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Abstract

Evaluation of StochSD for Epidemic Modelling,
Simulation and Stochastic Analysis

Magnus Gustafsson

Classical Continuous System Simulation (CSS) is restricted to modelling continuous
flows, and therefore, cannot correctly realise a conceptual model with discrete
objects. The development of Full Potential CSS solves this problem by (1) handling
discrete quantities as discrete and continuous matter as continuous, (2) preserving
the sojourn time distribution of a stage, (3) implementing attributes correctly, and (4)
describing different types of uncertainties in a proper way. In order to apply Full
Potential CSS a new software, StochSD, has been developed. This thesis evaluates
StochSD’s ability to model Full Potential CSS, where the points 1-4 above are
included. As a test model a well-defined conceptual epidemic model, which includes
all aspects of Full Potential CSS, was chosen. The study was performed by starting
with a classical SIR model and then stepwise add the different aspects of the
Conceptual Model. The effects of each step were demonstrated in terms of size and
duration of the epidemic. Finally, the conceptual model was also realised as an Agent
Based Model (ABM). The results from 10 000 replications each of the CSS and ABM
models were compared and no statistical differences could be confirmed. The
conclusion is that StochSD passed the evaluation.
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Sammanfattning

”Klassisk” kontinuerlig simulering (eng: Continuous System Simulation,
CSS) är begränsad till modellering av kontinuerliga flöden och kan därför
inte användas för en konceptuell modell med diskreta objekt.

Utveckligen av ”Full Potential CSS” löser detta problem genom att:

1. beskriva diskreta objekt som diskreta och kontinuerliga mängder som
kontinuerliga,

2. bevara fördelning av vistelsetiden (eng: sojourn time) i ett stadium,

3. implementera attribut p̊a ett korrekt sätt,

4. beskriva olika typer av osäkerhet p̊a ett korrekt vis.

För att tillämpa ”Full Potential CSS” har en ny programvara, StochSD,
utvecklats.

I denna avhandling utvärderas StochSDs förmåga att tillämpa ”Full Potential
CSS”, där punkterna 1-4 ovan är inkluderade.

Som testmodel användes en väldefinierad konceptuell modell av en epidemi
som inkluderar varje aspekt av ”Full Potential CSS”. Studien genomfördes
genom att utg̊a fr̊an en klassisk SIR-modell och därefter stegvis lägga till de
olika aspekterna av den konceptuella modellen.

Som m̊att p̊a effekterna fr̊an varje nytt steg användes epidemins omfattning
och dess varaktighet.

Slutligen realiserades även den konceptuella modellen som en Agent-Baserad
Modell (ABM). Resultatet fr̊an 10 000 simuleringar av vardera CSS- och
ABM-modellerna jämfördes, dock utan att n̊agon statistisk skillnad av resul-
taten kunde bekräftas.

Slutsatsen av denna studie är att StochSD klarade utvärderingen.
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Glossary

ABM Agent Based Model. A micro model where discrete entities are mod-
elled as individual agents.

agent An object with its own processes and attributes.

Basic Reproduction Number (R0) The initial expected number of new
cases generated by one Infectious case in an epidemic.

Conceptual Model A specification of a model, e.g. written in plain text.
A Conceptual Model cannot be executed.

CSS Continuous System Simulation is a macro description based on dif-
ferential (difference) and algebraic equations to describe a system. A
CSS model can alternatively describe the system in terms of stocks and
flows, see System Dynamics.

dynamic A dynamic model generates the behaviour from its structure (un-
like a function, which just display a curve). In a StochSD, the focus is
on how structures of stocks and flows generate the behaviour.

Full Potential CSS CSS that can correctly describe a Conceptual Model
of discrete entities and some other complications, see points 1-4 in
Section 1.1.

replication A simulation run. For a Stochastic Model many replications
are required to estimate the distributions of the results.

Reproduction Number (Rt) Expected number of new cases generated by
one Infectious case at time t.

SIR family Epidemic models where the stages S, I and R can be expanded
in different ways.

SIR model An epidemic model consisting of the stages Susceptible, Infec-
tious and Removed.

sojourn time The time an individual stays in a stage.
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sojourn time distribution The distribution of sojourn times in a stage.

StatRes Statistical post analysis tool built into StochSD. It is used for col-
lecting and analysing the results from multiple stochastic replications
and for presenting statistical results of this analysis.

stochastic Synonym for random.

StochSD Software for building Full Potential CSS models using the System
Dynamics approach. Read more about it in Appendix A.1.

System Dynamics A pedagogic way to describe a CSS model in terms of
stocks (compartments) and flows.

time slicing A method to update time in small increments (∆t). For each
increment (time step) the model equations are recalculated.
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1 Introduction

1.1 Background

Continuous System Simulation (CSS) is a method to model a system under
study on a macro level by differential and algebraic equations. The differ-
ential equations are of course rewritten into a numerical form in a computer
program. The model building and communication about the model is sim-
plified by using the System Dynamics (SD) approach, where the equations
are modelled in terms of stocks, flows and causal links [1].

However, when describing a process containing discrete quantities, such as
individuals of a population, as continuous flows, CSS will often produce erro-
neous results, create artefacts and eliminate the possibility of real phenomena
such as extinction [2]. For example, a SIR model is an epidemic model that
consists of three consecutive stages, Susceptible, Infectious and Removed.
When simulating a SIR model with discrete entities, the number of Infec-
tious will eventually reach zero, thereby ending the infection. However, for a
continuous model the number of Infectious will only asymptotically approach
zero. Furthermore, in the discrete case the first infectious cases may recover
before infecting other individuals, which can not occur in a continuous model.

These problems were analysed in [3] where a well-defined Conceptual Model,
first was one-to-one mapped into an Agent Based Model (ABM) and then
stepwise transformed into a CSS model, see Figure 1.1. This analysis dis-
played the necessary features of a CSS model to produce results consistent1

with an Agent Based Model realised from the same Conceptual Model.

1Because these models are stochastic their results will not be identical - but they should
to be statistically consistent.
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Figure 1.1: Stepwise transformation of a Conceptual SIR Model into a con-
sistent CSS model. The different colours (red and blue) represent individuals
with different attributes. This figure is based on Figure 1 in paper [2].

T1: The Conceptual Model is directly transformed into an Agent Based
Model by one-to-one mapping. Here each individual is autonomous and
contains its own disease process.

T2: Transforms the disease process inside the individual into a disease pro-
cess containing the individual.

T3: Superposes all disease processes into one process containing all the in-
dividuals.

T4: Attribute expansion divides the model into sub-models for different
attribute values. Here we also drop the identity and only keep track of the
total number in each stage and attribute.

T5: The sojourn time is the time it takes for an individual to go through a
stage. To obtain a specified sojourn time distribution (here of the I-stage),
the stage must be represented by a structure of compartments. In this case
the stage I is represented by the compartments I1, I2 and I3 in series.
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In paper [2] it was discussed how classical CSS can be extended to include
processes with discrete quantities. This paper also describes four fundamen-
tal aspects to consider when creating a CSS model that is consistent with a
well-defined Conceptual Model. These four fundamental aspects are in short:

1. Discrete quantities usually need to be modelled as discrete and contin-
uous quantities as continuous.

2. The distribution of the sojourn time in a stage need to be preserved by
using a structure of compartments in series and/or parallel (Transition
T5 in Figure 1.1).

3. Relevant attributes of the system need to be included as sub-structures
in the model (Transition T4, in Figure 1.1).

4. Different kinds of uncertainties must be correctly represented in the
model.

In paper [2] the concept ”Full Potential CSS” is introduced, where the four
fundamental rules are followed as opposed to ”Classical CSS”.

The choice of a micro or macro model is closely related to the purpose and
concepts of the subject area. For example, in medicine, the focus is on the
individual, and in epidemiology it is on the numbers in different stages. In the
latter case, the concepts of ”prevalence” (number per 105) and ”incidence”
(number per 105 and time unit) corresponds to ”stocks” and ”flows” for a
model of a population of individuals. Further, the CSS model requires only
aggregated data. Furthermore, the complexity of a micro model grows with
the number of entities whereas the complexity of macro model is independent
of this number. Therefore, a CSS model is much faster to execute for large
numbers of entities.

To create a Full Potential CSS model, a software package should be able
to include discrete numbers of entities in a simple way. It should also con-
tain stochastic features such as random number generators of different dis-
tributions. Further, a stochastic model produces different results for each
replication, why a study will require many replications to produce statistical
distributions of the results. Therefore, a Full Potential CSS package should
also contain a tool for collecting results of specified quantities from multiple
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replications, perform statistical analyses and present the statistical results in
various ways.

Such a software package called StochSD (Stochastic System Dynamics) has
been in development since 2016. StochSD is a Full Potential CSS open source
package for dynamic and stochastic modelling and simulation of both con-
tinuous matter and discrete entities. StochSD also includes a statistical tool
called StatRes, that gather results from a specified number of replications,
performs statistical analysis and display the statistical results such as aver-
ages, standard deviations, confidence intervals, min & max values, percentiles
and correlations of specified quantities. These statistical results can also be
graphically presented in histograms and scatter plots. A more detailed de-
scription of StochSD and its tools is given in appendices A.1 and A.2.

1.2 The Purpose of the Thesis

Before specifying the conceptual model to be studied, the scope of this thesis
should be clearly defined.

The purpose of this thesis is to evaluate the usefulness of StochSD to model
different aspects of a well-defined Conceptual Model. This purpose is specified
as:

I. To demonstrate how the four fundamental aspects (1-4) listed above
can be properly implemented by StochSD, in order to describe the
Conceptual Model.

II. To investigate what aspects of the Conceptual Model will make a signif-
icant difference when included in the model. (Technically we will start
with a classical deterministic SIR model and then add the different Full
Potential aspects to it.)

III. To demonstrate that a Conceptual Model when realised as both a Full
Potential CSS Model and an Agent Based Model (which is a direct
mapping of the Conceptual Model) will produce consistent results.

IV. Identify weaknesses in StochSD and suggest improvements and new
facilities, and where it is possible also implement such improvements
in StochSD.
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A Conceptual Model may be realised in many different ways for example as
a mathematical model, an Agent Based Model, a discrete event simulation
model (DES), a classical CSS model or a Full Potential CSS model. This does
not mean that all model types can correctly describe the properties of the
Conceptual Model. A Conceptual Model dictates what should be included in
a model but not how and not whether it should be realised as a mathematical
or simulation model or what type of simulation model to be used.

As the Conceptual Model, an epidemic model was chosen, because it has a
non-linear structure and it can include all the Full Potential aspects.

1.3 About Epidemic Models

Epidemics occur yearly across the world and there are descriptions of it from
thousands of years ago. However, it was not until 1927 that William O.
Kermack and Anderson G. McKendrick formulated a differential-equation
model to describe how an Infectious disease progresses in a population [4]
through the stages Susceptible, Infectious and Removed. Such a model is,
therefore, called a SIR model.

The SIR Model suggests that the rate of infection (S → I) is proportional to
the number of Susceptible and to the number of Infectious individuals, and
that the rate of removal (I → R) is proportional to the number of Infectious
individuals.

The SIR model has a very flexible basic structure. From the original SIR
model, a family of epidemic models have emerged. By including an Exposed
(but not yet Infectious) stage a SEIR model is obtained. If the immunity
from the disease will disappear over time, a SIRS or SEIRS model is created
(where R → S). You can also include vaccination (S → R), as well as births,
deaths and migration to or from a model of the SIR family.

This thesis will use the SEIR model (Susceptible, Exposed, Infectious, Re-
moved) [5] to evaluate the usability of the Full Potential approach where
StochSD is the model building, simulation and analytics tool.
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1.4 The Structure of the Thesis

Section 2 presents the methodology. Here the scope of the study is defined.
It also presents the conceptual epidemic (SEIR) model to be studied. Then
in Section 3, the epidemic model is stepwise constructed in StochSD and the
statistical result of 10 000 replications of each model is compared to the previ-
ous model’s results. In Section 4 the result from the most complex epidemic
StochSD model is compared with the statistical result of an Agent Based
Model, in order to verify that consistent results of a Conceptual Model are
obtained with either model type. Then in Section 5 conclusions of StochSD’s
ability to properly realise the Conceptual Model are treated. Finally, in
Section 6 StochSD as a Full Potential simulation language is discussed.
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2 Methodology

2.1 The Scope and Delimitation of the Study

The scope of the study has two layers. At the outer layer is the purpose of
the thesis specified in I-III in Section 1.2. (Purpose IV about improvements
of StochSD is a separate issue, discussed in Section 6 and summarised in
Appendix A.3.). However, to address the purpose, a realistic CSS model with
the Full Potential rules about preserving discreteness, attributes, sojourn
time distribution and uncertainties (1-4 presented in Section 1.1) is stepwise
constructed. As a test model, an epidemic model is chosen, see the inner
layer of Figure 2.1.

The scope of this thesis is shown in Figure 2.1.

Results nConceptual Model

1. Continuous vs. Discrete 

2. Attributes: high and low risk

3. Sojourn time distribution 

4. Uncertainty modelling

The scope of the thesis

...

Base Model + A

Base Model
� Size of Epidemic

� Duration of Epidemic

� Etc.

...

Results 2

Results 1

Base Model + A + B +...+ Z

StochSD models

Test model

I.   Implement the Full Potential CSS model in StochSD

II.  Investigate which aspects of the conceptual model make a significant difference 

III. Demonstrate that a Conceptual Model realised as CSS and ABM produce consistent results. 

Usefulness of StochSD: 

S I R

Figure 2.1: The scope and delimitation of the study. The focus of this
thesis is limited to how a well-defined Conceptual Model can be realised
and studied by StochSD. ”Basic Model + A +...” etc. means that certain
aspects (A,B,...,Z) are stepwise added to the base model in order to evaluate
its importance.

How each aspect of a Conceptual Model is to be implemented into a Full
Potential CSS model is discussed below. The thesis is about whether the
Conceptual Model can be correctly realised in StochSD
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2.2 The Epidemic Models to be Examined

In this Section we start from a classical SIR model realised as a CSS model.
Then we discuss how each of the different aspects of Full Potential CSS will
be implemented. We also investigate the effects of each addition.

2.2.1 The SIR Model Structure

A SIR model is based of the three stages Susceptible, Infectious and Removed
connected by flows, see Figure 2.2.

S I R

P Ti

SIflow IRflow

Figure 2.2: The structure of a SIR model. The double boxes are stages - not
compartments. The double arrows are flows, the diamonds are parameters
and the single arrows are links showing what stages and parameters affect
the flow rates. Note that a stage can usually not be represented by a single
compartment (stock).

The Infectious rate is proportional to the number of Susceptible and the
number of Infectious: SIflow = S · I · P where P is the probability that a
Susceptible individual will be infected by a specific Infectious individual per
day. The removal rate is proportional to the number of Infectious: IRflow =
I/Ti where Ti is the average sojourn time of the Infectious stage.

2.2.2 Continuous and Deterministic vs. Discrete and Stochastic

The classical SIR model is deterministic and uses only continuous quantities.
The Conceptual Model, on the other hand, will use discrete quantities, since
it is considering a limited number of individuals. If the model would deal with
a very large number of entities, then modelling the entities as a continuous
substance could be acceptable.
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However, for the SIR model we want a discrete entity approach. Then the
question remains, does the transitions between stages occur regularly or ran-
domly. Obviously, the time of transitions into the Infectious and Removed
stages are not regular processes. Therefore, we can regard the transitions
between two stages as a Poisson process with intensity λ [2].

Because a CSS language uses the time slicing method with a time step of
length ∆t, we need the number of transitions during each time step. For a
Poisson process with intensity λ, this number is Poisson(∆t ·λ) distributed,
and, therefore, an integer. That λ usually is a function of time (λ(t)) is not
a problem since λ is stepwise updated and only constant during a short time
step. The random number of transitions in a flow for each time step are
drawn from a Poisson distributed random number generator, with ∆t · λ as
the argument. This will also make the model discrete, because if the number
of of transferred individuals are integer, then the number of individuals in
each stage will also stay integer (provided that the stages are initiated as
integers).

2.2.3 Attribute Expansion

The only attribute of an individual in a Conceptual classical SIR model is
the current stage which can have the value S, I or R. This stage attribute is
in an ABM modelled in the same way as other attributes. In a CSS model,
on the other hand, the stage attribute is described as the dynamic process
(S→I→R). This means that the dynamic attribute values and the process
here are intertwined in an inseparable way.

In the following, the ”attribute” concept will be used for other attributes
than those involved in the dynamic disease process.

If all individuals have the same attribute values or if it is sufficient to use
the average values of the attributes, then one can use the structure shown
in Figure 2.2. However, the Conceptual Model may consider that different
groups of individuals have different risks of being infected. The attributes
might also be age, gender or occupation.

If there are no attributes, the population is homogeneous, otherwise it is a
heterogeneous population.

18



When taking the attributes into consideration the StochSD model must
have several parallel sub-models. One sub-model for each combination of
attributes. This is called attribute expansion.

In Figure 2.3, a SIR model with an additional attribute risk (high risk, low
risk) is shown.

Sl Rl

Pl

Sh Rh

Ph

Il

I

Ih

Ti

Figure 2.3: Attribute expansion of the SIR model to separate high and low
risk group. Note that infections also transmit between the groups. (In this
specific case it is possible to merge the I and R stages.)

2.2.4 Sojourn Time Distribution preserved by Stage to Compart-
ment Expansion

The sojourn time distribution for a stage needs to be preserved. For example,
when an individual becomes Infectious the Conceptual Model may dictate
that it takes 1-3 weeks to recover with a confidence interval of 95%. But
in order not to have a substantial number recovering within one day, the
Infectious stage might have to be constructed of several compartments, see
Figure 2.4.
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Figure 2.4: Sojourn time distributions for a stage with 1-5 serial compart-
ments, all with an average sojourn time T. (Other sojourn time distributions
can be obtained by combining compartments in series and/or in parallel.)

2.2.5 Uncertainties

A model can never be a complete description of the real system under study.
To truly model the world, one would have to know the exact state of every
detail of the world at one point in time and then be able to conclude how
the world would progress from that point. For example, to precisely model
the spread of an epidemic one must know where all the individuals live and
where and how they travel, where each virus or bacteria goes, when a person
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breathes, the immune response for each person, the influence of the weather,
etc.

A model can therefore, never be complete and correct - but it can be use-
ful. Instead of trying to make a model as exact and detailed as possible,
the uncertainties can be modelled stochastically. This way the most impor-
tant aspects can be included in the model together with their uncertainties.
This is where a deterministic model will fail, since such a model inherently
assumes that all is known. A well-made stochastic model should take into
consideration what it does not know and the less the model has included,
the wider the range of outcomes ought to be.

Uncertainties can be of different kinds, as presented below.

Structural Uncertainty

Uncertainty about the structure of the model is denoted structural uncer-
tainty. This can be studied by making alternative models with different
structures and then examining the outcome of the models. If data about the
behaviour of the system under study is available, this can be used to test
which model best fits the system under study. In our case, where we start
from a Conceptual Model, there is no system under study. But, one can test
if an alternative model will make a significant difference.

In the case of epidemic models, the structural uncertainty might e.g. be
uncertainty about what happens with Removed individuals. They might
be immune to the disease either for the rest of their lives (SIR) or for a
limited time (SIRS). Alternatively, individuals might not get immunity from
the disease (SIS). Furthermore, if vaccination is used, the Infectious stage
might be bypassed for many individuals, which will reduce or even stop an
epidemic.

In this study we will exemplify structural uncertainty by comparing the SIR
model with a SEIR model in order to examine if an included Exposed stage
(for infected persons who are not yet Infectious) makes a significant difference
in the outcomes, see Figure 2.5.
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P Te Ti

SEflow EIflow IRflow

Figure 2.5: The structure of a SEIR model. An Exposed stage (E) is included
for individuals have been infected but are not yet Infectious. Te is the average
sojourn time for the Exposed stage.

Transition Uncertainty

The transition uncertainty is the most fundamental uncertainty, which is used
in Agent Based Models, Discrete Event Models and Markov Models, etc. It
is based on the Poisson process with an intensity λ(t). See Section 2.2.2.
However, the Poisson process can be expressed in three different ways. First,
the Poisson process can be directly expressed using the Bernoulli distribution
(Ber(δt ·λ)) for a very short time step δt so that no more than one transition
event can happen per time step. Second, one can also handle the number of
transition events for a larger ∆t by using the Poisson distribution (Po(∆t ·
λ)) - this way several transition events can occur per time step. Third,
one can use irregular time intervals between transition events, by using the
exponential distribution (exp( 1

λ
)) - this way the time until the next transition

event is calculated rather than the number of transition events per time step.
See [3] or a basic book in statistics such as [6]. Full Potential CSS uses the
Poisson distribution.

In Section 2.2.2, transition stochasticity was introduced both to create dis-
crete entities and to handle stochastic transitions, why we do not present
another example of it here.

Initial Value Uncertainty

Uncertainty about the initial number of entities in the stocks is denoted
initial value uncertainty. This uncertainty is implemented by randomising
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the initial values of the model for each replication.

For e.g. a SIR model, uncertainty about the initial values refer to how the
population is distributed over the stocks. Lack of exact information means
that the distribution of the total number of individuals will be stochastic. If
we also have a high/low risk attribute, then additional uncertainty about how
the population is distributed over the stocks, must be handled. (To realise a
distribution of initial values over multiple stocks, the binomial distribution
can be used several times in a sequence.)

An unknown number of individuals may also be resistant either through
vaccines or earlier contacts with the infection. The Susceptible population
might then be too small to generate an epidemic.

Parameter Uncertainty

Parameter uncertainty can be handled by including stochasticity into the
parameters. Parameter stochasticity concerns the uncertainty about how
the environment affects the system under study. If a parameter is unknown
but constant it is akin to initial value uncertainty, where a random number is
only drawn from a distribution at the start of the replication. If a parameter
is part of an unknown ongoing process (temperature, humidity, etc.), then
the parameter should vary over time. The parameter could then either be
modelled in a sub-model (e.g. weather prediction) or periodically be drawn
from an appropriate distribution.

Parameter stochasticity is composed of two parts: When should the param-
eter be updated? And what distribution should be used to draw the random
numbers from? If the parameter is updated every time step the size of the
time step will affect the results of the simulation. Therefore, the updating
interval should be specified.

The P parameter seen in Figure 2.5, is an aggregated parameter which can
be affected by many factors such as the weather, behaviour of the population,
official recommendation, legal restrictions, preventive measures, etc. Similar
arguments can be applied to the sojourn time parameters: Te and Ti.
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Signal Uncertainty

A signal caries information in a system under study, which can affect the sys-
tem’s behaviour. Also here, uncertainty may be involved. Signal uncertainty
has two aspects: the signal can be distorted and it can be delayed.

In the case of an epidemic, an Authority may track the epidemic by collecting
statistics of how many Infectious individuals are reported in the healthcare
system. Based on that limited information, the Authority will take action to
reduce the infection rate so as not to overload the healthcare system. Unfor-
tunately, the Authority’s statistics is usually both incomplete and delayed.

In this Section, the Full Potential aspects are treated one by one in the
simplest possible way. In the following we will stepwise accumulate these
aspects together and not always in the order discussed here.
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3 Full Potential Modelling and Epidemic Re-

sults

We will now demonstrate how all aspects of Full Potential CSS modelling is
implemented in StochSD. These aspects were first introduced in points 1-4 in
Section 1.1, and then discussed in detail in Section 2. A model containing all
these aspects will be stepwise constructed starting from a classical SIR model.
Hereby the focus is on adding one aspect at a time and to demonstrate its
consequences.

For all the models, we will keep the values of population size, average initial
values, average infectiousness (P ), average sojourn time in the stages (Te
and Ti) and average Basic Reproduction Number (R0). In all models the
simulation time step used is 0.25 time units where the time unit is one day.

3.1 Continuous and Deterministic SIR Model (SIR)

The structure of the conceptual classical SIR model was shown in Figure 2.2.
This model consider the individuals as a continuous amount. Now we spec-
ify the population to be 1000 Susceptible and 1 Infectious individual. The
average sojourn time Ti of the Infectious stage is set to 15 days, and will
be modelled by a single compartment, thus assuming an exponential sojourn
time distribution. The parameter P is the probability that a Susceptible
individual will be infected by a specific Infectious individual per day. P will
be set such that the Basic Reproduction Number is 2 (R0 = S · P · Ti = 2),
which implies P = 1

7500
. The realisation of this model in StochSD is shown

in Figure 3.1.

The differential equations that describe the SIR model are:
dS(t)
dt

= −P · S(t) · I(t)

dI(t)
dt

= P · S(t) · I(t)− I(t)
Ti

dR(t)
dt

= I(t)
Ti

In the StochSD model these equations are described in the flows as:
[si flow] = [P] * [S] * [I] ,

[ir flow] = [I]/[Ti]
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Figure 3.1: A deterministic SIR model in StochSD. A primitive with a ghost
icon is just a duplicate of the primitive with the same name. Ghosts are
used in order to keep the model orderly, by not spanning links across the
model. On the right side, different measurements of the model’s behaviours
are shown. The measurements are: Epidemic size (S0 − Send), Duration
of epidemic and Reproduction Number at time t (Rt = S(t) · P · Ti). A
mechanism to stop the simulation when the epidemic has run its course is
added as StopIf(I < 0.5). The 0.5 limit is because the number of Infectious
will only asymptotically approach zero.

Results

Figure 3.2 shows the development of the S, I and R stages over time. In
StochSD we can also use a XY plot to show the simulation in an alternative
way as seen in Figure 3.3 or a time plot showing how the Reproduction
number decreases with time as seen in Figure 3.4.
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Figure 3.2: Time plot of a SIR model simulation.

Figure 3.3: SI-plot of a SIR model simulation. The red circle near the lower
right corner shows the start of the simulation.
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Figure 3.4: Time plot of the SIR model simulation, showing the Reproduction
Number over time.

The unique result for the deterministic SIR model is:
Epidemic size = 798.1 (Calculated as S0 − Send))
Duration = 271.0 days
Final Reproduction Number Rt = 0.404
Extinctions = 0% (Can not happen in the deterministic SIR model.)

The Final Reproduction Number (Final Rt) is an indication of how sensitive
the population is to a new wave of infections at the end of the simulation.

Extinctions measure how often no epidemic occurred, and the disease went
extinct. Since the deterministic SIR model can only asymptotically approach
zero Infectious individuals, complete extinction is impossible.

In the following models we will add one Full Potential aspect at a time, to
see how these measures affect the system.

3.2 Discrete SIR Model with Transition Uncertainty
(SIRt)

Here, we handle transition uncertainty by adding transition stochasticity to
the classical SIR model above. This also preserves integer numbers in the
compartments, thus making the model discrete. See the model in Figure 3.5.

Because the transitions S→I and I→R now are Poisson processes, they are
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generated by drawing random numbers from a Poisson distributed random
number generator at each time step (∆t). The definition of the stochastic
flows are:
[si flow] = PoFlow([P] * [S] * [I])

[ir flow] = PoFlow([I]/[Ti]) .

(PoFlow(λ) is a compact form of Possion(∆t ·λ)/∆t, which is obtained from
the number of transitions during a time step (∆t): ∆t · flow = Poisson(∆t ·
λ).)

By adding transition uncertainty both aspect 1 (handle discrete quantities
as discrete) and partly aspect 4 (correctly handle transition uncertainty) of
Full Potential CSS (in the 1-4 list, seen in Section 1.1) is dealt with.

Figure 3.5: The discrete SIRt model (transition stochasticity included). The
primitives with a dice icon includes a random number generator of a specified
probability function. (Extinction is true (1) if Epidemic is less then 100.)

Since the model is stochastic, each replication will give a different outcome.
To obtain proper results of the model, multiple replications are needed. Then
the outcomes are collected and statistically analysed by the tool StatRes (see
Figure 3.8) which is a part of StochSD. Each stochastic model in this thesis
was run 10 000 times. We will now obtain ”internal results” from each
simulation and ”external results” from statistics over multiple replications.
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Internal Results (a single replication)

Because the model is stochastic, the first (or first few) infected individual
may recover before infecting a Susceptible. Hence, not all replications lead
to an epidemic. Figures 3.6 and 3.7 show the difference between replication
with an epidemic and with early extinction (where no epidemic occurs and
the disease goes extinct).

Figure 3.6: Time plots for S, I and R from two replications of the stochastic
SIR model (left epidemic, right extinction).

Figure 3.7: SI-plot of a single replication with epidemic (left) and SI-plot
of replication with extinction (right). The red circle shows the start of the
simulation.
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External Results (statistics over 10 000 replications)

Because the model is stochastic the results of the 10 000 replications will
differ. Therefore, we here use the tool StatRes included in StochSD. This
tool collects, applies statistical analysis and presents results from the 10 000
replications, see Figure 3.8.

Figure 3.8: Example of StatRes results.

Comment: If we were only interested in statistics where an epidemic over
a certain size occurred, then the SkipOnCondition box in StatRes could be
checked and an Auxiliary named ”SkipOnCondition” defined as e.g. R < 100
could be included in the model.

The outcomes as epidemic and extinction are shown as a scatter plot of
Epidemic size vs. Duration and as two separate histograms of the Epidemic
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size, in Figure 3.9.

Figure 3.9: Scatter plot and histograms of the Epidemic size from 10 000
replications of the stochastic SIR model. The outcomes are well separated
between the extinction and epidemic replications.

Average results for 10 000 replications of the SIRt model were:
Epidemic size = 405.1
Duration = 133.6 days
Final Reproduction Number Rt = 1.19
Extinctions = 49.3% (for replications with epidemic size < 100)

The introduction of transition stochasticity affects the system because ex-
tinctions are now possible. If an epidemic occurs the size of the epidemic is
usually around 800. However, since around half of the replications will not
produce an epidemic, the average epidemic size is decreased to around 400.
The Duration is also about halved because of extinction. Since the epidemics
got a Final Reproduction Number of about 0.4 and the extinctions produced
a Final Reproduction Number of only slightly below R0 = 2 the halfway
point becomes about Rt ≈ 0.4+2

2
= 1.2.
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3.3 A Stochastic SEIR Model (SEIRt)

The next step is to add an Exposed stage to the stochastic SIR model. Here
the Exposed stage (E) has an average incubation time of 5 days (exponen-
tially distributed). This means that the stop condition has to be changed to:
[stopif] = StopIf([E]+[I] < 0.5) , see Figure 3.10. Patient zero is also
moved from the I-stage to the E-stage.

Figure 3.10: The SEIRt model (transition stochasticity included).

External Results

Average results for 10 000 replications of the SEIRt model were:
Epidemic size = 405.3
Duration = 177.9 days
Final Rt = 1.19
Extinctions = 49.2% (for replications with epidemic size < 100)

As seen the inclusion of an E-stage did not change the epidemic size or Final
Rt. However, the duration of the epidemic was increased by about 44 days
(33%). This is probably due to that the time for an individual to go through
the disease process (5+15 days) is now 33% longer.
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3.4 The I-stage with a 3-Erlang Sojourn Time Distri-
bution (SEI3Rt)

Usually a stages does not have an exponential sojourn time distribution.
We now change the SEIR model above to have an Infectious stage with a 3-
Erlang(15/3) = 3-Erlang(5) sojourn time distribution, see Figure 2.4. This is
a vital aspect since different distributions can cause different outcomes even
when the distributions have the same average sojourn time. A 3-Erlang(5)
is realised by 3 serial compartments (I1, T2 and I3), each with an expected
sojourn time of 5 days, thus summing up to Ti = 15 days. See Figure 3.11.

Figure 3.11: SEI3Rt model. Note that stage and compartment are different
concepts. Compartments I1, I2 and I3 now comprise the Infectious stage.

External Results

Average results for 10 000 replications of the SEI3Rt model were:
Epidemic size = 527.1
Duration = 180.9 days
Final Rt = 0.95
Extinctions = 33.9% (for replications with epidemic size < 100)

As seen, the change from an exponential to a 3-Erlang(5) sojourn time dis-
tribution for the I-stage increases the Epidemic size by about 122 individuals
(30% increase), while Duration is marginally changed. The final Rt is de-
creased from 1.19 to 0.95. The main reason for this is that early extinction is
less common for the 3-Erlang distribution. This shows that the sojourn time
distribution can be an important aspect to included when building a model.
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3.5 Epidemic Model with Attributes (2(SEI3Rt))

The next step is adding an attribute to the individuals of the previous SEI3Rt
model above. The attribute chosen for the model is risk, which is categorised
as high and low. In order to add this attribute, the CSS Model is expanded
into (interacting) high risk and low risk sub-models, see Figure 3.12. Now
there are 500 Susceptible individuals of high risk and 500 of low risk at the
start of the simulation.

Figure 3.12: The 2(SEI3Rt) model with high and low risk individuals in-
cluded.

The values for Phigh and Plow have been calculated based on that the repro-
duction number, R0 = 2 and that Phigh = 3 · Plow. From this we get:

R0 = Shigh · Phigh · Ti + Slow · Plow · Ti ⇒

R0 = Shigh · 3 · Plow · Ti + Slow · Plow · Ti ⇒

Plow =
R0

(3 · Shigh + Slow) · Ti
=

2

(3 · 500 + 500) · 15
=

1

15000

Phigh = 3 · Plow =
1

5000

Internal Results

Figures 3.13 and 3.14 show a typical replication. Figure 3.14 reveals that
not only is the epidemic smaller for the low risk group, but also that the
epidemic is delayed for this group.
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Figure 3.13: Plot of epidemic size in total, of high risk group and of low risk
group for a typical replication of the 2(SEI3Rt) model.

Figure 3.14: Plot of the number of Infectious in total, of high risk group and
of low risk group for a typical replication of the 2(SEI3Rt) model.

External Results

Average results for 10 000 replications of the 2(SEI3Rt) model were:
Epidemic size = 448.8
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Duration = 180.0 days
Final Rt = 0.98
Extinctions = 34.4% (for replications with epidemic size < 100)

As seen, the added attribute decreases the Epidemic size by about 78 in-
dividuals and the Final Rt is somewhat increased from 0.95 to 0.98, while
the Duration and fraction of Extinctions was not affected. This shows that
attributes can be an important aspect to include in the model.

3.6 SEIR Model with Initial Value Uncertainty
(2(SEI3Rti))

The next step is to include initial value uncertainty to the 2(SEI3Rt) model
with attributes, shown above. It is here assumed that each individual has
an equal probability of being at high or low risk. To do this, a binomial
distribution ( Fix(RandBinomial([S0], 0.5)) ) was used for S0 high, and
the remainder is S0 low. The model looks the same as in Figure 3.12 but
with a dice icon on S0 high. Note that the Fix function forces the value to
be fixed during the replication instead of changing for each time step. This
is important when calculating the Epidemic size of each group.

External Results

Average results for 10 000 replications of the 2(SEI3Rti) model were:
Epidemic size = 448.5
Duration = 180.3 days
Final Rt = 0.98
Extinctions = 34.4% (for replications with epidemic size < 100)

As seen, the added initial value uncertainty has little effect on the final results
in this case.

3.7 SEI3R Model with Parameter Uncertainty
(2(SEI3Rtip))

To include parameter uncertainty in the 2(SEI3Rti) model above, the value
of P (P high and P low) are multiplied with a uniform(0.75, 1.25) factor,
p uncert, at the start of each replication. This is accomplished by:
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[p uncert] = Fix(Rand(0.75, 1.25)) , where the Fix function forces the
value to be fixed during the replication, instead of changing for each time
step. See Figure 3.15.

Figure 3.15: A 2(SEI3Rtip) model with parameter uncertainty included.

External Results

Average results for 10 000 replications of the 2(SEI3Rtip) model were:
Epidemic size = 439.5
Duration = 180.2 days
Final Rt = 0.97
Extinctions = 35.4% (for replications with epidemic size < 100)

As seen, the added parameter uncertainty slightly decreases the Epidemic size
(from 448.5 to 439.5 individuals), while the differences of the other results
are negligible.

3.8 Epidemic Model with a Intervening Authority
(2(SEI3Rtip)A)

The next step is adding an intervening Authority to the 2(SEI3Rtip) model.
The Authority monitors the number of Infectious and takes preventive mea-
sures (which lowers P high and P low by half) when the number of Infectious
rises above 5% of the population, in order not to overload the healthcare sys-
tem. Once preventive measures have been taken, they remain for the rest of
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the replication. This Authority will have a perfect knowledge of the number
of Infectious and acts instantly when the 5% limit is reached.

The StochSD code then becomes:
[above limit] = [I] > [Population]*[limit] (a Boolean statement)

[prevention] = PastMax([above limit]) (PastMax keeps prevention)

[P factor] = IfThenElse([prevention], 0.5, 1)

[se high] = PoFlow([P factor]*[P high]*[S high]*[I])

[se low] = PoFlow([P factor]*[P low]*[S low]*[I])

Figure 3.16: The 2(SEI3Rtip)A model with an intervening Authority.

Note that Rt is calculated for circumstances where no preventive measures
are taken, since Rt > 1 indicates that a new wave may come when the
preventive measures are relaxed.

External Results

Average results for 10 000 replications of the 2(SEI3Rtip)A model were:
Epidemic size = 202.1
Duration = 174.0 days
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Final Rt = 1.49
Extinctions = 36.2% (for replications with epidemic size < 100)

As seen, the added Authority will drastically affect the the Epidemic Size
(from 439.5 to 202.1). It also affects the Final Reproduction Number (from
0.97 to 1.49) which means that a second wave of cases are more probable
when the preventive measures are lifted. The fraction of Extinctions is only
marginally affected, since the Authority does not act until the number of
Infectious has reached a critical mass.

3.9 Epidemic Model with Authority Estimating the
Infectious (2(SEI3Rtip)Ae)

The next step is to make the Authority’s actions stochastic. This is done by
the Authority estimating the number of Infectious each day. So we assume
that there is an estimating error that is normally distributed as:
I ·N(µ = 1, σ = 0.25). This is an example of signal uncertainty.

The estimation interval is fixed to once a day to ensure that the Authority’s
actions are not affected by the time step used in the simulation. The esti-
mation has the code:
[est I] = Fix([I] * RandNormal(1, 0.25), 1)

[above limit] = [est I] > [Population]*[limit]

The Fix function force the value to be fixed one day at a time.

The 2(SEI3Rtip)Ae model is shown Figure 3.17.
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Figure 3.17: The 2(SEI3Rtip)Ae model with an Authority that estimates the
number of Infectious.

External Results

Average results for 10 000 replications of the 2(SEI3Rtip)Ae model were:
Epidemic size = 183.3
Duration = 173.3 days
Final Rt = 1.53
Extinctions = 36.7% (for replications with epidemic size < 100)

As seen, the added estimation of the number of Infectious decreased the
Epidemic size (from 202.1 to 183.3 individuals). This is because the daily
estimates may result in estimating above the 5% limit before the actual
limit is reached. This also means that fewer individuals will be resistant
to the pathogen at the end of the replication which leads to a higher Final
Reproduction Number (from 1.49 to 1.53).
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3.10 Epidemic Model with Authority, Estimated In-
fectious Number and Delayed Response
(2(SEI3Rtip)Aed)

The next step is to include a delay time for the Authority to collect data,
analyse it, make a decision and react. A new delay time is used for each repli-
cation. The delay time is randomly picked from an exponential distribution
with average 3.5 days (λ = 1/3.5), rounded to the nearest time step.

The code for the delayed signal is:
[delay time]=Fix(Round(RandExp(1/[delay time parm])/DT())*DT())

[delay] = Delay([above limit], [delay time], 0)

The delay time is an additional signal uncertainty. See Figure 3.18.

Figure 3.18: The 2(SEI3Rtip)Aed model with an Authority that estimates
the number of Infectious and has a delayed response.

External Results

Average results for 10 000 replications of the 2(SEI3Rtip)Aed model were:
Epidemic size = 201.1
Duration = 174.2 days
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Final Rt = 1.49
Extinctions = 35.4% (for replications with epidemic size < 100)

As seen, the added delay increases the Epidemic size (from 183.3 to 201.1
individuals) since the Authority reacts later, when a bigger portion of the
population has been infected. This also leads to a lower Final Rt (from 1.53
to 1.49).

Comment: The Conceptual Model behind this final all-inclusive model, will
be used in the next Section (Section 4). The Conceptual Model will be im-
plemented more directly, as a one-to-one Agent Based Model and compared
against this Full Potential CSS model.

3.11 Overview of the Model Results

The results of Epidemic size, Duration, Final Reproduction Number and
percentage of replications with extinction (Epidemic size < 100 individuals)
for the ten models are complied in Table 3.1.

Table 3.1: Results from 10 000 replications of each model. (The deterministic
SIR model has no variations). Avg. denotes average and CI- and CI+ denotes
the limits of a two-sided 95% confidence interval.

Epidemic Duration
Final

Reprod.
Number

Extinctions

Type CI- Avg. CI+ CI- Avg. CI+ Avg. Avg.

SIR (determ.) - 798.1 - - 271.0 - 0.40 0%
SIRt 397.3 405.1 413.0 131.1 133.6 136.0 1.19 49.3%
SEIRt 397.5 405.3 413.1 174.7 177.9 181.1 1.19 49.2%
SEI3Rt 519.7 527.1 534.5 178.6 180.9 183.2 0.95 33.9%
2(SEI3Rt) 442.4 448.8 455.2 177.7 180.0 182.3 0.98 34.4%
2(SEI3Rti) 442.1 448.5 454.8 178.0 180.3 182.7 0.98 34.4%
2(SEI3Rtip) 433.0 439.5 446.0 177.8 180.2 182.7 0.97 35.4%
2(SEI3Rtip)A 198.9 202.1 205.2 171.6 174.0 176.3 1.49 36.2%
2(SEI3Rtip)Ae 180.4 183.3 186.3 170.9 173.3 175.6 1.53 36.7%
2(SEI3Rtip)Aed 198.0 201.1 204.3 171.9 174.2 176.5 1.49 35.4%
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The Epidemic size and Duration of the ten epidemic models are also shown
in Figure 3.19.

Figure 3.19: Each triplet shows the average Epidemic size and Duration as
well as its lower and upper bounds of the 95% confidence interval spanning
an uncertainty box around its average.

Figure 3.19 shows that including or removing different aspects of an epidemic
model often makes a large difference.

3.12 Access to the Ten Epidemic Models

The ten CSS models can be downloaded from:
github.com/Magnus93/epidemic-css-abm

StochSD, which is an open source software, can be downloaded from:
stochsd.sourceforge.io
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4 Verification of Full Potential CSS Results

In this Section, we want to test whether the Full Potential CSS model is con-
sistent with the Conceptual Model. Therefore, we use a one-to-one mapping
of the Conceptual Model, into an Agent Based Model (ABM) in order to
obtain the Conceptual Model in an executable form, see Figure 4.1.

Conceptual Model

Sojourn time distribution:

   Etime = exp(Te),              Te = 5 days

   Itime = 3-Erlang(Ti/3),    Ti = 15 days

1
5000Phigh =             &  Plow =             1

15000

Agent Based Model

1:1

Authority

Estimated number of infectious:

            I · N( � = 1 , � = 0.25 )

Delay time of information: 

     RandExp(� = 1/3.5)

Daily action: 
   if estimated infectious > 5% of population:

          the P values are halved

Agent id: 1,  high risk

Agent id: ... ,  high risk

Agent id: Bin(1000, 0.5) ,  high risk

Agent id: ... ,  low risk

Agent id: 1000 ,  low risk

 

Agent id: 1001

risk =1 - (1 - P · auth.Pfactor)
�t·I

unifrom(0, 1) < risk

S

E exp(Te)

became
exposed?

No

I 3-Erlang(Ti/3)

R
Authority

Estimated infectious = I · N(� = 1, � = 0.25)

Pfactor = {0.5   if est. of infectious > 5% of pop.

1      else 

Yes

Sl El Rl

Pl

Ti

Sh Eh Rh

Ph

Il3
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Ih3

Full Potential CSS Model

Auth

Initial population values:

  Sh(0)=Bin(N=1000, prob=0.5)  

  Sl(0)=Sh(0)-1000, E(0)=1, I(0)=R(0)=0

Attributes: high & low risk population

Structure: S  E  I  R

Parameter stochasticity:

  Parameter P = uniform(0.75, 1.25) · Pi

  where Pi is Phigh or Plow

Delay time = RandExp(� = 1/3.5)

Il2

Ih2

Il1

Ih1

Ti/3 Consistent?

ABM Results

CSS Results

5 transformations

Epidemic

Duration

Rt

% Extinctions

Epidemic

Duration

Rt

% Extinctions

Figure 4.1: Two realisations of the Conceptual Model. The Agent Based
Model is a 1:1 mapping of the Conceptual Model while the CSS model fol-
lows the Full Potential scheme through transitions T1 to T5 as shown in
Figure 1.1.

45



4.1 The Conceptual Model

To test if that StochSD will produce results consistent with the Conceptual
Model, we use the Conceptual Model behind the all-inclusive CSS model from
Section 3.10, see Figure 4.1. Here follows a description of the Conceptual
Model.

The Main Structure

The model consists of two main components: the population of individuals
where an epidemic may develop and an Authority that intervenes if the
epidemic risks to overload the healthcare system.

The Individual

An individual in the population may be in one of four consecutive stages
denoted S, E, I and R. The initial population consists of 1000 Susceptible
individuals, 1 Exposed and no Infectious or Removed individuals. The indi-
viduals are discrete indivisible entities.

Population and its Attributes: The population is divided into two risk groups,
”high” and ”low”, each with its own P -parameter (the probability that a
Susceptible individual will be infected by a one Infectious individual per
day). Phigh = 1

5000
and Plow = 1

15000
. Everything else is the same for the two

groups.

Sojourn Times: The sojourn time for the Exposed stage is exponentially
distributed with an expected value of Te = 5 days and the Infectious stage has
a 3-Erlang(5) distribution, making the expected sojourn of the distribution
Ti = 15 days.

Authority

The Authority monitors the process and intervenes when the estimate of the
number of Infectious reaches the limit of 5% of the population. However, an
estimate has a normally distributed error and is delayed a random number
of days. See Signal Uncertainty below.
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Uncertainties

There are several uncertainties in the Conceptual Model. These uncertainties
are below specified by statistical distributions.

Initial Value Uncertainty: In order to include initial value uncertainty, we
assume that each individual has a 50% chance of being in either risk group.
This implies that the number of each group will be randomly generated using
a binomial distribution (Shigh = bin(n = 1000, prob = 0.5) and the remaining
Slow = 1000− Shigh).

Transition Uncertainty: The transitions between stages are stochastic in ac-
cordance with time variable Poisson processes.

Parameter Uncertainty: At the start of the simulation a random number is
drawn from the uniform(0.75, 1.25) to modify the value of P for each indi-
vidual. (The original P -parameter is multiplied with this random number.)

Signal Uncertainty: The Conceptual Model has an Authority, which each day
estimates how many Infectious individuals there are. The error in the Au-
thorities esimation is normal distributed (Iest = I ·N(µ = 1, σ = 0.25)). If the
estimated number exceeds 5% of the population, then preventive measures
are taken in order not to overload the healthcare system. These measures
decrease the P -parameter by half for all individuals, and this remains for the
rest of the replication. However, after an estimation has exceeded the 5%
limit, there is a delay until the measure goes into effect. This delay time is
drawn from an exponential distribution with an expected value of 3.5 days
(exp(λ = 1/3.5)) rounded to the nearest time step. Thus, signal uncertainty
is included as both measurement error and delayed action.

4.2 The Agent Based Model

The Agent Based Model was built from scratch by a one-to-one mapping
of the Conceptual Model. Here, the general purpose programming language
Python [7] was used. In this model each individual is represented by an
agent that contains its entire process (S→E→I→R) as well as its attributes,
as shown in Figure 4.1.
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Unlike the CSS model that uses Poisson distributed flows, each agent instead
draws a random value from the appropriate distribution to determine its
sojourn time (exponential for the E-stage and 3-Erlang for the I-stage). In
the ABM model the attribute Phigh or Plow is included in each agent, unlike
the CSS model that expands into two sub-models.

The full Python code of the Agent Based Model is found at:
github.com/Magnus93/epidemic-css-abm

4.3 The Full Potential CSS Model

Full Potential CSS was presented in detail in Section 3, leading to the all-
inclusive model in Section 3.10. This model implicitly uses the transforma-
tions (T1 to T5) of the Conceptual Model shown in Figure 1.1.

4.4 Comparing the ABM and CSS Model behaviours.

The stochastic ABM and CSS model were run 10 000 times each and the
statistical results were compared to see if any significant differences could be
detected. Both the ABM and CSS models used time slicing with a time step
of 0.25 days.

The results used for comparison were the Epidemic size and the Duration
of the epidemic, the Final Reproduction Number (Final Rt) as well as the
percentage of Extinctions.

To test the null hypothesis that the epidemic ABM and CSS models will
produce consistent results, the outcomes of 10 000 replications from each of
ABM and CSS were compared. Therefore, we calculated the difference of the
outcomes between the two models, here denoted x and y, as:

Conf.Interval of Difference = x̄− ȳ ± λα/2

√
S2
x

nx − 1
+

S2
y

ny − 1

where nx = ny = 10 000 and λα/2 = 1.96 for α = 0.05 (two-sided 95%
confidence interval). Sx and Sy are the estimated standard deviation for the
two sets of data (see [6, ch. 9][8, ch. 20] for the formula).
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If this confidence interval does not include the value zero, we can reject the
hypothesis of consistency at the 95% significance level.

4.5 External Results

The results of the 10 000 replications of the ABM and CSS models are shown
in Table 4.1.

Table 4.1: Results from 10 000 replications each of the ABM and CSS models.
The lower and upper bounds of a 95% confidence interval are denoted CI-
and CI+, and the average is denoted Avg.

ABM CSS
CI- Avg. CI+ CI- Avg. CI+

Epidemic
Size

198.8 202.0 205.1 198.0 201.1 204.3

Duration
(Days)

177.6 178.0 182.4 171.9 174.2 176.5

Final
Reproduction

Number
1.480 1.487 1.494 1.485 1.492 1.500

Extinctions 34.1% 35.0% 36.0% 34.5% 35.4% 36.3%

As seen, the statistical results from ABM and CSS are close to each other.
When calculating the confidence intervals of difference using the formula
above, we get the results shown in Table 4.2.
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Table 4.2: Test if the confidence intervals of the differences include the value
zero.

Confidence
Interval

Difference
CI- CI+ Zero included

Epidemic
Size

-3.64 5.29 Yes

Duration
(Days)

2.42 9.12 No

Final
Reproduction

Number
-0.0164 0.00469 Yes

Extinctions -0.0172 0.00941 Yes

The confidence intervals of differences for Epidemic size, Final Reproduction
Number and Extinctions all include zero. However, the confidence interval
of difference for Duration is slightly offset and does not include zero. This
may be an error in the code or just obtained by chance since, there is a
5% probability that the confidence interval does not include zero even when
consistency applies. If it is an error in the code, it is most likely in the ABM
code since this is the less tested of the two models. A third possibility is that
the ABM or the CSS model is more sensitive than the other model to the
size of the time step.

A another way to compare the results from the ABM and CSS model is to
use a P-P plot. A P-P plot (Probability-Probability) plots two cumulative
distribution functions against each other in order to see how similar the two
distributions are. If the two distributions fully agree then they will follow a
linear reference line from the origin (0,0) to (1,1).

In Figure 4.2, 4.3 and 4.4 P-P plots for Epidemic size, Duration and Final
Reproduction Number are shown. These plots show that Epidemic size and
Final Reproduction Number make up a linear P-P plot whereas Duration
is slightly skewed, which is consistent with Table 4.2. Extinctions are not
presented in a P-P plot since Extinctions are Boolean values.
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Figure 4.2: Probability-Probability plot of Epidemic size, comparing the
cumulative probability distributions from the ABM and the CSS model.

Figure 4.3: Probability-Probability plot of Duration, comparing the cumula-
tive probability distributions from the ABM and the CSS model.
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Figure 4.4: Probability-Probability plot of Final Reproduction Number, com-
paring the cumulative probability distributions from the ABM and the CSS
model.

The execution time to run 10 000 replications of the model was a little over
an hour for the CSS model and around 4 hours for the Agent Based Model.
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5 Conclusions

The first three purposes of this thesis were presented in Section 1.2. These
were all successfully demonstrated in Section 3 and 4. In detail:

I. In Section 3 it was demonstrated how the four fundamental aspects
listed in Section 1.1 were implemented into StochSD models of the SIR
family without any principle problems.

II. In Section 3 it was also shown that these aspects could make a difference
when included in the model.

III. In Section 4 it was shown that a Conceptual Model when realised as
both a Full Potential CSS Model and an Agent Based Model produced
results so similar that almost no inconsistencies could be found when
comparing the results of 10 000 replications of each model. (However,
for Duration there was a slight but consistent difference that is not
explained, see Section 4.5, above.) This was demonstrated for the case
were all the Full Potential aspects were included in the CSS model.

An important conclusion is that Full Potential CSS modelling is applicable
and powerful in macro modelling. This is especially the case for fields such
as epidemiology, ecology, economy, etc.

Not only is a Full Potential Model faster to execute than a micro model, it
also gives a more transparent overview of the studied process. Further, a
CSS Model requires only aggregated data. But most of all, Full Potential
CSS can seamlessly integrate processes of discrete and continuous matter in
the same model.

Purpose IV in Section 1.2 is discussed in Section 6 and in the Appendix A.3.
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6 Discussion and Future Work

In many fields (e.g. epidemiology, biology, ecology, medicine, economics and
physics) it is important to study problems on a micro and macro level. In
simulation, micro models are mainly based on discrete entities, modelled by
Discrete Event Simulation or as Agent Based Models, while macro model
simulation has been handled by classical CSS which is based on continuous
flows. However, micro and macro models based on the same Conceptual
Model have often produced inconsistent results [9].

With Full Potential CSS discrete quantities can be modelled as discrete en-
tities. Furthermore with proper modelling of sojourn time distributions,
attributes and uncertainties, full consistency between micro and macro mod-
elling can be achieved [2][3].

However, classical CSS languages has to be complimented in order to easily
handle discrete entities and the inclusion of stochasticities require a statistical
post analysis tool. Therefore, StochSD was constructed to be a Full Potential
CSS language.

In this thesis we have successfully tested StochSD, using epidemic models,
containing all aspects of Full Potential CSS and found that it can swiftly
implement these aspects, see Section 3.

We have also shown that the user is free to use a micro or macro model
without distorting the results, see Section 4. This means that we now have
a Full Potential CSS tool which can handle all types of macro models where
discrete quantities are preserved as entities without having to use a micro
approach.

This thesis also includes a fourth purpose of identifying and suggest improve-
ments, see Section 1.2.

During the work, a number of issues were detected in StochSD, which could
be improved on. Examples of such improvements that were implemented are:

� A Histogram Plot facility was added.

� Table and Number Box now have more options to format numbers,
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e.g. by specifying decimals, precision and round to zero if extremely
small. The Table and Number Box now also display numbers shown in
scientific form using exponents divisible by 3, e.g. 10−6, 106, 109.

� The Table now keeps its header visible when scrolling. It also shows
every odd row with shaded grey for better readability.

� The StopIf function was changed to fully calculate the final step. (Be-
fore StopIf immediately terminated the simulation without calculating
the last step.)

For more changes to StochSD see Appendix A.3.

There are still things that could be improved in StochSD. Some such im-
provements could be:

� Vectorizing primitives. In this way a vectorized Stock could contain all
Susceptible individuals even if the individuals had different attributes.
For example, the stock S could contain: {S high, S low} in a vector.

� The set seed mechanism should be separately included in each primitive
in order to enable variance reduction.

� Parallelising StatRes to run all Simulations on the Graphical Processing
Unit could greatly decrease the execution time of a study.

� Adding copy-paste functionality, where a structure of primitives of the
model could be duplicated or copied to another file would be useful.

� To be able to also ghost a flow could sometimes be useful, although not
necessary. (A ghost is a duplicate of a primitive.)

It is the hope that StochSD will support an increased use of Full Potential
CSS for macro modelling - also including combined discrete and continuous
modelling.
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A Appendix

A.1 StochSD

StochSD (Stochastic System Dynamics) is a Full Potential CSS package for
dynamic and stochastic modelling and simulation of both continuous mat-
ter and discrete entities. System Dynamics is easy to understand, even for
people less experienced with programming and mathematics. This makes
it a pedagogic approach to model processes using stocks (compartments),
flows and causal links. StochSD is open source, built with web technologies
(JavaScript, HTML and CSS) and can be run in Google Chrome or Mozilla
Firefox browser or downloaded as a desktop application running in NW.js
(different versions are available for Windows, Linux and macOS).

StochSD has been in development since 2016, first by Leif Gustafsson and
Erik Gustafsson [10] and since 2018 by me (Magnus Gustafsson). StochSD
uses the open source simulation engine, error checking and function library of
Insight Maker [11], which was developed by Scott-Fortmann Roe at Univer-
sity of California, Berkeley. On this platform we have added a Graphical User
Interface containing System Dynamics building blocks (Stock, Flow, Auxil-
iary, Link etc.), plots and tables. StochSD also has its own file handling
system. Several functions of the original Insight Maker code, e.g. PoFlow,
StopIf and Pulse were also added or modified. Furthermore, the original
unit handling from Insight Maker is also circumvented, in order to consis-
tently use one time unit specified by the user. Several advanced tools are
also included in StochSD (Optim, Sensi, StatRes and ParmVar)

The tool Optim is for optimisation and model fitting of a deterministic
model. It has two purposes: The first is to estimate parameters by minimiz-
ing the difference in behaviours between the model and the studied system.
The second purpose is to find the optimal values for a set of parameters to
either minimize of maximize an objective function.

The tool Sensi is used for sensitivity analysis. Using this tool one can study
how the change of one parameter or initial value will affect one or multiple
outcomes of a model.

The statistical tool StatRes orders a specified number of replications, col-
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lects specified outcomes, performs statistical analysis and displays the sta-
tistical results such as averages, standard deviations, confidence intervals,
min & max values, percentiles and correlations of specified quantities. The
statistical results can also be graphically presented in histograms and scatter
plots.

The tool ParmVar (Parameter Variation) is used for determining the accu-
racy of estimated parameters.

A screenshot of StochSD with a model, plots and a table is shown in Fig-
ure A.1.

Figure A.1: Screenshot of StochSD. Below the menus and buttons, a SIR
model is visible in the upper left corner of the modelling area. The dice icon
in a primitive, shows that it uses random values. A table is visible in the
upper right corner. A time plot showing S, I and R is visible in the lower
left corner. A XY plot showing S and I are shown in the lower middle and a
histogram is visible in the lower right corner.
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A.2 The Overall Structure of StochSD

The StochSD structure is sketched in Figure A.2.

StochSD

Graphical User Interface,

Link checker

Tables & Plots

File handler, etc. StochSD

model

Tools

� Optim

� Sensi

� StatRes

� ParmVar
Local

file.ssd
Open & Save

Insight Maker Other open-source software

jQuery, jQuery UI, jQPlot, jStat, 

Springy, RedBlackTree.js, 

Normalize.css, ANTLR, ...

Engine, Function Library, 

Primitives, DE solver, Error 

checker, Macro facility, etc.

JavaScript

NW.js

W
D

Figure A.2: Components of StochSD and its use of third-party software.
D: Desktop version which runs in NW.js.
W: Web version can run within Mozilla Firefox or Google Chrome.
This figure is based on a figure from StochSD User’s Manual.

Read more about StochSD at: stochsd.sourceforge.io or try the software at
stochsd.sourceforge.io/software.
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A.3 Improvements of StochSD

Below is a list of improvements done to StochSD during the work on this
thesis:

� Table and Number Box now have more options to format numbers,
e.g. by specifying decimals, precision and round to zero if extremely
small. The Table and Number Box now also display numbers shown in
scientific form using exponents divisible by 3, e.g. 10−6, 106, 109.

� The Table now keeps its header visible when scrolling. It also shows
every odd row with shaded grey for better readability.

� The StopIf function was changed to fully calculate the final step. (Be-
fore StopIf immediately terminated the simulation without calculating
the last step.)

� A Histogram Plot facility was added.

� StatRes Histogram (used for multiple replications) now has an update
button. Also junk code has been removed from StatRes Histogram
These two changes made the Histogram much faster when changing its
specification.

� Machine Epsilon, eps, was added to be used in equations.

� Input fields in StatRes were greyed out when running, to indicate that
the fields are temporarily disabled.

� All plot specifications are now saved to file (line width, axis-labels, title,
colour, etc.).

� Hovering over a data point in a plot now shows its coordinates.

� Options to show markers for Start and End points are now included in
the XY Plot.

� Time Plot, Compare Simulations Plot, XY Plot and Histogram now
have got a more unified appearance.

� Primitives to be selected in plots and tables are now listed by type and
name. Furthermore, a primitive can also be found via a search field.
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� Print Diagram now shows the file path and file name.

� The Print Equations option now presents more information such as
filename, current date, Simulation Start Time, Simulation Length, Step
Time, Simulation method used as well as all the model equations.

� Ellipse and Arrow are added as visual primitives.

� When moving primitives with attached links, the links now keep their
shapes.

� The Progress Bar is now orange during simulation and becomes green
when the simulation is terminated.

� The path of a Flow can now be broken or unbroken after its creation.

� Text Box can now show extra spaces that are added before, inside or
after a text.
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