
Applied Energy 282 (2021) 116180

A
0

Contents lists available at ScienceDirect

Applied Energy

journal homepage: www.elsevier.com/locate/apenergy

Very short term load forecasting of residential electricity consumption using
the Markov-chain mixture distribution (MCM) model
Joakim Munkhammar ∗, Dennis van der Meer, Joakim Widén
Department of Engineering Sciences, Uppsala University, SE-751 21 Uppsala, Sweden

A R T I C L E I N F O

Keywords:
Electricity consumption
MCM model
Probabilistic forecasting

A B S T R A C T

This study utilizes the Markov-chain mixture distribution model (MCM) for very short term load forecasting
of residential electricity consumption. The model is used to forecast one step ahead half hour resolution
residential electricity consumption data from Australia. The results are compared with Quantile Regression
(QR) and Persistence Ensemble (PeEn) as advanced and simple benchmark models. The results were compared
in terms of reliability, reliability mean absolute error (rMAE), prediction interval normalized average width
(PINAW) and normalized continuous ranked probability score (nCRPS). For 10 steps conditioning for QR and
PeEn, the MCM results were on par with QR, and superior to PeEn. As a sensitivity analysis, simulations were
performed where the number of data points for conditioning QR and PeEn was varied and compared to the
MCM output, which is based on only one data point for conditioning. It was shown that in terms of nCRPS and
rMAE the QR results converged towards the MCM results for lower number of conditioning points included
in QR. The nCRPS of PeEn never reached the superior MCM and QR results, but in rMAE, for number of
conditioning points above 24, PeEn was the most reliable. Based on the sparse complexity design of MCM,
high computational speed and competitive performance, it is suggested as a candidate for benchmark model
in probabilistic forecasting of electricity consumption.
1. Introduction

Electricity consumption forecasts have been a fundamental business
problem for over a century [1]. This business includes a wide span
of energy system topics such as operations, energy trading and power
systems planning [1]. Short-term electricity consumption forecasting,
as a special case, is of importance for demand-side management [1,2],
also for the policy making to reduce building energy use [3]. The
majority of electricity consumption research has focused on point fore-
casting, with an increase of probabilistic load forecasting in the last few
decades [1,4].

In general, probabilistic load forecasts aim to provide probabilistic
prediction of the future state [4], which may be more valuable to stake-
holders than single point predictions [1,5]. In general, a probabilistic
forecast contains information regarding the uncertainty of the random
variable instead of only the expected value. This gives decision-makers
to run, e.g., worst-case optimizations (with an extreme quantile) or
stochastic optimizations (with samples from the distribution), which
can increase the revenue. Probabilistic models can produce median or
mean values of the predictive distribution, which can be interpreted
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as point forecasts [4]. A large difference between point forecasts and
probabilistic forecasts is also the use of metrics for quantifying the
forecast, where for example root mean square estimation (RMSE) is
popular for point forecasts, and Continuous Ranked Probability Score
(CRPS) may be used in probabilistic forecasts [4]. However, it has been
argued that probabilistic load forecasting, to a higher degree than point
load forecasts, lacks well-established evaluation metrics [1].

Probabilistic forecasting of electricity consumption was extensively
reviewed in [1,4], and a conclusion was that there is a wide variety
of forecasting resolutions and model choices in the literature. There is
a large amount of different models that have been used in the litera-
ture, such as stochastic time-series combined with Bayesian Inference
(BI) [6], hybrid Kalman-Filters [7], Artificial Neural Networks [8,9],
Quantile regression (QR) [10,11], Gaussian and lognormal processes [5,
12] and Random Forests [13].

In terms of probabilistic very short term load forecasting, i.e. fore-
casting within a day, an early example is [7], where hybrid Kalman
Filters were used to forecast load with a temporal resolution of 5 min.
In [10] half-hour resolution forecasting of electricity consumption
was performed with quantile regression (QR) combined with gradient
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boosting. In [12] Gaussian processes, along with an ARIMA benchmark-
model, were used for forecasting half-hour resolution residential load.
In [5] half-hour resolution of residential load was forecasted using
a lognormal process, and compared it with a Gaussian process as
benchmark. In [13], hour resolution forecasts of electricity use were
performed using Random Forests, compared with regression trees and
support vector regression as benchmarks. Generally, based on the litera-
ture, a conclusion is that there is a lack of both standards for benchmark
models and performance metrics in probabilistic load forecasting [4].
This is an effect of the relative immaturity of the field of PLF compared
to deterministic load forecasting and is a matter still to be settled [1,4].

1.1. Research gaps and scientific contributions

Markov-chain models have been developed and used for monthly
load forecasting [14], but there appears to be no example of short term
probabilistic load forecasting using Markov chains. In other energy
fields, such as wind power we have for example [15], where a first
and second order Markov-chain model was used. We also have Markov-
chain forecasting of solar irradiance [16,17], where the particular
Markov-chain mixture distribution model (MCM) was shown to have
high predictive accuracy, in particular for short horizons.

There are no preferred benchmark methods for probabilistic load
forecasting [4]. There is also a wide variety of different settings for
performance metrics for probabilistic forecasts, where proper proba-
bilistic forecasting metrics are not always used [4]. The MCM model
has not been investigated as forecasting method for very short term
load forecasting previously.

This study utilizes the MCM model for probabilistic forecasting
of residential electricity consumption of individual houses. The focus
of this study is probabilistic forecasting in terms of model develop-
ment, simulations and performance metrics. The focus is on very short
term load forecasting, for which the MCM model was shown to be
particularly useful in forecasting solar irradiance [16,17]. Results are
compared with simulations from a Quantile Regression (QR) model, as
an advanced form of benchmark, and a Persistence Ensemble (PeEn)
model, as a simple form of benchmark. The standard probabilistic fore-
casting metrics of reliability diagrams, PINAW and normalized CRPS
(nCRPS), are used. The paper aims to present a potential benchmark for
probabilistic load forecasting, and proper use of performance metrics.

This paper is organized as follows. In Section 2 the models, data sets
and performance metrics are presented, and in Section 3 the results are
presented. Finally in Section 4 conclusions are drawn and the prospects
for MCM in electricity consumption forecasting are presented.

2. Methodology

2.1. Markov-chain mixture (MCM) distribution model

The MCM model used in this study is based on the 𝑁-state Markov-
chain mixture distribution model, which was developed in [18] for
generating synthetic stationary time-series. The main concept is that
a given time-series can be approximately represented by a Markov-
chain mixture distribution based on weighted disjoint distributions,
a conceptually straight-forward and computationally efficient form of
a Hidden Markov Model, see [19, p. 312] for general information on
Hidden Markov Models, and see [16,17] for the particular aspects of
the MCM model.

The MCM model is based on a single observation data point for
conditioning the model. In this study that data point is the electricity
consumption in one time-step, and the model produces a probabilistic
forecast for the electricity use in the next time-step.

The model is based on (1) binning a training data set and (2) setting
up a transition matrix based on calculated transition probabilities
between the bins. Once trained, one input test data value is used to
2

r

estimate the non-parametric probability distribution for the next time-
step. This is then repeated for the entire test data set. See Fig. 1 for a
conceptual illustration of the MCM model forecasting procedure.

In formal terms, the MCM model is defined by the following proce-
dure [16]:

1. Define training and test residential electricity use time-series
bounded within limits [𝑎, 𝑏].

2. Choose a number of bins 𝑁 for the model.
3. Bin the training time-series into 𝑁 bins evenly divided on the

range [𝑎, 𝑏].
4. Estimate an 𝑁 × 𝑁 transition matrix 𝑀 from the transitions

occurring between bins in the training data time-series.
5. Take an observation 𝑥(𝑡) for some time-step 𝑡 of the test data and

determine which bin 𝑖 ∈ [1,… , 𝑁] it belongs to.
6. The 𝑖:th row of the transition matrix 𝑀 then corresponds to a

piece-wise uniform distribution forecast for 𝑥(𝑡 + 1).
7. For forecasting the electricity consumption in the next time-step,

alter the time-step 𝑡 → 𝑡 + 1, then use the new observation
𝑥(𝑡+1) and repeat from step 5. This makes the forecasting method
recursive.

The estimation of the probabilities in the transition matrix 𝑀 , in
tep 4, can implementation-wise be performed by counting the number
f transitions from one state to another in the training data. That is,
he transition matrix of probabilities 𝑀𝑖𝑗 of state transitions 𝑖 → 𝑗 for
𝑖, 𝑗 ∈ [1, 𝑁] can be estimated from the training data according to:

𝑀𝑖𝑗 =
𝑛𝑖𝑗

∑𝑁
𝑘=1 𝑛𝑖𝑘

, (1)

where 𝑛𝑖𝑗 are the number of transitions from state 𝑖 to state 𝑗 from
ne time-step to the next (including transitions from the state to itself)
hroughout the entire training time-series. The formula in (1) estimates
he number of transitions from state 𝑖 to state 𝑗 and, to keep the
otal probability of transitions to unity, normalizes it with the sum of
ransitions from state 𝑖. Note that the transition matrix dependents on
esolution, and in this study half hour resolution is used. Note that the
odel needs to be re-trained if the resolution is changed.

In conclusion, the predictive probability distribution for 𝑥(𝑡) in step
is equal to the piece-wise uniform distribution corresponding to

he 𝑖:th row of the transition matrix. In formal terms, the probability
ensity function 𝑓 as prediction for 𝑥(𝑡 + 1) can be expressed as:

(𝑥) =
𝑁
∑

𝑖=1
𝑀𝑖𝑛𝑓𝑖(𝑥) (2)

here 𝑛 is the bin of the observation data point, and each 𝑓𝑖(𝑥) =
(𝑥𝑖, 𝑥𝑖+1) is a uniform probability density distribution defined for

𝑖 =
𝑖−1
𝑁 (𝑏 − 𝑎) + 𝑎.

In this study 𝑁 = 100 bins were used, which is an arbitrary number
> 20, as the model performance has been shown to saturate for high
[16]. Generally, for lower number of bins, non-uniform distributions

uch as Gaussian, log-normal or polynomial, could be useful to improve
he forecast accuracy.

It should also be emphasized, in particular for high number of states
bins) 𝑁 , that there may be states which have zero probability of
ransition from (even to stay in the state). This could occur if there
ere no transitions into (and out of) this particular bin in the training
ata set.

If a value in the test data set resides within such a bin, the model,
ccording to the algorithm, is unable to estimate a probability density
istribution for the next time-step. This never occurred during the
imulations in this study, but if this indeed would occur, the authors
ecommend using a uniform distribution over the entire range [𝑎, 𝑏] as
rediction for the transition to the next states.

An additional potential problem is that observation data points may
eside outside the range of the training data, and thus outside the model
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Fig. 1. Schematic illustration of the trained MCM model with a time-series of observations (left), followed by identification of bin for the latest observation (middle) and finally
the non-parametric piece-wise uniform predictive distribution for next step (right).
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range. This was not encountered in the simulations in this study either,
but if it occurs, a reasonable solution to this would be to assume that
the observed data point belongs to the bin which is closest to that point
of observation. Typically, this would be a bin at the boundary of the
range.

Although the MCM model is a probabilistic forecasting model, it
should be emphasized that it can be used for point forecasting as
well, and then the point forecast would be defined as either the ex-
pected value or the median of the predictive distribution. See [16] for
examples of this.

The MCM model is available in Python and R via SheperoMah/MCM-
istribution-forecasting at GitHub [20].

.2. Benchmark models

.2.1. Persistence ensemble
As a simple benchmark model, the persistence ensemble (PeEn) is uti-

ized in this study. It is a common probabilistic forecasting benchmark
odel in which the predicted distribution for, in this case, 𝑥(𝑡 + 1)

or one step ahead electricity use forecast is defined as the empirical
istribution of ℎ previous electricity consumption data points 𝑥(𝑡), 𝑥(𝑡−
),… , 𝑥(𝑡 − (ℎ − 1)) [4,16,21]. Here ℎ was chosen to be 10, which is
n arbitrary choice. However, to mend this ambiguity, a sensitivity
nalysis was performed, and in that case ℎ was varied, see Section 2.5.
n intuitive interpretation of the persistence ensemble is that it gener-
lizes the persistence forecast benchmark of deterministic forecasting
o a probabilistic forecasting setting [4,21].

.2.2. Quantile regression
As an alternative to the persistence ensemble, we use quantile regres-

ion (QR), as an advanced form of benchmark, to produce probabilistic
orecasts of the electricity consumption in this study. We utilize the
uantreg package in R [22,23] to implement the electricity use adapted
R model. A brief introduction to the general QR model follows,

ncluding the particular application to forecasting electricity use.
QR – in similarly with linear regression – proposes a linear re-

ationship between the explanatory variables x and output 𝑦 [24]:

= 𝑥𝛽𝛽𝛽 + 𝜖, (3)

here 𝛽𝛽𝛽 is a vector of parameters and 𝜖 is the random error. In order
o learn the parameters �̂�𝛽𝛽, the following minimization problem has to
e solved:

�̂� = arg𝛽
𝑇
∑

𝑡=1
𝜌𝜏 (𝑦(𝑡) − 𝑥(𝑡)𝛽) , (4)

here 𝜏 represents the quantile probability (0 < 𝜏 < 1) and 𝜌𝜏 is
he pinball loss function, a typical loss function that is used in QR
orecasting, defined as [24]

𝜏 (𝑢) =

{

𝜏𝑢 if 𝑢 ≥ 0
(5)
3

(𝜏 − 1)𝑢 if 𝑢 < 0. o
n accordance with (4) each quantile is estimated independently. In
hat, there is a risk that the model could violate the monotonicity
roperty [10]:

𝑞𝜏1 ≤ 𝑞𝜏2 ∀ 𝜏1, 𝜏2 subject to 𝜏1 ≤ 𝜏2, (6)

here 𝑞𝜏 is the quantile forecast with nominal probability 𝜏. A solution
o this, which is used in this paper, is to sort quantiles in ascending
rder if this happens.

In this study, 𝑦 = 𝑦(𝜏) is the forecasted quantile value of quantile
∈ [1,… , 𝑄] of the electricity consumption 𝑥(𝑡 + 1) for the forecasted

ime-step 𝑡 + 1. This is calculated from previous time-step values for
(𝑡) and the previously trained �̂�𝛽𝛽𝜏 parameter. For this study, the num-
er of quantiles 𝑄 was, as is common, set to 19, evenly spaced on
0.05,… , 0.95].

.3. Performance metrics

In order to assess the performance of the forecasts, a series of prob-
bilistic forecasting performance metrics were used: Reliability Mean
bsolute Error (rMAE), Prediction Interval Normalized Width (PINAW),
nd normalized Continuous Ranked Probability Score (nCRPS). In addi-
ion to this, reliability diagrams are also presented in order to visualize
eliability.

As a means of comparing models in terms of reliability, a mean
bsolute deviation from the diagonal and mean quantile value 𝑞(𝜏) is
stimated, denoted reliability MAE (rMAE) and is expressed as:

MAE = 1
𝑄

𝑄
∑

𝜏=1

|

|

|

𝑞(𝜏) − 𝜏
𝑄
|

|

|

, (7)

where 𝑄 is the number of quantiles. The score was also used in [16].
In the literature, this score has also been referred to as the discrepancy
or reliability index [25].

The prediction interval sharpness is measured by the PINAW score,
which is defined as [4]:

PINAW(𝜂) = 1
𝑇𝑅

𝑇
∑

𝑡=1

(

𝑞𝑡,𝜏=1− 1−𝜂
2

− 𝑞𝑡,𝜏= 1−𝜂
2

)

(8)

where 𝑇 is the number of data points of the time-series, 𝜂 is the
nominal coverage ratio, 𝑞𝑡,𝜏 is the quantile 𝜏 for observation 𝑡, and
𝑅 is a normalization constant, commonly defined as the difference
between the maximum and the minimum of the test data set. Here
the normalization constant is defined as 𝑅 = |𝑏 − 𝑎|, where [𝑎, 𝑏] is the
ange of the testing data set.

The sharpness and reliability is quantified by the nCRPS score,
hich for observation 𝑡 is defined as:

CRPSt =
1
𝑅 ∫

∞

−∞
(𝐹𝑡(𝑥) − 1𝑦𝑡≤𝑥)

2dx (9)

here 𝐹𝑡 is the cumulative distribution function of the predictive
istribution, 𝑦𝑡 is the observation and 𝑅 is the range of the testing
ata set. The nCRPS is in this study averaged over each years worth

f forecasts.
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Fig. 2. Example electricity use data, median and 80 percent prediction interval forecasts from forecasting 48 h (starting first half hour after midnight) of house 69 year 1, with
day 2 and 3 chosen in that data set, for (A) MCM and PeEn and (B) QR and PeEn.
Table 1
Mean value (kW)/standard deviation (kW) for each of the electricity use data sets used
in this study.

Year House 69 House 74 House 157 House 211 House 274

1 0.52/0.30 0.26/0.40 0.43/0.44 0.31/0.22 0.28/0.47
2 0.45/0.27 0.29/0.43 0.48/0.46 0.27/0.16 0.24/0.41
3 0.38/0.23 0.33/0.49 0.54/0.43 0.24/0.20 0.28/0.47

2.4. Data sets

The data used in this study comprises residential electricity con-
sumption from the Sydney metropolitan area, Australia [26]. This
data set is publicly available and contains 300 de-identified residential
customers, of whom their consumption has been measured on half
hourly basis from 1 July 2010 until 30 June 2013. After a careful data
cleaning process, properly described in [27], data from 54 customers
for three years remain, of which we have randomly selected customer
numbers 69, 74, 157, 211 and 274 for forecasting in this study. For
each customer there were in total three year’s worth of data, each year
having 17’536 data points. Statistical features of the electricity use data
sets in terms of mean value and standard deviation is presented in
Table 1. More information regarding the data set and the data cleaning
process can be found in Ratnam et al. [27].

2.5. Simulation setup

The simulations were divided into scenarios, where in each scenario
electricity consumption for one year for one customer was forecasted
one step ahead, one half hour. This was based on electricity consump-
tion training data from the two remaining years of the same customer.
That way the models were used to produce forecasts for each house (69,
74, 157, 211 and 273) for each year (1, 2, 3), which in total generated
15 simulated scenarios. The training data sets contained 35’072 data
points each, and the test data sets contained 17’536 data points each.
For the scenarios, in order for 10 step conditioning to work for QR and
PeEn, the first data point which was forecasted in each test data set was
data point 11 out of 17’536.

MCM only uses one data point for producing each forecast, while
QR and PeEn can use any lag of data points as conditioning for each
forecast. In order to quantify the effect of this, a sensitivity analysis in
terms of nCRPS and rMAE from each model was employed for number
of lag data points (number of time-steps electricity use) included in the
forecasting. In those cases, the first data points that were forecasted
were lag ℎ plus one. Note that neither MCM nor QR models are
re-trained with the test data.
4

3. Results

Example electricity use data, model median and prediction interval
forecasts from MCM, QR and PeEn is shown in Fig. 2. This gives an
example of how the models react to ramps of electricity use as well
as periods of low load. It is possible to note a similarity between
MCM and QR, but with qualitative differences, where one particular
example is the difference in prediction interval from the different
models associated with the large peak at hour 13. Here both MCM and
QR have a short high peak in prediction interval width, while PeEn has
a lower but wider peak, the latter of which is because the high peak is
included in the PeEn several steps after it has occurred.

Reliability diagrams associated with MCM, QR and PeEn simulations
for the scenario-defined sets of customers and years are presented in
Fig. 3. Generally, all models approximately align with the diagonal,
with some variability that is specific to each data set, except for PeEn,
which generally underestimates the variance of the data. In particular
note MCM and QR variability for house 157 year 3 (C3) and house 211
year 3 (D3).

As a formal measure of the reliability, the rMAE was computed for
the scenarios in Fig. 3 and the results are presented in Fig. 4. The
results vary considerably from house to house and year to year with the
general conclusion that PeEn has highest rMAE in all scenarios, which
implies that MCM and QR are more reliable. Among the scenarios
MCM had lowest rMAE for 6 scenarios, and QR had lowest rMAE for 9
scenarios.

In Fig. 5 PINAW plots for MCM, QR and PeEn simulations are
presented. Do note that since PeEn forecasts are comprised of only 10
data points, it has fewer quantiles represented in the plot. In general
there is similar sharpness for all models, with some variability between
customers and years. Overall, MCM and QR are remarkably similar,
with generally a slight favor for QR in terms of sharpness.

In Fig. 6 nCRPS results for MCM, QR and PeEn are presented. MCM
and QR have superior mean nCRPS compared with PeEn for all tested
cases, and in detail QR had lowest mean nCRPS in 11 scenarios, while
MCM had lowest mean nCRPS in 4 scenarios. In terms of mean value
the similarity is high with mean nCRPS of 2.50 for MCM and 2.45 for
QR, respectively, a mere 2 percent lower nCRPS for QR. These results
all regard the 10 steps lag QR, which is a special case chosen for this
study mainly to investigate where MCM and QR perform similar.

In order to compare results with different included number of data
points (lag), a sensitivity analysis was performed, and results in terms of
nCRPS and rMAE are presented in Fig. 7. Since MCM is only dependent
on one time-step lag, it is constant in these simulations. In terms of
nCRPS, MCM and QR converge for lower lag, while PeEn has a more
variable pattern, and is inferior, for all lags, to MCM and QR. As regards
rMAE, MCM and QR converge for lower lags in a similar fashion as
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Fig. 3. Reliability diagrams for MCM, QR and PeEn for houses 69, 74, 157, 211 and 273, respectively in plot rows top to bottom, and for years 1, 2 and 3, respectively, in
columns left to right (1–3). The dotted diagonal line is optimal reliability.
Fig. 4. rMAE plots for MCM, QR and PeEn for houses 69, 74, 157, 211 and 273, respectively in plot rows top to bottom (A)–(E), and for years 1, 2 and 3, respectively, in
olumns left to right. The dotted central line is optimal reliability.
ith nCRPS, but in this case PeEn descends and approaches zero as
he number of lags increase. This is because the distribution of PeEn
onverges to the distribution of the testing data set as the lag increases.
or lower than approximately 24 lags, MCM and QR are superior in
MAE.

In order to analyze the sensitivity of the choice of 𝑁 for the MCM
odel, estimates of nCRPS for 𝑁 = 20 to 𝑁 = 200 was performed,

nd the results are presented in Fig. 7. The results show a minimum at
5

𝑁 = 60, and a maximum at 𝑁 = 20, but a variance of 1.3⋅10−6 indicates
a comparative insensitivity to the choice of 𝑁 .

4. Conclusion

The MCM model was used in very short term load forecasting of
electricity consumption and was compared with Quantile Regression,
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Fig. 5. PINAW plots for MCM, QR and PeEn for houses 69, 74, 157, 211 and 273, respectively in plot rows top to bottom, and for years 1, 2 and 3, respectively, in columns left
o right (1–3).
Fig. 6. nCRPS plots for MCM, QR and PeEn for houses 69, 74, 157, 211 and 273, respectively in plot rows top to bottom (A)–(E), and for years 1, 2 and 3, respectively, in
olumns left to right.
s an advanced model comparison, and also compared with the Persis-
ence Ensemble as standard benchmark reference. Quantile Regression
nd the Persistence Ensemble used 10 steps conditioning, and for that
etting the performance between MCM and Quantile Regression is
imilar in terms of reliability, prediction interval normalized average
idth and normalized continuous ranked probability score, while both
CM and Quantile Regression are generally superior when compared
ith the Persistence Ensemble. A sensitivity analysis of increasing
6

the included lag of Quantile Regression and the Persistence Ensemble
simulations was performed, which showed a monotonic improvement
for Quantile Regression in normalized continuous ranked probability
score, while the Persistence Ensemble had less of a discernible trend.
In terms of reliability mean absolute error both Quantile Regression
and the Persistence Ensemble improved with number of points lag in-
cluded, with the Persistence Ensemble having highest reliability above

approximately 24 time-steps lag.
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Fig. 7. Mean nCRPS (over all houses and years) in subplot (A) and rMAE in subplot
(B) for a set of included time-steps back (lag) in the forecast. In subplot (C) the mean
nCRPS for house 69 year 1 was computed for a series of 𝑁 for the MCM model.

The MCM model is conceptually sparse, insensitive to parameter
settings, computationally inexpensive and performs on par with QR for
the 10 time-step lag scenario of one-step ahead residential electricity
use forecasting. Based on this it is suggested as a benchmark for
probabilistic forecasting of electricity consumption. As such, it could
be compared with future methods in terms of both output accuracy in
the suggested performance metrics and also in terms of computational
complexity.

The use of the MCM model for forecasting other types of electricity
use time-series would be interesting, as well as for utilizing different
forecasting horizons. Also, the use of MCM on step-changes of elec-
tricity use could be fruitful to investigate, since such time-series are
stationary, which is particularly fitting for the MCM model.
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