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1 Introduction

The first exoplanet around a main sequence star was discovered over 20 years
ago (Mayor & Queloz 1995) and since then thousands more have followed.
Observations have revealed a large variety of planets, from gas giants like
Jupiter, to rocky planets like Earth. Some of the planets, like mini-Neptunes,
do not even have an analogue in our own Solar system. The large majority of
potential planets is discovered by monitoring stellar light curve variations in
massive surveys, usually from space based telescopes. Identified candidates
then must be verified using targeted spectroscopic observations with ground
based instruments. While these observations are very good at determining
the general properties of a planet, like the orbital period, irradiation, mass
and radius, they don’t provide any insight into the physical conditions on
its surface and neither do they reveal the presence and chemical composition
of its atmosphere. This requires separate more involved observations of the
star planet system, as the signal of the planet atmosphere is orders of mag-
nitudes smaller than that of the whole planet. The existing studies of the
composition of planetary atmospheres are therefore heavily reliant on mod-
els, essentially requiring us to define what we are looking for and then use
measurements to confirm/reject the assumption. The most common tech-
niques are atmospheric retrieval (Madhusudhan & Seager 2009; Madhusud-
han et al. 2011), where a planet model with a few free parameters is fit to a
low-resolution spectrum, or cross-correlation (Snellen et al. 2008), where one
looks if cross-correlation function between a high-resolution model spectrum
and the observations for a given species peaks at the velocity shift predicted
by the orbital solution.

Significant improvement in spectroscopic instruments and astronomical de-
tectors allows us to attempt a new approach that separates the extraction
of planetary transmission spectrum from its interpretation. The first part,
developed by Aronson et al. (2015); Aronson & Piskunov (2018, 2019), does
not require any model of planetary atmosphere. However model atmospheres
are still necessary to interpret the recovered spectrum in terms of physical
conditions on the planet. This thesis is dedicated to the first part: the de-
tection of the planetary atmosphere and the extraction of its transmission
spectrum.

To understand this method consider that the observation is a product of
three different spectra S ·P ·T , the stellar spectrum S, the telluric absorption
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T , and the absorption of the planet atmosphere P . Notably each of them
experiences a different radial velocity shift over time, especially the planet
atmosphere, since the planet radial velocity has a large amplitude and short
period for close in planets. Assuming that we know all three components,
as functions of wavelength, we can solve the forward problem by modelling
the observations. Inverting this problem to solve for the planet transmission
is a classical case of an inverse problem, since we are extracting a relatively
small contribution to the observation.

When solving the inverse problem we compare our model spectra with ob-
servations taken throughout the transit, i.e. the part of the orbit where we
see planet atmosphere absorption. By modelling both the stellar and telluric
spectra we can simplify the problem to a linear equation O−STP = 0, where
P is the only unknown. Instead of solving the equation directly however we
instead minimize the sum of least squares min(O − STP ) with an addition
regularization term w

∑
DP , where w is the regularization weight, and D is

the difference operator. This additional term suppresses the variations that
are a result of the noise inherent to the observations.

This requires transmission spectra with high signal-to-noise ratio (SNR),
wide spectral coverage (SC), high resolution R, and short exposure times
texp. The high SNR is required to detect the minute signal of the planet
atmosphere in the observations. We need a wide spectral range so that we can
robustly place the continuum and accurately measure the depth of absorption
features, necessary to correct for the decrease in stellar flux during the transit.
With a high resolution it is possible to resolve the radial velocity shift of the
planet atmosphere between the individual exposures. And finally with short
exposure times the radial velocity change of the planet is smaller during each
exposure, and the absorption features therefore less blurred. In subsection 4.6
we will discuss the requirements for each of these parameters.

For the best choice of the wavelength range we need to consider our targets.
We are only going to consider M-dwarf host stars, to obtain the largest planet
radius to stellar radius ratio possible. M-dwarfs are cooler and smaller than
the Sun, therefore, planetary orbits in the so-called habitable zone around
these objects are much smaller allowing observations of several transits in a
short time. On the other hand, spectra of M-dwarfs contain many molecular
absorption features, which are absent in hotter stars. Since the stellar spec-
trum is the background source for our observations, any spectral features are
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a nuisance as they can be misinterpreted as planet absorption if not modeled
correctly, especially if the stellar and planetary features overlap. However in
the infrared the lines are much less densely packed than in the optical wave-
length region. On the other hand the stellar signal drops at wavelengths
larger than 3 µm so far that observations become difficult to perform with
the required SNR. Additionally we need to consider the molecular absorption
band heads we expect from the planet atmospheres. For gas giants those are
H2O, CO2, CH4, CO, H, H2, O, OH (Miguel & Kaltenegger 2014), and for
rocky planets O3, CO, CO2, SO2, CH4, NH3 (Allen 1977). Combining these
constraints we choose the H and K bands in the near-IR (1.5 – 1.8 µm and
1.9 – 2.5 µm), which contain strong absorption features from CO2, CO, CH4,
H2O, CH4, and NH3.

All of these constraints can only be achieved by a small number of ground
based instruments. Foremost amongst them is the new CRIRES+ at the
Very Large Telescope (VLT), with a resolution of R > 100.000, and simulta-
neous coverage of half the H band or a third of the K band. The large 8 m
mirror of the VLT helps to obtain the necessary SNR in a short observing
time. Other similar instruments, that are available or will be soon, include
SPIRou (Donati et al. 2020), NIRPS (Bouchy et al. 2017), GIANO-B (Origlia
et al. 2014), and CARMENES (Quirrenbach et al. 2016). SPIRou is already
working at the 3.6 m Canada-France-Hawaii Telescope. It has a slightly lower
resolution of R = 70 000, but covers the entire YJHK bands in a single ex-
posure. NIRPS will soon join HARPS at the 3.6 m La Silla telescope. It will
feature a similar spectral resolution to CRIRES+, very high stability, and a
much wider simultaneous wavelength coverage of 0.97 – 1.81 µm, but it does
not reach the K band. GIANO-B has been in use for several years at the
3.58 m Telescopio Nazionale Galileo (TNG). It features only half the resolu-
tion at R = 50 000, but covers the entirety of the YJHK bands in a single
exposure. CARMENES is operating at the 3.5 m telescope of the Calar Alto
Observatory with a resolution of R = 80 000, but does not cover the K band
either.

In addition to instrument development and the actual observations there are
three areas that are equally important to the success of the whole project and
where we are making our main contribution: Data Reduction of observations
presented in Section 2, Determination of stellar parameter and synthesis of
the flux and specific intensity spectra described in Section 3, and extraction
of the transmission spectrum explained in Section 4.

4



2 Echelle Spectroscopy

The shape of the spectrum of a typical star is roughly similar to that of
a black body. However, bound-bound (and bound-free) transitions in the
outer layers of the atmosphere create relatively narrow absorption features
associated with various species present in these layers. Spectral lines are
dominating the spectrum and even affect the flux in the short wavelengths,
but they are getting more sparse in the red and infrared. The shape of
each line depends on the stellar parameters and on specific line properties.
We can measure these line properties (e.g. strength, lifetime, sensitivity to
collisions) in the lab, or get them from theoretical calculations. Using this
data we can then determine the stellar parameters by fitting the observed
spectrum provided we can resolve individual spectral lines.

In spectroscopic observations a prism or a grating is used to split the light into
different wavelengths (a spectrum). In echelle spectroscopy we use an echelle
grating, which is optimised for high efficiency. An echelle spectrometer typ-
ically uses high spectral orders (≥30) to minimize the differences in spectral
coverage between adjacent orders and achieve higher resolution R = λ/∆λ,
where ∆λ is size of the resolution element. However the spectral orders from
the echelle overlap spatially. To separate them, the light is split again, this
time in the orthogonal direction, using a second prism or a low-dispersion
grating. This ”additional” spectrometer is called cross-disperser. An exam-
ple of the resulting image created by a cross-dispersed echelle spectrometer
is shown in Figure 1.

The wavelength of each order is given by the grating equation:

λ =
d

m
(sinα− sin β), (1)

where d is the grating spacing, m is the order number, and α and β are
the incidence and reflection angle respectively. The width of each order is
determined by the free spectral range (FSR):

FSR = λm − λm+1 ∝
1

m2
. (2)

This can be seen in Figure 1 as a shortening of the wavelength range with
increasing order number (decreasing wavelength).
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Figure 1: An example of a cross-dispersed echelle spectrometer focal plane
layout. Each curved strip is a spectral order. The bright spectral features
are the emission lines used for wavelength calibration. White dots are ”hot”
pixels or cosmic ray hits. Wavelength is increasing from left to right and
from bottom to top. Credit: ESO/X-Shooter

Figure 1 shows two other geometric distortions that are commonly encoun-
tered. First, the central line of each order is curved and the curvature changes
from one order to to the next. This is particularly pronounced in Figure 1
due to the choice of a prism as a cross-disperser. The second is the tilt of
the spectral features. This is the result of detector orientation optimization
in order to achieve larger continuous wavelength coverage.

Other properties of a cross-dispersed echelle image are the intensity variation
along the spectral order (the so-called blaze function), detector defects, spec-
trometer background, cosmic ray hits etc. Since we are planning to follow
each transit and possibly several transits with a dense sequence of observa-
tions, we need to make sure that the data reduction determines all these
properties in a reproducible way and corrects for them.

2.1 Data Reduction

The raw signal observed at the detector is a 2D image containing the spectral
information. To get a 1D spectrum we have to a) calibrate the detector
properties, b) trace the order positions on the detector, c) extract the 2D
signal into a 1D Spectrum, and d) perform wavelength calibration. All of
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this is done by the software package PyReduce1 (Piskunov et al. 2020) derived
from the REDUCE package by Piskunov & Valenti (2002).

2.1.1 Detector Calibration

Before extracting the signal one needs to calibrate for variations in the de-
tector. The first calibration is the bias, which is the detector background
signal from the electronics. It is measured when no light is applied and with
an exposure time of zero. The second is the flat field, which corrects the sen-
sitivity variation between pixels. It is measured with a uniform light source.
In both cases PyReduce combines all available calibration measurements into
a master calibration image.

However we do not use the flat field directly in PyReduce, but instead the
”normalised” flat field. The normalised flat field is the flat field divided by
the model created using the optimal extraction algorithm of the flat field
image, with the inter-order pixels set to 1. This way we avoid dividing the
observation by very small values in between the orders, where the flat field
is weak. The final correction is then:

calib =
obs− bias

norm
(3)

2.1.2 Order Calibration/Order Tracing

Before the spectra can be extracted, we need to determine where the orders
are located on the detector. Since the exact positions change depending on
environmental factors (e.g. gravity), we need to measure them regularly. We
can do so easily enough by using the flat field observation from subsubsec-
tion 2.1.1, since it uses a bright light source in all orders. To separate pixels
that are within an order, from those outside, we compare their signal, to
the signal of an image blurred in the y direction, i.e. orthogonal to the or-
ders. The comparison between the two signals is shown in Figure 2. Pixels
for which the observation exceeds the blurred image are considered to carry
signal. Single pixel holes are filled and single pixel detections are discarded,
and all remaining connected clusters are labeled individually. We discard
all clusters that are smaller than a set minimum size. Finally we connect

1https://github.com/AWehrhahn/PyReduce
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Figure 2: Comparison of the blurred and observed image for the central pixel
column. Data: HARPS/La Silla.

clusters that should be in the same order. To do so, we fit a simple second
order polynomial to each cluster and check if the polynomial extrapolation
overlaps with any other cluster. If the overlap is good enough (compared to
a user defined threshold value), we combine them automatically, otherwise
we ask the user for input. As an additional result, we retrieve the width of
each order this way, i.e. we know for which pixels we can expect signal.

2.1.3 Optimal Extraction

The core of PyReduce is the optimal extraction algorithm. It is based on
the assumption that the observed image can be described as the product of
two independent functions, the spectrum P and the slit function L. Both
functions do not need an analytical representation: they are simply defined
on particular geometrical grid of points.

While the spectrum is defined on the same grid as the pixels, we define the
slit function on a finer grid of subpixels. This way it can follow the order
trace as it shifts up or down across the order. To connect these subpixels to
the physical pixels, we then have to introduce the ω tensor, which describes
the geometry of the detector and the order trace. This gives us the following
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Figure 3: PyReduce splitting the observation into a spectrum and a slit func-
tion. Top left: the input image, corrected for the curvature of the order. The
discontinuities are created by compression. Bottom left: the model recreat-
ing the input based on the recovered spectrum and slit function. Middle:
The extracted spectrum (black) and the input data points (red). Right: The
extracted slit function (black) and the input data points (red). Data from
HARPS/La Silla.

equation for our model:

Sxy = Px
∑
v

ωvxyLv , (4)

where S is the model image, and v is the subpixel index for all subpixels
contributing to pixel (x, y).

This assumption also allows us to easily spot the outliers, that only appear
at specific pixels (like detector defects) and even extended features that vary
with both x and y position (such as cosmic ray hits), as neither will be
consistent with the model and can therefore be removed during the fitting
procedure. An example of this method is shown if Figure 3 for a subsection
of the observation.

The most important feature introduced in PyReduce is the ability to account
for the tilt and curvature of the slit image, which is a result of the optical
design of the instrument. The tilt of the slit image is caused by the orientation
of the CCD detector with respect to the direction of the orders, which is
chosen in such a way as to register the largest possible continuous wavelength
range (see Figure 4 and Figure 5). The curvature of the slit image is an effect
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Figure 4: Comparison between the coverage of a rotated (red) and a non-
rotated detector (blue), the black lines are the orders. The green vertical
lines on the central order show the projection of the slit. While the total
wavelength range covered is similar in both cases, the orders in the rotated
detector are longer, and there are less gaps. However the slit image is tilted
in the rotated detector.
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Figure 5: UNe emission lines in the CRIRES+ instrument. The lines are
tilted due to the rotated detector.
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Figure 6: Zoom in on Figure 1 to show the curved slit as it is projected onto
the detector. The red lines illustrate the curvature of the spectral features
with constant wavelength. The white lines show the extent of the order.
Credit: ESO/X-Shooter

of the non-Littrow configuration of the echelle grating, i.e. the reflection angle
is not the incidence angle. Nearly all modern spectrometers suffer from this
effect to some extent. The main consequence of the tilted and curved slit
image is that the detector columns are not aligned with the slit projection,
as shown in Figure 6. To incorporate this in our model, we have to sum over
all participating subpixels from adjacent columns, instead of just one column
y. This results in the following equation:

Sx,y =
∑
m

Px̂m ωmxy Lvm , (5)

where m is the index over all subpixels, in x and y direction, x̂m = xm −
curv(vm) is the x coordinate shifted by the curvature curv, and v is the sub-
pixel coordinate along the y axis as before. Again ω contains the contribution
of each subpixel to the image. Note that P is now included in the sum, and
that x̂ and v are again geometric factors, that do not depend on P or L, but
only on the curvature of the slit image. A more in depth description of the
method is available in the PyReduce paper in subsection A.1.
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2.1.4 Wavelength Calibration

Just as important as the extraction of the spectrum is the wavelength cal-
ibration. To get the wavelength associated with each pixel, we use a refer-
ence spectrum for which we know the position of the spectral features. The
choice for the reference depends on the wavelength range we want to observe,
because we want many evenly spread lines, that are easy to identify. For ex-
ample many optical spectrometers use a ThAr hollow-cathode lamp, while
Near-IR spectrometers often use UNe lamps instead. Based on the handful of
lines observed from the reference we can then fit a polynomial to interpolate
the wavelength on all the other pixels.

To improve the accuracy of the fit in all orders, even if there are few or no lines
in that region, we use a 2D polynomial fit, with the second dimension being
the number of the spectral order. This way we can use all the information
on the detector. This works since the wavelengths should be distributed
similarly in all orders, according to the grating equation, Equation 1.

However traditional reference sources only have a handful of features per or-
der, limiting the precision of the wavelength solution. Therefore new methods
have been developed recently, which use a laser frequency comb (LFC) (Mur-
phy et al. 2007; Lo Curto et al. 2012) or Fabry-Pérot interferometer (FPI)
(Reiners et al. 2014), which have hundreds of equidistant lines per order. In
fact they follow a very simple linear relationship:

fn = f0 + n ·∆f , (6)

where fn is the frequency of the nth peak, f0 is the anchor frequency, and
∆f is the frequency step.

While it is in theory possible to know the anchor frequency f0 and the fre-
quency step ∆f a-priori, it is easier to fit them using the available data. Since
all lines are similar, we can use these new methods only to determine relative
wavelengths, the traditional reference source is still required to determine
the absolute wavelength calibration.
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3 Stellar Parameters

For the extraction of the planet spectra, the stellar spectrum is a reasonably
stable background light source, even though it includes spectral features and
some variability and inhomogeneity. For the analysis in section 4 we need
to know the stellar flux, as well as the specific intensities blocked by the
planet at every moment of the transit. Since the specific intensities can not
be measured from the observations directly, we need to be able to compute a
stellar model atmosphere, that closely matches the atmospheric structure of
the observed star, and rely on synthetic spectra based on this model.

The stellar atmosphere consists of several distinct layers. The lowest one is
the photosphere. In it most of the observed photons are created as the optical
depth is just low enough for them to escape. The photons then pass through
the chromosphere and the corona, both of which are much hotter, but also
much less dense, and thus don’t affect the spectrum much in the optical and
infrared. They are relevant for features in the ultraviolet however.

The stellar spectrum is created in the stellar atmosphere, or more specifically
the photosphere. The stellar atmosphere is characterized by its:

• Effective Temperature Teff, the temperature of a black body with the
same integrated flux as the star, i.e.

∫
Fdλ = σBT

4
eff, where σB is the

Stefan–Boltzmann constant.

• Surface Gravity log g, the logarithm of the gravitational acceleration
at the surface of the star. This depends on both the mass and the
radius of the star g ∝M/R2. In the outer layers of the star, where the
spectrum is created and M is essentially independent of the radius, it
determines gas density.

• Metallicity [M/H], while the star mostly consists of Hydrogen and
Helium, other elements2 are important too. There are many definitions
for the metallicity but we will use the following notation, which is
relative to the Sun:

[M/H] = log10

(
M

H

)
− log10

(
M�
H�

)
, (7)

2In astronomy all elements other than hydrogen and helium are considered ”metals”,
hence the name metallicity
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where M is the number of particles for all metals, H is the number
of Hydrogen particles, and � denotes values for the Sun. Using this
formulation the Sun has metallicity 0 by definition. Note that the
metallicity does not account for the abundance of individual elements,
but rather a general trend. Of course the relative abundance between
elements varies as well, but is usually similar to that of the Sun. The
same formula is used for those individual abundances as well, replacing
M for the specific element.

• Projected Rotational Velocity v sin(i), the velocity of the stellar rota-
tion as seen from Earth, where i is the inclination the stellar rotation
axis relative to the line of sight. Since the rotation axis is not aligned
with the observation, only the projected value is relevant for the rota-
tional broadening of spectral lines.

• Local velocity fields induced by high-order pulsations, turbulence, con-
vection and stellar activity cannot be spatially resolved. Instead we
group these effects into two categories: microturbulence vmic - motions
on scales smaller than the mean free path of a photon resulting in
increased line opacities and macroturbulence vmac - motions on scales
larger than mean free path of a photon resulting in change of line shapes
but not line strength.

Of course a star has many more characteristics, e.g. age, evolutionary status,
or binarity, but those are not relevant for the measured stellar flux. We
included only those parameters that we need to measure with high precision
in order to accurately model the stellar spectrum.

3.1 Data Analysis Tools

To determine the stellar parameters based on the extracted 1D stellar spec-
trum, we use PySME3. It is a software package including a stellar model,
that creates a synthetic stellar spectrum, based on a few input parameters
and a physical model of the stellar atmosphere.

The original SME (Spectroscopy Made Easy) was written in IDL and com-
plemented by a C++ and FORTRAN library (Valenti & Piskunov 1996) and
over the years this library has undergone significant development (Piskunov

3https://github.com/AWehrhahn/SME
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& Valenti 2017). The purpose of PySME is to access this library with Python
instead of IDL. In the process we improved and added a lot of the function-
ality that is contained in the IDL part. In Figure 7 we show an example of
the spectrum synthesis for a small section of the solar spectrum.

PySME Features:

• Backwards compatibility: Can load existing IDL SME files and convert
them to new PySME structures

• Self consistent SME structure: Related parameters (e.g. continuum
scale flag and parameters) are updated automatically when one of them
is changed.

• Easy installation: PySME can be installed using pip and comes with a
compiled library for Linux, Mac OS X, and Windows

• Large file server (LFS): Atmosphere and Non-LTE grids are now stored
on Uppsala University servers, and will be downloaded on demand,
making the distribution lightweight

• Citations: PySME will automatically collect all citations from all con-
tributing sources (linelist, atmosphere model grid, Non-LTE departure
coefficient grids, solar abundance), and provide them in one convenient
text

• Solver: PySME uses a trust-region reflective solver inspired by Branch
et al. (1999) as implemented in SciPy, rather than the Levenberg-
Marquardt algorithm of SME. This allows us to place bounds on the
minimization, and also use a robust loss function. This means that
before the summation of the squares, we apply the translation z′ =
2(
√

1 + z − 1), where z is the squared difference between the model
and the data. This translation is the smooth approximation to the
absolute loss (instead of the squared loss, that is usually used), which
reduces the contribution of strong outliers to the sum.

• Linelist: PySME supports direct import of VALD linelists (see subsub-
section 3.1.5. It also allows easy inspection and manipulation of the
linelist. It is also possible to fit any parameter in the linelist.

• Atmosphere Grids: In addition to the MARCS and ATLAS grids sup-
ported by SME, PySME also supports the marcs2014 grid, which is an
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Figure 7: Demonstration of the PySME fit for a Ca I line of the Sun. The
lines contributing to the fit are labeled accordingly. If a line is labeled with an
additional number, that shows additional close-by lines of the same species,
most likely due to hyperfine splitting.

extension of the marcs2012 grid that fills some holes in the grid and
improves the spherical symmetric models (Gustafsson et al. 2008). The
new interface allows for easy access to the grid data.

• Abundances4: Abundances are automatically converted from various
common formats into the internally used format. PySME also comes
with three different predefined sets of solar abundances based on As-
plund et al. (2009); Grevesse et al. (2007); Lodders (2003).

• Non-LTE: PySME supports Non-LTE corrections using departure co-
efficient grids.

• GUI: PySME has a new and improved GUI to better inspect the spec-
tra. The GUI allows the setting of all parameters, including the line
mask using a graphical interface.

To calculate the stellar spectrum we need to solve the radiative transfer
equation 8, which describes propagation of radiation through the stellar at-
mosphere. To simplify the solution and reduce the calculation time, we need

4thanks to Jeff Valenti
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to make a few assumptions. Note that the complete radiative transfer equa-
tion is a bit more complex and we only show the parts here that are relevant
after the assumptions are considered.

I(λ) =

∫ ∞
0

e−
τ
µSλ(τ)dτ , (8)

where I is the specific intensity, i.e. the energy flow through a unit area, λ is
the wavelength, τ is the optical depth, µ is the cosine of the viewing angle,
and S is the source function. The source function describes the amount of
photons added and removed in the beam.

PySME uses the following assumptions:

1. Local Thermodynamic Equilibrium (LTE), but Non-LTE corrections
are supported for the line formation

2. 1D radiative transfer (plane-parallel and spherical models)

3. all spectral features are created in the photosphere

4. the atmosphere can be approximated by uniform layers

5. the inner boundary condition is a black body spectrum

6. there is no incoming radiation from the outer boundary

3.1.1 Local Thermodynamic Equilibrium

Local Thermodynamic Equilibrium (LTE) means that there are no local
changes to the macroscopic properties, such as density, velocity distribu-
tion, and level population. Here local means that the global changes of the
macroscopic parameters are so slow, that we can assume them constant at
any point and its immediate surroundings, as defined by the photon mean
free path. In LTE all parameters are then consistent with a single temper-
ature. The LTE approximation holds if any microscopic variation is small
and is equalized by interactions within the immediate surroundings. In stars
this means that LTE works best with high density (surface gravity) and low
temperature.

For us this has three important consequences when modelling the photo-
sphere. First the temperature of the gas and the radiation field are equal,
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which requires that emissivity and absorption are coupled. In fact they are
coupled by Planck’s law for black body radiation B, as given by Equation 9,
which is then equal to the Source function S.

Bλ(T ) =
2hc2

λ5

1

e
hc

λkBT − 1
, (9)

where h is the Planck constant, c is the speed of light, and kB is the Boltz-
mann constant. Second, the velocity distribution of the particles is given by
the Maxwell distribution. This is important for the collisional broadening
of the spectral lines. Finally LTE allows us to use equilibrium equations
to calculate the number densities and energy level populations (Piskunov &
Valenti 2017), vastly simplifying the calculations. Note that PySME can ac-
count for deviations from LTE by using Non-LTE departure coefficients as
detailed in subsubsection 3.1.4.

3.1.2 Stellar Model Atmosphere

The radiative transfer calculations in PySME are 1 dimensional. The atmo-
sphere models are plane parallel (or spherically symmetric for giant stars)
hydrostatic models. Considering that the photosphere makes up less than
1% of the stellar radius, for main sequence stars, using a plane parallel model
is a good assumption. Spherical models are only needed for giant stars, as
there the atmosphere contributes a significant part of the stellar radius.

Using hydrostatic models, means we rely on mixing-length theory (Böhm-
Vitense 1958) to model turbulence. In the calculation of the atmosphere
model we only consider the micro turbulence vmic. The macro turbulence is
added after the spectrum synthesis, in a process called disk integration. In
it we calculate the specific intensities at several points along the stellar disk,
and convolve each one with a Gaussian5 depending on the distance from the
center of the disk, before integrating the specific intensities into the total
flux.

We only model the photosphere, as we usually only work with optical and
near infrared spectra. As discussed earlier the higher layers are only relevant
for UV features, and the lower layers can not be observed, since no photons
escape at those optical depths.

5the Gaussian is a combination of the Gaussian used in radial direction and a Gaussian
in tangential direction
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We further assume that we only need to calculate the radiative transfer at a
number of points in the atmosphere and can interpolate between them. The
interpolation in PySME is done using Bézier splines as described in de la
Cruz Rodŕıguez & Piskunov (2013).

The thermodynamic quantities of the atmosphere at each of these points
are given by the atmosphere model, which is interpolated from a 3D grid of
models, depending on the stellar parameters (Teff, log(g), [M/H]). For our
calculations we usually use MARCS (Gustafsson et al. 2008) model grids, but
other model grids (e.g. ATLAS9, Kurucz 2017) can similarly be used.

3.1.3 Boundary Conditions

For the boundary conditions we assume that the stellar interior emits a black
body spectrum, with the temperature of the innermost layer. The gradient
at the boundary is determined by using the diffusion approximation to the
radiative transfer equation. This is reasonable considering that the much
higher temperature and density at the bottom of the photosphere lead to a
domination of collisions establishing LTE conditions. For the outer boundary
condition we simply assume that no light is incoming.

3.1.4 Non-LTE Correction

By default the calculations in PySME are performed in LTE. To account for
Non-LTE effects we use departure coefficients. They are defined as the ratio
between the LTE and Non-LTE calculations of the population for different
energy levels in each element.

The departure coefficient βi for energy level i is given by:

βi =
ni
n∗i

, (10)

where ni is the population in Non-LTE, and n∗i is the population in LTE.

In PySME these departure coefficients are applied to the line opacities and
the line source functions, when solving the radiative transfer equation. The
Non-LTE line opacities κline are given by (Piskunov & Valenti 2017):

κline = κ∗line

βle
hν/kT − βu
ehν/kT − 1

, (11)
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where κ∗line is the line opacity in LTE, and βl and βu are the departure coef-
ficients of the lower and upper energy levels respectively. Similarly the line
source function Sline, i.e. the contribution of a specific absorption line, is
given by:

Si =
2hν3

c2

βu
βlehν/kT − βu

. (12)

Note that this is not the entire source function, but just the contribution
of this line. The total source function is a weighted sum of the continuum
source function and all line source functions, with weights equal to the line
opacities:

S =
κcontScont +

∑
line κlineSline

κcont +
∑

line κline

. (13)

Each departure coefficient needs to be calculated for each atmosphere model
in the grid, for a range of abundances, and for each element. They will then
be interpolated to the stellar parameters used in the synthesis. PySME pro-
vides access to a number of recently calculated grids of Non-LTE departure
coefficients for a list of common elements, for example the grids by Gruyters
et al. (2016); Nordlander & Lind (2017); Amarsi et al. (2020).

3.1.5 Linelists

Spectral synthesis calculations require information for each specific spectral
line included in the spectrum. These data are collected in a line list, and
come from various sources, e.g. theoretical calculations, lab experiments,
etc. The required line list data include the wavelength position, upper and
lower energy levels, various broadening coefficients (radiative damping/nat-
ural broadening, Stark, van der Waals) and electron configuration of the en-
ergy levels. Line lists can either be curated by hand, or they can be obtained
from VALD6 (Piskunov et al. 1995; Ryabchikova et al. 2015; Pakhomov et al.
2019), which collects and compares a large number of line lists.

4 Transmission Spectrum Extraction

So far we have only discussed the star itself, but as stated earlier we want
to determine the parameters of a transiting planet. For this purpose we de-

6http://vald.astro.uu.se/
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veloped the ”Characterization of Exoplanet Atmospheres with Transit Spec-
troscopy” (CATS) 7 code.

A transiting planet passes in front of the host star, as illustrated in Figure 8.
Most planets discovered so far are transiting, since they are easier to detect
using large survey missions like Kepler or TESS. This is due to the fact that
as the planet passes in front of the star, it will appear slightly fainter, since
the planet blocks part of the light. The amount of light blocked depends on
the size of the planet, the larger the planet, the more light is blocked. By
measuring the total luminosity of a star regularly we can detect this signal,
without the need for spectroscopy.

However a small fraction of the light passes though the atmosphere of the
planet as well. The atmosphere absorbs and scatters light depending on the
wavelength and similar to the star, elements absorb specific wavelengths.
Using spectroscopy we should then be able to see this absorption pattern.
The only issue is that this signal is very weak, as the atmosphere is quite
small relative to the size of the star.

The complete formula for the observed flux as a function of wavelength and
time is:

O(λ, t) = (S(λ, t)− Ac+aI(λ, t) + AaI(λ, t)P (λ, t)) · T (λ, t) , (14)

where O is the observation, S is the total stellar flux, Ac+a is the fraction
of the stellar surface blocked by the planet including the atmosphere, Aa is
the fraction of the surface blocked by just the atmosphere, I is the specific
intensity of the blocked part of the star, P is the planet transmission spectrum
we try to recover, T is the telluric spectrum of the Earth’s atmosphere.

Notably each component has a different dependence on the time t. The stellar
flux S is relatively fixed and should only change due to the movement of the
Earth, which introduces a small radial velocity shift in between exposures of
the order of ∼ 1 km s−1. The telluric absorption T changes with the airmass,
i.e. the amount of air between the telescope and the star, but also with the
amount of water vapor in the air. It does however not shift in wavelength.
The specific intensities I depend on the position of the planet, as the stellar
spectrum is different at the edges, compared to the center of the stellar disk.

7https://github.com/AWehrhahn/CATS
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Figure 8: Top: Sketch of a transiting planet orbiting its host star, Bottom:
Light curve of the star as the planet passes in front of the star
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They also have the same radial velocity shift as the whole star. Finally the
planet transmission T has a radial velocity shift introduced by the orbit of
the planet on the order of ∼ 50 km s−1. As the radial velocity shifts are on
different timescales, it is possible to separate the individual components, as
sketched in Figure 9.

Just solving Equation 14 for the planet atmosphere transmission spectrum
P will result in nonsensical results as the noise will dominate over the small
contribution of the planet atmosphere, at least with the currently available
instrumentation. This is a classic (linear) inverse problem, which can be
solved by finding the least-squares solution instead, which minimizes:∑

λ,t

[O(λ, t)− (S(λ, t)− Ac+aI(λ, t) + AaI(λ, t)P (λ, t)) · T (λ, t)]2 = min

(15)

This has been demonstrated by Aronson & Piskunov (2018, 2019) in low-
resolution cases. We apply the same technique here for high resolution in-
struments. We can obtain the observation, stellar spectrum, and the intensi-
ties in Equation 14 using PyReduce and PySME. The telluric spectrum can
be estimated from the series of observations or from models.

We can simplify and reformulate Equation 15 into a linear least-squares prob-
lem of shape ||AP − b||2 = min, by combining the various contributing spec-
tra. Then A and b are given by:

A = AaI(λ, t)T (λ, t) (16)

b = O(λ, t)− [S(λ, t)− Ac+aI(λ, t)]T (λ, t) (17)

To suppress the noise we add a Tikhonov regularization term (Tikhonov
et al. 1995) to the least-squares term. Instead of the usual identity matrix
we choose a difference operator however, i.e. we penalize variations in the
transmission spectrum. We choose this approach, since we know that the
planet transmission spectrum should be smooth, i.e. neighbouring elements
should be close to each other. The final equation is then:

||AP − b||2 + ν||DP ||2 = min , (18)

where D is the difference matrix, and ν is the regularization parameter,
which determines the strength of the regularization. The solution to the
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Figure 9: Top: A sketch of the radial velocity shift on the planet spectrum.
The spectrum emitted by the planet (red) on its orbit around the host star
(yellow) is shifted more the larger the radial velocity as indicated by the
arrows. Blue arrows for a blue shift, and red arrows for a red shift. Bottom:
The observed spectrum, the blue line shows the spectrum with a blue-shifted
planet and the red line shows the same spectrum, but red-shifted instead.
The black line is the stellar (or telluric) spectrum, which does not shift (if
we ignore the wobble induced by the planet).
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Tikhonov regularization problem can be derived analytically and is given by
Equation 19.

P̂ = (ATA+ νDTD)−1AT b , (19)

where P̂ is now the optimal solution to the problem. In our case this can
be simplified since both A and D are symmetrical matrices, and A is even
diagonal. We can therefore rewrite the problem as:

(A2 + νD2)P̂ = Ab (20)

⇔ A′P̂ = b′

which can then be solved using any numerical linear equation solver. Note
that A′ is a banded matrix with only 3 columns, since we are only including
the neighbouring elements in the difference operator D. It is trivial to expand
this to more neighbouring elements by increasing the size of the banded
matrix.

An additional issue we have to deal with concerns the wavelength grid. Ide-
ally we would have all observations on the same grid, once they have been
shifted to the planet restframe. This is impractical for several reasons, if we
want to avoid interpolation of the spectra. We have developed two solutions
to this problem. First is the most straightforward one which is to use each
point of each observation as an individual value. This means that A′ and b′

in Equation 20 have dimension equal to nobs ·nwave. This can become a prob-
lem if there are too many observations or too many points in each spectrum.
The other solution is to project each spectrum onto a common wavelength
grid. For this we have to linearly split each data point into the closest two
wavelength points of the grid. We can incorporate that in our solution by
replacing A′ with A′′ as defined by:

A′′ = FA′ (21)

Fi,j =
λi − λ0

j−1

λ0
j − λ0

j−1

(22)

Fi,j−1 = 1−
λi − λ0

j−1

λ0
j − λ0

j−1

(23)

where F is the projection matrix, λi is the wavelength of point i in a
spectrum, λ0

j is the wavelength in the common wavelength grid, closest to
λi.
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Before we can solve for the transmission spectrum however, we need to deter-
mine the regularization parameter ν. We could try various values manually,
but that makes the analysis dependent on a personal choice. Instead we are
using the L-curve method (Calvetti et al. 2000). In the L-curve method we
find the best trade-off between the sum of residuals ||Ax− b|| and the sum of
regularizations ||Dx|| (here x = P ). Plotting the regularization term against
the residual term for various values of ν creates a typical L shape, as shown
in Figure 10. A small value of ν will create small residuals, but a large reg-
ularization term. On the other hand a large ν will do the inverse, i.e. large
residuals, with a small regularization term. Here we want to find the point at
which the regularization is just large enough to remove the noise, but leaves
as much signal as possible. This is given at the ”knee” of the L. To find the
best value of ν we rotate the plot by 45°, thus creating a V shape with a
minimum at which the two cases meet. We can then use a regular minimum
finding algorithm to determine the optimal value for ν.

4.1 CRIRES+ Data Challenge

The upcoming CRIRES+(Dorn et al. 2014) instrument is a high resolution
(R ∼ 100 000) near infrared (NIR) spectrograph installed at one of the Unit
Telescopes of the Very Large Telescope (VLT) in Chile.

While the instrument is being installed at the telescope, we are restricted
to work with simulated datasets. The data in this case consists of already
extracted 1D spectra for one transit of the gas giant HD209458 b. The
transit is split into 101 observations of about 5 minutes of exposure time
each, including 25 out of transit observations.

While handling the data we noticed that we could simplify the solution by
modifying Equation 16 and Equation 17.

A = O(λ, t) · (1− lightcurve) (24)

b = sysrem(O) , (25)

where ”lightcurve” describes the absorption of the planet during transit as
described in subsection 4.4 and ”sysrem” is the systematic removal algorithm
described in subsection 4.5.
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Figure 10: An example for the L-curve method. On the horizontal axis we
plot the residual of the solution, i.e. only the least-squares term. On the
vertical axis we show the regularization term instead. The blue pluses are
calculated for different values of ν. The values increase from the top right
corner to the bottom right. Note the characteristic L shape of the curve. The
red diamond marks the point chosen as the best regularization parameter ν.
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4.2 Cross-Correlation Analysis

To test that we can remove the stellar and telluric contributions without
also removing the planet signal, we start by applying the well studied cross-
correlation technique (e.g. Snellen et al. 2010; Hoeijmakers et al. 2019). In
this method the observations are normalized and the stellar and telluric sig-
nals are removed. The leftover residuals then contain the small planet transit
signal as well as the noise. To increase the SNR of the planet detection each
spectrum is cross-correlated with a model spectrum of the planet atmosphere
at varying radial velocity offsets. This effectively combines the signal from
all absorption lines.

Here we use SYSREM (see subsection 4.5) to remove the stellar and telluric
contributions. Only a single iteration of the algorithm is necessary to re-
veal the planet transit this way. We then determine the cross-correlation
between each observation and the model reference spectrum (see subsec-
tion 4.3), shifted in 1 km s−1 steps. This provides us with the map of cross-
correlation values shown in Figure 11. The planet transit is clearly visible at
the expected system velocity of −25 km s−1 as a tilted line. The tilt represent
the changing radial velocity of the planet as it orbits the host star. After
obtaining the cross-correlation this way, we once more apply SYSREM to
the cross-correlation values as well to remove any systematics in the values.
Here only one iteration is necessary.

4.3 Planet Reference Spectrum

In the cross-correlation analysis we require a model spectrum of the planet
atmosphere to compare the observations to. We obtain this spectrum by
modelling it with the petitRADTRANS code (Mollière et al. 2019) in high
resolution, line-by-line (“lbl“) mode. For the data challenge we only use
H20 lines in the spectrum, although we include both H2 and He for the
Rayleigh scattering and the continuum opacities. We use the properties of
the system when possible in the model, still most of the parameters need to
be defined independently. For the temperature-pressure profile we use the
profile developed by Guillot (2010). All values necessary to obtain the model
used in our analysis are given in Table 1 and an example spectrum is shown
in Figure 12.

29



-100.0 -75.0 -50.0 -25.0 0.0 25.0 50.0 75.0 100.0
rv [km/s]

0

10

20

30

40

50

60

70

80

#O
bs

Cross-Correlation for SYSREM Iteration: 1

Figure 11: Cross-Correlation map for the CRIRES+ Data Challenge. Points
with a strong correlation between the residuals and the model spectrum are
brighter.
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Parameter Value

Tinternal [K] 200
Tequilibrium [K] 903.4
Rplanet [R�] 0.127
gplanet [cm/s2] 1115.5
IR opacity κIR [cm2/g] 0.01
opacity ratio γ 0.4
ground pressure P0 [bar] 0.01
Mass Fraction H2 0.74
Mass Fraction He 0.24
Mass Fraction H20 0.001

Table 1: Atmospheric parameters used in the calculation of the model trans-
mission spectrum for the CRIRES+ data challenge. The created spectrum
is shown in Figure 12.

Figure 12: One segment of the model planet spectrum created by petitRAD-
TRANS
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Figure 13: Lightcurve recovered from the CRIRES+ Data Challenge after
the telluric contribution has been removed.

4.4 Lightcurve

The lightcurve of the transit is the monochromatic absorption by the planet
passing in front of the star. We can thus obtain this here by simply summing
the signal over all wavelengths. However we need to remove the telluric signal
that varies by airmass. For this we fit the out of transit lightcurve with a 3rd
degree polynomial and divide the lightcurve by this polynomial. The final
lightcurve is shown in Figure 13.

4.5 SYSREM

We need to remove systematic variations in our spectra. This can be achieved
using the SYSREM algorithm developed by Tamuz et al. (2005). While orig-
inally designed to correct for the systematic variations in light curve observa-
tions of many different stars it can be applied to spectroscopic observations
of a single star as well. Here the individual stars are simply replaced by the
wavelength points of a single spectrum.

In SYSREM we find the coefficients ci and ai that minimize the sum of
residuals S given by:

S2
ij =

∑
ij

(rij − ciaj)2

σij
, (26)

where r is the residual of the observation after the median spectrum has been
subtracted, σ is the uncertainty of that data point, and the product ci aj is
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Figure 14: Demonstration of SYSREM to the CRIRES+ Data Challenge.
Left: One segment of the synthetic observation, the colour represents the
strength of the signal. The clear lines are of stellar and telluric origin. Right:
The same segment of data after 10 iterations of SYSREM have been applied.
The stellar and telluric lines have been removed.

the linear approximation of the systematic variation, for wavelength point i
in observation j.

Once those coefficients have been found, the calculation can be repeated
with updated residuals r′ij = rij − ci aj to remove additional systematic
components. However we need to be careful to not also remove the planet
signal. We must therefore limit the number of iterations. In cross-correlation
approaches this is often done (e.g. Sánchez-López et al. 2019) by injecting
an artificial signal into the data and checking after how many iterations it
has been removed. Figure 14 shows an example application of the SYSREM
algorithm with a before and after comparison.

4.5.1 Results

To demonstrate the capability of the extraction using this instrument, the
CRIRES+ planet atmospheres work group created a simulated transmission
observation. We used this data and applied our method to determine the
planet transmission spectrum that was input into the simulation. Figure 15
shows the final results. We can clearly see that there is a correlation between
the expected output model, and the recovered spectrum. There also appears
to be a wavelength dependant shift between the model and the recovered
spectrum, that we can not explain at this moment.
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Figure 15: The extracted spectrum (green) compared to the expected model
spectrum (red). Data from the CRIRES+ data challenge

4.6 Observational Requirements

As introduced earlier there are three major requirements on the observations,
signal to noise ratio (SNR), resolution (R), and spectral coverage (SC). Here
we are going to investigate the limits on these conditions.

4.6.1 SNR

Arguably the most important constraint is the SNR as the planet atmosphere
absorption is only a small fraction of the overall signal. Here we are going to
estimate how good our SNR has to be, in order to be able to extract anything
from the observations.

We begin by determining the signal from a star based on first principles. The
signal S is the radiance emitted by the star, as determined by Planck’s law
B(λ, T ), projected onto the surface of the telescope, and integrated over the
resolution element of the instrument, as well as the exposure time.

To get the total energy received at the telescope, we need to multiply that
with the area of the stellar surface A∗ = 4πR2

∗/2 (we only see one side of the
star), with the solid angle in steradian sa = AT/d

2
∗, where AT is the collection

area of the telescope and d∗ is the distance to the star, and the instrument
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efficiency feff. To get the number of photons, we also need to divide by the
photon energy Eph = hc

λ
. The total signal is then given by:

S(λ) =
A∗AT
Ephd2

∗
feff

∫ texp

0

∫ λ+∆λ

λ

B(λ′, Teff)dλ′dt (27)

B(λ, T ) =
2hc2

λ5

1

e
hc

λkBT − 1
(28)

The integral over time is simple, as the emission is constant. For the integral
over the wavelength, we assume that the emission is roughly flat over the
small ∆λ considered here, so we get ∆λ B(λ, Teff). Substituting ∆λ for the
resolution of the instrument R = λ/∆λ, we get:

S(λ) =
2π2

hc

R2
∗R

2
T

d2
∗

texpfeff
λ2

R
B(λ, Teff) (29)

At the very least the noise level N is given by the shot noise of the photons.
This is simply Poisson noise and is characterized by:

N(λ) =
√
S(λ) (30)

The Signal-to-Noise Ratio (SNR) is then:

SNR(λ) =
S(λ)

N(λ)
=
√
S(λ) (31)

The expected signal of the planet atmosphere is similar, except it only affects
the fraction of the emitted light that actually passes through the atmosphere
instead of the whole stellar disk. We assume here that the atmosphere ab-
sorbs all light that passes through it at this wavelength, so this value should
be considered an upper limit.

Sp(λ) =
(Rp + hatm)2 −R2

p

R2
∗

S(λ) ≈ 2Rphatm

R2
∗

S(λ) , (32)

where hatm is the atmosphere height.
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However the noise level remains the same, as we still get roughly the same
amount of photons. Therefore the condition to detect the planet signal in an
individual pixel is:

SNR(λ) ≥ S(λ)

Sp(λ)
≈ R2

∗
2Rphatm

(33)

Using our technique described in section 4, we effectively bin over neighbour-
ing resolution elements to increase our SNR until the condition is met. This
binning increases the SNR by

√
n, where n is the number of binned resolu-

tion elements. We can therefore retrieve a signal even if the SNR is lower
than this threshold. The exact binning depends on the regularization at that
point, so it is difficult to characterize. We can however compare it to the
targeted resolution of the recovered spectrum through the relation:

n =
∆λ

δλ
=

∆λ

λ

λ

δλ
=
Rt

R
, (34)

where δλ is the wavelength range we are summing over, and Rt is the targeted
resolution. The target resolution needs to be large enough so that we can
resolve the features we are interested in. Ideally these will be individual
absorption lines, but they can also be larger features like band heads. Notably
Equation 34 also means that with higher resolution we can use more pixels
and still resolve the same features, specifically SNR ∝ 1/

√
R.

SNR(λ) ≥ R2
∗

2Rphatm

√
Rt

R
(35)

4.6.2 Resolution

The constraint on the resolution R is also given by the fact that we need to
be able to resolve the radial velocity shift of the planet atmosphere between
the individual observations. To observe at least a shift by one resolution
element per observation during the transit we need a resolution of:

R ≥ clight

∆rv
, (36)

where ∆rv is the planet radial velocity difference between two observations.
We can calculate the the radial velocity at any point during the transit as
follows (for a circular orbit):
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rv(t) = Krv sin

(
2π
t− t0
p

)
, (37)

where t0 is the time of the center of the transit, and p is the orbital period
of the planet. Since the transit duration ttransit is much smaller than the
period p, we can approximate the sine with a linear function. The difference
between the radial velocities at time t+ texp and t during the transit is then
roughly constant and given by:

∆rv = rv(t+ texp)− rv(t) = 2πKrv
texp

p
, (38)

where Krv is the radial velocity semi amplitude as given by (Lovis & Fischer
2010):

Krv = 28.4329
M∗
Mjup

(
M∗ +Mp

M�

)−2/3(
p

year

)−1/3

, (39)

where M∗ is the mass of the star, Mp is the mass of the planet.

Of course a higher resolution means we can observe the radial velocity shift
in more detail and recover a better spectrum. Aronson et al. (2015) demon-
strated that it is possible to recover a spectrum similar to the expected output
at R=10 000, but the resemblance is much closer at R=100 000.

4.6.3 Spectral range

A large spectral range is required for two reasons. On the one hand we want
to observe several spectral features simultaneously, and on the other hand
a larger range allows for a better continuum determination. According to
Aronson et al. (2015) this will require at least 100�A of continuous wavelength
coverage to resolve the smallest bands.

4.7 Example calculation for CRIRES+

To evaluate whether CRIRES+ is suitable for these observations, given the
above requirements we will consider two different examples. First a hot
Jupiter, and second a rocky super Earth, both around the same M-dwarf host
star. The parameters for this example are given in Table 2 and Table 3.
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Star Instrument
Parameter Value Parameter Value

Teff 3030 K RT 4 m
log(g) 4.99 R 100 000
[M/H] 0.3 texp 5 min

R∗ 0.21 R� λmid 20 000�A
d∗ 14.65 pc feff 0.1

Rt 20 000

Table 2: The stellar and instrument parameters used for the example calcula-
tions. The planet parameters are given in Table 3. The stellar parameters are
based on GJ1214 and the instrument parameters are based on the expected
values for CRIRES+.

Starting with the resolution we can use Equation 36 to determine the min-
imum exposure time, for which we can still resolve the radial velocity shift.
This gives us an exposure time of 4.55 min for the hot Jupiter, which is close
to our assumed exposure time in the table, and 11 min for the super Earth.
This is equivalent to a resolution of 3 km s−1 in both cases.

With these exposure times, we can then calculate the expected SNR using
Equation 31 for these two cases. This results in an estimated SNR of 263 for
the hot Jupiter and 409 for the super Earth.

For the target resolution we aim to resolve features that are on the order of a
few �A, e.g. band heads (Eisner et al. 2013). The chosen resolution is equiv-
alent to a width of 1�A at 20 000�A. Using Equation 35 we can also estimate
the SNR required to successfully resolve the planet atmosphere features. In
our two example cases this gives us a minimal SNR of 72 in the case of the
hot Jupiter and 2780 for the super Earth respectively.

For the hot Jupiter case the estimated SNR of a single observation is larger
than the estimated required SNR for the method to work, and we should
expect that CRIRES+ is suitable to perform these observations. However
the required SNR for the super Earth is much larger than the SNR of a
single observation, or even the SNR of the entire transit. The only way to
then potentially recover a transit signal is to combine observations of several
transits, to increase the SNR. Assuming that we can combine the observations
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Planets
Parameter hot Jupiter super Earth

p 0.81 d 1.58 d
ttransit 0.048 d 0.036 d
Rp 0.93 Rjup 0.24 Rjup

Krv
† 122.3 km s−1 98.6 km s−1

hatm 1000 km 100 km
Mp 1.78 Mjup 0.02 Mjup

Table 3: The planet parameters used for the two example cases. The stellar
and instrument parameters are given in Table 2. The hot Jupiter values are
based on WASP 43 b, while the super Earth values are based on GJ 1214 b.
†: This is the radial velocity semi amplitude of the planet, not the star.

perfectly the SNR increase is proportional to the square root of the number
of observations N. We therefore estimate that we would need 46 transits to
recover the super Earth example.

5 Conclusions and Outlook

In this thesis we have developed a novel method to determine an exoplanet
transmission spectra independently of a model atmosphere. This includes
new tools for the data reduction and analysis of high resolution stellar spec-
tra in the form of PyReduce and PySME. Currently we can only demonstrate
their functionality on test data within the CRIRES+ data challenge, but with
the CRIRES+ instrument quickly becoming available to the research com-
munity we hope to soon have observations of real exoplanet transits.
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A Papers

A.1 Paper I

Credit: Nikolai Piskunov, Ansgar Wehrhahn, and Thomas Marquart, A&A,
vol 646, page A32, year 2021, reproduced with permission © ESO

A.1.1 My Contribution

I contributed several key components to the PyReduce paper. Most of all
is the complete implementation of the REDUCE pipeline in Python. This
includes the interface to the optimal extraction algorithm written in C. Ad-
ditionally I helped in the finalization of the algorithm and testing for edge
cases. My second major contribution is to the wavelength calibration. I cre-
ated and implemented an algorithm to analyze the Laser Frequency Comb
/ Fabry Perot Interferometer data. Additionally I performed comparisons
between the accurate solutions based on the LFC and various parameters
for the wavelength solution based on a traditional reference source. Other
contributions are the modelling of the background scatter in the image, with
a 2D polynomial, as well as the various example and test datasets for the
different instruments, including some model data for the James-Webb Space
Telescope (JWST) instruments.
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ABSTRACT

Context. The price of instruments and observing time on modern telescopes is quickly increasing. Therefore, it is worth revisiting
the data reduction algorithms to extract every bit of scientific information from available observations. Echelle spectrographs are
typical instruments used in high-resolution spectroscopy, but attempts to improve the wavelength coverage and versatility of these
instruments has resulted in a complicated and variable footprint of the entrance slit projection onto the science detector. Traditional
spectral extraction methods generally fail to perform a truly optimal extraction when the slit image is not aligned with the detector
columns and, instead, is tilted or even curved.
Aims. Here, we present the mathematical algorithms and examples of their application to the optimal extraction and the following
reduction steps for echelle spectrometers equipped with an entrance slit that is imaged with various distortions. The new method
minimises the loss of spectral resolution, maximises the signal-to-noise ratio, and efficiently identifies local outliers. In addition to the
new optimal extraction, we present order splicing and a more robust continuum normalisation algorithm.
Methods. We developed and implemented new algorithms that create a continuum-normalised spectrum. In the process, we account
for the (variable) tilt or curvature of the slit image on the detector and achieve optimal extraction without prior assumptions about the
slit illumination. Thus, the new method can handle arbitrary image slicers, slit scanning, and other observational techniques aimed at
increasing the throughput or dynamic range.
Results. We compare our methods with other techniques for different instruments to illustrate the superior performance of the new
algorithms compared to commonly used procedures.
Conclusions. Advanced modelling of the focal plane requires significant computational effort but it has proven worthwhile thanks to
the retrieval of a greater store of science information from every observation. The described algorithms and tools are freely available
as part of our PyReduce package.

Key words. instrumentation: spectrographs – methods: data analysis – techniques: spectroscopic – methods: numerical

1. Introduction, motivation, and history

Nearly 20 years ago, one of our authors joined Jeff Valenti in
creating an algorithm for the optimal extraction of echelle spec-
tra without prior assumptions about the cross-dispersion profile.
Initially, the math was presented only for the case when the
slit image is perfectly aligned with the detector columns, but a
brave promise to extend this in the future to tilted and curved
slit images was made. Just 18 years after the original paper was
published (Piskunov & Valenti 2002), we offer this work with
the aim of delivering on this promise.

The purpose of this paper is to describe the current status
of the data-processing package REDUCE, which has become
fairly popular for extracting 1D wavelength-calibrated spec-
tra from data taken with cross-dispersed echelle spectrometers.
Such instruments combine a high level of efficiency with high
spectral resolution, but the need for an angular separation of
spectral orders (cross-dispersion) makes data extraction noto-
riously difficult since spectral orders in the focal plane have
variable spacing and shape. In slit instruments, the direction of
the main dispersion is not perpendicular to the spatial direction
(slit image) and in Non-Littrow optical schemes (von Littrow
1863; Kerschbaum & Müller 2009), the slit images often exhibit

variable tilt and even curvature across the focal plane. Here we
define the ‘optimality’ of the extraction in terms of maximising
the signal-to-noise ratio (S/N) per resolution element, while pre-
serving the spectral resolution delivered by the optical system.
Our original optimal extraction was presented together with sev-
eral other algorithms (that now make up the core of the REDUCE
package) in Piskunov & Valenti (2002); henceforth we refer to
that work as Paper I.

The originality of our approach, as presented in Paper I,
is that we fit a 2D model to the 2D data in a least squares
sense. This is unlike many other optimal extraction algorithms,
which effectively perform summation in the spatial direction
only. Such a summation requires weights to minimise the accu-
mulated noise (Horne 1986). The purpose of weights is to bal-
ance the contribution of residuals involving measurements with
different uncertainties. Uncertainties could be estimated either
by assuming the analytical form of the cross-dispersion profile
or by constructing this profile empirically (e.g. Petersburg et al.
2020). In any case, this implies that the model is ‘perfect’ and
the model will match exactly – with infinitely small uncertain-
ties the data. Unfortunately, we do not expect this to happen for
a number of reasons ranging from very primitive adjustments
for optical aberrations to the somewhat arbitrary selection of

Article published by EDP Sciences A32, page 1 of 17



A&A 646, A32 (2021)

parameters for the slit function definition (see below). Thus,
using observational uncertainties may give disproportional
weight to data points located on the highest curvature parts of
the cross-dispersion profile. Therefore, at this point, we chose
not to use additional weights in the least-squares fitting of the
data based on the fact that each pixel contribution is weighted by
the cross-dispersion profile and by the spectrum.

We call our optimal extraction algorithm “slit decomposi-
tion” as it decomposes a 2D image registered by the focal plane
detector into two vectors: a spectrum and a slit illumination func-
tion. We make no assumptions about the shape of the slit illumi-
nation function (also known as the cross-dispersion profile; see
below for more details). The original algorithm had several lim-
itations that took some effort to sort out. One major restriction
was the assumption that the spectrometer creates a rectangular
slit image for each wavelength and that it is strictly parallel to the
pixel columns on the detector. Another restriction was the use of
IDL as the programming language. Yet another was the insuf-
ficiency of the speed optimisation strategy. When Paper I was
published, certain tools (e.g. the wavelength calibration and con-
tinuum normalisation) did not even exist. Several other imple-
mentations of the optimal extraction algorithm exist (e.g. Marsh
1989; Cushing et al. 2004; Cui et al. 2008; Zechmeister et al.
2014; Petersburg et al. 2020), but this is the first one to allow
for a slit function that is not aligned with the detector columns.

Since the release of Paper I, the ‘perfect’ extraction (also
known as ‘spectro-perfectionism’) method has been developed
(Bolton & Schlegel 2010; Cornachione et al. 2019). While the
method was designed for the recovery of faint objects, it can
also be used in stellar spectroscopy. It is however much more
computationally expensive and suffers from several other practi-
cal difficulties. Most importantly, the algorithm relies on knowl-
edge of the point spread function (PSF) shape at any given
wavelength, which is difficult to determine accurately. This also
means that any instrument shift will need to be corrected. We
note that REDUCE has no concept of wavelength or PSF cre-
ated by diffraction (and thus its limitation), but by working with
pixels, it can easily accommodate drifts between calibrations and
science exposures, in terms of both spatial and dispersion direc-
tions. This follow-up study gives us an opportunity to catch up
with the development of REDUCE, that is, to write up the math
behind the main algorithms and speed optimisation concepts and
compiling it all in one place.

In the next three sections of the paper, we present the algo-
rithms of optimal extraction in the case of a tilted and curved
slit image (Sect. 2), the determination of the slit image geom-
etry (Sect. 3), the 1D and 2D wavelength calibration methods
and their comparison (Sect. 4), and the continuum normalisation
(Sect. 5). Then we present the Python and C implementation of
the main algorithms, along with some examples illustrating the
performance of the latest version of REDUCE in terms of the
quality of the data reduction (Sect. 6).

2. Generalised slit decomposition algorithm

We start this section by reminding the reader, and ourselves,
of the algebra required to decompose (a fragment of) a spec-
tral order image created by an echelle spectrograph on a matrix
detector. We represent the image as an outer product of two vec-
tors: the sLit illumination function L and the sPectrum P. In the
following, our convention is based on the notion that the main
dispersion is ‘approximately’ aligned with the detector rows,
while the cross-dispersion or spatial direction ‘approximately’
follows the columns.

PixelSwath 1 Swath 3

Swath 2

W
ei

gh
ts

...

Fig. 1. Distribution of the first three swaths in an order. Each swath is
overlapped by two other swaths (except for the first and last swath), so
that each pixel is contained in two swaths. The swaths are combined into
the final spectrum using linear weights with the central pixels having the
most weight.

In addition to a 2D image of a spectral order sampled on the
detector, we also need the trace of the order, namely, the location
of the spectral order in the pixel coordinate system. We presented
a robust algorithm for order tracing in Paper I. The image itself
is supposed to be corrected for bias, dark current, and other types
of background (e.g. by combining nodding images for infrared
observations) and flat-fielded. To avoid noise amplification we
use the so-called ‘normalised’ flat field (as per Paper I). The
normalised flat field is the flat field data (usually a master flat)
divided by the flat field model constructed by the slit decompo-
sition algorithm from the cross-dispersion profile and the blaze
function. In places where the flat field signal is low (e.g. between
spectral orders) the ratio is set to one to avoid introducing addi-
tional noise. Thus, the normalised flat contains only positive val-
ues around one. It carries the information about relative pixel
sensitivity and is not affected by the signal variation in the orig-
inal master flat. This is particularly important for the fibre-fed
instruments, where the flat field signal decreases quickly in the
direction of the cross-dispersion.

Usually, we process the whole spectral order in a sequence
of overlapping rectangular segments that we call ‘swaths’ (see
Fig. 1 for illustration). Using swaths instead of the whole order
allows us to account for changes in the slit illumination function,
which is held constant within each swath. The shorter the swaths,
the more variability in the slit illumination function along the
spectral order can be reproduced, replicating optical aberrations
and optical imperfections. On the other hand, for low S/N data,
wider swaths make the decomposition more robust and help to
extract the available signal.

The vertical (cross-dispersion) extension of the swaths is
determined relative to the order trace using two parameters: the
number of pixels below and above the trace. This provides prac-
tical flexibility in case the image used for order localisation has
an offset relative to the science image. REDUCE offers a spe-
cial tool that can estimate the extraction height using the signal
level drop in the spatial direction in the central swath or by fit-
ting a cross-dispersion profile with a Gaussian. If neither of the
two methods is acceptable, the user can also specify the offset
in pixels explicitly. The extraction height should cover only the
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Fig. 2. Top: input image with selected order (dashed line) and two adja-
cent orders. Bottom: image packed for slit decomposition with the dis-
continuous order trace (dashed line).

current spectral order. Extending it further will not change the
extraction result. This is because the derived signal is being com-
puted using a model, which is constructed by the slit decompo-
sition and not from the measured pixel counts. Of course, adja-
cent orders should not be included and we must be aware of the
increase in computation time. Using a too narrow height may
(and will) affect the quality of the model and, thus, the result-
ing spectrum as we lose some information. The extraction height
selection is illustrated in the top sketch of Fig. 2. Once the cen-
tral line crosses the pixel row, the initial and final extraction row
numbers are shifted accordingly. The vertical size of the swath
affects the computational time, so we compress the swath by
packing pixels that fall into the extraction range for each col-
umn into a rectangular array. Every time the centre line crosses
the pixel row, the new central line and the packed array exhibit
discontinuity, as shown in the bottom panel of Fig. 2. The order
trace line yc(x) is now contained within a single row of detector
pixels. We then shift the order trace to the bottom of the pixel
row, so that it only has values between 0 and 1.

2.1. Problem setup

For an ideal cross-dispersed echelle spectrometer measuring a
cosmic (faraway) source, the image of a spectral order consists of
many monochromatic images of the entrance slit characterised
in the first approximation by the relative intensity distribution
in the spatial direction (the slit illumination function). Each slit
illumination function is scaled by the relative number of photons
in the corresponding wavelength bin (spectrum). Thus, it should
be possible to represent a 2D image of a spectral order by two
1D functions and even reconstruct these functions directly from
the 2D image registered by the detector pixels.

The goal of the slit decomposition algorithm is to model the
2D intensity distribution in a rectangular area of the detector that
contains an image of a spectral order or its fragment. We assume
that the detector consists of square, equally spaced and equally
sized pixels, and containing no gaps between pixels. This is not
strictly true in practice, but neither is it a limiting assumption: it
is easy to introduce the physical coordinates and the size of each

pixel and use these instead of pixel numbers and pixel contribu-
tion in the PSF footprint. We do not do this here because the fol-
lowing algebra is complex enough even without this extra layer
of transformation. Thus, in the following, we stick to rows and
columns as the coordinates. As mentioned before, we assume the
main dispersion direction is roughly horizontal, so that the wave-
length inside the order changes in x-direction, while the spatial
extension of the slit is approximately vertical. Here, REDUCE
provides the transformation mechanism for achieving this orien-
tation for any given instrument. The input for the problem is the
2D photon count surface measured by the detector, S x,y, and the
trace of the order location, yc(x).

2.2. Decomposition in case of the strictly vertical 1D point
spread function

We start by assuming an ideal case where the monochromatic
images of the slit are perfectly aligned with the columns of the
detector. Then our model for the photon count, S x,y, on the detec-
tor pixel, (x, y), is given by an outer product of the two vectors: a
continuous slit-illumination function, L(v), and the discrete spec-
trum, Px:

S x,y = Px ·
∫ y−yc(x)+1

y−yc(x)
L(v)dv, (1)

where we assume that the central line of the order, yc(x), is
known precisely. Also, L drifts vertically across pixels from one
column to the next due to the tilt of the spectral order. This is
described by the shift of integration limits relative to the detec-
tor row, y. The value of the shift is given by the order trace,
yc(x). The slit illumination function, L, remains independent of
x on the v grid. The spectrum, P, changes from one column to
the next. To avoid scaling degeneracy between L and P, we pos-
tulate that the area under L should be equal to 1. For infrared (IR)
instruments, special care should be taken when using chopping
or nodding techniques to avoid the effect of the negative values.
Normally, electronic detectors do not generate negative signal.
The background signal is removed by subtracting the bias cor-
rection. When subtracting images within chopping or nodding
pairs, however, it is still possible to get negative values. Preserv-
ing these values is important to avoid distorting the noise distri-
bution function (see e.g. Lenzen et al. 2005).

In practice, Eq. (1) will not hold precisely even if all our
assumptions are met. This is due to the noise in the observa-
tion, ghosts, and scattered light in the spectrometer, cosmic rays,
detector defects, etc. Thus, our model will fit the measurements
only approximately and for some pixels, it will not fit at all. This
means that the model cannot be constructed for each pixel indi-
vidually, but it must instead be derived from a segment of the
image in some sort of least-squares approach. To do so, the slit
function must be set on some kind of discrete grid. This grid
must be finer than the pixel size if we want to account for a
smooth shift of the central line and for a potentially complex
structure of L. We can create such a grid by introducing an inte-
ger oversampling factor, O, so that 1/O gives the step of the fine
grid (or subgrid) in units of detector pixel size. Now we are able
to express the requirement for the model to match the data as a
least squares minimisation problem:

Φ =
∑

x,y

[
Ex,y−S xy

]2
=

∑

x,y

Ex,y − Px ·
∑

v

ωv
xy · Lv


2

=min, (2)

where Exy are the actual measurements. The tensor, ωv
x,y, is pro-

portional to the fraction of the area of the subpixel, [x, v], that
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falls inside the detector pixel, [x, y]. That is to say that for a
detector pixel, [x, y], ωv

x,y is equal to 1/O for all v that are fully
contained inside this detector pixel and less than 1/O for the two
boundary values of v and 0 for all other indices. We would like
to point out that due to our selection of the subgrid, the sum of
the two boundary values for every x and y is also 1/O. Figure 3
illustrates the properties of ωv

x,y.
The tensor, ω, is the key for representing the projection of

the monochromatic slit images onto detector pixels with only
a slight generalisation that is needed to follow a tilted or even
curved slit, which we describe in the sections below. Here, we
deal with a strictly vertical slit projection and, thus, we can note
a few important properties of ω that may serve as the basis for
speed optimisations here and later on. Each detector pixel is sam-
pled by a maximum of O + 1 subpixels of ω that may have non-
zero values. Out of these, all intermediate elements are equal to
1/O. The first and the last elements are less than or equal to 1/O,
but their sum is equal to 1/O, so that the integrated weight for
any detector pixel x, y given by

∑
v ω

v
xy is equal to 1. There is

also a relation between elements of ω for two consecutive values
of y: they overlap by one element in v and the sum of these two
elements is again equal to 1/O.

Now we go on to solve Eq. (2). Firstly, we take the two partial
derivatives of this equation over the elements of Px and Lv:

∂Φ

∂Lv
= −2

∑

x,y

Ex,y − Px ·
∑

v

ωv
xy · Lv

 Pxω
v
xy = 0, (3)

∂Φ

∂Px
= −2

∑

x,y

Ex,y − Px ·
∑

v

ωv
xy · Lv


∑

v

ωv
xyLv = 0. (4)

These can be re-written as linear equations for Lv and Px:
∑

v′


∑

xy

P2
xω

v
xyω

v′
xy

 Lv′ =
∑

xy

ExyPxω
v
xy, (5)

Px

∑

y


∑

v

ωv
xyLv


2

=
∑

y

Exy

∑

v

ωv
xyLv, (6)

or:∑

v′
Avv′Lv′ = bv (7)

Px =

∑
y Exy

∑
v ω

v
xyLv

∑
y

[∑
v ω

v
xyLv

]2 , (8)

where the expressions for the matrix Avv′ and the right-hand-side
(RHS) bv are given by Eq. (5).

Equations (7) and (8) are linear but they cannot be combined
to separate the unknowns (see also Horne 1986). Therefore, we
adopt an iterative scheme alternating between solving Eqs. (7)
and (8). Level of changes in Px can be used as convergence test.

We note that the equation for the spectrum Px includes the
slit function Lν as a weight. This property is responsible to max-
imising the S/N in our algorithm.

The whole procedure can be integrated with a ‘bad pixel’
mask that may be dynamically adjusted during the iterations.
Supposing Mxy is 1 for ‘good’ detector pixels and 0 otherwise.
We can rewrite the expressions for matrix A and the RHS in
Eq. (7) as:

Avv′ =
∑

xy

MxyP2
xω

v
xyω

v′
xy, (9)

bv =
∑

xy

MxyExyPxω
v
xy. (10)

y−1
y
y+1

ν
ωνx,y for pixels [x, y−1:y+1]

xy−1yy+1

L
v

Fig. 3. Schematic presentation of the subgrid sampling of the slit illu-
mination function L and the corresponding structure of the ω tensor. On
the top is an example of a slit illumination function aligned for column
x. L is set on a subpixel scale v (shown at the bottom panel) that may
shift relative to the detector pixels from one column to the next. For
three pixels in this column centred at row y we show the structure of the
corresponding section of ωv

x,y. The fraction of each subpixel filled with
blue is proportional to the value of the corresponding element of ω.

Then the equation of Px is:

Px =

∑
y MxyExy

∑
v ω

v
xyLv

∑
y Mxy

[∑
v ω

v
xyLv

]2 . (11)

Massive defects, such as bad columns, must be detected before-
hand to avoid divisions by zero. In the iteration loop above, we
can implement adjustments of Mxy by constructing the standard
deviation between the data and the model as given by Eq. (2),
using the current bad pixel map and then correcting the map by
comparing the actual difference with the standard deviation.

2.3. Convergence, selection of oversampling, and
regularisation

The iterative scheme presented above has excellent convergence
properties: typically, the unknown functions are recovered to a
relative precision of 10−5 in three to five iterations. The conver-
gence rate, besides a general consistency between the data and
model, depends on the selection of O, which deserves a separate
discussion. The oversampling is required to adequately describe
the gradual shift of the central line relative to the pixel rows of
the detector and possible features of the slit illumination. Qual-
itatively, we would expect O = 1 should be sufficient when a
spectral order is strictly parallel to pixel rows. On the other hand,
if the central line shifts by 0.5 pixel over the whole swath, then
O could perhaps be 2. The problem is that no cross-disperser
(the low-dispersion spectrometer used to separate echelle orders)
keeps spectral orders in straight lines. This makes it impossible
to use a single oversampling value for the whole order. The issue
can be alleviated by selecting O to match the largest tilt while
regularising Lv. One suitable form of regularisation is applying a
constraint on the first derivatives (classical Tikhonov regularisa-
tion, Tikhonov & Arsenin 1977) that would damp oscillations of
the oversampled slit function. The use of regularisation decou-
ples the selection of the oversampling factor from the exact order
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Fig. 4. Surface view of a 2D ωv
x,y tensor projection for a fixed x. The

horizontal axis corresponds to the detector pixel y-coordinate. The other
coordinate is the oversampling direction (ν).

geometry. Similarly, we may want to have the option of control-
ling the smoothness of the spectrum in return for sacrificing its
spectral resolution. Such an option is helpful when decomposing
the flat field or other sources where no sharp spectral features are
expected. Both regularisations can be easily incorporated into
Eq. (2):

Φ =
∑

x,y

Mxy

Ex,y − Px ·
∑

v

ωv
xy · Lv


2

(12)

+ ΛL

∑

v

(Lv+1 − Lv)2 + ΛP

∑

x

(Px+1 − Px)2 ,

where ΛL and ΛP are the regularisation parameters for the two
unknown vectors. The corresponding changes to the matrix, Avv′ ,
will affect the main diagonal: 2ΛL will be added to all ele-
ments except the first and the last only get one additional ΛL.
Also ,ΛL should be subtracted from all elements on the upper
and lower sub diagonals. Equation (6) becomes a tri-diagonal
system of linear equations, with

∑
y Exy

∑
v ω

v
xyLv + 2ΛP for all

x except the first and the last elements where the expression
is

∑
y Exy

∑
v ω

v
xyLv + ΛP. All subdiagonal elements will con-

tain −ΛP. The use of regularisation for the spectrum is purely
optional, while setting ΛL to zero will most probably lead to a
zero determinant of matrix Avv′ for O � 1.

The choice of regularisation parameters, ΛL and ΛP, depends
on the S/N of the data, the oversampling parameter O, as well
as the shape of the slit illumination function. For a reasonable
S/N (above 20), it is sensible to set ΛP = 0 and select ΛL as
the smallest number that still damps non-physical oscillations
in the slit function. Fortunately, the extracted spectrum is not
very sensitive to the choice of ΛL. When investigating this issue
using ESO UVES, HARPS, and CRIRES+ instrument data with
S/N ≈ 50, we discovered that spectra extracted with the best
ΛL and 10 × ΛL differ by less than 0.05%.

2.4. Optimisation in case of vertical slit decomposition

Now that the actual slit decomposition is reduced to repeatedly
solving a system of two linear equations, we can examine the
performance. The typical size of the final systems is given by
the packed height of a swath times the oversampling O (typical
numbers are 30× 10) for Lv, and the width of a swath (typically
between 200 and 800 columns) for Px. The main complication is
the construction of the matrices involved. This process involves
the multiplication of a substantially larger tensor ωv

xy with itself
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Fig. 5. Surface view of ω> × ω projection for a fixed x. The result is a
symmetric square matrix with a dimensionality of ν.

and with Px. ωv
xy describes the geometry of the spectral order

and thus remains constant throughout the iterations for a given
swath. That offers two paths for an efficient construction of the
matrices involved in Eqs. (9)–(11).

The first path is to reduce the size of the largest summation
using the structure of the ω tensor. Constructing Avv′ (Eq. (9)) is
by far the most expensive part of an iteration, but a major part
can be pre-computed knowing the order trace line; this part is∑

y ω
v
xyω

v′
xy. For a given column, x, the 2D projection of ωv

xy has
a layout similar to the example presented in Fig. 3. We note the
self-similar pattern that shifts by O subpixels when moving to
the next pixel. A product of two such matrices (that is

∑
y ω

v
xyω

v′
xy

for a fixed x) on a vv′ plane can be evaluated analytically as
explained below. Figure 4 shows a typical layout of the ω pro-
jection for a fixed x. The structure is self-similar: for each y-
column the first non-zero element (from the top of the image)
corresponds to L entering the x, y pixel, followed by a set of O−1
elements in ν with identical 1/O values. The sequence ends with
the last value corresponding to leaving pixel, y. For the first y
(on the left) the pattern is offset by νmin from the top by the cen-
tral line yc(x). The next y will have the same pattern offset by an
additional O in ν, etc.

We use ‘in’ and ‘out’ to refer to the fractions of the first and
the last subpixel of the slit function (referenced with ν) that fall
into detector pixel y in column x. Here, the ‘in’ and ‘out’ have
values between 0 and 1 and their sum is precisely 1 because we
chose for O to be an integer.

The matrix product of ω> × ω =
∑

y ω
v
xyω

v′
xy is graphically

presented in Fig. 5. This symmetric matrix has repeating square
structures around the main diagonal starting at νmin + 1. The side
of each square has a length of O+1. Surprisingly, this matrix con-
tains only seven unique, non-zero elements: two in the corners
of the square blocks located on the main diagonal (in · out/O2

and (in2 +out2)/O2), two in the middle part of the horizontal and
the vertical border of each square (in/O2 and out/O2), one in the
middle of each square (1/O2), and two in the first and the last
non-zero diagonal elements, which are different from the square
overlap pixels (in2/O2 and out2/O2) (see Fig. 6). The squares on
the main diagonal overlap by one element. The value of all these
pixels is the same: (in2 + out2)/O2. The upper left corner of the
first square and the bottom right corner of the last square do not
overlap with anything, so their values are in2/O2 and out2/O2,
correspondingly. Equipped with this knowledge, we can opti-
mise the slit decomposition iterations in the following way.

(1) We construct the initial guess for the spectrum by, for
example, collapsing the input image in the cross-dispersion
direction. (2) We construct matrix Avv′ as given by Eq. (9). At
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Fig. 6. Schematic view of the product of ωTω for a fixed value of x. The
result is a squared and symmetric matrix of order (Ny +1)×O+1 where
Ny is the height of the packed swath. The outer side of the ‘squares’ on
the main diagonal is O + 1. The squares overlap by one row or column.
The offset from the top left corner is determined by the central line: a
yc of zero implies vmin = 0. The in and out elements are the footprints
of the first and the last subpixels that fall in a given detector pixel x, y.
A central line offset of zero would set in = 1 and out = 0. All elements
outside the main diagonal boxes are zero. The values inside a box are
known explicitly as shown on the sketch.

this point, we use the insights of this section to generate the prod-
uct of the two values for ω on the left-hand-side. (3) We evaluate
the right-hand-side and solve the Eq. (5) for Lν; We normalise
the result, setting the integral of Lν to 1. (4) For each x, we com-
pute ωνxy multiplied by the slit function Lν. We use the product
to solve for the spectrum Px according to Eq. (8). (5) We eval-
uate the model image as Px · ∑ν ω

ν
xy · Lν as in Eq. (1). We then

compare the model with the input image Exy, find outliers, and
adjust the mask. (6) We perform iterations starting from 2◦ until
the change in the spectrum is less than a given margin. We would
like to point out that the iterations require re-calculations of nei-
ther ωνxy nor of its product

∑
y ω

v
xyω

v′
xy.

2.5. Alternative optimisation strategy

The alternative optimisation approach is based on storing the
contributions of every slit function element to a given detector
pixel and every detector pixel to a given slit function element.
The former tensor is actually very similar to ωv

xy. We refer to it
as ξv,n

x . Indices x and ν have the usual meaning and the super-
script, n, can take one of two values: L (Lower) or U (Upper),
corresponding to the cases when an element of the slit function
falls onto the boundary of a detector pixel. Each element of ten-
sor ξ has a composite value (a structure). For every combination
of indices, it contains the pixel row y, to which subpixel v con-
tributes (we will write it as ξv,n

x .y), as well as the contribution
value (footprint) that is between 0 and 1, written as ξv,n

x .w. We
can see that ξ carries the same information as ω, but it is much
more compact since we avoided storing most of the zeros. In
addition, ξ needs a counterpart that we call ζ. Each element of

ζm
x,y carries the information about all elements of the slit function

affecting detector pixel, xy. The index, m, runs a range between
1 to O + 1 in order to account for the maximum number of con-
tributing subpixels. Like ξ, here, ζ carries two values: the slit
function component, ν, referred to as ζm

x,y.v and its contribution
to pixel x, y, ζm

x,y.w, which is normally 1/O, except for the bound-
ary subpixels and top and bottom rows of the swath. Both new
tensors are, as in the case of ω, only functions of order geome-
try and, thus, they need to be computed only once. The purpose
of these tensors becomes clear once we rewrite Eq. (2) and its
derivatives with their help:

S xy = Px

∑

m

Lζm
x,y.vζ

m
x,y.w, (13)

Φ =
∑

xy

Exy − Px

∑

m

Lζm
x,y.vζ

m
x,y.w

 , (14)

∂Φ

∂Px
=

∑

v,n

(
Ex,ξv,n

x .y − S x,ξv,n
x .y

)
· Lvξ

v,n
x .w = 0, (15)

∂Φ

∂Lv
=

∑

x,n

(
Eξv,n

x .x,ξv,n
x .y − S ξv,n

x .x,ξv,n
x .y

)
· Pxξ

v,n
x .w = 0. (16)

What happens is that the summation is carried out essentially
over the non-zero elements of ωTω only. The speed-up can be
estimated from Fig. 6 as the ratio of the number of non-zero
elements Ny × (O + 1)2 − Ny + 1 to the total number (Ny + 1)2 ×
O + 1)2. In practice, for a packed swath height of 20 we see a
an increase in performance that is a bit more than factor of 20,
compared to the direct construction of matrices involved in linear
equations.

The first optimisation path, based on the analytical construc-
tion of ωTω results in an even better performance (involving a
gain of around another 20% at the expense of greater memory
usage), but unlike the 2nd path, its advantage vanishes when
we introduce a bad pixel mask as in Eqs. (9)–(11). The mask
is involved in computing the product of ωTω, forcing the re-
computation of this product during every iteration. Thus, we do
not use this approach for the case of a tilted or curved slit image.

2.6. Decomposition in case of a curved and tilted 1D point
spread function

In this section, we explore the decomposition of a 1D slit bent
by a known amount relative to the detector columns. We assume,
thus, that the offset of monochromatic images of the slit from a
vertical line on the detector is described by a second order poly-
nomial:

δx(δy) = a(x) · δy2 + b(x) · δy + c(x),

where δy = y − yc(x), with yc(x) being (again) the central line
of the order on the detector. We postulate that the offset from
column x at the level of the order trace y = yc(x) is zero. This
means that c(x) is always 0. In the case of a strictly vertical slit
image, the offset expression is reduced to a trivial δx(δy) = 0.
For a straight but tilted slit image, we have only the linear term:
δx(δy) = b(x) · δy. The presence of a horizontal offset means that
subpixels may now contribute to adjacent columns, changing the
structure of the ω tensor. Therefore the model for detector pixel
x, y should be modified to reflect this:

S x,y =

+∆x∑

ix=−∆x

Px+ix ·
∑

iy

ω
−ix,iy
x+ix,y · Liy, (17)
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x

y ν

Fig. 7. Schematic view of ‘ideal’ monochromatic images of a slit pro-
jected onto a detector by a non-Littrow spectrometer. Black squares rep-
resent spectrometer pixels. The dashed line traces the centre of a spec-
tral order and the blue boxes show the idealised footprints of slit images.
We note that by design the centre of the spectral order and the sides of
a slit image intersect at the pixel column boundaries of the detector.

where ∆x = dδxe is the pixel range affected by the curvature.
Compared to the previous section we are now using the index
name, iy, to address the elements of L instead of v in order to
emphasise the difference between offsets in x and y directions.

Tensor ω acquired an extra dimension to reflect the contribu-
tion to the detector column(s) adjacent to x. In practice, the size
of ω does not have to increase dramatically (typically by a factor
of 3) since the height of the slit illuminated by a point source is
generally small and even a noticeable slit curvature would not
result in a large offset in dispersion direction. In long-slit obser-
vations, we would not want to use slit decomposition to keep
the spatial information. Notable exceptions include the use of an
image slicer with many (5–7) slices or an IR spectrum that is a
combination of the two nodding positions. We would also like to
point out that the column index x of the generalised ω follows
the spectrum, P, but since we are interested in the contribution
of Px+ix to the pixel, x, in Eq. (17), the offset index, ix, has the
opposite sign to the difference between the contributing column
(x + ix) and the column (x) (the column, for which the model is
constructed).

Partial derivatives of the model S xy are:

∂S x,y

∂Px′
=

∑

iy

ω
x−x′,iy
x′,y · Liy, (18)

∂S x,y

∂L jy
=

+∆x∑

ix=−∆x

Px+ixω
−ix,iy
x+ix,y. (19)

As for the vertical slit case we can formulate the optimisation
problem for matching the model to (a fragment of) a spectral
order Ex,y:

Φ =
∑

x,y

(
S x,y − Ex,y

)2
= min . (20)

However, there is no more a one-to-one correspondence between
the measured swath and the data needed for the model. This is
obvious from Fig. 7: if the black squares represent the selected

swath then clearly the model of the first and last columns
requires spectrum Px values that cannot be reliably derived from
this swath (partial slit images). Overlapping zones would solve
this problem by carrying the values of Px from one swath to the
next.

The necessary condition for a (local) minimum is the first
derivatives resulting in zero:

1
2
∂Φ

∂Px′
=

∑

x,y

(
S x,y − Ex,y

)
· ∂S x,y

∂Px′
= 0, (21)

1
2
∂Φ

∂Liy
=

∑

x,y

(
S x,y − Ex,y

)
· ∂S x,y

∂Liy
= 0. (22)

Substituting Eqs. (17)–(19) into the last two equations, we
get systems of linear equations for P and L:

x′+∆x∑

x=x′−∆x

∑

y


+∆x∑

ix=−∆x

Px+ix ·
∑

iy

ω
−ix,iy
x+ix,y · Liy − Ex,y



·
∑

iy

ω
x−x′,iy
x′,y · Liy = 0, (23)

∑

x,y


+∆x∑

ix=−∆x

Px+ix ·
∑

iy

ω
−ix,iy
x+ix,y · Liy − Ex,y



·
+∆x∑

jx=−∆x

Px+ jxω
− jx, jy
x+ jx,y = 0. (24)

Now we go on to re-organise Eq. (23) by first substituting
x with x′ + jx, then dropping ’prime’ and finally shifting the
measured data part to the right-hand side:

+∆x∑

jx=−∆x

∑

y

+∆x∑

ix=−∆x

Px+ix+ jx ·
∑

iy

ω
−ix,iy
x+ix+ jx,y · Liy ·

∑

jy

ω
jx, jy
x,y · Liy,

=

+∆x∑

jx=−∆x

∑

y

Ex+ jx,y ·
∑

jy

ω
jx, jy
x,y · Liy. (25)

Renaming x′ means that the derivative has been taken over Px
rather than over Px′ .

Finally, we would like to point out that Eq. (25) is actually a
system of Ncols linear equations numbered by the value of x. The
matrix for the system is band-diagonal but not symmetric with
the width of the band equal to 4 · ∆x + 1.

The system of equations for L is derived in a similar way:

∑

iy

Liy

∑

x,y

+∆x∑

ix=−∆x

Px+ix · ω−ix,iy
x+ix,y ·

+∆x∑

jx=−∆x

Px+ jx · ω− jx, jy
x+ jx,y

=
∑

x,y

Ex,y ·
+∆x∑

jx=−∆x

Px+ jx · ω− jx, jy
x+ jx,y. (26)

In this case, the matrix of the system is fully filled but sym-
metric.

2.7. Decomposition optimisation in case of the curved slit

The optimisation follows the second path presented for the ver-
tical slit case. Again, we define two sets of tensors. One (like ω)
describes the contribution(s) of subpixel iy, associated with the
spectrum centred on detector pixel x, to other detector pixels.
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As before, we name it ξ. And as before, it has three indices, but
now the second superscript runs through four options, reflecting
the cases when a subpixel is projected onto the intersection of
four detector pixels. With the slit image no longer aligned with
the detector columns, a subpixel can project onto two columns
and occasionally on a boundary between rows. Thus, subpixel iy
can have a footprint in two or even four detector pixels, which
are referenced as ξiy,[LL/LR/UL/UR]

x . LL, LR, where UL and UR
refer to the affected detector pixel location (lower-left, lower-
right, upper-left, or upper-right) relative to the selected subpixel.

For each combination of indices, the value of ξiy,m
x is a struc-

ture containing {x′, y′, w}. Here, {x′, y′} are the coordinates of the
affected detector pixel and w is the footprint of subpixel {x, iy}
inside pixel x′, y′. Tensor ξ will also be very useful when evalu-
ating partial derivatives.

The other tensor, ζ, is in some sense the inverse of ξ. It also
has three indices, ζm

x,y, where m indexes the contributing subpix-
els and has a range between 0 and (O + 1) × 2. For each com-
bination of indices the value of ζ is a structure containing the
two coordinates of the contributing subpixel and its weight (foot-
print) {x′, iy′, w}.

Equipped with these new tensors, we can rewrite the expres-
sion for S x,y as well as the derivatives of Φ.

Our model for detector pixel x, y can now be expressed as:

S x,y =
∑

m

Pζm
x,y.x′ · Lζm

x,y.iy′ · ζm
x,y.w. (27)

Unlike Eq. (17) we ended up with a single summation.
For partial derivatives over Px, we keep only those pix-

els receiving a contribution from the slit image centred on the
{x, yc(x)} position on the detector:

1
2
∂Φ

∂Px
=

∑

iy,n

(
S ξ

iy,n
x .x′,ξiy,n

x .y′ − Eξ
iy,n
x .x′,ξiy,n

x .y′
)
· Liyξ

iy,n
x .w = 0. (28)

The analogous expression for the derivatives over Liy is also
easily written with the help of tensor ξ:

1
2
∂Φ

∂Liy
=

∑

x,n

(
S ξ

iy,n
x .x′,ξiy,n

x .y′ − Eξ
iy,n
x .x′,ξiy,n

x .y′
)
· Pxξ

iy,n
x .w = 0. (29)

Substituting Eqs. (27)–(29), and moving the part with the
measured detector pixel counts to the right-hand side, we get the
final form of the system of equations for Px and Liy:
∑

iy,n

∑

m

Pζm

ξ
iy,n
x .x′ ,ξiy,nx .y′

.x′ · Lζm

ξ
iy,n
x .x′ ,ξiy,nx .y′

.iy′ζ
m
ξ

iy,n
x .x′,ξiy,n

x .y′
.w

· Liy · ξiy,n
x .w =

∑

iy,n

Eξ
iy,n
x .x′,ξiy,n

x .y′ · Liy · ξiy,n
x .w. (30)

∑

x,n

∑

m

Pζm

ξ
iy,n
x .x′ ,ξiy,nx .y′

.x′ · Lζm

ξ
iy,n
x .x′ ,ξiy,nx .y′

.iy′ · ζm
ξ

iy,n
x .x′,ξiy,n

x .y′
.w

· Px · ξiy,n
x .w =

∑

x,n

Eξ
iy,n
x .x′,ξiy,n

x .y′ · Px · ξiy,n
x .w. (31)

The software implementation for Eqs. (30) and (31) faces
two challenges: the construction of ξ and ζ tensors and the con-
struction of the matrices and RHSs. The first is solved through a
single loop over all subpixels of L for each column x. In this
loop, we can record detector pixel coordinates and the corre-
sponding footprints, which are stored by ξ. In the same loop for
each detector pixel, we record the coordinates of the contributing
subpixel and its footprint, filling the ζ tensor.

The second challenge comes from the fact that the indexing
of the unknown vectors (P and L) in Eqs. (30) and (31) is not
sequential. We should regard this as a permutation of rows and
columns in the linear systems of equations A·x = y. The equation
permutation needs to be stored in order to recover the correct
order of elements in the unknown vectors.

Finally, at the horizontal ends of the swath, in some rows,
the slit image can (due to the tilt) stretch outside the data frag-
ment, as schematically shown in Fig. 7. The simplest way to
handle this issue is to pad each swath with additional columns
on both sides and then clip the extracted spectrum by the cor-
responding amount. At the edges of the detector padding is
not possible, which may require the clipping of the extracted
spectrum.

2.8. Uncertainties of extracted spectra

The extraction procedure described above can be seen as an
inverse problem of a convolution type. It helps to avoid compli-
cations due to the degeneracy between P and L or noise amplifi-
cations in areas of low signals. Error propagation is notoriously
difficult for inverse problems, since the measured noise is known
for the result of the convolution i.e. data, while the model statis-
tics is a priori unknown, as is the transformation from detector
pixels to the P, L space. Thus, we take on a different approach.
Once we have a converged model for a given swath, we can con-
struct the distribution of the difference between observations and
model for the whole swath and for each ‘slit image’ realisation,
indexed by column number x. The full swath distribution is obvi-
ously better defined, so we fit a Gaussian to it. The standard devi-
ation for this Gaussian can be compared to the Poisson estimate
using the extracted spectrum P.

To illustrate the procedure, we use a challenge suggested
by the referee and used a CARMENES (Quirrenbach et al.
2016) near infrared (NIR) spectrum of HD209458 (car-
20180905T23h01m44s-sci-czes-nir). We selected spectral order
18, which has some columns with high signals as well as some
with no apparent stellar continuum due to the strong water
absorption in the Earth’s atmosphere. Figure 8 shows the appli-
cation of vertical slit decomposition and how uncertainties of
the extracted spectrum are estimated. We use columns 854-1193
of order 18 (0th order is at the bottom) as an example of the first
detector in the NIR arm of CARMENES. The standard deviation
estimated for the whole swath using the histogram of the data-
model differences (panel in the middle right) is nearly identical
to the mean Poisson statistics estimate

∑
x,y

√
Ex,y/nx/ny. The

panel below uses a similar approach for individual slit images
as indexed by the column number. The plot shows two differ-
ent estimates for the signal-to-noise ratio. The black line is the
square root of the extracted spectrum, that is, a simple Poisson
distribution, while the mean deviation between the data and the
model weighted by pixel contribution to the given slit image is
plotted in red. The noticeably higher level of the uncertainty esti-
mate from the slit decomposition (lower S/N) is real. It reflects
the shortcut we took in this test extraction by ignoring the effec-
tive ‘tilt’ of the slit image created by the image slicer (two half-
circle images of the input fibre), which is seen clearly in the
differences (right panel in the 2nd row). While the amplitude
of the difference is small, it still drives up our uncertainty esti-
mates. The impact on the extracted spectrum is negligible, as
illustrated by the bottom panel of Fig. 8, where we compare our
extraction with the standard CARMENES pipeline output. The
two extracted spectra agree to 0.1%, if we ignore a few ‘bad
pixels’ that are present in this swath.
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Fig. 8. Slit decomposition uncertainties. The top four panels show the 2D image of the data as registered by CARMENES (Ex,y in equations),
the model reconstructed using the deduced P and L functions (S x,y) and their difference. The difference image on the right of the 2nd row was
multiplied by the bad pixel mask constructed during the decomposition and shows residual ripples with an amplitude of ∼12.5 counts. The next
four panels show the recovered spectrum (P) and slit illumination function (L) on the left. Scattered dots are the actual data points aligned with the
order centre and divided by the extracted spectrum. Green pluses show rejected (masked) pixels. The right panels compare uncertainty estimates
assuming Poisson statistics for the whole swath (histogram) as well as for each column (right panel in the second row from the bottom). The
latter compares S/N for each column x based on the shot noise only and on the observations-model discrepancy. The bottom panel compares our
extraction (in green) with the standard CARMENES pipeline (in black). The black line was shifted to the right by 1 pixel for visibility.
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Fig. 9. Curvature estimation for one spectral line. Left: rectified input
image cut out from the wavelength calibration frame. The order trace
yc(x) is marked in red. Right: best-fit model image. The extracted
tilt is marked in red. We only fit a linear tilt here. Data come from
ESO/CRIRES+ Fabry-Pérot interferometer.

3. Curvature determination

The new ‘curved slit’ extraction algorithm presented in Sect. 2
can account for the curvature of the slit on the detector, but
assumes that the shape of the slit image is known a priori at any
position on the science detector. The tilt and the curvature of the
slit image are usually the result of compromises that are made
when selecting the optical scheme of a spectrometer and detec-
tor orientation in the focal plane. These may lead to a significant
average tilt, but in general, the slit image shape will vary slowly
along the dispersion direction and between spectral orders. The
curvature of the slit is always small and hardly important for
the observation of point sources. However, it may introduce a
shift of the wavelength scale if a different part of the slit is used
for the wavelength calibration. Assuming a slow change of the
slit image, we can measure the shape at a few places in each
spectral order and then interpolate to all columns. This can be
done, for example, by using the wavelength calibration (Sect. 4)
data following the steps outlined below. An important prerequi-
site for this to work is an existing order tracing that provides a
centre line for each order. The centre line follows the image of
a selected reference slit point (e.g. the middle of the slit spatial
extension) across the whole spectral format. In a given spectral
order, it is the function, yc(x), relating column number, x, with
the vertical position of the trace line, y. We postulate that for
an integer value of x, the centre of the slit image in dispersion
direction falls precisely onto the middle of the pixel column, x.
Tracing the slit image up or down from the reference position,
the centre of the slit, y, may shift left or right from the centre of
column x due to the tilt and curvature of the image.

We modeled the slit image shape using the wavelength cal-
ibration in the following three-step procedure. First we identify
emission lines in the wavelength calibration spectrum and select
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Fig. 10. Tilt variations per order (each panel is one order). Red pluses
show the tilt determined for each individual emission line. The blue
line is the 2D polynomial fit through all lines in all orders. Data from
VLT/X-shooter (Vernet et al. 2011).

the ‘good’ lines based on their intensity (not too faint by com-
parison with the noise, not saturated, and not blended). Second,
for each selected line, i, we fit a 2D-model to the line image.
The model consists of a Gaussian (or Lorentzian) in dispersion
direction with three parameters (line position, line strength, and
line width). Due to the tilt and curvature of the slit image, the
line position may shift along the row (left or right, δx) as we
move away (up or down, δy) from the reference position given
by the order trace yc(x) as shown in Fig. 9. The offset δx is
given as a function of the vertical distance from the central line:
δx = ai δy(x)2 + bi δy(x), where δy(x) = y − yc(x). When y
is equal, yc(x), δx is zero by definition, so there are only two
coefficients to fit corresponding to tilt and curvature. When the
tilt is large, the width of the line may be overestimated, but that
does not affect the centre position of the curve. To account for
the slit illumination function, and to avoid problems with fitting
the amplitude of the model for each row individually, we sim-
ply scale the fit by the median of the data in each row. Finally,
we combine all coefficients derived for individual emission lines
by fitting tilt and curvature variation across all the orders as a
function of the order column and order number. The curvature at
each position is then described by:

curvature : a(x,m) = c1(x,m) δy + c2(x,m) δy2

tilt : b(x,m) = d1(x,m) δy + d2(x,m) δy2, (32)

where x is column number, δy is the row y distance to the cen-
tral line, and m is the order number. Figure 10 shows an example
of the fitted tilt. This is a 2D polynomial fit, so we reconstruct
the slit image shape even in parts of spectral orders without any
emission lines in the input image. This step is crucial for detect-
ing and removing outliers created by a failed fit to individual
lines (e.g. due to a cosmic ray hit or a detector defect). Similar
to the wavelength calibration, the choice of the degree of the fit
should be adjusted depending on the instrument and density of
useful emission lines. The same curvature is plotted on top of the
input image in Fig. 11.

4. Wavelength calibration

The wavelength calibration of a grating spectrometer is based on
the grating equation that connects the wavelength λ, the physical
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Fig. 11. Fragment of the input image used for the slit curvature determi-
nation (blue-yellow), with the recovered curvature (red) at line positions
plotted on top. The red line is constructed from the final fit of the curva-
ture and tracks the center of each spectral line along the slit. Data from
VLT/X-shooter (Vernet et al. 2011).

spectral order number m, the spacing between grooves δ, and the
dispersion angle β:

λ = δ(sinα + sin β)/m (33)

where α is the incidence angle, independent of the wavelength.
The angular dispersion dλ/dβ is a function of m and reflection
angle β (cos β). For modern echelle spectrometers, β occupies
a small range of values centred on the blaze angle. The latter
has typical values between 60 and 80 degrees. These result in
a nearly constant dispersion for any given order. Thus, the rela-
tion between pixels and their wavelengths can be represented by
a low-order polynomial. Polynomial orders of 3–5 are usually
sufficient to reproduce the λ − β relation and to catch possible
distortions introduced by the imaging system.

The determination of the polynomial coefficients requires a
reference source with precision wavelengths assigned to emis-
sion (or absorption, as in the case of an absorption gas cell) lines.
In this paper we leave out such crucial steps of wavelength cali-
bration because of the determination of line centres and the use
of a laser frequency comb (LFC) or Fabry-Pérot interferometer
calibration source. We plan to revisit these aspects in a separate
paper. In the meantime, we can find a detailed description of the
calibration processing in the paper by Milaković et al. (2020).

Instead, we provide a summary of the procedure. A spectrum
of a calibration source must be recorded with the spectrograph,
with the spectral lines identified, their position measured in the
detector coordinate system (pixels), and coefficients of polyno-
mial regression determined. The spectral features of the refer-
ence source should preferably be evenly distributed across the
spectral order to provide a homogeneous approximation and to
minimise the maximum error. In this procedure, the main uncer-
tainties are frequently coming from the erroneous identification
of lines and measurements of their positions, as well as the use
of blended or saturated lines.

It is a standard practice to create a specific reference line
list for each instrument and setting, which includes the expected
positions on the detector as well as the laboratory wavelength
for each line. Once the solution is obtained, it can be recy-
cled for later wavelength calibrations assuming that any line
position changes will be much smaller than the line separa-
tion in dispersion direction and less than the order separation in

Fig. 12. Fragment with four partial orders of the input image used for
the wavelength calibration (greyscale). The reference spectra (red) are
shifted and scaled along the y axis so that they overlay their respective
orders. Data come from La Silla/HARPS (Mayor et al. 2003).

cross-dispersion direction. An existing solution is then used as
an initial guess for the next wavelength calibration.

The observed wavelength calibration spectrum is often
extracted with a simple summation across the order. This is often
sufficient since the flux level of a lamp tends to be much higher
than that of a star. An example of the extracted image is shown
in Fig. 12.

For many applications, instruments such as HARPS
(Mayor et al. 2003), which are designed for high-stability, with
no moving parts, and located in a stabilised environment, may
use calibrations taken several hours before or after the science
data. For extreme precision measurements as well as for general
purpose instruments, the required repeatability is not reached
this way. In these cases, an attached or simultaneous calibration
is needed to complement the science data. Again, the reference
solution can be used as an initial guess here.

Finally, the best-fit polynomial connecting position and
wavelength can be determined. Valenti (1994) proposed using
a 2D polynomial matching the dispersion variation within each
order and between orders, as expected from the grating Eq. (33).
The requirement of smooth variation (low-order polynomial) of
dispersion and central wavelengths between spectral orders sets
additional restrictions on the solution and helps to constrain the
polynomial in parts of the focal plane void of emission lines in
the calibration spectrum. An additional discussion of the poly-
nomial degree and the dimensionality can be found below.

The polynomial fit involves a gradual improvement of the
solution by rejecting the largest outliers in an iterative process.
For this purpose, the residual Ri is defined not in the wavelength,
but in velocity space:

Ri =
λref − λobs

λref
clight. (34)

The process follows the conventional sigma-clipping algorithm
and stops when no more statistically improbable outliers are
found.

Starting from a reference solution and applying the out-
lier rejection described above, some lines may be unidentified.
They can be recovered in an auto-identification phase. It finds
all suitable unidentified peaks in the calibration, estimates their
measured wavelength using the reference solution, and searches
the reference lamp atlas for a possible match. With regard to
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Fig. 13. Difference between the LFC wavelength solution and the ThAr-based 1D (left) and 2D (right) solutions for the red detector arm of the
La Silla/HARPS spectrometer. Each vertical panel shows one spectral order with the longest wavelength order positioned at the bottom. The
differences between ThAr and LFC solutions in m s−1 are plotted as red lines against detector pixels in the X-axis. LFC solutions were constructed
separately for each spectral order. Blue crosses indicate the positions of the ThAr lines used for the construction of the wavelength solutions. In all
cases, a 5th order polynomial was used for the dispersion direction. The 2D solution included an additional 3rd order cross-dispersion component
as well as the corresponding cross-terms.

‘suitable’ lines, these are defined after a Gaussian fitting as hav-
ing a full width half maximum (FWHM) in an acceptable range
for the given instrument. The atlas is also checked for any pos-
sible blending of lines. Sigma-clipping and auto-identification
phases can be repeated more than once to ensure the convergence
of the overall procedure.

2D versus 1D wavelength polynomial

A reoccurring discussion when performing wavelength calibra-
tion is whether to use one 2D polynomial for all orders, or to
use individual 1D polynomials for each order. The main argu-
ments revolve around the ability of a 2D solution to minimise
the maximum error in parts of the spectral orders without any
reference lines versus the flexibility of the individual polyno-
mial fit to each order, as illustrated in Fig. 13. In this example,
based on the ThAr and LFC wavelength calibrations of the La
Silla HARPS spectrometer, the differences between the 1D and
the LFC solution reach in excess of 200 m s−1 in the peripheral
parts of the detector, where a non-homogeneous distribution of
the calibration lines is aggravated by the low signal. A similar
2D ThAr solution is generally close to the LFC result, except for
the very ends of spectral orders.

This question is also closely related to the degree of polyno-
mials used for the fit. A higher-order polynomial can fit the data
better, but may also have larger variations from the true solution
in places where data points are sparse. Ideally, we want to deter-
mine the best representation of the data with the fewest param-
eters possible. This is where the Akaike information criterion
(AIC; Akaike 1974) is useful, as it combines the goodness of

fit and the number of parameters into a single measure that can
easily be compared between solutions. The AIC is defined as:

AIC = 2k − 2 ln L, (35)

where k is the number of parameters in the model and L is the
likelihood. Since the least squares fit was used for the model
the likelihood is given by the squared sum of the residuals (also
known as χ2):

ln L = −N
2

ln


N∑

i=0

(
Ri/clight

)2
 + C, (36)

where N is the number of lines, Ri is the residual as defined by
Eq. (34), and C is a constant factor that we can ignore, since
only the difference between AICs is relevant. Similarly, the clight
factor could be removed since it only results in a constant, but is
kept to make the values dimensionless.

Then we can simply use a grid search to find the best model,
that is, the one with the lowest AIC. For the example of the
HARPS ThAr wavelength calibration, the best AIC value is
achieved with a 2D fit with degrees of 3 and 6 in dispersion and
spatial direction respectively, see also Fig. 14 for an overview of
the parameter space. The best 1D fit for this example is achieved
with a polynomial of degree 2, although the AIC is larger than
that of the 2D fit. Using HARPS with an LFC reveals the detector
stitching as discussed by Coffinet et al. (2019). We can include
corrections in the fit and find that the best fit has the degrees 9
and 7, respectively. Notably, the spatial degree remains similar,
as the order number is separate from the detector pixels. As for
ThAr, the 2D fit is preferred over the 1D fit.
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Fig. 15. Distribution of the difference between the ThAr wavelength
solution and the LFC wavelength solution, evaluated for each point in
all orders. The LFC solution is based on a 2D polynomial. There are
more outliers beyond the limits of the histogram, which are not shown
here. The orange dashed line, shows the Gaussian with the same mean
and standard deviation as the whole distribution. Left: 1D ThAr solu-
tion, right: 2D ThAr solution.

We can also compare the results of the different models with
the LFC solution as an alternative reference. Figure 15 shows
the distribution of the differences between the ThAr solutions
and the LFC solution for HARPS. The two distributions are on
the same order of magnitude, with the 1D solution being slightly
wider. Notably, the 1D solution has more outliers, as shown by
the larger standard deviation of the Gaussian. This is also visible
in Fig. 16, as here the largest difference in each order is clearly
larger in the 1D solution as compared to the 2D solution.

This result is exactly as we expected. We conclude that at
least for the ThAr calibration, the 2D solution is more robust
against missing data and possibly against errors in the line centre
measurements.

5. Continuum normalisation

Robust continuum normalisation is a notoriously difficult task,
even for well-behaved absorption line spectra. The few excep-
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Fig. 16. Maximum difference between the ThAr wavelength solution
and the LFC wavelength solution in each order. Left: 1D ThAr solution,
right: 2D ThAr solution. The data from the red detector arm of HARPS
at La Silla is showing spectral orders between 89 and 114.

tions include cases when there is a well-matching synthetic spec-
trum available (as in the case of solar flux) or there are hot stars
with very few spectral features. Among the various attempts to
tackle this problem, better success was achieved with iterative
schemes that fit the spectrum with a smooth function and grad-
ually excluding points below the curve, until the distribution
of data offsets from the constructed envelope becomes approxi-
mately symmetric and Gaussian. This, of course, does not guar-
antee that the normalised observed spectrum will match the
synthetic spectrum. On the other hand, the correct synthetic
spectrum is unknown to begin with and thus a heuristic approach
is well motivated. The problem then becomes how to decide
if a given point belongs to a spectral line and thus should be
dropped from the fit. A power spectrum analysis, aimed at sepa-
rating the spatial frequencies associated with spectral lines from
the continuum envelope, does not help when considering indi-
vidual spectral orders one at a time. The effect of the continuum
‘diving’ into the strong and broad lines remains just one of the
issues.

5.1. Order splicing

In REDUCE, we take a single-order approach to the next level by
extending the range of the sampled spatial frequencies by splic-
ing several spectral orders into a single long spectrum. Splicing
requires an existing wavelength solution so that adjacent spectral
orders can be aligned, scaled, interpolated, and co-added in the
overlap region as illustrated in Fig. 17. Combining the overlap-
ping regions between neighbouring orders is complicated by the
fact that the wavelengths associated with the pixels are different
in the two orders. Firstly, we divide each order by the blaze func-
tion estimate, obtained, for example, from the master flat field.
Even though the blaze estimate is not a perfect continuum, it is
a good first step towards flattening the individual orders. We fur-
thermore divide each order by its median in order to normalise
everything to the same scale. We then determine the wavelength
overlap and interpolate one order onto the wavelength grid of
the other and vice versa. Finally, we co-add the values from
both orders using a weighted sum with either linear weights or
weights equal to the individual errors of each pixel1. The sum is

1 As the spectra in each order come from different pixels they are inde-
pendent measurements.
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Fig. 17. Example of the spectral order splicing using the common wave-
length scale. Before splicing we divide the signal by the blaze function
derived from the flat field. We start from the order with the highest S/N,
scale adjacent orders to achieve the best match in the overlap region and
co-add the data with linear weights to avoid discontinuities. The black
region to the right is already spliced. The scaling of the next order in
line is shown in green. The scaled overlap region is shown in red. This
example comes from the red detector of La Silla/HARPS.

given by:

s̄l(x) =
xr − x
σl(x)∆x

· sl(x) +
x − xl

σr(x)∆x
· s̃r(x) · σl(x) · σr(x)

σl(x) + σr(x)
, (37)

where xl, xr are the limits of the overlap region in pixels of the
left order, ∆x = xr − xl and σ’s are the uncertainties. s̄ is the
co-added value in the overlapping pixel x of the left order indi-
cated by subscript l. Then s̃r is the overlapping part of the right
order linearly interpolated onto pixel x of the left order.

The spliced spectrum still shows significant variations, but
they are rather smooth. There are ‘waves’ in the shape of the
upper envelope, which are primarily coming from the spectrum
of the flat field calibration (the source of the blaze functions)
and spectral sensitivity of the detector. These variations are to
be fitted in the following step, but they are described by much
lower spatial frequencies than the spectral lines. Even Hα looks
‘narrow’ in comparison to the broad level variations in Fig. 17.
Uncertainties are spliced in the same fashion as the spectra to be
used later in the fitting iterations. Once the splicing is completed,
we sort the wavelengths and interpolate the spectrum onto an
equispaced wavelength grid to have a better handle on the fre-
quency spectrum in preparation for the continuum fitting.

5.2. Continuum fitting

We use a custom-made filtering routine for the construction of
a smooth non-analytical function. The fitting function f (x) is
defined in a such a way that it fits the data points well and at
the same time has the least power in the highest spatial frequen-
cies. The latter is achieved by restricting the minimisation of the
averages of the first and the second derivatives with two regular-
isation terms:
∑

x

ωx
[
f (x) − s(x)

]2
+ Λ1

∑

x

(
d f
dx

)2

+ Λ2

∑

x

(
d2 f
dx2

)2

= min, (38)

where s is the spectrum, x the wavelength point, ω is the
weight/uncertainty, and Λ1 and Λ2 are regularisation parame-
ters that control the stiffness of the fit and its behaviour at the
end points. To be more specific, increasing Λ1 makes the solu-
tion more horizontal while a larger Λ2 ignores linear trends, but
dampens high-frequency oscillations. The value of the two Λ
parameters needs to be adjusted empirically. From Eq. (38), we
construct a band-diagonal system of linear equations. Once the
solution, f , is obtained we can start the iterations by construct-
ing the histogram of s − f for all s values that are larger than f
and estimating its width. We use a mirror reflection of the his-
togram in respect to 0 before fitting a Gaussian to it. The derived
standard deviation is then used to reject points in s that are well
below f . The procedure is repeated with the remaining points
starting from a recomputed f . We also verify the consistency
between the (spliced) uncertainties and the standard deviation
of the distribution. The process reaches convergence (no more
points are rejected) in about six to nine iterations. Examples
of the final results are presented in Fig. 18. After completing
the continuum fit on an equispaced grid, we interpolate the fit
back to the initial wavelength grid of every spectral order. The
same can be done with the observed spectrum, making individ-
ual orders look similar to the third panel from the top in Fig. 18.
The gain is some increase in signal towards the ends of spectral
orders. The downside is a possible loss of spectral resolution as
well as distortions of the PSF due to focal plane aberrations and
the interpolation procedures involved. Alternatively, it is possi-
ble to convert the ‘spliced’ continuum to a non-spliced version
for each order using the splicing factors derived in Eq. (37). In
this way, we do not modify the original data, which is important
when, for instance, the science goals require the accurate deter-
mination of radial velocities or analysis of spectral line profiles.

We conclude by re-iterating that the robust continuum nor-
malisation of observed spectra is, indeed, impossible. What is
described above may or may not give a satisfactory solution
depending on S/N, spectral line width (e.g. due to stellar rota-
tion), quality of the blaze functions, and many other factors. A
good selection of the stiffness parameters requires some expe-
rience. Finally, the spectral format and the overlap between
spectral orders are crucial for the splicing and for the whole
procedure we developed. For instruments that leave gaps in the
spectral coverage, continuum normalisation will remain more of
an art than science.

6. Implementation

6.1. PyReduce

6.1.1. Introduction to PyReduce

PyReduce2 is a new open source implementation of the
REDUCE pipeline written in Python with some C components.
This new Python version is based on the existing REDUCE,
which was written in IDL. Besides the change in the language
most of the code has been rewritten from scratch and new fea-
tures have been added. Notably, a fast and speed-optimised
C-version of the extraction algorithm from Sect. 2 is included.

The data reduction in PyReduce is split into several individ-
ual steps, most of which produce calibration data for the science
data extraction. The steps follow the methods described in the
previous sections of this work, or in Paper I, and are listed as
follows (PyReduce names in bold):

2 https://github.com/AWehrhahn/PyReduce
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Fig. 18. Final result of the continuum fitting. Top: spliced spectrum
is shown in green while the continuum is in black. Second panel:
continuum-normalised spectrum. Two bottom panels: zoom on order
#15 (absolute order 103). Third panel from the top: spliced spectrum
is in black, the original (non-spliced) blaze function is in blue and the
continuum fit is in green. The continuum-normalised order is shown
in the bottom panel. Example comes from the red detector of La
Silla/HARPS.

1. bias Creates the master bias frame, i.e. the intrinsic back-
ground from the detector without a light source.

2. flat Creates the master flat, i.e. the pixel sensitivity, from
a continuum light source.

3. orders Traces the order locations on the detector and fits
them with a polynomial.

4. curvature Determines the slit curvature along the orders,
cf. Sect. 3.

5. scatter Estimates the scattered light background inside the
orders from the signal between orders; see Sect. 6.1.3.

6. norm_flat Creates the normalised flat field from the mas-
ter flat. This step also extracts the blaze functions.

7. wavecal Creates the wavelength calibration; see Sect. 4.
8. freq_comb Improves the wavelength solution by using a

laser frequency comb (or similar); see also Sect. 4.
9. science Extracts the science spectrum from the science

observations.
10. continuum Splices together the different orders into one

long spectrum and fits the continuum level; see Sect. 5.

Table 1. Available test datasets, which are used for investigating the
results of the data reduction.

Instrument Star Date

UVES HD132205 2010 April 01
HARPS HD109200 2015 April 09
CRIRES+ Simulated
X-shooter UX Ori 2009 October 04
Lick APF KIC05005618 2015 May 24
Keck NIRSPEC GJ 1214 2010 August 05
McDonald CS23 Vega 2003 November 09
JWST NIRISS GJ 436 Simulated
JWST MIRI BBR Simulated

11. finalize Collects all the relevant data from the different
steps into the final data product and adds helpful metadata infor-
mation to the FITS header.

6.1.2. Using PyReduce

Once PyReduce is installed, the simplest way to use it is by call-
ing the main method. This method only requires the location of
the input files, instrument, observation target, and night to start.
It locates all relevant files for this setup and performs all the
steps defined above, if possible, using a predefined set of default
parameters for the given instrument. These parameters are cho-
sen to be viable in a wide range of applications, but users can, of
course, set their own parameters.

To handle all kinds of different instruments, PyReduce uses
instrument specific methods, that parse the FITS headers into the
PyReduce standard format as described in Sect. 2, and identify
files within the input folder. This makes it easy to apply PyRe-
duce to many different instruments, and even extend it for new
instruments if necessary.

The list of currently supported instruments is given in
Table 1. Additional instruments can easily be added by provid-
ing the default parameters and a dictionary for the FITS header
instruments-specific keywords.

6.1.3. Background scatter estimation

Depending on the spectrograph properties, such as scattered
light, it can be necessary to estimate this kind of background
from the inter-order regions on the detector and subtract it before
extracting the spectra. The previous versions of REDUCE did
this by extracting the order gaps, then linearly interpolating
between the resulting spectra. In PyReduce, instead we perform
a 2D polynomial fit to the pixel values between orders. This
has the advantage that ghosts and other artifacts will not affect
the background model. We illustrate this with data from the
cs23-e2 spectrometer at McDonald 2.7m telescope. This instru-
ment produces a very strong ghost image slowly crossing two
spectral orders. The result of the new background estimate is
shown in Fig. 20.

6.2. Example application: CRIRES+

CRIRES+ (Kaeufl et al. 2004) is an upgrade of the CRyogenic
Infra-Red Echelle Spectrograph at the Very Large Telescope
(VLT). What is most relevant in the context of this paper is the
addition of a cross-disperser in form of a rotating wheel that
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Fig. 19. Connection graph of the individual components. Diamond shapes represent nodes with raw file input, while square shapes only rely on
data from previous steps.

Fig. 20. Scattering background in the McDonald cs23-e2 spectrograph,
zoomed in on the strong ghost. We note that the smooth 2D model of
the background is not affected by the ghost feature. Both images are on
the same colour scale.

carries six diffraction gratings, one for each of the YJHKLM
bands. Thus CRIRES+ has become a cross-dispersed echelle
spectrograph with several spectral orders (6–10, depending on
the band) registered simultaneously by the new, larger and bet-
ter detectors (3x2048x2048, HAWAII2RG). More information
about CRIRES+ can be found in Dorn et al. (2016) or on the
ESO instrumentation web site3.

Since the spectral format changed completely with the
upgrade, the consortium and ESO re-developed the pipeline
from scratch, keeping only a few relevant algorithms from the
old CRIRES. The new optical design leads to a variable tilt of
the slit image over the focal plane, reaching in some cases as
far as ±4◦ from the vertical. This made obvious the need for an
extraction algorithm that can handle this, spurring large parts of
the work described in this paper. The slit image is close to but not
exactly a straight line so we adopt a parabolic model for fitting
the slit image, just as described in Sect. 2.6.

The C-implementation of the slit-decomposition algorithm
is shared between PyReduce and the new ESO CRIRES+

3 https://www.eso.org/sci/facilities/develop/
instruments/crires_up.html

pipeline. The routines that divide spectral orders into swaths
and re-assemble the spectra are, however, written specifically for
CRIRES+, using the ESO CPL library (McKay et al. 2004).

Thereby, the slit-decomposition described in Sect. 2 is
now part of the ESO framework for data reduction sys-
tem (DRS) development. Work is ongoing to include these
algorithms into ESO’s High-level Data Reduction Library
(HDRL) in order to make them more easily available to other
instruments.

6.3. Example application: X-shooter

X-shooter (Vernet et al. 2011) is a medium resolution slit spec-
trograph at the VLT. The slit image of X-shooter shows clear
and variable curvature (see Fig. 21), which makes this an excel-
lent test case for our new extraction algorithm. The native
X-shooter DRS (Modigliani et al. 2010) uses either interpolation
for transforming spectral orders from detector coordinates into
a rectangle in the wavelength-slit position plane or a 2D over-
sampling of the detector pixels followed by a quasi-slit integra-
tion. Both methods are known to have deficiencies. Here, for
the demonstration of our method we selected a random swath
of 240 columns of order 12 in the NIR arm of a high S/N spec-
trum of UX Ori (ESO program ID 084.C-0952). Figure 22 shows
a comparison of the input image and the model that is cre-
ated by the extraction algorithm. The differences between the
observation and the model are small (as shown in the bottom
panel), matching the noise estimates except for a few cosmic ray
hits and a bad pixel. Figure 23 shows the extracted 1D spec-
trum for this swath in comparison with the optimal extraction
result of the X-shooter DRS and a simple vertical summation.
We see excellent agreement between the two optimal extractions
with slightly higher resolution (deeper lines) produced by our
pipeline.

7. Conclusions

In the era of large and extremely large telescopes and instru-
ments with price tags of tens of millions of Euros it is impor-
tant not to forget the calibrations and data reduction procedures
that assure they are on par with the ambitions of the com-
ing generation of astronomical facilities. In this work, we des-
cribe previously unpublished algorithms and tools that address

A32, page 16 of 17



N. Piskunov et al.: Optimal extraction of echelle spectra: Getting the most out of observations

 

0 50 100 150 200
 

0

20

40

60

 

Fig. 21. Selected region of an X-shooter spectrum of UX Ori (fragment
of order 12 in the NIR arm). Vertical dashed lines mark the central posi-
tion of absorption spectral features highlighting the tilt. The grey-scale
image is shown in log scale for better visibility.
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Fig. 22. Comparison of the detector image Ex,y (top) to the model S x,y
(middle) based on tilted slit decomposition algorithm. The differences
are shown at the bottom. We note that cosmic ray hits such as the one
around column 150 disappear in the model.

important steps in the data processing for modern spectroscopic
instruments.

We developed, implemented, and tested novel algorithms
for reducing astronomical observations with cross-dispersed slit
echelle spectrometers. The central place in this suite of algo-
rithms is occupied by a slit decomposition algorithm that is capa-
ble of handling tilted and curved slit images. We present the
mathematical formulation of the problem and an efficiently opti-
mised implementation that is crucial due to the computationally
intensive nature of the problem. Tests and practical applications
show excellent results in terms of preservation of the spectral
resolution and the S/N of the extracted spectra. The algorithm is
also robust against cosmic ray hits and isolated detector defects.
An implementation in C was integrated in the ESO CRIRES+
DRS, ESO CPL library, and in our IDL and Python versions of
the REDUCE package. These packages are publicly available.
Some of the presented algorithms can by developed further, for
example, in modeling the PSF-asymmetry in fibre-fed spectrom-
eters such as ESO HARPS and ESPRESSO. We leave this topic
for a future work.
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Fig. 23. Comparison of extracted spectra of UX Ori obtained with three
different extraction methods. Native X-shooter DRS optimal extraction
is shown in green. Our tilted slit-decomposition extraction is in black
and a simple vertical summation is shown in blue. Spectral lines in our
extraction appear somewhat deeper compared to the green spectrum.
The vertical summation clearly degrades spectral resolution and misses
about 2% of the flux.
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