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Abstract: We present surprisingly simple closed-form solutions for electric fields and electric potentials
at arbitrary position (x, y) within a plane crossed by infinitely long line charges at regularly repeating
positions using angular or elliptic functions with complex arguments. The lattice sums for the
electric-field components and the electric potentials could be exactly solved, and the duality symmetry
of trigonometric and lemniscate functions occurred in some solutions. The results may have relevance
in calculating field configurations with rectangular boundary conditions. Several series related to
Gauss’s constant are presented, established either as corollary results or via parallel investigations
conducted in the spirit of experimental mathematics.
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1. Introduction

The study of lattice sums has a long history. They are frequently encountered when studying
physical and chemical systems (e.g., [1] and references therein). In the present work, we targeted lattice
sums arising from the consideration of electric fields and electric potentials set up by the crossing
of infinitely many and infinitely long line charges through horizontally and/or vertically equidistant
co-ordinates of the Gaussian plane. The line charges had the same charge density magnitude, while
their signs were set according to the specific scenario we envisioned. Problems of a similar nature,
such as wire-grid problems, were extensively studied in the past; see e.g., K. T. McDonald’s Notes on
Electrostatic Wire Grids [2] where in turn a reference is made to Maxwell’s famous book A Treatise on
Electricity and Magnetism. Related results may have applications beyond electrostatics. For instance,
in solid-state physics, stress fields generated by screw dislocations seem to be mathematically analogous
to the electric field due to line charges (see Section 2.8 of [3] and references therein).

Our study was motivated by an initial (and accidental) discovery (see Equation (2) in Section 2)
that pointed to a possible solution for electric-field components in a certain line-charge arrangement in
terms of lemniscate functions. After establishing a closed-form solution for a related but more general
lattice sum, we searched for this identity, browsing through [1,4–6] and other printed and online sources
accessible to us, without finding a match. This led us to examine a variety of line-charge schemes.

We established closed-form expressions for the electric field and the electric potential at an arbitrary
position (x, y) for different line-charge arrangements. The closed-form solutions of encountered double
sums involved the lemniscate constant (L = 2.6220575 . . . ), and the sine and/or cosine lemniscate
functions (sl and cl, respectively). It was no wonder that elliptic functions, with double periodicity,
appeared in the solution of double lattice series, but of special interest in our case was the duality,
a certain kind of similarity between lemniscate functions and their trigonometric counterparts.
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For definitions and properties of lemniscate functions, see, e.g., [7–9] or online sources such as [10].
Here we specify two fast-converging series useful for the numeric evaluation of sl and cl [11]:

sl(z) =
4π
L

sin
[
πz
L

] s∑
k = 0

(−1)ksinh
[
(2k + 1)π2

]
cosh[(2k + 1)π] + cos

[
2πz

L

] (1a)

cl(z) =
4π
L

cos
[
πz
L

] s∑
k = 0

(−1)ksinh
[
(2k + 1)π2

]
cosh[(2k + 1)π] − cos

[
2πz

L

] (1b)

The precision of the approximation varies with 10−3s/2 as seen by comparing numerical results to sl
and cl expressed as Jacobian elliptic functions (see e.g., [7,10]). As an example, with z = L/2, for which
we know that sl(z) = 1, computation of the right-hand side of Equation (1a) with s = 5 returns
the result 0.99999999378 . . . We also calculated the first five nonzero Taylor expansion coefficients of
the sl function (found in the Online Encyclopedia of Integer Sequences [12] as sequence A104203)
using Equation (1a) with s = 4 as: {1.000000172; −11.99999964; 3024.000001; −4,390,848; 21,224,560,896}.
A corresponding result was obtained for the cl function. Other series expansions for the cl function
may be found in [13], and these may also be used for sl via the property sl(z) = cl(z− L/2), where z
is any complex number.

Section 2 gives a brief account of how we arrived at the closed-form results. In Section 3 we
introduce the considered cases as well as their solutions (electric-field components, electric potential).
Section 4 discusses earlier works, that we came across, highlights duality, presents corollary results
related to Gauss’s constant, and also addresses applications to particle detectors with long charged
wires being in the middle of conducting surfaces. Section 5 presents a conclusion.

2. Investigation Method

Our study was initiated by the coincidental finding that the lattice sum

∞∑
m,n = −∞

(−1)m+n 1/2−m

(1/2−m)2 + n2
= L =

√
π3/

(
√

2Γ
(3

4

)2)
(2)

where L = 2.6220575 . . . is the lemniscate constant, and Γ(−) stands for the gamma function. This result
(the key identity) was tested in Mathematica [14] via symbolic summing over one index, then numerically
summing the resulting hyperbolic cosecant over the second index, and it was found to hold to better
than 6000 digits thanks to the high-precision capabilities of Mathematica. This does not count as a
mathematical proof in the strict sense, but we took the identity given in Equation (2) as valid, at least
within the verified precision. In the same manner, we relied on quite strict numerical verification when
the difficulty of symbolic calculation exceeded our capabilities. Equation (2) can be read as the solution
for a special case of an electrostatic problem, where comparable series appear as will be explained next.

We work in the CGS-Gaussian system of units. A single line charge produces an electric field
in a radial direction, inward or outward, with a magnitude determined by the product of the charge
times twice the reciprocal of the distance. The electrostatic potential of an arrangement of line charges
in a plane perpendicular to the wires is usually calculated by superposition as an explicit sum of the
potentials due to every single line charge. Formally:

U(x, y) = −2
∑

k

λk log(|rk(x, y)|) −U(xre f , yre f ) (3)

where λk identifies the single line-charge density, and rk denotes the vectorial distance measured from
the position of the wire to a point (x, y) in the plane (e.g., [15]). The reference point marks a location
where the potential is set to zero. The relation of Equation (2) to electric field configurations of certain
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distributions of line charges becomes evident if we consider the electric fields in Cartesian co-ordinates.
The electric field of a potential due to several distributed line charges in the (x, y)-plane is given by
the negative gradient of Equation (3). The x-component of the field at (x, y) for instance then reads for
charges of equal magnitude:

Ex(x, y) = 2λ∂x

∑
k

log

√(
x− xλk

)2
+

(
y− yλk

)2
 = 2λ

∑
k

x− xλk(
x− xλk

)2
+

(
y− yλk

)2 (4)

where xλk and yλk specify the position of line charge λk in the same plane. Now imagine a situation
with line charges of equal magnitude but different sign from neighbor to neighbor placed at the lower
left edge of equal squares of size a2 covering the plane. The line charge positions are counted by integer
indices (m, n) in x-direction and y-direction and a is a scale factor that provides the sides of the squares
and likewise the location of the charges with a physical distance. Then the electric field Ex can be
calculated like

Ex(x, y) = 2λ
∞∑

m,n = −∞

(−1)m+n x−ma

(x−ma)2 + (y− na)2 . (5)

Now check the left-hand side of Equation (2), which after multiplication by 2λ gets a form that
resembles Equation (5) at (x, y) = (1/2,0) with scale factor a = 1.

We were aware of series identity [11]

∞∑
m = −∞

(−1)m x−m

(x−m)2 =
∞∑

m = −∞

(−1)m 1
x−m

=
π

sin(πx)
(6)

where setting x = 1/2 gives an expression equivalent with the Leibniz formula for π. The notion
in the literature (e.g., [8,9]) that the lemniscate constant plays an analogous role for lemniscates as π
does for circles, made it tempting, in the way of thinking suggested by experimental mathematics,
to test L/sl[Lx]. as a solution for the sum in Equation (2) with 1/2 replaced by x. This was numerically
confirmed, and the question followed of how to incorporate the y component when assessing the field
for nonzero y (at this stage we tried essentially to solve Equation (5) with a set to 1). An important clue
from the physical picture was the realization that due to the arrangements of the line charges, the field
ought to have the same magnitude, but be oppositely directed, at (x, 0) compared to at (x, 1). Knowing
that the sine lemniscate function has the property that sl[z + iL] = −sl[z], where i is the imaginary unit,
we saw good reasons to test both L/sl[L(x + iy)] and L/sl[L(x− iy)]. Numerous randomly selected
points were tested, and the relation expressed via Equation (9c) was readily observed. The correct
expression was found to be L/sl[L(x + iy)], with positive real and negative imaginary parts giving the
x and y components of the field, respectively. Seeing a duality, we then established that the similarly
structured function π/ sin[π(x + iy)] has positive real and negative imaginary parts corresponding to
the x and y components of the electric field in the scenario of line charges, of alternating sign, crossing
only at integer–zero co-ordinates.

The electric potential Equation (10c) was obtained by integrating Equation (9c) via equivalent
Jacobi elliptic functions [10]. The potentials were then further verified by checking that their gradients,
evaluated numerically at (x, y), were consistent with values from sums for the electric-field components.
Some of the double series could be symbolically calculated by pushing Mathematica’s capabilities
using indefinite sums, tweaking the limits running to infinity, but this resulted only in impractical
(yet still correct) expressions of many q-digamma functions. In the meantime, we learned how to
differentiate and integrate the lemniscate functions (see [16]), which was useful because electric fields
and potentials are connected in this way, and also from a pure mathematical perspective for generating
corollary series identities via the sum and chain rules of derivatives.
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3. Results

3.1. Considered Cases

We treated four different scenarios. We used “+” and “−” for line charges of positive- and
negative-charge density, respectively. Polarity was given depending on position.

Case A: “+” at (ma, 0); co-ordinates [m vary, n fixed at 0, only “+”]
Case B: “+”/”−“ at even/odd (ma, 0); co-ordinates [m vary, n fixed at 0, “+”/”−“ if m even/odd]
Case C: “+”/”−“ at even/odd (ma, na); co-ordinates [m and n vary, “+”/”−“ if m + n even/odd]
Case D: “+”/”−“ at even/odd (ma, na); co-ordinates [m and n vary, “+”/”−“ if m even/odd]

The associated line-charge arrangements are evident from Figure 1 (shown for scale a = 1
arbitrary distance unit). The planar configuration with only positive-line charges was not considered
because a large (infinite) ensemble of like charges without compensating opposites did not lead to a
well-converging series.
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and a, λ were set to 1.

3.2. Electric-Field Components as Sum Formulas

The following lattice series were used to calculate electric-field components in the considered
cases. The electric field of a line charge is proportional to 2λ/r, with r being the shortest distance from
the point of interest to the wire carrying the charge (compare Equation (5)).

EA,x(x, y) = 2λ
∞∑

m = −∞

x−ma
(x−ma)2+y2

EA,y(x, y) = 2λ
∞∑

m = −∞

y
(x−ma)2+y2

(7a)
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EB,x(x, y) = 2λ

∞∑
m = −∞

(−1)m x−ma
(x−ma)2+y2

EB,y(x, y) = 2λ
∞∑

m = −∞
(−1)m y

(x−ma)2+y2

(7b)


EC,x(x, y) = 2λ

∞∑
m,n = −∞

(−1)m+n x−ma
(x−ma)2+(y−na)2

EC,y(x, y) = 2λ
∞∑

m,n = −∞
(−1)m+n y−na

(x−ma)2+(y−na)2

(7c)


ED,x(x, y) = 2λ

∞∑
m,n = −∞

(−1)m x−ma
(x−ma)2+(y−na)2

ED,y(x, y) = 2λ
∞∑

m,n = −∞
(−1)m y−na

(x−ma)2+(y−na)2

(7d)

3.3. Electric Potentials as Sum Formulas

The following lattice series were used to calculate electric potentials in the considered cases and
under the convention of a zero-reference point at (a/2, a/2). The formulae in Equation (7) can be
obtained as the negative gradient of Equation (8).

UA(x, y) = 2λ
∞∑

m = −∞

log


√√

(a/2−ma)2 + (a/2)2

(x−ma)2 + y2

 (8a)

UB(x, y) = 2λ
∑
∞

m = −∞
(−1)m log


√√

(a/2−ma)2 + (a/2)2

(x−ma)2 + y2

 (8b)

UC(x, y) = 2λ
∑
∞

m,n = −∞
(−1)m+n log


√√

(a/2−ma)2 + (a/2− na)2

(x−ma)2 + (y− na)2

 (8c)

UD(x, y) = 2λ
∑
∞

m,n = −∞
(−1)m log


√√

(a/2−ma)2 + (a/2− na)2

(x−ma)2 + (y− na)2

 (8d)

3.4. Closed-Form Expressions

For the electric fields (vectors displayed in Figure 2) it holds true that:

EA,x(x, y) − iEA,y(x, y) =
2λπ

a
cos[πz]
sin[πz]

(9a)

EB,x(x, y) − iEB,y(x, y) =
2λπ

a
1

sin[πz]
(9b)

EC,x(x, y) − iEC,y(x, y) =
2λL

a
1

sl[Lz]
(9c)

ED,x(x, y) − iED,y(x, y) =
λL
a

(
sl[Lz/2]cl[Lz/2] +

1
sl[Lz/2]cl[Lz/2]

)
(9d)

where i is the imaginary unit and where in each case z = x/a + iy/a. To clarify: the field components
are real valued, so to extract the x-component of the electric field in a particular case one simply needs
to take the positive real part of the associated right-hand-side expression. Likewise, the y-component
is obtained by the negative imaginary part of the right-hand-side expression.
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Figure 2. Equipotential lines and electric-field vectors of potential section shown in Figure 1 for Cases
(A), (B), (C) and (D) as indicated. Blue/yellow areas are below/above the chosen reference point of each
potential. Space between charges shown in ochre carried potential values near zero. All potentials, lines,
and vectors drawn using closed expressions from Equations (8)–(10), setting a and λ to 1. ContourPlots
with overlayed VectorPlots are shown using automatic vector scaling.

The electric potentials are then given by:

UA(x, y) = 2λRe
(
log

[
cosh[π/2]

sin[πz]

])
(10a)

UB(x, y) = λRe
(
log

[
1 + cos[πz]
1− cos[πz]

])
(10b)

UC(x, y) = λRe
(
log

[
1 + cl[Lz]
1− cl[Lz]

])
(10c)

UD(x, y)= 2λRe
(
log

[
cl[Lz/2]
sl[Lz/2]

])
. (10d)

where Re denotes the real part and where again z = x/a + iy/a in each case. Each of the electric-field
Equation (9a–d) can be calculated from the corresponding potential (Equation (10a–d)) as the negative
gradient. For terms containing lemniscate functions, derivatives of sl(z) and cl(z) can be expressed
as cl[z]

(
1 + sl2[z]

)
and −sl[z]

(
1 + cl2[z]

)
, respectively. All potentials quoted in Equations (8a–d) and
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(10a–d) satisfy the Laplace equation ∆U = 0 in all areas of the plane without charge. The electric-field
environments for the four cases are displayed in Figure 2. All field vectors crossed the equipotential
lines at right angles, as expected.

4. Discussion

4.1. Comparisons to Earlier Works

The obtained solutions represent a compact way of calculating electric fields and associated
potentials of infinite multiwire-grid arrays with symmetric spacing. For the trigonometric Case A,
Equation (1) in [2] can be reduced via well-known trigonometric identities to our Expression (10a) using
the same zero reference point for the potential. The equation presented in [2] allows also changing
the spacing between line charges, so it is essentially only a matter of complex algebra to arrive at our
Equation (10b) via the superposition principle. On the other hand, we have not seen in the literature
accessible to us expressions using lemniscate functions as solutions to the double series. The potential
associated with an analogous and more general version of Case C is treated in [17], but is reduced to a
single series (see their Equation (5)), and no closed form is given. Orjubin [18] presented a solution
in a line-charge configuration similar to that in Case D using a single JacobiSN function, while the
potentials given here in Equation (10c,d) stay in the framework of lemniscate functions. Within [18],
we found papers [19,20] written a few decades ago pioneering the use of the conformal properties of
the JacobiSN elliptic function to represent fields and potentials of multigrid arrays, but we were not
able to establish a direct connection of their results to those presented here. Nowadays, easy access to
powerful Computer Algebra Systems (CAS systems) helps physicists (not normally deeply familiar
with elliptic functions) to address these potentially difficult problems.

4.2. Duality Aspect and Corollary Findings Related to Gauss’s Constant

It appeared to us that the kind of duality between trigonometric and lemniscate functions
established in this work has not yet attracted attention. To clarify what we mean by “duality” in this
context, note in particular the similar formal shapes of the Case B and C solutions for the electric
field components (Equation (9b,c)) as well as for the potentials (Equation (10b,c)). The superposition
principle can be used to construct Case C via alternating summation of Case B arrays if properly
accounting for a shift in the y location of each added array of horizontal line charges. Targeting the
electric field provides a simple single-series identity relating the reciprocals of the sine and the sine
lemniscate functions:

π
L

∞∑
k = −∞

(−1)k

sin[π(z + ik)]
=

1
sl[Lz]

(11)

where z is any complex number. A similar result can be obtained by swapping sin/sl for cos/cl, with
the resulting identity being reminiscent of but not equivalent to Equation (12) in [13]. We found further
identities of a similar kind, involving other trigonometric functions including hyperbolic functions,
and uploaded these on [11]. Similar closed-form solutions can be found by applying the superposition
principle to solutions for the potentials for Cases B and C.

We have thus far not mentioned that the lemniscate constant relates via L = πG [9] to Gauss’s
constant G = 0.83462 . . . . This, combined with Equation (11) and an observation made when viewing
contours of the magnitude of the electric field in Case C, gave us confidence in the following statement:
if, and only if, at least one of 2y + 2x and 2y− 2x is an odd integer, then∣∣∣∣∣∣∣

∞∑
k = −∞

(−1)k

sin[π(x + i(y + k))]

∣∣∣∣∣∣∣ = G. (12)
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Swapping odd integer for even integer and sin for cos in the statement gives a relationship that also
holds true, meaning that, for instance, with x = 0 and y = 0, we get

∞∑
k = −∞

(−1)k

cos[iπk]
= G. (13)

Targeting the modulus is, in this specific case, not necessary, as cos[iπk] is purely real for integers
k. Replacing the numerator (−1)k by 1 in Equation (13), the resulting series equals

√
2G, (confirmed

precision of >1000 digits). These latter results, given their simple appearance, may already be known.
Regardless, they can be added to obtain a rather fast converging series for G, namely,

2

1 +
√

2

1 + 2
∞∑

k = 1

sech[2πk]

 = G (14)

where sech is the hyperbolic secant function. As an example, including only the first four terms
gives an approximation of G agreeing over the first 12 digits. A further observation was that
Equation (6), when evaluated at x = 1/2, resulted in πG0, while Equation (2) calculated to L = πG1.
We inspected the corresponding four-dimensional system (22

− dimensional system), and found that
the corresponding sum equals πG2 (verified to >100 digits). These results can be summarized as:

1
π

∞∑
k = −∞

(−1)k 1/2− k

(1/2− k)2 = G0 (15a)

1
π

∞∑
k,m = −∞

(−1)k+m 1/2− k

(1/2− k)2 + m2
= G1 (15b)

1
π

∞∑
k,m,n,t = −∞

(−1)k+m+n+t 1/2− k

(1/2− k)2 + m2 + n2 + t2
= G2 (15c)

The similarly shaped sums include 20, 21 and 22 running indices and connect to the results G0, G1

and G2, respectively. This pattern does not seem to extend to higher powers.

4.3. Potential Applications and Extension to Asymmetric Planar Arrangements

Now the electric-field strength and potential of square geometry will be compared with the ones
more familiar from circular geometry. The grid for Case C and with spacing a = 1 is given in the
Gaussian plane as tiles of unit squares. Figure 2 (lower-left panel) reveals that all straight equipotential
lines, horizontally and vertically, lie exactly in the middle between positive and negative charges,
where the potential is clearly zero. Conducting ground planes could be placed there without disturbing
the field configuration.

The x component of the field at wall (sl(L/2) = 1) has strength∣∣∣E(1/2, 0)
∣∣∣ =

2λL
sl(L/2)

= 2λL (16)

and the potential there (cl(L/2) = 0) is

U(1/2, 0) = λRe
[
log

[
1 + cl[L/2]
1− cl[L/2]

]]
= 0 (17)
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On the other hand the radial strength of the field of a charged wire in a cylindrical tube is given as:∣∣∣E(r)∣∣∣ =
2λ
r

(18)

and the radially symmetric potential as a function of distance is U(r) = 2λ log[1/r] +C. The boundary
condition for this comparison is set to U(1/2) = 0. From this, it follows that C = −2λ log[2];
so finally:

U(r) = 2λ log
[ 1
2r

]
(19)

The dependence on distance of field and potential of a square and a cylindrical chamber
(e.g., a Geiger counter) are contrasted in Figure 3. The electric-field comparison along the horizontal
path is shown in Figure 3 left. For small x away from the wall both strengths coincide well. The fields
hit the wall at right angles with different strengths determined by Equations (16) and (18). There are
no tangential components. The square boundary chamber has a stronger field at the wall. In Figure 3
right, we see the potentials from Equation (10c) evaluated at y = 0, and Equation (19) connected to the
fields in the left panel. They look very similar near the wire and are zero at the boundary x = 1/2.
The surprisingly small deviation in between is due to the difference in curvature of the potentials of
the two geometries imposed by the Laplace equation.
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For potential applications to chambers of rectangular cross-section (like Iarocci tubes, see e.g., [17]),
it is desirable to generalize our formulae to cover scenarios of different horizontal and vertical spacing
between line charges. We have thus far not been able to find a closed-form solution in the framework of
lemniscate functions for the generalization of Case C to arbitrary and different, horizontal and vertical
line-charge spacing. Via the superposition principle, we can at least present solutions for certain simple
cases of asymmetric arrangements.

Consider, for instance, the asymmetric version of Case C with horizontal spacing a and vertical
spacing 3a. This arrangement may be viewed as a superposition of three horizontally shifted symmetric
Case C arrangements of 3a spacing. The x component of the electric field is then

2λ
∞∑

m,n = −∞

(−1)m+n x−ma

(x−ma)2 + (y− 3na)2 =
2λL
3a

Re
(

1
sl[Lz1/3]

−
1

sl[Lz2/3]
+

1
sl[Lz3/3]

)
(20)

where z1 = x/a + iy/a; z2 = x/a − 1 + iy/a; z3 = x/a − 2 + iy/a. A minus sign in front of the
second term on the right-hand side of Equation (20) appears because this particular symmetrical array
carries opposite polarity compared to the other two. In asymmetric Case C, with vertical spacing being
half of that of horizontal spacing, a strategy to arrive to a closed-form solution is to superpose two
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symmetric arrays of the Case D type, vertically shifted and of opposite polarity. The x component of
the electric field is then given by

2λ
∞∑

m,n = −∞

(−1)m+n x−ma

(x−ma)2 + (y− na/2)2 =
λL
a

Re(S) (21a)

where
S = sl

[Lz1

2

]
cl
[Lz1

2

]
+

1

sl
[Lz1

2

]
cl
[Lz1

2

] − sl[Lz2/2]cl[Lz2/2] −
1

sl[Lz2/2]cl[Lz2/2]
(21b)

with z1 = x/a+ iy/a; z2 = x/a+ i(y/a− 1/2). The y component of the electric field can be obtained
in both cases as the negative imaginary part. Establishing closed-form solutions for simple asymmetric
versions of Case D can be done in a similar fashion, making use of superposition and solutions to
symmetric versions. Inspection of Case D (see lower-right panel of Figure 2) shows that there are
straight equipotential lines enclosing stripes of many charges of the same polarity, a feature encountered
in certain types of chambers (cf., [18]). Their electric potential may be calculated in a similar fashion to
that described above.

5. Summary and Concluding Remarks

We established closed-form expressions of electric potentials and electric fields associated with
scenarios of line charges crossing a plane in various configurations. The presented cases and solutions
can be combined via the superposition principle to solve for electric fields and electric potentials in other
line-charge arrangements. We discussed potential physical applications of the results, and highlighted
an interesting type of duality between trigonometric and lemniscate functions setting side by side,
for example, Equation (9b,c), Equation (10b,c), and also the left- and right-hand parts of Equation (11).
All identities presented in Section 3 are exact expressions depending on one or two variables, so that
the sum and chain rules for derivatives could be applied to generate a range of corollary identities.
We have listed many of these online [11].
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