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Hierarchy of magnon mode entanglement in antiferromagnets
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Continuous variable entanglement between magnon modes in Heisenberg antiferromagnets with
Dzyaloshinskii-Moriya (DM) interaction is examined. Different bosonic modes are identified, which allows
us to establish a hierarchy of magnon entanglement. We argue that entanglement between magnon modes is
determined by a simple lattice-specific parameter, together with the ratio of the strengths of the DM and Heisen-
berg exchange interactions, and that magnon entanglement can be detected by means of quantum homodyne
techniques. As an illustration of the relevance of our findings for possible entanglement experiments in the solid
state, a typical antiferromagnet with the perovskite crystal structure is considered, and it is shown that long wave
length magnon modes have a maximal degree of entanglement.
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I. INTRODUCTION

Quantum entanglement allows particles to act as a single
nonseparable entity, no matter how far apart they are. This is
the feature that was initially used in the Einstein-Podolsky–
Rosen (EPR) argument against completeness of quantum
mechanics [1]. The original form of the EPR argument is
closely related to continuous variable (CV) entanglement
[2–4], which describes entanglement between bosonic modes.
Such systems are characterized by an infinite number of
allowed states, which makes them different from the finite-
dimensional Hilbert spaces associated with discrete variable
(e.g., qubit) systems. Nevertheless, just like discrete vari-
able entanglement, CV entanglement provides an essential
resource for quantum technologies, allowing for universal
quantum information processing [5], quantum teleportation
[5–7], quantum memories [5,8], and quantum enhanced mea-
surement resolution [9].

It is natural to expect that quantum systems, in which
information is carried in a wavelike form, in general, can
show entanglement. However, the question is how clear the
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entanglement can be demonstrated and what quantum systems
might be appropriate for potential applications. In the solid
state, there are several collective modes that could be suitable
hosts of entanglement and provide new and unconventional
resources for photon entanglement. Magnons, which are the
focus of this investigation, are collective wavelike excitations
of a magnet with a well-established quantum nature [10].
They can be found in an energy range of up to ∼500 meV,
and with wavelengths spanning a range of hundreds of lattice
constants to just a few. Low-energy magnon excitations can
be observed in different classes of magnetic materials, such
as ferromagnets, antiferromagnets, and ferrimagnets, and each
class has a vast space of materials to choose from. One of the
broadest classes of antiferromagnets can be found in oxide
compounds, in particular, transition metal oxides [11], where
for long wavelengths, the dispersion relation is essentially
linear. In this paper, we focus on magnon CV entanglement in
antiferromagnets, in which both the Heisenberg exchange and
the Dzyaloshinskii-Moriya (DM) interactions may be relevant
[10].

For our discussion, we note first that magnons are usually
described in terms of an energy dispersion. Most experimental
efforts have focused on detecting the relationship between
the energy and crystal momentum. As outlined in the present
paper, more information, such as magnon mode entangle-
ment, can be extracted from the eigenvectors that describe the
magnon states. Just like for photons [12], magnon states can
be represented in terms of different physically natural collec-
tive modes and, for some of these, nontrivial entanglement is
possible.
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II. MAGNON MODE ENTANGLEMENTS

A. Heisenberg interaction

To begin, we consider the quantum antiferromagnetic
Heisenberg Hamiltonian on a bipartite lattice,

H0 = J
∑
〈i j〉

Si · S j, J > 0, (1)

where Si is the spin-S operator on site i and J is the strength of
the exchange interaction. Using the Holstein-Primakoff trans-
formation at low temperatures (kBT � J) followed by the
Fourier transformation, one can express the spin Hamiltonian
(trivial terms and zero-point energies are neglected from now
on) in terms of bosonic operators as

H0 = zJS
∑

k

[a†
kak + b†

kbk + γkakbk + γ−ka†
kb†

k], (2)

with the lattice specific parameter γk = 1
z

∑
δ eik·δ, z being

the coordination number of the lattice, and the sum over δ is
carried out over nearest neighbors. Here, a†

k (ak) and b†
k (bk)

are bosonic creation (annihilation) operators representing two
magnon modes with wave vector k that are associated with
the two sublattices (see Appendix A).

By employing the Bogoliubov transformation,(
ak

b†
k

)
=

(
uk vk
v∗

k u∗
k

)(
αk

β
†
k

)
, (3)

with uk and vk given by

|uk|2 = 1

2
√

1 − |γk|2
+ 1

2
, |vk|2 = 1

2
√

1 − |γk|2
− 1

2
,

vk

u∗
k

= −1 −
√

1 − |γk|2
γk

, (4)

where |γk| < 1, we obtain the Hamiltonian in diagonal form,

H0 =
∑

k

εk(α†
kαk + β

†
kβk ), (5)

in terms of the new bosonic operators (α, β ). For the an-
tiferromagnetic magnon dispersion relation, we find εk =
zSJ

√
(1 − |γk|2) (see Appendix A for derivation).

The ground state of H0 in the (α, β ) modes reads |ψ0〉 =∏
k |0; αk〉|0; βk〉, which is a separable vacuum state with

vanishing entropy of entanglement [13], i.e., E (α,β )
0 = 0. By

making the inverse Bogoliubov transformation, we may ex-
press the ground state as

|ψ0〉 =
∏

k

|rk, φk〉, (6)

with the two-mode generalized coherent state

|rk, φk〉 = 1

cosh rk

∞∑
n=0

einφk tanhn rk|n; ak〉|n; bk〉 (7)

in the occupation number basis |n; ak〉 and |n; bk〉 of the (a, b)
modes (see Appendix B). The parameter rk and the phase
φk are given by eiφk tanh rk = vk

u∗
k
, rk ≡ rk(|γk|) � 0 and φk ≡

φk(γk ) = π − arg[γk]. The entropy of entanglement in (a, b)
modes, which is the von Neumann entropy of the reduced

FIG. 1. The entropy of entanglement E (a,b)
0 as a function of |γk|

for the two-mode generalized coherent state, |rk, φk〉 (black curve),
and for the excited states containing one magnon (brown curve), and
two magnons both in one of the α or β modes (blue curve) as well
as two magnons each in one mode (orange curve). The inset depicts
magnon dispersion of SrMnO3 for a selected path of k along high-
symmetry directions of the BZ. The width of the curve depicts the
entropy of entanglement.

density matrix of one of the two subsystems here specified
by the operators ak or bk, can be expressed as [3,13]

E (a,b)
0 = cosh2 rk log2[cosh2 rk] − sinh2 rk log2[sinh2 rk].

(8)

This expression indicates that the magnon CV entanglement
in the (a, b) modes is, in the low-temperature regime, solely
determined by the lattice geometry encoded in γk. Figure 1
shows how the entropy of entanglement for the two-mode
generalized coherent state varies with |γk|, and in the inset we
show how the energy and the entanglement depend on k. Note
that the information in the inset of Fig. 1 cannot be measured
simultaneously, since the magnon dispersion is represented in
(α, β ) modes while the entanglement is represented by (a, b)
modes.

The analysis presented here is appropriate for many classes
of compounds. A concrete example that is known to exhibit
only nearest-neighbor Heisenberg exchange is SrMnO3 with
J = 17.1 meV [14]. The magnon dispersion of this magnetic
insulator is known, both from experiments and theory, and
is shown in Fig. 1 (inset), where the width of the line illus-
trates the entropy of entanglement as a function of k. As is
clear from the figure, when |γk| approaches 1, the two-mode
magnon entanglement becomes stronger and the entropy of
entanglement formally diverges. The fact that the entangle-
ment is largest close to the zone center is important since
magnons typically are more distinct and long-lived in this
regime, in comparison to the shorter wavelength magnons that
have higher damping [10].

Although the main focus of our paper is on the vacuum
(ground) state, we also consider magnon CV entangle-
ment for excited states containing one magnon α

†
k|rk, φk〉

and β
†
k|rk, φk〉, as well as two magnons (α†

k )2|rk, φk〉,
(β†

k )2|rk, φk〉, and α
†
kβ

†
k|rk, φk〉. For these states, we find that
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the entropy of entanglement behaves in a similar way as for
the ground state, see Fig. 1, with the main difference that the
entanglement entropy is higher for excited states.

B. Dzyaloshinskii-Moriya interaction

To further explore the material-specific features of magnon
entanglement, we consider a more general spin Hamiltonian
that also has DM interaction,

H = H0 + HDM, (9)

with HDM = ∑
〈i j〉 Di j · (Si × S j ) being the DM term with

Di j = −D ji pointing along the same fixed direction D for all
nearest-neighbor spin pairs. By assuming D = |D|, H takes
the form

H =
∑

k

εk(α†
kαk + β

†
kβk ) + izDS

∑
k

(γkαkβk − γ−kα
†
kβ

†
k ),

(10)

which is not diagonal anymore in the (α, β ) modes. The
off-diagonal terms on the right-hand side imply that there
is mixing between α and β modes in the presence of DM
interaction. This may cause extra magnon CV entanglement
in the ground state of the system. To see this, we diagonalize
H by applying another Bogoliubov transformation,(

αk

β
†
k

)
=

(
ηk ζk
ζ ∗

k η∗
k

)(
α̃k

β̃
†
k

)
, (11)

where ζk and ηk are given by the same expressions as for
vk and uk in Eqs. (4) with γk replaced by �k = iDγk

J
√

1−|γk|2
provided |�k| < 1. In the (α̃k, β̃k) modes, the Hamiltonian H
takes the diagonal form

H =
∑

k

ε̃k(α̃†
kα̃k + β̃

†
kβ̃k ), (12)

with the dispersion relation ε̃k = zS
√

J2(1 − |γk|2) − D2|γk|2
(see Appendix C for derivation).

The ground state of the diagonal Hamiltonian is a product
state |ψ〉 = ∏

k |0; α̃k〉|0; β̃k〉, where |0; α̃k〉 and |0; β̃k〉 are
vacuum states of α̃k and β̃k, respectively. Thus, entanglement
is absent in the (α̃, β̃ ) modes. Using the inverse transfor-
mation back into the (α, β ) modes, we express the ground
state as

|ψ〉 =
∏

k

|r̃k, φ̃k〉, (13)

with the entangled two-mode generalized coherent state

|r̃k, φ̃k〉 = 1

cosh r̃k

∞∑
n=0

tanhn r̃keinφ̃k |n; αk〉|n; βk〉, (14)

where |n; αk〉 and |n; βk〉 are the nth excitation of αk and βk,
respectively. Here, r̃k and φ̃k are determined by �k in the same
way as rk and φk are determined by γk. In the case of D = 0,
the only relevant term is n = 0, i.e., |r̃k, φ̃k〉 = |0; αk〉|0; βk〉
and thus |ψ〉 = |ψ0〉. The entropy of entanglement, now spec-
ified by the (α, β ) modes, becomes

E (α,β ) = cosh2 r̃k log2[cosh2 r̃k] − sinh2 r̃k log2[sinh2 r̃k],

(15)

FIG. 2. The entropy of entanglement E (α,β ) of the two-mode
generalized coherent state |r̃k, φ̃k〉 as a function of |γk| and D

J in
the (α, β ) modes. In the main figure, we show plots for different
values of D

J (that are specified by the legends), while the inset is a
three-dimensional plot of the entropy of entanglement as a function
of D

J and |γk|.

which is a function of |γk| and the relative coupling strength
D
J . Figure 2 shows magnon CV entanglement E (α,β ) as a
function of |γk| for selected values of D

J .
In the (α, β ) modes, the two-mode magnon entanglement

Eq. (15) is nontrivial, while, as shown above, the symmetric
Heisenberg interaction H0 on its own does not generate any
magnon entanglement in these modes, i.e., E (α,β )

0 = 0. Thus,
the antisymmetric DM interaction is mainly responsible for
the entanglement contribution in Eq. (15), and we identify
E (α,β )

DM = E (α,β ) as the DM-induced entanglement.
To have a clearer picture of the hierarchy of the magnon

CV entanglement, we transform the ground state |ψ〉 back into
the original (a, b) modes,

|ψ〉 =
∏

k

|r̂k, φ̂k〉, (16)

with the two-mode generalized coherent state

|r̂k, φ̂k〉 = 1

cosh r̂k

∞∑
n=0

tanhn r̂keinφ̂k |n; ak〉|n; bk〉, (17)

where eiφ̂k tanh r̂k = vkη∗
k+ukζk

u∗
kη∗

k+v∗
kζk

, r̂k ≡ r̂k(γk,
D
J ) � 0, and φ̂k ≡

φ̂k(γk,
D
J ) = π − arg[γk(1 + i D

J )]. The total entropy of entan-
glement in the (a, b) modes for this state is

E (a,b) = cosh2 r̂k log2[cosh2 r̂k] − sinh2 r̂k log2[sinh2 r̂k].

(18)

Figure 3 shows the entanglement of Eq. (18) as function of
|γk|, for selected values of D

J . Note that increasing values of
the DM interaction leads to an enhancement of the entangle-
ment for all |γk|.

Since E (a,b)|D=0 = E (a,b)
0 , we may write

E (a,b) = E (a,b)
0 + E (a,b)

DM , (19)

where E (a,b)
DM vanishes in the absence of DM interaction, and

we refer to it as the DM-induced entanglement in the (a, b)
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FIG. 3. The entropy of entanglement of the two-mode general-
ized coherent state |r̂k, φ̂k〉 as a function of |γk| and the relative
coupling strength D

J in the (a, b) modes. In the main figure, we show
several sections of this function for different values of D

J (that are
specified by the legends), and the inset is a full three-dimensional
plot.

modes. Unlike the (α, β ) modes, in the (a, b) modes both the
Heisenberg and the DM interactions induce nonzero contribu-
tions to the magnon entanglement in the ground state.

III. DISCUSSION AND CONCLUSIONS

We conclude with some final remarks. In the analysis of
different bosonic modes, we notice different types of two-
mode magnon entanglement residing in the ground state. In
Fig. 4, we compare entropies of entanglement for antiferro-
magnets, which are effectively described by nearest-neighbor
Heisenberg exchange as well as DM interaction with typical
ratio D/J ≈ 30% [15–17]. It can be seen that from (a, b)
modes to (α, β ) modes, the Heisenberg contribution to en-
tanglement decreases while the DM-induced magnon CV
entanglement increases. This is due to the fact that different
bosonic modes represent different tensor product structures

FIG. 4. Hierarchy of magnon entanglement for an antiferromag-
net as a function of |γk|. Definition of the different entanglement
entropies is given in the main text and specified by the legends. An
effective DM interaction with the strength of 30% of the Heisenberg
exchange J is used. To verify the hierarchy for a specific crystal
structure, it is necessary to compute |γk| at different points in the
BZ. To this end, the inset shows |γk| as a function of k in a simple
cubic lattice as an example.

of the Hilbert space [18]. While the (a, b) modes describe
naturally identifiable magnon modes being associated with
each sublattice, the (α, β ) and (α̃, β̃ ) modes, which are rel-
evant for the spectrum of H0 and H0 + HDM, respectively, are
hybridized and their number states are described by superpo-
sitions of excitations in the (a, b) modes [19]. In this context,
it should be stressed that the bosonic modes that diagonalize
the spin Hamiltonian are not the same as those describing any
of the nontrivially entangled magnon modes discussed here.
This implies that magnon mode entanglement and magnon
energy dispersion cannot be detected in the same experimental
setup.

The condition for diagonalizing the Hamiltonians in terms
of bosonic operators is that |γk| < 1 in the pure Heisenberg
case and |γk|2 < J2

J2+D2 in the presence of DM interaction.
Since D is typically less than a few tenths of J for most ma-
terials [15–17], this condition is satisfied almost everywhere
in the BZ except only small parts, such as a region around
zone center. We would like to remark that the entire BZ may
be included in this analysis by considering a Hamiltonian
that possesses single ion uniaxial anisotropy, −K(n · S)2, e.g.,
with easy-axis n along the direction of the DM vector, as long

as |1 + 2K
zJ | >

√
1 + D2

J2 . Note that any change of symmetry
in the Hamiltonian introduces new magnon modes and hence
new levels of entanglement contribution in the hierarchy of
two-mode magnon entanglement. Our general message is not
changed by this, although the technical level of calculations
may become more intricate. It is interesting to note that al-
ready very mild uniaxial anisotropy of 0.001% of J along
z axis, when included in a pure Heisenberg Hamiltonian
(D = 0), allows us to regularize the magnon CV entanglement
dependence on |γk|. At |γk| = 1, we obtain E (a,b)

0 ≈ 9.04. In a
more generic case of Heisenberg-DMI with D/J = 0.1, z = 6,
and uniaxial anisotropy of K/J = 0.015 along D, we find
E (a,b) ≈ 8.094 and E (α,β ) ≈ 4.766 at |γk| = 1.

The magnon CV entanglement is an intrinsic property of
antiferromagnets, shown here to depend on the geometry of
the spin lattice as encoded in γk and on the relative coupling
strength D

J . Both parameters are material dependent and can
vary strongly from system to system. This opens an interesting
route to search for suitable entanglement hosts among the
existing thousands of magnetic compounds, and poses a natu-
ral question of how magnon entanglement can be detected in
an experiment. A relevant experimentally accessible quantity
is the arithmetic mean of the squared quadrature variances
which, in the (a, b) modes, is given by

(r̂k, φ̂k ) = 1
2

[
Var2

r̂k,φ̂k

(
X A

k − X B
k

) + Var2
r̂k,φ̂k

(
PA

k + PB
k

)]
= cosh 2r̂k − sinh 2r̂k cos φ̂k. (20)

Here, X A
k (X B

k ) and PA
k (PB

k ) are the dimensionless position
and momentum quadratures of the ak(bk ) mode [20], and
Varr̂k,φ̂k

(V ) is the variance of a given Hermitian operator V

with respect to the state |r̂k, φ̂k〉.
The parameter (r̂k, φ̂k ) can be accessed experimentally

by detecting coherences of quantum fields, the quadra-
tures, with quantum homodyne detection techniques [2,21–
23] adapted to magnon-photon coupling [24,25]. For instance,
as a proof of principle, consider a magnon-photon coupling
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in antiferromagnetic material, as described by the Hamil-
tonian Hm-p

k = λ(t )(a†
kck + akc†

k + b†
kdk + bkd†

k ) for a given
wave vector k. Here (a, b) magnon modes interact with (c, d )
photon modes with time-dependent coupling strength λ(t )
describing a finite time interaction, corresponding, e.g., to a
pair of short synchronized laser pulses that scatter on the ma-
terial. In this way, magnon entanglement can be transferred to
photon entanglement, i.e., the former can be used as a resource
for the latter and, conversely, the (a, b) magnon quadratures
can be measured through quadratures of the (c, d ) modes of
the scattered photons. Similar magnon-photon coupling sce-
narios can be considered in (α, β ) as well as (α̃, β̃ ) modes,
which induce different entanglement between scattered
photons.

The analysis put forth here is appropriate for many classes
of compounds, but we would like to mention, in particular,
the transition-metal oxides that have a vast crystallographic
phase space, which allows both for tunability of D

J as well as
γk. A concrete example that is known to exhibit only nearest-
neighbor Heisenberg exchange is SrMnO3 [14]. We also note
that materials like La2CuO4 [26], FeBO3, and CoCO3 [27]
are well-studied antiferromagnets that are known to have DM
interaction in the here studied range of D

J .
Last but not least, we would like to point out that the

present paper differs from previous efforts in this field,
e.g., the study published in Ref. [19], where experiments
of photoinduced spin dynamics were interpreted in terms of
entanglement between a pair of magnon modes. Furthermore,
in Refs. [28–31], investigations involved the steady-state limit
and entanglement between magnon modes that were in con-
tact with other degrees of freedom, like cavity and lattice
vibrational fields. In contrast, our analysis shows that even in
the absence of any external field or extra degrees of freedom,
there naturally is a hierarchy of different types of two-mode
magnon entanglement in eigenstates of an antiferromagnet,
where each level of this hierarchy is specified by the geometry
of the spin lattice and individual exchange couplings.

ACKNOWLEDGMENTS

The authors acknowledge financial support from Knut and
Alice Wallenberg Foundation through Grant No. 2018.0060.
V.A.M. acknowledges support from IPM through Grant No.
98810042. A.B. acknowledges financial support from the
Russian Science Foundation through Grant No. 18-12-00185.
A.D. acknowledges financial support from the Swedish Re-
search Council (VR) through Grants No. 2015-04608, No.
2016-05980, and No. 2019-05304. O.E. acknowledges sup-
port from eSSENCE, SNIC and the Swedish Research
Council (VR). D.T. acknowledges support from the Swedish
Research Council (VR) through Grant No. 2019-03666. E.S.
acknowledges financial support from the Swedish Research
Council (VR) through Grant No. 2017-03832. Some of
the computations were performed on resources provided by
the Swedish National Infrastructure for Computing (SNIC) at
the National Supercomputer Center (NSC), Linköping Uni-
versity, the PDC Centre for High Performance Computing
(PDC-HPC), KTH, and the High Performance Computing
Center North (HPC2N), Umeå University.

APPENDIX A: DERIVATION OF EQS. (4) AND (5)

Consider the nearest-neighbor antiferromagnetic Heisen-
berg model,

H0 = J
∑
〈i j〉

Si · S j, J > 0, (A1)

whose spins reside on two sublattices (see Fig. 5). We use
i ∈ A and j ∈ B notation for sites belonging to different sub-
lattices.

Using the Holstein-Primakoff transformation, one can map
the above spin Hamiltonian onto a bosonic system. On each
of the sublattices, we define

Sublattice A :

⎧⎪⎨
⎪⎩

Sz
i = S − a†

i ai,

S+
i = (2S − a†

i ai )
1
2 ai

S−
i = a†

i (2S − a†
i ai )

1
2 ,

Sublattice B :

⎧⎪⎨
⎪⎩

Sz
j = b†

jb j − S

S+
j = b†

j (2S − b†
jb j )

1
2

S−
j = (2S − b†

jb j )
1
2 b j,

where a†
i (ai) and b†

j (b j) are bosonic creation (annihilation)
operators on sites i ∈ A and j ∈ B, respectively. The bosonic
operators of the two sublattices mutually commute.

At low temperatures (kBT � J), we have 〈a†
i ai〉 � S and

〈b†
jb j〉 � S, which allows us to rewrite H0 as

H0 = −NzJS2

2
+ zJS

(∑
i∈A

a†
i ai +

∑
j∈B

b†
jb j

)

+ JS

(∑
〈i j〉

aib j + a†
i b†

j

)
, (A2)

within linear approximation. Here, N is the number of sites
and z is the coordination number of the lattice. We further

FIG. 5. Simple cubic lattice. Red and blue dots represent two
sublattices with antiparallel orientation of the magnetic moment. The
figure illustrates the reference frame used to indicate the direction of
the DM vector, i.e., along the z axis.
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perform the Fourier transformation,

ai =
√

2

N

∑
k

e−ik·ri ak ⇔ ak =
√

2

N

∑
i

eik·ri ai,

b j =
√

2

N

∑
k′

eik′ ·r j bk′ ⇔ bk′ =
√

2

N

∑
j

e−ik′ ·r j b j,

(A3)

with orthogonality relations∑
i

e±i(k−k′ )·ri = N

2
δkk′ ,

∑
k

e±ik·(r j−ri ) = N

2
δi j, (A4)

to rewrite the Hamiltonian in k space as

H0 = −NzJS2

2
+ zJS

∑
k

[a†
kak+ b†

kbk+ γkakbk+ γ−ka†
kb†

k].

(A5)
Here

γk = 1

z

∑
δ

eik·δ, (A6)

where the sum is carried out over the vectors δ connecting a
magnetic site to its nearest neighbors on the opposite sublat-
tice.

The Hamiltonian H0 is then diagonalized by performing
the Bogoliubov transformation,(

ak

b†
k

)
=

(
uk vk
v∗

k u∗
k

)(
αk

β
†
k

)
, (A7)

where uk and vk satisfy |uk|2 − |vk|2 = 1. The constraint as-
sures that αk and βk are bosonic operators for all k. In the α, β

representation, the Hamiltonian takes the form

H0 = −NzJS(S + 1)

2
+

∑
k

εk(α†
kαk + β

†
kβk + I )

+
∑

k

(okαkβk + o∗
kα

†
kβ

†
k ), (A8)

where

εk = zJS(2Re[γkukvk] + |uk|2 + |vk|2),

ok = zJS
(
2ukv

∗
k + γku2

k + γ−kv
∗2
k

)
. (A9)

We eliminate ok by requiring

|uk|2 = 1

2
√

1 − |γk|2
+ 1

2
, |vk|2 = 1

2
√

1 − |γk|2
− 1

2
,

vk

u∗
k

= −1 −
√

1 − |γk|2
γk

, (A10)

provided |γk| < 1. This way, we end up with the diagonal
Hamiltonian,

H0 = −NzJS(S + 1)

2
+

∑
k

εk(α†
kαk + β

†
kβk + I ),

(A11)

with the antiferromagnetic magnon dispersion relation εk =
zS

√
J2(1 − |γk|2). Equation (5) is obtained by omitting the

trivial terms −NzJS(S+1)
2 and

∑
k εkI of Eq. (A11).

APPENDIX B: DERIVATION OF EQ. (7)

From the diagonal expression in Eq. (A11), the ground
state of the Hamiltonian H0 in the α, β modes reads

|ψ0〉 =
∏

k

|0; αk〉|0; βk〉, (B1)

where |0; αk〉 and |0; βk〉 are vacuum states of αk and βk,
respectively, i.e.,

αk(|0; αk〉|0; β−k〉) = βk(|0; αk〉|0; βk〉) = 0. (B2)

By expressing the product vacuum state as a linear combi-
nation of the nth excitations |n; ak〉 and |n; bk〉 of ak and bk,
respectively, i.e.,

|0; αk〉|0; βk〉 =
∞∑

n=0

cn;k|n; ak〉|n; bk〉, (B3)

and inserting it into Eq. (B2), we find

cn+1;k = vk

u∗
k

cn;k. (B4)

By solving this recurrence equation with normalization con-
straint

∑∞
n=0 |cn;k|2 = 1, the wave function amplitudes in the

superposed coherent state of Eq. (B3) become

cn;k = einφk

cosh rk
tanhn rk, (B5)

where eiφk tanh rk = vk
u∗

k
with

rk ≡ rk(γk ) = tanh−1

(
1 −

√
1 − |γk|2

1 +
√

1 − |γk|2

) 1
2

� 0,

φk ≡ φk(γk ) = π − arg[γk]. (B6)

Therefore, in the a, b modes, the ground state represents a
product of pairwise entangled magnetic modes

|ψ0〉 =
∏

k

|rk, φk〉, (B7)

where

|rk, φk〉 = 1

cosh rk

∞∑
n=0

einφk tanhn rk|n; ak〉|n; bk〉. (B8)

For tanh rk < cos(φk ), |rk, φk〉 is a two-mode squeezed state
with squeezing parameter rk. Note that we have, in fact,
performed the inverse of the transformation in Eq. (A7) to
arrive at Eq. (B8). Similar inverse transformation techniques
are applied to derive Eqs. (14) and (17) in the paper.

APPENDIX C: DERIVATION OF EQ. (12)

Consider the Hamiltonian

H = H0 + HDM, (C1)

224418-6



HIERARCHY OF MAGNON MODE ENTANGLEMENT IN … PHYSICAL REVIEW B 102, 224418 (2020)

with DM spin-orbit interaction

HDM =
∑
〈i j〉

Di j · (Si × S j ), (C2)

where Di j = −D ji points along the same fixed direction D for
all nearest-neighbor spin pairs. Since the Heisenberg term H0

has spherical symmetry, without loss of generality we assume
the uniform DM direction to be along the z axis (see Fig. 5).
Transforming the Hamiltonian H into the α, β modes, we
obtain

H = −NzJS(S + 1)

2
+

∑
k

εk(α†
kαk + β

†
kβk + I )

+ izDS
∑

k

(γkαkβk − γ−kα
†
kβ

†
k ), (C3)

where we take uk in Eq. (A10) to be real. By applying the
Bogoliubov transformation(

αk

β
†
k

)
=

(
ηk ζk

ζ ∗
k η∗

k

)(
α̃k

β̃
†
k

)
(C4)

with the bosonic constraint |ηk|2 − |ζk|2 = 1, the Hamiltonian
H can be re-expressed in the α̃, β̃ bosonic modes as

H = −NzJS(S + 1)

2
+

∑
k

ε̃k(α̃†
kα̃k + β̃

†
kβ̃k + I )

+
∑

k

(õkα̃kβ̃k + õ∗
kα̃

†
kβ̃

†
k ), (C5)

where

ε̃k = zS[J
√

1 − |γk|2(|ηk|2 + |ζk|2) − 2DIm[γkηkζk]],

õk = zS
[
2Jηkζ

∗
k

√
1 − |γk|2 + iD

(
γkη

2
k − γ−kζ

∗2
k

)]
.

(C6)

Solving the equation õk = 0 for ηk, ζk with |ηk|2 − |ζk|2 = 1
constraint, we find

|ηk|2 = 1

2
√

1 − |�k|2
+ 1

2
, |ζk|2 = 1

2
√

1 − |�k|2
− 1

2
,

ζk

η∗
k

= −1 −
√

1 − |�k|2
�k

, (C7)

provided �k = iDγk

J
√

1−|γk|2 with |�k| < 1. By inserting

Eqs. (C7) into Eqs. (C6), we obtain the Hamiltonian H
in the following diagonal form:

H = −NzJS(S + 1)

2
+

∑
k

ε̃k(α̃†
kα̃k + β̃

†
kβ̃k + I ), (C8)

with dispersion relation ε̃k = zS
√

J2(1 − |γk|2) − D2|γk|2.
Equation (12) is obtained by omitting the trivial terms
−NzJS(S+1)

2 and
∑

k ε̃kI of Eq. (C8).
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