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ABSTRACT

In this paper, we will study a series of classical Bayesian sequential testing
problems related to the drift of a Brownian motion. At each time, the Brownian
motion will be tied to various hypotheses including a predefined loss function
and a cost of observation per time unit. During the study, we assume a range of
distributions starting from the Two point prior distribution, Normal distribution
and finally we study the case where no restrictions on the prior distribution are
assumed. These unique statistical problems present a couple of challenges along
the way. Some of these main challenges include the reduction to an optimal
stopping problem, the formulation of the free boundary problem, the optimal
stopping boundaries and the time horizon for the decision making.
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1 Introduction

In this project, our aim is to study a series of Bayesian sequential testing prob-
lems. These problems include performing sequential tests related to some built
in hypotheses concerning the drift of a Brownian Motion. At each time, the
Brownian motion will be associated with a given loss function and a constant to
pay in case of a delay. In simple terms, we have a sequential analysis problem
that tests two hypotheses related to the drift.

For those who may not be familiar with the concept, sequential analysis dif-
fers from the classical hypothesis testing in the fact that the sample size is not
fixed in advance. In other words, in sequential analysis we run a statistical
method where we start evaluating data as it is being collected. In addition,
further sampling is stopped in accordance with a predefined stopping rule, as
soon as significant results are observed.

More precisely, these type of problems include observing a predefined process
for a certain time until being able to make an accurate decision about the drift.
Since observations are costly, we are always interested in defining a decision
rule that will result for us in a minimum expected cost. The stochastic process
(observed process) that we study throughout the problem will be of the form:

Xt = Bt+Wt

Remark 1.1.
B will be an unknown constant representing the drift, while Wt will be another
standard Brownian motion.

A very important factor to keep in mind when studying these type of prob-
lems is the time horizon. More precisely, we have two different scenarios linked
to an introduced maturity time T > 0 in the following way:

1. If the decision is required to be made before the time T, we have a finite
horizon scenario.

2. On the other hand, if there is no upper boundary concerning the decision
time, we have an infinite horizon scenario.

This work is designed as an overview containing different types of Bayesian
sequential testing problems. In the subsection below, we are going to present
some of the most important definitions needed to better understand this work.
The second section contains an historical survey of the problem, discussing
some of the most notable literature in the area that are used as references
for this work. The third section contains the two-point distribution, which
consists of testing two hypotheses containing different constant values for the
drift, linked to their corresponding probabilities. More precisely, if we introduce
two constants a1 < 0 < a2, the hypotheses will be of the form:

H0 : B = a1 & H1 : B = a2

Furthermore, they will be accompanied by their corresponding probabilities:

P(B = a1) = 1− π & P(B = a2) = π
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In the forth section, we assume a Normal distribution for the drift, while testing
two hypotheses related to the sign of the drift. More specifically, for a given
constant k ∈ R, we will test the two hypotheses:

H0 : B < k & H1 : B ≥ k

In this scenario, we make use of the so called Kalman-Bucy filter. The fifth
section consists of a review of the case where no restrictions on the prior distri-
bution are assumed for the drift, while the hypotheses are related to the sign of
the drift. In the last section, we take the problem presented in the fifth section
further along by assuming a penalty function equal to the size of the drift |B|. In
this case, we discuss potential hypotheses and paths towards a possible solution.

From a technical perspective, there are a number of different problems that
are related to Bayesian sequential testing with the most notable ones being:

1. Reducing the sequential testing problem into an optimal stopping problem.

2. Deducing the partial differential equations that explain the dynamics of
the observed process xt and the underlying process Πt.

3. Formulating the corresponding free boundary problem for each case.

4. Recognising the nature of the free boundary problems and the difficulties
related to finding a unique solution, as well as defining the equations for
its boundaries.

1.1 Important definitions

We are now going to review some of the most important concepts needed to
better understand the topic of Bayesian sequential testing.

1. The stochastic drift according to the probability theory, represents the
change of the average value of a certain stochastic process.

2. A Brownian motion (or Wiener process) is a stochastic process W satis-
fying the following conditions:

(a) W (0) = 0

(b) W has continuous trajectories.

(c) W has independent increments (i.e if r < s ≤ t < u then
(W (u)−W (t))q (W (s)−W (r)).

(d) W has Gaussian increments (i.e if s < t then (W (t) − W (s)) ∼
N(0, t− s)).

3. A sequential analysis is a statistical analysis where the sample size is not
fixed in advance. Instead, the data are evaluated as they are collected and
further sampling is stopped in accordance with predefined stopping rule
as soon as significant results are observed.

4. An underlying process defines the way that a certain system works includ-
ing its expectations and different variables that define its trend.
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5. In mathematics, the theory of optimal stopping is related to the prob-
lem of choosing a time to take a particular action, with the final goal of
maximising an expected reward or minimising an expected cost.

6. From general mathematical theory, a free boundary problem represents a
partial differential equation to be solved for an unknown function x and
an unknown domain D.

7. An optimal decision is a decision that leads to at least as good a known or
expected outcome as all other available decision options. In our problem,
an optimal decision rule consists of an optimal stopping time τ∗ and an
optimal decision function d∗.

8. If X is a stochastic process, the information generated by X up to time t
will be denoted by FXt . Moreover, this can be understood as follows:

(a) If when observing the trajectory of the stochastic process X during
the time interval [0, t], it is possible to tell whether an event A has
occurred or not, we write A ∈ FXt .

(b) Moreover, a random variable Z is FXt -measurable (i.e Z ∈ FXt ) if by
observing the trajectory of X during [0, t], it is possible to determine
the value of Z.

9. A Markov chain can be described as a stochastic model that transitions
from one of its states to another based on certain probabilistic rules. Fur-
thermore, the probability of an event depends uniquely on the state of the
previous event.
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2 History of the subject

In this section, we are going to introduce you to some of the most significant
research literature in the area, by giving a brief explanation of each authors
work. This should be able to give you a better understanding of the problem
and the challenges described in the introduction section.

2.1 Two-Point Distribution Literature

As mentioned in the above section, the two-point distribution consists of testing
two hypotheses by assigning different values to the drift. Both hypotheses are
linked to their corresponding probabilities. Two notable referenced books that
give a detailed understanding of the problem are [10] and [12].

In the book by Peskir and Shiryaev [10], the problem is formulated such that a
trajectory of the Wiener process X = (Xt)t≥0 with drift θµ is observed, where
the hypotheses are related to the fact that the random variable θ may be 1 or 0
with probability π or 1− π respectively. Plus, [10] deals also with the cases of
the drift following an exponential and Poisson distribution. The other book by
Shiryaev [12] deals with the same problem as [10], but contains more detailed
explanations on the solution and the theorems surrounding it.

The paper by Hannah Dyrssen and Erik Ekström [3] constitutes another in-
teresting work that treats the Two-Point distribution scenario. They consider
the sequential testing of two simple hypotheses for the drift of a Brownian mo-
tion, when the observations of the underlying process are associated with a
positive cost.

2.2 Normal distribution Literature

Some of the classical literature considering the case where the drift follows a
prior normal distribution are the following:

In Bather’s article [1], the purpose is to construct an optimal sequential test
for the sign of the drift of a Wiener process with a known variance per time
unit. The drift in this case follows a prior normal distribution. In addition, a
”0 − 1” loss function is taken into consideration. An interesting point of this
article is when the author is faced with a classical problem by trying to reduce
(for a function of time) the corresponding sequential analysis problem into a
free boundary problem. The issue is that since the free boundary problems are
time dependent (i.e depending on a function of time), it becomes very hard in
most cases to find a particular solution.

Another interesting work in the area is that of Harman Chernoff [2], where
the problem of sequential testing of the drift of a Wiener process in a normal
distribution scenario reappears. Once again, the reduction of the sequential
testing problem to a free boundary one is performed with the goal of finding
an explicit solution. A notable difference with Bather’s article [1] stands in the
fact that Chernoff deals with a different loss function which equals the size |B|
of the error. However, the fact that the time dependent free boundary problem
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as in Bather’s article lacks an explicit solution does not change. Instead, the
main focus of both articles is put towards finding asymptotic approximations
for the optimal stopping boundaries.

As far as asymptotic approximations are concerned, Tze Leung Lai’s paper
[8] does a good job in terms of presenting us with a unified treatment for a va-
riety of optimal stopping problems. This is realised by making use of a general
class of prior distributions and loss functions. However, the author highlights
the fact that numerical solutions of the optimal stopping problems are tricky to
implement since they demand a specific prior distribution, determined sampling
costs as well as specific loss functions for wrong decisions.

Recently, the two russian mathematicians M. V. Zhitlukhin and A. A. Muravlev
[14] managed to solve the above mentioned problem in [2] and characterize the
optimal stopping boundaries. The final solution was provided in terms of an in-
tegral equation that characterized the optimal decision rule and could be solved
manually. Another interesting example of the sequential testing problem being
explicitly solved comes from Shirayev’s paper published in 1967 [11]. The au-
thor manages to explicitly solve the problem in the special case of a two point
distribution.

To sum up, it can be easily understood that these complex problems can be solved
so far only in the special case of a two-point prior distribution, as well as under
a normal distribution with some introduced restrictions.

2.3 General prior distribution

The general prior distribution refers to the case when no restrictions on the prior
distribution for the drift are introduced. When it comes to dealing with this
scenario, the work by Erik Ekström and Juozas Vaicenavicius [4] constitutes a
particularly important source regarding the development of the topic.

Their work methodology consists of studying a classical Bayesian statistics prob-
lem of sequentially testing the sign of the drift of an arithmetic Brownian motion.
They deal with a ”0− 1” loss function and a constant observation cost per time
unit for general prior distributions. The above problem can get even more com-
plicated, if we were to add the hypothesis that the loss function equals the size
of the drift |B|.
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3 Two Point Distribution

3.1 Introduction

3.1.1 Wonham Filter

The two point distribution scenario that we are going to consider in this section
constitutes a special case of the Wonham filter. From filtering theory [13], the
Wonham filter represents a finite dimensional non-linear filter. Let us construct
a filtering setting containing a random sequence Xn{n = 0, ..,m} that will be
called the signal. The signal Xn is constructed such that for every n, Xn takes
values between {x1, .., xm} respectively. The Wonham filter represents an algo-
rithm that serves to compute the filtering distribution of the chosen signal Xn.
In order for the Wohman filter to be derived, Xn should satisfy the properties
of a Markov chain and its initial distribution P (X0 = xj) {j = 1, ..,m} should
be known.

In our case, Shiryaev and Peskir [10] manage to demonstrate that the underly-
ing probability process (πt)t≥0 represents a time-homogeneous Markov process
under the probability measure Pπ that follows the natural filtration. Starting
from the fact that a Markov chain has a large state space, we present the idea of
a two-time-scale approach, so that we can reduce the computational complexity
of a Markov chain. From a theoretical standpoint, the state space of the Markov
chain will be divided after a number of groups that we can occasionally switch
between. As a consequence, a smaller dimension Wonham filter is created that
is easier to compute, while in the same time it guards the main features of a
filtering process.

3.1.2 Problem Description

Our problem consists of making observations of the trajectory of a stochastic
process X = Xt (t ≥ 0) with drift β. It is important to state that since we
remain in the Bayesian setting of the problem, our observations are going to
take place within the following probability space:

{Ω, F, Pπ} where π ∈ [0, 1]

Moreover, the probability space {Ω, F, Pπ} will support a random variable β and
a Brownian motion W that will be independent of each other. As mentioned
in the first section, we are going to encounter two main scenarios related to the
maturity time T (i.e when T <∞ and T =∞).

Let us proceed with the analysis by introducing two constants (a1 < 0) and
(a2 > 0) such that the corresponding probabilities of the drift β at these con-
stants will be:

P (β = a1) = 1− π & P (β = a2) = π

The Brownian motion Xt in our problem will of the form:

Xt = βt+Wt

Remark 3.1.
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1. β is a random variable representing the drift, while W is another Brownian
motion.

2. The two constants are chosen in a way such that:

a1 < 0 < a2

with the first constant being negative and the second one being positive.

3. The probability space {Ω, F, Pπ} consists of a sample space Ω, a family of
events F (F ⊂ Ω) and a probability measure Pπ, which assigns a value
within the interval [0, 1] to every event from F .

As part of the Bayesian sequential testing, we have to introduce the statis-
tical hypotheses adapted to our two point distribution case:

H0 : β = a1 & H1 : β = a2

Remark 3.2. The hypotheses above are linked to their corresponding probabil-
ities π & 1 − π respectively. Our goal is to sequentially test these hypotheses
with minimal loss.

In order to proceed with the sequential testing, we make use of a decision
rule (τ, d), where τ is a FXt stopping time and d ∈ {0, 1} is a FXτ measurable
decision function.

3.1.3 Observation logic

The observation process is conducted in the following way:
Once we stop at the time τ , d will indicate which of the hypotheses should be
accepted according to the following rule:
1)If d=1 accept H1 : β = a2 (a2 > 0)
2)If d=0 accept H0 : β = a1 (a1 < 0)

3.1.4 Optimal stopping problem

We continue our analysis by introducing the sequential testing problem that
corresponds to the above introduced hypotheses. The risk function for our
problem will be of the form:

R = inf
τ,d

E[|a1|1(d=0,β=a2) + a21(d=1,β=a1) + cτ ] (1)

Remark 3.3.
The optimal decision rule (τ∗, d∗) represents the infimum of the above risk func-
tion.

According to the theory ([10],[12]), we can reduce the sequential testing
problem (1) above, into the following optimal stopping problem:

V = inf E[(a2 × (1− πτ ) ∧ |a1| × πτ ) + cτ ] (2)

We are going to condition our observations on the fact that the drift β should
be equal to the positive constant a2. As a result, the corresponding probability
process for our optimal stopping problem (2) will be the following:

πt = P (β = a2|FXt )
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Remark 3.4.

1. a ∧ b is equivalent to min(a, b).

2. The term cτ represents the observation costs proportional to the observa-
tion time.

3. The other term (a2×(1−πτ )∧|a1|∗πτ ) represents the penalty for a wrong
decision which is in turn related to the absolute value of β.

4. πt plays the role of the underlying process for the optimal stopping problem.

Adapted from the literature [10], the optimal decision function d∗ in our case
should be of the form: {

d∗ = 1 if πτ∗ ≥ k
d∗ = 0 if πτ∗ < k

Moreover, the term k will be defined by the following formula:

k =
a2

|a1|+ a2

The probability function πt according to filtering theory can solve the fol-
lowing stochastic differential equation:

dπt = β × πt × (1− πt)dW̄

(π0 = π)

Remark 3.5. Adapted from the research paper [3], we can say that β in our
case will be of the form:

β = a2 − a1

3.1.5 Some useful formulas

From the literature [10], we can see that the likelihood ratio process ϕt will be
given by the following formula:

ϕt = exp(β(xt −
βt

2
)) = exp{(a2 − a1)(xt −

(a2 − a1)t

2
)}

Moreover, the probability process (πt)t≥0 will be given by the following formula:

πt = (
π

1− π
ϕt)/(1 +

π

1− π
ϕt)

The stochastic differential equation for πt is of the form:

dπt = βπt(1− πt)dW̄t (π0 = π)⇔

dπt = (a2 − a1)πt(1− πt)dW̄t (π0 = π)

Finally, the innovation process noted by W̄t (t ≥ 0) will be defined by the
following formula:

W̄t = Xt − β
∫ t

0

πsds
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3.2 Infinite Horizon case

As mentioned above, we have an infinite horizon scenario when the maturity
time T =∞. In other words, the decision making process is not limited within
a certain time frame.

3.2.1 The path towards the infinite horizon method

In order to solve the infinite horizon case, we have to rewrite the optimal stop-
ping problem (2) as:

V (π) = inf
τ

Eπ[M(πτ ) + cτ ] (3)

Remark 3.6.

1. The infimum above will be taken over all stopping times τ of (πt) t ≥ 0.

2. The above mentioned function in (3), M(π) will be of the form:

M(π) = |a1|π ∧ a2(1− π) where a1 < 0 < a2 and π ∈ [0, 1]

An important step in our analysis is to be able to deduce the free boundary
problem from the optimal stopping problem. In order to be able to do that,
we should introduce some key concepts and explain the analogy of the problem.
According to the referenced literature ([10],[12]), in order for the stopping time
τA,B to be optimal for V (π), we have to suggest the existence of two points
A ∈ [0, k] and B ∈ [k, 1]. This suggestion is based according to [10, pp 288] on
the fact that from the formulas of V (π) and dπt above, we can figure out that
when πt gets closer to the points 0 and 1, the loss becomes less likely to decrease
upon continuation.

Remark 3.7.

1. The optimal stopping time τA,B will be presented by the following formula:

τA,B = inf{t ≥ 0 : πt /∈ (A,B)}

2. We are aiming towards finding an explicit solution for our optimal stop-
ping problem V (π). In order to arrive towards the solution, we have to
solve a system containing a second order differential equation and some
conditions on the variables.

3. Let us recall that the infinitesimal operator L for our problem is given by
the following formula:

L =
β2

2
π2(1− π)2

d2

dπ2

3.2.2 System of equations for the free boundary problem

As mentioned before, the free boundary problem consists of a system containing
a partial differential equation to be solved. Based on the theory ([10],[12]) and
on the Strong Markov property ([10], chap 3), the free boundary problem for
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our optimal stopping problem (3) and the two introduced points A,B will be
the following: 

LV + c = 0 for π ∈ (A,B) (3.1)

V (A) = |a1|A (3.2)

V (B) = a2(1−B) (3.3)

Vπ(A) = |a1| (3.4)

Vπ(B) = −a2 (3.5)

V (π) < M(π) for π ∈ (A,B) (3.6)

V (π) = M(π) for π ∈ [0, A)× (B, 1] (3.7)

Furthermore, if we replace the formula for the infinitesimal operator, the
above system takes the following form:

β2

2 π
2(1− π)2 δ

2V
δπ2 + c = 0 (3.8)

V (A) = |a1|A (3.9)

V (B) = a2(1−B) (3.10)

Vπ(A) = |a1| (3.11)

Vπ(B) = −a2 (3.12)

Remark 3.8.

1. As we can observe, the first line in the above system represents a second
order differential equation to be solved for the unknown function V and the
unknown points A & B. This satisfies the definition of a free boundary
problem.

2. In order to find an explicit solution, we will initially propose a possible
solution and then demonstrate that it exists and that it is unique in its
class.

We will begin the solution analysis by fixing the point A ∈ (0, k). Our goal
is to find an explicit solution for the second order differential equation in (3.8).
In order to find the explicit solution V (π;A), we initially observe it for π ≥ A,
while in the same time satisfying V (A) = |a1|A and V ′(A) = |a1| such that:

β2

2 π
2(1− π)2Vππ + c = 0 (3.13)

V (A) = |a1|A (3.14)

Vπ(A) = |a1| (3.15)

The explicit solution for the above system would be of the form:

V (π;A) = |a1|A+
2c

β2
(ψ(π)− ψ(A)) + (|a1| −

2c

β2
ψ′(A))(π −A) (4)

Remark 3.9.
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1. ψ is an expression created to facilitate the solution of the free boundary
problem. Its formula will be the following:

ψ(π) = (1− 2π) log(
π

1− π
)

2. On the other hand, ϕ represents the Radon-Nikodym derivative (i.e asso-
ciated with the likelihood process of our optimal stopping problem V) and
it is given by:

ϕt = exp(β(Xt −
β

2
))

3. The sign of the second derivative of a function f(x) indicates the shape
of the function f in its defined interval. More precisely, if f

′′
will be

positive, the graph of f will be concave up on the interval. Otherwise, it
will be concave down. This logic can be applied to better understand our
second derivative Vππ mentioned above.

We are now going to check that V (π;A) presented above (4) satisfies the
following conditions (3.13-3.15):

1. β2

2 π
2(1− π)2Vππ + c = 0 since:

Vππ =
2c

β2
ψ′′(π)

and if we differentiate ψ two times w.r.t π we have:

ψ′′(π) =
−1

π2(1− π)2

which finally leads us towards:

LV = −c

2. In addition, V (A) = |a1|A is very easy to verify by replacing A instead of
π into the V (π;A) formula.

3. Likewise, we have:

Vπ(A) =
2c

β2
ψ′(A) + (|a1| −

2c

β2
ψ′(A)) = |a1|

which corresponds with the previous condition.

In order to extend the solution given by the above system (3.13-3.15), we
make use of the boundary conditions given for the point B ∈ [k, 1]:{

V (B) = a2(1−B) (3.16)

Vπ(B) = −a2 (3.17)

If we replace the above conditions (3.16-3.17) into the V (π) formula (4) we
will have:{
V (B) = a2(1−B) = |a1|A+ 2c

β2 (ψ(B)− ψ(A)) + (|a1| − 2c
β2ψ

′(A))(B −A)

Vπ(B) = −a2 = 2c
β2ψ

′(B) + (|a1| − 2c
β2ψ

′(A))
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Remark 3.10.
By realising certain transformations into the above system, in the referenced
literature ([12], pp 183), it is proven that the points A and B (0 ≤ A ≤ B ≤ 1)
are uniquely defined by the system (3.1-3.7).

Furthermore, we can deduce that the points (A∗, B∗) where A∗ ∈ (0, k) and
B∗ ∈ (k, 1) constitute the unique solution to the following system of transcen-
dental equations: {

V (B∗;A∗) = a2(1−B∗)
Vπ(B∗;A∗) = −a2

To conclude, we can say that the value function V can be represented in an
explicit way by the following system:

V (π) =

{
2c
β2 (ψ(π)− ψ(A)) + (|a1| − 2c

β2ψ
′(A∗))(π −A∗) + |a1|A∗ if π ∈ (A∗, B∗)

|a1|π ∧ a2(1− π) if π ∈ [0, A∗) ∪ (B∗, 1]

Remark 3.11.

1. The above system represents the explicit solution of the optimal stopping
problem in the infinite horizon case.

2. Moreover, according to the referenced literature ([10],[12]) the optimal
stopping time τA∗,B∗ will be of the form:

τA∗,B∗ = inf{t ≥ 0 : πt /∈ (A∗, B∗)}

3. In addition, the unique points (A∗, B∗) will be placed between:

0 < A∗ ≤ B∗ < 1

3.2.3 A brief explanation:

Concerning the visualisation of our problem represented by the graphs of V (π)
and M(π) in the figure below, it is important to say that the function π → V (π)
will preserve its concavity throughout the interval [0, 1]. As it is mentioned in
the condition (3.7), V (π) = M(π) outside the interval (A∗, B∗) with V (A∗) =
M(A∗) and V (B∗) = M(B∗).
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3.3 Finite Horizon case

As mentioned before, the finite horizon scenario is related to the case when the
maturity time T is finite (i.e T < ∞). In other words, we have to make a
decision within a finite time interval.

3.3.1 Optimal stopping problem

We start by introducing an extended version of our optimal stopping problem
with the parameters (t, πt). The optimal stopping problem for the finite horizon
case will be given by:

V (t, π) = inf
0≤τ≤T−t

Et,πG(t+ τ, πt+τ ) (5)

Remark 3.12.

1. As before, the time t will be defined within:

0 ≤ t ≤ T

2. The probability process πt satisfies the properties of a Markov process.

3. The above introduced function G(t, π) in (5) will be of the form:

G(t, π) = ct+ |a1|π ∧ a2(1− π)

where (t, π) ∈ [0, T ]× [0, 1].

4. The term (πt+s)0≤s≤T−t represents the solution for the SDE of πt (i.e dπt,
[10]).

5. In the referenced literature [10], Shiryaev states that an optimal stopping
time exists for the optimal stopping problem (5), since G(t, π) is a contin-
uous and bounded function on the domain [0.T ]× [0, 1].

General explanation of the problem and solution path:

The general idea for a solution in the finite horizon case is to be able to solve the
optimal stopping problem by presenting a set of integrals that will determine the
boundaries. A particular problem comes from the fact that it is never optimal
to stop in V (t, π) when πt+s = k for 0 ≤ s < T − t. In order to be able to solve
the problem, we firstly have to define according to the theory [10] a continuation
set C and a stopping set D, as well as two functions named g0 & g1. These
functions will be called boundary functions. The final solution will come in the
form of integrals defining the boundary functions g0 & g1.

3.3.2 Analogy of the problem:

1. The first step of the analysis was to define the extended version of our
optimal stopping problem given by V (t, π) above (5).

2. After that, a structure has to be determined for the optimal stopping time
related to the optimal stopping problem.
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3. We have to prove that the value function V (t, π) will be continuous on
[0, T ]× [0, 1]

4. We have to prove that π → V (t, π) will be a C
′

function at the boundaries
given by g0(t) & g1(t).

5. Lastly, we have to prove that we have continuous boundaries g0 and g1 on
[0, T ]. In addition:

g0(T ) = g1(T ) = k

Remark 3.13.
The above presented path for analysing the problem corresponds to the one that
Shiryaev uses in his book [10]. We are going to briefly explain the general idea
of each of the detailed points that we presented in the analogy above.

3.3.3 Existence of the boundaries

Remark 3.14.

1. In the infinite horizon case, our optimal stopping time was of the form:

τ∗ = inf(t ≥ 0 : πt /∈ (A∗, B∗)) where 0 < A∗ < k < B∗ < 1

where k = a2
|a1|+a2 .

2. Moreover, in the infinite horizon case we concluded that all points (t, π)
belonged to the optimal stopping set, where:

0 ≤ π ≤ A∗ or B∗ ≤ π ≤ 1

3. When we fixed 0 ≤ t ≤ T , the function π → V (t, π) was concave in [0, 1].

Based on the above remark and the referenced literature ([10],[12]), we can
deduce the existence of two so called boundary functions g0 and g1. These
boundary functions will be placed between 0 and 1 such that:

0 < A∗ ≤ g0(t) < k < g1(t) ≤ B∗ < 1

Continuation and stopping sets

We will now proceed by defining the continuation set and the stopping set.

The continuation set represents an open set of the form:

C := {(t, π) ∈ [0, T )× [0, 1] where π ∈ (g0(t), g1(t))}

On the other hand, the stopping set represents a closure of:

D := {(t, π) ∈ [0, T )× [0, 1] where π ∈ [0, g0(t)) ∪ (g1(t), 1]}

Remark 3.15. We can say that for every time t ∈ [0, T ), every point t and k
belongs to the continuation set.
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3.3.4 Continuity of the value function V (t, π)

Proposition 3.1. The value function (t, π) → V (t, π) will be continuous on
the domain [0, T ]× [0, 1].

Remark 3.16.

1. The two separate parts in the proof below work for (t0, π0) ∈ [0, T ]× [0, 1].

2. The term δ below represents a chosen positive constant that may depend
on the parameter π0.

Proof. In the referenced literature [10], we can find a detailed proof of the
proposition 3.1. I am going to explain the general idea behind that proof. In
order to prove the continuity for V, we have to separate the problem into two
parts such that:

1. We have to firstly prove that: π → V (t0, π) should be continuous at π0.

2. We also have to prove that : t → V (t, π) should be continuous at t0
uniformly over π ∈ [π0 − δ, π0 + δ].

The first condition comes directly as a consequence of the fact that V (t, π) is
concave on [0, 1]. For the second one, Shiryaev [10] manages to give a detailed
proof by fixing two arbitrary time points and making use of the fact that t →
V (t, π) increases on [0, T ].

3.3.5 Continuity on the boundaries

Proposition 3.2. We can say that π → V (t, π) will be C ′ function at the
boundaries g0(t) & g1(t).

Proof. The following statement is proved in [10], by fixing a point (t, π) ∈
[0, T )× (0, 1) on the boundary g0 where π = g0(t).
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The proof continues by taking a small constant ε > 0 such that π < π + ε < k
and running a comparison between the functions V (t, π), G(t, π) and their
respective derivatives with respect to the parameter π.

3.3.6 Continuity of the boundaries

Proposition 3.3. The given boundaries g0 and g1 have to be continuous on
[0, T ], as well as g0(T ) = g1(T ) = k.

Proof. This is done in [10] by focusing on the monotony of the boundaries
gi where i = {0, 1}, as well as making use of the strong Markov property in
order to show that there exist right and left hand limits such that: gi(t+) = gi(t)
and gi(t−) = gi(t) for i = {0, 1} respectively.

Taking into consideration all the points mentioned above, we are now able
to proceed with the analysis by presenting an optimal exit time for our optimal
stopping problem V (t, π) in its extended version (5).

Our optimal exit time will be of the form:

τ∗ = inf{0 ≤ s ≤ T − t where πt+s /∈ (g0(t+ s), g1(t+ s))}

Remark 3.17.

1. The infimum for an empty set is set to be equal to T − t.

2. The boundaries g0 and g1 should satisfy all the following conditions:
g0 : [0, T ]→ [0, 1] should be continuous and increasing

g1 : [0, T ]→ [0, 1] has to be continuous and decreasing

A∗ ≤ g0(t) < k < g1(t) ≤ B∗ where t ∈ [0, T )

g0(T ) = g1(T ) = k

3. A∗ & B∗ represent the optimal stopping points for the infinite horizon
problem described above with:

0 < A∗ < k < B∗ < 1

3.3.7 The free-boundary problem for the finite horizon case

We are now left with the task of formulating the free-boundary problem for our
boundaries g0 & g1 and our value function V in (5).

Remark 3.18.

1. We recall that the infinitesimal operator L will be given by the following
formula:

Lf(t, π) = (
δf

δt
+
δ2f

δπ2

β2

2
(1− π)2π2)(t, π)

2. f ∈ C1,2([0, T )× [0, 1]) represents the form of a function that can be used
for the infinitesimal operator.
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The free-boundary problem for our finite horizon case will be the following:

(LV )(t, π) = 0 where (t, π) ∈ C (3.18)

V (t, π) = ct+ |a1|g0(t) where π = g0(t)+ (3.19)

V (t, π) = ct+ a2(1− g1(t)) where π = g1(t)− (3.20)
δV
δπ = |a1| where π = g0(t)+ (3.21)
δV
δπ = −a2 where π = g1(t)− (3.22)

Moreover, our value function V (t, π) satisfies:{
V (t, π) < G(t, π) where(t, π) ∈ C ( continuation region )

V (t, π) = G(t, π) where (t, π) ∈ D ( stopping region )

Remark 3.19.

1. Theoretically speaking, (3.19-3.20) in the above system represent the in-
stantaneous stopping conditions valid for all t ∈ [0, T ].

2. The (3.21-3.22) lines on the other hand, represent the smooth-fit condi-
tions valid for all t ∈ [0, t).

3. Because of the superharmonic characterization of the value function ([10],pp
299), we can state that the value function V in (5) constitutes the largest
function satisfying the above system.

3.3.8 Optimal decision rule

With all the given information, we can now formulate the optimal decision rule
represented by (τ∗, d∗) (i.e an optimal stopping time and a measurable decision
rule), that corresponds to our Bayesian problem with the following hypotheses:

H1 : β = a2 & H0 : β = a1 where a1 < 0 < a2
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The optimal decision rule is of the form:

d∗ =

{
1 accept H1 : β = a2 when πt∗ = g1(τ∗)

0 accept H0 : β = a1 when πt∗ = g0(τ∗)

τ∗ = inf{t ∈ [0, T ] : πt /∈ (g0(t), g1(t))}

3.3.9 Linear Equations for the boundaries

According to ([10],[12]), the boundaries g0 & g1 can be characterised as a
unique solution to the coupled system of non linear integral equations for t ∈
[0, T ] of the following form:

Et,gi(t)[|a1|πT∧a2(1−πT )] = gi(t)

∫ ∞
−∞

1

1− gi(t) + gi(t)exp(βz
√
T − t+ β2

2 (T − t))

×min{|a1|gi(t)exp(βz
√
T − t+

β2

2
(T − t)), a2(1− gi(t))}ϕ(z)dz

+ (1− gi(t))
∫ ∞
−∞

1

1− gi(t) + gi(t)exp(βz
√
T − t− β2

2 (T − t))

×min{|a1|gi(t)exp(βz
√
T − t− β2

2
(T − t)), a2(1− gi(t))}ϕ(z)dz (6)

Remark 3.20.

1. The term i={0,1} respectively, as we have a coupled system of integral
equations for g0 and g1.

2. ϕ(z) represents the probability density function for the standard normal
distribution of the form:

ϕ(z) =
1√
2π

exp(−z
2

2
)

3. Moreover, we have:

Φ(z) =

∫ z

−∞
ϕ(y)dy for z ∈ R

4. If we would have |a1| = a2, then k = a2
|a1|+a2 = 1

2 . Therefore, g1 can be

expressed in terms of g0 as:

g1 = 1− g0

As a consequence, we could reduce by symmetry the above boundary inte-
gral system to one equation.

22



3.3.10 Another way to write the optimal decision rule

We could rewrite the optimal decision rule by making use of the fact that the
drift is positive (i.e β > 0). Furthermore, we will briefly describe the optimal
sequential procedure that follows after the introduction of the optimal decision
rule. Let us firstly introduce the function hπi (t) where i = {0, 1}, t ∈ [0, T ] and
π ∈ [0, 1], of the form:

hπi (t) =
1

β
log(

(1− π)gi(t)

π(1− gi(t))
) +

βt

2

Remark 3.21.
In order to come up with the above formula for hπi (t), we make use of the

likelihood ratio process which is given by the following formula:

ϕt = exp(β(xt −
β

2
t)) (7)

On the other hand, the posteriori probability process (πt)t≥0 was given by:

πt = (
π

1− π
ϕt)/(1 +

π

1− π
ϕt) (8)

and solved the following differential equation:

dπt = βπt(1− πt)dW̄t while π0 = π (9)

The idea here is that we have to substitute ϕt’s formula (7) into the above
formula (9) for the πt in (8).

After some modifications, we can be able to find a specific formula for the Brow-
nian motion xt and at the end replace it with h(t).
More precisely, after multiplying πt with (1 + π

1−πϕt) we have:

(1 +
π

1− π
ϕt)πt =

π

1− π
ϕt ⇔

πt +
π

1− π
ϕtπt =

π

1− π
ϕt ⇔

πt
ϕt

+
π

1− π
πt =

π

1− π

Now we go on by replacing, ϕt’s formula in the above formula and after taking
the logarithm of both sides we conclude that:

xt =
1

β
log{ (1− π)πt

π(1− πt)
}+

βt

2

As it can be observed, this formula is nearly identical to the one for the function
hπi (t). In fact, if we were to replace the posteriori probability process πt (which
is variable through time) with our boundary functions gi where i = {0, 1}, we
would get the hπi (t) formula that we were looking for.
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We can now proceed with our analysis by rewriting the optimal decision rule
(τ∗, d∗) as follows:

Optimal measurable decision rule d∗ ∈ (0, 1)

d∗ =

{
1( accept hypothesis H1) if xτ∗ = hπ1 (τ∗)

0( accept hypothesis H0) if xτ∗ = hπ0 (τ∗)

and the optimal stopping time τ∗:

τ∗ = inf{t ∈ [0, T ] : xt /∈ (hπ0 (t), hπ1 (t))}

Now that we have rephrased the optimal decision rule, we can claim that the
following sequential procedure would be optimal :

The idea for an optimal sequential procedure is to constantly observe the Brow-
nian motion xt for 0 ≤ t ≤ T and compare it to the functions h0(t) & h1(t).
As a result, we will have the following cases:

1. If xt > hπ1 (t) or xt < hπ0 (t) the observation stops.

2. On the same time, if xt > hπ1 (t), we can say that the drift equals β.

3. Otherwise, if xt < hπ0 (t), the drift B = 0.

Remark 3.22.

1. In order to apply the above sequential procedure we need to be able to
calculate h0 and h1, which in turn leads to being able to calculate the
boundaries g0 and g1 itself.

2. It is not possible to find an analytical solution for the above system (6),
where the boundaries g0 and g1 constitute the unique solution. Instead, we
can focus on solving the system numerically.

This concludes the finite horizon case.

24



4 Normal Distribution

4.1 Overview

We are now studying the Gaussian case of our sequential testing problem for
the drift of a Brownian motion. More precisely, Gaussian case means that we
assume a prior normal distribution for the drift. As mentioned in the second
section, some notable classical literature examples of this problem are presented
by Chernoff and Bather ([1],[2]). Chernoff’s paper [2] is particularly interesting
to us, as he studies the normal distribution scenario in the case where the error
function equals the value |B| of the drift. Once again, the analogy of the prob-
lem requires reducing a sequential analysis problem into a free boundary one
with the hope of finding an explicit solution for the latter. Nevertheless, since
the free boundary problems often lack an explicit solution, the aim is directed
towards finding asymptotic approximating functions for the boundaries.

We will proceed by describing the Normal distribution scenario with the er-
ror function equal to the sign of the drift |B|. We will firstly start observing
the case where the cost of observation in the optimal stopping problem will be
presented by the term cτ . Afterwards, we will look at the same problem with
the cost of observation given only by the term τ (i.e c = 1). In other words,
the second case can be considered a sub-case of the first. In both cases, we
make use of the filtering theory and in particular the Kalman-Bucy filter for
a 1- dimensional problem presented in [9]. In the second case, we will make
particular use of a modification of the Brownian motion Xt in order to arrive to
a satisfying solution. The latter was presented by two russian mathematicians
Zhitlukshin and Muravlev [6], as their solution to the original Chernoff problem
[2].

4.2 Kalman-Bucy filter

4.2.1 Brief description of the filtering problem

Introduction to the algorithm

The Kalman filter is a frequently used algorithm that serves to produce accu-
rate estimates for a studied group of unknown variables measured over time.
The measurements for the unknown variables taken over time tend to be quite
detailed by containing statistical noise and other inaccuracies. The technique
consists of estimating a joint probability distribution for the unknown variables
at each time frame. The Kalman filters are relatively simple from a construc-
tion perspective and do not require a lot of computational power. Moreover,
the algorithm is recursive and is built to work on a two step process. Firstly,
we observe the unknown variables together with their uncertainties and then we
update these observations by applying a weighted average technique. For more
information about the Kalman algorithm, you can take a look at the referenced
literature [7].
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Application to our problem

We proceed by considering the problem of observing the drift of a Brownian
motion with a cost function equal to the absolute value of the drift. In order to
achieve this, we can make use of the results concerning the Kalman Bucy filter
presented by Øksendal [9].

The filtering problem contains the following logic:

1. We have a stochastic process xt that satisfies:

dxt = µ(t, xt)dt+ σ(t, xt)dWt

where Wt represents another Wiener process.

2. We conduct continuous observations on the process xt and we consider a
variable named zs (where s ∈ [0, t]) representing these observations with:

dzt = c(t, xt)dt+ g(t, xt)dVt

where Vt is another Brownian motion defined as independent of Wt intro-
duced above.

3. We need to find the best estimate x̂t of the Brownian motion xt based on
the above observations.

4. The solution comes in the form of a mathematical formula for x̂t.

Solution of the Kalman-Bucy filter

We are interested in making use of the 1-dimensional Kalman-Bucy filter for
our problem. Øksendal [9] gives us an explicit solution for the filtering problem,
of the form:

x̂t = E[xt|F xt ]

The 1-dimensional filtering problem is the following:{
dxt = F (t)xtdt+ C(t)dWt represents the linear system

dzt = G(t)xtdt+D(t)dvt represents the linear observations

where F(t), G(t), C(t), D(t) represent functions defined within the real space R.

We proceed by defining:
S(t) = E[(xt − x̂t)2]

while: {
dS(t)
dt = 2F (t)S(t)− G2(t)

D2(t)S
2(t) + C2(t)

S(0) = E[(x0 − E[x0])2]

Furthermore, we can say that the estimate x̂t should satisfy the following
differential equation:{

dx̂t = (F (t)− S(t)G
2(t)

D2(t) )x̂tdt+ G(t)S(t)
D2(t) dZt

x̂0 = E[x0]
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4.3 Kalman Bucy filter adapted to our problem

4.3.1 Problem set up

We will start our analysis by observing the following process:

xt = Bt+Wt

As usual, our goal is to carry out sequential testing based on the following
hypotheses H0 : B > 0 and H1 : B ≤ 0, in order to come up with an optimal
decision rule. The optimal decision rule {τ∗, d∗} consists of an optimal stopping
time τ∗ and a FXτ measurable function d∗. In our case, we are interested in
making use of a particular scenario in the Kalman-Bucy theory. More precisely,
we want to estimate the value of a parameter representing the drift named B.
The linear system in our problem will be the following:

dxt = Bdt+ dWt

According to the Kalman-Bucy theory ([9], pp 101), B represents a random
variable (observable by nature) that follows the normal distribution N(µ, σ2).
Moreover, its estimate B̂t will be given by the formula:

B̂t = E[B|F xt ]

that should also satisfy:
dB̂t = S(t)dBt

Remark 4.1.

1. Bt represents another Brownian motion independent of xt. Moreover, in
our case it also plays the role of the innovation process.

2. Furthermore, we have:

B|F xt ∼ N(B̂t, S(t))

Adapted from the above definition, S(t) in our case will be of the form:

S(t) = E[(B̂t −B)2] =
σ2

1 + σ2t

Finally, the innovation process Bt will be given by:

Bt = xt − B̂t = xt − E[B|F xt ]

We will now proceed with our analysis by introducing the optimal stopping prob-
lem and trying to deduce an optimal decision rule from it.

4.3.2 Solution description

Our optimal stopping problem for the first case will be of the form:

V (t, π) = inf
τ,d

E[|B|1d=1,B≤0 + |B|1d=0,B>0 + cτ ]

which can be more precisely written as:

inf
τ
E[

√
S(τ)F (

B̂τ√
Sτ

) ∧
√
Sτ
F (−B̂τ )√
S(τ)

+ cτ ]
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Remark 4.2.

1. As before (τ∗, d∗) represents the optimal decision rule, where τ∗ is the
optimal stopping time and d∗ ∈ [0, 1] is an optimal decision function.

2. The function F (x) introduced above can be written as:

F (x) = xΦ(x) + ϕ(x)

where the term:

Φ(x) =

∫ x

−∞
ϕ(y)dy

and ϕ represents the probability density function (PDF) for the standard
normal distribution of the form:

ϕ(y) =
1

2π
e−

y2

2

3. If we derive ϕ(y) w.r.t the variable y, we observe that:

ϕ
′
(y) = −yϕ(y)

4. In order to simplify the above V (t, π) expression, we note:

G(
B̂τ√
S(τ)

) =
√
S(τ)F (

B̂τ√
Sτ

) ∧
√
Sτ
F (−B̂τ )√
S(τ)

5. We introduce:

Zτ =
B̂τ√
S(τ)

Starting from the above remark, we can now write our optimal stopping
problem as:

V (t, π) = inf
τ

E[G(
B̂τ√
S(τ)

) + cτ ] =

infE[
√
S(τ)F (Zτ ) ∧

√
S(τ)F (−Zτ ) + cτ ]

The differential form for the estimator B̂ can be written as:

dB̂ =
√
S(τ)dŵ

In order to proceed with the analysis, we have to define a deterministic change
of the time parameter t where we note:

t =
es − 1

σ2

Remark 4.3.
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1. We will note the process Yt as:

Yt =
B̂t√
S(t)

2. The stochastic differential equation for Yt will be of the form:

dYt =
−S(t)Yt

2
dt+

√
S(t)dBt

From the deterministic time change formula presented above, we will intro-
duce the process Zs = Yt that will satisfy the following stochastic differential
equation:

dZs =
−Zs

2
ds+ dBs

We can now finally adapt the optimal stopping problem according to the
parameter Z such that:

V = inf
α

E[G(Zα) +
c

σ2
(eα − 1)] =

inf
α

E[G(Zα) +
c

σ2

∫ α

0

eldl]

Remark 4.4.
The parameter α represents the stopping time adapted for the time change pa-
rameter t and the new variable Z.

In order to proceed, we have to introduce a Markovian framework
(t, z) ∈ R2 and write our value function V as:

V (t, z) = inf
α

Ez[G(Zα) +
c

σ2

∫ α

0

et+ldl]

As we did with the two-point distribution’s analysis above, we introduce a con-
tinuation region C and a stopping region D with the respective formulas:

C = {(t, z) s.t V (t, z) < G(z)}

D = {(t, z) s.t V (t, z) = G(z)}

Remark 4.5.

1. V is a continuous function.

2. C will be an open set by definition, while D will be closed.

We proceed by determining the existence of a boundary function β such that
the continuation region C can be rewritten as:

C = {(t, z) s.t z ∈ (−β(t), β(t))}

Remark 4.6.

1. β is defined as a non increasing function.
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2. β : [0,∞)→ (0,∞).

Starting from the general optimal stopping theory ([2],[8]), we can proceed
by defining:

α∗t,z = inf{s ≥ 0 s.t V (Zs, t+ s) = G(Zs)

Remark 4.7.
α∗ represents the optimal stopping time corresponding to our optimal stopping
problem V (t, z).

As usual, the optimal stopping problem for the value function V has to
be converted into a free boundary problem. We can deduce our free boundary
problem with the help of the referenced literature below ([1],[2],[7],[14]). The free
boundary problem comes in the form of the following system and is dependent
on the boundary function β:

δV
δt + 1

2
δ2V
δz2 −

1
2z

δV
δz + c

σ2 e
t = 0 where − β(t) < z < β(t)

V = G where z ∈ {−β(t), β(t)}
δV
δz = δG

δz where z ∈ {−β(t), β(t)}

Remark 4.8.
Due to the complexity of the above system, there is in general little hope for
a theoretical solution. Nevertheless, a numerical solution could be found as
an alternative if we were to start giving values to the above parameters in the
system.

4.4 A particular solution method

This solution method is mostly based on the referenced paper [14] mentioned
above. I will be making a review of the concepts introduced on this paper. After
some modifications, Zhitlukshin and Muravlev manage to obtain an integral
equation (numerically solvable) that provides a solution to the optimal optimal
stopping problem for the original Chernoff’s paper [2]. What is more, after some
interesting modifications, they manage to come up with an optimal decision rule
as well.

4.4.1 Problem set up

In this second case, we are going to study the sign of the drift of a Brownian
motion given by the following formula:

Xt = Bt+Wt where t ≥ 0

Remark 4.9.

1. The variable B represents the drift and it is normally distributed such as
B ∼ N(µ, σ2).

2. W is another Brownian motion, where B and W are independent of each
other (B⊥W ).
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Both W and B are supported by a complete probability space {Ω,F,P}. As
before, the problem consists of testing two different hypotheses named H0 and
H1 related to the sign of the drift such that:

H0 : B < 0 and H1 : B ≥ 0

The sequential testing is guided by a decision rule (τ, d), where τ represents a
stopping time and d ∈ {0, 1} represents a decision function.

Remark 4.10.

1. The logic of the sequential testing is that once we are at the stopping time
τ , we stop the observation and accept one of the two hypotheses offered by
d.

2. τ belongs to the filtration Ft(t ≥ 0), while d is a Fxτ measurable decision
function.

3. We have to find an optimal decision rule, in the context where Eτ <∞.

We proceed with our analysis by introducing the Bayes risk R given by the
following formula:

R = |B|1d=0,B>0 + |B|1d=1,B≤0 + cτ (10)

Remark 4.11.

1. The term cτ represents the cost of observation, that is proportional to the
observation time τ .

2. The rest of the expression: |B|1d=0,B>0+|B|1d=1,B≤0 represents the error
function (wrong decision penalty), that is proportional to the absolute value
of the drift B.

Our aim:

We aim to find an optimal decision rule noted (τ∗, d∗) that minimises the above
given Bayes risk R. As explained in the referenced literature ([2],[4],[12]), the
risk function has to be converted into an optimal stopping problem. Theoreti-
cally speaking, an optimal stopping problem in this case provides little hope for
an explicit solution. Therefore, the general goal is to be able to find some nu-
merically solvable equations that can characterize the boundaries of the optimal
decision rule.

4.4.2 Solution description

The two Russian mathematicians managed to characterize numerically solvable
optimal boundary equations for the above described problem, in the scenario
where the constant c = 1 in (10). The boundary equations will come in the
form of integral equations.

According to ([2],[14]), in order to define the optimal decision rule, we have
to transform the original process Xt and construct another process named X ′.
In other words, we can reduce the original sequential testing problem for the
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hypotheses H0 and H1, to an optimal stopping problem for the process X ′.

The aim is to be able to obtain an optimal stopping time τ∗ and an optimal
decision function d∗ for the constructed process X ′ and then manage to adapt
them for the original problem Xt.

The new process X ′ will be of the form:

X ′ = Xt− 1
σ2

+
µ

σ2

We can write its stochastic differential equation dX
′

t the following way:

dX ′t =
X ′t
t
dt+ dW̄t

′

Remark 4.12.

1. According to [2], the time t should be set such that:

t ≥ 1

σ2

2. W̄t represents the difference between the real value of the observation pro-
cess and its estimated value in the form of an integral.

3. W̄t = X
′

t −
∫ t

1
σ2

X
′
s

s ds

As usual, we have to present the optimal stopping problem for the process
X ′ named V ′. According to [14], the optimal stopping problem will be of the
form:

V ′(t, x) = inf
τ≥t

Et,x[cτ −G(τ, x′τ )] (11)

Remark 4.13.

1. The problem is solved for the case where the constant
c = 1.

2. The parameters (t,x) are set to be equal to:

t =
1

σ2
and x =

µ

σ2

3. The function G(t, x) where t > 0 and x ∈ R, will be of the form:

G(t, x) =
1√
t
ϕ(

x√
t
)− |x|

t
Φ(

x√
t
)

4. ϕ(x) represents the standard normal density function:

ϕ(x) =
1√
2π
exp(

−x2

2
)
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5. Φ(x) represents the standard normal distribution function:

Φ(z) =

∫ z

−∞
ϕ(x)dx

In order to solve the optimal stopping problem V ′ (11) and find the optimal
stopping time τ∗ for the process X ′, we firstly have to define another Wiener
process from the original Xt.

The process will be noted by Yt and it will be written as:

Yt = σ(1− t)X t
σ2(1−t)

− µt

σ

Remark 4.14.

1. The time t for the process Yt is set to be t ∈ [0, 1].

2. We can say that Yt satisfies all the necessary theoretical conditions for
being a standard Brownian Motion [14].

We proceed our analysis by showing that the optimal stopping problem for
the process Y with fixed (µ, σ) will be the following:

Vµ,σ = inf
τ≤1

E[
2

σ3(1− τ)
− |Yτ +

µ

σ
|] (12)

After developing a system of functions similar to what we did above (4.3),
the authors in [14] manage to give a particular solution for the optimal stopping
problem V (µ, σ). More precisely, the boundary function a(t) represents the
solution of V (µ, σ) (12) and comes in the form of a unique solution to the
following integral equation:

(1−t)G(1−t, a(t)) =

∫ 1

t

1

σ3(1− s)2
[Φ(

a(s)− a(t)√
s− t

)−Φ(
−a(s)− a(t)√

s− t
)]ds (13)

Remark 4.15.

1. aσ(t) : [0, 1]→ R+ should be a non-increasing function within [0,1].

2. The boundary function a(t) should satisfy the following requirements:{
a(t) > 0 when t < 1

a(1) = 0

3. For x ∈ R and t ∈ [0, 1), a(t) satisfies the following property:∫ 1

t

1

(1− s)2
[Φ(

a(s)− x√
s− t

)− Φ(
−a(s)− x√

s− t
)]ds <∞

What is more, the optimal stopping time for Vµ,σ (12) will be given by the
following formula:

τ∗Y (µ, σ) = inf{t ∈ [0, 1] : |Yt +
µ

σ
| ≥ aσ(t)}
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On the other hand, the optimal stopping time for V
′
(t, x) (11) will be given by

the following formula:

τ∗(t, x) = inf{s ≥ t where |x
′

s| ≥ b(s)}

Remark 4.16.

1. b(s) ∈ (0,∞) is defined as a strictly positive function.

2. The function b is correlated to the above introduced function aσ, in the
following way:

b(t) = σt× aσ(1− 1

σ2t
)

We proceed by stating that both optimal stopping times τ∗Y (µ, σ) and τ∗(t, x)
are connected to each other by the following formula:

τ∗(t, x) =
τ∗Y

σ2(1− τ∗Y )

In addition, the optimal decision function d∗ will be given by the following
formula:

d∗ = sign(xτ∗ +
µ

σ2
)

Remark 4.17.
This means that knowing the optimal stopping time τ∗Y , we could deduce the
optimal stopping rule (τ∗,d∗).

Finally, after having constructed both processes X ′ and Y from our original
Brownian motion Xt, we could say that the optimal decision rule for the original
problem will be of the form:

(τ∗ − 1

σ2
, sign(x

′

τ∗))

Remark 4.18.

1. τ∗− 1
σ2 represents the optimal stopping time and sign(x

′

τ∗) represents the
optimal decision function.

2. τ∗ represented the optimal stopping time of V
′
(t, x) where t = 1

σ2 and x =
µ
σ2 , while the optimal decision rule above is valid for any chosen µ or σ2.

In the referenced article [14], the authors also try to provide a numerical
solution for the boundary function aσ(t). In order to realize that, they make
use of a backward induction and time partition technique of the interval [0, 1]
such that:

0 ≤ t0 < t1 < t2 < ... < tk−1 < tk < tn = 1

In addition, by knowing the value at the last time point for our boundary
function (i.e a(tn) = 0), we can manage to descend a time step at each time, by
replacing the values for a lower tk−1 (every time step) at the above introduced
formula (13).
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5 General prior distribution

5.1 Introduction

5.1.1 General explanations

In this section, we will review the Bayesian sequential testing for the drift of a
Brownian motion, in the case where we have no restrictions on the prior distri-
bution for the drift. More precisely, we have discussed so far the cases where
the drift followed either a Two-point distribution, or a Normal distribution.

Let us recall from section 2 that some notable classical literature examples
of the Bayesian sequential testing were provided by Bather [1] and Chernoff [2].
Both of them assumed a Normal distribution for the drift. Bather in particular
considered a ”0− 1” loss function for his problem.

In this case, we will mostly be doing an overview of the work presented by [4],
where they studied the classical Bayesian sequential testing problem of the drift
of an arithmetic Brownian motion with a ”0 − 1” loss function. This problem
constitutes an extensive version of the original problem studied by Bather.

Remark 5.1.
The ”0− 1” loss function can be interpreted in the following way:

When you test an hypothesis, you gain nothing for being right, but in the same
time you loose 1 unit of a certain penalty for being wrong.

The main issue regarding this problem is that as usual we have to deal with
a time dependent free boundary problem, which makes it difficult to find an
explicit solution. The aim is to be able to find a solution in the form of asymp-
totic approximations, that will determine the optimal stopping boundaries of
the free boundary problem. The Bayesian sequential testing can be separated
in two main parts related to the moment we have to make a decision.

More precisely, we introduce a chosen maturity time T > 0 and we state that:

1. If the decision is made before the time T, we are in a finite horizon scenario.

2. On the other hand, if we do not have a time limit on when to make the
decision, we will be in an infinite horizon scenario.

5.1.2 Problem construction

We are going to observe an arithmetic Brownian motion of the form:

Xt = Bt+Wt

Our intention is to run a sequential testing based on the sign of the drift of a
Brownian motion, with the following hypotheses:

H0 : B < 0 and H1 : B ≥ 0

Remark 5.2.
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1. It is important to say that the setting of the problem takes place within a
defined probability space (Ω,F,P), that supports both B and W.

2. The variable B represents the drift and is defined to have a distribution µ.

3. The variable W represents another Brownian motion with B⊥W .

4. For the problem to make sense, the distribution µ of the drift B should be:

0 < µ([0,∞)) < 1

Since we are studying a sequential testing problem, we could always make
the correct statement about the sign of the drift at time 0, if we would
have:

µ((−∞, 0)) = 0 or µ([0,∞)) = 0

5.2 Solution methodology

5.2.1 General Strategy

As in the case of most Bayesian sequential testing problems, our ultimate goal
is to find an optimal decision rule (τ∗, d∗) that minimises the total cost. As
before, τ∗ represents the optimal stopping time and d∗ = {0, 1} represents the
F xτ measurable optimal decision function.

Remark 5.3.

1. F xτ represents the filtration of x, which in other terms represents the in-
formation generated by the variable x up to time τ .

According to ([4],[10],[12]), the general solution methodology for this Bayesian
sequential testing is the following:

1. We have to formulate the sequential testing problem and reduce it into an
optimal stopping problem.

2. Once we have the optimal stopping problem, we proceed by finding the
corresponding free boundary problem to our optimal stopping problem.

3. We try to determine integral equations that represent the optimal stopping
boundaries for both the finite and infinite horizon case.

5.2.2 Optimal stopping problem

The sequential testing problem in our case will be given by the following formula:

R(τ, d) = E[1{d=1,B<0} + 1{d=0,B≥0} + cτ ] (14)

Moreover, starting from the fact that d is F xτ -measurable, R(τ, d) can be
re-written as:

R(τ, d) = E[E[1B<0|F xτ ]1d=1 + E[1B≥0|F xτ ]1d=0 + cτ ] (15)

Remark 5.4.
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1. The sequential testing problem corresponds to the definition of Bayes risk.

2. The term cτ represents the observation cost, while the term 1{d=1,B<0} +
1{d=0,B≥0} represents the wrong-decision penalty guided by a ”0− 1” loss
function.

In order to deduce the optimal stopping problem from the sequential testing
problem R in (15), we have to recall from ([2],[10]) that an optimal decision rule
minimises R(τ, d). Moreover, an optimal stopping problem has to be correlated
with an underlying process, that defines the way how the optimal stopping
problem will work. The underlying process in our case will be of the form:

Πt = P(B ≥ 0|F xt )

Remark 5.5.

1. The way that the underlying process is defined, instructs us that the obser-
vations are conducted starting from the principle that the drift B should
not be negative.

2. Recall that:
E[1B≥0|F xτ ] = P(B ≥ 0|F xτ )

The above formula R(τ, d) (15) indicates that the steps towards optimal
stopping are the following:

1. Fix the stopping time τ .

2. We have:

d =

{
1 when P(B ≥ 0|F xτ ) ≥ P(B < 0|F xτ )

0 when P(B ≥ 0|F xτ ) < P(B < 0|F xτ )

Remark 5.6. 1. It is interesting to observe that:

Πt = P(B ≥ 0|F xt ) and 1−Πt = P(B < 0|F xt )

which makes the sequential testing problem defined in a particular way
such that:

Π + (1−Π) = 1

With all the given above reasoning, we can proceed and define the optimal
stopping problem in the following way:

V = inf
τ
E[g(Πτ ) + cτ ]

Remark 5.7.

1. The function g(π) above is defined as:

g(π) = min(π, 1− π) = π ∧ (1− π)
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5.2.3 Useful properties for the solution

As mentioned above, we aim towards a solution in the form of integral equations
for the optimal stopping boundaries. In order to achieve that, [4] makes use of
the fact that the optimal stopping boundaries for this studied case turn out to
be monotone. From the monotonicity property, we are also able to prove their
continuity and smooth fit condition.

Remark 5.8.

1. In section 3 of the referenced article [4], it is shown that at each fixed time
t, there is a direct link (one to one correspondence) between the underlying
process Π and the observation process xt.

2. The value function V should be concave in Π.

3. We also study the volatility σ of the underlying process Π and show that
it should be a decreasing function with respect to time.

4. Our section 3, where we studied the Two-point distribution constituted an
exception, as the volatility in that scenario stayed constant.

5. Moreover, with the use of filtering techniques and Ito’s formula, [4] man-
ages to analyse the underlying process Π, as well as deduce the partial
differential equation for the Brownian motion xt.

Important formulas

In terms of filtering theory, the most important formula needed in order to filter
the unknown drift is the following:

If there exists a function f : R→ R, that satisfies the property :∫
R

|f(b)|µ(db) <∞

we will have:

E[f(B)|F xt ] =

∫
R
f(b)exp(bxt − b2 t2 )µ(db)∫
R
exp(bxt − b2 t2 )µ(db)

As a result, the conditional expectation of the drift B will be given by the
following formula:

E[B|F xt ] =

∫
R
bexp(bxt − b2 t2 )µ(db)∫

R
exp(bxt − b2 t2 )µ(db)

We proceed by presenting the PDE for xt based on the innovation process
Ŵt:

dxt = E[B|F xt ]dt+ dŴt

Remark 5.9.

1. Ŵt is a standard Brownian motion that follows the filtration of x (i.e F x).
More precisely, the innovation process Ŵt can be understood as the differ-
ence between the real value of the observation process xt and its estimated
value that comes in a form of an integral. Therefore, it satisfies the defi-
nition of an error measuring function.

38



2. Ŵt is given by the following formula:

Ŵt = xt −
∫ t

0

E[B|F xs ]ds

Finally, the article [4] manages to deduce the PDE for the underlying process
Π, by making use of Ito’s formula such that:

dΠt = σ(t,Πt)dŴt

Remark 5.10.
σ(t,Πt) represents the volatility function of the underlying process Πt.

5.2.4 Formulation of the free boundary problem

As before, in order to set the structure for an optimal strategy, we proceed by
introducing two regions defining the value function V (t, π) such that:

1. The continuation region will be the following:

C = {(t, π) ∈ [0,∞)× (0, 1) s.t V (t, π) < g(π)}

2. The stopping region will be the following:

D = {(t, π) ∈ [0,∞)× (0, 1) s.t V (t, π) = g(π)}

Remark 5.11.

1. By definition, C is an open domain, while D will be a closed domain.

2. The value function V (t, π) will be:

V (t, π) ∈ [0, g(π)]

3. On a finite time horizon scenario, where we have to deal with a maturity
time T, the continuation region can be written as:

C = {(t, π) : [0, T ]× (0, 1) s.t V (t, π)T < g(π)}

while the stopping region can be written as:

D = {(t, π) : [0, T ]× (0, 1) s.t V (t, π)T = g(π)}

After presenting the stopping and continuation regions, the analysis proceeds
with the introduction of two boundary functions b1(t) : [0,∞) → [0, 1/2) and
b2(t) : [0,∞) → (1/2, 1]. These functions will play the role of solutions to the
integral equations that will characterize the boundaries for the finite and infinite
horizon.

Remark 5.12.
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1. The functions b1 and b2 are both non decreasing and right continuous
functions. Their existence comes from the concavity of the value function
V (t, π) in π, for any fixed time t.

2. The continuation region can be redefined as:

C = {(t, π) : [0,∞)× (0, 1) s.t π ∈ (b1(t), b2(t))}

3. For all times t ∈ [0,∞), the boundary functions b1 and b2 can be defined
within the interval (0,1) such that:

0 < b1(t) <
1

2
< b2(t) < 1

We can now finally present the free boundary problem, that corresponds
with our optimal stopping problem V (t, π) (15) and the two boundary functions
b1 & b2 such that:

δV (t,π)
δt + 1

2
δ2V (t,π)
δπ2 σ(t, π)2 + c = 0 where π ∈ (b1(t), b2(t))

V (t, π) = π where π ≤ b1(t)

V (t, π) = 1− π where π ≥ b2(t)

Remark 5.13.

1. The free boundary problem above provided by the article [4] corresponds
to the other classical literature that we mentioned ([1],[2],[10]) and is also
quite similar to the free boundary problems for the Two point distribution
and Normal distribution scenarios.

2. Moreover, for t ∈ [0, t), V (t, π) is a C
′

function and the boundary func-
tions b1(t) & b2(t) are continuous and monotone. This constitutes also a
theoretical requirement for the free boundary problem above to make sense.

3. All the above results are naturally valid for the finite horizon case such
that:

For t ∈ [0, T ) : 0 < b1(t)T <
1

2
< b2(t)T < 1 while b1(T ) = b2(T ) =

1

2

5.2.5 Optimal stopping boundaries for the finite-horizon case

As mentioned during the analysis, we expect our optimal stopping boundaries
to be the unique solution of a system in the form of integral equations.

In [4], the authors manage to show the existence of a unique solution in the
finite horizon case. More precisely, the boundary functions bT1 & bT2 constitute
the unique solution to the following pair of integral equations:

{
c1(t) = E[g(π

t,c1(t)
T )] + c

∫ T−t
0

P(c1(t+ u) < π
t,c1(t)
t+u < c2(t+ u))du

1− c2(t) = E[g(π
t,c2(t)
T )] + c

∫ T−t
0

P(c1(t+ u) < π
t,c2(t)
t+u < c2(t+ u))du

Remark 5.14.

40



1. For all 0 ≤ t ≤ T , c1(t) & c2(t) are contained within the interval (0, 1)
such that:

0 < c1(t) ≤ 1

2
≤ c2(t) < 1

2. The above pair of integral equations can be greatly simplified in the case of
a symmetric volatility function.
The article [4] considers the case where the volatility function is symmetric
about π = 1

2 meaning that:

σ(t, π) = σ(t, (1− π))

Furthermore, we can deduce by symmetry that b1(t) = 1− b2(t).

As a result, we can claim that the boundary b1(t) constitutes a unique
solution to the following integral equation:

c(t) = E[g(Π
t,c(t)
T )] + c

∫ T−t

0

P(c1(t+ u) < Π
t,c(t)
t+u < 1− c(t+ u))du

c(t) ∈ (0,
1

2
] , ∀t ∈ [0, T ]

5.2.6 Optimal stopping boundaries for the infinite-horizon case

In the infinite horizon case, the authors at [4] are faced with the problem of
extending the uniqueness of solution b1 & b2 to the following system:{

b1(t) = c
∫∞
0

P(b1(t+ u) < Π
t,b1(t)
t+u < b2(t+ u))du

1− b2(t) = c
∫∞
0

P(b1(t+ u) < Π
t,b2(t)
t+u < b2(t+ u))du

Remark 5.15.

1. In other words, we know that the boundaries b1 & b2 constitute at least
one of the solutions to the above system. However, its uniqueness is not
visible due to the complications of extending such a problem to an un-
bounded time horizon.

2. In [10], an intelligent approach to tackle this problem is developed by intro-
ducing an approximations scheme, where the optimal stopping boundaries
for the finite horizon case converge towards the optimal stopping bound-
aries for the infinite horizon case.

3. The main argument for the extension of the finite horizon boundaries to-
wards infinity comes from the fact that they are monotone.

5.2.7 Problem extension proposal

During this time we have been describing the study of the drift of a Brownian
motion with a ”0− 1” loss function together with the hypotheses:

H0 : B < 0 & H1 : B ≥ 0
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A first extension suggestion for this problem would be to introduce a constant
k ∈ R, such that the hypotheses become:

H0 : B < k & H1 : B ≤ k

Another extension suggestion would be to introduce two constants a1 & a2 as
in the case of the Two point distribution (section 3), such that the Bayes Risk
expression takes the following form:

R(τ, d) = a1E[1d=1,B<0] + a2E[1d=0,B≥0] + cE[τ ]

Remark 5.16.

1. The constants a1 & a2 will be both strictly positive and at the same time
a1 6= a2.

2. In order to study these new cases, the usual path of solving a sequential
testing problem is applied by first turning it in an optimal stopping prob-
lem. After that, as usual we try to deduce the free boundary problem and
find the integral equations for the boundaries.
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6 Another general prior distribution scenario

6.1 Introduction

In this section, we are interested in extending the Bayesian sequential testing
problem studied above, represented by a ”0 − 1” loss function with a constant
cost of observation per time unit c and no prior distribution predefined. More
precisely, we are interested in studying the same problem as in the above section
for a ”0− |B|” loss function.

Remark 6.1.
The ”0 − |B|” loss function means that the tester gains nothing for the right
decision, but instead has to pay a penalty of the size |B| for being wrong.

The overall goal is to find a decision rule that minimises the total cost. As
before, there are two main cases of decision making related to the maturity time
T. If the decision will be taken within the time interval [0, T ], we will have a
finite horizon scenario and otherwise we will have an infinite horizon scenario.

Problem Formulation

As in the above section, we have a Brownian motion xt defined within a complete
probability space (Ω,P,F). Our Brownian motion will be of the form:

xt = Bt+Wt

Remark 6.2.

1. B is a random variable with distribution µ representing the drift. On the
other hand, W represents another Brownian motion.

2. B and W are defined to be independent from each other (i.e B⊥W ).

The hypotheses to be tested will be the same as before and conditioned on
the sign of the drift B such that:

H0 : B < 0 & H1 : B ≥ 0

The logic of the problem consists of finding an optimal stopping rule (τ∗, d∗),
that will indicate at each time step whether we should accept the hypothesis
H0 or H1, in order to minimise the Bayes Risk.

Remark 6.3.
τ∗ represents an optimal stopping time, while d∗ : Ω → (0, 1) represents a F xτ
measurable decision rule taking values between {0, 1}.

In this case, the Bayes Risk will be given by the formula:

R(τ, d) = E(1d=1,B<0|B|) + E(1d=0,B≥0|B|) + cE(τ)

Remark 6.4.

1. We can say that this problem becomes identical to the problem studied in
section 5, if we would have |B| = 1.
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2. The term cτ in the Bayes Risk formula represents the observation cost,
while the rest represents the wrong-decision penalty guided by ”0 − |B|”
loss function.

3. This problem was already solved in the Two-point distribution case and
the Normal distribution case, which we have already written about in the
above sections.

Steps towards optimal stopping

As we did in section 5, we can furthermore write our sequential testing problem
as:

R(τ, d) = E[E[|B|1B<0|F xτ ]1d=1 + E[|B|1d=0|F xτ ]1d=0 + cτ ] (16)

According to the general Bayesian sequential testing theory ([2],[9],[10]), the
above sequential testing problem R(τ, d) indicates that the optimal decision rule
at a fixed stopping time τ will be of the form:

d∗ =

{
1 if E[B1B≥0|F xτ ] ≥ E[−B1B<0|F xτ ]

0 if E[B1B≥0|F xτ ] < E[−B1B<0|F xτ ]

Remark 6.5.
In other words, we can say that the term d indicates which of the hypotheses we
should accept in the following intuitive way:{

If d = 0 accept H0

If d = 1 accept H1

As before, we condition on the case where the drift is positive. Thus, the
underlying process will be of the form:

Πt = P(B ≥ 0|F xt )

As usual, when studying a Bayesian sequential testing problem, the first step
consists of deducing an optimal stopping problem from the sequential testing
problem (16).

The optimal stopping problem in this case will be of the form:

V = inf
τ∈T

E{E[B1B≥0|F xτ ] ∧ E[−B1B<0|F xτ ] + cτ} (17)

Remark 6.6.

1. Suppose a and b are two different functions:

a ∧ b = min(a, b)

2. T denotes the set of all F x- stopping times in our problem.

3. In a finite horizon scenario (with a maturity time T), the set of all stopping
times will be denoted as:

T T = {τ ∈ T such that τ ≤ T}
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6.2 Solution methodology proposals

There is a difference between the optimal stopping problem above (17) and the
optimal stopping problem that we had in the previous section where |B| = 1.
The difference comes mainly from the fact that the optimal stopping problem in
section 5 was defined in a particular way. More precisely, from a mathematical
perspective when |B| = 1, we could write the optimal stopping problem as:

inf
τ∈T

E[P (B ≥ 0|F xτ ) ∧ P (B < 0|F xτ ) + cτ ]

= inf
τ

E[P (B ≥ 0|F xτ ) ∧ (1− P (B ≥ 0|F xτ )) + cτ ]

= inf
τ

E[Πτ ∧ (1−Πτ ) + cτ ]

This definition, where we had the optimal stopping problem containing the
underlying process (Π ∧ (1-Π)), simplified the way towards finding the free
boundary problem. Moreover, there was a one to one correspondence between
the underlying process Π and the Brownian motion xt, which helped us deter-
mine their dynamics. (that came in the form of partial differential equations for
Π and x)

On the other hand, the optimal stopping problem above (17) cannot be written
in the same way since:

E[B1B≥0|F xτ ] 6= Πτ and E[B1B<0|F xτ ] 6= 1−Πτ

This creates complications in the analysis of the dynamics, volatility and the
construction of the free boundary problem.

One possible study path for us would be to suggest the existence of two functions
G(τ,Πτ ) and H(τ,Πτ ) depending on time τ such that:

G(τ,Πτ ) = E[B1B≥0|F xτ ]

H(τ,Πτ ) = E[−B1B<0|F xτ ]

Remark 6.7.

1. The above introduced functions G(τ,Πτ ) & H(τ,Πτ ) depend simultane-
ously on the stopping time τ and on the underlying process Π.

2. The suggestion for the existence of the above functions G(τ,Πτ ) & H(τ,Πτ )
comes from the fact that in both the Two-point distribution and the Normal
distribution cases, we could write our optimal stopping problems as:

inf
τ∈T

E{G(τ,Πτ ) ∧H(τ,Πτ ) + cτ}

More precisely, on the Two-point distribution case we could note:

G(τ,Πτ ) = |a1|E[1B=a2 |F xτ ]

H(τ,Πτ ) = a2(1− E[1B=a2 |F xτ ])
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On the other hand, in the Normal distribution case:

G(τ,Πτ ) =
√
S(τ)F (

B̂τ√
Sτ

)

H(τ,Πτ ) =
√
S(τ)F (

ˆ−Bτ√
Sτ

)

We could thus rewrite the optimal stopping problem (17) as:

V = inf
τ∈T

E{G(τ,Πτ ) ∧H(τ,Πτ ) + cτ}

We could furthermore claim that there exist two other functions G̃(τ, xτ ) and
H̃(τ, xτ ) such that:

G(τ,Πτ ) = G̃(τ, xτ )

H(τ,Πτ ) = H̃(τ, xτ )

This kind of definition could help when trying to build the corresponding
partial differential equations for Π and x, in order to determine their dynamics.

Another alternative, would be to consider only one half of the original sequential
testing problem by introducing:

Yt = E[B1B≥0|F xτ ]

However, the problem remains similar to the one in the first proposal. That is
because in the corresponding optimal stopping problem, we would still have to
deal with the same type of time-dependent functions. The best strategy for a
solution would be to follow the path studied by the article [4]. More precisely,
by firstly trying to determine the dynamics of Π & x and after that trying
to construct the corresponding free boundary problem. Last but not least, for
both the finite and infinite horizon cases, we could try to determine integral
equations that would represent the optimal stopping boundaries.
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Conclusion

The general purpose of this study was to give the reader a better global under-
standing of the Bayesian sequential testing problems for the drift of a Brownian
motion. Interestingly, this topic has some real life applications in areas such as
finance or even medicine.

An appealing example for financial applications would be the following:
Suppose we are interested to invest in the stock market and we would need to
come up with an accurate optimal decision rule for observing the performance
between different stocks. Bayesian sequential testing would provide a powerful
theoretical tool for comparison.

On the other hand, in the medicine area these kind of statistical tests can
be used to test different modalities related to diagnoses of a coronary disease.
A well conducted analysis in this case can lead to better outcomes and use of
medical resources.

To conclude, there is a lot of space for more detailed research in the area. There
can be a lot more research potential for the no-prior distribution scenario, as
well as when we assume that the drift follows a different distribution from the
normal one.
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