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1 Introduction

This paper is based on observations of similarities between properties of Latin
squares and tactical configurations. We seek to establish, through these simi-
larities, the ability to derive these combinatorial objects from each other, and
attempt to further refine this relation to preserve important properties observed
in these respective objects and, in doing so, determining corresponding proper-
ties of the other.

In section 2 we will go over some basic graph theory, as well as Hall’s The-
orem, which will be used in the proofs of various results going forward.

Section 3 will define Latin squares and present some of their properties, and
is based on van Lint and Wilson [1].

Section 4 gives an introduction to tactical configurations and, in particular,
the incidence matrices of tactical configurations, as these will be the basis for
their relation to Latin squares. The definition and notation of combinatorial
designs used are based on Stinson [2].

In order to form a basic relation between the two concepts, it will be deter-
mined in section 5 that it is always possible to derive a square incidence matrix
of a tactical configuration from a Latin square, and likewise always possible to
derive a Latin square from such a matrix. We present some basic properties of
these actions and, building on this, seek to flesh out this relation and attempt
to establish some analogous results on one concept for properties of the other.

Finally, section 6 will present some practical methods of determining whether
or not two given incidence matrices of tactical configurations are equivalent up
to row and column permutation by interpreting these matrices as graphs in var-
ious ways, and thereby reducing the problem to the better-understood problem
of graph isomorphism.

All proofs presented within are of my own construction, unless otherwise
stated.
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2 Graphs

Definition 2.1. A graph G is a set V = V (G) 6= ∅ of vertices, a set E = E(G)
of edges and a mapping associating to each edge e ∈ E(G) a pair of vertices x, y
known as the endpoints, or ends, of e. The two ends of an edge are said to be
adjacent. We allow for x = y, and call such an edge e a loop.

Definition 2.2. A graph G is simple if for any two vertices x, y there is at
most one edge associated with x, y, regardless of order, and no edge e ∈ E(G)
is a loop.

Going forward, we will only consider simple graphs unless otherwise noted.

Definition 2.3. A graph G is bipartite if the set of vertices is the union
of two disjoint subsets V (G) = U ∪W , such that for the endpoints x, y of any
edge e ∈ E, we have x ∈ U ⇐⇒ y ∈ W . We refer to the sets U and W as the
parts of G.

In particular, we concern ourselves with graph theory primarily as an intro-
duction to Hall’s Marriage Theorem; a result which can be formulated both
graph-theoretically and combinatorially, and the combinatorial version of which
will be used in several proofs concerning Latin squares and tactical configura-
tions.

We will begin by proving the combinatorial result, as it will have more uses
to us, and we will acquire the graph theory result as a corollary.

Definition 2.4. For a collection of subsets X1, ..., Xn, n ∈ N, of a set
A, a system of distinct representatives (SDR) is a set of distinct elements
{x1, ..., xn} ⊂ A, xi 6= xj for i 6= j, such that xi ∈ Xi,∀i ∈ {1, ..., n}.

Theorem 2.5. (Hall, 1935, [3]) Let X1, ..., Xn be a collection of n subsets
of some set A. Then there exists an SDR for these subsets if and only if every
union of any k of these subsets contains at least k elements, i.e. ∀K ⊂ {1, ..., n},
|K| = k =⇒ |

⋃
i∈K Xi| ≥ k.

Proof: Clearly, if there are some k subsets that do not have at least k ele-
ments between them it would be impossible to choose distinct representatives
for these subsets, meaning that this condition is necessary.

The sufficiency of the condition can be proven by induction on n. It is
apparent that a single subset of A will, by the condition, be non-empty, and
therefore any one of its elements is an SDR. Assuming the existence of some
SDR r1, ..., rm on subsets X1, ..., Xm, m < n, that satisfy the condition, such
that ri ∈ Xi, some other subset Xm+1 would have to either contain some ele-
ment rm+1 6= ri,∀i which is not already in the SDR, in which case its addition
to the SDR will yield an SDR on the m + 1 subsets, or contain only represen-
tatives of some k other subsets, Xm+1 ⊂ {r1, ..., rm}.

In the latter case, the union of all subsets Xi such that ri ∈ Xm+1 would,
due to the condition, have to contain some other element e1, which could be
taken as the new representative of some subset Xi1 in the union and the pre-
vious representative of said subset, ri1 , relinquished to Xm+1. Now either this
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new element e1 was not already a representative in some other subset Xj not in
this union, in which case we have an SDR on all m + 1 subsets, or adding the
subset Xj to the union would yield that the union contains some other element
e2 which is not a representative of any subset in the union, in which case the
process can be repeated.

Since there are only m original subsets, it can be the case that the new ele-
ment is the representative of a subset not in the union only finitely many times,
meaning that this process will eventually yield an SDR on X1, ..., Xm, Xm+1,
assuring the existence of an SDR on m+1 subsets satisfying the condition given
the existence of an SDR on m subsets satisfying the condition. Hence, the con-
dition is sufficient for the existence of an SDR on n subsets of A. �

Definition 2.6. For a graph G and a set of vertices X ⊂ V (G), the neigh-
bourhood of X in G, denoted NG(X), is the set of all vertices adjacent to some
vertex in X.

Definition 2.7. For a graph G, a matching of G is a set of edges M ⊂ E(G)
such that any vertex x ∈ V (G) is an end of at most one edge e ∈M . A matching
M ⊂ E(G) is maximal if, for any e ∈ E(G) \M , M ∪ {e} is not a matching.

Corollary 2.8. Let G be a bipartite graph with parts U and W such that
|U | ≤ |W |. Then there exists a maximal matching M of G if and only if ∀X ⊂ U ,
|X| ≤ |NG(X)|.

Proof: By identifying each vertex of U with its neighbourhood, we get that U
is a collection of subsets of W . Hence, assuming the condition holds, there exists
an SDR of U , and we can create a matching by taking the edges associated with
each vertex x ∈ U and its representative y ∈W . �

In particular, Hall’s Theorem paves the way for the following important re-
sult on the additive decomposition of certain (0, 1)-matrices:

Proposition 2.9. An n ×m (0, 1)-matrix with row sum r and column sums
ki ≤ r can be additively decomposed into r n×m (0, 1)-matrices with row sum
1 and column sums at most 1.

Proof: Let A be the set of columns of the matrix and let the rows correspond
to the subsets Xi ⊂ A containing precisely those columns for which the shared
cell with the i-th row has value 1. For some selection of j rows of the matrix, let
c be the number of columns in their union. Then, as the total number of cells
with value 1 in this selection is jr, or equivalently c multiplied by some number
less than or equal to r, it holds that jr ≤ cr for any such selection.

As c is the size of the union of the subsets corresponding to the selected rows
and c ≥ j for all selections of j rows, it follows by Theorem 2.5 that there exists
some SDR on all rows of the matrix, i.e. each row can be represented uniquely
by some column it is incident on, which we may express as a (0, 1)-matrix with
incidence only between rows and their respective representative columns.

Considering each column with the maximal column sum r to be the set con-
taining its incident rows, there exists an SDR of these columns by the same
reasoning, which, as such an SDR is a unique association between each such
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column and a row, is equivalent to an SDR on said rows. As Hall’s condition
applies to the collection of all rows, it also apples to every subcollection of rows,
and so there also exists some SDR of all other rows, which are not in our SDR
of maximal columns, as well. Either these SDRs can be combined to form an
SDR of all rows, or there are some maximal columns which need to be the repre-
sentative of some row in the latter collection, in which case their representative
rows can be moved to the former collection, and an SDR would exist of all rows
in this new collection by the same reasoning. Since this can only happen finitely
many times, there always exists some SDR of all rows containing all columns
with maximal column sum r.

Given such an SDR, we can subtract its (0, 1)-matrix representation from
the original matrix to yield a matrix with similar properties for r − 1, meaning
that we can repeat this process to additively decompose the original matrix into
r (0, 1)-matrices with row sum 1 and column sums at most 1. �
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3 Latin Squares

Definition 3.1. A Latin square of order n ∈ N is an n× n matrix in which n
distinct symbols are arranged so that each symbol appears exactly once in each
row and once in each column.

If S is the set of n symbols, the Latin square is said to be based on S. Go-
ing forward it will be assumed, unless otherwise stated, that S = {0, 1, ..., n−1}.

A simple manner of constructing a Latin square, for instance, would be to
fill the first row with some permutation of the symbols, and proceed to enter
the same order of symbols shifted one element to the left into the next row,
repeating this process for the remaining rows, as in the following example:0 1 2

1 2 0
2 0 1


Studying this example, we find that the following properties of Latin squares
are immediately apparent:

• There exists a Latin square of every order n ∈ N.

• The result of a permutation of the rows of a Latin square is a Latin square.

• The result of a permutation of the columns of a Latin square is a Latin
square.

• The result of a permutation of the symbols of a Latin square is a Latin
square.

Definition 3.2. Two Latin squares are said to be isotopic if one is obtained
from some permutation on the rows, columns and symbols of the other.

Definition 3.3. Given that the set of symbols S is totally ordered, a Latin
square in which the symbols of its first row and column appear in increasing
order is reduced.

It is easy to determine that every Latin square is equivalent to some reduced
Latin square up to row and column permutation, however it is worth noting
that such a reduced Latin square is not necessarily unique, as illustrated by the
following example:

0 1 2 3 4
1 0 3 4 2
2 4 0 1 3
3 2 4 0 1
4 3 1 2 0




1 0 3 4 2
0 1 2 3 4
3 2 4 0 1
4 3 1 2 0
2 4 0 1 3




0 1 2 3 4
1 0 4 2 3
2 3 1 4 0
3 4 0 1 2
4 2 3 0 1


We find that the central Latin square is the result of a row permutation of the
leftmost Latin square and also of a column permutation of the rightmost Latin
square, both of which are distinct reduced Latin squares.
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Proposition 3.4. Let Ln be the number of different Latin squares of order
n and ln the number of reduced Latin squares of order n. Then Ln = n!(n−1)!ln.

Proof: The elements of the first row can be permuted in n! ways, and the
remaining rows can be permuted in (n− 1)! ways.

Every Latin square is the result of some such permutation of a reduced Latin
square, as it is always possible to permute the rows outside the first such that
the column in which the first symbol appears in the first row is ordered, and then
permute the columns to receive a reduced Latin square, and so Ln ≤ n!(n−1)!ln.

In addition to this, the restriction on the row permutation to not include
the first row means that no Latin square can be the result of two such per-
mutations of distinct reduced Latin squares, as the columns would have to be
permuted in the same way to receive the same first row, and the remaining rows
would have to be permuted in the same way to receive the same column that was
first prior to the column permutation. Hence, as the permutations are the same,
and therefore the reduced Latin squares would be the same, Ln ≥ n!(n−1)!ln.�

Unfortunately, there is no known easily computable formula for either of these
values, and the numbers grow very large very quickly.

Definition 3.5. A partial Latin square of order n is an n × n array in
which at most n distinct symbols are arranged such that every symbol appears
at most once in every row and at most once in every column, with all other cells
being empty.

Note that is is not necessarily possible to complete a partial Latin square into a
Latin square. There are however some noteworthy results on the completability
of partial Latin squares.

Proposition 3.6. A partial Latin square of order n with precisely the first k
rows (or columns) filled can be extended to a partial Latin square with precisely
the first k + 1 rows (columns) filled, and can therefore also be completed.

Proof: If we consider each cell of row k+ 1 to be a set containing every symbol
not already in its column we can, by Hall’s Theorem, assign each cell a unique
symbol if and only if, ∀i ∈ {1, ..., n}, no collection of i cells has less than i pos-
sible symbols in total. Since each symbol appears in k columns in the partial
Latin square, it is a possible symbol for n − k cells of row k + 1, and so, since
each collection of i of these cells has i(n − k) not necessarily distinct possible
symbols, it must contain at least i distinct symbols, and so the partial Latin
square can be extended to row k + 1.

It follows by induction that the partial Latin square can be completed,
and the same arguments apply to partial Latin squares consisting of complete
columns. �

Proposition 3.7. Let A be a partial Latin square of order n based on S
such that cell (i, j) is filled if and only if i ≤ r and j ≤ s, and for a ∈ S, let
NA(a) be the number of times a appears in A. Then A can be completed if and
only if NA(a) ≥ r + s− n for all a ∈ S.
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Proof: It is easy to prove that this condition is necessary, as we can directly
observe that the first r rows of any Latin square of order n contain precisely r
of each symbol, and at most n − s appearances of some symbol can be in the
last n− s columns. We proceed to show the sufficiency of the condition. Let

a : {1, ..., n} −→ S

be some bijective mapping that uniquely associates each symbol with a number
between 1 and n, and let B = [bi,j ] be the r× n (0, 1)-matrix such that bi,j = 1
if and only if the symbol a(j) does not occur in row i of A.

As each of the first r rows of A contains s symbols, every row of B has
sum n − s, and, assuming the condition holds, the j-th column of B has sum
r −NA(a(j)) ≤ n− s. Hence, by Proposition 2.9, we can additively decompose
B into n− s (0, 1)-matrices with one 1 per row and at most one 1 per column.
As each incidence in B represents that the symbol corresponding to the column
is missing in that row, this additive decomposition of B is tantamount to a par-
tition of the remaining symbols of each non-empty row of A into n− s columns
such that each column holds r unique symbols, meaning that it is possible to
complete the first r rows of A, which is therefore completable by Proposition
3.6. �

Proposition 3.8. An n × n matrix on n symbols is a Latin square if and
only if for each k ≤ n any k × (n − (k − 1)) rectangle in the matrix contains
every symbol.

Proof: This is clearly sufficient, since this being true for k = 1 and k = n
covers the definition of a Latin square.

Assume A is a Latin square such that some k× (n− (k−1)) rectangle within
is missing the symbol a. Then the k rows that cover this rectangle will contain
k instances of the symbol a on k − 1 columns, which contradicts that A is a
Latin square. Hence, the condition is also necessary. �

Theorem 3.9. (Smetaniuk, 1981, [4]) If a given triangular partial Latin
square A of order n can be completed, then the order n + 1 triangular partial
Latin square A′ which is A extended by a diagonal consisting solely of an addi-
tional symbol α can be completed.

Proof: The following is based on Smetaniuk’s proof, as described by Lind-
ner [5]. For convenience of notation, let A′ be rotated such that it is triangular
over the back diagonal, let B be some completion of A, and for k ∈ {2, ..., n}, let
A′k be A′ with the first k columns completed. We will prove the completability
of A′ by induction on k, by proving that a partial Latin square A′k, such that, in
the first k columns, every non-α symbol in each row is also present in the same
row in the first k columns of B, can be completed into a partial Latin square
A′(k+1) which fulfils the same condition for k + 1. The case k = 2 entails filling

a single cell and satisfies this condition, as the last row of A′ does not exist in
B.

Assume that we have a partial Latin square A′k which satisfies the condition.
In column k + 1, let x1 be the symbol in cell (n − k + 1, k + 1) of B, which is
displaced by α in A′k. If x1 is not present in the bottom row of A′k, then it can
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be in the bottom row in column k + 1, and all remaining cells of column k + 1
can be filled with the same symbols as in B, clearly satisfying the condition for
k + 1 columns. If x1 is present in the bottom row of A′k, in column c, then we
consider the row in which x1 is present in this column in B. If x1 is present in
this row of A′k as well, we repeat this process until we find a row in which x1 is
not present in A′k, and this row will be the position of x1 in column k+1. Since
this symbol, by our construction, appears in a row in which it also appears in
the first k columns of B, this is congruent with the condition.

Let x2 be the symbol in this cell in B, which will be displaced by x1. If x2
is present in the bottom row of A′k, we repeat this process until we displace a
symbol xt which is not present in the bottom row of A′k, and place this in the
bottom row in column k+ 1. In filling the remaining cells of column k+ 1 with
the same symbols as in B, we yield a partial Latin square A′(k+1) which satisfies
the condition.

Once we have used this to fill n columns, the final column can be filled by
Proposition 3.6, and so A′ is completable. �
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4 Tactical Configurations

Definition 4.1. A combinatorial design is a set A of elements called points
together with a collection B of subsets of A, called blocks.

Definition 4.2. A tactical configuration with parameters v, r, k and b := vr/k
is a set of v points and a collection of b blocks such that each block contains
exactly k points and each point lies in exactly r blocks.

In particular, we are interested in the incidence matrices of these designs, as
these more obviously display their similarity to Latin squares.

Definition 4.3. A tactical configuration matrix (TCM) is a v × b (0, 1)-
matrix with constant row and column sums, i.e. a matrix in which r elements
per row and k elements per column have a value of 1, with all other elements
having value 0. A TCM is square (STCM) if r = k. An STCM with r = k = 1
is called a permutation matrix.

As with Latin squares, we can easily construct a matrix of this type by en-
tering some distribution of ones in the first row, and obtaining all other rows
by shifting the previous row one element to the left:1 1 0

1 0 1
0 1 1


Hence, we observe some similar properties in these matrices:

• There exists an STCM of every order n and line sum r ≤ n.

• The result of a permutation of the rows of an STCM is an STCM.

• The result of a permutation of the columns of an STCM is an STCM.

• Replacing all zeroes with ones and vice versa in an STCM yields an STCM.

Definition 4.4. We refer to this, the (0, 1)-matrix in which zeroes appear in
the place of ones and ones in the place of zeroes of a given (0, 1)-matrix A, as
the converse of A, so as to avoid confusion with the matrix inverse.
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5 Lifting and Depreciating

Since a Latin square consists of symbols that appear once per row and column,
it follows that we can obtain from a Latin square of order n an STCM of order
n and line sum r simply by a choice of r symbols to replace with 1, replacing
all other symbols with 0.

Definition 5.1. For a Latin square L based on the symbol set S we take
a depreciation of L to be a function

d : S −→ {0, 1}

which maps each of its symbols to either 0 or 1. We refer to the application of
such a function to the symbols of L as depreciating L.

As the number of ways in which r (or equivalently n−r) symbols can be selected
is
(
n
r

)
, this is the number of different STCMs with sum r that can be obtained

by depreciating the same Latin square, and therefore an upper bound on the
number of such STCMs up to row and column equivalence.

It is immediately clear that all STCMs obtained in this way will, for the
same r, be row and column equivalent for Latin squares of order ≤ 3, as any
resulting matrix will either contain only ones, contain only zeroes, be a permu-
tation matrix or, in the case of order 3, be the converse of a permutation matrix.

Definition 5.2. Given an n × n STCM A with cells ai,j for i, j ∈ {1, ..., n}
and a symbol set S of size n, we define a lift of A to be a function

lA : {(i, j)} −→ S

such that lA(i1, j1) = lA(i2, j2) =⇒ ai1,j1 = ai2,j2 , and, for (i1, j1) 6= (i2, j2),
lA(i1, j1) = lA(i2, j2) =⇒ i1 6= i2, j1 6= j2, i.e. cells that lift to the same symbol
have the same value and distinct cells that lift to the same symbol are not in
the same row or column. We refer to applying the function to the cells of A as
lifting A.

In studying the opposite problem of lifting STCMs into Latin squares, it is
not as readily apparent that it is always possible to do so. Proving this will
require use of our results from section 2.

Proposition 5.3. Any n × n STCM with sum r can be lifted to a Latin
square such that r of its symbols appear in the cells of the STCM holding a
value of 1, and the remaining n− r symbols in the cells holding a value of 0.

Proof: By Proposition 2.9, all cells of value 1 in the STCM can be partitioned
into r selections of n cells appearing once per row and column, by additively
decomposing the STCM into permutation matrices.

Similarly, the converse of the STCM can be partitioned into n − r similar
selections of n cells, dividing the entire matrix into n selections of n cells ap-
pearing once per row and column. Replacing the value of all cells of the same
selection with one of the symbols 0, 1, ..., n − 1 such that each selection has a
unique symbol yields an n× n Latin square. �
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Corollary 5.4. A partial Latin square of order n consisting of r symbols
that each appear n times can be completed.

Proof: As in the above proof, the empty cells can be partitioned into n − r
permutation matrices corresponding to the remaining n− r symbols. �

Having established that it is always possible to depreciate Latin squares into
STCMs and lift STCMs back into Latin squares we proceed to study the effect
certain properties of one have on the other under this relation, in an attempt
to determine similar properties of the other, and especially if it is possible to
apply further restrictions on lifts and depreciations in such a way that it is al-
ways possible to preserve some property in a Latin square which is the result
of a depreciation and subsequent lift of some other Latin square with the given
property, and vice versa.

In particular, we begin by investigating whether or not it would be possible
to find a suitable counterpart to the reduced form of Latin squares for STCMs.
As, by definition, the reduced form simply concerns an arrangement of the el-
ements of the first row and column of a Latin square, we can apply a similar
standardisation of STCMs in arranging the elements of the first row and column
such that all ones of these lines appear as the first r elements of their respective
line, with the zeroes appearing as the last n− r elements. Clearly, it is always
possible to depreciate a reduced Latin square into such an STCM, as the first r
symbols of the first row are also the first r symbols of the first column.

Unfortunately, it is however not always possible to lift such an STCM into
a reduced Latin square, as can be observed in the following example:

1 1 1 0 0
1 0 0 1 1
1 0 0 1 1
0 1 1 1 0
0 1 1 0 1


While there is no problem with partitioning the ones into different symbols, it
turns out when partitioning the zeroes that the last two symbols will have to
appear in reverse order in either the first row or column. For this particular
matrix, however, it is possible to remedy this simply by permuting the last two
columns, or rows, which yields a matrix of the described form for which it is
indeed possible to find some corresponding reduced Latin square.

In order to find an example which illustrates that it is not always possible to
partition the ones into symbols appearing once per row and column while pre-
serving the order of the first row and column either, we will make an application
of SDRs similar to the one in Proposition 2.9. An example of this would, for
some symbol not appearing in the top-left corner, require some selection of k
rows to be incident on less than k columns, or vice versa, in the matrix obtained
by removing the first row and column of the STCM as well as the column and
row on which this symbol would appear in the first row and column, respec-
tively, of the corresponding reduced Latin square. With this in mind we arrive
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at the following example: 

1 1 1 0 0 0 0
1 0 0 1 1 0 0
1 0 0 0 0 1 1
0 1 0 0 0 1 1
0 1 0 0 0 1 1
0 0 1 1 1 0 0
0 0 1 1 1 0 0


In selecting the three middle rows we find that they are incident on only two
columns outside of the first two, and it is therefore impossible for the symbol 2
to appear once per row and column while specifically appearing as the second
symbol of the first row and column. Here as well, however, we find that by
permuting the first two columns and then the blocks of rows such that the ones
in the first column appear at the top, the resulting STCM can indeed be lifted
to a partial reduced Latin square.

Clearly, then, in order to acquire a standard form for STCMs which can
always be lifted into a reduced Latin square in this way, we would have to
impose some further restriction on the arrangement of the rows and columns
based on some secondary information outside of the first row and column. We
can be sure, at least, that there always exists some permutation of the rows (or
columns), outside of the first, preserving our weak standard form, which enables
the STCM to be lifted into a reduced Latin square, as can be determined from
the following results:

Proposition 5.5. Given some STCM A of order n, compatible lift lA, permu-
tation π : {1, ..., n} −→ {1, ..., n} and corresponding permutation matrix P , we
have that

P [lA(i, j)] = [lA(π−1(i), j)],

and equivalently for column permutation that

[lA(i, j)]P = [lA(i, π−1(j))].

Proof: For any cell ai0,j0 , its content will be mapped to aπ(i0),j0 under the
row permutation PA. Hence, the content of cell (i0, j0) of P [lA(i, j)] will be
the content of cell (π−1(i0), j0) in [lA(i, j)], and the same reasoning applies for
column permutation. �

Proposition 5.6. For an STCM A with line sum r in which ones appear
in the first r cells of the first row and column, there exists a row (column)
permutation P preserving this property such that PA (AP ) can be lifted to a
reduced Latin square.

Proof: If we define a lift lA(π−1(i), j) such that P [lA(i, j)] is a reduction of
[lA(i, j)], and such that the first row of [lA(i, j)] is ordered, the corresponding
STCM PA will preserve the weak standard form of A, since any symbol corre-
sponds exclusively to either 0 or 1 under the lift, and rows beginning with either
in A will only need to be permuted among each other to reduce [lA(i, j)]. The
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same applies for column permutation. �

Question: Is there some way to construct a standard form for STCMs such
that a matrix in this form can always be lifted to a reduced Latin square, or
will such an STCM have to be constructed from a reduced Latin square or by
the above method of studying SDRs and applying arbitrary permutations?

Whether or not such a criterion exists will be left open, as we proceed to con-
sider some other properties of Latin squares.

We continue with considering our results on partial Latin squares in hopes
of deriving analogous results for STCMs, given some meaningful concept of a
partial STCM.

The two primary constructions that would appear as such are incomplete
arrays containing some distribution of ones and zeroes, in some sense a direct
translation of partial Latin squares, and (0, 1)-matrices with at most a certain
number of ones per line, replacing the concept of a constant line sum with an
upper bound. While the former construction holds more information in the
distinction between zeroes and empty cells and immediately admits lifts and
depreciations with partial Latin squares, it is nonsensical in terms of our def-
inition of tactical configurations as combinatorial designs, as a partial tactical
configuration would not be a design consisting of the same elements, but would
in addition to points and the blocks containing them require some way to keep
track of known non-incidences.

Hence, we will primarily consider the latter construction, as a partial tactical
configuration in this sense would be a block design of similar character which
could, through the addition of more incidences, be completed into a tactical
configuration.

Definition 5.7. A partial tactical configuration matrix is an m × n (0, 1)-
matrix together with numbers r ≤ n, k ≤ m, such that each row contains at
most r ones and each column contains at most k ones. For m = n we say it is
square, and refer to r = k as its line sum.

In considering the completion of partial STCMs, it becomes apparent that it is
always possible without restriction on the line sum, as every partial STCM of
order n can be completed into an STCM with line sum n, owing to the lack of
required non-incidences. It is not as a general rule trivial, however, as restricting
the line sum of the STCM to, for instance, the highest line sum present in the
partial STCM makes it a more complex problem, as illustrated by these simple
examples: 

1 1 1 0
1 1 1 0
1 1 1 0
0 0 0 0




1 1 1 0
1 1 0 1
1 0 1 1
0 0 0 0


The left example clearly needs to be entirely filled to complete into an STCM,
whereas the right example can be completed into an STCM with line sum 3 by
adding three incidences in the bottom row. Hence, it is not only worthwhile to
ask whether or not we can complete a partial STCM to the highest present line
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sum, but we may ask which is the lowest line sum to which a partial STCM is
completable. We can observe, for instance, the following similar example of a
partial STCM with highest line sum 2, which, having a similar construction to
the above left example, is not completable with a line sum of 2, but which is
completable with a line sum of 3, as illustrated by the right example:

0 1 1 0
1 0 1 0
1 1 0 0
0 0 0 0




0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0



Definition 5.8. A partial STCM A is r-completable if there exists a (0, 1)-
matrix B such that A+B is an STCM with line sum r.

Proposition 5.9. For a partial STCM A of order n such that all cells of
value 1 lie in the same u× v submatrix, u ≥ v, if n = ud for some d ∈ N, then
A is u-completable.

Proof: As we can freely permute the rows and columns, consider the sub-
matrix to consist of the cells (i, j) such that i ≤ u and j ≤ v. Then we can
give each cell of value 0 such that ku ≤ i ≤ (k + 1)u and ku ≤ j ≤ (k + 1)u
simultaneously for each k ∈ {0, 1, ..., d− 1} a value of 1 to yield an STCM with
line sum u. �

Proposition 5.10. A partial STCM of order n > r which is r-completable is
also (r + 1)-completable.

Proof: Since the converse of an STCM is an STCM, we can additively de-
compose it into permutation matrices in accordance with Proposition 2.9. For
the r-completion of a partial STCM, adding any one of these permutation ma-
trices yields an (r + 1)-completion. �

Having established a meaningful interpretation of a partial tactical configura-
tion and what kind of results on their completion would be worthwhile, we may
proceed in our attempt to translate some results on the completion of partial
Latin squares for partial STCMs.

Proposition 5.11. A partial STCM of order n such that m rows have a
line sum of r, with all other rows having a line sum of 0, is r-completable if and
only if, for all column sums c, r − c ≤ n−m.

Proof: This condition is necessary, since if r−ci > n−m for some column sum
ci, then in completing this column some new incidence would have to appear in
one of the non-empty rows, meaning that some row must have a line sum of at
least r + 1.

Considering the non-empty rows of the partial STCM to be a rectangular
matrix, we may, due to its definition, use Proposition 2.9 to partition all cells of
value 1, and we may do the same with the cells of value 0 in this matrix, assum-
ing the condition holds, additively decomposing the entire matrix into matrices
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with a row sum of 1 and column sums of at most 1. We use this decomposition
to define a partial lift, yielding a partial Latin square.

Since this partial Latin square can be completed by Proposition 3.6, and the
resulting Latin square depreciated in a way that preserves the original rectan-
gular matrix, we can do this to obtain an r-completion of the partial STCM.
Hence, the condition is sufficient. �

Proposition 5.12. Let A be a partial STCM of order n such that all cells of
value 1 lie in the same u× v submatrix B, and let NB(0) denote the number of
cells in B with a value of 0. If A is r-completable, then NB(0) ≥ (n−r)(u+v−n).

Proof: Assume that A is r-completable. Then, the r-completion of A can
be lifted to a Latin square by Proposition 5.3, and the corresponding submatrix
of this Latin square contains at least u + v − n of each symbol by Proposition
3.7. Since the zeroes of the STCM correspond to n− r symbols under the lift,
and the partial STCM contains at least as many zeroes as the STCM in any
given submatrix, B contains at least (n− r)(u+ v − n) zeroes. �

Proposition 5.13. If a triangular partial STCM A of order n is r-completable,
then the triangular partial STCM A′ of order n + 1 which is A extended by a
diagonal on which each cell has value 0 is r-completable.

Proof: Assume that A is r-completable. Then, the r-completion of A can
be lifted to a Latin square by Proposition 5.3, and the equivalent triangular
partial Latin square can be extended by a diagonal consisting of an additional
symbol α, and this new triangular partial Latin square can be completed by
Theorem 3.9. Since each symbol corresponds to either 1 or 0 under a lift, this
completed Latin square can be depreciated with the same correspondence, with
the additional symbol α corresponding to 0, to yield an r-completion of A′. �
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6 Tactical Configuration Matrix Equivalence

Finally, we proceed to consider a tool which sees a lot of use in practical dealings
with TCMs, which is the ability to tell whether or not two TCMs are equiva-
lent up to row and column permutation by interpreting each matrix as a graph,
and so reducing the problem to the more well-studied problem of telling apart
non-isomorphic graphs.

We may find useful the following two ways to represent TCMs as graphs.

For an STCM with line sum r = 2, we can interpret the rows of the matrix
as vertices and the columns as edges, with ones determining incidence and ze-
roes non-incidence, and obtain graphs such that each vertex belongs to two
edges, i.e. graphs consisting of cycles.

As such graphs are completely determined by their cycle structure, we can
tell them apart thereby. We see, for instance, that there exist exactly two non-
equivalent STCMs of size 4 and line sum 2:

1 1 0 0
1 1 0 0
0 0 1 1
0 0 1 1




0 0 1 1
1 1 0 0
1 0 0 1
0 1 1 0



The other way we can interpret any TCM as a graph is as the biadjacency
matrix of a bipartite graph.

Definition 6.1. The adjacency matrix of a simple, undirected graph A is
an |A| × |A| matrix such that the element Aij is 1 if vertices i and j are adja-
cent, and 0 otherwise.

In particular, the adjacency matrix of a bipartite graph A with parts U and
W such that |U | = u and |W | = w will be of the form[

0u×u B
BT 0w×w

]

where the u × w (0, 1)-matrix B completely determines the adjacency matrix,
and is called the biadjacency matrix of A.

Interpreting TCMs as graphs in this way, we can utilise the eigendecompo-
sition of the full adjacency matrices of the graphs to determine if they have
different sets of eigenvalues, in which case these graphs are isoporphic and the
respective TCMs equivalent up to row and column permutation.

Definition 6.2. For an n×n matrix A with linearly independent eigenvectors,
its eigendecomposition is the factorisation A = QΛQ−1, such that eigenvectors
of A constitute the columns of the n×n matrix Q, and the corresponding eigen-
values constitute the elements of the diagonal matrix Λ.

Proposition 6.3. Any (real) symmetric matrix A can be factorised as
A = QΛQT , where the columns of Q are orthogonal eigenvectors of A, and
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Λ is the diagonal matrix of its eigenvalues.

Proof: This follows from the fact that real symmetric matrices are diagonalis-
able by orthogonal matrices.

Given that the adjacency matrix is entirely determined by the biadjacency ma-
trix, we turn our attention to singular value decomposition as a means to directly
study the TCM.

Definition 6.4. For a real m × n matrix B, its singular value decomposi-
tion is the factorisation B = UΣV T , where U and V are orthogonal matrices
of sizes m×m and n× n respectively, and Σ is an m× n rectangular diagonal
matrix with non-negative entries. The diagonal entries of Σ are called the singu-
lar values of B and the columns of U and V are its left and right singular vectors.

Proposition 6.5. For an m × n biadjacency matrix B with singular value
decomposition B = UΣV T , we can express the eigendecomposition of the corre-
sponding adjacency matrix with the following formula; Ū Ū 0m×p

V̄m −V̄m pV

 +Σm
−Σm

0p×p

  Ū Ū 0m×p

V̄m −V̄m pV

T
,

in which p = n−m, X̄ denotes 1√
2
X, Xm denotes the matrix consisting of the

first m columns of X and pX denotes the matrix consisting of the last p columns
of X.

Proof: Assume that m ≤ n. It follows from the fact that U and V are both
orthogonal matrices that the first matrix is also orthogonal, and so all that re-
mains is to prove that the product is indeed the adjacency matrix:[

0m×m UΣmV
T
m

(UΣmV
T
m )T 0n×n

]
Since the original Σ is a rectangular diagonal matrix, both the n−m columns
beyond its diagonal and the bottom n−m rows of V T are redundant, meaning
that this is indeed equivalent to the full adjacency matrix.

As for the case when m > n, we may simply use BT , as this is tantamount
to renaming the parts of the graph. �

This formula is given by Kunegis [6] for square biadjacency matrices, although
he does not provide the proof.

Given this relationship between the singular value decomposition of the biad-
jacency matrix and the eigenvalue decomposition of the adjacency matrix, we
find that we can tell apart any two TCMs should they have different singular
values.
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