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Abstract

The digital sundial is a recent invention that displays the time of day in digits
on a flat surface by projecting a shadow. It contains no moving or electrical
parts and is based on a theorem from fractal geometry. In this thesis we
will study this theorem which the sundial is based upon and the necessary
measure theoretic background to understand the theorem.
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Chapter 1

Introduction

Fractal geometry is a branch of mathematics that is particularly popular
among non-mathematicians due to the perceived beauty of fractal shapes.
Searching for the Mandelbrot set on the internet will result in countless
videos just visualising it, but far fewer videos actually discuss the mathe-
matics behind the set. Another interesting fact that motivates many minds
to learn more about fractals is their perceived appearance in nature. The
fact that an island with a finite area can be bounded by a coastline with
virtually infinite length, depending on the scale of measurement used, defi-
nitely seems enticing when first encountered. One commonly thinks of classic
geometric shapes (spheres, cubes, lines, etc.) as being the most natural. But
in fact almost no such perfect shapes exist in nature. Instead nature consists
of rough, jagged, seemingly random shapes. Coastlines are jagged down to
a very small scale, clouds and seas have extremely rough looking surfaces
and bolts of lightning jolt from the sky in irregular zig-zag patterns. Many
flowers and plants behave like self similar fractals when growing as a result
of evolution, because of the very efficient use of space in such shapes.

When studying the mathematics of fractals, many conventional methods are
no longer useful. Mathematicians instead invent new ways to study fractals,
such as Hausdorff measure and dimension. In this thesis, we will explore
some of these methods studied in [2, 6] and how they are used to investigate
the properties of fractals. We will then use this knowledge to learn about
the theory behind a recent invention, the digital sundial shown in [3, 5].
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Chapter 2

Measure Theory

It is necessary to apply some concepts of measure theory when working with
fractals. In this chapter we will dive into the basics of measure theory, what
a σ - algebra is, and what an outer measure and a measure is. We will
define the Lebesgue measure and measurable sets. We will then look at some
interesting results that occur in measure theory and finally look at some non-
measurable sets and their implications. Further information can be found at
[1, 7].

2.1 σ - algebras and Measures

A measure is a function that takes in an arbitrary subset of the space X
and returns a number on the positive, real number line or positive infinity.
It is, essentially, a way to assign sizes to sets. Ideally, it would be nice to
be able to assign a measure to every subset of X. But in many situations
that is not possible because some sets are too complicated to be measured
in a meaningful way. Later in this thesis, we will see some examples of
non-measurable sets. Instead, we define the set of all subsets which can be
measured. This statement can be made rigorous by introducing the notions
of σ-algebras.

Definition 2.1.1. Let X be a set. A collection of subsets A of the set X is
called a σ - algebra if it satisfies the following:

i. X ∈ A
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CHAPTER 2. MEASURE THEORY 3

ii. If S ∈ A then X\S ∈ A, where X\S is the complement of S with
respect to X.

iii. If Sn ∈ A for all n ∈ N+, then
∞⋃
n=1

Sn ∈ A

If A is a σ - algebra on X then (X,A) is called a measurable space.

If we were to think about the concept of n-dimensional volume (length
in 1 dimension, area in 2 dimensions and volume in 3 dimensions), we would
think of some properties that this volume would need to satisfy to be in
accordance with our intuitive notion of volume in the real world. We know
for example that an empty space should have zero volume, and the volume of
two disjoint objects should be equal to the sum of their respective volumes.
So when we try to generalize this concept of volume to abstract sets, we
would want our measure to have these exact properties. We therefore define
a measure as follows.

Definition 2.1.2. Let (X,M) be a measurable space. A function µ : M →
[0,∞] is called a measure if it satisfies the following properties

i. µ(∅) = 0

ii. Let (An)n∈N+ be any disjoint countable collection of sets in M . Then,

µ(
∞⋃
n=1

An) =
∞∑
n=1

µ(An) (This is called σ-additivity)

If (X,M) is a measurable space, and µ is a measure, then (X,M, µ) is called
a measure space.

If A ⊃ B, then A may be expressed as a disjoint union A = B ∪ (A\B)
so, we see that µ(A\B) = µ(A) − µ(B). Similarly, if A1 ⊂ A2 ⊂ A3 ⊂ ...

then lim
i→∞

µ(Ai) = µ

(
∞⋃
i=1

Ai

)
. We can see this by noting that

∞⋃
i=1

Ai = A1 ∪ (A2\A1) ∪ (A3\A2) ∪ ...

Then µ

(
∞⋃
i=1

Ai

)
= µ(A1)+

∞∑
i=1

(µ(Ai+1)−µ(Ai)) = µ(A1)+ lim
k→∞

k∑
i=1

(µ(Ai+1)−

µ(Ai)) = lim
k→∞

µ(Ak).
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A finite measure on a bounded subset of Rn will be called a mass dis-
tribution and µ(A) can be thought of as the mass of A. Intuitively we can
think of this as having an object of finite mass, which we then spread out
across a set X in some way. We can put the whole mass in one point, or
maybe we spread it evenly across all points. In either case the conditions for
a measure will be satisfied.

Many different examples of measures exist. One could think of the size
of a set as being simply the number of points in the set. This is called the
counting measure, and it is formally defined as

The counting measure. For each subset A of Rn let µ(A) be equal to
the number of points in A if A is finite. If A is infinite, then µ(A) = ∞.
Then µ is a measure.

If we take a mass of 1 and put it in a single point in a space, we can
define a measure on that space as:

Point mass. Let a be a point in Rn and define µ(A) to be 1 if a ∈ A
and 0 otherwise. Then µ is a mass distribution, thought of as a point mass
concentrated in a.

But perhaps the most important and fundamental measure is the Lebesgue
measure, since it generalizes our intuitive notions of length, area and volume
to n-dimensional Euclidean space and to abstract sets.

2.2 Lebesgue Measure

The Lebesgue measure is the generalisation of length, area and volume to
n-dimensional Euclidean space. It is named after the French mathematician
Henri Lebesgue who first described this measure in 1901. An interval (a, b)
in the real line R intuitively has length b − a. A square in R2 of the form
(a, b)× (c, d) has area (b− a)(d− c), so we want the Lebesgue measure to be
true for these simple shapes, but also to be able to measure the volume of
higher dimensional shapes and more abstract sets. One way to do this is to
use shapes that we know the measure of and try to approximate the measure
of more abstract sets, which is exactly what the Lebesgue measure does.

The Lebesgue measure is then defined on the Lebesgue σ-algebra by tak-
ing a sequence of open covers of the set we wish to measure. Then we ap-
proximate these covers to be as close to the actual set as possible by taking
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the infimum. Formally we have the following.

Definition 2.2.1. Let S be a subset of R. The Lebesgue outer measure of
S is given by

λ∗(S) = inf
{ ∞∑
k=1

l(Ik) : (Ik)
∞
k=1 is an open cover of S

}
where l(Ik) stands for the length of the intervals Ik.

First we need to know about an important class of sets.

Definition 2.2.2. The smallest possible collection of subsets of Rn with the
following properties is called the class of Borel sets.

• All closed sets and all open sets are Borel sets.

• The union or intersection of every finite or countable collection of Borel
sets is a Borel set.

The collection of all Borel sets on a space X forms a σ-algebra called
the Borel σ-algebra. But the Lebesgue measure is actually defined for an
even broader class of sets than the Borel sets. This is called the Lebesgue
σ-algebra.

Definition 2.2.3. The Lebesgue σ - algebra AL is the collection of all sets
E that satisfies that for every A ⊆ R,

λ∗(A) = λ∗(A ∩ E) + λ∗(A ∩ Ec).

For a Lebesgue measurable set E ∈ AL, the Lebesgue measure is equal
to the Lebesgue outer measure λ(E) = λ∗(E).

Sets that aren’t in AL aren’t Lebesgue measurable. An example of such
sets are Vitali sets, which we will discuss in a later section.

According to intuition, volume and area don’t change when objects are moved
around in space. This property is called translation invariance and it is true
for the Lebesgue measure.

Proposition 2.2.4. Let A + x = {a + x : a ∈ A}, x ∈ R and µ be the
Lebesgue measure. Then µ(A+ x) = µ(A).
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Proof. Let (In)∞n=1 be a sequence of open intervals that cover A. Then (In +
x)∞n=1 is a sequence of open intervals that cover A+ x. Therefore

µ(A+ x) ≤
∞∑
n=1

l(In + x) =
∞∑
n=1

l(In)

which means that µ(A + x) ≤ µ(A) (i). Now let (In)∞n=1 be a sequence of
open intervals that cover A + x. Then (In − x)∞n=1 is a sequence of open
intervals that cover A. Therefore

µ(A) ≤
∞∑
n=1

l(In − x) =
∞∑
n=1

l(In)

Hence µ(A) ≤ µ(A+ x) (ii).
From (i) and (ii), we conclude that µ(A+ x) = µ(A).

Measure theory can be used in some interesting ways that at first glance
seem to defy intuition. We will look at some of these results here.
Let M = (X,A, µ) be a measure space. A set S ⊂ X such that µ(S) = 0
is called a zero measure set. The empty set of course has measure zero, but
there are more non-trivial examples of sets of Lebesgue measure zero. One
interesting thing about measures is found when investigating infinite sets,
such as the set of all rational numbers Q. In fact Q has Lebesgue measure
zero. We have already claimed that the empty set has zero Lebesgue mea-
sure, and it is intuitively clear that a single point has zero length, or a line
has zero area and so forth. But zero measure sets can be significantly richer
in structure and in fact many of the fractals we will study later have zero
Lebesgue measure.
Zero measure sets are used to define the concepts of almost everywhere and
almost nowhere. A property holds almost everywhere if it holds for all ele-
ments in a set except for a subset of measure zero. Similarly a property holds
almost nowhere if the set of elements for which it holds has measure zero.
These concepts are very useful in probability theory and other branches of
mathematics. For example, to prove that a set is non-empty, one could show
that the set has positive measure, which is a significantly stronger statement
and in some cases can be proven more easily. We will now prove that for
example, the set of rational numbers has Lebesgue measure 0.

Proposition 2.2.5. The Lebesgue measure of any countable union of points
is 0.
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Proof. Let x be a point on the real line and µ be the Lebesgue measure. Let
ε be any small, positive number. Let Iε be the interval [x− ε, x+ ε]. Then Iε
is now a cover of the point x with length 2ε. Now, let ε→ 0. This means that
in the limit l(Iε) = 0 = µ({x}) And since Lebesgue measure is σ-additive, we
know that the measure of the union of countable, non-overlapping sets equals
the measure of the respective sets. Thus, any countable union of points must
be equal to 0.

We know by Cantor’s diagonal argument that the set of rational numbers
can be enumerated and are therefore countable, thus their Lebesgue measure
is 0.

Furthermore we have that λ([0, 1]) = 1 and λ(Q∩ [0, 1]) = 0. Thus λ([0, 1])−
λ(Q ∩ [0, 1]) = 1 − 0 = 1. This means that removing all the rational num-
bers from the real number line does not affect its measure, which means that
almost all real numbers are irrational. Suppose that we were able to pick a
number from the real number line at random, it would be almost impossi-
ble to pick a rational number since the measure of the rationals on the unit
interval equals their probability measure, which is 0.

An example of an important classification result using sets of measure zero
is the following. We know that a continuous function on a closed interval is
Riemann integrable. However, even if it has some discontinuities it may still
be Riemann integrable. The following theorem, due to Lebesgue, classifies
that the discontinuities ”can’t be too many” in the sense that they must be
a zero measure set.

Theorem 2.2.6. A bounded function on a compact interval [a, b] is Riemann
integrable if and only if it is continuous almost everywhere, i.e. the set of
discontinuities has Lebesgue measure zero.

As this theorem states, functions with uncountably many discontinuities
cannot be Riemann integrated.

Measure theory is also used in the rigorous formulation of probability theory.
A probability space is defined similarly to how we defined our measure space
earlier.

Definition 2.2.7. Let F ⊆ Ω. Where Ω is the set of all possible outcomes
and F is the set of desired outcomes of which we would like to calculate
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the probability. (Ω, F, P ) is called a probability space if P is a function that
assigns a probability between 0 and 1 to every element in F . [1]

Let (Ω, F, P ) be a probability space. µ is called a probability measure if it
has all the regular properties of a measure, but assigns a number only between
[0, 1] to the set. One example of a probability measure is the Gaussian
measure, which assigns a number between [0, 1] to the real number line. It
might seem counter-intuitive to be able to assign a finite measure to the real
number line, which is unbounded and infinitely long. How can something
infinitely long be interpreted to have finite size? But in many cases, it is

possible. We know that

∫ ∞
−∞

e−x
2

=
√
π. By renormalizing, we can make it

equal to 1. This is what the Gaussian measure does.

Definition 2.2.8. The Gaussian measure µ is defined as

µ([0, x]) =
1√
2π

x∫
0

e−
x2

2 dx

2.3 Non-measurable sets

In 1924, Stefan Banach and Alfred Tarski published a paper where they
constructed a decomposition of a unit ball and relocated the pieces in a way
that resulted in two new balls with the same volume as the original. This
of course seems paradoxical. Decomposing an object and then reassembling
it should, according to our intuition, preserve its volume. But Banach and
Tarski proved that such decompositions and rotational operations exist. The
formal statement says that

Theorem 2.3.1. Given any two bounded subsets A and B of a Euclidean
space in at least three dimensions, both of which have a nonempty inte-
rior, there are partitions of A and B into a finite number of disjoint subsets,
A = A1 ∪ · · · ∪ Ak, B = B1 ∪ · · · ∪Bk (for some integer k), such that for each
(integer) i between 1 and k, the sets Ai and Bi are congruent.

Now, let A be equal to the unit ball, and B be the union of two unit
balls. Then the theorem states that A can be decomposed into parts and
reassembled again, and be congruent with B i.e. doubled in volume.
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The key to this paradox, and the reason that it seems to defy intuition, is of
course that the pieces that the object is decomposed into are non-measurable.
It is therefore impossible to assign volume to the pieces, or to reassemble them
and sum up their volume. The proof of this paradox is outside the scope of
this thesis and is therefore left out.

The sets that Banach and Tarski decomposed their balls into were non-
measurable. Such sets are so complicated and non-intuitive that they simply
cannot be measured. Their measure is not 0 or ∞, it is undefined. They
can be constructed using the axiom of choice. Examples of such sets are the
so-called Vitali sets. They can be easily constructed and proven to exist if
the axiom of choice is accepted. They are subsets V of the interval of real
numbers [0,1] and there are uncountably many Vitali sets.

Proposition 2.3.2. There exists a subset of the unit interval that is not
Lebesgue measurable.

Proof. Let I = [0, 1] ⊂ R and ∼ be the equivalence relation defined by
x ∼ y ⇐⇒ x − y ∈ Q. This lets us separate I into equivalence classes.
Using the axiom of choice, we can now form a new set S by picking a single
point from each equivalence class. This will be the set we will prove is not
Lebesgue measurable. Assume that it is Lebesgue measurable to obtain a
contradiction.

First, let R = Q ∩ [0, 1]. Let Si = {qi + s : s ∈ S} where {qi}∞i=1 is
an enumeration of R. By the assumption of measurability of S we get that
each Si is also measurable. To continue from here, we first need to establish
two properties of our collection of sets Si. First, their union covers the unit
interval because if x ∈ [0, 1] then x belongs in some equivalence class [s] since
a representative of each class appears in S. This means then that x differs
from s by a rational number qi and thus x ∈ Si. Secondly, they are mutually
disjoint, i.e. for any (i, j) ∈ N2 , i 6= j, Si ∩Sj = ∅. To see this, assume that
x ∈ Si ∩ Sj. Then x = s1 + qi and x = s2 + qj for some s1, s2 ∈ S. Therefore
we get that s1 + qi = s2 + qj which implies that s1 − s2 = qj − qi ∈ Q and
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thus s1 ∈ s2 +Q. For i 6= j we get s1 6= s2 which is is a contradiction as they
belong in different equivalence classes.

We then consider the measure of the union of all the sets Si. Since they
are disjoint sets, by the σ–additivity of the measure and along with the fact
that the Lebesgue measure is translation invariant and all Si are shifted
copies of S we get that

µ(
∞⋃
i=1

Si) =
∞∑
i=1

µ(Si) =
∞∑
i=1

µ(S).

Now, we clearly have that

[0, 1] ⊂
∞⋃
i=1

Si ⊂ [−1, 2] and thus 1 ≤ µ(
∞⋃
i=1

Si) ≤ 3.

Combining this with the above we obtain 1 ≤
∞∑
i=1

µ(S) ≤ 3. Moreover, the

Lebesgue measure of a bounded set can only either be zero or a positive finite
number. This concludes our proof because the infinite sum of the same term
can only either be zero or infinity and in either of these cases contradicts our
bounds.



Chapter 3

Fractal Geometry

For centuries, mathematicians would only concern themselves with smooth
objects that had nice properties and would disregard everything else as being
too chaotic and not worthy of study. Nonetheless these irregular shapes occur
naturally and mathematically on the regular and demand our attention. In
recent years, mathematicians have realised that they actually have geometric
properties that can be measured. The term ”Fractal” was coined by Benoit
Mandelbrot in 1975 and comes from the latin word ”fractus”, meaning bro-
ken or fractured.
Examining fractals with the usual techniques of geometry, such as calculat-
ing area or volume most often yields uninteresting results. We instead need
new ways to investigate them, one such way is to measure their ”roughness”
i.e. how non-smooth they look. The human eye can recognize roughness
very well, despite never having explicitly learned how to measure it. In this
chapter we will try to understand what a fractal is. We will look at some
definitions of fractal dimension and lastly we will consider some common
examples of fractals, how they are constructed and what some of their prop-
erties are. A much deeper exploration of these topics can be seen at [2,
4].

3.1 Fractals

It is common to think of fractals as self similar, repeating shapes of infi-
nite detail. And while such examples exist, that description far from covers
everything that could be regarded as a fractal. Most natural fractals are
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not perfectly self similar and some mathematically generated shapes are also
not self similar. Some people describe fractals as ”sets with non-integer di-
mension”, but this definition excludes some interesting cases, such as the
Sierpinski tetrahedron, which has fractal dimension 2. In fact, there is no
rigorous definition of a fractal. One could instead say that they are natural
shapes or mathematical sets that are non-smooth even when reduced to very
small scales.

Many fractals are made of copies of themselves, scaled down by a factor.
These are called self similar fractals. One way to describe self similar sets
is through Iterated Function systems and in the case of these fractals, we
can quite easily find their Hausdorff dimension. Self similar fractals can be
broken down into a construction algorithm, with a formulae that repeats in-
finitely many times, resulting in objects with some curious properties. These
repetitions of the formulae are called contractions and a collection of con-
tractions is called an iterated function system which results in a self similar
set. Formally, we have the following

Definition 3.1.1. Let D be a closed subset of Rn, often D = Rn. A mapping
S : D → D is called a contraction on D if there exists a number c ∈ (0, 1)
such that |S(x)− S(y)| ≤ c|x− y| for all x, y ∈ D. We then call c the ratio
of S. If |S(x) − S(y)| = c|x − y| then S transforms sets into geometrically
similar sets. S is then called a contracting similarity or similarity.

We will now define the concept of iterated function systems which are
used to define self-similar sets.

Definition 3.1.2. A finite collection of contractions {S1, S2, ..., Sm}, with
m ≥ 2 is called an iterated function system (short IFS). We call a non-
empty, compact subset F of D an attractor for the IFS if F =

⋃m
i=1 Si(F ).

The attractor F is the resulting set of an IFS.

For example we could let I be the unit interval. Let F1 and F2 be the
contractions F1 = x

2
and F2 = x+1

2
. Then I = F1(I) ∪ F2(I). Here we see

that the unit interval can be expressed as the attractor of an IFS. Thus we
see that not all attractors are necessarily with we think as fractals.

We will now prove that there exists a unique attractor for an IFS. To do
this we will define a suitable metric space and apply Banach’s fixed point
theorem. We begin with some background.
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Definition 3.1.3. Let X be a set. A function d : X×X → [0,+∞) is called
a metric if it satisfies the following

i d(x, y) = 0 ⇐⇒ x = y

ii d(x, y) = d(y, x)

iii d(x, y) ≤ d(x, z) + d(z, y)

If X is a set with a metric d then (X, d) is called a metric space. Metrics
let us generalize the notion of distance. One simple example of a metric is
the discrete metric, which is 0 if the points are equal, and 1 if they are not
equal.

ρ(x, y) =

{
1 if x 6= y,
0 if x = y

The most common and intuitive metric is the Euclidean metric on Rn which
is defined as

d(~p, ~q) = ‖~p− ~q‖ =
√

(p1 − q1)2 + (p2 − q2)2 + ...+ (pn − qn)2.

This is just the regular distance between two points in space. But for our
purposes, we need to know about the Hausdorff metric.

Definition 3.1.4. Let C(X) = {A : A is a non-empty, compact subset of X}.
The Hausdorff metric on C(X) is then defined as

δ(A,B) = max{sup
x∈A

inf
y∈B

d(x, y), sup
y∈B

inf
x∈A

d(x, y)}

Informally, Hausdorff distance is the greatest distance from a point in one
set, to the closest point in another set.
We also need to know what the Banach fixed point theorem is. To learn this
we need to define a Cauchy sequence and a complete metric space.

Definition 3.1.5. Let (an)n∈N be a sequence in a metric space X. Then an
is called a Cauchy sequence if for every ε > 0 there exists a number n0 ∈ N
such that for every n,m ≥ n0 we have |an − am| < ε.

Intuitively this means that a sequence is Cauchy if, as the sequence pro-
gresses, all points become arbitrarily close to each other. The sequence
doesn’t need to be convergent to be Cauchy though, as the definition of
convergence also relies on the limit value and not only the terms of the se-
quence. However, all converging sequences are of course also Cauchy.
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Definition 3.1.6. A metric space X is called complete if every Cauchy
sequence in X converges in X.

Intuitively this means that the metric space has no points missing in it.
For example the set of rational numbers Q is not complete because there
exists a Cauchy sequence of rational numbers (1 + 1

n
)n → e but e /∈ Q. A

closed interval, such as [0, 1] for example, is a complete metric space. We
will now state the Banach fixed point theorem.

Theorem 3.1.7. Let (X, d) be a non-empty, complete metric space with a
contraction mapping T : X → X. Then T has a unique fixed point x in X,
i.e. T (x) = x

Intuitively, this means that if we were to put a map of Uppsala on the
ground somewhere in Uppsala, there would be a point on the map that
lies exactly on top of the same point on the ground. This works because
the ground is a complete metric space, and the map is a contraction of the
ground. This is the main idea behind what we will use in our proof in the
following theorem regarding the existance of attractors of iterated function
systems.

Theorem 3.1.8. Let {F1, ...., Fm} be contractions on D ⊂ Rn, such that

|Fi(x)− Fi(y)| ≤ ci|x− y| for x, y ∈ D

and ci < 1 for each i. Then, there exists a unique set F , called an attractor,
such that

F =
m⋃
i=1

Fi(F ).

We will briefly sketch the proof.

Proof. We define a map on the space of non-empty compact sets by letting
T (A) =

⋃m
i=1 Fi(F ). Then, the Hausdorff distance can be shown to satisfy

d(T (A), T (B)) = d

(
m⋃
i=1

Fi(A),
m⋃
i=1

Fi(B)

)
≤ max

1≤i≤m
d(Fi(A), Fi(B)).

As Fi are contractions we obtain that

d(T (A), T (B)) ≤ ( max
1≤i≤m

ci)d(A,B).
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Now, the space of non-empty compact sets is a complete metric space when
endowed with the Hausdorff distance d, and since 0 < max1≤i≤m ci < 1, we
also get that T is a contraction. By using Banach’s fixed point theorem, the
map T has a unique fixed point and thus there is a unique set F such that
T (F ) = F , which is just

F =
m⋃
i=1

Fi(F ).

We will now present some examples of fractals which can be obtained as
an application of the above theorem.
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Cantor set of removing middle thirds for k = 6

The middle third Cantor set is constructed by removing the middle third
segment from the unit interval, resulting in two new intervals, each one third
the size of the original interval. This process is then repeated on each new
interval. We call the number of repetitions the level-k. When k is then
brought to infinity, the resulting set is nowhere dense, and has uncountably
many points. Since the length of the intervals at each level-k is 3−k, and we
have 2k of them, then as k goes to ∞, the Lebesgue measure of the Cantor
set is 0.
We could also express the Cantor set as the attractor of an IFS. Let C be
the middle third Cantor set. Let F1 and F2 be the contractions F1 = x

3
and

F2 = x+2
3

. Then we get C = F1(C) ∪ F2(C).

Sierpinski triangle

To create the Sierpinski triangle, remove the middle upside down triangle
with vertices at the midpoints of each side from an equilateral triangle with
all sides having unit length. We repeat this process recursively on each
remaining smaller triangle. The resulting fractal is the Sierpinski gasket. At
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each iteration of the triangle, its area equals 3
4

of the previous iteration. So
the total area after n iterations is (3

4
)n of the initial area which converges to

0 as n→∞. The Sierpinski triangle can also be obtained as the attractor of
the following Iterated function system. Let qi for i = 1, 2, 3 be the vertices of
an equilateral triangle in R2. Now, let Fi(x) = x+qi

2
be the contraction maps.

Then S = F1(S) ∪ F2(S) ∪ F3(S).

3.2 Fractal Dimension

Our intuitive notion of dimension of an object tells us that it is the number
of parameters needed to specify a single point in the object. But fractals can
in fact have non-integer dimension because they often behave like objects
of higher or lower dimension than the space they are in. There are several
different definitions of fractal dimension. In this section we will look at box-
counting and Hausdorff dimension. Sets with non-integer fractal dimensions
are found frequently in nature.

Box counting dimension is determined by placing a grid of a certain scale
over a set and counting the number of boxes that cover the set. You then
scale the grid down by a factor, and count the number of boxes again. Com-
paring the difference in the number of boxes with the scaling factor of the grid
gives you the box-counting dimension. This is formally defined as follows.

Definition 3.2.1. Let F be any non-empty bounded subset of Rn and let
Nδ(F ) be the smallest number of sets of diameter at most δ which can cover
F . The lower and upper box-counting dimensions are defined respectively as

dimBlower
F = lim inf

δ→0

logNδ(F )

− log δ

dimBupperF = lim sup
δ→0

logNδ(F )

− log δ

If these values are equal, we refer to this as the box-counting dimension of F

dimBF = lim
δ→0

logNδ(F )

− log δ
.

Box-counting dimension is straightforward to understand to and calcu-
late. However, it has some issues regarding certain sets.
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Let Fc denote the closure of F i.e. the smallest closed subset of Rn con-
taining F. Then

dimBlower
(Fc) = dimBlower

(F )

and
dimBupper(Fc) = dimBupper(F ).

This means that if F is a dense subset of an open region of Rn then
dimBlower

(Fc) = dimB(F ) = n. For example, let F = Q ∩ [0, 1], then Fc is
the entire interval [0, 1] and so dimBlower

(Fc) = dimB(F ) = 1. We see that
countable sets can have non-zero box counting dimension. This limits the
intuitiveness of box-counting dimension greatly, since we want any countable
union of points to have dimension 0.
Hausdorff dimension is equal to box counting dimension in some cases. But
it coincides better with our intuitive notion of dimension since it gives the
expected value 0 for countable sets as well. Generally, Hausdorff dimension
can be quite difficult to calculate, but in simple cases, it is the same as
box-counting dimension. First, we need to learn about Hausdorff measure.

Let U be a non-empty subset of any n-dimensional Euclidean space Rn.
The diameter of U is defined as |U | = sup{|x−y| : x, y ∈ U}, i.e. the greatest

distance between any two points in U . If F ⊂
m⋃
i=1

Ui with 0 ≤ |Ui| ≤ δ for

each i, then {Ui} is called a δ-cover of F .

Definition 3.2.2. Let F ⊂ Rn, s ≥ 0, δ > 0 and {Ui} be a δ-cover of F .
Let

Hs
δ(F ) = inf

{ ∞∑
i=1

|Ui|s : {Ui} is a δ-cover of F

}
.

Then the s-dimensional Hausdorff measure is

Hs(F ) = lim
δ→0

Hs
δ(F )

As δ decreases, the amount of different covers with diameter at most equal
to δ decreases. Therefore the infimum Hs

δ(F ) of the set of possible covers
increases and approaches a limit as δ → 0 and thus the above limit exists.

The Hausdorff measure lets us measure the size of fractal objects that
the Lebesgue measure or other measures don’t provide a meaningful value
for. For example the Lebesgue measure of both the Cantor set and Sierpinski



CHAPTER 3. FRACTAL GEOMETRY 19

triangle is 0, which isn’t very interesting. Whereas the Hausdorff measure of
the Cantor set and Sierpinski triangle are both non-zero, which tells us more
information. Hausdorff measure further generalizes the concepts of length,
area and volume to non-integer dimensions. Since we used the diameter in
the definition, it is dependent on the metric. We know the scaling properties
of length, area and volume. When magnified by a factor λ length increases
by a factor λ, area increases by λ2 and volume by λ3. As one might guess,
Hausdorff measure scales by a factor of λs. Formally, a more general trans-
formation of sets affects their Hausdorff measure as follows

Proposition 3.2.3. Let F ⊂ Rn and f : F → Rn be a mapping such that

|f(x)− f(y)| ≤ c|x− y|α, x, y ∈ F

where α and c are positive constants. Then for each s, we have that

Hs/α(f(F )) ≤ cs/αHs(F )

The Hausdorff dimension of a set is the specific number s where the s-
dimensional Hausdorff measure of that set drops from always∞ to then being
0 after that value. For that specific number s, Hs can be 0 or ∞ or finite.
By the definition of Hausdorff measure we see that for any given set F ⊂ Rn

and δ < 1, Hs
δ(F ) is non-increasing with s. And since Hs(F ) = lim

δ→0
Hs
δ(F ),

Hs(F ) is non-increasing as well. Now let t > s and {Ui} be a δ-cover of F .
Then we have ∑

i

|Ui|t ≤
∑
i

|Ui|t−s|Ui|s ≤ δt−s
∑
i

|Ui|s.

So, also by the definition of Hausdorff measure, the infimum gives us Hs
δ(F ) ≤

δt−sHs
δ(F ). Now letting δ → 0, we see that if Hs(F ) <∞ then Ht(F ) = 0 for

t > s. This means that there exists a specific number s where the Hausdorff
measure of F drops from ∞ to 0. This specific value of s is called the
Hausdorff dimension of F and is notated as dimH(F ). It is formally defined
as

Definition 3.2.4. The Hausdorff dimension of a set F is given as follows.

dimH(F ) = inf{s ≥ 0 : Hs(F ) = 0} = sup{s : Hs(F ) =∞}
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This means that Hs(F ) =

{
∞ if 0 ≤ s < dimH(F )

0 if s > dimH(F )

We can also see this graphically in the following figure.

Hausdorff dimension is the most commonly used way to measure rough-
ness of fractals. Generally box counting and Hausdorff dimensions satisfy
the inequalities

dimHaus ≤ dimlowerbox ≤ dimupperbox

The following are some properties of Hausdorff dimension.

Proposition 3.2.5. If f : F → Rm is a Lipschitz transformation, then
dimHf(F ) ≤ dimHF .

Proof. This follows from the proof of proposition 3.2.3 when taking α =
1.

For a bi-Lipschitz map, applying this to the inverse transformation gives
us the following.

Proposition 3.2.6. If f : F → Rm is a bi-Lipschitz transformation,

c1|x− y| ≤ |f(x)− f(y)| ≤ c2|x− y|, for x, y ∈ F

such that 0 < c1 ≤ c2 <∞, it holds that dimHf(F ) = dimHF .

Hausdorff dimension can also give us some topological information about
sets. For example, we have the following.
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Proposition 3.2.7. If a set F ⊂ Rn has dimHF < 1, then it is totally
disconnected.

Calculating Hausdorff dimension can in many cases be very difficult and
complicated. But for self similar sets, there is a easier technique we can use.
However, before we can use it we first need to know about the open set con-
dition.

Let Fi for i ∈ {1, . . . ,m} be a finite sequence of contractions. If there exists
a non-empty, open and bounded set U such that

m⋃
i=1

Fi(U) ⊆ U

such that the union is disjoint, then we say that the open set condition is
fulfilled on Fi.

The open set condition ensures that the images Fi(K) don’t overlap ”too
much”. Now that we know what the open set condition is, we can calculate
Hausdorff dimension of self similar sets using Moran’s equation.

Theorem 3.2.8. Let K ⊂ Rk with the Euclidean metric and Fi : Rk → Rk

be ri contractions for i = 1, 2, ..., n. Also assume that the open set condition
holds. Then dimH(K) = a where a is the unique solution of

n∑
i=1

(ri)
a = 1

.

Now we can calculate the Hausdorff dimension of some fractals.

Calculation of Hausdorff dimension of the Cantor set C using Moran’s
equation: We see that each level consists of 2 new copies of the level before
it, scaled down by 1

3
. So we get that(

1

3

)a
+

(
1

3

)a
= 1.

Solving for a we get that dimH(C) = log(2)
log(3)

.
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Rigorous calculation: We try to find lower and upper bounds for Hs(C)

for a specific number s. Specifically, we try to prove that if s = log(2)
log(3)

, then
1
2
≤ Hs(C) ≤ 1.

We call the intervals that make up the sets Ek in the construction of C
level-k intervals. Thus, at the kth iteration, Ek consists of 2k level-k inter-
vals, each of length 3−k. So the total length would be 2k3−k. Now, take the
intervals of Ek as a 3−k cover of C. This gives us that Hs

3−k(C) ≤ 2k3−ks = 1

if s = log(2)
log(3)

. Letting k →∞ gives Hs(F ) ≤ 1, which gives the upper bound.

To obtain the lower bound, we will prove that Hs(F ) ≥ 1
2
. Our goal is to

deduce that ∑
|Ui|s ≥

1

2
= 3−s

for any cover {Ui} of the Cantor set C. In this case it is enough to assume
that the {Ui} are intervals, and by slightly expanding them and using the
fact that C is compact, we only need to check that

∑
|Ui|s ≥ 1

2
= 3−s if {Ui}

are finitely many closed sub-intervals of the closed unit interval. Now, for
each Ui, let k be the natural number that satisfies

3−(k+1) ≤ |Ui| < 3−k.

It must be true that Ui can only possibly intersect no more than one level-k
interval due to the fact that the level-k intervals are separated by length of
at least 3−k. If we take j ≥ k then, Ui intersects at most 2j−k = 2j3−sk ≤
2k3s|Ui|s level j-intervals of Ej, using the fact that 3−(k+s) ≤ |Ui| < 3−k. By
taking j large enough so that 3−(j+1) ≤ |Ui| for all Ui, then, as the {Ui}
overlaps with all 2j intervals of length 3−j, simply counting intervals gives
2k ≤

∑
i 2

j3s|Ui|s, which is just
∑
|Ui|s ≥ 1

2
= 3−s.

Since dimH(C) < 1, we know from proposition 3.2.7. that the set is totally
disconnected. We also know that the open set condition is fulfilled, because of
the self similarity of the Cantor set. Which means that dimB(C) = dimH(C).

Calculation of Hausdorff dimension of the Sierpinski Triangle using
Moran’s equation: We see that each new level of the Sierpinski triangle
consists of 3 new copies, scaled down by 1

2
. So we get the following.

3

(
1

2

)a
= 1.
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Solving for a gives us that dimH(S) = log(3)
log(2)

, where S is the Sierpinski trian-
gle.

3.3 Fractal Projection

In this final section we will look at projections of fractals onto lower dimen-
sional subspaces. We will then describe how the digital sundial works.

Generally speaking, the projection of an n-dimensional set onto a lower di-
mensional subspace will have the same or lower dimension than the original
set. A projection of a 1 dimensional line onto a plane is almost always a line
with dimension 1, the projection of a square onto a plane is almost always a
2-dimensional shape, and the projection of a cube onto a plane is always a
2-dimensional shape regardless of the angle of projection.

Let Lθ be the line through the origin in R2 of angle θ relative to the x-
axis. If F is a subset of R2 then orthogonal projection of F onto Lθ is
denoted as projθF . We know that projection is a Lipschitz mapping because
|projθx− projθy| ≤ |x− y| if x, y ∈ R2. Thus

dimH(projθF ) ≤ min{dimHF, 1}

for all F and θ. Clearly since projθF ⊂ Lθ its dimension cannot be greater
than 1. In fact, we have equality almost always. The specific values of θ for
which we have inequality (such as when a square is projected onto a plane
as a line) form a set of zero Lebesgue measure.

Theorem 3.3.1. Let F ⊂ R2 be a Borel set.

a) If dimHF ≤ 1 then dimH(projθF ) = dimHF for almost all θ ∈ [0, π).
b) If dimHF > 1 then projθF has positive length and has dimension 1 for
almost all θ ∈ [0, π).
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Here we also see that the angle of projection greatly affects the measure
of the projected image onto the surface.

A sundial is a device that tells the time of day by projecting a shadow onto
a numerated dial that changes as the earth rotated during the day. Sundials
have been used for thousands of years, the oldest example being from 1500
b.c Egypt. A digital sundial despite its name has no electronic or moving
parts. The digital component of the name refers to the fact that it displays
the time of day in digits by projecting shadows onto a surface. The shadows
change depending on the angle of the sun in the sky and the sundial is built
in such a way that the shadows form the digits in the same way a digital
watch might. The construction of the digital sundial is based on a theorem
from fractal geometry that states

Theorem 3.3.2. Let Gθ ⊂ Lθ, θ ∈ [0, π) be a collection of sets such that⋃
θGθ is a measurable, 2-dimensional set. There exists a set F ⊂ R2 such

that

• Gθ ⊂ projθ(F )

• µ(projθ(F )/Gθ = 0 For almost all θ ∈ [0, π)

For any non-trivial choice of Gθ, the set F is a fractal.

The theorem was proved by Kenneth Falconer in [3, 5]. The actual proof
is outside the scope of this thesis, but we will describe the general nature of
the proof.
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From this image we see that we can construct a set such that while the angle
of projection θ is 0 < θ < π

2
it will have very large projections, but when

−π
4
< θ < 0 the projections will have very small lengths, since most lines

perpendicular to θ will pass through the holes in between the line segments
of the set. This lets us ”program” each and every point of our projection
to either be turned ”on or off” as if they were pixels on a computer screen.
By constructing the fractal differently, we can achieve different projections
at different angles and we can have them be almost anything we want. This
theorem also extends to higher dimensions. Particularly, we can construct a
3-dimensional fractal object, such that its shadow projects any 2-dimensional
image we want onto a 2-dimensional surface at different angles of projection.

By specifying the ”pixels” we want turned on at specific angles, we can
project the time of day, in digits, onto a surface. This is the idea that in-
spired the digital sundial. The construction of the real sundial is actually
based on a different principle though. The first digital sundial was built in
1994 and today the code for 3D-printing digital sundials can be found for
free on the internet for anyone to use.
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