+1 +· · ·+ en . Then, by Lemma 2.2 in Klucznik and König (1999), for any modules
X ,Y ∈ Bn/J − mod we have

ExtkBn/J (X ,Y ) = ExtkBn (X ,Y ).

This allows us to assume j = n without losing any generality.
From the definition of W (i, n), there is a surjection P[i,n] � W (i, n). It is easy to

see that the kernel of this surjection is isomorphic to W (i − 1, n − 1), if i �= 1, and to
N (1, n − 1), if i = 1.

Consider first the case i = 1. In this case there is a surjection from P[2,n−1] to
N (1, n − 1) and it is easy to see that the kernel of this surjection is isomorphic to
N (2, n). The obvious injection N (2, n) ↪→ W (1, n) does not factor through P[2,n−1]
as the latter maps only to the radical of W (1, n) while the image of the injection
N (2, n) ↪→ W (1, n) is not contained in the radical. This implies that the second
self-extension of W (1, n) does not vanish.

Now, consider the case i = 2. In this case there is a surjection from P[1,n−1] to
W (1, n − 1) and it is easy to see that the kernel of this surjection is isomorphic to
N (1, n). The obvious projection N (1, n) � W (2, n) does not factor through P[1,n−1]
as the latter maps only to the radical of W (2, n). This implies that the second self-
extension of W (1, n) does not vanish.

Finally, consider the case i > 2. In this case there is a surjection from P[i−1,n−1] to
W (i − 1, n − 1) and it is easy to see that the kernel of this surjection is isomorphic to
W (i − 2, n). The obvious projection W (i − 2, n) � W (i, n) does not factor through
P[i−1,n−1] as the latter maps only to the radical ofW (i, n). This implies that the second
self-extension of W (i, n) does not vanish.

4.3 Proof of Proposition 2 for modulesM(i, j)

Similarly to Sect. 4.2, we may assume n = j without losing any generality.
From the definition ofM(i, n), there is a surjection P[i+1,n−1] � M(i, n). It is easy

to see that the kernel of this surjection is isomorphic to M(i + 1, n − 1), if i < n − 2,
and to L(n − 1), if i = n − 2.

Consider first the case i = n − 2. In this case the kernel of P(n − 1) � L(n −
1) is isomorphic to W (n − 2, n). The dimension of the homomorphism space from
W (n− 2, n) to M(n− 2, n) is two, where one of the homomorphisms factors through
L(n) and the other one factors through L(n − 2). At the same time, the dimension of
the homomorphism space from P(n − 1) to M(n − 2, n) is one. This implies that the
second self-extension of M(n − 2, n) does not vanish.
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Consider now the case i = n − 4. In this case, by recursion, the kernel of the
surjection P(n − 2) � M(n − 3, n − 1) is isomorphic to L(n − 2). The obvious
injection L(n − 2) ↪→ M(n − 4, n) does not factor through P(n − 2) as the only map
from P(n − 2) to M(n − 4, n) sends the radical of P(n − 2) to zero. This implies that
the second self-extension of M(n − 4, n) does not vanish.

Finally, consider now the case i < n − 4. In this case, by recursion, the kernel
of P[i+2,n−2] � M(i + 1, n − 1) is isomorphic to M(i + 2, n − 2). The obvious
injection M(i + 2, n − 2) ↪→ M(i, n) does not factor through P[i+2,n−2] as the
image of M(i + 2, n − 2) in P[i+2,n−2] covers the socle of P[i+2,n−2] and any map
from P[i+2,n−2] to M(i, n) sends the socle of P[i+2,n−2] to zero. This implies that the
second self-extension of M(i, n) does not vanish.

4.4 Proof of Proposition 2 for modules N(i, j)

Similarly to Sect. 4.2, we may assume n = j without losing any generality. Note that
i < n − 2 as N (n − 1, n) ∈ D and we must have i �≡ n mod 2.

From the definition of N (i, n), it follows that there is a surjection P[i+1,n] �
N (i, n) and it is easy to see that the kernel of this surjection is isomorphic to N (i +
1, n − 1). By recursion, there is a surjection P[i+2,n−1] � N (i + 1, n − 1) and it
is easy to see that the kernel of this surjection is isomorphic to N (i + 2, n). The
obvious injection N (i + 2, n) ↪→ N (i, n) does not factor through P[i+2,n−1] as the
image of N (i + 2, n) in P[i+2,n−1] covers the socle of P[i+2,n−1] and any map from
P[i+2,n−1] to N (i, n) sends the socle of P[i+2,n−1] to zero. This implies that the second
self-extension of N (i, n) does not vanish.

4.5 Proof of Proposition 2 for modules S(i, j)

Similarly to Sect. 4.2, we may assume n = j without losing any generality. Note that
i < n − 1 as S(n − 1, n) ∈ D.

From the definition of S(i, n), it follows that there is a surjection P[i,n−1] � S(i, n)

and it is easy to see that the kernel of this surjection is isomorphic to M(1, n − 1), if
i = 1, and to S(i − 1, n − 1), if i > 1.

Consider first the case i = 1 and n = 4. There is a surjection P(2) � M(1, 3)
whose kernel is isomorphic to L(2). The obvious injection L(2) ↪→ S(1, 4) does not
factor through P(2) as the image of L(2) in P(2) is in the socle and any map from
P(2) to S(1, 4) kills the socle of P(2). This implies that the second self-extension of
S(1, 4) does not vanish.

Consider now the case i = 1 and n > 4. There is a surjection P[2,n−2] � M(1, n−
1) with kernel isomorphic to M(2, n − 2). The obvious injection M(2, n − 2) ↪→
S(1, n) does not factor through P[2,n−2] as the image of M(2, n − 2) in P[2,n−2]
intersects the socle and any map from P[2,n−2] to S(i, n) kills the socle of P[2,n−2].
This implies that the second self-extension of S(1, n) does not vanish.

Consider now the case i = 2. In this case there is a surjection P[1,n−2] � S(1, n −
1) whose kernel is isomorphic to M(1, n − 2). The unique up to a scalar non-zero
homomorphism M(1, n−2) → S(2, n) does not factor through P[1,n−2] as the image
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of M(1, n − 2) in P[1,n−2] intersects the socle and any map from P[1,n−2] to S(2, n)

kills the socle of P[1,n−2]. This implies that the second self-extension of S(2, n) does
not vanish.

Finally, consider the case i > 2. In this case, by recursion, there is a surjection
P[i−1,n−2] � S(i − 1, n − 1) whose kernel is isomorphic to S(i − 2, n − 2). The
unique up to a scalar non-zero homomorphism S(i − 2, n − 2) → S(i, n) does not
factor through P[i−1,n−2] as the image of S(i − 2, n − 2) in P[i−1,n−2] intersects the
socle and any map from P[i−1,n−2] to S(i, n) kills the socle of P[i−1,3−2]. This implies
that the second self-extension of S(i, n) does not vanish.

4.6 Proof of Proposition 2 for simplemodules L(i)

Similarly to Sect. 4.2 we can assume that i = n without losing any generality. The
kernel of the projective cover P(n) � L(n) is L(n − 1) and L(n) appears in the top
of the kernel P(n − 1) � L(n − 1). This implies that the second self-extension of
L(n) does not vanish.

5 Generalized tiltingmodules for Bn

5.1 Generalized tiltingmodules

Let Λ be a finite-dimensional algebra and T a Λ-module. Recall from Miyashita
(1986) that T is called a generalized tilting Λ-module provided that

– T has finite projective dimension;
– ExtiΛ(T , T ) = 0, for all i > 0;
– the module ΛΛ has a finite coresolution by modules in add(T ).

We will say that a Λ-module is basic provided that it is isomorphic to a direct sum
of pairwise non-isomorphic indecomposable modules.

5.2 Classification of basic generalized tilting Bn-modules

Theorem 2 Basic generalized tilting Bn-modules are, up to isomorphism, exactly the
following modules:

P(1) ⊕ P(2) ⊕ · · · ⊕ P(n − 1) ⊕ X , (1)

where X ∈ D.

Proof Let T be a generalized tilting Bn-module. Corollary 1 inMiyashita (1986) states
that the number of isomorphism classes of simple modules in Bn and EndBn (T ) are
equal. It follows that the number of indecomposable summands of T must be n. From
this it also follows that every projective-injective module must be a direct summand of
any generalized tilting module. As P(i) is both projective and injective for all i < n,
we have that each such P(i) is a summand of T . Therefore T is isomorphic to a
module of the form (1), for some Bn-module X . As T must be ext-self-orthogonal,
from Proposition 2 it follows that X ∈ D. 	
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It remains to check that, for each X ∈ D, the module (1) is a generalized tilting
module. As Bn is quasi-hereditary, it has finite global dimension, so the projective
dimension of any module is finite. Further, from Proposition 1 and the fact that each
P(i), for i < n, is both projective and injective, it follows that the module (1) is
ext-self-orthogonal. What is left is to show that the module (1) coresolves the right
regular Bn-module. If X is projective, the module (1) is equal to the right regular
Bn-module. Note that to show that a module coresolves the right regular Bn-module it
is enough to show that it coresolves every indecomposable projective Bn-module. If X
is not projective, every indecomposable projective Bn-module except P(n) is a direct
summand of the module (1). It therefore only remains to show that the module (1)
coresolves P(n). The claim follows from Lemma 1 below since all indecomposable
projective-injective Bn-modules are direct summands of the module (1).

Lemma 1 Let X ∈ D be non-projective, then X has a projective resolution of the form

0 → Qk → · · · → Q1 → Q0 → X → 0.

where Qk ∼= P(n) and all other Qi are projective-injective.

Proof Write the modules in D \ {Δ(n)} in the following order:

Δ(n − 1),Δ(n − 2), . . . , Δ(1) = ∇(1),∇(2), . . . ,∇(n)

and let us prove the claim by induction with respect to this order.
The basis of the induction follows from the short exact sequence

0 → P(n) → P(n − 1) → Δ(n − 1) → 0.

The induction steps follow from the short exact sequences

0 → Δ(i + 1) → P(i) → Δ(i) → 0, i < n,

and

0 → ∇(i) → P(i) → ∇(i + 1) → 0, i < n.

This completes the proof. 	


5.3 A partial order of generalized tilting Bn-modules

Let Λ be an Artin algebra and let TΛ denote the set of all basic generalized tilting Λ-
modules up to isomorphism. Define the right perpendicular category of a Λ-module
T to be

T⊥ := {X ∈ Λ-mod | ExtkΛ(T , X) = 0 for all k > 0}.

123



Beitr Algebra Geom (2020) 61:189–207 201

We can now define a partial order≤ onTΛ by letting T ≤ T ′ if T⊥ ⊆ T ′⊥. In Happel
and Unger (2005) the authors prove that, for any Artin algebra Λ, the Hasse diagram
for (TΛ,≤) is equal to the graphKΛ which is defined as follows. Let the vertices ofKΛ

be the elements ofTΛ. There is an edge between T and T ′ if and only if T = M ⊕ X ,
T ′ = M ⊕Y , where X ,Y are indecomposable and there exists a short exact sequence

0 → X → M̃ → Y → 0

where M̃ ∈ add(M).
By Theorem 2 every basic (generalized) tilting module is of the form

P(1) ⊕ P(2) ⊕ · · · ⊕ P(n − 1) ⊕ X ,

for some X ∈ D. So the set D is in bijection with the set TBn . D therefore inherits a
partial order from TBn , which we will denote by ≺. From the short exact sequences

0 → Δ(i + 1) → P(i) → Δ(i) → 0, i < n,

and

0 → ∇(i) → P(i) → ∇(i + 1) → 0, i < n.

we then get the partial order

∇(n) ≺ · · · ≺ ∇(2) ≺ L(1) ≺ Δ(2) ≺ · · · ≺ Δ(n).

6 Exceptional sequences for Bn

6.1 Exceptional sequences

Let Λ be a finite-dimensional algebra. Recall, see Bondal (1989), that a Λ-module M
is called exceptional provided that

– HomΛ(M, M) = k;
– ExtiΛ(M, M) = 0, for all i > 0.

A sequence M = (M1, . . . , Mk) of Λ-modules is called an exceptional sequence
provided that

– each Mi is exceptional;
– ExtiΛ(Mt , Ms) = 0, for all 1 ≤ s < t ≤ k and all i ≥ 0.

An exceptional sequence is called full (or complete) if it generates the derived category.

6.2 Classification of exceptional sequences for Bn

Proposition 3 A Bn-module M is exceptional if and only if M ∈ D.
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Proof Each of the modules P(1), P(2), . . . , P(n − 1) has a nilpotent endomorphism
given by sending the top to the socle. Therefore none of these modules is exceptional.
If a Bn-module M is neither projective-injective nor in D, then M is not exceptional
by Proposition 2.

On the other hand, every M ∈ D has trivial endomorphism algebra and hence is
exceptional by Proposition 1. The claim follows. 	

Theorem 3 There are exactly 2n−1 full exceptional sequences of Bn-modules and they
are all of the form

(∇(i1), . . . ,∇(ik), L(1),Δ( j1), . . . , Δ( jl)), (2)

where

– k + l = n − 1, where 0 ≤ k, l ≤ n − 1;
– {i1, . . . , ik, j1, . . . , jl} = {2, . . . , n};
– is > it and js < jt for s < t .

Proof By Proposition 3, any exceptional sequence of Bn-modules consists of modules
from D.

For any i ∈ {2, 3, . . . , n}, we have Δ(i) � ∇(i) and there are non-zero maps
Δ(i) → ∇(i) and ∇(i) → Δ(i). Therefore Δ(i) and ∇(i) cannot appear in the same
exceptional sequence. Consequently, any full exceptional sequence must be of the
form (2), up to ordering of elements in this sequence. That this ordering of elements
yields an exceptional sequence follows by Proposition 1 and the fact that there are no
non-zero maps fromΔ(i) to∇( j) for i �= j ; fromΔ( j) toΔ(i) and from∇(i) to∇( j)
for i < j . The fact that this ordering is uniquely defined follows from the following
lemma.

Lemma 2 Let 1 ≤ i < j ≤ n and k = j − i . Then

ExtkBn (Δ(i),Δ( j)) �= 0 and ExtkBn (∇( j),∇(i)) �= 0.

Proof There is an exact sequence:

0 → Δ( j) → P( j − 1) → . . . P(i + 1) → P(i) → Δ(i) → 0.

This is the first part of the projective resolution of Δ(i). Note that the only pro-
jective modules with non-zero homomorphisms to Δ( j) are P( j) and P( j − i).
Furthermore, the identity map on Δ( j) does not factor through P( j − 1) as the
embedding from Δ( j) ↪→ P( j − 1) ends up in the radical of P( j − 1). This implies
the inequality Hk(HomBn (P•,Δ( j))) = ExtkBn (Δ(i),Δ( j)) �= 0, and the second

inequality ExtkBn (∇( j),∇(i)) �= 0 follows using the simple preserving duality defined
in Sect. 2.3. 	


It remains to check that any sequence of the form (2) generates the derived cat-
egory. For this it is enough to show that all simple modules can be obtained from
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modules in (2) using the operations of taking kernels of epimorphisms and cokernels
of monomorphisms. Let us prove, by induction on i , that L(i) can be obtained in
this way. The basis of the induction is trivial as L(1) is in (2). Now let us prove the
induction step. Assume that L(i − 1) can be obtained. Then (2) contains either Δ(i)
or ∇(i). In the first case, L(i) is the cokernel of the inclusion L(i − 1) ↪→ Δ(i). In
the second case, L(i) is the kernel of the projection ∇(i) � L(i − 1). The claim of
the theorem follows. 	


7 Generalized tiltingmodules and exceptional sequences for Cn

7.1 Self-orthogonal Cn-modules

Proposition 4 The only ext-self-orthogonal Cn-modules are the projective-injective
modules, and also the modules N (i, i +1) and S(i, i +1), where i = 1, 2, . . . , n−1.

Proof That the projective-injective modules are ext-self-orthogonal is clear, this also
applies to the projective modules N (n − 1, n) and S(1, 2) and the injective modules
N (1, 2) and S(n − 1, n).

For i < n − 1, the module N (i, i + 1) has the following projective resolution:

0 → N (n−1, n) → P(n−1) → · · · → P(i+2) → P(i+1) → N (i, i + 1) → 0.

The only term in this resolution that has a non-zero homomorphism to N (i, i + 1) is
the zero term P(i + 1). This implies that

Hk(HomCn (P•, N (i, i + 1))) = ExtkCn
(N (i, i + 1), N (i, i + 1)) = 0

for all k > 0. Therefore N (i, i + 1) is an ext-self-orthogonal module.
The algebraCn has the obvious automorphism α that swaps 1 and n, 2 and n−1 and

so on. Twisting by α swaps modules of type S and modules over type N . Therefore
ext-self-orthogonality of S(i, i + 1) follows from ext-self-orthogonality of N (n −
i, n + 1 − i) by applying α.

It remains to show that all other Cn-modules are not ext-self-orthogonal. To start
with, let us show that all simple Cn-modules are not ext-self-orthogonal. If i �= 1, n,
then the kernel of the projective cover P(i) � L(i) is W (i − 1, i + 1). The latter
has projective cover P(i − 1) ⊕ P(i + 1) � W (i − 1, i + 1) whose kernel has L(i)
at the top. Therefore Ext2Cn

(L(i), L(i)) �= 0. Similarly, the kernel of the projective
cover P(1) � L(1) is L(2) and L(1) appears in the top of the kernel P(2) � L(2).
Therefore Ext2Cn

(L(1), L(1)) �= 0. Applying α, we get Ext2Cn
(L(n), L(n)) �= 0. So,

all Cn-simples are not ext-self-orthogonal.
Now, for X ∈ {W , M, S, N }, 1 ≤ i and i + 1 < j ≤ n, consider the module

X(i, j). If i ≥ 4, then the first two terms of the projective resolution of X(i, j) are
exactly the same modules as for Bn and therefore the fact that X(i, j) is not ext-
self-orthogonal follows from Proposition 2. Applying α, we obtain that X(i, j) is not
ext-self-orthogonal if j ≤ n − 3. So, it remains to consider the nine modules X(i, j),
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where i = 1, 2, 3 and j = n − 2, n − 1, n. Taking into account the parity of n, we
have altogether 18 different cases left.

Consider the case n is odd and X(i, j) = W (1, n). Then the kernel of the projective
cover P[1,n] � W (1, n) is isomorphic toW (2, n−1), if n > 3, and L(2), if n = 3. The
kernels of the projective covers P[2,n−1] � W (2, n−1) and P2 � L(2) are isomorphic
to W (1, n) in both cases. The identity homomorphism of W (1, n) does not factor
through P[2,n−1] and hence defines a non-zero element in Ext2Cn

(W (1, n),W (1, n)).
Therefore W (1, n) is not ext-self-orthogonal.

Consider the case n is even and X(i, j) = S(1, n). Then the kernel of the projective
cover P[1,2] � S(1, n) is isomorphic to S(2, n − 1). The kernel of the projective
cover P[2,n−2] � S(2, n − 1) is isomorphic to S(1, n − 2). The obvious inclusion of
S(1, n − 2) to S(1, n) does not factor through P[2,n−2] and hence defines a non-zero
element in Ext2Cn

(S(1, n), S(1, n)). Therefore S(1, n) is not ext-self-orthogonal.
The remaining cases are similar and left to the reader. The claim of the proposition

follows. 	


7.2 Generalized tilting Cn-modules

In this subsection we assume n > 2 as the algebra C2 is self-injective.

Theorem 4 Basic generalized tilting Cn-modules are, up to isomorphism, exactly the
following modules:

P(2) ⊕ P(3) ⊕ · · · ⊕ P(n − 1) ⊕ S(i, i + 1) ⊕ N ( j, j + 1), (3)

where i, j ∈ {1, 2, . . . , n − 1}.
Proof As mentioned in the proof of Theorem 2 the basic projective-injective module
P(2) ⊕ P(3) ⊕ · · · ⊕ P(n − 1) must be a summand of any generalized tilting module
and the total number of summands must be n. This leaves us with two undetermined
summands which, by Proposition 4, must be of the form N (i, i + 1) or S(i, i + 1),
where i = 1, 2, . . . , n − 1. For 1 ≤ s < t ≤ n − 1, we have the exact sequence

0 → N (t, t + 1) → P(t) → P(t − 1) → · · · → P(s + 1) → N (s, s + 1). (4)

For t = n−1, this is the projective resolution of N (s, s+1) since N (n−1, n) = P(n).
For s < t < n the sequence (4) is thefirst part of the projective resolution of N (s, s+1).
Note that the only projective modules with non-zero homomorphisms to N (t, t + 1)
are P(t) and P(t + 1). Furthermore, the identity endomorphism on N (t, t + 1) does
not factor through P(t) which implies that Ht−s(HomCn (P•, N (t, t + 1))) �= 0 and
hence gives a non-zero extension from N (s, s + 1) to N (t, t + 1) of degree t − s.
Therefore two modules of type N cannot be summands of the same generalized tilting
module.

Applying the automorphism α to the sequence (4), for 1 ≤ s < t ≤ n − 1, we get
the exact sequence

0 → S(s, s + 1) → P(s + 1) → · · · → P(t − 1) → P(t) → S(t, t + 1). (5)
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For s = 1 this is the projective resolution of S(t, t + 1) since S(1, 2) = P(1). We
also obtain a non-zero extension from S(t, t + 1) to S(s, s + 1) of degree t − s by
applying α to the corresponding result for modules of type N . Hence two modules of
type S cannot be summands of the same generalized tilting module. Therefore from
Proposition 4 it follows that any generalized tilting Cn-module is of the form (3).

It remains to prove that everymodule of the form (3) is a generalized tiltingmodule.
From (4) and (5) it follows that any module of the form (3) has finite projective
dimension and coresolves the regular Cn-module. More precisely, if the module (3)
is projective, it is equal to the regular Cn-module. If the module (3) is not projective,
all projective Cn-modules except P(1) and P(n) is a direct summand of the module
(3). That the module (3) coresolves these modules follows from the exact sequence
(4) with t = n − 1, s = j and the exact sequence (5) with s = 1, t = i .

So, it remains to check that any module of the form (3) is ext-self-orthogonal, more
precisely, that, for k > 0, we have

ExtkCn
(S(i, i + 1), N ( j, j + 1)) = 0 = ExtkCn

(N ( j, j + 1), S(i, i + 1)). (6)

Using α, the first equality reduces to the second one. Consider the projective resolution
of N ( j, j + 1) which is given by (4), for s = j and t = n − 1. If i < j , none of the
terms in this resolution has a non-zero homomorphism to S(i, i + 1) and hence all
extensions from N ( j, j + 1) to S(i, i + 1) vanish in this case.

If i = j , then only the term in homological degree zero of the resolution has a
non-zero homomorphism to S(i, i + 1) and hence all extensions of non-zero homo-
logical degree vanish. If i > j , then only terms in homological degrees i − j
and i − j − 1 have non-zero homomorphisms to S(i, i + 1). Consider the cor-
responding truncations of the projective resolutions. The first truncation is (4) for
s = j and t = i . The unique non-zero homomorphism from N (i, i + 1) to
S(i, i + 1) does factor through P(i) and hence the extension at this position van-
ishes. The second truncation is (4) for s = j and t = i − 1. In this case there
are no non-zero homomorphisms from N (i − 1, i) to S(i, i + 1) and hence there
is no extension at this position either. This prove (6) and completes the proof.

	


7.3 Exceptional sequences for Cn

Theorem 5 There are no full exceptional sequences of Cn-modules.

Proof As projective-injectivemodules do not have trivial endomorphism algebra, from
Proposition 4 it follows that any exceptional sequence of modules must consist of
modules of the form S(i, i + 1) and N (i, i + 1). As

HomCn (S(i, i + 1), N (i, i + 1)) �= 0 and HomCn (N (i, i + 1), S(i, i + 1)) �= 0,
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themodules S(i, i+1) and N (i, i+1) cannot belong to the same exceptional sequence
of Cn-modules. Therefore an exceptional sequence of Cn-modules cannot contain
more than n − 1 modules and thus cannot be full. 	
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Abstract. We prove uniqueness of the essential order for stratified algebras

having simple preserving duality, generalizing a recent result of Coulembier for

quasi-hereditary algebras. We apply this to classify, up to equivalence, regular
integral blocks of S-subcategories in the BGG category O. We also describe

various homological invariants of these blocks.
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1. Introduction and description of the results

The notion of a highest weight category was introduced in [CPS1] being motivated,
among others, by the properties of the BGG category O associated to a triangu-
lar decomposition of a semi-simple complex Lie algebra, see [BGG, Hu]. Highest
weight categories satisfying reasonable finiteness conditions are described by quasi-
hereditary algebras, see [DR]. Many examples and applications of these structures
appeared in the literature over the last 35 years (a naive MathSciNet search for the
keyword “quasi-hereditary algebra” produces more than 600 results).

A quasi-hereditary algebra is a structure consisting of a finite dimensional algebra
A and a choice of a partial order on the set of isomorphism classes of simple A-
modules (this datum is assumed to satisfy some conditions). This datum is used
to define the so-called standard A-modules which play the crucial role in the quasi-
hereditary structure. Usually, there are many different choices for a partial order
making a given algebra A quasi-hereditary (for example, A is hereditary if and
only if it is quasi-hereditary for any choice of a linear order). The recent paper
[Co] established the very surprising fact that, under the assumption of existence
of a simple preserving duality, the quasi-hereditary structure on A is, essentially,
unique. More precisely, any flexibility in the order is unessential in the sense that
it does not affect the standard modules.

There are various generalizations of quasi-hereditary algebras. One of them is
that of (standardly) stratified algebras, introduced in [CPS2]. Assuming the simple
preserving duality, this leads to the class of properly stratified algebras, introduced
in [Dl], see also [Fr]. Appearance of these kinds of structures in Lie theory was
established in [FKM1, FKM2] with several application proposed in [MS], see also
[FKS, BLW].

The first main result of the present paper provides an analogue of the uniqueness re-
sult of [Co] for properly stratified algebras, see Theorem 2 in Subsection 2.3.

In [Co], the main application of its uniqueness result is the classification, up to
equivalence, of (indecomposable) blocks of BGG category O. Such blocks are al-
ways described by quasi-hereditary algebras admitting a simple preserving duality.

1
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The paper [FKM1] introduces a generalization of O called S-subcategories in O and
shows that these are usually described by properly stratified algebras. The realiza-
tion of S-subcategories in O as subcategories of p-presentable modules in O was
further studied in [MS]. Compared to O, a natural parameterization of blocks for
S-subcategories in O has an additional independent parameter (with the original
category O being the special case corresponding to a trivial value of that parame-
ter). We address the problem of classification of blocks of S-subcategories in O, up
to equivalence, but at the moment is seems quite difficult (the main result of [Co]
can be viewed as a special case of this problem). We discuss some partial results
in this direction in Subsections 3.5 and 3.6. In particular, we use shuffling and
twisting functors to establish two different types of derived equivalences between
blocks of S-subcategories in O in Propositions 10 and 11.

In Theorem 6, which can be found in Subsection 3.3, we solve another special case
(the “opposite” one with respect to the one considered in [Co]). In more detail, we
classify, up to equivalence, regular blocks of S-subcategories in O. In our proof of
Theorem 6 we use both Theorem 2 and the two main results of [Co].

In Section 4, we also study homological properties of regular blocks of S-subcate-
gories in O in the spirit of [Ma1], in particular, the finitistic dimension of these
blocks (finiteness of which was established already in [MO]). We provide a descrip-
tion of objects of finite projective dimension in Theorem 15 and use it to obtain
an explicit formula for the finitistic dimension (in terms of Lusztig’s a-function) as
well as explicit formulae for projective dimensions of indecomposable tilting and
injective objects (and also a less explicit formula for projective dimensions of stan-
dard objects). For tilting and injective objects, we use Theorem 15 to reduce the
question to known results for category O from [Ma1, Ma3]. For standard objects,
we use Theorem 15 and the results of [CM1].

Acknowledgments. For the first author, the research was partially supported
by the Swedish Research Council and Göran Gustafssons Stiftelse. We thank Joel
Dahne for help with Sage computations.

2. Essential order on stratified algebras with duality

2.1. Stratified algebras. Let k be a field and A a finite dimensional (associative)
k-algebra. Let {Lλ : λ ∈ Λ} be a complete and irredundant list of representatives
of isomorphism classes of simple A-modules and define dλ = dimk EndA(Lλ). Note
that if k is algebraically closed, then dλ = 1 for all λ ∈ Λ. Assume that Λ is
equipped with a fixed partial order ≺. Denote by A-mod the category of all finite
dimensional left A-modules.

Recall that, for two A-modules M and N , the trace of M in N is the submodule of
N spanned by the images of all A-module homomorphisms from M to N .

For λ ∈ Λ, denote by Pλ the indecomposable projective cover of Lλ and by Iλ the
indecomposable injective envelope of Lλ. Further, denote by ∆λ the quotient of Pλ
by the trace in Pλ of all Pµ, where µ 6� λ. Set ∆λ to be the maximal quotient of ∆λ

such that [∆λ : Lλ] = 1. Dually, denote by ∇λ the intersection of the kernels of all
morphisms from Iλ to Iµ, where µ 6� λ, and define ∇λ as the maximal submodule

of ∇λ such that [∇λ : Lλ] = 1. The modules ∆λ, ∆λ, ∇λ and ∇λ are called
standard, proper standard, costandard and proper costandard, respectively. If we
need to emphasize the role of ≺ in the definition, we will use the notation ∆≺λ and
similarly for the others.
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Recall from [CPS2, Fr], that (A,≺) is called standardly stratified provided that,
for each λ ∈ Λ, the kernel of the surjection Pλ � ∆λ has a filtration (called a
standard filtration), each subquotient of which is isomorphic to ∆µ, for some λ ≺ µ.
Equivalently, A is standardly stratified provided that, for each λ ∈ Λ, the cokernel
of the injection ∇λ ↪→ Iλ has a filtration (called a proper costandard filtration),
each subquotient of which is isomorphic to ∇µ, for some λ � µ, see [Fr].

A simple preserving duality is a contravariant anti-equivalence ? of A-mod which
preserves the isomorphism classes of simple A-modules. If a stratified algebra A has
a simple preserving duality, then Aop is also stratified, in particular, A is properly
stratified in the sense of [Dl].

2.2. Essential order. Let (A,≺) be a standardly stratified algebra. Define a new
partial order ≺e on Λ, called the essential order, as the minimal partial order which
contains all pairs (λ, µ) ∈ Λ× Λ such that

• Lλ is a composition subquotient of ∆µ or

• Lλ is a composition subquotient of ∇µ.

Clearly, λ ≺e µ implies λ ≺ µ. Note that, by [Fr, Subsection 4.1], standard
and proper costandard modules form homologically orthogonal families of mod-
ules. That is,

F(∆) = {M ∈ A-mod | Exti(M,∇λ) = 0 for all i > 0, λ ∈ Λ}
and

F(∇) = {M ∈ A-mod | Exti(∆λ,M) = 0 for all i > 0, λ ∈ Λ},
where F(∆) and F(∇) denote the full subcategories of modules with standard and
proper costandard filtrations, respectively. Therefore the condition that Lλ is a
composition subquotient of ∇µ is equivalent to the condition that ∆µ appears as a
subquotient in a standard filtration of Pλ.

Lemma 1. If (A,≺) is standardly stratified, then (A,≺e) is standardly stratified.
Moreover, the standard modules for both structures coincide and also the proper
costandard modules for both structures coincide.

Proof. It is enough to prove that the standard modules for ≺e coincide with the
standard modules for ≺. Indeed, if we can do that, then the ordering conditions
for filtrations are automatically satisfied by the definition of ≺e. Furthermore,
the fact that the proper costandard modules are the same follows from, e.g. [Fr,
Subsection 4.1], that is from the fact that standard and proper costandard modules
form homologically orthogonal families and hence determine one another, as families
of modules.

Since ≺e⊂≺, directly from the definition of standard modules, we get ∆≺λ � ∆≺e

λ ,
for every λ ∈ Λ. We want to show that this surjection is, in fact, an isomorphism.
We will prove the claim by induction on the cardinality of Λ. In case |Λ| = 1, both
≺ and ≺e coincide with the equality relation and hence we have nothing to prove.

Let λ be a maximal element in (Λ,≺). Then Pλ = ∆≺λ and hence, for any µ ∈ Λ
such that [Pλ : Lµ] 6= 0, we have µ ≺e λ. Therefore Pλ = ∆≺e

λ .

Consider now the quotient B of A modulo the ideal I given by the trace of Pλ in
A. The algebra B is standardly stratified with respect to the restriction of ≺ to
Λ \ {λ}. Note that |Λ \ {λ}| < |Λ|. Therefore we may now apply the inductive
assumption to the algebra B and conclude that standard B-modules with respect
to ≺ and ≺e coincide. From the definitions, we see that all standard B-modules
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coincide with the corresponding standard A-modules. This completes the proof of
the induction and of the lemma. �

Recall that a standardly stratified algebra (A,≺) is called quasi-hereditary provided
that ∆λ = ∆λ, for all λ ∈ Λ, see [CPS1, DR]. Equivalently, we may require the
equality ∇λ = ∇λ, for all λ ∈ Λ. For quasi-hereditary algebras, the essential
order is discussed in [Co, § 1.2.4]. Lemma 1 generalizes some of the claims in [Co,
§ 1.2.4].

2.3. Uniqueness of the essential order for stratified algebras with simple
preserving duality. The following result, which establishes uniqueness of the
essential order for stratified algebras with simple preserving duality, generalizes [Co,
Theorem 2.1.1] where the case of quasi-hereditary algebras was considered.

Theorem 2. Let (A,≺1) and (A,≺2) be standardly stratified. Assume that A-mod
has a simple preserving duality. Then ≺1

e=≺2
e.

In order to prove this, we will need some notation and lemmata. For λ, µ ∈ Λ, we
denote by cλ,µ the composition multiplicity [Pλ : Lµ].

Lemma 3. Let (A,≺) be standardly stratified with a simple preserving duality ?.
Let λ ∈ Λ be a maximal element with respect to ≺. Then cλ,λ ≤ cλ,µ, for any µ ∈ Λ
such that cλ,µ 6= 0.

Proof. Because of ?, the algebra A is properly stratified. Therefore the standard
module Pλ = ∆λ has a filtration with all subquotients isomorphic to ∆λ. From the
definition of ∆λ we see that this filtration has length cλ,λ. Therefore any cλ,µ is an
integer multiple of cλ,λ. The claim follows. �

Lemma 4. Let (A,≺) be standardly stratified with a simple preserving duality ?.
Let λ ∈ Λ be such that Pλ 6= ∆λ. Then there exists µ ∈ Λ such that 0 < cλ,µ < cλ,λ.

Proof. Choose µ ∈ Λ maximal among all those ν for which ∆ν appears as a sub-
quotient of a standard filtration of Pλ. Note that µ is also maximal among those ν
such that ∆ν appears as a subquotient of a proper standard filtration of Pλ. Then
cλ,µ coincides with the multiplicity of ∆µ in a proper standard filtration of Pλ. In
particular, cλ,µ 6= 0.

By the BGG reciprocity, see e.g. [ADL, Theorem 2.5], [Fr, Lemma 12], and the fact
that A has a simple preserving duality, we have the following relation between the
multiplicity of ∆µ in a standard filtration of Pλ and the composition multiplicity

of Lλ in ∆µ:

dµ[Pλ : ∆µ] = dλ[∆µ : Lλ].

(We note that [Fr] only proves the result for algebras over an algebraically closed
field, however, the general case, which takes dλ and dµ into account, is straight-

forward.) Consequently, the right hand side is non-zero and hence [∆µ : Lλ] ≥ 1.
Therefore

cλ,λ ≥ [Pλ : ∆λ][∆λ : Lλ] + [Pλ : ∆µ][∆µ : Lλ]

≥ 1 + cλ,µ.

This completes the proof. �
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Proof of Theorem 2. What we really need to prove is that the corresponding stan-
dard modules with respect to ≺1

e and ≺2
e coincide. If we prove that, the fact that

≺1
e and ≺2

e coincide would follow directly from the definition of an essential order.
We proceed by induction on |Λ|. If Λ is a singleton, then ≺1=≺2=≺1

e=≺2
e and we

have nothing to prove.

Choose λ ∈ Λ such that cλ,λ ≤ cλ,µ, for all µ such that cλ,µ 6= 0. Such λ exists
by Lemma 3. From Lemma 4, it follows that this λ is maximal with respect to all
the orders ≺1, ≺2, ≺1

e and ≺2
e. In particular, the corresponding standard module

is projective and hence is the same for both ≺1
e and ≺2

e.

Factoring out the ideal I given by the trace of Pλ in A, we can apply the inductive
assumption to the stratified algebra A/I and conclude that all corresponding stan-
dard modules with respect to ≺1

e and ≺2
e coincide. This completes the proof. �

2.4. The weighted poset invariant. Let (A,≺) be a standardly stratified algebra
with a simple preserving duality. Define the function ν : Λ→ Z>0 as follows:

ν(λ) := dimk End(∆λ).

From Theorem 2 it follows that the weighted poset (Λ,≺e, ν) is an invariant of the
Morita equivalence class of A.

3. S-subcategories in O

3.1. Category O. Consider a simple finite dimensional Lie algebra g over C. Fix
a triangular decomposition

g = n− ⊕ h⊕ n+.

To this datum, we have the associated Bernstein-Gelfand-Gelfand (BGG) category
O, see [BGG, Hu]. We refer the reader to [BGG, Hu, Di, Ja] for further details on
category O.

Let W be the Weyl group of g and R be the corresponding root system in h∗, with
the basis π corresponding to our choice of n+. We denote by ρ the half of the sum
of all positive roots. We have the corresponding dot-action of W on h∗ given by
w · λ = w(λ+ ρ)− ρ.

Simple objects in O are the simple highest weight modules L(λ), where λ ∈ h∗.
In particular, we have infinitely many non-isomorphic simple objects. However, O
decomposes into a direct sum of indecomposable blocks, each of which has finitely
many simples and is equivalent to A-mod for some finite dimensional, associative
and quasi-hereditary algebra A. In fact, if two simples L(λ) and L(µ) belong to
the same block, then λ ∈W · µ.

We denote by Oint the full subcategory of O consisting of modules with integral
weights. By [So2], each block of O is equivalent to an integral block, that is, to a
block of Oint for some (possibly different) Lie algebra g. Using this we restrict our
attention to Oint. For Oint, two simples L(λ) and L(µ) belong to the same block
if and only if λ ∈ W · µ. To simplify our notation, if λ is dominant and clear from
the context, we write Lw instead of L(w · λ), for w ∈W .

We denote by P (λ) the indecomposable projective cover of L(λ) in O and by
I(λ) the corresponding indecomposable injective envelope. We denote by ∆(λ)
the standard module (also called Verma module) with top L(λ) and by ∇(λ) the
corresponding costandard module. Then ∇(λ) = ∆(λ)?, where ? is the simple
preserving duality on O. We denote by T (λ) the indecomposable tilting module
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with highest weight λ. Similarly to the above, we use the notation Pw etc. when
appropriate.

For a dominant integral weight λ, we denote by Oλ the block of O containing L(λ).
Let Wλ denote the dot-stabilizer of λ. Then simple modules in Oλ are naturally
parameterized by the set of longest coset representatives in W/Wλ. Soergel’s com-
binatorial description for integral blocks of O, see [So2], implies that Oλ ∼= Oλ′ if
Wλ = Wλ′ (note that the latter is a genuine equality and not an isomorphism).
This allows us to parameterize blocks of O by pairs (W,S), where W is a Weyl
group and S a parabolic subgroup of W (i.e. the singularity of a block). One of
the main results in [Co] asserts that the blocks given by (W,S) and (W ′, S′) are
equivalent if and only if the partially ordered sets W/S and W ′/S′, with respect to
the Bruhat order (more precisely, the restriction of the Bruhat order to the set of
the longest coset representatives), are isomorphic.

3.2. S-subcategories in O. In this paper we will be interested in the extension
of the results of [Co] to the so-called S-subcategories in O, introduced in [FKM1],
see also [MS, Section 2]. To define these we need to fix another parabolic subgroup
G in W , completely unrelated to S.

So, we fix an integral dominant weight λ with dot-stabilizer S and split W · λ into
two sets: the set X consisting of all µ ∈ W · λ which are G-antidominant, and the
set Y := (W · λ) \X.

Let C denote the Serre subcategory of Oλ generated by all L(µ), where µ ∈ Y . The
S-subcategory of O associated to λ and G is the abelian quotient

Sλ,G := Oλ/C.
We denote by Φ : Oλ → Sλ,G the corresponding exact quotient functor. An al-
ternative description of Sλ,G is as follows: Sλ,G is equivalent to the category of
eAe-modules, where A is the basic algebra corresponding to Oλ and e is the idem-
potent corresponding to all µ ∈ X, that is:

eAe ∼= EndO
(⊕
µ∈X

P (µ)
)op

.

The algebra eAe is, in general, no longer quasi-hereditary, however, it is properly
stratified, see [FKM1]. Note that Sλ,{e} = Oλ.

Let p be the parabolic subalgebra of g corresponding to G. We have the Levi
decomposition p = ap ⊕ h⊥p ⊕ np, where np is the nilpotent radical, lp := ap ⊕ h⊥p is

the reductive Levi factor, ap is semi-simple and h⊥p is the center of lp. Sometimes we
use the notation lG, and similarly for the other factors, to emphasize the connection
to G.

Putting the above things together, we can parameterize S-subcategories in O us-
ing triples (W,S,G), where W is a Weyl group and S and G are two parabolic
subgroups. We simply write S(W,S,G) for the corresponding Sλ,G, which is well-
defined, up to equivalence. Below we would like to address the following prob-
lem:

Problem 5. Classify the blocks of S-subcategories in O, up to equivalence.

This accounts to determining for which triples (W,S,G) and (W ′, S′, G′) we have
S(W,S,G) ∼= S(W ′, S′, G′). Note that the main result of [Co] solves a special case
of this problem, namely the case G = G′ = {e}. In this paper we are not able to
give a full solution, but we do solve a special case as well, which can be seen as the
“opposite” case to the one considered in [Co].
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We say that (W,S,G) and (W ′, S′, G′) are isomorphic if there is an isomorphism
of Coxeter groups from W to W ′ which sends S to S′ and G to G′. Clearly, such
an isomorphism induces an equivalence of S(W,S,G) and S(W ′, S′, G′).

3.3. Regular blocks. Our classification result is for regular blocks, that is, the
case S = S′ = {e}. In this case we may take λ = 0, so that we work in the principal
block O0. Then the simple objects in S(W, {e}, G) are naturally indexed by the set
XG of longest coset representatives in G\W . We denote by B the basic associative
algebra such that B-mod is equivalent to S(W, {e}, G).

Theorem 6. We have S(W, {e}, G) ∼= S(W ′, {e}, G′) if and only if (W, {e}, G) and
(W ′, {e}, G′) are isomorphic.

To prove this theorem, we will need more notation and some preliminary results.
Denote by CW the coinvariant algebra associated to W . It is defined as the quotient
of C[h] modulo the ideal generated by the homogeneous W -invariant polynomials
of non-zero degree. In O0, the algebra CW can be found as the endomorphism
algebra of the unique indecomposable projective injective module Pw0 , here w0 is
the longest element of W , see [So2, Endomorphismensatz]. In particular, CW is
finite dimensional (of dimension |W |) and self-injective. We refer to [Hi] for more
details on coinvariant algebras.

Lemma 7. We have CW ∼= CW ′ if and only if W and W ′ are isomorphic as Coxeter
groups.

We note that the isomorphism of CW ∼= CW ′ in the formulation is just an isomor-
phism of algebras, not necessarily of graded algebras.

Proof. The “if” part is obvious, so we prove the “only if” part. To start with, we
want to prove that CW ∼= CW ′ implies that the rank of W , i.e. the dimension of h,
equals the rank of W ′.

Directly from the definition we have that CW is positively graded. For this proof, we
choose the grading such that the generating elements of h have degree 1 (note that
this is different from the natural grading coming from O in which the generators
have degree 2).

Since CW is positively graded and generated by elements of degrees 0 and 1, by
[BGS, Proposition 2.4.1], the graded filtration of CW coincides with the radical
filtration of the regular module CW CW . Therefore the rank of W can be recovered
from CW as the dimension of Rad(CW CW )/Rad(Rad(CW CW )).

Now, if we fix the rank of W , we can go through the finite list of finite Weyl
groups of this fixed rank and check that non-isomorphic Coxeter groups of this
fixed rank have different cardinalities. This is clear if we compare them with each
other from well-known lists: the Weyl group cardinality for type An is (n+ 1)!, for
type Bn = Cn it is 2nn! and for type Dn it is 2n−1n!. In the exceptional cases, we
have the following cardinalities: for E6 it is 72 · 6!; for E7 it is 576 · 7!; for E8 it is
17280 · 8!; for F4 it is 48 · 4! and in type G2 it is 6 · 2!. The claim follows. �

Lemma 8. The Bruhat order on XG coincides with the essential order for B.

Proof. This follows, for example, from the well-known fact that in category O
∆x ⊆ ∆y if and only if x ≥ y with respect to the Bruhat order, see e.g. [Di,
Section 7]. �
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Proof of Theorem 6. The “if” part of the claim is obvious, so we prove the “only
if” part. Assume S(W, {e}, G) ∼= S(W ′, {e}, G′). Both categories S(W, {e}, G) and
S(W ′, {e}, G′) contain a unique, up to isomorphism, indecomposable projective-
injective module, namely the one corresponding to the anti-dominant index. There-
fore, any equivalence between these categories must match these indecomposable
projective-injective objects and induce an isomorphism between the endomorphism
algebras of these objects. From [So2, Endomorphismensatz] we thus get that there
is an isomorphism CW ∼= CW ′ . From Lemma 7 it follows that W and W ′ are
isomorphic as Coxeter groups.

To complete the proof we just need to argue that there is an isomorphism of Coxeter
groups from W to W ′ which maps G to G′. By Theorem 2, we know that the
essential order on XG is unique and, by Lemma 8, it coincides with the Bruhat
order on XG. Therefore any equivalence S(W, {e}, G) ∼= S(W ′, {e}, G′) induces an
isomorphism of the posets XG and XG′ with respect to the corresponding Bruhat
orders.

Taking into account [Co, Theorem 1], all such non-trivial isomorphisms are classified
in [Co, Theorem 2]. The corresponding lists (1)-(4) in [Co, Theorem 2] are (written
as a pair (type of W , type of G)):

• (A2n+1, A2n) ∼= (Bn+1, Bn), for n ≥ 2;

• (Bn, An−1) ∼= (Dn+1, An), for n ≥ 3;

• (A3, A2) ∼= (B2, A1);

• (A5, A4) ∼= (G1, A1) ∼= (B3, B2).

We see that all non-trivial isomorphisms concern Weyl groups of different ranks.
Therefore an isomorphism W to W ′ in our case can be chosen such that it maps G
to G′. This completes the proof. �

3.4. The weighted poset invariant via the Bruhat order. By construction,
simple objects in S(W,S,G) are parameterized by elements of the set G\W/S of
double cosets (and they naturally correspond to the choice of the longest repre-
sentatives is such cosets). From Lemma 8, it follows that the essential order on
G\W/S is exactly the restriction of the Bruhat order to the set of the longest coset
representatives for cosets in G\W/S. We note that, by [HS], this coincides with
the restriction of the Bruhat order ≤ to the set of the shortest representatives in
cosets from G\W/S.

The next lemma describes the weight function ν for (G\W/S,≤) as defined in
Subsection 2.4.

Lemma 9. The value of ν at a coset ξ ∈ G\W/S coincides with the number of
right S-subcosets in ξ.

Proof. The standard module ∆ξ is parabolically induced from an indecomposable
projective-injective module P (µ) in the category O for the Levi factor lG of the
parabolic subalgebra p corresponding to G, see [MS, Proposition 2.9]. In other
words, there exists an anti-dominant weight µ for lG such that ∆ξ

∼= U(g) ⊗U(p)

P (µ), where P (µ) is the projective cover of L(µ) in the category O for lG.

Indecomposable projective-injective modules in category O are exactly the projec-
tive covers of simple Verma modules by [Ir]. Each Verma module has simple socle,
which is a simple Verma module, and all other simple subquotients of the original
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Verma module are not simple Verma modules, see [Di, Section 7]. Each indecom-
posable block of category O has a unique simple Verma module (since the Weyl
group has a unique maximal element with respect to the Bruhat order, namely,
the longest element w0). By the BGG reciprocity, it follows that the Verma flag of
an indecomposable projective-injective module in category O contains each Verma
module from its block exactly once. Consequently, the dimension of the endo-
morphism algebra of an indecomposable projective-injective module in category O
equals the number of isomorphism classes of simple objects in its block.

Since in the situation of our lemma, the simple objects in the block of O which
we consider correspond exactly to the right S-subcosets in ξ, we obtain that the
dimension of the endomorphism algebra of P (µ) is given by the number of right
S-subcosets in ξ.

The parabolic induction provides an embedding of the endomorphism algebra of
P (µ) into the endomorphism algebra of ∆ξ. That this embedding is an isomor-
phism, follows by adjunction

Homg(∆ξ,∆ξ) ∼= Homp(P (µ),Resgp∆ξ) ∼= Homp(P (µ), P (µ)),

where the second isomorphism is established by comparing the eigenspaces of the
action of h⊥p . This completes the proof of the lemma. �

3.5. Some derived equivalences in type A. In type A, that is when W = Sn,
a parabolic subgroup W ′ of W defines naturally a partition of n which bookkeeps
the sizes of the connected blocks in {1, 2, . . . , n}, where i and i+ 1 are connected if
(i, i+ 1) ∈W ′.

In the next two propositions, when we say that two modules categories are derived
equivalent we mean that the corresponding derived categories of right bounded
complexes are equivalent. All derived equivalences which we construct are given by
(generalized) tilting modules. Hence our derived equivalence induces an equivalence
of the categories of perfect complexes.

Proposition 10. Assume that W is the symmetric group Sn and that (W,S,G)
and (W,S′, G) are such that S and S′ correspond to the same partition of n. Then
the category S(W,S,G) is derived equivalent to the category S(W,S′, G).

Proof. We have the derived equivalence between S(W,S, {e}) and S(W,S′, {e})
given by [CM2, Theorem B]. By construction in [CM2], this equivalence is defined
in terms of projective and shuffling functors and such functors send S(W,S,G) to
S(W,S′, G). Since the inclusion of the homotopy category of projective objects in
S(W,S,G) into the homotopy category of projective objects in S(W,S, {e}) is full
and faithful, the above derived equivalence between S(W,S, {e}) and S(W,S′, {e})
restricts to a derived equivalence between S(W,S,G) and S(W,S′, G). �

Proposition 11. Assume that W is the symmetric group Sn and that (W,S,G)
and (W,S,G′) are such that G and G′ correspond to the same partition of n. Then
the category S(W,S,G) is derived equivalent to the category S(W,S,G′).

Proof. This is very similar to the proof of [CM2, Theorem B], but much easier as we
can use twisting functors from [AS] which, in particular, commute with projective
functors. It is enough to assume that G and G′ differ by permuting two neighbor
parts. We let w1

0 denote the longest element of the parabolic subgroup correspond-
ing to the first of these parts for G and we let w2

0 denote the longest element of the
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parabolic subgroup corresponding to the second part. Note that w1
0 and w2

0 com-
mute since they are permutations of sets of elements that do not intersect. Finally,
we let w1,2

0 denote the longest element of the parabolic subgroup corresponding to
the merging of the two parts. Note that the parts of G′ are obtained from the parts
of G by conjugation with w1,2

0 . We will use various properties of S-subcategories
established in [FKM1, MS] and also various properties of twisting functor from
[AS].

First we claim that the twisting functor >w1,2
0

induces a derived equivalence between

S(W, {e}, G) and S(W, {e}, G′). For this we can realize both subcategories inside
O0. As usual, wG0 denotes the longest element in G. Then wG0 is the product of the
longest element in each parabolic subgroup corresponding to a connected block inG.
Set wr0 := wG0 w

1
0w

2
0, then wG0 = wr0w

1
0w

2
0 is reduced. Note that wr0 commutes with

w1
0, w2

0 and w1,2
0 . Projectives in S(W, {e}, G) are obtained by applying projective

functors to the dominant projective (thus standard) module PwG
0

= θwG
0

∆e, where

θw is the indecomposable projective functor uniquely defined by θw∆λ = P (w · λ),
see [BG]. Applying >w1,2

0
to this module, we have

>w1,2
0
PwG

0
= >w1,2

0
θwG

0
∆e = θwG

0
>w1,2

0
∆e = θwG

0
∆w1,2

0
.

The module PwG
0

has a Verma flag with Verma subquotients of the form ∆w, where

e ≤ w ≤ wG0 . As θwG
0

acts on the indices on the right, the module θwG
0

∆w1,2
0

has a

Verma flag with Verma subquotients of the form ∆w, where w belongs to the coset
G′w1,2

0 = w1,2
0 G. Note that

w1,2
0 wG0 = w1,2

0 w1
0w

2
0w

r
0 = (w1,2

0 w1
0w

1,2
0 )(w1,2

0 w2
0w

1,2
0 )wr0w

1,2
0 = wG

′

0 w1,2
0 .

Let q be the longest element in the coset G′w1,2
0 . The module θwG

0
∆w1,2

0
has simple

top Lq and thus is a quotient of the indecomposable projective module Pq. From
the Verma flag of θwG

0
∆w1,2

0
described above, we see that the kernel of the projection

Pq � θwG
0

∆w1,2
0

is generated by all Verma subquotients of Pq which do not appear in

the Verma flag of θwG
0

∆w1,2
0

. This implies that >w1,2
0
PwG

0
= θwG

0
∆w1,2

0
is a standard

object in S(W, {e}, G′).

Applying projective functors and using that they commute with twisting functors,
we obtain that >w1,2

0
sends projectives in S(W, {e}, G) to modules with standard

filtrations in S(W, {e}, G′). Since the inclusion of the homotopy category of pro-
jectives in S(W, {e}, G) into the homotopy category of projectives in O0 is full and
faithful, it follows from the property that >w1,2

0
is a derived equivalence for O that

the image of a projective generator from S(W, {e}, G) under >w1,2
0

is a general-

ized tilting module in S(W, {e}, G′). This implies that >w1,2
0

induces a derived

equivalence between S(W, {e}, G) and S(W, {e}, G′).

Finally, as twisting functors commute with projective functors (in particular, with
translations to and from the walls), the derived equivalence constructed above in-
duces a derived equivalence between S(W,S,G) and S(W,S,G′). �

3.6. Small rank cases. The weighted poset G\W/S with the weight function
given by Lemma 9 gives a strong invariant for telling different blocks S(W,S,G)
apart. This allows us to deal with many small rank cases. The poset itself can
be computed using computer and suitable software. In Section 5 one can find
the results of our computations using Sage. Below is a short analysis of these
computations.
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In type A2, which can be found in Figure 1, there is the obvious redundancy
given by the symmetry of the root system. Also, all blocks in the last row are
obviously equivalent (to the category of vector spaces). Taking this into account
(i.e. identifying the blocks obtained from each other by the involution swapping
s1 and s2 and collapsing the last row to a single element), we get an irredundant
classification of blocks in type A2, up to equivalence.

Similarly one can deal with the types B2 and G2, which can be found in Figure 1,
respectively.

Type A3, which can be found in Figure 2, is more interesting. There are two places
for which the obvious redundancy as above is not enough. These are indicated by
the magenta and the violet colors in the figure. The two violet cases, (A3, 〈s1〉, A3)
and (A3, 〈s2〉, A3), correspond to module categories over the algebras of all (1, 2)-
and all (2, 3)-invariants in the coinvariant algebra of S4, respectively. As these
algebras are naturally isomorphic (since (1, 2) and (2, 3) are conjugate in S4 and
hence the action on the coinvariant algebra of an element which conjugates (1, 2)
to (2, 3) gives rise to an isomorphism between the corresponding algebras of (1, 2)-
and (2, 3)-invariants), we obtain that the violet cases are equivalent. We do not
know whether the magenta cases, (A3, 〈s1〉, 〈s2〉) and (A3, 〈s2〉, 〈s1〉), are equivalent
or not, we suspect that they are. They are certainly derived equivalent since they
both are derived equivalent to the teal case, (A3, 〈s2〉, 〈s2〉). The magenta case
in the same column with the teal case is derived equivalent to the teal case by
Proposition 10. The magenta case in the same row with the teal case is derived
equivalent to the teal case by Proposition 11.

Type B3, which can be found in Figure 3, further supports the observation that,
with a small number of exceptions, different blocks of S(W,S,G) will not be equiv-
alent. The only cases of suspected, but not obvious by other kinds of symmetries,
equivalences are indicated by the same color.

In general, it is not true that S(W,S,G) and S(W ′, S′, G′) are equivalent if and
only if their weighted posets are isomorphic. A very degenerate counterexample
would be the one element poset of weight 6. This can be realized, on the one
hand, by the coinvariant algebra of type A2 and, on the other hand, by the algebra
of A1-invariants in the coinvariant algebra of type G2, see Figure 1. These two
algebras are not isomorphic (the first one has two generators while the second one
has only one generator). Therefore, to tell the blocks S(W,S,G) apart, a more
subtle invariant is necessary. A good starting point would be:

Problem 12. Classify, up to isomorphism, the algebras of parabolic invariants in all
coinvariant algebras (alternatively, all S(W,S,G) having exactly one isomorphism
class of simple objects).

Figures 1–3 suggest the following:

Conjecture 13. The categories S(W,S, S) and S(W ′, S′, S′) are equivalent if and
only if their weighted posets are isomorphic.

4. Homological properties of S(W, {e}, G)

4.1. Objects of finite projective dimension. We take this opportunity to de-
scribe various homological invariants for S(W, {e}, G), in particular, improving on
the main result of [MO]. The latter says that the finitistic dimension of S(W, {e}, G)
equals twice the projective dimension of the characteristic tilting module. This
characteristic tilting module is an additive generator of the full subcategory of
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S(W, {e}, G) consisting of all modules which have both standard and proper co-
standard filtrations. We improve this result by giving an explicit formula for the
projective dimension of this tilting module, reducing it to the known results in
category O from [Ma1, Ma3].

Recall that XG is the set of all longest coset representatives in G\W and it indexes
simple objects in S(W, {e}, G) which we consider as the quotient category of O0.
Recall that we denote by aG the semi-simple part of the parabolic subalgebra p
of g corresponding to G. Each M in the category O for g, when considered as an
aG-module, is a (possibly infinite) direct sum of modules from the category O for
aG. We say that M is admissible provided that all summands of this latter decom-
position are projective-injective (in the category O for aG). Our first observation
is the following:

Lemma 14. Let M ∈ O be admissible. Assume that ExtiO(M,Lw) 6= 0, for some
w ∈W and some i ≥ 0. Then w ∈ XG.

Proof. For a simple reflection s in G, consider the corresponding twisting functor
>s, see [AS]. The element s corresponds to a simple root in aG, say α.

We claim that >sM ∼= M , more precisely, that the natural map >sM → M given
by [KhM, Theorem 4] is an isomorphism. Since M is admissible, when restricted
to aG, the module M is a direct sum of projective modules. Therefore the map
>sM →M is injective by [KhM, Theorem 4].

On the other hand, since M is admissible, when restricted to aG, the module M is a
direct sum of injective modules. Therefore the action of g−α is injective on any top
constituent of M . This implies that the cokernel of the natural map >sM →M is
zero and thus >sM ∼= M .

Now let w 6∈ XG. Then there is a simple reflection s as above such that sw > w.
Let Gs denote the right adjoint of >s. Then Gs ∼= ?>s? by [AS, Theorem 4.1]. By
[AS, Theorem 6.1], we have L1>sM = 0, since g−α acts injectively on M , and thus
>sM ∼= L>sM . Combining [AS, Theorem 4.1] and [AS, Theorem 6.1], we also get
RGsLw ∼= Lw[−1]. Using the above, we compute:

ExtiO(M,Lw) = HomDb(O)(M,Lw[i])
= HomDb(O)(>sM,Lw[i])
= HomDb(O)(L>sM,Lw[i])
= HomDb(O)(M,RGsLw[i])
= HomDb(O)(M,Lw[i− 1]).

Applying this procedure i + 1 times we get a homomorphism in Db(O) from a
module to a module shifted to the right. This is certainly zero. The claim of the
lemma follows. �

Theorem 15. An object N ∈ S(W, {e}, G) has finite projective dimension if and
only if there is an admissible M ∈ O0 such that N ∼= Φ(M). Moreover, the mini-
mal projective resolution of N in S(W, {e}, G) is obtained from a minimal projec-
tive resolution of M in O0 by applying Φ and the projective dimensions of N (in
S(W, {e}, G)) and M (in O0) coincide.

Proof. Assume that M ∈ O0 is admissible. Let P• be a minimal projective reso-
lution of M . By Lemma 14, the only indecomposable projectives appearing in P•
are Pw, where w ∈ XG. The images of these projective modules under the exact
functor Φ are projective in S(W, {e}, G), moreover, Φ preserves the property of such
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projectives to be pairwise non-isomorphic. Therefore Φ(P•) is a minimal projective
resolution of Φ(M).

Conversely, assume that N ∈ S(W, {e}, G) has a finite projective resolution. Since
any indecomposable projective in S(W, {e}, G) is, up to isomorphism, the image
under Φ of some Pw, where w ∈ XG, and since Φ is full and faithful on such pro-
jectives, we may assume that a minimal projective resolution of N has the form
Φ(P•), for some complex P• of projective modules in O0, in which each indecom-
posable projective has the form Pw, for some w ∈ XG. We claim that P• has no
homology in O0 outside of the homological position 0, and that the latter homology
is an admissible module M such that Φ(M) ∼= N (this isomorphism is obvious by
construction).

To this end, we first note that each Pw, for w ∈ XG, is admissible. Indeed, if
wG0 is the longest element of G, then PwG

0
is parabolically induced from its lG-

direct summand on which the nilradical of the parabolic subalgebra acts as 0. This
direct summand is the projective module in the category O for lG corresponding
to the anti-dominant element wG0 , hence injective. Since parabolic induction, when
restricted to lG, is an infinite direct sum of tensorings with finite dimensional lG-
modules and such tensorings preserve both injectivity and projectivity, it follows
that PwG

0
is admissible.

All other Pw, for w ∈ XG, are summands of images of PwG
0

under projective functors

on O0, see [BG]. These functors are summands of tensorings with finite dimensional
g-modules. It follows that all Pw, for w ∈ XG, are admissible.

Next we note that the cokernel of an injection between two admissible modules is
admissible (since both modules are direct sums of projective-injective objects when
restricted to lG and thus the same property must be inherited by the cokernel).

By our assumptions, Φ(P•) is exact at all non-zero homological positions. Therefore
the only possible simples occurring in the homology of P• in non-zero positions are
Lw, for w 6∈ XG. For each such w, there exists a simple reflection s ∈ G such that,
for the corresponding simple root α, the action of g−α on Lw is locally nilpotent.
Now let us take the leftmost non-zero homology of P•. By the previous paragraph,
applied inductively, this homology must be a submodule of an admissible module.
However, as we have already mentioned before, all g−α as above act injectively on
admissible modules, a contradiction.

Consequently, all homologies in non-zero homological position of P• are zero and the
argument in the previous paragraph also proves that in this case the zero homology
of P• is admissible. This completes the proof. �

4.2. The finitistic dimension. Theorem 15 reduces computation of projective
dimension in S(W, {e}, G) to the same question for O0. For the latter category,
projective dimensions of structural modules are determined in [Ma1, Ma3], see
also [CM1]. We first record the following result which determines the finitistic
dimension of S(W, {e}, G) explicitly, thus strengthening the main result of [MO].
Let a : W → Z≥0 denote Lusztig’s a-function, see [Lu].

Corollary 16. The finitistic dimension of S(W, {e}, G) equals 2a(wG0 w0).

Proof. By the main result of [MO], the finitistic dimension of S(W, {e}, G) equals
twice the projective dimension of the characteristic tilting module. By [FKM1],
the indecomposable tilting modules in S(W, {e}, G) are exactly Φ(Tw), where w is
a shortest coset representative in G \W .
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Observe that all such Tw are admissible by essentially the same arguments as for
projective modules: the module TwG

0 w0
is parabolically induced from a projective-

injective lG-module and all other Tw are obtained from TwG
0 w0

by applying projec-
tive functors.

By the main result of [Ma3], the maximal projective dimension for such Tw is
achieved for w = wG0 w0 and has the value a(wG0 w0). The claim now follows from
Theorem 15. �

4.3. Various explicit projective dimensions. For w ∈ XG, we denote by ∆Sw
the corresponding standard object in S(W, {e}, G), by ∇Sw the corresponding co-
standard object, by TSw the corresponding indecomposable tilting (and cotilting)
object and by ISw the corresponding indecomposable injective object. For the ho-
mological invariants of indecomposable structural modules, we have the following
result.

Corollary 17. For w ∈ XG, we have

proj.dim(TSw ) = a(wG0 w) and proj.dim(ISw) = 2a(w0w).

Proof. As noted above, TSw = Φ(TwG
0 w

). Similarly to the proof of Corollary 16, the

equality proj.dim(TSw ) = a(wG0 w) follows directly from Theorem 15 and the main
results of [Ma1, Ma3].

Any costandard object has a finite resolution by cotilting objects. Since all cotilting
objects are tilting and hence are images under Φ of admissible objects, the same
argument as in the proof of Theorem 15 implies that all costandard objects are
images under Φ of admissible objects. As any injective object has a filtration by
costandard objects, it follows that any injective object is an image under Φ of an
admissible object. Hence all injectives in S(W, {e}, G) have finite projective dimen-
sion by Theorem 15. Further, since ∆S

wG
0

= PS
wG

0
, applying ? (cf. [MS, Section 2]) we

obtain that ∇S
wG

0
= IS

wG
0

= Φ(IwG
0

), where IwG
0

is admissible. Similarly, ISw = Φ(Iw),

for every w ∈ XG, and each such Iw is admissible (because it is a summand of the
image of the admissible module IwG

0
under a projective functor). Hence the desired

equality proj.dim(ISw) = 2a(w0w) follows directly from Theorem 15 and the main
results of [Ma1, Ma3]. �

Recall from [CM1, Page 1084] the function dλ, where λ is an integral dominant
weight, which assigns to w ∈W the projective dimension of the (potentially singu-
lar) Verma module ∆(w · λ). This is one of the two functions which were used in
[CM1] to describe homological invariants in singular blocks of parabolic category
O.

Proposition 18. For w ∈ XG, we have proj.dim(∆Sw) = dλ(w−1), where λ is such
that its dot-stabilizer coincides with G.

Proof. This result follows by collecting various statements in the literature. In
the natural Z-grading of category O introduced in [So2], the module ∆Sw has a
linear projective resolution by [Ma2, Corollary 8.4(i)]. Combining the Ringel self-
duality of S(W, {e}, G), see [FKM1, Theorem 3], with [Ma2, Theorem 3.3 and
Corollary 8.7], we can identify the linear projective resolution of ∆Sw with the max-
imal quotient Nw of ∆w0w−1 having as composition subquotients only those Lx for
which x is a minimal coset representative in W/G. Hence the projective dimension
of ∆Sw coincides with the Loewy (or graded) length of Nw. Soergel’s self-equivalence
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Figure 1. Weighted posets G\W/S in types A2, B2 and G2

for the full subcategory of O0 consisting of modules on which the action of the cen-
ter of U(g) is scalar, see [So1], matches Nw with a parabolic Verma module (a
maximal quotient of ∆ww0 having as composition subquotients only those Lx for
which x is a minimal coset representative in G \W ). Therefore the claim of the
proposition follows from [CM1, Table 2]. �

An interesting problem seems to be:

Problem 19. Determine the projective dimension of ∇Sw, where w ∈ XG.

The following example suggests that Problem 19 is non-trivial.

Example 20. Let g = sl3 with W = {e, s, t, st, ts, w0} and G = {e, s}. Then
XG = {s, st, w0}. We have ∆Sw0

= Φ(Tts). The module Tts admits a short exact
sequence ∆ts ↪→ Tts � ∆w0

. Note that proj.dim(∆w0
) = 3, proj.dim(∆ts) = 2

while proj.dim(Tts) = proj.dim(∆Sw0
) = 1 (in particular, it is strictly smaller than

the projective dimension of the individual components of the standard filtration).
For costandard filtrations it is even worse. One can note that the module Tts
admits a short exact sequence ∇w0 ↪→ Tts � ∇ts and that proj.dim(∇w0) = 3 and
proj.dim(∇ts) = 4. At the same time, we have ∇Sw0

= Φ(Tts).

5. Weighted essential posets in types A2, B2, G2, A3 and B3

In Figures 1–3 one can find lists of the posets G\W/S (with respect to the Bruhat
order on longest representatives) in types A2, B2, G2, A3 and B3. The picture
gives the Hasse diagram of the poset with each vertex represented by its weight as
given by Lemma 9.
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Figure 2. Weighted posets G\W/S in type A3
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