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Abstract

Finding approximate solutions to nonlinear partial differential equations
given some initial and boundary conditions is a well studied task within
the field of numerical analysis. Nevertheless, numerical methods face sev-
eral limitations with respect to the complexity of the underlying problem
and the related computational effort.
In this work we aim to investigate whether methods from another disci-
pline, namely machine learning, can solve such tasks and overcome the
limitations of the numerical approaches. Specifically we consider physics
informed neural networks, a recently discovered method that allows the
encoding of the underlying partial differential equation directly into the
loss function of a neural network by applying automatic differentiation
with respect to the network’s inputs. Our investigations suggest that
these networks are indeed able to detect the imposed dynamics and over-
come numerical issues related to stability and discontinuities.
The main result of this work is the discovery of a strong dependence be-
tween the overall performance of the method and the performance on the
initial condition. We encountered that this dependence makes physics in-
formed neural networks prone to produce wrong solutions if a small change
in the initial condition can lead to a substantially different evolution of
the system. This observation suggests that machine learning solvers are
not yet ready to fully replace numerical approaches. Nevertheless, the
achieved performance is very impressive and gives rise to the hope that
this is just the beginning of an entirely new branch in scientific computing,
i.e. solving partial differential equations using machine learning.
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1. Introduction

The enormous applicability of machine learning methods to a wide variety of
problem domains, including fields like image recognition, natural language pro-
cessing and medical diagnosis just to mention a few, is simultaneously a cause
and consequence of the increased attention paid to this field during the past
decade. Despite all such advancements, machine learning methods have so far
barely been used to tackle problems within the field of scientific computing in-
cluding numerical analysis. While both fields involve algorithmic structures to
find approximate solutions to complex problems, and therefore benefited from
the recent growth in available computation power, they take quite different
approaches.
The goal of this work is to study to what extent one of the main problems con-
sidered within the field of numerical analysis, namely the approximate solution
to a given partial differential equation (PDE) together with some defined set
of initial and boundary conditions, can be solved by using the tools developed
within the field of machine learning.
Such problems, often referred to as initial and boundary value problems, arise
frequently in a wide range of applications, including physics and engineering
but also social sciences and finance. Thanks to their large number of appli-
cations, researchers have been trying to solve these kind of problems using
numerical methods even since long before computers were available, which led
to a vast and nowadays very well studied theory. Nevertheless, numerical ap-
proaches often require a profound understanding of the underlying problem.
Moreover, if the dynamics imposed by the underlying PDE become very com-
plex, frequently originating from nonlinear terms in the governing equation,
the computational effort to solve the problem accurately might become unaf-
fordably large.
On the contrary, there has only been very little research on how to solve such
problems using a machine learning approach. In their recent work on Physics
Informed Deep Learning [1] the authors introduced the concept of physics in-
formed neural networks which aim to predict the solution to a PDE given some
initial and boundary conditions by directly encoding the underlying PDE into
the loss function using automatic differentiation. The model is then trained by
generating the training data from the initial and boundary conditions.
Considering the impressive performance machine learning methods and in par-
ticular neural networks have been shown to have on such a wide range of
applications, the concept of physics informed neural networks sounds promis-
ing. During the course of this work we aim to understand how these novel
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networks compare to the classical approaches. While numerical approaches are
deterministic, machine learning solutions often rely on some introduced ran-
domness. Furthermore, machine learning solutions usually depend on a large
set of parameters making it at times harder to interpret the results. Neverthe-
less, we will try to bring some light to the training process of physics informed
neural networks.

We will start by defining an example problem that is considered during the
entire course of this work, namely the one-dimensional viscous Burgers’ equa-
tion with Dirichlet boundary and sinus-shaped initial conditions. The diffusion
term is chosen to be very low such that the solution develops a sharp internal
layer that looks like a discontinuity.
In the third chapter we will consider several numerical approaches to tackle
this problem, which are all based on the method of finite differences. Due to
the discontinuity in the example problem we expect some numerical difficulties
that require a deeper understanding of the underlying problem, thus motivat-
ing us to consider a machine learning approach.
Afterwards, we will turn our attention to the aforementioned physics informed
neural network method. The first part of the fourth chapter introduces the un-
derlying mathematical concepts, i.e. neural networks and automatic differenti-
ation. Since the novelty in the considered approach lies in the way automatic
differentiation is applied, we will put a special focus on this topic. In the second
part of the fourth chapter we will study how the method of physics informed
neural networks performs on the example problem. By taking a closer look
at the prediction of the initial condition and by considering another example,
namely the Allen-Cahn equation, we will try to better understand the learning
process.
We will conclude on the overall findings of this work by comparing the results
found in the third and fourth chapter. Furthermore, we will discuss some future
research options that have the potential to advance this recent field of finding
an approximate solution to a PDE using machine learning.

All methods presented in this work are implemented in Python. The code is
publicly available on GitHub.1

1https://github.com/sch0ngut/machine-learning-of-pdes
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2. Burgers’ Equation as a Nonlinear Example Problem

As an example problem for solving nonlinear PDEs we will consider the one-
dimensional viscous Burgers’ equation, given as

ut + uux = νuxx, x ∈ [−1, 1], t ∈ [0, 1] (2.1)

together with the initial condition

u(x, 0) = − sin(πx), x ∈ [−1, 1] (2.2)

and the Dirichlet boundary conditions

u(1, t) = u(−1, t) = 0, t ∈ [0, 1]. (2.3)

Historically, Burgers’ equation was first studied by Bateman [2] and only later
considered by Burgers [3] as part of his studies concerning the mathematical
modelling of turbulences. Hence Burgers’ equation is widely used to address
problems in fluid dynamics but is also found in many other areas of applied
mathematics.

During the course of this work we will refer to the problem defined by the equa-
tions (2.1)–(2.3) as the example problem and consider the viscosity parameter
ν to be given by

ν =
1

100π
(2.4)

since for small values of ν the solution to the problem develops a sharp internal
layer which looks like a discontinuity as shown in Figure 1 where the exact
solution to the problem is presented visually. We can see that for x = 0 at
around T > 0.4 the solution does not seem smooth anymore.

As we will see in the following section, this sharp internal layer, also called
shock formation, can be hard to resolve for classical numerical methods which
makes it an interesting example for our study. One of the questions we will
try to answer is whether a machine learning approach is able to overcome this
difficulty.

Besides the reasons mentioned so far, studying the example problem has the
additional practical advantage that an exact solution can be computed analyti-
cally as shown in [4], which allows to easily study and compare the performance
of the considered numerical and machine learning solvers.
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Figure 1: Exact solution to the example problem. Left: Contour plot on the
entire (x, t)-domain. Right: Snapshots at selected time points.

3. Finite Difference Solutions

Before studying how the example problem can be solved using a machine learn-
ing approach, we will take a look at how classical (i.e. numerical) methods can
be applied. Throughout this section we will consider several numerical methods
that are all based on the method of finite differences using a uniform mesh.

We begin by discretising the entire spatio-temporal domain denoted by

Ω = [a, b]× [0, T ] = [−1, 1]× [0, 1]

using H + 1 equidistant points in space and K + 1 equidistant points in time.
Further, let h = (b − a)/H denote the mesh size and and k = T/K the step
size such that we can write the discrete points in time {tn}Kn=0 and in space
{xj}Hj=0, respectively, as

xj = a+ j · h, j = 0 . . . H

tn = n · k, n = 0 . . .K.

Finally, we will use the notation unj for the numerical approximation of u(xj , t
n),

i.e.
unj ≈ u(xj , t

n).

Note that for readability reasons lower indices on x and u are used to indicate
the spatial discretisation and upper indices on t and u to indicate the temporal
discretisation.

After discretising the spatio-temporal domain Ω we need to find discrete ap-
proximations for the derivatives occurring in the Burgers’ equation (2.1). In
the following sections we will present different ways to do so and discuss the
expected behaviour and possible problems.
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3.1. A Simple FTCS Approach

One of the most obvious schemes to represent the derivatives occurring in (2.1)
is the so called Forward Time Centered Space (FTCS) discretisation. Hereby,
the spatial derivatives are approximated using an explicit second order central
difference stencil. This means that we will approximate the convection term in
the point (xj , t

n) as

uux = u(xj , t
n)ux(xj , t

n) ≈ unj
unj+1 − unj−1

2h
(3.1)

and similarly the diffusion term as

νuxx = νuxx(xj , t
n) ≈ ν

unj+1 − 2unj + unj−1
h2

. (3.2)

Finally, the time derivative ut is approximated using the first order explicit
Euler, or forward time difference scheme, i.e.

ut = ut(xj , t
n) ≈

un+1
j − unj

k
. (3.3)

Plugging the approximations (3.1), (3.2), (3.3) into the Burgers’ equation (2.1)
yields the following FTCS approximation:

un+1
j = unj + k · ν

unj+1 − 2unj + unj−1
h2

− k · unj
unj+1 − unj−1

2h
.

Combining this with the discrete versions of the initial and boundary conditions
(2.2), (2.3), i.e.

u0j = − sin(πxj), j = 0 . . . H

un0 = unH = 0, n = 0 . . .K

allows us compute a discrete, approximate solution to the problem on the entire
spatio-temporal domain Ω.

Using Taylor expansion we can calculate the local truncation error as

τ(xj , t
n) = |u(xj , t

n)− unj |

=

∣∣∣∣k2 [utt]
n
j + unj

h2

6
[uxxxx]nj − ν

h2

12
[uxxxx]nj +O(k2) +O(h4)

∣∣∣∣ , (3.4)

and therefore say that the method has local order O(k) + O(h2). Note that
equation (3.4) contains terms of the form utt and uxxxx which are unknown,
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thus making it impossible to compute the truncation error exactly. However,
the local order tells us at which rate the error decreases as we refine the mesh
size h and the step size k. Note that this is just local information about the
error which ideally, but not generally, also holds for the global error. Since
local errors can propagate throughout the entire system, and therefore accu-
mulate in each iteration, giving an adequate estimate about the behaviour of
the global error requires in general a more profound study of the method and
the problem at hand. A method for which the global error follows the same
order of magnitude as the local error is called stable. In other words, a stable
method guarantees that the global error has the same behaviour as the local
error. The order of the local error is usually easy to obtain using Taylor ex-
pansions as we did above. This provides us with a good indicator about the
accuracy of our numerical approximation.
Even though the theory of stability analysis is well studied in the literature,
performing such an analysis is problem dependent and not always straight-
forward, especially in the case of nonlinear problems. This makes it a major
drawback of numerical methods, as a numerical scheme with a low local error
but without stability will usually not give a good approximation to the exact
solution.

Due to the nonlinear nature of our example problem, performing a stability
analysis is not trivial. Instead one would consider the linearised version of the
Burgers’ equation (2.1), which is also known as the linear convection-diffusion
equation, given as

ut + cux = νuxx, (3.5)

where c is a constant. Even for this simplified since linearised problem, per-
forming a stability analysis still requires a lot of computations by hand. Hence
we will not bother with the details here and instead refer to [5], where the au-
thor computed the stability condition for the FTCS approach to the linearised
version of our example problem (3.5) to be given as

k ≤ min

{
2ν

c
,
h2

2ν

}
. (3.6)

In the setting of our example problem, just guaranteeing stability is not enough
to obtain accurate approximations to the exact solution. Since we are only
approximating the occurring derivatives, the numerical method is prone to
generate oscillations around the discontinuity that is developing for x = 0
at around T > 0.4 if the spatial grid is not fine enough. In order to avoid
this unwanted behaviour, we need to make sure that the spatial grid size is
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fine enough. But what does ”fine enough” mean? Similarly to the stability
analysis, the answer to this question is problem dependent and not trivial at
all. For our example problem using an FTCS approach, however, the condition
on the grid size to avoid oscillations around the discontinuity can be explicitly
determined as

h ≤ 2ν

c
. (3.7)

For more details on how to derive this condition, see [5].

Note that the two conditions to guarantee stability (3.6) and to avoid oscilla-
tions (3.7), respectively, apply to the linearised version of the Burgers’ equation
(3.5). In order to apply those results to the nonlinear Burgers’ equation, we
need to specify the value of the constant c. A reasonable choice is given by the
maximum absolute value of the initial condition, i.e.

c = max |u0(x)| = 1.

After this theoretical discussion about how well we can approximate the exact
solution and which conditions need to be satisfied, it is interesting to see if
these theoretical findings also hold in practice. As a measure for the global
error we will use the `2 and the maximum error, defined as

ε(h, k) =

h · k∑
j,t

(unj − u(xj , t
n)2

1/2

εmax(h, k) = max
i,j
|unj − u(xj , t

n)|.

We consider both errors because the exact solution is almost discontinuous
meaning that a large maximum error εmax could still allow for a relatively
small `2 error ε. Thus we want to make sure that both errors decrease at a
similar rate.

Since the discontinuity is occurring in space, we will keep the step size k fixed
while decreasing the mesh size h. In doing so we can calculate the experimental
order of convergence qε as

qε =
log(ε(h1, k)/ε(h2, k))

log(h1/h2)
.

If the method is stable, we would expect qε ≈ 2, due to (3.4).
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H ε qε εmax qεmax Note

160 ∞ - ∞ - h ≥ 2ν
320 1.02e-02 - 2.16e-01 -
640 1.93e-03 2.40 3.60e-02 2.58
1280 4.67e-04 2.05 9.02e-03 2.00
2560 ∞ - ∞ - k ≥ h2/(2ν)

Table 1: FTCS: Errors and convergence rates; k = 1× 10−4.

Now we have all the necessary tools to compute a numerical approximation of
the problem defined by the equations and study the behaviour of the error. Us-
ing a step size of k = 1×10−4 and a number of H ∈ {160, 320, 640, 1280, 2560},
we observe the errors and convergence rates shown in Table 1.

The results confirm our theoretical findings. Using a step size of k = 1× 10−4

together with H ∈ {320, 640, 1280} yields a numerical solution that approaches
the exact one at a convergence rate of 2 for both the maximum and the overall
`2 error which meets our expectations. If, however, we take too many spatial
discretisation points as in the case H = 2560, the stability condition (3.6) is
violated. After only a few iterations, the numerical solution starts oscillating
on the entire spatial domain until it blows up at some point as shown in Figure
2a. But if on the other hand we take too few spatial discretisation points, as
in the case H = 160, the numerical solution introduces oscillations around the
discontinuity since the condition (3.7) is violated. This behaviour is illustrated
in Figure 2b. Here we can see that as soon as the exact solution becomes
discontinuous (i.e. at around T > 0.4), the numerical approximation starts
oscillating around the discontinuity. These oscillations amplify every time step
until the solution blows up at some point.

Throughout this section we have derived a numerical method to approximately
solve our example problem involving the nonlinear viscous Burgers’ equation.
We discussed the accuracy properties of this scheme and how to choose step
size and mesh size such that we can expect good results. Unfortunately, the
conditions on the step size and the mesh size only apply to this specific problem.
In the next section we will therefore look at another discretisation technique
that aims to solve those issues in a more general fashion.
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(a) Unstable solution using H = 2560.
(b) Oscillations around the discontinuity

using H = 160.

Figure 2: Typical behaviour of unstable and oscillating solutions, caused by an
inappropriate choice of the mesh size h; k = 1× 10−4.

3.2. Upwind Methods with Implicit Diffusion

To avoid the oscillations around the discontinuity, we can use a so called upwind
scheme for the convection term uux. The idea is to use a one sided approxi-
mation for the derivative rather than symmetric approximations. The reason
why an upwind scheme can be beneficial lies in the fact that the convection
term models the propagation of a wave at speed u that is centered around the
discontinuity at x = 0. Hence there is an asymmetry in the information flow
which is responsible for the oscillations around the discontinuity that we could
observe in the previous section when the grid was not fine enough. To remedy
this problem we can choose to take one-sided approximations of the derivative
depending on the direction of the information flow, i.e. depending on the sign
of u. Historically this idea was first proposed by Courant, Isaacson, and Rees
[6].

In mathematical terms a first order upwind approximation to the convection
term in the point (xj , t

n) can be expressed as follows:

uux = u(xj , t
n)ux(xj , t

n) ≈ u+u−x + u−u+x , (3.8)

where

u−x =
unj − unj−1

h
, u+x =

unj+1 − unj
h

,

u+ = max(unj , 0), u− = min(unj , 0).

(3.9)
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Note that in equation (3.8) the lower and upper indices indicating the spatio-
temporal grid point are omitted for readability reasons. In case we want to
emphasise the grid point, we will use the notation [u+u−x + u−u+x ]nj .

To also improve on the stability properties, we can choose to approximate
the diffusion term with an implicit central difference scheme rather than an
explicit one as we did in the previous section. It is well known that implicit
finite difference schemes have better stability properties, and therefore allow
for larger choices of the time step h than explicit ones. However, they come at
the cost of extra computation time since they require to solve a linear system
of equations at every time step.

Hence we approximate the diffusion term in the point (xj , t
n) as

νuxx = νuxx(xj , t
n) ≈ ν

un+1
j+1 − 2un+1

j + un+1
j−1

h2
. (3.10)

Note that compared to the first approach in (3.2), the right hand side now uses
the solution at time point tn+1 instead of tn.

Plugging the approximations (3.8), (3.10) and the explicit Euler time discreti-
sation (3.3) into the Burgers’ equation (2.1) yields the following first order
upwind scheme:

un+1
j

(
1 + 2

kν

h2

)
− un+1

j+1

(
kν

h2

)
− un+1

j−1

(
kν

h2

)
= un − k[u−x u

+ + u+x u
−]nj .

We can see that the left hand side with the terms at time tn+1 utilises the
solution at three different points in space which requires to solve a system of
linear equations at every time step as mentioned above.

The errors of the first order upwind scheme together with the convergence rates
are presented in Table 2. We can see that the numerical solution for every
chosen mesh size h = 1/H approximates the exact solution reasonably well
and the numerical scheme seems stable. However, the convergence rate of the
error approaches only 1, as the upwind approximation of the convection term
(3.8), (3.9) utilises first order accurate approximations of the first derivative.
Hence the convergence of the error is slower than for the FTCS scheme in
the previous section, yielding a larger error. Note that due to the improved
stability properties, a larger step size of k = 1 × 10−3 was used. In fact, a
smaller time step would not increase the accuracy significantly, as the spatial
error is dominating at this point.
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H ε qε εmax qεmax

160 2.22e-02 - 2.65e-01 -
320 1.43e-02 0.63 1.91e-01 0.47
640 8.21e-03 0.80 1.18e-01 0.69
1280 4.48e-03 0.87 6.68e-02 0.82
2560 2.36e-03 0.92 3.52e-02 0.93

Table 2: First order upwind: Errors and convergence rates; k = 1× 10−3.

The two performed adjustments in the discretisation of the convection and the
diffusion term (3.8), (3.10) gave us more flexibility when choosing the time
step k and the mesh size h. However, the increased flexibility came at the
cost of a lower convergence rate of the error compared to the FTCS approach
since the approximation of the derivative in the upwind term is only first order
accurate. To regain the second order convergence of the error, while keeping
the advantages of the upwind scheme, we can choose a second order accurate
upwind approximation of the derivative in the convection term, given by

u−x,j =
3unj − 4unj−1 + uni−2

2h
, u+x,j =

−unj+2 + 4unj+1 − 3unj
2h

.

Unfortunately, this scheme is known to have worse stability properties which
requires to take a smaller time step again. For more details on this approxi-
mation and how to derive it, see [7].

The errors of the second order upwind scheme together with the convergence
rates are presented in Table 3. As expected, the convergence orders of both
errors approach 2 until H = 2560. Furthermore, the solution is stable for any
mesh size h = 1/H. This time we also included H = 5120 to discuss another
drawback of numerical methods. As we can see the convergence rate drops at
this grid size and the more we increase H the more the convergence rate will
decrease, as long as we keep the step size k fixed. This behaviour is caused by
the temporal error which at this point is large enough to not let the overall
error decrease at the expected convergence rate any further. Hence in order
to maintain the convergence rate of 2, a simultaneous refinement of both step
size k and mesh size h would be necessary.

We can conclude that an upwind discretisation of the nonlinear convection term
is a good way to handle the discontinuity that is caused by such. Together
with an implicit representation of the diffusion term we can further guarantee
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H ε qε εmax qεmax

160 1.11e-02 - 1.35e-01 -
320 5.62e-03 0.98 8.76e-02 0.62
640 2.08e-03 1.43 3.51e-02 1.32
1280 6.33e-04 1.72 1.10e-02 1.67
2560 1.72e-04 1.88 2.86e-03 1.95
5120 7.00e-05 1.30 8.70e-04 1.71

Table 3: Second order upwind: Errors and convergence rates; k = 1× 10−4.

stability. However, we have seen that even though we have a stable solver, the
error will not always reduce with the local convergence rate as we refine the
spatial grid, since for a given step size k at some point the temporal error will
cause the overall error to not reduce any further. Although this might not be
very problematic in the setting at hand, as we already obtain quite accurate
results with the chosen grid size, the situation might be very different when the
underlying equation is more complex and the computational domain Ω much
bigger. In that case the computational effort could become unaffordably large
to generate accurate approximations in a reasonable time.

3.3. A Linear Solver Using the Hopf-Cole Transformation

As we have seen in the FTCS approach, a difficulty when solving nonlinear
PDEs are the discontinuities that can be caused by such. Using the upwind
approach in the previous section, we have seen how this issue can be han-
dled when the discontinuity is caused by a convection term. For the prob-
lem at hand, there is another way to handle this, which is to transform the
one-dimensional nonlinear viscous Burgers’ equation (2.1) into the linear heat
equation using the Hopf-Cole transformation as presented in [8]. Avoiding the
nonlinear term does not only save us the trouble of worrying about the os-
cillations around the discontinuity but it also heavily simplifies the stability
analysis.

We will now go through the necessary steps to transform the viscous Burgers’
equation into the heat equation using the Hopf-Cole transformation. First, we
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observe that the viscous Burgers’ equation (2.1) can be written as

ut =

(
νux −

u2

2

)
x

. (3.11)

The Hopf-Cole transformation was first proposed in [9] and is given by

ψ = exp

(
− 1

2ν

∫
udx

)
,

which we can rewrite for u as

u = −2ν log(ψ)x = −2ν
ψx
ψ
. (3.12)

Applying this to the left hand side (LHS ) of (3.11) we can write

LHS = −2ν log(ψ)xt = −2ν log(ψ)tx = −2ν

(
ψt
ψ

)
x

(3.13)

and similarly the right hand side (RHS )

RHS =

[
−2ν2

(
ψx
ψ

)
x

− 2

(
ν
ψx
ψ

)2
]
x

=

[
−2ν2

ψxxψ − ψ2
x

ψ2
− 2ν2

ψ2
x

ψ2

]
x

= −2ν2
(
ψxx
ψ

)
x

.

(3.14)

Equating LHS (3.13) and RHS (3.14) as well as integrating with respect to x
yields

ψt = νψxx + C(t)ψ,

where C(t) is a function depending on the boundary conditions. If C(t) = 0, i.e.
for a periodic boundary, we are left with the one-dimensional heat equation

ψt = νψxx, (3.15)

with the initial condition

ψ0 = ψ(0, x) = exp

(
− 1

2ν

∫
− sin(πx)dx

)
= exp

(
1

2νπ
[1− cos(πx)]

)
.

(3.16)
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By using the transformation (3.12), the boundary conditions can be given as

ψx(−1, t) = ψx(1, t) = 0, t > 0. (3.17)

In order to find a finite difference approximation of the heat equation (3.15)
together with the initial condition (3.16) and the boundary conditions (3.17)
the diffusion term can then be approximated in the same fashion as we did
in the FTCS approach using an explicit second order central difference stencil
(3.2) with local order O(h2). Thus the semi-discrete approximation of the heat
equation reads as

~ψt = A~ψ,

with ~ψ and ~ψt being the vector of the solution and its derivative with respect
to time at the spatial discretisation points {xj}Hi=0. Hereby, A is an (H + 1)×
(H + 1) matrix, given as

A =



−2c 2c
c −2c c

c
. . .

. . .
. . .

. . . c
c −2c c

2c −2c


, c =

ν

h2
.

Note how the first and last line of the matrix A incorporate the boundary
conditions (3.17).

To guarantee better stability properties, we will now use a fourth order accurate
Runge-Kutta scheme instead of a simple Euler forward approximation. Hence
the time integration is given by the iteration formula

ψn+1 = ψn +
1

6
k(wn1 + 2wn2 + 2wn3 + wn4 ), (3.18)

with
wn1 = Aψn,

wn2 = A(ψn + 0.5k · wn1 ),

wn3 = A(ψn + 0.5k · wn2 ),

wn2 = A(ψn + k · wn3 ).

Once we have the discrete approximation ψnj to the heat equation we can
retransform those values back to the Burgers’ equation using (3.12) together
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H ε qε εmax qεmax Note

160 2.55e-01 - 1.28e-00 -
320 6.33e-02 2.01 3.07e-01 2.07
640 1.57e-02 2.01 6.97e-02 2.14
1280 3.93e-03 2.00 1.70e-02 2.04
2560 9.82e-04 2.00 4.22e-03 2.01
5120 ∞ - ∞ - Q > 1

Table 4: Hopf-Cole approach: Errors and convergence rates; k = 1× 10−4.

with a second order central in space approximation of the first spatial derivative
ψx, i.e.

unj = −ν
h

(
ψnj+1 − ψnj−1

ψnj

)
.

As mentioned earlier, one of the main advantages of transforming the nonlinear
Burgers’ equation into the linear heat equation is the fact that we can easily
perform a stability analysis. The stability region of the Runge-Kutta solver
(3.18) can be looked up in any standard literature dealing with the method of
finite differences, e.g. [10], and reads as

Q(λω) :=

∣∣∣∣1 + kλω +
(kλω)2

2
+

(kλω)3

6
+

(kλω)4

24

∣∣∣∣ ≤ 1,

with λω being the eigenvalues of the matrix A which in general can be easily
computed numerically, or in this case even analytically, as

λω =
eiωh − 2 + e−iωh

h2
=

(2i)2

h2
·

(
eiωh/2 − e−iωh/2

2i

)2

= − 4

h2
sin

(
ωh

2

)2

.

The errors of the derived scheme together with the convergence rates for a step
size k = 1× 10−4 are presented in Table 4. Both errors approach the expected
convergence rate of 2 until the method is not stable anymore (H = 5120).
Compared to the previous methods, we can see that the `2 error ε and the
maximum error εmax are much closer to each other thanks to the transformation
of the underlying equation.
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3.4. Some Concluding Remarks on the Numerical Approaches

During the course of the first part of this work we have seen several numerical
approaches to solve the example problem.
We started out by using a simple FTCS approach that was easy to derive but
showed to have bad stability properties and further was prone to oscillations
around the discontinuity. Even though we were able to mathematically deter-
mine which choices of the mesh size h and the step size k avoid those unwanted
side effects, the performed analysis was rather elaborate and problem specific.
By using an implicit representation of the diffusion term and an upwind one
for the convection term, those issues could be resolved. It is important to note,
however, that the correct choice of mesh size h and step size k can still influ-
ence whether the optimal convergence rate is obtained. Moreover, the implicit
representation comes at the cost of increased computation time, as we need to
solve a system of linear equations at every time step. While in the case of the
example problem this is not an issue, as the computational domain Ω is quite
small, this might be different when the considered domain becomes larger.
Finally, we also looked at the possibility of transforming the Burgers’ equation
into the linear heat equation which avoided the occurrence of the oscillations
generated by the convection term around the discontinuity and simplified the
stability analysis. However, this transformation only applies to the consid-
ered Burgers’ equation and in general it is not possible to transform nonlinear
equations into linear ones.

The conducted analyses showed that we cannot use numerical approaches as an
out-of-the-box solution for solving PDEs but instead need to make sure that
the method produces a stable approximation. Furthermore, a special treat-
ment of occurring discontinuities is usually necessary which requires a deeper
understanding of the underlying problem.
While those things could be easily handled for the example problem, this might
not be the case when the underlying problem gets more complex such that we
do not know where the discontinuities arise or such that a very coarse dis-
cretisation of the spatio-temporal domain Ω is required which can make the
computational effort unaffordably large.
In the next part of this work, we will study the degree to which machine learning
solvers are able to approximately solve PDEs given some initial and boundary
conditions. Of particular interest is the question whether such an approach is
able to overcome the aforementioned limitations of the finite difference meth-
ods.
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4. Physics Informed Neural Network Solutions

After considering the classical approaches for solving a nonlinear PDE in the
previous chapter, we will now take a look at how methods of another discipline,
namely machine learning, can be utilised. Even though this field gained a lot
of attention during the last decades, leading to substantial improvements and
a wide range of applications, its methods were barely used to solve problems
within the domain of scientific computing such as our example problem (2.1)–
(2.3), i.e. finding the solution to a PDE given some initial and boundary
conditions. The reason for this lies in the different nature of the problem
settings. In machine learning one is typically interested in making a prediction
or a decision based on some training data. Hence many methods within the field
of machine learning are suitable to solve regression-like problems, i.e. finding
the relationship between dependent and independent variables (features and
targets, respectively). In our example problem we are also interested in finding
such a relationship, i.e. the function u(x, t). However, we are not given any
training data but instead the underlying physical dynamics and some initial
and boundary conditions. Even if we could generate some training data, and
therefore consider the problem of solving a PDE as a regression problem, it is
not clear how to include the underlying physical dynamics of the equation into
the model. Therefore we need to go beyond the standard methods and find a
way to include this knowledge.

In [1] the authors presented a solution to this issue and introduced the concept
of physics informed neural networks. The idea is to interpret the problem of
finding the solution to a PDE as a regression problem and to use the initial
and boundary conditions to sample training data. The regression problem is
then solved using a neural network. The underlying dynamics of the PDE are
included via a regularisation term in the loss function by applying automatic
differentiation to the network’s output. In the following section we will discuss
this idea in more detail and introduce the underlying mathematical concepts.

4.1. The Mathematical Concepts

4.1.1. Neural Networks

As stated in the introductory part of this chapter, we are interested in solving
a regression-like problem, i.e. estimating the continuous relationship between
a dependent variable u (the target) and one or more independent variables

17



z = (z1, . . . , zp)
T (the features), given a set of training data T = {ui, zi}NTi=1.

2

Hence our goal is to find a function û = f(z; θ) that approximates the true
function u for any input z.3 Here f is typically a nonlinear function that is
given by the underlying regression method and dependent on a set of unknown
parameters θ = (θ1, . . . , θm)T . Ideally θ is chosen such that

θopt = min
θ
||f(z; θ)− u(z)|| (4.1)

for a given norm and any input z. However, we cannot evaluate equation (4.1)
on any (u, z)-pair, but only on the training data T . Thus we approximate θopt
by

θ = min
θ
||f(zi; θ)− ui||, i = 1, . . . , NT (4.2)

using the training data T . The process of finding θ is called model training.
Depending on the number of parameters m introduced by the method f , finding
θ can be very complex, requiring that we rather look for an approximation of
θ itself.

We will now define common machine learning methods for the regression func-
tion f .

Definition 1. A generalised linear regression model is given by the function

f(z; θ) = h

 p∑
j=1

wjzj + b

 = h(wz + b),

where h is often referred to as the activation function.4 The trainable pa-
rameters of this model are the offset b and the weights w = (w1, . . . , wp)

T ,
i.e.

θ = (b, w1, . . . , wp)
T .

Definition 2. An artificial neural network (ANN) is a sequential construction
of several generalised linear regression models. A network with L hidden layers

2In the setting of the example problem, we have z = (x, t).
3In accordance with the one-dimensional Burgers’ equation, we assume here u, û and f to

be scalars. However, all the presented tools naturally generalise to higher dimensional
functions as well.

4The activation function is a hyper-parameter defined by the engineer. Common choices are
sigmoid, tanh or ReLU. For more details on these and other activation functions, see [11].
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and N nodes per hidden layer can be expressed as follows:

q(0,n) = h

(
b(0,n) +

p∑
i=1

w
(0,n)
i zi

)
, n = 1, . . . , N

q(l,n) = h

(
b(l,n) +

N∑
i=1

w
(l,n)
i q(l−1,i)

)
, n = 1, . . . , N, l = 1, . . . , L− 1

q(L) = h

(
b(L) +

N∑
i=1

w
(L)
i q(L−1,i)

)
.

Each node represents one generalised linear regression model. Note that the
network uses z as an input on the first layer. The output of the last layer
combines the previous layers iteratively and the ANN can be summarised as

û = f(z; θ) = q(L).

The trainable parameters θ of this model are the set of all offsets b and all
weights w from each node.

Remark. Note that in the above definition of ANNs, every layer q(i, .) uses
only the output of the previous layer as an input, the same activation function
h and the same number of nodes N per hidden layer. Generally speaking
these are just simplifications and it is possible to design more complex ANN
architectures, see for example [12]. In this work, however, we will restrict
ourselves to ANNs as formulated in Definition 2.

The power of Neural Networks for regression-like problems becomes very clear
by the following theorem.

Theorem 1. A Neural Network as formulated in Definition 2 with at least one
hidden layer and a sigmoidal activation function can approximate any contin-
uous function to any degree of accuracy.

The theorem was first stated and proven by Cybenko in 1989, see [13] for the
original formulation and its proof. Together with similar results it is known as
one of the universal approximation theorems.

Even though the theorem tells us that we can theoretically approximate any
continuous function, this may not only require more than the available training
data but also a lot of nodes leading to a large set of parameters θ. Furthermore,
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the theorem does not provide any information on how to obtain this network
and its parameters θ. Hence the result is rather of theoretical than of practical
relevance.

Let us now take a closer look at how to obtain the model parameters θ, i.e. the
process of model training. As stated earlier, we want to choose the parameters
in a way that the distance between the predicted solution of the network and
the true solution on the training data is minimised by some norm, see equation
(4.2). At this point it is common practice in machine learning to introduce a
loss function L(θ, T ) to measure the aforementioned distance. Common choices
for the loss function are the mean absolute error (MAE) and the mean squared
error (MSE) defined as

LMAE =
1

NT

NT∑
i=1

|f(zi; θ)− ui| and LMSE =
1

NT

NT∑
i=1

(f(zi; θ)− ui)2.

Finding the global minimum of the loss function L(θ, T ) can be quite complex,
especially in the case where the set of parameters, and consequently the dimen-
sionality, is large. Thus in most cases one has to settle with a local optimum.
In order to find such an optimum most training procedures, also referred to
as optimisers, make use of gradient descent, an iterative method to find the
optimum of a (possibly high-dimensional) function. The idea is to move the
parameters θ at each iteration step i closer to its optimum, i.e.

θ(i+1) = θ(i) − γ[∇θL(θ(i), T )]

= θ(i) − γg(i)
(4.3)

with γ the step length, also known as the learning rate, and g(i) = ∇θL(θ(i), T )
the gradient of the loss function with respect to the model parameters θ in the
point θ(i).
Note the importance of the learning rate γ in the update equation (4.3). If we
choose γ to be too small, the method will only converge very slowly towards its
optimum. If contrary γ is too large, the method will overshoot this optimum.
Hence it is desirable to adapt the learning rate during the training process.
Furthermore, it would be helpful to keep track of the past gradient at every
iteration. If it points in the same direction as the previous gradient we would
like to accelerate, otherwise decelerate. This method, known as momentum,
helps to move faster in the relevant directions by avoiding oscillations, and is
thus very useful in ravine-like environments of the loss function [14]. In its

20



simplest form momentum can be implemented as

m(i+1) = βm(i) + γg(i)

θ(i+1) = θ(i) −m(i+1),

with β the momentum factor, usually set around 0.9.

One of the most popular gradient descent optimisers, that implements both an
adaptive learning rate and momentum, is the Adam optimiser [15], which will
also be used during the course of this work. Adam, which stands for adaptive
moment estimation, uses an exponentially decaying average of the squared gra-
dients [g(i)]2 to realise the adaptive learning rate and an exponentially decaying
average of the gradients g(i) to include momentum.
By using the following estimates of the first and the second moment of the
gradient

m(i+1) = β1m
(i) + (1− β1)g(i)

v(i+1) = β2v
(i) + (1− β2)[g(i)]2

and their bias-corrected versions5

m̂(i) =
m(i)

1− βt1

v̂(i) =
v(i)

1− βt2
,

the update-formula of the Adam optimiser can be given as

θ(i+1) = θ(i) − γ√
v̂(i) + %

m̂(i),

where % is an infinitesimal constant to avoid division by zero. The authors of
Adam suggest to choose β1 = 0.9, β2 = 0.999, γ = 0.001 and % = 1 × 10−8

[15].

The gradient of the loss function g(i) with respect to each parameter can be
efficiently computed by applying the chain rule and iteratively computing one
layer at a time starting from the last layer. In doing so, redundant calculations
of intermediate terms are avoided. This idea is known as backpropagation,
and is generalised by the concept of automatic differentiation, which we will
introduce now.

5For more details on the bias we refer to the original work [15].
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4.1.2. Automatic Differentiation

Automatic differentiation, also known under the terms algorithmic differentia-
tion or computational differentiation, is a well established technique to evaluate
the derivatives of numeric functions. Other techniques to solve this task in-
clude numerical and symbolic differentiation. While numerical differentiation,
using the method of finite differences, introduces discretisation errors that can
lead to instabilities as we have seen in the first part of this work, symbolic
differentiation requires the function of interest to be given in a closed form
expression, thus limiting the algorithmic control flow.
Hence neither numerical nor symbolic differentiation seem suitable for comput-
ing the derivatives of high-dimensional functions as we need to calculate when
performing gradient based optimisation of the loss function during the training
process of a neural network. The state-of-the-art-solution to this problem is
known as backpropagation. The concept itself was discovered several times inde-
pendently but found its way into the machine learning community in 1986 (see
[16]). We will see in this section that backpropagation is just a special case of
automatic differentiation. Unfortunately, the two terms have widely been used
interchangeably in the machine learning community, undermining the power
of automatic differentiation and preventing the field of machine learning from
taking advantage of such. In their survey on automatic differentiation in ma-
chine learning [17], the authors aim to resolve this misunderstanding and point
out that the benefits machine learning can take from automatic differentiation
go far beyond backpropagation.

Automatic differentiation makes use of the fact that every numerical function is
just a sequence of elementary arithmetic operations, such as addition, subtrac-
tion, multiplication and division, combined by elementary functions, such as
exponential, logarithmic or trigonometric functions. Via the chain rule of dif-
ferentiation, any derivative of this sequence can be represented. Consequently
the resulting expression can be evaluated using the known derivatives of the
elementary functions.
While automatic differentiation can be executed in many ways, depending on
the order in which the chain rule is traversed, the most common ones are
referred to as forward and reverse mode automatic differentiation. In the fol-
lowing we will give an intuitive introduction to the mechanics of both modes,
following the same example as presented in [17].

Consider the example function to be given as

y = f(x1, x2) = ln(x1) + x1x2 − sin(x2) (4.4)
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Figure 3: The computational graph of the example function (4.4). The defini-
tions of the variables v−1, . . . , v5 are given by the primal trace (see
Table 5). Taken from [17].

together with its computational graph as shown in Figure 3. Here each node vi,
also called primal, represents one elementary operation. From a computational
point of view, evaluation of the function f corresponds to evaluating the vi’s
one after another according to the computational graph. The corresponding
primal trace, i.e. the definition of the primals vi, is given in the first column of
Table 5.
In order to compute the derivative of f with respect to x1 in a given point
(x1, x2) using forward mode automatic differentiation, we only need to consider
the primals together with their derivatives

v̇i =
∂vi
∂x1

by using the chain rule. This yields us the tangent trace, shown in the second
column of Table 5. Note that we can evaluate the primals vi in lockstep with
their corresponding tangents v̇i starting from the input nodes v−1 and v0 and
eventually resulting in the output node

v̇5 =
∂v5
∂x1

=
∂f

∂x1
. (4.5)

Hence we can evaluate the derivative with respect to x1 at any point (x1, x2)
just by computing the values of the evaluation and its tangent trace. If we
were interested in computing the derivatives with respect to x2, all we need to
do is change equation (4.5) accordingly and based on that update the tangent
trace.
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Primal trace Tangent trace Adjoint trace
(forward) (forward) (reverse)

v−1 = x1 v̇−1 = ∂v−1

∂x1
= 1 v̄−1 = v̄1

∂v1
∂v−1

+ v̄2
∂v2
∂v−1

= 1
x1

+ x2

v0 = x2 v̇0 = ∂v0
∂x1

= 0 v̄0 = v̄2
∂v2
∂v0

+ v̄3
∂v3
∂v0

= x1 − cos(x2)

v1 = ln(v−1) v̇1 = ∂v1
∂x1

= 1
x1

v̄1 = v̄4
∂v4
∂v1

= 1

v2 = v−1v0 v̇2 = ∂v2
∂x1

= x2 v̄2 = v̄4
∂v4
∂v2

= 1

v3 = sin(v0) v̇3 = ∂v3
∂x1

= 0 v̄3 = v̄5
∂v5
∂v3

= −1

v4 = v1 + v2 v̇4 = ∂v4
∂x1

= 1
x1

+ x2 v̄4 = v̄5
∂v5
∂v4

= 1

v5 = v4 − v3 v̇5 = ∂v5
∂x1

= 1
x1

+ x2 v̄5 = ∂y
∂v5

= 1

Table 5: Forward and reverse mode automatic differentiation for the example
function (4.4). Left: The primal trace of the computational graph
(Figure 3). Center: The tangent trace used in forward mode auto-
matic differentiation. Right : The adjoint trace used in reverse mode
automatic differentiation.

This idea generalises to any function f : Rn → Rm allowing to compute the full
Jacobian. Note that in the case n = 1, all m derivatives can be calculated in
one forward pass, i.e. one evaluation of the primal and the tangent trace from
the input towards the output nodes. However, if n > 1, n forward passes are
required, one for each input variable xi.

While in forward mode the tangent trace is evaluated from input to output,
the derivatives in reverse mode are propagated backwards from a given output
y. To do so we consider the adjoints

v̄i =
∂y

∂vi
,

i.e. the contributions of the change in each variable vi towards the change in
the output y which yields us the adjoint trace as presented in the third column
of Table 5. After computing the primal trace from the input to the output
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nodes, we can evaluate the adjoint trace backwards, i.e. starting from the
output node v5 and ending up with the input nodes

v̄−1 = x̄1 =
∂y

∂x1

v̄0 = x̄2 =
∂y

∂x2
.

Hence we can evaluate the derivative of f with respect to both variables x1
and x2 in any point (x1, x2) in just one reverse pass, i.e. one evaluation of the
forward primal trace and the reverse adjoint trace.

Generally speaking we note that for a given function f : Rn → Rm forward
mode takes n forward passes to compute the full Jacobian while reverse mode
takes m reverse passes for the same task. Even though reverse passes are more
memory demanding, due to the adverse evaluation of the primal and adjoint
traces, reverse mode automatic differentiation is known to be more efficient in
cases where n >> m. This applies especially to scalar functions with many
inputs, i.e. when m = 1 and n >> 1.

One example of such scalar functions is the loss function used while training
a neural network. Here we are interested in the gradient with respect to the
network’s parameters in order to find an optimal parametrisation θ as discussed
in the previous section. Since the loss function is scalar-valued with a large
number of parameters, reverse mode automatic differentiation is the optimal
choice. As the derivatives are propagated backwards from the output towards
the inputs, this is often referred to as backpropagation.
In the context of neural networks, however, automatic differentiation cannot
only be used to determine the derivatives of the loss function with respect to
the network’s parameters in order to find an optimum of the loss function,
but also to determine the derivatives of the network with respect to its inputs.
This can become quite useful especially when considering neural networks in
the setting of partial differential equations as we will see in the next section.

4.1.3. Physics Informed Neural Networks

We will now turn our attention back to the example problem defined in the
equations (2.1)–(2.4) involving the one-dimensional Burgers’ equation with the
given initial and boundary conditions. Remember the involved set of equations
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ut + uux = νuxx,

u(x, 0) = − sin(πx),

u(1, t) = u(−1, t) = 0,

(4.6a)

(4.6b)

(4.6c)

for x ∈ [−1, 1], t ∈ [0, 1] and ν = 1
0.01π . While in the first part of this work

we attempted to remedy the problem via several numerical approaches by rep-
resenting the occurring derivatives via finite differences, we will now take a
different perspective by considering the problem of finding a solution that ful-
fills the set of equations (4.6) as a regression problem and hereby make use of
automatic differentiation.

Let f(z; θ) denote a neural network with two inputs z = (x, t) and one output
û aiming to approximate the true solution u to the example problem. In order
to train the neural network with the methods described in section 4.1.1 we will
assume for now that we are given some training data T = {ui, zi}NTi=1. Recall
that the universal function approximation theorem tells us that (in theory) we
can approximate the solution u to the problem up to any degree of accuracy
if T is sufficiently rich. However, the dynamics of a problem like this can be
very complex, thus requiring a lot of training data. Note that at this point it
is neither clear how these data points can be obtained nor does the proposed
regression approach include the knowledge of the underlying dynamics given
by the equations (4.6). Hence a regression approach that is only relying on
training data does not seem very promising to solve the example problem.
In order to include the knowledge of the underlying dynamics into the regression
model, the authors in [1] propose to apply automatic differentiation to the
network’s output û with respect to the model inputs x and t and then consider
the condition

g(û(z)) = ût(z) + û(z)ûx(z)− νûxx(z) = 0, (4.7)

which is following from the underlying PDE (4.6a). To evaluate the expression
(4.7), we can generate a uniformly distributed set of collocation points

C = {zj}NCj=1 = {(xj , tj)}NCj=1 ∼ U(Ω)

and compute the approximate neural network solution in these points, i.e.

ûj = û(zj) = f(zj; θ), j = 1, . . . , NC

together with the required derivatives ût(zj), ûx(zj) and ûxx(zj) via automatic
differentiation.

26



By evaluating equation (4.7) we know how well the solution generated by the
network f satisfies the dynamics (4.6a). Consequently this information can be
used during model training by including it in the loss function, e.g.

L(T , C, θ) = Ltrain(T , θ) + Lphysics(C, θ).

When utilising the mean absolute error as the applied loss function, this cor-
responds to

L(T , C, θ) =
1

NT

NT∑
i=1

|f(zi; θ)− ui|+
1

NC

NC∑
j=1

|g(zj)|.

While the collocation points can just be sampled from Ω, the training data
can be directly generated from the underlying initial and boundary conditions
(4.6b) and (4.6c).
Note that the contribution of Lphysics(C, θ) towards the overall loss function acts
as a regularisation term pushing the network to detect the physical dynamics.
At the same time the initial and Dirichlet boundary conditions are included
via the training data. It is worth mentioning that also non Dirichlet boundary
conditions can easily be encoded via the loss function in the same fashion as
the underlying PDE is encoded.

Since the physical dynamics are directly encoded into the loss function of the
neural network, the authors named this concept physics informed neural net-
works. While the approach seems quite straightforward at the first glance, it
is novel in the sense that automatic differentiation is not only used to push
the set of parameters θ towards the optimum of the loss function, but also
to encode the derivatives of the network directly into the loss function, allow-
ing to include the underlying dynamics into the model. The late discovery of
this possibility might be due to the aforementioned misconception of the terms
automatic differentiation and backpropagation.

4.2. A Physics Informed Neural Network Solver

After introducing the underlying theory we will now inspect how a physics
informed neural network performs on the example problem in practice. We
want to point out that these networks, just as other machine learning methods,
in general do not produce a deterministic solution as it was the case for the
numerical approaches. Not only are the initial weights and biases of each node
usually chosen at random, but also can the training procedure itself make use
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Parameter Value Note

L 8 Number of hidden layers
N 20 Number of nodes per hidden layer
h tanh Activation function
optimiser Adam Routine to find optimal parametrisation θ
Ltrain MAE Loss function on the training data
Lphysics MAE Loss function on the collocation points
NT 100 Number of training data
NC 10,000 Number of collocation points

Table 6: Network configuration to solve the example problem.

of randomness. In order to obtain reproducible results, the simulations in this
section are performed using a predefined seed of the random number generator.
The implementation uses the Tensorflow library which provides the necessary
algorithmic structures to define and train ANNs via the Keras API. At the
same time it offers enough freedom to implement a loss function that operates
on the model directly and applies automatic differentiation [18].

4.2.1. Results

As suggested in [1], the neural network was made up of 8 hidden layers with
each 20 nodes and a hyperbolic tangent activation function. The NT training
samples were selected, such that 50% of the data came from the initial condition
and 25% came from each of the two boundaries. Unlike the authors in [1], we
decided to use the mean absolute error as a loss function, as it has been shown
to converge faster than the mean squared error. Additionally, we employed the
Adam optimiser during model training as opposed to L-BFGS, a quasi-Newton
optimisation technique [19]. The set of collocation points C was generated
using a Latin Hypercube Sampling strategy [20]. An overview of all the chosen
network configurations is given in Table 6.
Since the optimiser will most likely not be able to find the global minimum
of the loss function exactly, we need to decide on a criterion on when to stop
model training. In order to validate that physics informed neural networks are
capable of solving the example problem, we chose to train the network until
the solution, evaluated on a discrete grid covering the entire spatio-temporal
domain Ω, reaches an error of less than εMSE = 5× 10−4.
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Figure 4: The predicted solution of the physics informed neural network trained
until an error of less than εMSE = 5×10−4 is achieved. Left : Contour
plot on the entire (x, t)-domain together with the chosen training
data from the initial and boundary conditions. Right : Snapshots at
selected time points.

The computed solution of the physics informed neural network is presented
in Figure 4. We can see that the network is able to detect the underlying
dynamics and approximate the exact solution reasonably well.
However, there is an important flaw in this procedure: the chosen stopping
criterion for the model training requires the knowledge of the exact solution.
In a real world problem we would not know the exact solution but we would
still like to have a criterion on when to stop model training and that gives
us an estimate of the error or at least an idea of the behaviour of the error,
similar to the convergence rate for the numerical solvers. To achieve this it is
common practice to use a validation set and to stop model training when the
error on this validation set increases, which is a sign of overfitting. This concept
is known as early stopping. However, the procedure is not very applicable to
the problem at hand, as the validation set would be chosen from the same
domain as the training data, i.e. the initial and boundary conditions, whereas
model evaluation should be performed using data points from the entire spatio-
temporal domain Ω. Furthermore, overfitting in the classical sense does not
seem to be a relevant issue for physics informed neural networks, since we are
using noiseless training data from the initial and boundary conditions while
the loss on the collocations points acts as a regularisation term.
By taking a closer look at the learning process in the next section, we hope
to get a better idea on when to stop model training without using the exact
solution.
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Figure 5: The losses Ltrain and Lphysics together with the error εMAE during
model training.

4.2.2. Understanding the Learning Process of the Burgers’ Equation

In order to better understand the learning process of physics informed neural
networks we can inspect the behaviour of the error together with the two
loss functions, namely the loss on the training data Ltrain and the loss on the
collocation points Lphysics, as presented in Figure 5.

We can make two crucial observations:

1. The loss on the collocation points Lphysics drops very quickly close to
zero, indicating that the method does not struggle to find a solution
that follows the imposed dynamics given by equation (4.6a). A further
investigation of the predicted solution in the beginning of the training
process shows that the network finds the trivial zero solution as shown
in Figure 6, where the solution after 50 epochs is presented.

2. The behaviour of the error εMAE seems very similar to the behaviour of
the loss on the training data Ltrain which indicates that the loss on the
training data is a reasonable estimate of the error, and therefore can be
used as a stopping criterion.

Note that the second observation is not trivial. First, a low loss on the col-
location points does not necessarily imply that the error is mainly originating
from the training data, since the loss on the collocation points is measured
differently as the error and the loss on the training data. Second, the training
data is not chosen from the entire spatio-temporal domain Ω but only from the
initial and boundary conditions.
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Figure 6: Contour plot of the detected trivial solution to the Burgers’ equation
after 50 training epochs.

Moreover, we can observe that the error and the losses are very stable within
the first 1000 epochs. This can likely be explained by the fact that the optimiser
of the loss function hits a strong local optimum at this point. As mentioned in
section 4.1.1, this is a very typical behaviour when training neural networks,
though unwanted.

In order to provide further evidence that the method itself does not struggle
to detect the underlying dynamics, we can take the predicted initial conditions
of the neural network solver at an earlier stage, e.g. after 3000 epochs, where
the training error is still large, and use them as initial condition for a numer-
ical solver. Under the hypothesis that the physics informed neural network
detected the correct dynamics of the problem, the numerical approach should
yield results that are very similar. Following this idea we choose a second
order upwind approach with H = 1280 and k = 1 × 10−4 as the numerical
solver. The predicted solution of the physics informed neural network after
3000 epochs and the second order upwind solution using the predicted initial
condition of this network are shown in Figure 7.

We can clearly see that both approaches compute very similar solutions. The
`2 difference between the two solutions is ε = 1.07 × 10−2. This result shows
that the physics informed neural network is indeed able to detect the governing
dynamics and mostly suffers from the error made on the training data.

Following up on this observation it is worth to take a closer look at the training
data. Remember that we decided to choose the training data only from the
initial and boundary conditions. If we look at the problem at hand, we have a
simple Dirichlet boundary condition u(x, t) = 0 for x ∈ {−1, 1} and t ∈ [0, 1].
Due to its simplicity we would expect that most of the complexity in the
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Figure 7: A comparison of a physics informed neural network and a second or-
der upwind solution using the same faulty initial data. Top: Neural
network prediction, Bottom: Second order upwind approximation.
Left : Contour plot on the entire (x, t)-domain together with the cho-
sen training data from the initial and boundary conditions. Right :
Snapshots at selected time points.

training data comes from the initial condition, which is given by

u(x, 0) = − sin(πx), x ∈ [−1, 1].

If we split the loss on the training data Ltrain even further into the loss obtained
on the initial and boundary conditions, Linitial and Lboundary, respectively, we
see that similar to the loss on the collocation points, the loss on the boundary
data also drops quickly close to zero, see Figure 8. Moreover, the overall error
seems to behave very similar to the loss on the initial data. These observa-
tions suggest that the overall model performance is strongly influenced by the
performance at the initial condition.
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Figure 8: The losses Linitial, Lboundary and Lphysics together with the error εMSE

during model training.

4.2.3. The Importance of the Initial Condition

To further investigate the importance of the initial condition when finding an
approximate solution to a PDE using a physics informed neural network, we
will now take a look at another example, i.e. the one-dimensional Allen-Cahn
equation [21], given as

ut − 0.0001uxx + 5u3 − 5u = 0, x ∈ [−1, 1], t ∈ [0, 1] (4.8)

together with the following initial and boundary conditions{
u(x, 0) = x2 cos(πx)

u(−1, t) = u(1, t) = 1.

(4.9a)

(4.9b)

The exact solution to this problem is presented in Figure 9.

When attempting to solve this problem with a physics informed neural network
using the same configurations as for the Burgers’ equation, see Table 6, we
observe that the predicted solution converges quickly to the one presented in
Figure 10, which clearly does not coincide with the exact solution (Figure 9).
At the same time both losses are considerably small, i.e. Ltrain = 1.4 × 10−3

and Lphysics = 5.8 × 10−4, indicating that not only the physics but also the
initial data are approximated well.

To explain this contradictive behaviour let us take a closer look at the under-
lying PDE (4.8) and the exact solution (see Figure 9). We can see that for all
x where the initial condition is negative, i.e. u(x, 0) < 0, the solution decreases
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Figure 9: Exact solution to the Allen-Cahn equation (4.8) with the initial and
boundary conditions (4.9). Left: Contour plot on the entire (x, t)-
domain. Right: Snapshots at selected time points.

Figure 10: Physics informed neural network solution to the Allen-Cahn equa-
tion (4.8) with the initial and boundary conditions (4.9) after 1000
epochs. Left: Contour plot on the entire (x, t)-domain together with
the chosen training data from the initial and boundary conditions.
Right: Snapshots at selected time points.

over time. Contrary for all x where u(x, 0) > 0, the solution increases over
time. Considering further that for the initial condition we have

0 ≤ u(x, 0) ≤ δ for |x| ≤ 0.5

u(x, 0) < 0 for |x| > 0.5,

and δ relatively small, it can be noticed that a small inaccuracy in the pre-
diction of the initial condition (4.9a) can have a substantial impact on the
detected dynamics on the entire domain Ω, i.e. when the initial condition
u(x, 0) for |x| ≤ 0.5 is incorrectly predicted to be negative. Considering again
the predicted initial condition of the physics informed neural network, i.e. the
snapshot for t = 0 in Figure 10, we observe that the solution in the area where
|x| < 0.5 is indeed incorrectly predicted to be negative. The important thing to
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notice here is that this prediction error has only a small impact on the loss on
the training data Ltrain, as the true initial condition in this area is just slightly
above zero. However, the dynamics following this predicted initial condition
are completely different.
To be sure that the error in the predicted solution is related to the incorrect
prediction of the initial data and not to the detected dynamics, we can plug
the predicted initial data into a numerical solver once again. Under the as-
sumption that the detected dynamics are correct, the numerical solver should
generate a similar solution as the physics informed neural network did. As a
numerical solver we choose an FTCS approach, similar to the one in section
3.1. For more details on the method and a plot of the numerical solution of the
FTCS approach using the predicted initial condition of the physics informed
neural network, see Appendix A. Both approaches compute very similar solu-
tions with an `2 difference of ε = 5.37 × 10−2, indicating that the disability
of the physics informed neural network to find a solution to the Allen-Cahn
equation is indeed related to the fact that the initial condition for |x| < 0.5 is
incorrectly predicted to be negative.

The observations made in this section suggest that the method of physics in-
formed neural networks does not struggle to detect the dynamics imposed by
a nonlinear PDE but rather suffers from an incorrect prediction of the initial
condition. While the Burgers’ equation could still be approximated reasonably
well, we observed for the Allen-Cahn equation that a small discrepancy between
the predicted and the exact initial condition can cause the physics informed
neural network to generate a solution that looks very good, i.e. that yields
a small error on both training and collocation points, but that turns out to
be quite different from the desired solution. This result is of considerable im-
portance, as it reveals a major drawback of physics informed neural networks.
At the same time it provides substantial information on how to improve the
method of physics informed neural networks for finding approximate solutions
to PDEs.
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5. Conclusion and Future Work

We started this work with the goal to study to what extent methods derived
within the field of machine learning are applicable to solve one of the main
problems of numerical analysis, namely the approximate solution of a PDE
given some initial and boundary conditions.

While considering the one-dimensional Burgers’ equation as an example prob-
lem for a nonlinear PDE, we started out by attempting to solve this problem
using several finite difference approaches since the theory of such methods is
well established.
This approach did not only provide us with a reasonable benchmark for a ma-
chine learning solver but also unveiled some of the main drawbacks when using
numerical methods. We saw that on the one hand, we need to make sure that
the method produces stable solutions. On the other hand, we need to be aware
that discontinuities are in general hard to resolve, as they are likely to produce
unwanted oscillations in the numerical approximation, and thus might require
a special treatment.
In the context of the example problem those issues could be quite easily re-
solved by using an implicit representation of the diffusion term and an upwind
one for the convection term. It is important to notice though that firstly the in-
troduction of an implicit term can drastically increase the computational effort
which can become problematic when the considered domain Ω is large. Sec-
ondly the introduction of the upwind scheme requires an understanding where
the discontinuity is coming from, and is therefore a problem specific approach.
Even though the theory of numerical methods to solve the example problem or
similar ones is very well studied, it can be said that many solutions are tailored
to the underlying problem, thus lacking generalisability. This motivated us
to study the degree to which machine learning, in particular physics informed
neural networks, can be utilised to solve such problems.

As for the Burgers’ equation we observed that the method was able to generate
an approximate solution with an accuracy comparable to the previous methods.
While the numerical approaches are prone to introduce oscillations around the
discontinuities, the physics informed neural network does not seem to struggle
at all to detect such phenomena being an important advantage of the machine
learning approach.
Our further investigations, however, revealed a dependence between the overall
model performance and the correct detection of the initial condition. For the
Burgers’ equation, this impacted mainly the efficiency of the method but not
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the accuracy whereas for the Allen-Cahn equation, the method predicted a
solution that is substantially different from the desired solution even though
the error on the training data Ltrain and the error on the collocation points
Lphysics indicated a good approximation. This is a major drawback of physics
informed neural networks since there is no way to see that the detected solution
is not the desired one.

In terms of computational effort we want to point out that our experiments
indicated that the machine learning approach is significantly more expensive
than the numerical solvers. Though it should be noted that it is not straight-
forward to compare the effort of the different methods, as the neural network
approach is not deterministic.

Lastly, it is worth mentioning that a physics informed neural network does
not require any discretisation of the spatio-temporal domain Ω, and therefore
generates a continuous solution, since we can obtain a prediction û(z) at any
z = (x, t). On the contrary, the finite difference approximation is only discrete
and a continuous solution can only be obtained by using interpolation.

To conclude, physics informed neural networks, and probably machine learning
approaches in general, cannot yet replace conventional numerical methods in
finding approximate solutions to PDEs, as the theory of the latter has been
studied and developed for many years. Our investigations, however, showed
that to some extent it is possible to solve such problems starting from a ma-
chine learning perspective as well. The fact that such solvers can be imple-
mented without any concerns about stability and oscillations, as opposed to
numerical methods, is a major advantage and should contribute to the further
development of the field. Together with the observed dependence between the
overall model performance and the performance on the initial condition, this
opens up many options for future research.

As a first step following up on these observations, it would be interesting to
better understand to what extent problems with a bistable nature, like the
Allen-Cahn equation, can be solved using physics informed neural networks.
Moreover, considering the lower computational efficiency of physics informed
neural networks, it would be of great interest to investigate further the degree
to which the training process can be accelerated by using different network
architectures, activation functions and optimisers. Especially the latter seems
promising since, as long as the network is sufficiently rich, it is not a question
whether the loss function of the neural network has a minimum at which both
parts of the error, i.e. Ltrain and Lphysics, approach zero. The main challenge
might very likely lie in finding this minimum. One could study for example to
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what extent methods from evolutionary computing can be applied to this task
as opposed to the Adam and the L-BFGS optimiser.
Lastly, the idea of enforcing the underlying dynamics into the model’s loss func-
tion by applying automatic differentiation with respect to the model’s input,
could also be transferred to other regression techniques, e.g. gradient boosted
trees.
Since the field of solving PDEs using machine learning is just evolving, exciting
results can be expected in the future.
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Figure 11: FTCS solution to the Allen-Cahn equation (4.8) using H = 511 and
K = 200 with an error of ε = 1.2× 10−2. Left: Contour plot on the
entire (x, t)-domain. Right: Snapshots at selected time points.

A. The FTCS Solver for the Allen-Cahn Equation

Consider the following initial and boundary value problem
ut − 0.0001uxx + 5u3 − 5u = 0

u(x, 0) = x2 cos(πx)

u(−1, t) = u(1, t) = 1

(A.1a)

(A.1b)

(A.1c)

with x ∈ [−1, 1], t ∈ [0, 1], involving the one-dimensional Allen-Cahn equation
as discussed in Section 4.2.3.

We aim to find an approximate solution to the problem (A.1) by using an
explicit FTCS finite difference approach. The occurring derivatives in the point
(xj , t

n) are approximated as follows:

uxx = uxx(xj , t
n) =

unj+1 − 2unj + unj−1
h2

ut = ut(xj , t
n) =

un+1
j − unj

k

with h and k being the mesh size and the step size, respectively. Hence the
FTCS approximation reads as

un+1
j = unj + k

[
0.0001

unj+1 − 2unj + unj−1
h2

− 5(unj )3 − 5unj

]
.

The approximate solution of this solver using a relatively coarse discretisation
with H = 511 and K = 200 has an error of ε = 1.2× 10−2 and is presented in
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Figure 12: FTCS solution to the Allen-Cahn equation (4.8) using the predicted
initial condition of the neural network solver after 1000 epochs. Left:
Contour plot on the entire (x, t)-domain. Right: Snapshots at se-
lected time points.

Figure 11.6

When using the initial condition predicted by the physics informed neural net-
work, as described in section 4.2.3, the FTCS approach computes the solution
shown in Figure 12, which is very similar to the solution of the physics informed
neural network with an `2 difference of ε = 5.37× 10−2.

6To evaluate the error, the exact solution to this problem on the same grid can be downloaded
from https://github.com/maziarraissi/PINNs.
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