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Abstract

The X-ray tube is one of the most common types of X-ray sources, which is widely used in

research laboratories and industry. Electrons are accelerated towards a metallic target to generate

X-ray photons, thus creating a significant thermal load on the metal. In order to reduce the risk of

damage, some techniques, such as the focus line principle or the installation of a very thin target,

are implemented in most cases. In addition, the geometry of the target is chosen to maximise the

amount of X-rays for the intended application. The aim of this thesis is to investigate how the

incident angle of the electron beam, consequence of the line focus principle, and the thickness of the

target influence the total photon yield of the source. Monte Carlo simulations of electron/photon

transport have been made with a modified version of the PENELOPE program using a novel

variance reduction technique. The results from the calculations are validated with experiments

conducted with a prototype source, in the laboratory of Excillum AB. Since thermal capabilities

and X-ray yield have opposite dependence on target angle and thickness, by combining the thermal

results from Sara Högnadóttir’s thesis and the ones produced in this thesis, it is possible to isolate

an optimal configuration of the source. In this geometry, the best compromise between high

brightness and high maximum allowed power is found.
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Sammanfattning

Röntgenröret är en av de vanligaste typerna av röntgenkällor, vilka ofta används i forskningslab-

oratorier och inom industrin. I röntgenröret accelereras elektroner mot ett metalliskt m̊al för att

generera röntgenfotoner, genom emission av karakteristisk röntgenstr̊alning och bromsstr̊alning,

detta orsakar dock en stor termisk belastning i metallen som kan leda till skador i m̊alet. Syftet

med denna masteravhandling är att undersöka hur olika tekniker som används för att undvika

skador p̊a m̊alet p̊averkar ljusstyrkan i röntgenkällan. De undersökta parametrarna är accelera-

tionsspänningen och formen hos elektronstr̊alen, dess infallsvinkel mot målet samt m̊alets tjocklek.

Datorsimuleringar av elektron / foton-transport i m̊alet har gjorts med en modifierad version

av PENELOPE, ett Monte Carlo simuleringsprogram, där en innovativ teknik för att minska

beräkningstiden implementerats. Resultaten fr̊an beräkningarna har validerats mot experiment

utförda med en prototypkälla i Excillum AB’s laboratorium. D̊a värmekapacitet och röntgenutbyte

har motsatt beroendeförh̊allande till m̊alets egenskaper kommer detta att leda till ett optimum där

elektronstr̊alens form och egenskaper samt m̊alets geometri utgör den bästa kompromissen mel-

lan hög ljusstyrka och hög maximal till̊aten effekt. Genom att kombinera resultaten fr̊an Sara

Högnadóttirs masteravhandling rörande den termiska belastningen i m̊alet med de resultat som

presenteras i denna avhandling är det möjligt att hitta en s̊adan optimal sammansättning av

röntgenkällan.
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Optimization of e-beam and x-ray target geometry of a solid x-ray anode source

1 Introduction

It has been over a century since Röntgen, in 1895, introduced the world to a new class of radiation

which he famously called “X-rays” [1]. The observations that he made then are still relevant today

and they lay the ground for the interest in X-ray science and technology. The impact of that

discovery on the scientific community is staggering, enabling a broad range of new applications.

From material science to medical and astronomical imaging, the possibilities are almost endless.

Figure 1.1: Electromagnetic spectrum showing the energy distribution of soft and hard X-rays [2].

In general, due to their high energy and short wavelength (see Figure 1.1), they represent an

ionising radiation, meaning that it can ionize atoms and break molecular bonds. This means

that it can be harmful for the human body or any living organism. Moreover, the characteristic

energy of the radiation will define the field of its application. Soft X-rays can be for example used

for X-ray spectrometry which is especially useful when investigating the valence band of solids

[3]. Other uses include lithography and microscopy with high precision related to the their short

wavelength. Hard X-rays on the other hand are typically deployed in medical radiography or in

airport security. In research, hard X-rays are for instance utilized in crystallography and other

material analysis (both inorganic and biological), often using diffraction techniques. By analysing

the diffraction pattern of X-rays (see Figure 1.2), the complex structure of molecules and proteins

can be reconstructed. Compared to nuclear magnetic resonance spectroscopy, larger bodies can be

observed and characterized. One of the most common and inexpensive ways of generating X-rays

is shooting electrons at a metallic target in a so-called X-ray tube. This process will eventually

transfer heat to the target causing damage. Many techniques are then used to mitigate this effect.

In this thesis the main drawbacks of these methods are investigate in terms of the total yield of

photons. Monte Carlo simulations and experiments are combined to characterize the performance

of such sources and find an eventual optimal configuration. More details will be given in the next

section.

1.1 X-ray Sources

In addition, the purpose of X-rays will also require different typologies of sources. The main three

are X-ray tubes, synchrotrons and lasers. Since tubes are the focus of the thesis, they will be

discussed last in much more details. Synchrotrons differentiate themselves from tubes mostly for

their higher brightness, power and wider energy range. However, this leads to a much larger scale

of the facilities and energies required to operate them. The physical idea behind the generation of
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X-rays (in synchrotrons) is the emission of radiation from an accelerated charged particle whose

trajectory is bent by a magnetic field [2]. The speed of these particles is in the relativistic range.

There are different types of magnetic structures, in particular bending magnets, undulators and

wigglers. The first will simply curve the path of the electrons. Wigglers consist instead of periodic

magnets and will create strong accelerations which result in high power radiation. However, since

the radiation cone is quite large, the brightness of the source will not be that high compared to

undulators. Both bending magnets and wigglers yield continuous wide spectra. On the other

hand, undulators can be tuned to provide a very narrow frequency range, higher brightness and

smaller emission cone. Despite the similar magnetic periodicity to the wigglers, the undulator

limit involves much smaller fields, hence lower accelerations. Depending on the application, these

structures can be arranged and combined accordingly. In general, these sources can achieve much

higher power and brightness than X-ray tubes albeit with significantly higher resources. Due to

the size and cost of a whole apparatus, a single synchrotron can serve multiple purposes (visible

in Figure 1.2).

Lasing is another principle used to generate X-rays [2]. By using hot dense plasma, it is

possible to collisionally stimulate the atoms to the desired energies. The lifetime of these states is

very short requiring very fast pumping. The emission of these sources is however often in the soft

X-rays/Extreme Ultraviolet Radiation range. Another approach involving lasers is the so-called

High harmonic generation (HHG) in which a target is hit by a high intensity laser. Through the

process of perturbative harmonic generation, it is possible to generate integer multiples of the

original laser frequency [4].

Figure 1.2: (left) Example of diffraction pattern of an enzyme from X-ray crystallography [5].

(right) Synchrotron apparatus schematics showing its many applications [2].

The X-ray tubes category includes glass tubes (the one used originally by Röntgen) and Coolidge

tubes [3]. Both implementations take advantage of the inelastic scattering of electrons inside a

solid target which will generate X-rays (see Section 1.2 and 1.4). The intrinsic difference is how

the electrons are produced. In the former, the low pressure gas contained inside the chamber

is ionized by applying a high voltage between the anode and the cathode (see Figure 1.3). The

1.1 X-ray Sources 2
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ions will knock out some of the cathode electrons which will generate a flow towards the anode,

colliding with that target. On the other hand, in the latter the gas is substituted by vacuum

while the cathode is made of a metallic filament, typically tungsten. When it is heated it will

emit electrons thermoionically which are then accelerated by the external voltage. This method

allows to control the cathode/anode voltage independently from the electron current. The vacuum

inside the chamber is essential to maintain this behaviour. Gas molecules (such as air) would

scatter the electrons, hindering the stability of the beam. The electrons can then be steered by

electromagnetic lens to achieve the wanted spot size and position on the target. Another benefit

of the low pressure is the increase of the cathode’s lifetime. In order for the radiation to escape

the tube, an X-ray transparent window is used. A typical material is Beryllium which will only

absorb low energy photons (such as soft X-rays). Its actual transmission is shown in Figure 1.4.

As mentioned, soft X-rays sources are often limited by the filtering of the window [2]. For this

reason, many soft X-ray applications do require enclosing even the sample in vacuum.

One general characteristic of these tubes, which involve bombarding a metal target with elec-

trons, is the resulting spectrum (see Figure 1.6). Two different processes contribute to the total

intensity: line and Bremsstrahlung emission (Section 1.4). The former is the result of atomic

relaxation after one atom is ionized by mainly inelastic scattering of electrons or scattering of

photons (see next sections). The latter is due to the electron deceleration from the interaction

with the target’s atoms. In most hard X-rays applications (crystallography for example) the es-

sential property of a source is the energy of the line emission, hence additional filtering might be

needed. Practically, the choice of the target will define the energy of the characteristic line emit-

ted photons depending on its atomic structure. Typical hard X-rays targets are made of metal.

Figure 1.3: (left) Schematic view of a gas X-ray tube [3]. (right) Schematic view of a Coolidge

X-ray tube.

The Coolidge tube, as well as the traditional gas tube, has however some intrinsic limitations

related to its design. The main issue concerns the thermal capabilities of the target. Since X-ray

generation is very inefficient, most of the energy of the electrons is absorbed by the solid anode

with a high risk of melting or damaging the target itself. The first obvious approach is lowering

the temperature via a cooling rod attached to the rear of the target (see Figure 1.3). Recently,

a new method involving a substrate in between the target and the rod, has been used to better

1.1 X-ray Sources 3
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exchange and spread the heat than the bulk metal of the rod itself. Another common techniques

is to utilize a rotating anode. By constantly rotating the metal target, the area hit by the electron

beam will always change, hence reducing the risk of damage. A similar concept is found in the

primary source patented by Excillum AB, where a high pressure liquid metal jet is used as the

tube’s anode. Since the material is steadily flowing and it is already melted, avoiding any damage,

this type of source can achieve very high brightness. In addition, in the traditional solid anode

tubes, lowering the thickness of the target is also a method to improve the thermal load. In fact,

in a very thin layer of metal, the electrons will not be able to fully deposit their energy into the

target and they will just go through to the substrate preventing overheating. The cooling of such

thin layer will also be easier. Another effective way of addressing the issue is to use the so-called

line focus principle [3]. As seen in Figure 1.4, it is possible to shoot electrons at a specific incident

angle (measured from the perpendicular direction) and thus increase the impact area (lower energy

deposition density). If the aspect ratio of the incoming electron beam is changed accordingly, the

final X-ray spot size can be of any shape. The final width will be given by:

wf = we ∗ tan θ (1.1)

A simple example would be a 20 by 80 [µm] electron beam at a 14◦ angle which will result in a

final X-ray spot of 20 by 20 [µm], hence 4 times the impacting area. Unfortunately, both methods

do introduce reductions in the brightness of the source. By having a thinner target, the chance

of electrons of interacting with the metal’s atoms is definitely reduced. In addition, the tilting of

the target enhances the phenomenon of self absorption, or the absorption of the generated X-rays

while they are still moving through the material (the proper mechanisms are described in Section

1.3). The path that the photons have to travel to escape the target increases for shallower angles

(α in Figure 1.4). Another consequence of self absorption is the Heel effect, shown in Figure 1.4.

In simple terms, the observation point (or the position of the detector) does matter in terms of

total observed yield, once again depending on the length of the path to exit the target and the

correlated modified chance of self absorption. The thickness of the target will also play a role in

the distribution of the path’s length.

Figure 1.4: (left) Transmission coefficient of a Beryllium window [3]. (center) Illustration of the

line focus principle [6]. (right) Simple schematic of the Heel effect.

1.1 X-ray Sources 4
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The aim of this thesis is to optimize a Hard X-ray tube for high brightness. The key parame-

ters being investigated are the target thickness and the electrons’ incident angle. In particular how

the total yield of photons scales with them. Firstly, simulation work is done using PENELOPE

(PENetration and Energy LOss of Positrons and Electrons)[7], a Monte Carlo based simulation

program of electron/photon transport. By shooting electrons towards a metallic target and col-

lecting the resulting photons on a detector, the behaviour of the source can be predicted. The

details of the simulation will be discussed in the next sections. On top of that, experimental

measurements from a prototype source (courtesy of Excillum AB) are gathered. The results and

predictions from PENELOPE can then be validated. Moreover, this work is complementary to

another Master thesis student’s, Sara Högnadóttir, thesis [8]. The thesis focused on the thermal

loading capabilities of the target, again depending on its angle and thickness. Since brightness

and maximum allowed power generally behave in opposite ways, by combining both results it is

expected to find an optimal configuration for such sources. Regarding the following theoretical

introduction to photon/electron transport, a mixed approach including both pure theory and the

PENELOPE implementation of certain phenomena is taken. The reason lies in the significant role

simulations have in the thesis.

1.2 Electron scattering

In the following section, the main interactions of electrons with matter will be presented. The scat-

tering events are divided into elastic and inelastic depending on the energy loss. The Bremsstrahlung

emission will however be treated in section 1.4. For completion, PENELOPE does also include

the positron annihilation mechanism, however it is outside the scope of this work since the x-ray

tube only involves an electron beam of relative low energy. In general, in order to implement

these phenomena into a Monte Carlo algorithm, a description in terms of differential cross sections

(DCS) is essential (see section 1.5.2).

1.2.1 Elastic scattering

Figure 1.5: (left) Schematics of elastic scattering of electrons. (right) Inelastic electron collision

event [7].

The simple schematic representation of this process is visible in Figure 1.5. An electron is scatter

with an atom with atomic number Z at rest. The initial and final quantum states of the bodies

involved in the collisions will remain the same after the event. Angular deflection of the projectile

is in fact the main outcome of elastic scattering. The recoil of the nucleus should in principle

1.2 Electron scattering 5
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cause some energy loss, however, due to the large mass difference (∼ 3600Z more massive) it

can be neglected. The proper interaction is described as the scattering of the electron by the

electrostatic field of the atom. Supposing that the electronic cloud density ρe and the proton

density ρn (approximated by a Fermi distribution) are known, the electrostatic potential can be

written as:

ϕ(r) =e4π

[
1

r

∫ r

0

ρn (r′) r2 dr′ +

∫ ∞
r

ρn (r′) r′dr′
]

− e4π
[

1

r

∫ r

0

ρe (r′) r′2 dr′ +

∫ ∞
r

ρe (r′) r′dr′
] (1.2)

Considering the exchange interaction between the projectile and the electrons in the atom, the

interaction energy is then:

V (r) = eϕ(r) + Vex(r) (1.3)

The DCS is then achieved by solving the Dirac equation for the scattering electron. In addition,

for a central field the angular distribution is independent of the scattering angle φ. The differential

cross section of a projectile with energy E is then given by:

dσel

dΩ
= |f(θ)|2 + |g(θ)|2 (1.4)

where

f(θ) =
1

2ik

∞∑
`=0

{(`+ 1) [exp (2iδ`+)− 1] + ` [exp (2iδ`−)− 1]}P`(cos θ)

g(θ) =
1

2ik

∞∑
`=0

{exp (2iδ`−)− exp (2iδ`+)}P 1
` (cos θ)

k ≡ p

h̄
=

1

h̄c

[
E
(
E + 2 mec

2
)]1/2

f(θ), g(θ) are respectively the direct and spin-flip scattering amplitudes while k is the electron’s

wave number. P` and P 1
` are Legendre polynomials. The following transport cross sections (CS)

are also essential:

σel,` ≡
∫

[1− P`(cos θ)]
dσel

dΩ
dΩ (1.5)

These CSs serve the purpose of finding the angular distribution of the elastic scattering event in

a homogeneous medium. If f(s;~r, d̂) is the probability of finding an electron that has travelled a

path s and it has position ~r and direction d̂; the angular distribution of polar angle χ is given by

[7]:

F (s;χ) =

∫
f(s;~r, d̂)d~r =

∞∑
`=0

2`+ 1

4π
exp (−s/λel,`)P`(cosχ) (1.6)

where λel,` = 1/ (Nσel,`).

1.2.2 Inelastic scattering

The inelastic processes include the interactions of an electron with an atom resulting in electronic

excitations and ionization of the target. The effects on the projectile can be fully described by the

energy loss W and the scattering angle θ (the azimuthal angle phi is not relevant in amorphous

media). For convenience, the recoil energy Q is used instead of θ:

Q
(
Q+ 2 mec

2
)

= (cq)2 (1.7)

1.2 Electron scattering 6
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where ~q ≡ ~p− ~p′ is the momentum transfer. For an electron interacting with an isolated atom in

the ground state, the differential cross section for energy loss and recoil can be expressed, in the

first Born approximation, as [9]:

d2σin

dW dQ
=

2πz2
0e

4

mev2

(
2 mec

2

WQ (Q+ 2 mec2)
+

β2 sin2 θrW2 mec
2

[Q (Q+ 2 mec2)−W 2]
2

)
df(Q,W )

dW
(1.8)

v = βc is the projectile’s velocity, θr is the angle between the initial momentum ~p and ~q, while

the last factor is the so called generalized oscillator strength (GOS). This framework does reliably

predict the behaviour of the projectile after the collision, however it is not suitable to describe

inner-shell ionization. Proper modifications of the oscillator strengths have to be introduced to

account for that [7].

In addition one can obtain the probability of ionization per incoming electron by analysing the

ionization cross section [3]. From plane wave Born approximation, the total cross section for an

incoming electron of energy E and the ionization of the K shell (energy EK) is given by:

σi
(K) =

2πe4

EEK
bK (ln 4E − lnBK) (1.9)

where bK and BK are constants. The probability is then (with U0 = BK/EK):

FK = (2nak/ρ)
(
2πe4b

)
[U0 lnU0 − (U0 − 1)] (1.10)

This quantity will be discussed in section 1.4 and compared with the Bremsstrahlung emission

intensity (see Figure 1.6).

Figure 1.6: Characteristic and continuous X-ray spectrum from a typical X-ray tube [2].

1.3 Photon scattering

In this section, the basics interactions of photons with matter are presented, respectively photoelec-

tric effect, coherent Rayleigh scattering, incoherent Compton scattering and electron-positron pair

production. In the energy range 50 [eV ] to 1 [GeV ] other effects can be discarded (photonuclear

absorption for example). As discussed in the previous section, the description will involve DCSs.

In addition, the additivity approximation is in use, hence molecular cross sections are treated as

the sum of the atomic ones. This is based on the fact that molecular binding does not significantly

influence the response of a single atom.

1.3 Photon scattering 7
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1.3.1 Photoelectric effect

This phenomenon consists in a single photon of energy E which is absorbed by an atom that

consequently moves to an excited state. One electron is then emitted with kinetic energy Ee =

E − Ui where Ui is the binding energy associated with an electron in subshell i. These subshells

are described in the Dirac–Hartree–Fock–Slater model. Each electron occupies a single-particle

orbital ψnljm where n, l, j,m are respectively the principal, the orbital angular momentum, the

total angular momentum and the magnetic quantum numbers (see Figure 1.7).

Figure 1.7: (left) Schematics of the photoelectric effect in the particular case of the atom’s relax-

ation through fluorescence. (right) Energy levels with the notation of inner subshells and allowed

transitions.[7]

The absorption cross sections (for a photon of energy h̄ω) are found to be proportional to the

square of the bound-state wave function at the nucleus [10]:

σ =
4παh̄c2

ω

∑
final
states

|< B|
∑
j

~αj · ~εei
~k·~ri |A >|2 δ(EB − h̄ω − EA) (1.11)

PENELOPE uses tabulated cross sections using the full theoretical calculations by Scofield [11].

Regarding the photoelectron (emitted in the process with energy Ee), its angular distribution is

only dependent on the polar angle θe since the photons are not polarised. In more details, the

sampling of the DCS is done using a model by Sauter [12] in which a first-order-plane-wave Born

approximation is applied with K-shell hydrogenic wave functions:

dσph

dΩe
= α4r2

e

(
Z

κ

)5
β3

γ

sin2 θe

(1− β cos θe)
4

[
1 +

1

2
γ(γ − 1)(γ − 2) (1− β cos θe)

]
(1.12)

where α is the fine-structure constant, κ = E/(mec
2), re is the radius of the atom and:

γ = 1 + Ee/
(
mec

2
)
, β =

√
Ee (Ee + 2 mec2)

Ee + mec2
(1.13)

Since the path of the emitted electron is immediately affected by the medium and the direction of

travel is substantially modified, assuming the electron to be in the K-shell and the photon to have

high energy is a quite effective approximation of the overall process.

1.3.2 Coherent (Rayleigh) scattering

As visible in Figure 1.8, the Rayleigh scattering event involves a photon that does not leave the

target atom in an excited state. First, the incoming photon will interact with a tightly-bound

1.3 Photon scattering 8



Optimization of e-beam and x-ray target geometry of a solid x-ray anode source

electron which will start vibrating with the same frequency (thus coherent) as the photon. Then,

it will emit dipole radiation without any loss of energy. Hence, the process is an elastic scattering

event. Using perturbation theory, the DCS of high energy (higher than K-shell) photons is given

by [13]:
dσRa

dΩ
=

dσT

dΩ
[F (q, Z)]2 (1.14)

where:
dσT(θ)

dΩ
= r2

e

1 + cos2 θ

2
, F (q, Z) = 4π

∫ ∞
0

ρ(r)
sin(qr/h̄)

qr/h̄
r2 dr (1.15)

dσT/dΩ is the Thomson DCS and θ is the scattering angle (Figure 1.8). F (q, Z) is the atomic

form factor, re is the classical atomic radius and q the magnitude of the momentum transfer. The

total cross section for low energy photons (F (0, Z) = Z) will then be:

σRa '
8

3
πr2
eZ

2 (1.16)

Figure 1.8: Schematics of the Coherent (Rayleigh) scattering. [7]

Since equation 1.14 only assumes energies well higher than the K-shell edge, a better description

is achieved by including the so-called “anomalous” scattering factor f ′ + if ′′:

dσRa

dΩ
=

dσT

dΩ
[F (q, Z) + f ′ + if ′′]2 (1.17)

The total cross sections used in PENELOPE are obtained with this more comprehensive formula.

On the contrary, since anomalous scattering is practically independent of θ, the polar angle sam-

pling is done using equation 1.14.

1.3.3 Incoherent (Compton) scattering

Figure 1.9: Schematics of the Incoherent (Compton) scattering. [7]

The next step is the description of Compton scattering. As visible in Figure 1.9, the photon

interacts with a loosely-bound electron inside an atom resulting in the emission of a new photon of

1.3 Photon scattering 9
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lower energy E′ < E (and different direction) and of the electron (with energy Ee = E −E′ − Ui,

where Ui is the binding energy of the electron’s subshell). Clearly, it is an inelastic scattering

event. If the bound electron were initially at rest, then the emission energy would just be:

E′ ≡ E

1 + E
mec2

(1− cosθ)
≡ EC (1.18)

However, real atomic electrons have a momentum distribution, hence the Compton line will be

broadened (Doppler broadening). Moreover, electronic transitions are only allowed when E−E′ >

Ui. One way of treating it is to use the impulse approximation [14] to extend the Klein-Nishina

formula [15]:

dσKN
Co

dΩ
=
r2
e

2

(
EC

E

)2(
EC

E
+

E

EC
− sin2 θ

)
(1.19)

Electrons in subshell i will be characterized by a momentum distribution ρi(~p) =| ψ(~p) |2, where

ψ(~p) is the wave function of the orbital. First, a Lorentz transformation (with the velocity of the

moving electron) is applied to equation 1.19 to obtain the DCS. Then the proper approximation

consists in averaging over ρi(~p) to get the Compton DCS per electron. The final expression is:

d2σCo,i

dE′dΩ
=
r2
e

2

(
EC

E

)2(
EC

E
+

E

EC
− sin2 θ

)
F (pz) Ji (pz)

dpz
dE′

(1.20)

EC is the value obtained in 1.18, while F (pz) and Ji (pz):

F (pz) ' 1 +
cqC

E

(
1 +

EC (EC − E cos θ)

(cqC)
2

)
pz
mec

,

(
qC ≡

1

c

√
E2 + E2

C − 2EEC cos θ

)
(1.21)

Ji (pz) ≡
∫∫

ρi(p)dpx dpy (1.22)

The final step is to only consider E − E′ > Ui (electron binding):

d2σCo

dE′dΩ
=
r2
e

2

(
EC

E

)2(
EC

E
+

E

EC
− sin2 θ

)
× F (pz)

(∑
i

fiJi (pz) Θ (E − E′ − Ui)

)
dpz
dE′

(1.23)

Θ is the Heaviside function and fi is the occupation number for the i-th subshell. For free electrons

at rest, with no binding nor broadening (Ui = 0 and Ji (pz) = δ(pz)), by integrating 1.23, the

Klein-Nishina formula is recovered. The integration in energy will also give the distribution used

to sample θ.

1.3.4 Electron-positron pair production

Figure 1.10: Schematics of the Electron-positron pair production. [7]
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This phenomenon will not be discussed in details and it is listed just for completion being

included in PENELOPE. The pair production consists in the absorption of the photon by either a

nucleus or an electron. The energy (and momentum) is conserved and converted into an electron-

positron pair. Hence, the mechanism has a specific threshold value 2mec
2 ∼ 1 [MeV ] which

corresponds to the sum of the child-particles’ masses. Since the energy involved in X-ray tubes is

typically much lower than this threshold value, this effect will not play a role into the photon-matter

interactions considered in this work.

1.3.5 Attenuation Coefficient

Once the scattering processes a photon encounters in a material are known, it is possible to define

the inverse of the mean path of a specific medium as [3]:

µ = NσTOT = ρ
NA
AM

(σph + σRa + σCo) (1.24)

ρ is the mass density, AM is the atomic weight while the total cross sections refer respectively to

the photoelectric effect, Rayleigh and Compton scattering (for instance it should also contain the

electron-positron pair production, but it is here disregarded for its low probability). µ is also know

as the attenuation coefficient. Its inverse ε = 1/µ is called attenuation length.

In the context of photoabsorption in a medium, the attenuation coefficient can be utilized

to predict the fraction of radiation which is absorbed in a slab of thickness s. This is know as

Lambert’s law which states:
I

I0
= e−µs (1.25)

The actual values of the coefficients are tabulated depending on the density of the material and

the energy of the incoming photons. An example for Aluminium is shown in Figure 1.11 [16].

Figure 1.11: Attenuation length dependent on energy of a perpendicular photon for an Aluminium

slab. The data is taken from [16]

The rather simple expression 1.25 will provide a theoretical basis to interpret the dependence of

the photon yield on the electron beam incident angle in the real X-ray source (3).

1.4 Generation of X-ray

As briefly discussed in the introduction, the X-ray spectrum will consist of two main contributions:

line-emission and Bremsstrahlung. The two processes will be presented in more details here.
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1.4.1 Line emission

An atom can be ionized by both a photon or charged particle such as electrons or positrons.

The three mechanisms in which they interact with atoms are: Compton scattering, photoelectric

absorption or electron/positron impact. Notably, the first two will only involve one atom per

photon, while a charged projectile will ionize many atoms on its path. Of course, new photons

will be emitted as a result of incoherent scattering and they will continue to ionize surrounding

atoms. In addition, photoabsorption does ionize mostly inner shells, whereas electron(positron)

impact will mainly affect shells which are less tightly bound.

Figure 1.12: (left) Fluorescent emission. (right) Non-radiative Auger process. [2]

Once the atom is in an excited state (i.e. it has acquired energy from either absorption or

inelastic scattering), it can relax to the ground state in two different ways, either radiative (X-ray

emission) or not (Auger effect) (see Figure 1.12). In the former, the vacancy (unfilled state in

the subshell) will be filled by an electron from an outer shell with the consequent emission of a

photon of energy equal to the difference of the two states. The allowed transitions are shown in

Figure 1.7. Given the quantum numbers n, l, j, the selection rules are ∆l = ±1 and ∆j = 0,±1

and can be obtained by parity considerations on the states’ wave functions. In fact, the transition

probabilities depend on the following matrix element (the so-called dipole matrix element) [2]:

− erif = −e
∫

Ψ∗i rΨfdr (1.26)

In order to get a non-zero integral, the wave functions of the final and initial state (Ψf and Ψi

respectively) do need to have opposite parity. Moreover, the direction of emission of the photon is

isotropical and thus independent on the scattering event or the direction of the primary particle.

On the other hand, in non-radiative Auger processes, the original vacancy is filled by an outer

shell electron while another electron is emitted. Since this latter electron does not have to belong

to the same subshell of the former, every process is labelled with three capital letters indicating

respectively the location of the vacancy, the subshell of the electron that fills it and the one of the

electron that is emitted. (for example KLL in Figure 1.12). The relative yields of these concurring

processes will strongly depend on the atomic number of the atom. In general, Auger will be

predominant at low Z while the fluorescence will increase at high Z (see Figure 1.13). This means

that for typical x-ray tubes (such as Aluminium-based anode tubes), the yield of x-rays from line
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emission will be quite low. In more details, the probability of emission is given by [17]:

ω =
Z4

Z4 + a
(1.27)

where a is a constant characteristic of every subshell.

Figure 1.13: (Left) Fluorescent emission and non-radiative Auger yields depending on the atomic

number Z [2]. (Center and Right) Schematic of the Bremsstrahlung emission [7, 2].

1.4.2 Bremsstrahlung emission

As already mentioned, the Bremsstrahlung phenomenon is the emission of a photon due to the

deceleration of an incoming electron when it approaches a charged scattering center (atomic nu-

cleus). The radiation will have a scattering angle θ and energy W (see Figure 1.13). The larger

the former, the larger the energy loss. Since the incoming velocity v, energy and approaching

distance b can vary considerably, the resulting spectrum will be continuous. In terms of intensity,

the dependency on radiation frequency has the following form [3]:

I(hν) = CZ(E − hν) (1.28)

where C is a constant. In terms of differential cross sections, it is possible to use the so-called

Bethe-Heitler DCS [18] with screening (radius R) [19]:

dσ
(BH)
br

dW
= r2

eαZ(Z + η)
1

W

[
ε2ϕ1(b) +

4

3
(1− ε)ϕ2(b)

]
(1.29)

with α the fine-structure constant, re the classical electron radius,

ε = W
E+mec2

= W
γmec2

, b = R mec
h̄

1
2γ

ε
1−ε ,

ϕ1(b) = 4 ln (R mec/h̄) + 2− 2 ln
(
1 + b2

)
− 4b arctan

(
b−1
)
,

ϕ2(b) = 4 ln (R mec/h̄) + 7
3 − 2 ln

(
1 + b2

)
− 6b arctan

(
b−1
)

−b2
[
4− 4b arctan

(
b−1
)
− 3 ln

(
1 + b−2

)]
(1.30)

Despite the validity of the formula being limited to energies such that E,W � mec
2, the overall

features of the process are retained. Worth mentioning is the angular distribution of the emitted

radiation, since it will play a significant role in the discussion in Section 2.1. Notably, when the

medium is isotropic the DCS does not depend on the azimuthal angle φ hence:

d2σbr

dW d(cos θ)
=

dσbr

dW
pbr(Z,E, κ; cos θ) (1.31)
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pbr(Z,E, κ; cos θ) is the probability density function of cos θ and it will be used to sample the

scattering angle θ. Analytical expressions of this function do not predict well the proper physical

results, thus typically requiring the use of semi-empirical functions.

Lastly, the expression 1.28 can be integrated and compared to 1.10 to obtain a ratio between

the x-ray yield from line emission and Bremsstrahlung for an incoming electron of energy E and

for the K subshell [3]:

FK

NC =
∫ ν0
νK
CZ(ν0ν − ν)/hνdν

=
4πh2e4bNAk

CZAEK
(1.32)

Of course, the proper characteristic yield has to be multiplied by the fluorescence probability of

the ionized atom.

1.5 Monte Carlo Simulations and PENELOPE

1.5.1 Monte Carlo algorithm

The computational method known as Monte Carlo has been of significant importance in the field

of physical simulations. Its first introduction dates back to 1953 in the work of Metropolis et al.[20]

in which they describe a sampling method to deploy in numerical statistical mechanics problems.

The general principle, referred to as the Metropolis algorithm, is shown in the following example.

For a system of N particles in a period box (or cell) the internal energy is calculated as:

E =
1

2

N∑
i=1
i6=j

N∑
j=1

V (dij) (1.33)

where V is the potential energy dependent on the minimum distance between the particle i and

all the particles j (in all the cells). Since the potential falls rapidly with distance, only the closest

one will give a significant contribution. Next, any physical quantity f can be extracted (assuming

a canonical ensemble):

f̄ =

[∫
f exp(−E/kT )d2Npd2Nq

]
/

[∫
exp(−E/kT )d2Npd2Nq

]
(1.34)

In order to avoid integrating over a large number of dimensions, the so-called Monte Carlo method is

used. It integrates over randomly sampled points instead of the full arrays. The scheme introduced

in [20] is however slightly different from the traditional procedure in which a random configuration

is chosen and then weighted by exp(−E/kT ). In fact, to exclude statistically insignificant configu-

rations (with a low weight), the position are chosen from their probability exp(−E/kT ) and then

an identical weight is assigned to each of them. More explicitly, the algorithm works as follows:

first a new position is chosen (in every direction) as:

X → X + αξ1 (1.35)

where α is the maximum allowed displacement and ξ1 is a random number in the [−1, 1] range.

The change in energy ∆E caused by the move is then calculated. If ∆E < 0, the move is simply

accepted, while if ∆E > 0 it is accepted only with probability exp(−∆E/kT ). In practical terms,

if a new randomly sampled number ξ2 is less than the probability exp(−∆E/kT ), then the move is
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registered, otherwise it is discarded and the particle stays in its original position. Last, the average

over M moves is taken as:

f̄ =
1

M

M∑
j=1

fj (1.36)

This numerical approach has been proven successful in many statistical mechanics and more

general applications [21], especially when combined with Markov chains methods [22]. How these

techniques are implemented in the PENELOPE software will be discussed in the following section.

1.5.2 PENELOPE

All the simulation work is achieved with the PENELOPE2018 software [7] for electron-photon

transport. This Monte Carlo based program was developed to provide accurate essential predic-

tions in many fields such as: surface electron spectroscopy, positron surface spectroscopy, electron

microscopy, electron probe microanalysis, radiation dosimetry, radiotherapy and in the design of

radiation detectors or sources (as in our case). The penetration of electrons, positrons and photons

gives rise to a cascade of particles often referred to as shower. The random nature of the evolution

of such showers fits right into the Monte Carlo approach.

When approaching computer simulations of such phenomena, it is important to address the

intrinsic difference between electron/positron and photon transport. Since the average energy

loss of an electron (positron) is small (∼ 10 [eV ]), the number of interactions needed for the

complete absorption of the particle is very high. This means that simulating every single interaction

(detailed simulation) might not be feasible. Only systems with low initial energies (lower than

100 [keV ] and specific geometries (such as thick films of material) are reasonable situations for

the detailed approach. Fortunately, an X-ray vacuum tube fulfils these criteria. For higher energy

electrons/positrons, a different method (multiple-scattering theory) is often used: a large number

of events are collected in a single global effect involving various degrees of approximation. Better

accuracy is achieved by reducing the step length of the simulation. On the other hand this increases

drastically the computational time, hence a good balance between results and performance has to

be found. The PENELOPE implementation is a combination of the two previously discussed ones

and it includes both numerical databases and analytical cross section functions. In general, photon

transport is obtained through detailed simulations, while charged particles are treated with a mixed

approach. The scattering angle and energy loss are compared to predefined cutoff values(θc and Wc

respectively) to define a hard (θ > θc and W > Wc) and a soft (θ < θc and W < Wc) collision. The

former is simulated in detailed while the latter involves the multiple-scattering theory. Notably,

large values of θc and Wc are observed not to significantly influence the simulation results while

providing considerable speed-ups.

The basic idea of Monte Carlo radiation transport is generating for each particle a history

(track) consisting of a random chain of free flights at the end of which interaction events define

the new direction, energy loss and eventual creation of a secondary particle. These events require

an interaction model which, in the case of transport, corresponds to a set of differential cross

sections (DCS). Probability density functions (PDF), essential to the track generation (see 1.5.1),

are determined from these DCSs. The PDF p(x) will then be randomly-sampled and the result
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will follow the rejection method described above (1.5.1). Due to the law of large numbers, if the

number of samples is high enough, the sum 1.36 will converge to the real integral:∫
f(x)p(x)dx ≡< f > (1.37)

It is important to note that in terms of error analysis, the standard deviation of a physical quantity

f calculated from such simulations has the form:

σf =

√
var{f(x)}

N
(1.38)

where:

var{f(x)} = lim
N→∞

 1

N

N∑
i=1

[f (xi)]
2 −

[
1

N

N∑
i=1

f (xi)

]2
 (1.39)

This expression gives an idea of the limit of accuracy versus performance in Monte Carlo simula-

tions. In general, a measure of the algorithm’s efficiency can be formulated in the following way

(f as in 1.36 and T computing time):

ε =

(
f̄

σf

)2
1

T
(1.40)

In the limit N → ∞, ε will converge to a constant, providing a method of investigating the

statistical fluctuations. Once it has stabilized, those fluctuations should in fact tend to zero. Some

”variance-reduction” techniques can be utilized to reduce the computational time and increase

statistics and they will be discussed further below.

Next, the proper implementation of electron and photon transport is presented. In general, an

interaction mechanism is described by the cross section depending on the state variables affected

by the interaction. For example, a scattering event in which a particle is deflected and loses energy

W (similar to Compton scattering or inelastic scattering of electrons) is characterized by the total

cross section:

σ ≡
∫ E

0

dσ

dW
dW =

∫ E

0

(∫
d2σ

dΩdW
dΩ

)
dW (1.41)

where d2σ
dΩdW is the differential cross section.

In order to simulate a particle inside a scattering medium with a number of molecules per

unit volume N , it is necessary to formulate the problem in terms of the mean free path, or the

average path between events. N is simply defined by the Avogadro’s number, mass density and

molar mass. The probability density function p(s) of the path length s (from one site to the next

interaction) has then to be obtained. First, the molecules are substituted by spheres with a radius

rs and having a cross-sectional area πr2
s equal to the total cross section. Considering a simple

case of a beam hitting a thin foil (of thickness ds), J defines the current density and Nσds is the

fractional area of the spheres. The number of particles per unit time and unit surface that interact

is then dJ = JNσds. Hence, the probability of interaction per unit of path length is:

dJ

J

1

ds
(1.42)

If the material is then unbounded, the PDF p(s) is found by solving the integral equation:

p(s) = Nσ
∫ ∞
s

p(s′)ds′ (1.43)
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with the condition p(∞) = 0:

p(s) = Nσ exp [−s(Nσ)] (1.44)

The mean free path is then calculated as:

λ ≡ 〈s〉 =

∫ ∞
0

sp(s)ds =
1

Nσ
(1.45)

The next step is to extend this expression to multiple independent mechanisms (such as elastic

and inelastic scattering of low-energy electrons). For particles of initial energy E, scattered with

energy loss W and scattering angle θ (the azimuthal angle is uniformly distributed in (0, 2π) due

to the random position of molecules), the total cross section (for each mechanism i) equals to:

σi(E) =

∫ E

0

dW

∫ π

0

2π sin θdθ
d2σi(E; θ,W )

dΩdW
(1.46)

Then, the total interaction probability (per unit path length) is:

λ−1
T = NσT = N

∑
i

σi(E) (1.47)

All the components for the generation of random tracks are now present. From 1.44, using a

random number in (0, 1) ξ, the sampling is done by:

s = −λT lnξ (1.48)

φ = 2πξ (1.49)

If the geometry does not change (i.e. the medium is homogeneous), then the steps above are

repeated until the energy is lower than a predetermined Eabs below which the particle is considered

absorbed and the simulation is stopped. On the other hand, if multiple materials/bodies are

defined, the transport is treated as a Markov process. This implies that future states are only

statistically determined by present immediately preceding events. Thus, stopping the simulation

along the track does not bias the results. The particles are then stopped in the presence of an

interface and resumed with the new medium transport properties. This characteristic highlights

the benefits of using the Monte Carlo method: complex geometries are easily investigated.

One additional concern might arise form the use of approximated analytical cross sections

(see 1.3). However, PENELOPE comes with a program material that creates material input files

containing tabulated properties such as mass density, mean excitation energy as well as numerical

total cross sections. The analytical functions are then renormalized to reproduce them.

1.5.3 Variance reduction

Since the computing time of these simulations can get extremely long, the so-called ”Variance-

reduction” techniques can be implemented to speed up the simulation. PENELOPE provides

multiple options, namely interaction forcing, particle splitting and Russian roulette. Only the first

will be discussed here, as the other are not utilized. In section 2.1 however, a novel approach to

particle splitting will be presented. In order to obtain rapid and significant statistics for phenomena

such as X-ray line emission or Bremsstrahlung photon emission, the Interaction Forcing technique

is available in the program. The main idea is to force the interaction A by reducing the mean free
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path for this particular event: λA,f = λA/F with F the forcing factor. The PDFs for energy loss

and angular deflections are assumed to be the same as for the real interaction. Moreover, some

methods have to be introduced to avoid biasing the results. First, all of the secondary particles (for

example photons) are assigned a weight of ωs = ω/F where ω is the weight of the primary particle

(set initially to 1). Next, the state of the interacting particle is varied only if the interaction is

real. When a random number ξ is less than the probability of a real interaction (1/F), then the

energy and direction of the projectile are varied. Last, the deposited energy is also given a weight

ωE = ω/F which takes into account the fact that particle carrying that energy has weight ωs.
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2 Methods

2.1 Implementation and modification of the code

In the following section the simulation details are discussed. Firstly, the geometry of the system

is defined along with some general considerations on the code. Then some variation techniques

to speed-up the collection of statistics are presented. PENELOPE uses a FORTRAN subroutine

called PENGEOM to create its geometry [7]. Due to its quadric nature, all bodies are defined

by the delimiting surfaces. This helps dealing with detailed simulations and potential interface

crossing, however it complicates the coding itself significantly. A Python script was created to

automate the definition process. The material properties of the medium such as density as well

as tabulated cross sections are generated through an external program (included in PENELOPE)

called material. The final simulated system is shown in Figure 2.1 (note that the dimensions are

chosen for illustrative purposes).

Figure 2.1: Schematic view of the geometry used in the simulation.

The overall system is constituted of three solid bodies: the target, the substrate and a detector.

The substrate is made of a material with low atomic number and good thermal properties. Its

main purpose is to dissipate the heat from the target to the cooling rod. Its contribution to the

spectrum is quite small, however it is included for consistency. The detector is always placed at

90◦ with respect to the electron beam source. As seen in the schematics, despite being a cuboid,

only the photons inside the blue circle are considered. The solid angle is then obtained by:

Ω = 4π sin2 θ

2
(2.1)

where θ is the half acceptance angle which defines the aperture of the solid cone. The distance from

the target is kept reasonably short (< 10 [cm]) to resemble the real source. The half acceptance

angle is chosen to be 1.15◦. The actual material of the detector is chosen arbitrarily since it

does not play any role in the simulation. In fact, every particle that enters the body is instantly

killed regardless of the transport processes inside it. This is done for two reasons. First, this
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technique allows for significant savings in computing resources. Second, the photons collected

will be traced back to the target’s surface, using the position and direction at the moment of the

impact, to investigate the shape of the source itself, with no real interest in the shape obtained on

the detector. For a realistic view of the source though, these new positions need to be projected on

a surface parallel to the detecting surface (black line in Figure 2.1 crossing the target). Moreover,

the considered source of electrons is a point source, where a single origin coordinate is specified

along with a direction and emission cone. In this case, the beam is a pencil beam (0◦ emission

cone) directed towards the center of the target. All the simulated electrons are thus generated in

that point with the same properties and energy (line spectrum). In order to get relevant statistics,

every run of the simulation does include 2∗107 primary electrons. Notably, since the program runs

on one single processing core, each simulation was split into as many smaller ones as the machine’s

virtual cores. This multi-core approach allowed for a great speed-up in the computation time.

The final simulations were run on Amazon Web Services (AWS) machines with 96 cores. On the

other hand, memory is typically not a concern for these type of computations. PENELOPE does

provide methods to include more complex and higher dimensions sources, however the approach

taken here is to obtain these characteristics in the post-processing of the data. Real electron beams

will likely have a Gaussian profile, hence it is possible to convolve the results of the pencil beam

with a Gaussian function. The theoretical foundation is the convolution theorem:

r(x) = {g ∗ h}(x) = F−1{G ·H} (2.2)

which states that the convolution of two functions g and h is equal to the inverse Fourier transform

of the multiplication of their Fourier transform G and H. With this technique it is possible to

gather the brightness of any electron beam shape. It is important to note that this data can be

compared to the detector’s output of the real source (pinhole camera, see Section 2.2).

One final note on the energy lower boundary. Since this value will determine the threshold

after which the particles are considered absorbed (and thus “killed” in the simulation), this setting

will influence the computing time quite significantly. This applies for both electrons and photons.

Fortunately, as discussed in Sections 1 and 2.2, the lowest energy photons will likely be filtered

by the vacuum window or the imaging system. On top of that, the main use of the source will be

Hard X-rays, hence the loss of Soft X-rays is not that relevant. In particular, the value used in the

simulations presented in this thesis is 1 [keV ].

2.1.1 Particle splitting-direction forcing

In this section, a new variance reduction technique is described in its formulation and implemen-

tation. The inspiration comes from a combination of the particle splitting method implemented

in PENELOPE [7] and the so-called WALK THIS WAY (WTW) extension (of PENELOPE) al-

gorithm created by Schlie [23]. The former increases the statistics of a particular phenomenon by

creating several copies of a particle. For instance, in X-ray sources simulations it is useful to split

(clone) the X-rays photons produced by either line emission or Bremsstrahlung. Once the new

photons are generated, N new particles are stored in the secondary particle stack. In order to

preserve the the physical properties of the system and to avoid biasing the results, each of the new
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X-rays is given a statistical weight of 1/N . As mentioned in Section 1.4, the angular distribution

of characteristic emission is isotropic, while for Bremsstrahlung radiation it is isotropic only in the

azimuthal angle and the polar angle is obtained from the DCS. The direction of the split particles

will then be randomly sampled in a sphere for characteristic X-rays and in a circle (only ϕ) for

the latter. The approach taken by the WALK THIS WAY algorithm is instead to bias the new

direction of a particle after each interaction towards the detector. This is achieved by assigning a

higher statistical weight to it compared to a particle whose trajectory is not inside the detector’s

solid angle.

The technique used in this work is a combination of the two methods discussed. Whenever

an X-ray photon is generated, N new copies are simultaneously created. This is possible thanks

to the tracking of a particle’s history and creation process in PENELOPE. For line emission, the

direction is forced inside an arbitrary solid angle dΩ described by dθ and dϕ (see Figure 2.2).

Since the probability for the emission to fall inside the solid angle is given by the solid angle itself

divided by the total solid sphere (4π for unity radius), the new statistical weight is given by:

ω =
1

N

dΩ

4π
=

1

N
sin2

(
θ1

2

)
(2.3)

where θ1 defines the solid cone and it is independently set form the detector’s solid angle. The

splitting half acceptance angle θ1 should in principle be roughly the same as the detector’s. Of

course, large solid angles will result in fewer photons on the detector, with the benefit of higher

weights. Similar considerations are made for the Bremsstrahlung radiation. In this case however,

the emission angle is only restricted to a spherical wedge (or lune see Figure 2.2) by forcing the

azimuthal angle. The sampling of the polar angle is kept unchanged from the way it is handled in

PENELOPE. As discussed before, the probability of falling in the lune is given by length of the

arc divided by the entire circumference (of radius 1). The new statistical weight is thus changed

to:

ω =
1

N

2θ1

2π
(2.4)

where again θ1 defines (half) the width of the wedge.

Figure 2.2: (left) Solid emission cone for a characteristic emission photon whose direction is forced

towards the detector. (right) Spherical emission wedge of a Bremsstrahlung forced photon. [2]
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2.1.2 Validation and benchmarking

The next step is to validate and compare this new technique with some previous simulation result.

Since the WTW code was tested by Schlie and it has been used at Excillum for years, it is chosen

as the reference. A similar X-ray target was simulated using WTW and the method described in

this thesis. A metallic target and a substrate are placed in a cylindrical stack (of same diameter)

with an incoming electron beam hitting the target at some predetermined angle. As discussed

and shown above, the geometry definition script only creates parallelepipeds, hence the target and

substrate will be two of those stacked on top of each other. The contacting surfaces will have the

same area. A different amount of primary electrons was simulated for each method. 1.748 ∗ 108

and 2∗107 for WTW and the particle splitting method respectively. The latter was chosen smaller

to keep the computation time reasonable, however with a different expected number of detected

photons in the detector. Despite this, one can renormalize the data to the number of incoming

electrons and make general comparisons, such as comparing the shape of the source (see Figure

2.3) or the resulting spectra. The incoming electrons all share the same energy and they are

initialized with a 2D Gaussian distribution (in both methods). However, since the Full Width Half

Maximum (FWHM) of this distribution is quite small, the beam can be considered as a pencil beam.

Figure 2.3: (left) Comparison of the spectrum obtained with the WALK THIS WAY algorithm and

the one obtained with the aforementioned particle splitting. (right) Zoom on the line emission.

The results of the benchmarking are seen in Figure 2.3. The two spectra closely resemble each

other in both shape and intensity. The probability is expressed in photons/ne/keV , hence it is

independent of ne, the total number of simulated electrons. The Bremsstrahlung emission is well

represented. Of course, the less probable high energy photons are more visible in the WTW result,

due to the overall higher number of simulated primary particles. Strangely, regarding the line

emission, it is notable how the WTW is actually missing one characteristic line (predicted by the

theory described in Section 1.4). What exactly is causing the lower line emission intensity and

absence of the other emission line in the old simulation is not clear at this moment.
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Figure 2.4: (top) Comparison of the source projection from the two different simulation approaches.

(bottom) X and Y profiles of the source from WTW and particle splitting.

The shape of the projected image of the source is compared with the one obtained with the

WTW code (Figure 2.4). The typical way of characterizing its shape is to look at the 2D brightness

map which corresponds to the readout of a pinhole camera (detector), described in the next section.

Moreover, summing the matrix (separately) in the two directions gives the two perpendicular

profiles. Such information is shown in Figure 2.4. As expected the shape resulting from a pencil

electron beam is similar for both programs. The agreement is good, hence it is quite safe to assume

that the particle splitting combined with the direction forcing method will provide accurate results.

2.2 Experimental setup

In this section, a brief introduction to the equipment used in this thesis will be given. The X-ray

tube is a prototype, microfocus source developed internally at Excillum, capable of a maximum

acceleration voltage of 70 [keV ]. Firstly, a general scheme of the entire apparatus is shown in

Figure 2.5. The most notable section is the detector system located right outside the vacuum

window (lower right corner in Figure 2.5).
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Figure 2.5: Top-down view of the source showing some of its components. In particular the imaging

system (outside the vacuum) is shown in the bottom right corner.

In order to image the shape and brightness of the source, a pinhole camera is installed. From

geometric considerations of the distance between detector and pinhole (∼ 20 [cm]) and the size

measured on the detector, it is possible to determine the real size of the source. The typical

magnification obtained in this configuration is around 10 times. It is relevant to mention that the

pinhole itself, made in a tungsten foil, might be a limiting factor for the measuring capabilities of

the camera. Its 5 [µm] diameter sets the lowest achievable resolution. In practical terms, no X-ray

beam’s width nor height smaller than the width of the hole can be accurately measured. On the

other hand, the total yield can still be gathered. Moreover, the detector itself is a high resolution

X-ray detector from Photonic Science containing a Gadox scintillator [24] and a light sensitive

CCD. The photons (X-rays) hitting the scintillator material will excite its atoms which will relax

emitting visible light. This new radiation is collected by the CCD sensor, which will convert the

photons signal into electrons.

Figure 2.6: Efficiency of the detector’s readout depending on energy.

Since the absorption of X-rays in the scintillator is highly energy dependent (Section 1.4), it

is necessary to consider the detector’s efficiency for the X-ray spectrum from the source. Due to

Bremsstrahlung, it contains a wide range of energies (Figure 1.6) which will be detected differently.

At this stage it is also important to include the absorption of the vacuum window and the air
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between the X-ray window and the detector. The way to approach it is to consider the attenuation

length of the different materials (see Section 1.3). The final efficiency is given in Figure 2.6. For low

energies (Soft X-rays), both the vacuum window and air will absorb the majority of the photons.

In addition, it is worth mentioning how the power of the electron beam incident on the target

is calculated. This is done by shooting the electrons onto a region where only the substrate is

present and measuring the absorbed current in the target. Since the backscatter coefficient of the

substrate is close to zero, this is a direct measurement of the incident power. Some fluctuations are

in fact expected in the absorbed power, hence even repeats of the same measurement might differ

slightly. This is particularly relevant when comparing results with the simulation. Since electrons

are simulated individually, the properties found in PENELOPE have always to be normalized by

power.
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3 Results and Discussion

3.1 Simulation results

In this section the results from simulations are presented and discussed. Different quantities have

been analysed to properly characterize the performance of the simulated X-ray source. The main

variables that can be tuned are acceleration voltage or energy of the incoming electrons, the tilting

angle (α in Figure 1.4) and thickness of the metal target. In order to preserve intellectual property

and trade secrets of Excillum AB, all of these quantities are expressed with a numbering scheme

#N , indicating increasing values for increasing number N . Brightness measurements are also

normalized and do not present actual units.

3.1.1 Spectra

The first set of results regards the X-ray spectrum depending on the three key variables, energy,

angle and thickness. The photons are collected on the detector and the energy distribution is

found. Typical units for these types of sources are nph/ne/keV , or the probability of getting

a photon per primary electron per keV . In general, all three variables will vary the depth in

which electrons travel inside the target, hence the path that photons have to travel to escape the

material. In addition the self absorption depends strongly on the photon’s energy, thus the spectra

are expected to show variations in both emission lines and continuous emission. The zoom in

the Figures represents the predominant Kα line, which is also the most interesting line for most

potential applications.

Figure 3.1: X-ray spectrum for three different angles. As expected, a shallower angle will have

more self-absorption, hence less yield. The smaller figure in the top right corner solely refers to

the Kα line.

In Figure 3.1 the dependence of the X-ray on the impact angle is shown. As expected, increasing the

impacting angle will result in photons closer to the surface. Thus, they will have higher probability

of escaping due to the shorter path out of the target towards the detector. This behaviour is evident

in the line emission, where Angle #3 gives around four times the yield of Angle #1. The trend is

however consistent in the whole energy range. Next, the spectrum depending on thickness is shown

in Figure 3.2. The thicker the target the higher the chance of generating X-rays through inelastic
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scattering due to the average longer penetration path, without escaping through the substrate.

Moreover, this behaviour is much more evident in low-energy electrons. In the higher end of

the spectrum, electrons are more likely to go through the entire target and get absorbed in the

substrate. Last, the dependence on acceleration voltage is visible in Figure 3.3. At a fixed thickness,

photons with lower energies will have less self absorption since the electrons that generated them

travelled less deep into the target. This is reflected in whole spectrum range and especially in the

low end. Emission lines do not show a clear trend and they are quite similar to each other.

Figure 3.2: X-ray spectrum for three different thickness. As expected, a thicker target will increase

the chance of electrons to generate a photon in their path, hence higher yield. The smaller figure

in the top right corner solely refers to the Kα line.

Figure 3.3: X-ray spectrum for three different acceleration voltages. Similar to Figure 3.2, lower

energies (less penetration of the electrons that generate X-rays) photons are more probable to

escape and be collected on the detector. The emission lines are quite similar. The smaller figure

in the top right corner solely refers to the Kα line.

3.1.2 Pencil beam

This next section is dedicated to the initial pencil beam results. In particular, the X-ray spot

properties (as seen by the detector) of this simple and ideal source are investigated. The brightness
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is here renormalized and is independent on the electron beam power. Typical units would be:

Brightness =
nph

ne ∗ qe ∗ V oltage ∗ (Solid angle) ∗Areadetector
=

nph
s ∗ sr ∗m2 ∗W

(3.1)

where qe is the elementary charge. Firstly, the spot characteristics of the X-ray beam are shown for

two different incident angles in Figure 3.4. As expected, by increasing the angle, the electrons will

spread out more in the positive x-direction resulting in a larger width. The height (y direction) on

the other hand will not be significantly affected.

Figure 3.4: (left) 2D image of the X-ray source for two incident angles. (right) X and Y profile of

the X-ray beam for two tilting angles.

The dependence of the spot size on thickness is seen in Figure 3.5. It is evident how in the thinner

layer most of the electrons are absorbed by the substrate and much fewer X-rays are generated.

The reduction in size is present in both the x and y directions and it is consistent with the geometry

of the system.

Figure 3.5: (left) 2D image of the X-ray source for two different target thickness. (right) X and Y

profile of the X-ray beam for the two thickness.

Lastly, the resulting width and height of the X-ray spot when changing the electrons’ acceleration

voltage is presented in Figure 3.6. Similar to the variation of angles, higher voltages imply a deeper

penetration of the electrons inside the target, hence a wider spot and slightly lower yield.
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Figure 3.6: (left) 2D image of the X-ray source for two acceleration voltages. (right) X and Y

profile of the X-ray beam for the two energies.

3.1.3 Gaussian e-beam

Once the behaviour of the X-ray spot size resulting from an infinitesimally small (pencil) beam of

electrons is known, it is possible to convolute it with any e-beam shape (see Section 2.1). In this

section, two examples are shown with a Gaussian beam of 10 [µm] fixed height. The width, on the

other hand, is dictated by the line-focus principle (equation 1.1 for two different angles) to have

increase the incident area and thus reducing the thermal load on the target. One metric used to

characterize width and height of the beam is considering the Full Width Half Maximum (FWHM)

of the source’s profiles in the x and y directions. The 2D images of the source are shown in Figure

3.7. Most importantly, the x and y profiles reveal similar results to the previous sections. A larger

angle will have a higher yield of photons, mainly due to the shorter distance that photons have

to travel inside the target, reducing the chance of self absorption. Figure 3.8 also shows how the

tilting of the beam does slightly shift the center of the spot in the x direction. In addition, the

FWHM in y is not affected by the incident angle, while the width is.

Figure 3.7: 2D images of a X-ray source, generated with a Gaussian electron beam with line focus

principle. Results for two different incident angles of the e-beam.
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Figure 3.8: Profiles of the source in the x and y direction showing the position of the spot center

and its height and width (FWHM).

3.1.4 Brightness dependence on angle and thickness

This next section contains the key results from the simulations. The total yield of photons is

calculated for a matrix of 3 acceleration voltages, 12 thickness and 11 angles. This will in fact

provide a general idea of the drawbacks of having a shallow incident angle of the e-beam, due to the

line focus principle, and the thinning of the target in terms of reduction in brightness. As previously

discussed, the total yield will strongly depend on the energy of the photons, both in general terms

(see Section 3.1.2) and in terms of the efficiency of the imaging system and the vacuum window

(Section 2.2). The total yield (see Figure 3.9) will then be obtained by multiplying the spectrum

by the absorption coefficient seen in Figure 2.6. The units for the brightness are again typically

described by equation 3.1. However, here the total yield has been normalized to its peak value.

Figure 3.9: Brightness dependency on incident angle and thickness for three different acceleration

voltages.
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The graphs of the raw data are shown in Figure 3.9 for three electron energies. The results reflect

the conclusions drawn in previous sections. Reducing the thickness of the target and decreasing

the incident angle, both are detrimental to the yield. Different penetrating depths for the electrons

will in fact result in varying significance of self absorption processes involving the emitted X-rays.

The data is fitted in both directions to achieve a tighter and larger sampling grid of values to make

predictions from. For both angle and thickness, the best fitting function is found to be:

y = aeb log(x) + ced log(x) (3.2)

The presence of two exponential functions might be related to the two absorption processes involv-

ing both electrons and photons. In addition, a parallel to Lambert’s law (Equation 1.25) will be

shown in Section 3.2.2. The results of two of these fits are shown in Figure 3.10.

Figure 3.10: (left) Fit of the simulated brightnesses as a function of thickness. (right) Fit of the

simulated brightnesses as a function of angle.

Figure 3.11: 2D surfaces representing the dependence of brightness on angle and thickness for three

different acceleration voltages. The data is fitted from the raw data from the simulations.
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The final results are visible in Figure 3.11. As mentioned just above for the raw data, the trend

is clear in both directions, with no apparent disadvantage, in terms of brightness, when using a

thicker target or a larger angle. On the other hand the slope in which the yield varies depending

on either thickness or angle is quite different. In terms of incident angle, the increase in brightness

does slow down, however it keeps growing for larger angles. This is due the fact that, in principle,

electrons will continue to generate photons closer to the surface, hence with a larger probability of

escaping and not getting reabsorbed. On the contrary, when looking at the thickness, it appears

that a threshold thickness is present. After it, the advantage of using a thicker target will vanish.

Since electrons of a given energy will only travel inside the metallic layer a certain amount (see

Section 3.1.5), if the thickness is larger than the maximum path length, the electrons will not reach

the deeper region with no concrete increase in the X-ray yield. These two trends are shown in Figure

3.12, which represent the xz and yz views (respectively) for some angles and thickness respectively.

Figure 3.12: (left) xz view of the brightness surface to highlight its dependence on thickness. (right)

yz view of the brightness surface to highlight its dependence on angle.

3.1.5 Dose distribution

The last set of results from the simulations involves the energy distribution inside the target and

the substrate. Since the depth at which electrons are absorbed will determine the probability of

photons to be absorbed due to self absorption, it is interesting to investigate the dose distribution

in the target+substrate system. The energy deposition data is collected by a built-in routine in

PENELOPE. Results are presented for two acceleration voltages, two angles and two thickness. In

the first Figure 3.13, the plane containing the electrons’ source, target and detector is shown. The

y positive direction points to the detector. It is evident how the electrons travel into the substrate

before being absorbed and how the incident angle affects the overall distribution.
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Figure 3.13: (left) ZY plane showing target and substrate. (right) ZY plane showing target and

substrate for a larger incident angle. The interface is shown in red.

More informative are Figures 3.14 and 3.15. The energy distribution is presented for the substrate

and target respectively for all the different cases, with z the depth coordinate (positive in the

target, negative in the substrate). It is evident how the larger thickness of the target shows a

peak inside the target, closer to the surface for larger angles. The peaks in the thinner target are

present in both the target itself or the substrate depending on the angle, hence the penetration

depth. In general, the absorbed energy in the target will inevitably be lower for higher energy.

The remaining energy is in fact deposited in the substrate.

Figure 3.14: Energy distribution in the substrate for two thickness, angles and acceleration voltages.

Figure 3.15: Energy distribution in the target for two thickness, angles and acceleration voltages.
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3.2 Experimental Results

The following section is dedicated to experimental results gathered using the prototype source

provided by Excillum AB. The main objective is to validate the calculations made in the simula-

tions, hence investigating the accuracy of their predictive power. Most significant is the testing

of the precision of the 2D surface shown in Figure 3.11. All meaningful optimization conclusions

(discussed in Section 3.3) are highly dependent on it.

3.2.1 Spot size

First of all, simulated spots and real images of the X-ray source are compared in height and width.

The overall trends mirror the ones discussed in Section 3.1.3. However, no relevant information on

the center of the spot is present in the experimental data. This is due to the manual interaction

needed to change the tilting angle of the target and the subsequent calibration of the imaging

camera. With the rotation, the absolute position of the spot is lost and its tracking is no longer

meaningful.

Figure 3.16: 2D images of a 10 [µm] round X-ray spot form the simulations and from the real

source.

Figure 3.17: X and Y profile of the source showing its height and width for two different angles

and both simulation and experiments.
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Figure 3.16 shows the image projection of the source for both simulations and experiments.

The electron beam was set to reproduce a 10 by 10 [µm] X-ray spot size in two tilt configurations.

The symmetry of the ideal source is easily broken in the experiments. The actual metrics for the

spot’s characteristics are shown in Table 1. The expected behaviour is a constant FWHM in the

y direction which is independent of the incident angle. The FWHM in the opposite direction is

somewhat more difficult to predict. On the one hand, a larger angle will result in a larger spread

of electrons in the target. On the other hand, since the detector is always at 90◦ from the beam,

the projection will shorten the width of the source’s projection. All these phenomena interplay

with the intricate self absorption in a way that makes it difficult to make predictions on the angle

alone.

Table 1: Width (FWHMx) and height (FWHMy) of the simulated and experimental X-ray spot

for two beam sizes and three incident angles. The position of the spot’s center is available only for

the simulation data.

Regarding the discrepancy in the absolute values, the causes might be multiple. First, the shape

of the electron beam might deviate from a perfect Gaussian shape. This would interfere with the

measuring algorithm which assumes it to be Gaussian (see Section 2.2). The other explanation

might be a general inaccuracy in the focusing of the electron beam (the precision is set by the

user), leading to a different size of the spot. Lastly, the geometric alignment of the components

might constitute a large source of error. It is in fact reasonable to think that the tilting angle

might differ slightly from the expected one. In addition, the perfect 90◦ between detector and

e-beam in the simulations might not be an accurate representation of the real source. The pinhole

camera can in fact be realigned, causing somewhat large errors. An estimate and more thorough

discussion of these errors is present in the next section.

3.2.2 Brightness dependence on angle and thickness

The most important experimental validation of the simulation work is presented in this section.

The total yield of photons is measured for three acceleration voltages, three thickness and eight

angles. All the configurations are measured three times to reduce the error introduced in manually

changing the tilting angle of the target. In addition, the exposure time was set long enough

to gather adequate signal. This measurement allows to directly compare the results from the
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simulations and determine their accuracy. The simulated data is taken directly from the fitted

2D surface described in Section 3.1.4 and shown in Figure 3.11. Lastly, a fit of the data using a

modified version of Lambert’s law (1.25) is discussed. The experimental data is shown in Figure

3.18 for the three different acceleration voltages. The values are derived from the average between

the the different sets of measurements. The error bars are the standard deviations of this average.

Each point is also divided by the power of the electron beam, calculated from the target current

when the beam was hitting the substrate (see Section 2.2).

Figure 3.18: Total readout of the detector dependency on incident angle for different energies and

thickness.

However, the comparison with the simulation data is meaningful only if a common factor that

relates the brightness of the calculation to the output of the imaging sensor is found. The detector

does in fact not count photons directly, but it multiplies them and converts them in an electric

signal. In principle this factor should be independent of the configuration of the source and it should

just translate different units of brightness. One method of obtaining it is to divide each data point

by their respective simulation data and take the average. Yet, for thickness #2, the factor is found

to be around 1/2 times the one for the the other two configurations. No actual reason could be

identified for this discrepancy. A possibility lays in the actual thickness of the target, which might

differ slightly from its specification value. Since the brightness curve over thickness is quite steep,

a small variation might result in an appreciable shift. Another cause might be some error in the

detector. Different sections of the scintillator might in fact give different readout values. Still, it is

difficult to completely justify the error with the aforementioned explanations. Further investigation

is needed, in particular in areas which are independent from random variables such as operators

errors or resolution of the instruments. As already discussed, the thickness of the target might be

such a source of discrepancy.
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Figure 3.19: Comparison between experimental data and simulation work for the brightness de-

pendency on incident angle. Data shown for different energies at a fixed thickness #1.

The conversion factor allows to show the matching of the simulation and experimental curves.

However, they appear to be slightly shifted in the x direction in respect to each other. To address

it, a general shift in the angle is introduced for all the experimental data points and through the

minimization of the χ2, the new angle that best fits the data was found. This approach is justified

by the fact that, as already discussed, the pinhole camera might be misaligned and thus the relative

angles between the different components might differ. In particular, the perfect 90◦ angle, as set

in the simulation, between the cathode and the detector, might not be right. The target itself

might also be slightly titled with respect to the mounting mechanism. This discrepancy will be

systematic and not random such as inconsistency in setting the target angle. The shifts in angle

for the three different thickness are respectively: 1.99◦,0.27◦ and 1.67◦. The magnitude of the shift

is quite reasonable, especially compared to the half acceptance angle of the detector (1.15◦). The

results are shown in Figures 3.19, 3.20 and 3.21. Overall the agreement is good, especially for high

energies. These results provide further validation to the simulations’ usefulness and accuracy in

predicting the performance of the real X-ray source.

Figure 3.20: Comparison between experimental data and simulation work for the brightness de-

pendency on incident angle. Data shown for different energies at a fixed thickness #2.
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Figure 3.21: Comparison between experimental data and simulation work for the brightness de-

pendency on incident angle. Data shown for different energies at a fixed thickness #3.

The next section is dedicated to giving a simple interpretation of the data previously shown.

By a quick modification of Lambert’s law, a fit of the experimental data can be achieved with

consistent results. The starting point is considering a simplistic model of the electron/photon

transport processes in the target. It is reasonable to assume that electrons will travel a cer-

tain length L inside the solid before generating a X-ray. Since it has been shown in Section

3.1.5 that electrons spread inside the target in a volume, L can be thought as the average

value (or the peak) of the length distribution. The path that photons travel inside the tar-

get towards the detector, will instead depend on the tilt angle as 1/ tan θ, see Figure 3.22.

Figure 3.22: Simple view of the electron and photon transport in the target.

Using Lambert’s law, it is possible to rewrite the intensity of the emission as a function of the

incident angle θ:

I = I0e
µ L

tan θ (3.3)

Where µ is the attenuation length of the metal, I is the intensity and I0 a constant. The fitting

of the data, using θ as the variable while I0 and µ ∗ L as fitting parameters, is shown in Figure

3.23. The agreement is quite remarkable. In addition, by using the tabulated value of µ, the

values of L for the different configurations can be extracted. As seen in Table 2, the penetration

lengths are reasonable and do increase with energy as expected. In general, the results obtained

in Section 3.1.5 are well represented here. However, this model does not aim to fully explain the

intricate behaviour and interplay of the different processes involved in the transport of photons

and electrons. On the other hand though, it offers an intuitive way of interpreting the results.
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Figure 3.23: Experimental data fitted with equation 3.3 derived from Lambert’s law.

L [µm] Energy #1 Energy #2 Energy #3

Thickness #1 1.51 1.47 1.70

Thickness #2 1.34 1.47 1.55

Thickness #3 1.96 2.38 2.82

Table 2: Average penetration length values for electrons, calculated from the Lambert’s law fit.

3.3 Comparisons to thermal loading in the target

As discussed in the Introduction, the thickness of the target and the e-beam size will greatly impact

the thermal loading on the target. A thinner metal layer will ease the cooling while allowing more

electrons to deposit their energy into the substrate. On the other hand, the line focus principle

allows for much wider electron beams with a larger impact area, hence lowering the chance of

damage for the same power. From the point of view of brightness, however, a thin target and a

small incident angle of the electrons, dictated by the wide line focus, do reduce the total yield

of photons of the source, see Figure 3.11. The two quantities, brightness and maximum allowed

power, show in fact opposite behaviours when it comes to angle and thickness dependence. Hence,

an optimal angle and thickness are expected, where the best compromise between X-ray yield and

thermals is reached. To investigate their existence, the data from the simulations carried out in

this work are combined with the one obtained by Högnadóttir [8] at Excillum AB. The data for

the maximum allowed power depending on angle and thickness was calculated using COMSOL

Multiphysics® [25]. The final matrix is found by:

P =
Brightness

Power
∗ (Max Allowed Power) (3.4)

The peak of this 2D surface will give the best angle and target thickness. The results are shown

in Figure 3.24. For each energy, a clear peak is found, pointing to a precise thickness and angle.

As expected, the optimal values are lowest for the lowest energy. This is mainly due to the shorter
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penetration depth of lower energy electrons which allows for thinner targets and shallower angles.

The highest peak is however found for energy #2.

Figure 3.24: Combined results from Monte Carlo and thermal simulations for three acceleration

voltages. The optimal angle and thickness are found at the peak.

Moreover, since angles and thickness are limited by manufacturing and/or design of the source,

it is relevant to investigate the performance drops or gains that might arise by slightly moving

away from the peak. The corresponding plots are shown in Figure 3.25. Each stripe represents

10% increase or decrease from the peak’s value. Fixing one of the optimal values, it is possible to

directly look at the profiles, as in Figure 3.26. From these results, it is clear which trade-offs are

valuable in terms of difference in yield or thermal capacity.

Figure 3.25: Performance variations from the peak of Figure 3.24 for the brightness and maximum

allowed power respectively.
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Figure 3.26: Profiles taken from the 2D surface in the peak coordinate. They show the benefits

and drawbacks of moving away from the optimal values.
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4 Conclusions

The main outcome of the thesis is the non trivial result presented in the previous Section 3.3.

The combination of Monte Carlo calculations of electron/photon transport with thermal loading

simulations is able to predict an optimal configuration of the X-ray source. The existence of the

peak in Figure 3.11 represents in fact a compromise between the yield of photons and the risk of

damaging the metal layer. This behaviour is expected since thermal loading and brightness depend

on the target’s angle and thickness in opposite way.

In practical terms, it was possible to show that the electron beam’s aspect ratio (due to line

focus principle) and thickness of the target, do significantly influence the performance of X-ray

tubes. The choice of tilting angle and the dimensions of the metallic layer have to be chosen

carefully to achieve the highest brightness while avoiding the damage of the target. Depending on

the application or the manufacturing limitations for the metallic layer, it might be necessary to

move away from the optimal configuration. As clearly visible in Figure 3.26, this will affect both

brightness and the maximum allowed power. However, the overall performance will be reduced

more for thinner than optimal targets. This behaviour suggests that it is safer to choose a thicker

target with a small reduction in the thermal load and a good improvement in brightness. On the

other hand, the variation of the incident angle is quite symmetric in respect to the optimal value.

Hence, the source can be modified either to sustain higher power or to achieve higher brightness.

In terms of acceleration voltages, the best performance is reasonably found at Energy #2, showing

a balance between the increasing brightness and the decrease in the maximum allowed power.

In general, the predictions obtained in Section 3.3 are strongly influenced by the strict settings

of the simulations. As thoroughly discussed in this thesis, the brightness will vary substantially

for small variations of the thickness. The manufacturing of the target might introduce a 10%

uncertainty in the actual dimensions which will result in a shift of the optimal configuration. In

a similar way, the geometric alignment of all the components, mainly electron beam and detector,

might introduce a notable shift in the expected angle. Lastly, the thermal simulations have certain

boundary conditions related to the overall geometry and cooling of the target. These will also

result in a significant variation in the overall performance of the source.
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