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2 Abstract

Value-at-Risk is one of crucial indicators of financial stability, this method
was developed relatively recently around thirty years ago. However, the imo-
portance of this method reached the new level after crush in the financial
markets. The regulators as The Basel Committee on Banking Supervision
recommends banks to hold sufficient liquidity in order to cover potential
losses in their trading portfolios over ten days horizon, 99% of the time
(Fernandez, 2003) and this liquidity requirement is based on VaR estimate.
There are many methods for calculation of VaR. One of them is General-
ized Autoregressive Conditional Heteroskedasticity(GARCH) method this
method allows to capture dynamics of volatility, but the main drawback
of this model is an assumption about distribution of the underling data.
The another method that could overcome drawback in GARCH model is
Conditional Autoregressive Value at Risk (CAViaR) method. This method
does not have any assumption about distribution because of modelling quan-
tiles directly. The last method is Extreme Value Theory (EVT) method that
model returns of tail distribution. In this paper we concentrate on peak over
threshold(POT ) method that is Generalised Pareto Distribution(GPD) that
used in modelling exceedances of random variable over threshold. However,
the main disadvantage of this model is choosing a threshold (Xiu-min and
Fachao, 2006). The objective of this project is to illustrate the paper writ-
ten by Buczyński and Chlebus, (2020). They claim that the older methods
in estimation of VaR are still good. The three methods were selected from
their paper. They are EVT90,CAViaR and GARCH(1,1). The accuracy of
these models is tested on one stock from Yahoo.
I would like to thank Buczyński for making CAViaR code public.

3 Literature review

In this section we briefly introduce important ingredients in our models.
The first concept is quantiles also known as percentile concept because as
we mentioned above industry standard is measuring VaR at 99% - quantile.
So, what does this stand for?
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4 Quantiles

Lets define some concepts and definitions that will be used throughout this
paper. Let Y be a random variable. The cumulative distribution function
(CDF) of Y is the function FY defined by the formula

FY (y) = P (Y ≤ y),∀y ∈ R,

If there exist non-negative function fY (y) such that

FY (y) =

∫ y

−∞
fY (u)du,∀y ∈ R (1)

then we say that Y has continuous probability distribution and that fY is
probability density function (PDF) of Y. The function fY (u) has following
properties:

1. fY (u) ≥ 0,∀u

2.
∫∞
−∞ fY (u)du = 1.

In this case
FY (y) = P (Y ≤ y) (2)

The function FY is non-decreasing but not necessarily injective. If it is
injective then the inverse

F−1
Y : (0, 1)→ R (3)

is well-defined and it is called the quantile function of Y. If α ∈ (0, 1), the
number F−1

Y (α) is called the α-qunatile of Y. If the inverse does not exist,
we still can define quantiles using Definition 1

Definition 1. Let Y be a real valued random variable with CDF FY (y) =
P (Y ≤ y) then α-qunatile of Y is given by

F−1
Y (α) = inf{y ∈ R : FY (y) ≥ α}

5 Value at Risk

Value at Risk is a risk measure that represents a single value that the most
you could lose in a given holding period with some confidence level. As,VaR
reflects potential loss of an investment, it is used frequently as a market risk
measure in accordance with Basel II agreement by the financial institutions.
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VaR is a lower extreme quantile of the return distribution of an asset calcu-
lated with a given confidence level α. Lets define VaR .
Lets consider fixed time period [T, T + ∆T ], where ∆T is some increment
it could be days, months, years, etc. ∆V = VT+∆T − VT denote a random
variable representing the change incurred at [T, T + ∆T ] then the loss of
portfolio is generated by random variable is denoted L = −(VT+∆T − VT ).
The value-at-risk with α ∈ (0, 1) could be defined as follows:

Definition 2. The VaR at confidence level α is defined by the smallest a ∈ R
such that the probability of loss L exceed a is no larger than 1− α,

VaRα(L) = inf
a
{P (L > a) ≤ 1− α} = inf

a
{FL(a) ≥ α} = F−1

L (α)

Now, lets define VaR in a way adapted to time series models. Let ∆T = 1
then

t = T + ∆T

t− 1 = T

Our random variable rt,
rt = VT+∆T − VT

So, Let Fr be CDF of rt with respect to conditional probability P (·|Ωt−1).
So,

Frt(x) = P (rt < x|Ωt−1)

The equation that define VaRα(rt) in Jorion (2010)

P (rt < VaRα(rt|Ωt−1)) = α,

where
rt = financial return,
t = time index(discrete time),
Ωt−1 = information set available at time t− 1.
is equivalent to

F−1
rt (α) = VaRα(rt)

So it is consistent with the previous definition of VaR. According to Artzner
et al. (1999) the measure of risk Υ(·) is coherent if it has following properties:

1. Monotonicity Υ(X) ≤ Υ(Y ), if X ≤ Y ;

2. Risk Free Condition Υ(λ+X) = Υ(X)− λ, if λ ∈ R;

3. Homogeneity Υ(λX) = λΥ(X), if λ ≥ 0;
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4. Subadditivity Υ(X + Y ) ≤ Υ(X) + Υ(Y ),

where X and Y financial assets According to lecture notes of Klimek (2020)
two properties Homogeneity and Subadditivity could be replaced by con-
vexity. Value-at-risk is not a coherent risk measure, because it fails Subad-
ditivity (Artzner et al.,1999).There are three general methods of calculation
of VaR, non-parametric, parametric and semi-parametric models. In this
project only two of them will be considered. Now, we have idea about VaR
and how it defined. Next step will be adding more theoretical concepts. So,
now time to speak about regression. This tool is very powerful and simple
tool in order to understand connection between independent and dependent
variable. Another concept Quantile regression helps us model VaR without
any prior assumption about underlying data. So, we shed some light about
these concepts.

6 Regresion

Linear regression is a method of investigating the dependence between a
response variable Y and an explanatory variable X (or a covariate) by menas
of the regression function

E[Y |X = z] = β0 + β1z, z ∈ R

which assumed to be linear. In case of more than one explanatory variables
X1, . . . , Xk the model becomes

E[Y |X = z1, · · · , Xk = zk] = β0 +

k∑
i=1

βizi.

where z1, . . . , zk ∈ R.
Suppose that X and Y are sampled and we observe the values (x1, y1), . . . , (xn, yn).
The estimated values β̂0 and β̂1 of the coefficients of the regression function
are usually obtained by the least squares optimization

(β̂0, β̂1) = argmin
β0,β1

n∑
i=1

(yi − β0 − β1xi)
2

This can be extended to the case of k-explanatory variables. We also need
to describe quantile regression, but we need a way of calculating quantiles
using optimization. Let α ∈ (0, 1).
Consider the function

ρα(u) =

{
αu, if u ≥ 0

(α− 1)u, if u < 0.
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The function ρα(u) is usually called the check function or the loss function.
Suppose that y is a random variable it can be shown that

qα(Y ) = argmin
u

E[ρα(Y − u)],

where as before qα(Y ) denotes the α-quantile of Y. If instead of Y we have a
finite number of independent samples y1, y2, . . . , yn of Y (or if Y is a discrete
random variable with values y1, y2, . . . , yn ) then the estimated α-quantile is
obtained as

q̂α = argmin
u

n∑
i=1

ρα(yi − u)

Quantile regression was introduced by Koenjer and Hallock (2001). It is a
method of investigating the dependence between of a response variable Y
and an explanatory variable X (or a covariate) by means of the quantile
regression function

qα[Y |X = z] = β0 + β1z, z ∈ R

which is assumed to be linear. In the case of more then one explanatory
variables X1, . . . , Xk the model becomes

qα[Y |X = z1, · · · , Xk = zk] = β0 +

k∑
i=1

βizi.

where z1, . . . , zk ∈ R.Suppose that X and Y are sampled and we observe
the values (x1, y1), . . . , (xn, yn). The estimated values of β̂0 and β̂1 of the
coefficients of the quantile regression function are obtained by optimization

(β̂0, β̂1) = argmin
β0,β1

n∑
i=1

ρα(yi − β0 − β1xi)

This can be extended to the case of k-explanatory variables.

Why we need ARMA model?

ARMA model is one of widely used models in time series analysis. In
the modelling of GARCH process basic idea is modelling volatility pro-
cess and mean process where conditional mean usually estimated by ARMA
model. Order of ARMA could be found by analysing Autocorrelation Func-
tion (ACF) and Partial Autocorrelation Function (PACF)1

1Shumway & Stoffer, (2006)
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6.1 ARMA method

Definition 3. A collection of random variables Xt where t ranges over set
of integers, is called a stochastic process in discrete time(time series).

Definition 4. The autocovariance function of a stochastic process Xt is
defined as

γ(s, t) = cov(Xs, Xt)

Definition 5. If Xt has finite variance for all t,

1. the mean function µt is constant;

2. the autocovariance function γ(s, t) depends only on |s− t|, then Xt is
weakly stationary.

Definition 6. A time series Xt : t ∈ Z is called an autoregressive moving
average time series of order p,q or ARMA(p, q) if it is stationary and

Xt = φ1Xt−1 + · · ·+ φpXt−p + εt − θ1εt−1 − · · · − θqεt−q,

where θq, φp 6= 0 and σ2
ε > 0. The parameters p and q are called the autore-

gressive and the moving average orders, respectively. If Xt has a nonzero
mean µ, we set β = µ(1− φ1 − φ2 · · ·φp) and write the model as

Xt = β + φ1Xt−1 + · · ·+ φpXt−p + εt − θ1εt−1 − · · · − θqεt−q,

where ε - white noise with mean zero and variance σ2
t .

if q = 0 then ARMA(p, q) reduces to autoregressive process of order p,
AR(p) and if p = 0 then ARMA(p, q) reduces to moving average model
of order q, MA(q). So this model consist of two process autoregressive and
moving average. The autoregressive model forecasts future by relying on the
past it is basically modelling Xt by means of regression on its own past val-
ues and the p defines how many lags we want to include into model, whereas
moving average model is a linear combination of the past shocks.

Why GARCH

It is time for the first model that we analyse further. This model is very
good tool to catch the volatility clustering in the data. As GARCH model
consist of modelling two process as volatility and mean process. There is
very good chances that we can predict random changes in stock prices. So
by knowing these change we can estimate VaR. Now, lets talks first about
ARCH and then GARCH process.
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7 Volatility models

ARCH stands for Autoregressive model with Conditional Heteroskedastic-
ity which was introduced by Engel(1982) who later got Nobel prize for his
research on the concept ARCH. ARCH model differentiates between the un-
conditional and the conditional variance where conditional variance could
be written as a function of past errors that could be changed over time.
Heteroskedasticity basically means that the conditional variance in time se-
ries data is not constant or we can define as Mandelbrot (1963, p. 418),
“large changes tend to be followed by large changes, of either sign, and
small changes tend to be followed by small changes.” According to Tsay
(2016), underlying idea in ARCH(p) model is that the shock of returns
at = rt−µ = σtεt, ε ∼ i.i.d(0, 1) is serially uncorrelated, however dependent
and the dependence of the shock could be written as quadratic function of
its lagged values.

Definition 7. A process at, where

at = σtεt, εt ∼ i.i.d(0, 1), β0 > 0, β1, . . . , βp ≥ 0,

σ2
t = β0 +

p∑
i=1

βia
2
t−i

is called autoregressive conditional heteroskedastic model of order p and de-
noted by ARCH(p).

where p - number of lags. Lets consider ARCH(1) in order to explain im-
portance of conditional variance. Let our time series data be:

rt = ln(xt)− ln(xt−1) = σtεt

where xt is a price of stock. Then ARCH(1) has the form of

σ2
t = β0 + β1r

2
t−1

Now, lets define the one important concept that will be used below.

Definition 8. The Law of Iterated Expectations states that:

E(X) = E (E(X|Y )) ,

where (X|Y ) is the conditional probability distribution of X given Y.
The ARCH(1) process has zero mean, lets consider first conditional mean,
if k≥ 1, then

E(rt|rt−k, rt−k−1, . . . ) = E(σtεt|rt−k, rt−k−1, . . . )

= σtE(εt|rt−k, rt−k−1, . . . ) = σt0 = 0.
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then unconditional mean

E(rt) = E(E(σtεt|rt−k, rt−k−1, . . . )) = E0 = 0.

This process is serially uncorrelated, if k ≥ 1, then

E(rtrt−1) = E(E(rtrt−k|rt−k−1, rt−k−1, . . . ))

= E(rt−1E(rt|rt−k, rt−k−1, . . . ) = E(rt−k0) = 0.

So it has
cov(rt, rt−k) = 0

According to efficient market hypothesis rt can not be predicted by its his-
torical data because it has zero covariance. However, r2

t can be predicted
by the conditional variance2. If k ≥ 1, then

var(rt|rt−k, rt−k−1, . . . ) = E(r2
t |rt−k, rt−k−1, . . . ))

= E((σtεt)
2|rt−k, rt−k−1, . . . )

= σ2
tE(ε2t |rt−k, rt−k−1, . . . ) = σ2

t .

In order to see the stationarity of ARCH(1) process lets consider uncondi-
tional variance if k ≥ 1, then

var(rt) = E(r2
t )− (E(rt))

2 = E(r2
t )

= E(E(r2
t |rt−k, rt−k−1, · · · ))

= E(β0 + β1r
2
t−k)

then

σ2 =
β0

1− β1
,

provideed that 0 ≤ β1 < 1. So, ARCH(1) process is stationary if 0 ≤ β1 < 1.
Bollerslev (1986) proposed a Generalized Auto-regressive Conditional Het-
eroskedasticity. He extended the ARCH model with an autoregressive term
q for the volatility.

Definition 9. A process at, where

at = σtεt, εt ∼ i.i.d(0, 1), β0 > 0, βi ≥ 0, γj ≥ 0,

σ2
t = β0 +

p∑
i=1

βia
2
t−i −

q∑
j=1

γjσ
2
t−j

is called generalised autoregressive conditional heteroskedastic model of order
p, q and denoted by GARCH(p, q)

2https://www.fsb.miamioh.edu/lij14/672_2014_s5.pdf
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where The p =number of the lagged squared error term, β = ARCH co-
efficient that shows speed of reaction to changes, q =the number of lagged
conditional variance and γ = GARCH coefficient that determines the degree
of persistence in the volatility. This model assumes the stationarity and the
finite variance E(σ2

t ) <∞ in the time series data that implies that

max(p,q)∑
j=1

βj + γj < 1. (4)

In this project GARCH(1, 1) is used

σ2
t = β0 + β1a

2
t−1 + γ1σ

2
t−1 (5)

where unconditional variance for GARCH(1, 1) process is given by

var(at) =
β0

1− β1 − γ1
, (6)

if the stationary condition holds

0 < β1 + γ1 < 1 (7)

VaR in GARCH(1,1) could be defined as,

VaRα(rt) = µ̂t + qα

√
σ̂2
t ,

(8)

where
µ̂t = estimate of the conditional mean at t,

σ̂2
t = estimate of the conditional variance at t,
qα = quantile distribution of the data.

(Buczyński and Chlebus, 2020)
There in not much evidence to prove the normality of distribution of the un-
derlying asset in GARCH models rather than it exhibits heavy-tail behaviour
(Susmel and Engle, 1994) and according to Bollerslev (1987) GARCH model
has more efficient result when the assumption of distribution is met. Pa-
rameters of GARCH(1, 1) model could be found by maximum likelihood
estimate. Let {r1, . . . , rn} be a sample of n independent and identically dis-
tributed observations, with density function f(x) and let θ be an unknown
vector of parameters then likelihood function θ given {r1, . . . , rn} is of the
form:

L(θ|r1, . . . , rn) =

n∏
i

f(ri|θ) (9)

According to the lecture notes of Kogan (2010), likelihood function for
GARCH(1, 1) is given by
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L(θ) = −1

2

T∑
t=1

(
ln(2πσ2

t ) +
a2
t

σ2
t

)

θ̂ = argmax
(β0,β1,γ1)

L(θ)

subject to

β1 ≥ 0, γ1 ≥ 0, β1 + γ1 < 1

7.1 CAViaR

Conditional Autoregressive Value at Risk is proposed by Engle and Man-
ganelli (2004) is used to estimate VaR by modelling quantile estimation and
this model does not have any fixed assumption on underlying distribution
of the return of the asset. Authors of this model used the fact that market
returns cluster over time that means market return’s distribution is auto-
correlated. In this project four different special cases of the general will be
considered.
In all four models rt denotes the rate of return at time t and the coefficients
βi corresponding to lagged values can be estimated using quantile regression.
Symetric absolute value(SAV)
The model responds symmetrically to past returns and it is mean- reverting
that means that the coefficient on the lagged VaR is not restricted to 1.

VaRα(rt) = β0 + β1 VaRα(rt−1) + β2|rt−1|

Asymmetric Slope(AS)
The model responds symmetrically to past returns while allows negative and
positive response to be different. It is also mean-reverting.

VaRα(rt) = β0 + β1 VaRα(rt−1) + β2(rt−1)+ + β3(rt−1)−

Indirect GARCH(1,1)
This model responds symmetrically to past returns. According to Engle
and Manganelli (2004), this model works best if the underlying data process
is a true GARCH(1,1) process where error is independent and identically
distributed. It is also mean-reverting.

VaRα(rt) =
(
β0 + β1 VaRα(t− 1)2(β) + β2(r2

t−1)
)0.5

Adaptive
This model suggest that if you exceed your VaR, you should increase its
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value, while when you do not exceed it, you must decrease its value by the
small amount. This way leads to reduction of the probability of observing
the sequences of hits, on the other hand, this startegy makes unlikely that
there will be no hits. The model has a unit coefficient on the lagged VaR.

V aRα(rt) = VaRα(rt−1) + β0

(
1 + exp(G(rt−1 − V aRα(rt−1)))

)−1

− α,

where G-positive finite number.
(Drakos et al., 2015)

Why Extreme Value Theory

First of all there are two main methods within extreme value theory. They
are a block maxima and a peak over threshold methods. In this project only
the peak over threshold will be considered. As value at risk is defined in the
tail of distribution, the most appropriate tool for catching extreme events
could be considered EVT method. As mentioned above there are some the
distribution assumption of financial returns. One of them is normality that
is not always true in practice. EVT is of the methods that does not assume
normality of financial returns and models extreme events in the tail. Now,
lets consider some theoretical concepts about this robust tool. Extreme
value theory is more about extreme events as losses that occur in tail. It is
not surprise that we are mostly interested in occurrence of very lower and
very higher prices in stock market and this event as random variable could
be as minimum or maximum. One of the most important theorem in ex-
treme values is Fisher–Tippett–Gnedenko Theorem, the role of this theorem
for maxima is similar to that of central limit theorem, except that fact the
Fisher–Tippett–Gnedenko theorem only claims that if the maximum of a
sample of i.i.d random variables that normalized converges, then the limit
distribution should be particular class such as Frechet, Weibull or Gumbel
distribution.

Theorem 1. Let X1, . . . , Xn be i.i.d with common distribution function F
and let Mn = max(X1, . . . , Xn). If for some constant an > 0 and bn

P
(
Mn − bn

an
≤ x

)
→ G(x)

As n → ∞ where G is nondegenerate distribution function then G must be
one of the three types

1. (Gumbel): G(x) = exp(−e−x),−∞ < x <∞

2. (Fréchet): G(x) = exp(−x−ξ), 0 ≤ x, ξ > 0

3. (Weibull): G(x) = exp(−(−x)−ξ), 0 ≥ x, ξ < 0
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(Longin, 2017)
There are two classical models of EVT, first block maxima model and the
second known as peak over threshold (POT) that adjusts the excess dis-
tribution to the generalised Pareto distribution (GPD) while GPD defines
the limit distribution of scaled excesses over some higher threshold. Lets
define these important concepts , assume that Xi, i = 1, . . . , n i.i.d random
variables with CDF, F (x) = P(Xi ≤ x). Lets sample maxima of Xi, be
LN = max(X1, ..., Xn). Then CDF of Ln

P(Ln ≤ x) = P(X1 ≤ x, ...,Xn ≤ x) =

n∏
i=1

F (x) = Fn(x)

According to Rodriguez (2017) asymptotic approximation for Fn could be
found after applying appropriate normalisation of max value Zn = Ln−µn

σn
,where

σn > 0-scale and µn-position parameters. So by doing this and by applying
theorem 1 we get the generalised extreme value(GEV):

Hξ(z) =

{
exp(−(1 + zξ)−1/ξ), ξ 6= 0, 1 + zξ > 0,

exp(− exp(−z)), ξ = 0,∞ < z < −∞
(10)

where, ξ- shape parameter.
Now lets define the excess distribution above the threshold u and GPD ac-
cording to Fernandez (2003)

Definition 10. For a random variable X with CDF F, the excess distribution
over a threshold u is given by

Fu(y) = P(X − u ≤ y|X > u) =
F (y + u)− F (u)

1− F (u)
, y > 0.

It can be shown that,
Fu ≈ Hξ,φ(y), u→∞

which is very important result in extreme value theory where Hξ,φ(y) is
GPD

Hξ,φ(y) =

{
(1− (1 + (ξy)/φ)−1/ξ), ξ 6= 0

1− exp(−y/φ), ξ = 0.

where, φ > 0, scale parameter , and ξ-shape parameter.
In order to estimate the tail. We use definition 10 and set x = u+y,X > u,
we have

F (x) = (1− F (u))Hξ,φ(x− u) + F (u)

As result we get after substituting F (u) = (N −Nu)/N

F̂ (x) = 1 +
Nu

N
(Hξ,φ(x− u)− 1)

12



Where N -total number of samples, Nu- number of exceedances
Finally our tail estimator is

F̂ (x) = 1− Nu

N

(
1 + ξ̂

x− u
φ̂

)−1/ξ̂

(11)

where estimates of ξ̂ and φ̂ can be obtained by the MLE. According to Chou
and Wang (2013) for α > 1− Nu

N , VaR estimator of residulas could be found
by inverting 11

V̂aRuα(rt+1) = u+
φ̂

ξ̂

(
(
1− α
Nu
N

)−ξ̂ − 1

)
(12)

Assuming the dynamic of returns follows

Xt = µt + σtZt (13)

Zt= strict white noise
Defining the threshold of POT method is challenging task according to Scar-
rott and MacDonald (2012) if the threshold is too lower asymptotic basis
underlying the GPD approximation will be violated. On the other hand,
if the the threshold is too higher, there will be fewer variable that could
increases the uncertainty of the parameter estimates. However, as rule of
thumb 90 quantile is usually chosen. In order to predict one day ahead VaR
Dynamical approach should be used this method was introduced by McNeil
and Frey (2000), this method is fairly easy implement first GARCH(1,1)
model will be implemented to find the current market volatility and fit the
theoretical extreme distribution to the residuals of GARCH(1,1) model. One
day ahead forecast for VaR could be defined as in Buczyński and Chlebus
(2019)

VaRα(rt+1) = µt+1 + ˆVaRuα(rt+1)
√
σt+1 (14)

where uα = 0.9 (threshold was chosen)

8 Backtesting

After calculating VaR values, the logical precedence would be checking ac-
curacy of VaR. Usual way is to define sequence of

It =

{
1 if rt ≤ VaRα(rt)

0 if rt > VaRα(rt)
(15)

According to Kupiec (1995) Y =
∑

It follows Bernoulli process with the
bionomial distribution Bin(N,α). He has also introduced a proportion of
failures test(POF) that is simplest unconditional coverage test that checks
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whether the number of exceedances in the line with given α level in the
model. We can define the null hypothesis as

H0 : p =
x

n
,

and
H1 : p 6= x

n
,

where n - number of oservations, x - number of violations and its LR is chi
square distributed with one degree of freedom.

LRUC = −2 ln
(1− p)n−xpy

(1− x/n)n−x(x/n)x
, LRUC ∼ χ2(1)

where p = 1− α
According to Kupiec (1995) we reject null if LR greater than critical value of
χ2 -distribution. There are two known weak features of this test one is that
the test has low power under regulatory one year period and the second this
test does not consider the time occurrence of failure and concentrates only
on unconditional coverage property by disregarding independence property.
That is why Campbell (2005) recommended that this test alone should not
be used for validation of VaR.
The next test examines the independence of probability of VaR violation
on the two consecutive days. Also known as Christoffersen test. Accord-
ing to Christofferson (1998) first order Markov chain could be written with
transition probabilities

Π1 =

(
1− π01 π01

1− π11 π11

)
where πij = P (It = i|It−1 = j), for example π01 denotes the probability of
the violation tomorrow given that today no violation whearas π11 denotes
the probability of the violation tomorrow given that violation today. The
likelihood function of it

L(Π1) = (1− π01)N00πN01
01 (1− π11)N10πN11

11

Now we can apply MLE method, take ln from both side

ln(L(Π1)) = ln((1− π01)N00πN01
01 (1− π11)N10πN11

11 )

gives

ln(L(Π1)) = N00 ln(1− π01) +N01 ln(π01) +N10 ln(1− π11) +N11 ln(π11)

now we maximise it with respect to π01

d

dπ01
ln(L(Π1)) =

N01

π01
− N00

1− π01
= 0
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then estimate of π̂01 and π̂11 are given by

π̂01 =
N01

N00 +N01

π̂11 =
N11

N10 +N11

then we can rewrite

Π1 =

(
1− N01

N00+N01

N01
N00+N01

1− N11
N10+N11

N11
N10+N11

)
=

(
N00

N00+N01

N01
N00+N01

N10
N10+N11

N11
N10+N11

)
Note that independence corresponds to

Π2 =

(
1− π2 π2

1− π2 π2

)
and its likelihood is

L(Π2) = (1− π2)N00+N10(π2)N01+N11

the assumption under the null is: All occurred VaR violations are indepen-
dent

H0 : π̂01 = π̂11

with LR that is asymptotically chi-square distributed with one degree of
freedom.

LRIND = −2 ln
(1− π2)N00+N10(π2)N01+N11

(1− π01)N00πN01
01 (1− π11)N10πN11

11

where
N01 +N11

N00 +N01 +N10 +N11
= π2

where
Nij-number of days where j followed i, if i = 0 (no violation) and

j = 1(violation). Now, we can combine both independence test and un-
conditional coverage test and get conditional coverage test

LRCC = LRIND + LRUC

LRCC is asymptotically chi-square distributed with two degree of freedom.
The next test, traffic light method is based on comparison of VaR and
daily profit and losses of last 250 days and assigns cumulative probability of
breaches to three zones.

F (Irt<VaRα(rt)) =

Irt<VaRα(rt)∑
i=0

(
N
i

)
pi(1− p)N−i

15



where
F (·) = distribution of variable from the binominal distribution,
N= number of VaR forecasts,
Irt<VaRα(rt) = number of VaR exceedances,
p = level of probability, for which VaR was estimated.

TL

Zone Breach Value Comulative probability

Green 0 0.811
1 0.2858
2 0.5432
3 0.7581
4 0.8922

Yellow 5 0.9588
6 0.9863
7 0.9960
8 0.9989
9 0.9997

Red more than 10 0.9999

The last one is Dynamic Quantile test that was introduced by Engle and
Manganelli (2004), this test checks accuracy of VaR by Hits, the purpose
of this test is to check the occurrence of correlation among the violation of
VaR forecasts and compare the number of violations of VaR with expected
one. So, It regress over information set available at t-1 and historical data

Hitαt = β0 +

p∑
i=1

βi Hitαt−1 +

q∑
j=1

µjXj + εt (16)

where

Hitαt = It − α =

{
1− α, if rt ≤ V aRα(rt)

−α, otherwise
(17)

Xj = explanatory variables,
p = number of lags of the dependent variable,
q = number of lags of independent variables. Dumitrescu et al. (2012)
suggest If the models is correct Hits should be uncorrelated with its own
lags and expected value of Hits should be zero. So, the null hypothesis is
current VaR violation is uncorrelated with past violations

H0 : β0 = β1 = · · · = βp = µ1 = · · · = µq = 0.

and its test statistics is

DQα =
(Hitαt )TX(XTX)−1XT Hitαt

α(1− α)
∼ χ2(p+ q), (18)
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where
X-the corresponding data matrix with the observations for the q explanatory
variables and columns are p lags.

9 Data selection and methodology

One stock form Yahoo was chosen, it is AstraZeneca PLC(AZN). The period
of data is 2010/12/20 to 2020/12/11. As it could be seen this data is not
stationary, we take differences of log daily prices and define it as daily re-
turns(See: 1 and 2). Before applying this data to model, let’s assume that
there are no ARMA terms. However, if we look 3 we see that all p values are
too low. So, we find from auto.arima method in Rstudio that ARMA(0, 2)
the test result could be seen in 4 and 5. We use two function as ugarch-
spec and urgarchroll in Rstudio where mean process and variance process
will de defined, after we can predict one day ahead VaR.The length of the
data is 2512, we select first 2262 as training set in order predict VaR with
length 250 days and afterwards we check the accuracy of our models.VaR
in The GARCH(1, 1) model will be constructed by four underlying assump-
tion that data normal, standard normal(snorm), student’s t(std) and skewed
student’s t (sstd) distributed, the estimation window length is W1 = 2262
with data (r1, ..., r2262). At time T with data W1, forecast of VaR would
be made for time T + 1 and this method would be repeated each time by
adding one data to the end of W1, and by leaving the first observation so
W2 = 2262 with (r2, ..., r2263) would be used for VaR at T + 2 and so on
until T + 250. VaR would be predicted with the confidence level is 99%.
The code for GARCH model same as in Singh and Allan (2016). The next
step is check accuracy of the GARCH(1, 1) model by backtesting. Results
are shown below and GARCH(1, 1) backtesting output shown in Appendex.
If we look at test result and simulation(See: 6, 7, 8, 9, 10) only GARCH(1, 1)
with skewed student’s t(sstd) distribution assumption shows green light un-
der TL test. But, it has large value in test statistics under DQ test. Other
models GARCH(1, 1) with normal, standard normal and student’s t shows
yellow so we reject all of them.
Now, we apply the second method CAViaR in order calculate VaR, all
steps is same as in GARCH(1, 1) case. CAViaR has four special cases as
CAViaR(SAV), CAViaR(AS), CAViaR(GARCH(1, 1)) and CAViaR(Adaptive).
So, VaR would be predicted with the confidence level 99%.
Software link is https : //github.com/Buczman/CaviaR
One vital aspect that we can skip checking stationarity assumption of under-
lying data at this model here. As you can see that CAViaR models mostly
replicates changes in log-returns(See: 11, 12). If we look at backtesting result
(See: 13) we can notice that CAViaR(Adaptive) has very large test statis-
tics, p-value is close to 0.01 and TL shows that it is yellow. So, we can
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reject this model. All other models CAViaR(SAV),CAViaR(GARCH(1, 1))
and CAViaR(AS) show good results and they are all green under TL test.
The last method is Dynamic EVT method, where threshold is 0.9-quantile
and the confidence level is 99%. Before applying this model lets reconsider
our data. As we see in figure 14 that is stationary.So, we can apply this
data, we use fgarch and fExtremes libraries and follows description of EVT
dynamical code as in Singh and Allan (2016) The result of backtesting and
prediction of VaR is could be seen in 15, 16.

10 Results and Discussion

Only two models show that they are good as claimed by Buczyński and
Chlebus, (2020). The best model was CAViaR and the second best was
GARCH(1,1) with sstd assumption. The EVT 90 model was rejected it
could be seen by even naked eye that predicted VaR does not replicate
changes in log returns. The most interesting observation in EVT90 was
that if we multiply variance with 2.576 instead of quantile in 14 we got
even better result with only two violation of VaR which means that it is
green light under TL test. So, it could be stated that the GARCH(1,1)
method is good, CAViaR method is better and EVT 90 model was the
worst one. One reason that EVT90 performed bad could be that this model
assums that GPD is natural approximation for excess distribution, however
as we see that this assumption was not accurate in our case here. It could
be seen that most predicted valued in GARCH(1,1) method lies above log
returns whereas all predicted values in CAViaR model lies below log returns.
This trend is very noticeable so it would be good idea to check if these two
models have correlation in their prediction.
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[7] Buczyński,M., & Chlebus, M. (2018) : Comparison of semi- parametric
and benchmark value-at-risk models in several time periods with different
volatility levels, e-Finanse: Financial Internet Quarterly, University of
Information Technology and Management, Rzeszów,14(2), 67-82.
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11 Appendex

Figure 1: Daily return of AZN

Figure 2: ACF of stock prices and differences of log prices
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Figure 3: Daily return of AZN
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Figure 4: ARMA(0,2)
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Figure 5: ARMA(0,2 residuals)
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Figure 6: Test results for Normal and SSTD
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Figure 7: Test results for std
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Figure 8: Test results for snorm
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Figure 9: Predicted VaR for GARCH
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Figure 10: Predicted VaR for GARCH
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Figure 11: Predicted VaR for CAViaR
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Figure 12: Predicted VaR for CAViaR
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Figure 13: Backtesting for CAViaR

Figure 14: Stationarity test
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Figure 15: Backtesting for EVT

Figure 16: Predicted VaR for EVT
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