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ABSTRACT
Herewith, we propose two new exponents for the recently introduced XDW-CASPT2 method [S. Battaglia and R. Lindh, J. Chem. Theory
Comput. 16, 1555–1567 (2020)], which fix one of the largest issues hindering this approach. By using the first-order effective Hamiltonian
coupling elements, the weighting scheme implicitly takes into account the symmetry of the states, thereby averaging Fock operators only if
the zeroth-order wave functions interact with each other. The use of Hamiltonian couplings also provides a physically sounder approach
to quantitate the relative weights; however, it introduces new difficulties when these rapidly die off to zero. The improved XDW-CASPT2
method is critically tested on several systems of photochemical relevance, and it is shown that it succeeds in its original intent of maintaining
MS-CASPT2 accuracy for the evaluation of transition energies and at the same time providing smooth potential energy surfaces around
near-degenerate points akin to XMS-CASPT2.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0030944., s

I. INTRODUCTION
The development of multireference approaches is an active field

of research, in particular, in the context of excited state chemistry.1

Thanks to ever increasing computational resources and method
developments, it is now possible to routinely investigate photo-
chemical processes of general interest, with applications tackling
important technological challenges such as devising efficient pho-
tovoltaic materials, improving photodynamic therapies, and devel-
oping bioimaging probes.2 Among the many possible options, mul-
tireference perturbation theory (MRPT) is a widely used approach
that provides an appealing accuracy–computational cost trade-off.
In particular, considering the developments in the last decade of
analytical energy gradients within this framework (see Ref. 3 for a
comprehensive review), MRPT methods offer a robust choice that
goes beyond single point energies and allow for on-the-fly dynamics
simulations.4–9

The recently introduced extended dynamically weighted
complete active space second-order perturbation theory (XDW-
CASPT2) method10 is a new variant of the well-known CASPT2
approach,11 which essentially interpolates between multistate
CASPT2 (MS-CASPT2)12 and extended MS-CASPT2 (XMS-
CASPT2),13 retaining crucial features from both: an accurate

zeroth-order description of individual states and smooth potential
energy surfaces (PESs) in regions of electronic near-degeneracy. This
is achieved in two steps. First, the states included in the model
space are rotated among each other in order to diagonalize the state-
average Fock operator as in XMS-CASPT2, and second, the molec-
ular Hamiltonian is separately partitioned for each state using state-
specific Fock operators akin to MS-CASPT2. The novelty of XDW-
CASPT2 relies on the definition of the state-specific Fock operators,
whose construction is achieved through (1) a new set of multiref-
erence wave functions within the model space and (2) a dynamical
weighting scheme that changes as the zeroth-order wave functions
change with, for example, the molecular geometry. In practice, for
each state α included in the model space, there is a separate par-
titioning of the Hamiltonian, Ĥ = Ĥ(0),α + Vα, with Ĥ(0),α being
constructed from a projected Fock operator of the form

ˆ̄f α =∑
β
ωβ
α f̂

β (1)

with the sum running over all model states. The weights ωβ
α allow

for a balanced zeroth-order description of the states that depends on
their interaction strength: the more the two states interact, the more
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similar their weight is and vice versa. Clearly, the weighting function
is a determining factor for the accuracy and success of this method
and it is the central topic of this study.

This manuscript is organized as follows: First, we briefly reca-
pitulate the salient properties of XDW-CASPT2 and introduce the
new exponents in Sec. II. Then, we critically evaluate the accuracy
and features of the new XDW-CASPT2 variants in Sec. III. Finally,
we state the main findings of this work and our recommendations in
Sec. IV.

II. THEORY
In the original formulation,10 we have proposed to generate the

weights according to the following Boltzmann-type function:

ωβ
α =

exp(−ζξαβ)
∑γ exp(−ζξαγ)

, (2)

where ξαβ ∈ [0,∞) quantifies the importance of state β in the con-
struction of the Fock operator of state α, with 0 and∞ correspond-
ing to the maximal and minimal importance, respectively. Maximal
importance means that state β is as important as state α under con-
sideration, and thus, they will both receive the same weight. Mini-
mal importance means that state β will not contribute at all to the
Fock operator of state α. Note that β in Eq. (1) runs over all states;
thus, also β = α. Obviously, the weight for this case must be the
largest of all, or at least, there cannot be any other weight larger
than this one. The limit case in which the weights are exactly equal
for all states corresponds to a canonical XMS-CASPT2 calculation.
The variable ζ in Eq. (2) is an adjustable, non-negative numeri-
cal factor used to control the sharpness of the transition between
state-specific and state-average regimes and can be understood as
an inverse temperature in the context of Boltzmann distributions.
A small value of ζ (high temperature) tends to assign equal weights
(equal probabilities) to all states, while a large value (low temper-
ature) tends to do the opposite. The limiting case ζ = 0 corre-
sponds to equal weights for all states, hence to XMS-CASPT2, while
ζ →∞ corresponds to no mixing of the Fock operators, such as in
MS-CASPT2.

The parameter ξαβ quantifying the importance of a state can
take several forms. Most intuitively, in the original proposition,10 we
used the squared energy difference between the states, that is,

ξαβ = (⟨Ψα∣Ĥ∣Ψα⟩ − ⟨Ψβ∣Ĥ∣Ψβ⟩)
2
= Δ2

αβ, (3)

with the underlying assumption that the more energetically closer
the two states are, the more they interact. However, this is not
always true. For instance, degenerate states belonging to differ-
ent irreducible representations (irreps) do not interact at all, but,
according to Eq. (3), they do so in the maximal amount. This
does not constitute a problem as long as the calculation is per-
formed for each symmetry sector separately; however, this might
not always be possible, e.g., non-abelian molecular point groups are
seldom implemented in quantum chemical software, or in the con-
text of ab initio molecular dynamics, the simulations are usually
performed in C1. Furthermore, even without resorting to symmetry

arguments, there is no general proof that the energy difference alone
between two electronic states is proportional to their interaction
strength.

Herewith, we explore two possible alternative definitions for
ξαβ, which implicitly consider the symmetry of the states without
resorting to external constraints.

Given two model states Ψα and Ψβ, the element

Hαβ = ⟨Ψα∣Ĥ∣Ψβ⟩ (4)

is a measure of their interaction, where Ĥ is the Born–Oppenheimer
Hamiltonian. For optimized state-average complete active space
self-consistent field (SA-CASSCF14) wave functions, Eq. (4) is always
identical to zero when α ≠ β. However, in XDW-CASPT2, the model
states are initially rotated to diagonalize the state-average Fock oper-
ator such that their first-order interaction [Eq. (4)] is not necessar-
ily identical to zero anymore. Based on these observations, a first
proposition for an alternative exponent is to use the square of the
ratio between the energy of the state under consideration and the
first-order effective Hamiltonian coupling, that is,

ξαβ = (
⟨Ψα∣Ĥ∣Ψα⟩

⟨Ψα∣Ĥ∣Ψβ⟩
)

2

= (
Hαα

Hαβ
)

2

. (5)

For a vanishingly small interaction, ξαβ → ∞ and the contribution

of f̂ β to ˆ̄f α is zero. On the other hand, for a finite value of Hαβ, state β
receives a finite weight and contributes to the Fock operator of state
α. The presence of the energy of the state in the numerator is such
that the value of the exponent for the state under consideration, that
is, α = β, is always 1, allowing for an easier choice of the numerical
factor ζ. In practice, the value of ζ should be set according to the total
energy of the system investigated, which typically corresponds to a
number in the range between 10−7 and 10−9. This choice of expo-
nent accounts for the symmetry of the states; however, it introduces
a new complication. The weight function, and thus the method itself,
is not invariant to constants added to the potential. For instance,
while the numerator “normalizes” the exponent for the target state
to 1, the weights for all the other model states now depend on the
absolute value of the energy such that as this gets larger in magni-
tude, it becomes increasingly difficult for the states to mix. This issue
can be circumvented by adjusting ζ according to the total energy of
the system investigated; however, such a case-to-case fine-tuning is
certainly not ideal.

A second proposition for a new exponent that accounts for
symmetry is given by the following expression:

ξαβ =
∣⟨Ψα∣Ĥ∣Ψα⟩ − ⟨Ψβ∣Ĥ∣Ψβ⟩∣

√

∣⟨Ψα∣Ĥ∣Ψβ⟩∣
=
∣Δαβ∣
√
∣Hαβ∣

. (6)

As observed in the original contribution,10 if the value of ξαβ changes
too rapidly as a function of the molecular geometry, artifacts may
appear on the potential energy surface. Different from the previ-
ous two exponents, Eq. (6) is the ratio of two independently varying
quantities such that a simultaneous change of both of them may
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result in weights changing too quickly. Hence, in order to decrease
this effect, Eq. (6) is not squared. Furthermore, since the range of
values of |Hαβ| spans several orders of magnitude, taking its square
root decreases the fluctuations and results in weights that transition
from state-average to state-specific regimes more slowly.

This exponent is invariant to constants added to the potential
and thereby solves the issue that has arisen with the expression pre-
sented in Eq. (5). Nevertheless, the asymptotic behavior of Eq. (6)
should be carefully evaluated. In particular, we note that at a conical
intersection, both the numerator, i.e., the energy difference, and the
denominator, i.e., the square root of the coupling, go to zero, leading
to an undefined value for ξαβ. To avoid for such ambiguity, we shall
slightly modify Eq. (6) in the following manner:

ξαβ =
∣Δαβ∣ + δ
√
∣Hαβ∣

, (7)

where δ is a small positive constant. This translates into ξαβ → ∞
for Hαβ → 0, or in other words, the coupling controls the asymp-
totic behavior of the exponent. This is in agreement with the main
objective sought for in this contribution, that is, no mixing of the
Fock operators should occur if two states do not interact with each
other.

Furthermore, we shall consider a third option that implicitly
accounts for symmetry and which was already available from the
original XDW-CASPT2 approach. As mentioned above, the case
ζ → ∞ always leads to unit weights as in MS-CASPT2, regardless
of the expression used for ξαβ [assuming that we are working in
finite precision, in particular, regarding the denominators of Eqs. (5)
and (7)]. This translates to fully state-specific Fock operators that are
never mixed with each other. However, note that this does not boil
down to a canonical MS-CASPT2 because in XDW-CASPT2, the
states are initially rotated to diagonalize the state-average Fock oper-
ator, and thus, they do not correspond to the original input CASSCF
ones.

The new exponents have been implemented in a development
branch of the OpenMolcas program package15,16 based on the mas-
ter branch, with which all calculations presented in this manuscript
were performed unless otherwise stated. More details are provided
in the supplementary material.

III. RESULTS
We test the new exponents on several exemplary systems

that cover important use cases in photochemistry: vertical transi-
tion energies, symmetry-breaking potential energy surfaces, exactly
degenerate states, and conical intersections. We compare the accu-
racy and behavior of XDW-CASPT2 using the three different
expressions presented above to obtain the weights [Eqs. (3), (5),
and (7)] against that of MS-CASPT2, XMS-CASPT2 (based on
the single-state single-reference ansatz), and experimental values
when available. For all calculations involving Eq. (7), δ was set to
1.0 × 10−9 hartree, corresponding to one order of magnitude
smaller than the energy convergence threshold applied to all
SA-CASSCF optimizations. No IPEA shift was used in any of the
CASPT2 variants.

A. Pyridine
First, we investigate the vertical transition energies to the low-

lying 1(ππ∗) and 1(nπ∗) excited states of pyridine. These transitions
are of particular interest because they are in the same energy range
but of different character. Most importantly, excitations originating
from the nitrogen lone pair belong to a distinct irreducible repre-
sentation than those from the π system, which allows us to study
the dependence of the results on the explicit enforcement of the
molecular point group symmetry.

The ground state geometry of pyridine was optimized by den-
sity functional theory using the B3LYP exchange and correlation
functional17–19 together with the aug-cc-pVTZ basis set,20 resulting
in a symmetric structure belonging to theC2v group. This calculation
was performed in Gaussian 09, revision D01.21 Using this geome-
try, subsequent SA-CASSCF and CASPT2 calculations (all variants)
were carried out in combination with the cc-pVTZ basis set22 and
an active space of 8 electrons in 7 orbitals. In these calculations, we
included two A1 states, one of which is the ground state; one B1 state;
one A2 state; and two B2 states. The values of ζ used for each of the
three XDW-CASPT2 exponents [Eqs. (3), (5), and (7)] were set to 50,
1.0 × 10−8, and 1, respectively. An imaginary shift of 0.1 hartree was
used for all CASPT2 variants. Full information on the computational
details is available in the supplementary material.

We start by reporting in Table I the results obtained when run-
ning the calculation enforcing the C2v molecular point group sym-
metry and compare them to available experimental data taken from
the literature.23 First, note that XMS-CASPT2 systematically overes-
timates MS-CASPT2 by 0.10 eV–0.15 eV; however, it better repro-
duces the experimental transitions. Second, the original version of
XDW-CASPT2, i.e., using Eq. (3), almost exactly reproduces the val-
ues of MS-CASPT2 as the ζ →∞ case does. On the other hand, the
scheme based on both Eqs. (5) and (7) yields transitions somewhere
in between the MS-CASPT2 and the XMS-CASPT2 ones. These
values crucially depend on the amount of Fock operator mixing
and thus on the parameter ζ. To better understand the differences
between the original version of XDW-CASPT2 and the new one
(with either of the two new exponents), we shall look at the weights
for states of A1 symmetry (a similar discussion applies for the B2
states). Using Eq. (3), the weights for the two A1 states are

TABLE I. Vertical transition energies for the low-lying singlet excited states of pyridine
imposing the C2v molecular point group symmetry. The columns of XDW-CASPT2
are labeled by the expressions used to determine the exponents. All values are given
in eV.

XDW-CASPT2

State(nature) MS XMS Δ2
αβ (

Hαα
Hαβ
)

2
∣Δαβ ∣+δ
√

∣Hαβ ∣
ζ →∞ Expt.

1B2(π→ π∗) 4.80 4.90 4.78 4.88 4.84 4.80 4.99
1B1(n→ π∗) 4.90 5.04 4.90 4.98 4.94 4.90 5.24
1A2(n→ π∗) 5.17 5.31 5.17 5.25 5.20 5.16 5.43
2A1(π→ π∗) 6.26 6.42 6.25 6.35 6.30 6.25 6.38
2B2(π→ π∗) 7.86 7.98 7.84 7.95 7.90 7.86 7.22
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1A1 2A1

ω1
α

ω2
α
(
0.985 0.015
0.015 0.985)

,

which are very close to unity due to the large energy difference
between the ground and excited states. This means that the Fock
operators are very similar to the state-specific ones; hence, the MS-
CASPT2 transition energies are almost exactly reproduced by XDW-
CASPT2. On the other hand, the weights obtained through the use
of Eq. (7) [the same analysis applies for the weights obtained with
Eq. (5), which are reported in the supplementary material] are

1A1 2A1

ω1
α

ω2
α
(
0.858 0.142
0.142 0.858)

,

where the new exponent considerably mixes the two states. The first
excited state wave function contributes almost 15% to the ground
state Fock operator and vice versa, explaining the transition energies
being somewhere in between MS-CASPT2 and XMS-CASPT2.

As long as the highest point group symmetry is used in the cal-
culation, all exponents provide physically meaningful results; this is
not the case if this explicit constraint is lifted by using a symmetry
subgroup of the structure. To this end, we have repeated these calcu-
lations within the C1 point group and report in Table II the results
obtained. First, once again, the energies obtained with ζ → ∞ are
virtually equivalent to those obtained with MS-CASPT2. Second, we
note that the original XDW-CASPT2 approach, i.e., with ξαβ = Δ2

αβ,
significantly deviates from both MS-CASPT2 and XMS-CASPT2,
particularly for the n → π∗ transitions. This is because the Fock
operators are constructed using weights that are averaged over all
six states included in the calculation, regardless of their symmetry.
This can be seen by inspecting the weights, which read

1A1 1B2 1B1 1A2 2A1 2B2

ω1
α

ω2
α

ω3
α

ω4
α

ω5
α

ω6
α

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0.708 0.045 0.034 0.015 0.003 0.003
0.130 0.246 0.234 0.199 0.132 0.126
0.100 0.244 0.236 0.210 0.152 0.147
0.047 0.219 0.222 0.224 0.204 0.202
0.008 0.127 0.141 0.179 0.255 0.261
0.007 0.119 0.133 0.173 0.254 0.261

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

TABLE II. Vertical transition energies for the low-lying singlet excited states of pyridine
imposing the C1 molecular point group symmetry. The columns of XDW-CASPT2 are
labeled by the expressions used to determine the exponents. All values are given
in eV.

XDW-CASPT2

State(nature) MS XMS Δ2
αβ (

Hαα
Hαβ
)

2
∣Δαβ ∣+δ
√

∣Hαβ ∣
ζ →∞ Expt.

1B1(n→ π∗) 4.78 4.72 4.57 4.83 4.80 4.77 5.24
1B2(π→ π∗) 4.87 4.96 4.78 4.92 4.92 4.86 4.99
1A2(n→ π∗) 5.11 5.10 4.85 5.16 5.14 5.11 5.43
2A1(π→ π∗) 6.54 6.67 6.46 6.58 6.56 6.53 6.38
2B2(π→ π∗) 7.86 7.99 7.80 7.91 7.88 7.85 7.22

noticing that besides the ground state, the five excited states are all
averaged with fairly equal weights. This is a clear shortcoming of
Eq. (3) inherent in the fact that energy differences do not contain
information on the symmetry of the states. In contrast, the transi-
tions obtained with Eq. (7) [and Eq. (5), see supplementary material]
are very similar to the MS-CASPT2 ones, as are the weights

1A1 1B2 1B1 1A2 2A1 2B2

ω1
α

ω2
α

ω3
α

ω4
α

ω5
α

ω6
α

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0.891 0.000 0.000 0.000 0.109 0.000
0.000 0.900 0.000 0.000 0.000 0.100
0.000 0.000 1.000 0.000 0.000 0.000
0.000 0.000 0.000 1.000 0.000 0.000
0.109 0.000 0.000 0.000 0.891 0.000
0.000 0.100 0.000 0.000 0.000 0.900

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where we note that only states belonging to the same irrep mix with
each other (highlighted in boldface), even though the calculation
was performed without symmetry. It is thus clear how the use of
the Hamiltonian coupling term in the denominator of Eq. (7) [and
Eq. (5)] constitutes a preferable approach to determine the weights,
working well with and without symmetry.

B. Ethene
A second example is provided by the low-lying singlet excited

state spectrum of the ethene molecule, which is a challenging test for
quantum chemical methods due to the notorious valence-Rydberg
mixing of the 1B1u excited state.24,25 Furthermore, this molecule
lends itself well for computing the potential energy curve (PEC) of
the C–C bond twisting, which breaks its high symmetry. This cal-
culation is carried out with the cc-pVTZ basis set22 in conjunction
with the Rydberg basis by Kaufmann et al.,26 with an active space
of 4 electrons in 13 orbitals, and averaging over 11 states during
the SA-CASSCF optimization. The initial geometry of the ethene
molecule is taken from the literature27 and corresponds to an opti-
mized structure at the CC3/aug-cc-pVTZ level of theory, while the
PEC is constructed by twisting the H–C–C–H dihedral angle in steps
of 2○ until an angle of 20○. The calculation is run without impos-
ing symmetry; however, states are labeled according to the D2h point
group, with the z axis aligned to the C–C bond. All CASPT2 calcu-
lations are performed over 6 selected roots, which are tracked along
the PEC by inspection of the natural transition orbitals to ensure
that the same diabatic states are always included in the model space.
For all variants, an imaginary shift of 0.1 hartree was used to avoid
intruder state problems. A value of ζ = 50 was used for the original
XDW-CASPT2 method, ζ = 5× 10−8 when using Eq. (5), and ζ = 1 in
combination with Eq. (7). Full computational details are available in
the supplementary material.

First, we present in Table III the vertical excitation energies
obtained for the selected singlet excited states at the equilibrium
geometry and compare them to experimental data.25,27 The gen-
eral tendency for all CASPT2 methods considered here is to over-
estimate the energy gap. All XDW-CASPT2 variants perform well
on the complicated 1B1u transition besides the original formula-
tion, which instead significantly underestimates the value from the
electron impact experiment. The two transitions to the 1B1g and
1B3u Rydberg states show the largest discrepancy with respect to
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TABLE III. Vertical transition energies for the low-lying singlet excited states of
ethene. The columns of XDW-CASPT2 are labeled by the expressions used to
compute the exponents. All values are given in eV.

XDW-CASPT2

State(nature) MS XMS Δ2
αβ (

Hαα
Hαβ
)

2
∣Δαβ ∣+δ
√

∣Hαβ ∣
ζ →∞ Expt.

1B1u(π→ π∗) 7.64 7.87 7.41 7.62 7.59 7.61 7.68
1B1g(π→ 3py) 8.11 8.43 8.13 8.10 8.12 8.09 7.80
2Ag(π→ 3px) 8.41 8.76 8.44 8.41 8.43 8.40 8.29
1B3u(π→ 3dyz) 9.16 9.48 9.18 9.15 9.17 9.15 8.90
2B1u(π→ 3dxz) 9.42 9.72 9.39 9.40 9.39 9.40 9.33

the experimental estimates, with XMS-CASPT2 performing partic-
ularly poorly in this instance. Somewhat surprisingly, in this partic-
ular example, if we exclude the transition to the 1B1u valence state
by XDW-CASPT2 with Eq. (3), the energies obtained with XDW-
CASPT2, regardless of the exponent used, are remarkably close to
the MS-CASPT2 ones.

At the equilibrium geometry, the only symmetry-allowed inter-
actions are between the ground and the 2Ag states and between the
two B1u states. As the molecule is twisted around the C–C bond,
the symmetry breaks and the 1B3u state starts to interact with the
ground and 2Ag states, while the same happens for the 1B1g and the
B1u ones. By tracking in Fig. 1 the off-diagonal elements of Hamil-
tonian between the ground and the 1B3u states (H15), as well as
between the 1B1u and the 1B1g states (H26), we can observe in Fig. 2
how the weights obtained through Eq. (7) [see the supplementary
material for ξαβ calculated with Eq. (5)] change accordingly. Due to
the small value of the Hamiltonian coupling element, the 1B3u state
never contributes to the Fock operator of the ground state, as can
be seen by the value of ω5

1 remaining equal to 0 in Fig. 2. On the
other hand, the weight ω6

2 for the contribution of B1g to B1u steadily
and smoothly increases while twisting the angle as the interaction
between the states becomes possible due to the broken symmetry
of the molecule. Note that the value of the weights also depends on
the energy difference between the states; however, as shown in the
supplementary material, we find the same overall behavior for
Eq. (5). Finally, we do not report the topology of the potential energy

FIG. 1. Value of the first-order effective Hamiltonian coupling elements between
the ground and the 1B3u states (H15) and between the 1B1u and B1g states (H26)
as a function of the twisting angle.

FIG. 2. Weight assigned to the 1B3u (ω5
1) and B1g (ω6

2) states for the construction
of the Fock operator of the ground and the 1B1u states as a function of the twisting
angle.

curves as these are virtually the same for all CASPT2 variants and do
not provide any particular insight.

C. Thymine
As another example, we have studied the path from the Franck–

Condon point to the photochemically relevant conical intersection
(CI) in thymine.28,29 The photostability of thymine is explained in
terms of a non-radiative decay from the bright 1(ππ∗) state through
a conical intersection with the ground state. The geometries of the
ground state and of its conical intersection with the first excited sin-
glet state were obtained with the SA-CASSCF method, the latter of
the two corresponding to the minimum energy crossing point. The
active space used was of 14 electrons in 10 orbitals. The optimiza-
tion was performed averaging over 5 states and without imposing
any symmetry constraint. The basis set used was 6-31G∗,30,31 fol-
lowing the work of Segarra-Martí et al. The path from the Franck–
Condon point to the conical intersection was created by linearly
interpolating the internal coordinates in 6 steps using the chemco-
ord python library,32 yielding a total of 7 geometries. For each of
these structures, CASPT2 calculations were performed for all vari-
ants, including all five states in the model space and an imaginary
shift of 0.1 hartree. Full computational details are available in the
supplementary material.

Of particular interest are the energies of the ground, the 1(ππ∗)
and the 1(nπ∗) states, as shown in Fig. 3 for MS-CASPT2, XMS-
CASPT2, and XDW-CASPT2 using Eqs. (3) and (7) [results for
XDW-CASPT2 with Eq. (5) and with ζ → ∞ are reported in the
supplementary material]. The potential energy curves obtained with
both XDW-CASPT2 approaches have the same shape as the XMS-
CASPT2 ones, in particular, the 1(ππ∗) state. The original approach
largely overlaps with the MS-CASPT2 curves due to the weights
being essentially a unit matrix (hence, the result is practically iden-
tical to the case ζ → ∞ shown in the supplementary material).
On the other hand, the PECs obtained with the new exponent are
somewhere in between the MS-CASPT2 and XMS-CASPT2 curves,
highlighting the defining feature of this method. At the Franck–
Condon point, the interaction between the ground and the 1(ππ∗)
states is zero due to symmetry. Consequently, the latter does not
contribute to the Fock operator of the ground state. Similarly, the
coupling at the conical intersection, while different from zero (even
though it should be exactly zero at the exact CI point), is in the
order of tens of microhartrees such that, in practice, no weight is
assigned to the 1(ππ∗) state. This example highlights the fact that
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FIG. 3. PECs along the path from the Franck–Condon point (0 on the abscissa)
to the conical intersection between the ground and the first excited state (6 on
the abscissa). The energy difference at point x = 6 is not exactly zero since the
CI geometry was obtained with the SA-CASSCF method. The states are directly
labeled on the plot and are coded with different point types.

despite the state averaging not playing a crucial role in this case,
the initial rotation of the states combined with a multi-partitioning
approach yields a result that lies in between MS-CASPT2 and
XMS-CASPT2.

D. Molybdenum
An important case to analyze is that of exact degeneracy, which

is ubiquitous in transition metal ions. In the following, we compute
the ground state of the molybdenum di-cation, which is a fivefold
degenerate quintet state. The reference functions are obtained using
the SA-CASSCF method in combination with the ANO-RCC basis
set.33 The active space was composed by 4 electrons in the 5 4d
orbitals, and only the lowest five quintet states were included in
the calculation. No molecular point group symmetry was imposed.
Full computational details are available in the supplementary
material.

The energies obtained with the SA-CASSCF method differ
by 10−8 hartree, which is the value of the energy threshold used
during the optimization. The behavior of XDW-CASPT2 with the
new exponents proposed here is fundamentally different from the
original formulation. In the latter case, since ξαβ depends only on
the energy difference between the states, which is virtually zero in
this case, every state contributes equally to the construction of the
Fock operator such that the method corresponds exactly to XMS-
CASPT2. On the other hand, the five degenerate quintet states all
belong to different irreducible representations such that accord-
ing to the prescription for the new exponents presented in this
manuscript, no mixing of the densities should occur. This is the
case observed when running the calculation using Eqs. (5) and (7)
to compute ξαβ. Note that this is also the same for the limiting case
ζ → ∞, whereby the Fock operators are purely state-specific. We
shall point out that in this particular example, the need for a
fixed small constant δ in the numerator of Eq. (7) is essential
to ensure proper behavior. See the supplementary material for a
detailed discussion and the energies obtained with the different
methods.

E. PSB3
As a last system to test XDW-CASPT2, we study the conical

intersection of a reduced retinal model, the penta-2,4-dieniminium
(PSB3) cation. The PSB3 cation constitutes a minimal computational
model to study the photoisomerization of retinal protonated Schiff
bases of visual pigments,34 whereby the Franck–Condon point on
the first singlet excited state surface is connected to a conical inter-
section with the ground state. This system has been extensively stud-
ied with several electronic structure methods,35 and in particular, the
shape of the branching plane (BP) around the CI has been charac-
terized at the MS-CASPT2 and XMS-CASPT2 levels of theory.35,36

Hereby, we analyze the topology of the BP at the XDW-CASPT2
level of theory using the different exponents.

The geometry of the conical intersection was optimized with
the SA-CASSCF method using the 6-31G∗ basis set30,31 and an active
space of 6 electrons in the 6 orbitals of the π system. The calculation
was performed including the two lowest singlet states.

Upon location of the CI, the local x̂ and ŷ vectors,37 which
are related to the more canonical g and h vectors typically used to
characterize CIs (see Ref. 37 for a detailed description), were used

FIG. 4. Potential energy surfaces of
the branching space computed using
MS-CASPT2 (left) and XMS-CASPT2
(right). Note that the origin corresponds
to the SA-CASSCF CI geometry.
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FIG. 5. Potential energy surfaces of
the branching space computed using
XDW-CASPT2 with the new exponent of
Eq. (7) (left) and with ζ → ∞ (right).
Note that the origin corresponds to the
SA-CASSCF CI geometry.

to scan the potential energy surface of the branching plane at the
CASPT2 level of theory. Note that we do not locate the CI using
any of the CASPT2 variants as PES artifacts generally appear when
the underlying zeroth-order states are degenerate, that is, at the
SA-CASSCF level of theory.38 The values of ζ used in combina-
tion with Eqs. (3), (5), and (7) were 50, 5.0 × 10−8, and 1, respec-
tively. Full computational details are available in the supplementary
material.

First, we report in Fig. 4 the results obtained with MS-CASPT2
and XMS-CASPT2. The PES obtained with the former method suf-
fers from evident artifacts right around the CI point, while that
provided by XMS-CASPT2 is smooth and without any sign of break-
down. This shortcoming of MS-CASPT2 is ascribed to the non-
invariance of the theory to unitary rotations of the model states,38

which is caused by the use of diagonal projection operators in Ĥ(0).
In practice, the extent of this diagonal approximation can be quan-
tified by computing the zeroth-order coupling between the states in
the model space10

H(0)αβ = ⟨Ψ
(0)
α ∣Ĥ

(0)
∣Ψ(0)β ⟩, (8)

which, for CASPT2 theory, corresponds to the coupling of the Fock
operator.39 The greater (in magnitude) is this number, the more
severe is the approximation, such that the result is decreasingly reli-
able. In this context, full invariance implies zero off-diagonal ele-
ments, which is the case of XMS-CASPT2. As shown in the original
publication, XDW-CASPT2 is a quasi-invariant theory in the sense
that the initial rotation between the model states decreases the mag-
nitude of their zeroth-order coupling to a degree where the artifacts
on the PES do not typically appear.10 This is indeed observed in the
case of XDW-CASPT2 using the original exponent, with the surfaces
being almost exactly equal to those obtained with XMS-CASPT2 (see
the supplementary material). On the other hand, the newly proposed
exponent [Eq. (7)] does not produce a smooth PES around the CI,
as is shown on the left plot of Fig. 5. There is a clear unphysical
“ridge” along the x̂ coordinate at ŷ = 0, which suddenly drops at
the origin of the plot. By letting the parameter ζ go to infinity, a per-
fectly smooth surface is recovered as depicted on the right plot of
Fig. 5. To rationalize and understand the cause of this erratic behav-
ior, we focus in Fig. 6 on a slice through the branching plane at
x̂ = 0.02 Å and plot the ground state Fock operator coupling ele-
ment along with the weights used in its construction. Note that the

choice of using the ground state for this analysis is arbitrary, and
the same discussion could be done using the Fock operator of the
excited state. For MS-CASPT2, large changes in the total energy are
associated with large changes in f 1

12. The weights, in this case, are all

FIG. 6. Slice of the branching plane PES at x̂ = 0.02 Å for three different variants
of CASPT2. In all plots, the left y axis represents the absolute value of the ground
state Fock operator coupling element and is associated with the dashed line. The
right y axis shows the total energy of PSB3 and is associated with the solid line.
The light blue bars in the background represent the weights used to construct the
ground state Fock operator; the darker shade shows the contribution of the ground
state (in %), while the lighter shade shows the remaining part (up to 100%). Note
that the asymmetry of the Fock coupling for ζ → ∞ is due to the use of the
absolute value function as the coupling monotonically decreases from ŷ = −0.04
to ŷ = 0.04.
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100% as in MS-CASPT2 the Fock operators are not averaged. The
XDW-CASPT2 plot in the center of Fig. 6 highlights the sudden
change in energy, creating a peak at ŷ = 0. However, different to
the MS-CASPT2 case, the Fock operator couplings are almost equal
to zero such that this artificial behavior appears to be related to a
sudden change in the weights, rather than a breakdown of the diag-
onal approximation. Indeed, while the weights change slowly and
smoothly for the most part, there is a sudden increase (decrease)
of the ground (excited) state contribution to the construction of
the Fock operator ˆ̄f 1. This has already been observed in previous
works,10,40 whereby rapid changes in the weights result in wiggles
on the potential energy surface. This conjecture is further substan-
tiated by the bottom plot of Fig. 6, showing that when the weights
do not change rapidly (or at all, as is the case for ζ →∞), even with
Fock operator couplings larger than the previous ones, the energy is
well behaved. The culprit for the unphysical surface shown in Fig. 5
thus lies at the very heart of the newly proposed exponents. While
Eq. (3) linearly decreases to zero as we approach a conical intersec-
tion, Eqs. (5) and (7) blow up to infinity, thereby forcedly changing
the weights too quickly. In practice, one could adjust the parame-
ter ζ to damp the asymptotic behavior of Eqs. (5) and (7) [e.g., see
the BP plot for XDW-CASPT2 with Eq. (5) in the supplementary
material]; however, this makes the method strongly dependent on
this parameter.

IV. CONCLUSIONS
In this work, we have proposed two new exponents for the

recently developed XDW-CASPT2 method and we have tested them
on several systems of photochemical interest. The newly proposed
exponents [Eqs. (5) and (7)] implicitly account for symmetry infor-
mation and do not mix states belonging to different irreducible rep-
resentations. This is also true when relying on fully state-specific
operators in the limit ζ →∞, which, in practice, results in a method-
ology free of any parameter. The full account of symmetry in Eqs. (5)
and (7) is a desirable property that is shown to be effective for
reproducing the general accuracy of MS-CASPT2 in the calcula-
tion of transition energies in all cases considered in this work.
Nevertheless, in situations of exact degeneracy between the model
states, and in particular around conical intersections, the introduc-
tion of the off-diagonal elements of the first-order effective Hamil-
tonian in the denominator of ξαβ may result in a sudden change
in weights, generating wiggles in the potential energy surface. This
issue makes XDW-CASPT2 strongly dependent on the parame-
ter ζ for damping the asymptotic behavior of the exponent when
approaching zero, thereby decreasing the rate at which the weights
change.

Based on the results obtained here and in our previous con-
tribution,10 two lessons can be learned. On one side, the difficulties
encountered in finding a suitable exponent highlight how one has to
be extremely careful in the design of new approaches as seemingly
insignificant details can have a tremendous impact on the accuracy
and robustness of the method. On the other end, it is clear that the
initial rotation of the states à-la-XMS plays the prominent role in
XDW-CASPT2, which, when used in combination with fully state-
specific Fock operators—i.e., equivalent to ζ →∞—seems to be the

best choice to maintain the accuracy of MS-CASPT2 for transition
energies and provide at the same time a smooth PES in regions of
near or exact degeneracies of the zeroth-order states. We would also
like to point out that the initial rotation does not have to be the same
as the one used in XMS-CASPT2, but rather, the guiding principle
is to find a unitary transformation that minimizes the zeroth-order
couplings between the states. Furthermore, we note that the same
scheme can be applied to other MRPT approaches that are based on
a multi-partitioning formalism, potentially fixing issues similar to
those faced by MS-CASPT2.

To summarize, in light of this investigation, we argue that
XDW-CASPT2 with ζ →∞ provides a robust drop-in replacement
for MS-CASPT2, which, in practice, does not depend on any param-
eter. Given that in this case there is actually no dynamical weighting
and the method essentially corresponds to canonical MS-CASPT2
with rotated reference states, we shall call this approach rotated
MS-CASPT2, or RMS-CASPT2, to avoid ambiguities in the future.

SUPPLEMENTARY MATERIAL

The supplementary material contains the full computational
details of all the calculations performed in this work as well as addi-
tional results for each studied system. Furthermore, all structures
obtained and used in this contribution are available as xyz files, along
with the Rydberg basis set used for the ethene molecule.
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