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ABSTRACT
Solutions of the differential equations for the diffuse components of the four-flux model are
obtained, includingexplicit expressions for the collimated-diffuse anddiffuse-diffuse reflectanceand
transmittance for an optical three-layer system. We establish a method to invert collimated-diffuse
reflectance and transmittance in order to obtain the spectral variation of all average pathlength
parameters and forward scattering ratios, by applying a spectral simulated annealing method.
The inversion procedure was tested with synthetic collimated-diffuse reflectance and transmit-
tance spectra and showed very good convergence. Subsequently, the method was applied to
measured spectra of a light scattering and absorbing medium containing TiO2 particles in a low-
absorbing matrix, which was enclosed between two glass slides. Hence the present paper, together
with our previous one, wherein we inverted collimated-collimated reflectance and transmittance
spectra to obtain scattering and absorption coefficients, establishes a reliable inversion method for
obtaining all parameters in themost general version of the four-flux theory from experimental data.
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1. Introduction

Thick and thin layers consisting of materials that exhibit
light scattering, in many cases together with absorp-
tion, are of major importance in technological applica-
tions. Examples include commonly used materials such
as paints [1] and paper [2,3], as well as various composite
materials. Light scattering from tissues is of large inter-
est in biomedical applications [4] and coatings for solar
energy applications and energy efficiency often benefit
from light scattering [5]. It is important to character-
ize radiative transfer in these materials by developing
methods to invert wavelength-dependent optical mea-
surements, to derive constitutive parameters character-
izing light scattering and absorption. Different methods
have been developed and the most popular one is proba-
bly the inverse Monte-Carlo (IMC) method [6,7], which
has been widely used in biomedical applications. This
method implements a numerical solution of radiative
transfer, by accounting for the multiple scattering in a
material. The scattering and absorption coefficients, as
well as an asymmetry factor characterizing the single par-
ticle phase function, that give the best fit to experimental
data, can be determined iteratively by IMC, as well as
by the alternative inverse adding-doubling method [8].

CONTACT Gunnar A. Niklasson gunnar.niklasson@angstrom.uu.se

However, these methods are computationally intensive
and in applied research simpler inversion schemes are
desirable. The Kubelka–Munk (KM) theory [9,10] is the
simplest alternative, but inversion schemes based on this
theory involve various approximations [11], and in addi-
tion give scant information on the angle-dependence of
light propagation inside the material. To obtain a more
detailed characterization of the light scattering pattern
other approaches are necessary. The four-flux theory
[12,13] contains parameters related to angle-dependent
scattering in a material, namely forward scattering ratios
and average pathlength parameters and is an interesting
option. The objective of our previous paper [14], as well
as the present one, is to develop reliable inversion meth-
ods using this theory.

In the previous paper, we have considered a four-
flux radiative transfer model (FFRTM) to fit reflec-
tion and transmission of radiation through a plane-
parallel light diffusing medium sandwiched between two
glass slides. We obtained the average volume scatter-
ing and absorption cross sections of samples consisting
of submicron sized anatase (TiO2) particles dispersed
in a weakly light-absorbing polyvinylpyrrolidone (PVP)-
water matrix between two glass slides, from inversion
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of their collimated-collimated components of reflectance
and transmittance spectra [14]. The same approach was
followed to obtain the instrinsic scattering and absorp-
tion coefficients of chlorophyll pigmented aqueous solu-
tions at different concentrations [15]. This task required
solutions to the two differential equations describing the
variation of the collimated fluxes with depth through
the light diffusing medium (Equation (1a) and (1b) in
[14]) that satisfy the appropriate boundary conditions.
A novel spectral version of the Acceptance-Probability-
Controlled Simulated Annealing (APCSA) method was
implemented to carry out the inversion process [16–19].
This method was shown to be sufficiently versatile even
in the presence of agglomeration of the light scattering
and absorbing particles. In the present paper, we focus
on solving the differential equations corresponding to
the diffuse fluxes, to describe the collimated-diffuse and
diffuse-diffuse components of reflectance and transmit-
tance. The experimental optical configuration is shown in
Figure 1. It consists of a light scattering medium between
two glass slides. The figure also depicts the notation for
the reflection coefficients at each interface (rij) and the
intensity reflectances (Rij). At each depth z through the
light diffusing medium, the forward and backward prop-
agating diffuse radiation intensity patterns (I(z,μ) and
J(z,μ), with μ= cosθ , and θ being the polar angle mea-
sured at depth z from the normal to the parallel planes
defining the inhomogenous medium) are characterized
by angle dependencies which arise from the multiple
scattering events experienced by the photons when inter-
acting with the inhomogeneties. In principle, to explicitly
display these dependencies, it would be necessary to solve
the radiative transfer equation (RTE) analytically [20]
or by numerical methods, such as the adding-doubling
method [21] or Monte-Carlo simulations [22]. From the
intensities I(z,μ) and J(z,μ), the corresponding forward
scattering ratios (FSRs) and average pathlength parame-
ters (APPs) can be obtained [23,24].

The APPs and FSRs are unknown quantities in the
framework of the FFRTM. Previously, phenomenolog-
ical approximations have been used to evaluate them
by assuming equal values for forward and backward
propagating diffuse fluxes [25–27]. This is equivalent
to assuming a symmetry condition which character-
izes the FFRTM of Maheu, Letoulouzan, and Goues-
bet [13], whose expressions of collimated-diffuse and
diffuse-diffuse reflectance (Rcd, Rdd) and transmittance
(Tcd, Tdd) components have incorporated this assump-
tion. We report in this paper solutions for the differential
equations of a generalized FFRTMwhich does not incor-
porate a priori the symmetry condition. From the solu-
tions, subject to the appropriate boundary conditions,
closed forms for collimated-diffuse and diffuse-diffuse

Figure 1. Schematic structure of the optical system being con-
sidered under normal illumination with non-polarized light: two
glass slides and a non-homogenous medium 3 between them.
The thickness of the light diffusing medium is h. Reflection coef-
ficients at the interfaces are denoted rij. Intensity reflectances are
denoted Rij and include contributions from all interfaces and lay-
ers to the right of, and including interface ij, while Tij denotes the
transmittance through all layers and interfaces to the left of, and
including, interface ij.

reflectance and transmittance components are obtained
in terms of reflection coefficients at the boundaries of
the involved media, and the APPs (ξ (+) and ξ (−)) and
FSRs (σ (+)

d and σ
(−)

d ) for forward and backward dif-
fuse radiation at the boundaries of the light diffusing
medium. For collimated incident radiation, these expres-
sions involve both reflection coefficients for collimated
and diffuse light at the involved interfaces, as indicated in
Figure 1. The reflectance and transmittance are given by
R12 =Rcd and T45 =Tcd, which for diffuse illumination
are replaced by R12 =Rdd and T45 =Tdd.

A formal derivation of the differential equations for
the diffuse components, obtained from the scalar RTE,
was carried out by Vargas [28]. His formulation does not
incorporate a priori the symmetry condition: the APPs
and FSRs are a priori considered different for forward and
backward diffuse radiation. Equation (1) shows the gen-
eralized version of the Equation (1c) and (1d) in [14] and
are given by

dFId
dz

= S(+)
αβ FId − S(−)

α FJd − σcscFIc − (1 − σc)scFJc,

(1a)

dFJd
dz

= −S(−)
αβ FJd + S(+)

α FId + (1 − σc)scFIc + σcscFJc,

(1b)
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where FId and FJd are the forward and backward dif-
fuse fluxes, respectively, and the subscript c denotes the
collimated fluxes. The z-coordinate is defined through
the light diffusing medium, with values between 0 and
h: z=0 for the back interface and z = h for the illumi-
nated interface, h being the thickness of the light diffusing
medium.

Moreover S(±)
α = ξ (±)(1 − σ

(±)

d )sc, S(±)
β = ξ (±)kc,

and S(±)
αβ = ξ (±)[kc + (1 − σ

(±)

d )sc] = S(±)
α + S(±)

β ,
where sc and kc are the intrinsic scattering and absorp-
tion coefficients per unit length, which can be cor-
related with the corresponding average cross sections,
Csca and Cabs, for particulate light diffusing media.
For instance, for particles embebed in a non absorb-
ing matrix, within the independent scattering approxi-
mation, sc = fα and kc = fβ where α = <Csca/V > and
β = <Cabs/V> , with f as the volume fraction of the scat-
tering and absorbing units and V as the volume of each
one. The use of Greek sub-letters α and β is due to the
relationship between them and sc and kc, respectively. It
should be noted that the APP’s and FSR’s are dependent
on depth [29] and therefore the effective backscattering
and absorption coefficients are implicitly dependent on
the coordinate z. Our aim is to report the solutions of
the two differential equations (Equation (1)), under the
appropriate boundary conditions to compare with spec-
trophotometric optical measurements, and accounting
for the presence of the other layers (Figure 1) in the opti-
cal system containing the light diffusing medium. The
present paper, taken together with our previous one [14]
constitutes a complete solution of the inversion prob-
lem of the FFRTM. Thus, we show that it is possible
to obtain all parameters of the FFRTM from measured
collimated-collimated and collimated-diffuse reflectance
and transmittance spectra.

2. The diffuse components of the four-flux
model

The differential equations for the diffuse flux components
are given in Equation (1), and the solution is reported in
the Appendix. First, they are decoupled into two second-
order equations from which the general solutions are
found. In accordance with the procedure summarized in
the Appendix, the solutions are given by

FId(z) = C3 · er(0)1 z + C4 · er(0)2 z + �
(0)
51 · C1 · eεz

+ �
(0)
62 · C2 · e−εz, (2a)

FJd(z) = �
(h)
73 C3er

(h)
1 z + �

(h)
84 C4er

(h)
2 z + �

(h)
91 C1eεz

+ �
(h)
102C2e−εz, (2b)

with ε = sc + kc as the intrinsic extinction coefficient
per unit length. It should be noted that the spectrally
dependent r- and �-variables are in general z-dependent
because of the optical depth dependence of ξ (±) and
σ

(±)

d . However, the diffuse reflectance is proportional
to FJd(z = h) and the diffuse transmittance is propor-
tional to FId(z=0). Therefore, the parameters �

(0)
51 , �

(0)
62 ,

r(0)1 , and r(0)2 are evaluated (at the back interface) with
ξ (±)(z=0) and σ

(±)

d (z = 0); and �
(h)
73 , �

(h)
84 , �

(h)
91 , �

(h)
102,

r(h)1 , and r(h)2 are evaluated (at the illuminated inter-
face) with ξ (±)(z = h) and σ

(±)

d (z = h). The Appendix
describes the method followed to obtain these solutions,
as well as gives explicit expressions for the parame-
ters in Equation (2), including the set of constants Cj
(j=1,2,3,4).

3. Diffuse-diffuse and collimated-diffuse
reflectance and transmittance

The parametric dependence of C3 and C4 is obtained
from the boundary conditions for the diffuse fluxes. For
diffuse light incident on the interface 2/3:

FId(z = h) = (1 − rd23) · F(h)
Id + rd32 · FJd(z = h) (3a)

FJd(z = 0) = Rdd34 · FId(z = 0) (3b)

where rd23 is a reflection coefficient for the diffuse radia-
tion at the front interface between the glass slide and the
medium 3 (interface 2/3), rd32 is the reflection coefficient
for internal diffuse radiation incident on the interface
between themedium 3 and the front glass slide (interface
3/2), Rdd34 is the effective reflection coefficient for inter-
nal diffuse radiation at the back interface between the
medium 3 and the second glass slide (interface 3/4), and
F(h)
Id = F(23)

Id is the magnitude of the incident diffuse flux
travelling in the forward direction and impinging on the
interface 2/3 (see Figure 1). Similar boundary conditions
apply for the collimated components of the fluxes, with
the corresponding reflection coefficients for collimated
radiation. This means that at the back interface FJc(0)
is significantly lower than FIc(0), with a similar relation
for FJc(h) as compared to FIc(h). If the incident light
contains both collimated and diffuse components, the
normalized total diffuse transmittance and reflectance
emerging from the diffusingmedium 3 are obtained from
the following expressions [13]:

T(t)
34 = Tdd

34 + Tcd
34 = FId(z = 0)

F(h)
Ic + F(h)

Id

, (4a)

R(t)
23 = Rdd23 + Rcd23
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= rd23 · F(h)
Id

F(h)
Ic + F(h)

Id

+ (1 − rd32) · FJd(z = h)

F(h)
Ic + F(h)

Id

, (4b)

where Rdd23 and Rcd23 (Tdd
23 and Tcd

23) are the diffuse-
diffuse and collimated-diffuse components of reflectance
(transmittance). F(h)

Ic = F(23)
Ic is the incident collimated

flux travelling in the forward direction and imping-
ing on interface 2/3. When FId(z = 0) is expressed
by using the relations for C3 and C4 (see Equation
(A5) in the Appendix), as well as those for C1
and C2 (see Equation (8) in [14]), the terms hav-
ing the common factor F(h)

Ic /[F(h)
Ic + F(h)

Id ] ≡ η define
the collimated-diffuse component, and that propor-
tional to F(h)

Id /[F(h)
Ic + F(h)

Id ] = 1 − η specifies the diffuse-
diffuse component. For the transmittance, the results are
obtained by inserting Equation (2a), evaluated at z=0,
into Equation (4a):

Tdd
34 = (1 − η)[(1 − rd23) · (�

(h)
84 − �

(h)
73 )/D], (5a)

Tcd
34 = ηc1 ·

{[
T1 · T2 + T3 · T4)

D

]
+ �

(0)
51 + Rcc34 �

(0)
62

}
.

(5b)

with D and c1 given in the Appendix,

T1 = �
(h)
84 − �

(h)
73 , (5c)

T2 = [rd32�
(h)
91 − �

(0)
51 ] · eτ3

+ Rcc34 · [rd32�(h)
102 − �

(0)
62 ] · e−τ3 , (5d)

T3 = [er
(0)
1 h − er

(0)
2 h]

+ rd32 · [�(h)
84 e

r(h)2 h − �
(h)
73 e

r(h)1 h], (5e)

T4 = [Rdd
34 · �

(0)
51 − �

(h)
91 ] + Rcc34 · [Rdd34 · �

(0)
62 − �

(h)
102].
(5f)

For the reflectance, by inserting Equation (2b), evalu-
ated at z = h, into Equation (4b), one has that

Rdd23 = (1 − η)

⎧⎪⎨
⎪⎩
rd23 + (1 − rd23)(1 − rd32)

×
(
[�(h)

73 (�
(h)
84 − Rdd34)e

r(h)1 h

−�
(h)
84 (�

(h)
73 − Rdd34)e

r(h)2 h]

)/
D

⎫⎪⎬
⎪⎭ ,

(6a)

Rcd23 = ηc1(1 − rd32){R0 + [R1 · R2 + R3 · (R4 − R5)]/D},
(6b)

with

R0 = �
(h)
91 · eτ3 + Rcc34 · �

(h)
102 · e−τ3 , (6c)

R1 = [rd32 · �
(h)
91 − �

(0)
51 ] · eτ3

+ Rcc34 · [rd32 · �
(h)
102 − �

(0)
62 ] · e−τ3 , (6d)

R2 = �
(h)
73 · (�

(h)
84 − Rdd34) · er(h)1 h − �

(h)
84 · (�

(h)
73

− Rdd34) · er(h)2 h, (6e)

R3 = [�(0)
51 · Rdd34 − �

(h)
91 ]

+ Rcc34 · [�(0)
62 · Rdd34 − �

(h)
102], (6f)

R4 = �
(h)
84 · [er(0)1 h − rd32 · �

(h)
73 · er(h)1 h] · er(h)2 h, (6g)

R5 = �
(h)
73 · [er(0)2 h − rd32 · �

(h)
84 · er(h)2 h] · er(h)1 h. (6h)

When considering the presence of a front glass slide
or coating, a substrate, multiple reflections inside them,
and an incident light beam with a fraction η of nor-
mally incident collimated radiation and a fraction 1-η
of diffuse light, the diffuse-diffuse and collimated-diffuse
transmittances are given by

Tdd
45 = (1 − η)

[
(1 − rd12)e

−ξ2τ2

1 − rd21R
dd
23e−2ξ2τ2

]
Tdd
34

×
[

(1 − rd34)e
−ξ4τ4

1 − rd43r
d
45e

−2ξ4τ4

]
(1 − rd45), (7a)

Tcd
45 = η

[
(1 − rc12)e

−τ2

1 − rc21R
cc
23e−2τ2

]
Tcd
34

×
[

(1 − rd34)e
−ξ4τ4

1 − rd43r
d
45e

−2ξ4τ4

]
(1 − rd45), (7b)

where ξ 2 and ξ 4 are the values of the average pathlength
parameters of the forward diffuse radiation propagat-
ing through the first and second glass-slides, respectively.
The first one can be approximated in terms of the aver-
age pathlength parameters of semi-isotropic incident dif-
fuse radiation and that of the radiation emerging from
the interface 2/3 and partially reflected at the interface
2/1, i.e. ξ 2 = [2ξ (−)(z = h)]1/2 when the diffuse incident
radiation is perfectly isotropic [30], and the refraction of
the backward diffuse light at the interface 3/2 is negligi-
ble. The second APP, ξ 4, can be approximated as that of
the forward diffuse radiation emerging from the interface
3/4, i.e. ξ 4 = ξ (+)(z=0). The evaluation of Rcc23 is carried
out within the framework given in [14]. For the diffuse-
diffuse and collimated-diffuse reflectance components
one has

Rdd12 = (1 − η)

[
rd12 + (1 − rd12)R

dd
23(1 − rd21)e

−2ξ2τ2

1 − rd21R
dd
23e−2ξ2τ2

]
,

(8a)
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Rcd12 = η

[
(1 − rc12)R

cd
23(1 − rd21)e

−2ξ2τ2

1 − rd21R
cd
23e−2ξ2τ2

]
, (8b)

It is straightforward to show that the solutions given
by Maheu et al. [13] in their four-flux radiative trans-
fer model can be obtained from our approach by doing
the simplifying assumptions implicitly contained in their
model, and with the following notation’s assignments:
rc12 = rc21 = 0, rc23 = rc32 = rc, rc34 = rc43 = rc, and rc45 =
rbc for the reflection coefficients for the collimated light;
rd12 = rd21 = 0, rd23 = red, r

d
32 = rid, r

d
34 = rid, r

d
43 = red, and

rd45 = rbd; with Rcc34 = A6 and Rdd34 = A7. The optics of
non-homogeneous media illuminated with completely
diffuse isotropic radiation can also be described by the
Kubelka–Munk (KM) theory, whose initial version dates
from 1931 [9,10,31], with a recent derivation obtained
from the RTE [32]. The Equations (5a) and (6a) are
the generalized versions of the diffuse transmittance and
reflectance given by KM theory respectively, with inclu-
sion of the boundary reflections.

4. Approximation for reflection coefficients of
diffuse light

The evaluation of collimated-diffuse reflectance and
transmittance requires diffuse reflection coefficients rdij
for forward and backward diffuse radiation impinging
on the plane interfaces of the light scattering medium.
Specifically, the reflection coefficient of diffuse light
impinging from layer i onto the interface i/j at zi is
given by

rdij =
∫ π/2
0 cos θ I(zi, θ)rij(θ) sin θdθ∫ π/2

0 cos θI(zi, θ) sin θdθ

=
∫ 1
0 μI(zi,μ)rij(μ)dμ∫ 1

0 μI(zi,μ)dμ
, (9)

where μ= cosθ and I(zi,θ) specifies the polar angle
dependence of the diffuse intensity in medium i at the
interface at zi. In addition, rij(θ) is the Fresnel reflection
coefficient for diffuse rays impinging on the interface at
an angle of incidence θ ,when the light goes frommedium
i to medium j. It is given by

rij(θ) = 1
2

⎧⎪⎨
⎪⎩
∣∣∣∣∣∣
mi cos θ −

√
m2

j − (mi sin θ)2

mi cos θ +
√
m2

j − (mi sin θ)2

∣∣∣∣∣∣
2

+
∣∣∣∣∣∣
m2

j cos θ − mi

√
m2

j − (mi sin θ)2

m2
j cos θ + mi

√
m2

j − (mi sin θ)2

∣∣∣∣∣∣
2⎫⎪⎬
⎪⎭ (10)

for non-magnetic materials [33]. The forward diffuse
intensity is characterized by an average pathlength
parameter given by [23,24]

ξ (+)(zi) =
∫ 1
0 I(zi,μ)dμ∫ 1
0 μI(zi,μ)dμ

. (11)

From Equations (9) and (11) one shows that

rdij = ξ (+)(zi)
FId(zi)

∫ 1

0
μI(zi,μ)rij(μ)dμ (12)

which proves a proportionality between the reflection
coefficient for diffuse radiation and the corresponding
average pathlength parameter characterizing the imping-
ing light. For highly forward directed diffuse light, ξ (+)→
1 and rdij → rcij. For highly isotropic diffuse light, ξ

(+)→
2 and rdij → r(i)ij where r(i)ij is the reflection coefficient for
perfectly isotropic diffuse radiation [34,35]:

r(i)ij =
∫ 1
0 μIorij(μ)dμ∫ 1

0 μIodμ
, (13)

with Io as the intensity of the incident diffuse radia-
tion which has no dependence on the polar angle θ .
This relationship between rdij and ξ (+), and the limiting
cases mentioned above, can be satisfied by the following
interpolation expression

rdij = 21−ξ (+)

ξ (+)[rcij]
2−ξ (+)

[r(i)ij ]
ξ (+)−1 = rdi,j[ξ

(+)],
(14)

where rdi,j[ξ
(+)] is an abbreviated form of writing the

interpolation scheme given in the middle of Equation
(14). This will be considered as a plausible approxima-
tion for implicitly incorporating the angular dependence
of the diffuse radiation into the calculation of the cor-
responding reflection coefficients. A similar treatment
can be carried out for the reflection coefficients involving
backward diffuse radiation. In this case

rdij = 21−ξ (−)

ξ (−)[rcij]
2−ξ (−)

[r(i)ij ]
ξ (−)−1 = rdi,j[ξ

(−)].
(15)

These Equations (14) and (15) must be evaluated with
ξ (±)(z=0) or ξ (±) (z = h). Analogously, the introduc-
tion of the effect of the angular distribution of the forward
and backward diffuse intensities in the context of the
MLG model can be carried out by using a mean value
of the average pathlength parameter: ξ = [ ξ (+) ξ (−)]1/2,
according to the analysis reported in [30], i.e.

rdij = 21−ξ ξ [rcij]
2−ξ [r(i)ij ]

ξ−1 = rdi,j[ξ ]. (16)
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In the previous formalism given in this Section, we
have assumed that the diffuse radiation goes through the
i/j interface from the optically less dense medium i to
the denser one j (ni <nj). When ni >nj, the total internal
reflection must be considered: in Equations (9) and (13),
the reflection coefficient rij(θ) is given by Equation (10)
when θ ≤ θ c the critical angle being θ c = sin−1(nj/ni).
When θ >θ c, the reflection coefficient must be set to
unity [rij(θ) = 1]. In the system that will be considered
in Section VI, there are critical angles at the interfaces
2/1 and 4/5, with values between 39.3o and 41.9o, in
accordance with the normal dispersion in the refractive
index of the glass slides reported in [14], for wavelengths
between 0.3 and 1.3μm. There is a low optical mismatch
between media 2 and 3, as it will be commented also
in Section VI. Under illumination with collimated light,
rd21 = rd2,1[ξ

(−)(h)] because the diffuse radiation imping-
ing on the interface 2/1 comes from that emerging from
the medium 3 through the interface 3/2. This rd21 appears
in Equation (8a) and (8b) for evaluation of Rdd

12 and Rcd12,
respectively. Due to the low optical contrast between
media 2 and 3, rd23 ∼ 0, rd32 ∼ 0, rd34 ∼ 0, and rd43 ∼ 0. The
evaluation of rd45 is carried out from rd45 = rd4,5[ξ

(+)(0)].
We also comment on the less common case of dif-

fuse incident light, since the derivations in Section III
encompasses this case. The diffuse reflection coefficient
rd12 must be evaluated from the angular distribution of the
diffuse light impinging on the interface 1/2. This coeffi-
cient appears in Equations (7a) and (8a) for evaluations
of Tdd

45 and Rdd12 , respectively. Its evaluation requires the
specification of the angular distribution of the incident
diffuse intensity pattern to obtain the correspondingAPP.
If semi-isotropic incident light is assumed, rd12 = rd1,2[2].
Under this illumination condition, the diffuse radiation

impinging on the interface 2/1 is a superposition of a
fraction of the semi-isotropic incident radiation reflected
at the interface 2/3 and that emerging from the same
interface due to the scattering processes in medium 3.
Then, theAPP required to evaluate rd21 should be approxi-
mated by ξ = [2ξ (−)(h)]1/2 when there is significant con-
trast between the refractive indices of media 2 and 3;
otherwise the rd21 APP can be evaluated using ξ (−)(h).

The method developed in this section for calculat-
ing interface reflection coefficients is more general than
the simple approximations proposed in [5]. The approx-
imation of perfectly diffuse light would be equivalent
to an APP of 2, while the so-called cri approximation
(constant intensity at angles less than the critical angle
for total reflection) gives APP’s between 1.13 and 1.15
for the critical angles stated above in our studied sys-
tem. The novel relations for reflection coefficients in the
present section are valid for all possible values of the
APP and in addition allows us to incorporate the implicit
wavelength dependence of the APP’s in practical light
scattering situations.

5. Inversion of synthetic collimated-diffuse
reflectance and transmittance spectra

To show the reliability of the proposed inversion
approach, we generate diffuse reflectance and
transmittance spectra of a light scattering medium
between two sapphire slides. We assume a poly-
dispersion of hematite (α-Fe2O3) spherical particles
whose average diameter is 0.20μm, with σ o =0.15 being
the dimensionless standard deviation of an assumed
log-normal size distribution, which leads to particle
diameters between 0.16 and 0.25μm. The particles

Figure 2. Optical constants (refractive indices and extinction coefficient) as a function ofwavelength of (a) thewater and sapphire slides,
and of (b) the hematite (α-Fe2O3) particles.



JOURNAL OF MODERN OPTICS 611

are randomly distributed in a 100μm thick water
layer between two transparent sapphire slides whose
extinction coefficient is zero (ksapphire =0) through the
spectral range considered, with a particle volume frac-
tion f =0.08%. The optical constants of the water matrix,
of the sapphire slides, and of the hematite particles have
been taken from literature [36–38], and they are dis-
played in Figure 2(a,b). Both the refractive indices of
sapphire and water display normal dispersion through
the wavelength range considered: from 0.2–1.0μm. The
n and k values of the hematite and of the water matrix
are required to evaluate, within the framework of the
Lorenz-Mie (LM) theory [39–42], the FSRs when dif-
fuse isotropic or collimated light impinges on a spherical
particle, σ d

(i) or σ c, respectively [25]. These evaluations
require the calculation of the scattering and absorption
cross sections of the particles which are also carried out
within the LM theory [43]. Corresponding intrinsic scat-
tering and absorption coefficients per unit length are
obtained from them, as displayed in Figure 3. Synthetic
spectra of collimated-diffuse reflectance and transmit-
tance have been obtained from the framework of Section
III and IV, by assuming the symmetry condition and
equal values for the FSRs andAPPs at the interfaces of the
light diffusing medium, i.e. ξ (±)(0,λ)= ξ (±)(h,λ)≡ ξ (λ)
and σ d

(±)(0,λ)=σ d
(±)(h,λ)=σ d(λ). In this way one

can incorporate the spectral variation of these param-
eters in accordance with the approach commented
bellow. A drawback of the standard MLG four-flux
model is the handling of the APP, namely the absence
of an explicit wavelength dependence. However, there

Figure 3. Intrinsic scattering (sc) and absorption (kc) coefficient
of hematite particles in water, obtained from the size-averaged
volume scattering (< Csca/V> ) and absorption (< Cabs/V> )
cross sections, respectively.

are some approaches reported in the literature which
incorporate the spectral variation of the APP into
radiative transfer models [27,44–46]. For the purposes of
simulating reflectance and transmittance spectra, we now
devise a plausible way to account for this spectral depen-
dence. By considering the expected behaviour of the FSR
and APP for diffuse light at short and long wavelengths,
the FSR for non-isotropic diffuse radiation is calculated
from

σd(λ) = σc(λ) − [σc(λ) − σ
(i)
d (λ)]

(
λ − λ1

λN − λ1

)
, (17a)

and the corresponding APP is given by

ξ(λ) = 3 − 2σd(λ) ≡ ξ(λ; σd) (17b)

with λ1 (λN) as the shortest (longest) value of wavelength
in the spectral range being considered. Specifically, at
λ1 = 0.2μm (in the near-ultraviolet) the size of the par-
ticles is comparable to the wavelength of the impinging
radiation, and consequently the radiation scattered by the
particles exhibits a strong forward peak (σ d is close to σ c
which is close to 1 and ξ is close to 1).On the other side, in
the near infrared at λN = 1.0μm, the radiation scattered
by the particles tends to be quasi-isotropic (σ d is close to
σ d

(i) which is close to 1/2 and ξ is close to 2). This plau-
sible and phenomenological method to calculate wave-
length dependence of the APP and FSR will be referred
to as the LM approximation. By assuming no interac-
tion between neighbouring hematite particles, namely, by
assuming an independent scattering regime, Figure 4(a)
displays the calculated spectra of Rcd and Tcd (thick solid
orange-yellowish lines) and the thin blue lines show the
spectra obtained from the FSR and APP values retrieved
by the spectral APCSA optimization [14–19]. Simulated
annealing (SA) methods are based on making random
changes to values of the unknown parameters in a model
used to build a so-calledmerit functionwhich in this case
is given by

F = 1
2N − (Np + 1)

N∑
i=1

|Rcalc(λi) − Rexp(λi)|2

+ |Tcalc(λi) − Texp(λi)|2 (18)

with Rexp =Rcd and Texp =Tcd in this case, and Np as
the number of parameters to be optimized. The num-
ber of spectral points considered is N=104. This merit
function is to be minimized by the spectral SA procedure
and its value is analogous to energy in the context of SA
methods. Variations giving decreased values of the merit
function in comparison to its previous value are accepted,
and those giving increased values can be either accepted
or rejected; the choice is made through the application
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Figure 4. (a) Synthetic collimated-diffuse reflectance (Rcd) and transmittance (Tcd) spectra (thick orange-yellowish solid lines) of a light
scattering medium consisting of spherical hematite (α-Fe2O3) particles in water, and corresponding values retrieved from the spectral
APCSA optimization (thin blue solid lines). (b) LM approximation of the APP and FSR (dashed line) and optimized values (solid lines)
retrieved from the spectral APCSA minimization. The orange-yellowish areas denote all values within one standard deviation from the
average values of the FSR and APP.

of the Metropolis algorithm [47,48]. The acceptance of
variations giving positive changes to the merit function,
allows these optimization schemes to get out of the neigh-
bourhood of local minima, and to move towards solu-
tions in the vicinity of the global minimum. As the global
minimum is approached, the effective temperature of the
system decreases according to the specific scheme that
characterizes the SA method being used. Temperature in
the context of the present simulated annealing method is
a ‘measure’ of the dispersion of the accepted merit func-
tion (energy) values corresponding to random variations
of the parameters being optimized. The solution depicted
in Figure 4(b) corresponds to optimizations carried out
until obtaining F=5.0× 10−7 for each one of the 102
runs fromwhich the average values were calculated. Tcalc
=Tcd

45 is given by Equations (5b) and (7b), with η=1 due
to the assumed collimated incident light. Rcalc =Rcd12 is
given by Equations (6b) and (8b). The number of param-
eters to be optimized is Np =8 per spectral wavelength
considered: ξ (+)(z=0,λ), ξ (−)(z=0,λ), ξ (+)(z = h,λ),
ξ (−)(z = h,λ), σ d

(+)(z=0,λ), σ d
(−)(z=0,λ), σ d

(+)

(z = h,λ), σ d
(−)(z = h,λ), with the wavelength λ within

the mentioned spectral range. The LM values of the
scattering and absorption coefficients are considered as
known parameters in the optimization.

The FSR for collimated light is also considered as a
known parameter. The initial spectral APCSAminimiza-
tion pointwas randomly chosenwith ξ (±)(z=0,λ)∈[ξ (λ;
σ c),ξ (λ;σ d

(i))], ξ (±)(z = h,λ)∈[ξ (λ;σ c), ξ (λ;σ d
(i))],

σ d
(±)(z=0,λ)∈[σ d

(i),σ c], and σ d
(±)(z = h,λ)∈[σ d

(i),
σ c]. From the four optimized APP values, an average

value was obtained, and an analogous treatment was
applied to the FSR. The green dashed lines in Figure
4(b) represents spectral variation of the corresponding
FSR, and of the APP obtained from the LM approxima-
tion, with the blue thick solid lines corresponding to the
retrieved average values. The largest relative difference is
close to 3.0% (4.3%) for the APP (FSR) at long (short)
wavelengths. The upper (lower) outline of the orange-
yellowish areas is determined by the average values of
the FSR and APP plus (minus) one standard deviation.
These two parameters show complementary behaviours,
i.e. when one increases or decreases, the other corre-
spondingly decreases or increases. Although the initial
values of the four APPs and of the four FSRs and their
random variations have been independently handled in
the optimization process, they approach the spectral LM
values initially used to calculate the synthetic reflectance
and transmittance spectra, i.e. the four values per wave-
length of the APPs tend to be close to each other, with
a similar behaviour for the four values per wavelength
of the FSRs. The largest relative standard deviations are
5.0% and 4.2% for the APP and FSR, respectively. The
statistical dispersion of the retrieved APP and FSR values
can be decreased following one of two possible strate-
gies: by decreasing the numerical tolerance reached by
the spectral APCSA runs, or by using a relaxed numerical
tolerance when obtaining a larger set of solutions to eval-
uate average values. We will follow this second approach
through the inversion of experimental reflectance and
transmittance spectra obtained from a sample whose
arrangement and morphology of the diffusing layer is
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analogous to that considered in this Section, but which
involves agglomeration of the particles.

6. Inversion of measured collimated-diffuse
reflectance and transmittance spectra

This section is dedicated to invert, by the spectral
APCSA method [14–19], measured collimated-diffuse
reflectance and transmittance spectra in the spectral
range from λ1 =0.3 to λN = 1.3μm. The system to
be considered is the same whose collimated-collimated
reflectance and transmittance spectra were inverted to
obtain the optimized average volume scattering and
absorption cross sections from collimated-collimated
reflectance and transmittance spectra [14]. It consists of
submicron sized anatase (TiO2) particles dispersed in
a PVP-water layer 97μm thick and contained between
two glass slides. According to the scanning electron

microscope analysis, the average diameter of the particles
is close to 0.20μm, with a log-normal size distribution
characterized by a standard deviation σ o =0.15. Hence
the values for the particle diameter vary between 0.16 and
0.25μm, and their volume concentration is f =0.066%
[49,50]. As shown previously, some agglomeration seems
to be present in the samples [14].

The inversion of the measured Rcd and Tcd spectra
starts with a similar strategy as that described in the pre-
vious section.We first obtain estimates of the collimated-
diffuse reflectance and transmittance spectra, as well as
of the FSRs and APPs. To display the effect of agglom-
eration, we initially evaluate Rcd and Tcd by assuming
the independent scattering regime to calculate volume
scattering and absorption cross sections and correspond-
ing intrinsic scattering and absorption coefficients by
LM theory, the symmetry condition approximations, and
by using the plausible LM approximation to compute

Figure 5. Optical constants of (a) the glass slides, (b) the PVP-water layer, and (c) the anatase (TiO2) particles [51]. The threewavelengths
labelled in Figure 5(b) are discussed in the main text.
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the FSR and APP according to Equation (17). The opti-
cal constants of the involved materials (glass slides and
PVP-water) have been reported elsewhere [14]. The PVP-
water matrix has a minimum in absorption at about
0.7μm, with some structure around this minimum par-
ticularly in the infrared with absorption peaks at 0.98 and
1.17μm. Those of the anatase (TiO2) were taken from
the literature [51]. They are displayed in Figure 5 where
the use of a log-scale for the horizontal axis allows for
a better visualization of the spectral structure at short
wavelengths.

Anatase (TiO2) is a wide band gap semiconduc-
tor characterized by electronic indirect transitions [52],
with a band gap Eg =3.23 eV [53] which corresponds
to a wavelength λg =0.384μm, as indicated in Figure
5(c). By assuming independent scattering, the radia-
tive transfer evaluations of Rcd and Tcd are shown in
Figure 6 including the spectral variation of the FSR
(σ d) for diffuse radiation and of the APP (ξ ). Orange-
yellowish solid lines in Figure 7 represents the measured
Rcd and Tcd spectra. These measurements were carried
out under collimated illumination by a Perkin-Elmer
Lambda 900 spectrophotometer equippedwith a 150mm
diameter Spectralon-coated integrating sphere, with esti-
mated uncertainties Rexp =0.002 and Texp =0.002.
A tungsten lamp was used as light source. As com-
pared with the spectra corresponding to a similar
system with no interaction between particles, i.e. no
agglomeration, the measured Rcd and Tcd spectra show
broader reflectance and transmittance features at visible
wavelengths.

Figure 7. Measured collimated-diffuse reflection (Rcd) and trans-
mission (Tcd) spectra (yellowish solid lines) by a composite PVP-
water layer 97μm thick containing sub-micron sized anatase
(TiO2) particles with a volume fraction of 0.066%. The average
diameter of the particles was 0.20μm. Thin solid blue lines corre-
spond to the values obtained from a spectral APCSA optimization
whose merit function reaches the value F= 1.6× 10−8 after 25
iterations.

By application of the spectral APCSA method, the
merit function F given by Equation (18) is minimized,
with N=208 spectral points and Np =9 initially
unknown parameters per wavelength. In this case,
besides the FSRs and APPs, σ c must be also included

Figure 6. (a) Collimated-diffuse reflectance (Rcd) and transmittance (Tcd) spectra of the light diffusing medium consisting of anatase
(TiO2) spherical particles in a PVP-matrix 97μm thick. The spectra were computed by the independent scattering approximation using
as input LM evaluations of single particle scattering and absorption cross sections, averaged over the particle size distribution. (b) LM
approximation of the APP and FSR, obtained from Equation (17).
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as a parameter to be optimized. Our initial aim is to
obtain the spectral variation of the APPs and FSRs for
forward and backward diffuse radiation at the bound-
aries of the composite medium. The previously opti-
mized values of <Csca/V > and <Cabs/V > (see Figure
10 in [14]), are considered as known parameters in
the numerical optimization to calculate from them the
intrinsic scattering and absorption coefficients per unit
length, sc and kc respectively (see Figures 10 and 12(a) in
[14]). In this case, kc = fβ+αm with αm =4π(1-f )km/λ
as the absorption coefficient of the PVP-water matrix,
km being the extinction coefficient of the PVP-water
matrix. The largest average scattering coefficient of the
particles is displayed for wavelengths close to 0.52μm,
with some spectral structure in the near-ultraviolet where
the average absorption coefficient shows its largest val-
ues due to the excitation of electrons over the band
gap of the semiconductor anatase particles (see Figure
8(a)). The single particle albedo is one of the param-
eters typically used in the context of solving the RTE,
to characterize the weight of scattering and absorp-
tion when light is propagating through light diffus-
ing media [20,54]. The average albedo of the parti-
cles is given by <ωo > = <Csca/V> /<Cext/V > with
<Cext/V > = <Csca/V>+<Cabs/V > as the volume
extinction cross section.

Figure 8(b) displays the spectral structure of the
average albedo at short wavelengths. It is practically
unity throughout visible and near infrared wavelengths.
This albedo <ωo >APCSA were obtained from the opti-
mized values of the volume scattering and absorption
cross sections reported in [14]. Consequently, its spec-
tral behaviour at short wavelengths implicitly contains

the effect of agglomeration of some of the anatase par-
ticles. The albedo obtained from LM theory, <ωo > LM,
is included for comparison purposes. The spectral struc-
ture observed in <ωo >APCSA at short wavelengths is
not displayed in <ωo > LM. At short wavelengths, the
average LM FSR-values for collimated radiation show
some structure due to the competition between scattering
and absorption by the particle (Figure 6(b)). When the
absorption has decreased substantially, at visible wave-
lengths, the FSR displays values between 0.85 and 0.90
which means that for wavelengths of the incoming radi-
ation within this range, the scattered light is peaked in
the forward direction. When going to the near infrared,
the scattering efficiency of the particles decrease and
the FSR tends to 0.5 and the APP approaches the value
2.0, implying a quasi-isotropic distribution of the scat-
tered radiation. Figure 7 also includes, by thin blue lines,
the reflectance and transmittance values obtained from
a spectral APCSA optimization whose corresponding
merit function reaches the value F=1.6× 10−8 after
25 iterations. Similarly, 380 optimizations, with F val-
ues somewhat lower than 1.0× 10−6, were carried out
to obtain from them the average values of the optimized
parameters and in addition their statistical standard devi-
ations. Spectral average standard deviations close to 0.04
and 0.09 for the FSRs and APPs, respectively, have been
obtained, as indicated in Table 1.

First, Figure 9 shows by the blue thin solid line the
optimized spectral behaviour of the average FSR per
particle for collimated radiation (σ c). Its statistical aver-
age spectral standard deviation was close to 0.03 in the
near ultraviolet, 0.03 in the visible, and 0.06 through-
out the near infrared. A comparison of σ c with the

Figure 8. (a) Intrinsic scattering (sc) and absorption (kc) coefficients per unit length from [14] and (b) average albedos of anatase (TiO2)
particles in a PVP-water matrix, whose average diameter is 0.20μm, according to the LM evaluation (<ωo > LM) and as obtained from
the optimized average cross sections retrieved from the APCSA method (<ωo > APCSA).
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Table 1. Spectral averages of the standard deviations of the FSRs
and APPs displayed in Figure 10(a,b) through the near-ultraviolet
(UV), visible (VIS), and near-infrared (NIR) wavelength ranges.

Parameter

Range < σ d
(+)(h)> < σ d

(−)(h)> < ξ(+)(h)> < ξ(−)(h)>

UV 0.03 0.03 0.06 0.08
VIS 0.04 0.04 0.10 0.10
NIR 0.04 0.05 0.13 0.11

< σ d
(+)(0)> < σ d

(−)(0)> < ξ(+)(0)> < ξ(−)(0)>

UV 0.04 0.04 0.05 0.07
VIS 0.05 0.05 0.08 0.10
NIR 0.04 0.04 0.09 0.13

Figure 9. Spectral variation of the average FSRs per particle for
collimated incident radiation, of anatase (TiO2) particles in a PVP-
water matrix, whose average diameter is 0.20μm, as obtained
from the spectral APCSA optimization [σ c

(APCSA)] and from the
first approximation obtained from LM theory [σ c

(LM)]. The arrows
indicate two σ c-values used in the analysis.

corresponding LM spectral calculation allows us to see
the effect of agglomeration on this parameter. At short
wavelengths, where the extinction is due to both scatter-
ing and absorption, the optimized FSR σ c shows a spec-
tral behaviour more structured than that displayed by
the LM evaluation. This spectrally structured variation at
short wavelengths is correlated with the variation shown
by the average albedo (see blue thin solid line in Figure
8(b)). At short wavelengths, the average albedo evalu-
ated from the LM theory shows a minimum at 0.32μm
in correspondence with the minimum (maximum) of
the FSR (APP) displayed at 0.35μm shown in Figure
6(b). Beyond this spectral region, the FSR obtained from
LM theory displays a maximum at 0.60μm, while that
retrieved from the APCSA optimization shows a peak
at 0.70μm. This maximum is determined by the com-
petition between increased scattering, due to decreasing

absorption of the PVP-water matrix when approach-
ing the 0.7μm both from shorter and longer wave-
lengths, and the decreasing scattering power of the par-
ticles towards longer wavelengths, due to a decrease
of the size parameter. In our previous work [14], the
effects of agglomeration were demonstrated for the vol-
ume average scattering and absorption cross sections of
the anatase particles, obtained by a spectral APCSA opti-
mization from the collimated reflectance and transmit-
tance spectra of normally incident collimated light.

The deviation from the LM values of <Csca/V >

and <Cabs/V > was qualitatively explained in terms of
agglomeration of the anatase particles in the PVP-water
matrix from a comparison with calculations by a gener-
alized LM theory which incorporates interparticle inter-
actions [55,56]. The spectral structure beyond 1μm is
correlatedwith the absorption of light by the PVP-matrix;
for instance, the dip at 1.0μm (where σ c =0.64) is cor-
related with the absorption peak of the matrix at about
0.98μm, and the peak at 1.06μm is determined by the
minimum in the extinction coefficient spectrum of the
matrix at 1.07μm, between the absorption peaks at 0.98
and 1.17μm (see Figure 5(b)). A small shoulder is dis-
played at the right side of this peak (where σ c =0.68),
probably due to the increased absorption by the matrix
at 1.17μm, with less scattering than those at 0.98μm. In
addition, σ c

(APCSA) <σ c
(LM) for ultraviolet and visible

wavelengths up to 0.60μm; σ c
(APCSA) >σ c

(LM) beyond
0.60μm. In principle, it would be expected to have
σ c

(APCSA) >σ c
(LM) also through ultraviolet and visible

wavelengths due to agglomeration. The presence of the
threshold at about 0.6μm can be explained in terms
of electromagnetic screening by some of the particles
forming the aggregates. The effect of screening is more
pronounced at ultraviolet and visible wavelengths where
individually each particle scatters light in a more forward
direction than for infrared wavelengths. Due to screen-
ing, some particles in the aggregates receive low levels of
radiation to be scattered, decreasing the average FSR per
particle in the cluster.When the size parameter increases,
the scattered radiation tends to be more isotropic and the
effect of the screening decreases.

Figure 10 shows the spectral behaviour of the opti-
mized FSRs and APPs at the front and back interfaces of
the light scattering and absorbing medium, respectively.
Three spectral regions can be distinguished for the pur-
poses of the following analysis. Table 1 shows the spectral
average values of the standard deviations of the FSRs and
APPs in the three regions considered: near ultraviolet
(UV), visible (VIS), and near infrared (NIR). The FSRs
and APPs display plateaus and valleys for wavelengths
between 0.4 and 0.6μm, respectively. By accounting for
the order of magnitude of the standard deviations, one
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Figure 10. Spectral variation of the forward scattering ratios (FSRs) and of the average pathlength parameters (APPs), of anatase (TiO2)
particles in a PVP-water matrix, whose average diameter is 0.20μm, at the front (a) and back (b) interface of the composite medium.

can say that the symmetry condition is approximately
valid in this wavelength range and even up to about
0.8μm, i.e. ξ (+)(0,λ)∼= ξ (−)(0,λ), ξ (+)(h,λ)∼= ξ (−)(h,λ),
σ d

(+)(0,λ)∼=σ d
(−)(0,λ), and σ d

(+)(h,λ)∼=σ d
(−)(h,λ).

Furthermore ξ (±)(0,λ)∼= ξ (±)(h,λ) and σ d
(±)(0,λ)∼=

σ d
(±)(h,λ). At shorter wavelengths, both the FSRs and

APPs display a spectral peaked structure linked with
the variation of the average albedo in this range, as
shown in Figure 8(b). It is observed that ξ (−)(0,λ)>
ξ(+)(0,λ) and ξ (−)(h,λ)>ξ(+)(h,λ), which means that
backward diffuse radiation is more isotropic than the
forward one, except in narrow ranges in the UV where
the light absorption by the particles is significant. The
behaviour of the FSRs and APPs in the whole wave-
length range implies less isotropic scattering at the back
interface. This is expected because the diffuse radiation
propagating at large angles is attenuated more than that
travelling at intermediate and low angles, due to absorp-
tion by the PVP-watermatrix. The backward diffuse radi-
ation at the back interface has a contribution due to the
reflected intensity from interface 4/5. The spectral struc-
ture observed through the near infrared for both FSRs
and APPs arises from the competition of various mech-
anisms: as the wavelength increases in this range, the
scattering efficiency of each single particle decreases, and
the isotropy of the scattered radiation increases because
of a smaller ratio of particle size to wavelength. On the
other hand, this effect competes with the attenuation
of the diffuse rays travelling at large angles, particularly
at wavelengths where the absorption by the PVP-water
matrix displays absorption peaks. In Figure 10(b), the
dip observed for ξ (+)(0) and ξ (−)(0), centred at 1.0μm,
is correlated with the dip displayed in σ c for infrared

wavelengths. When σ c decreases through this dip, the
injection of collimated light being scattered from the
FIc- to the FId-flux decreases and that contributing from
FJc increases, according to the differential equations for
the diffuse components (Equation (1a)). As commented
before, FIc(0) is significantly larger than FJc(0). Then,
the net effect is a decrease in a contribution to FId(0) of
isotropic radiation, decreasing the ξ (+)(0)-values when
approaching the dip in σ c. The spectral behaviour of
ξ (−)(0) is determined by the low refraction of the forward
diffuse radiation at the interface 3/4 and its partial reflec-
tion at the interface 4/5 for angles lower than the critical
angle, and total reflection for angles larger than it which
increases its isotropy. For this reason, ξ (−)(0)>ξ(+)(0)
in the near infrared. Regarding Figure 10(a) at infrared
wavelengths, when σ c decreases through the dip, the
injection of collimated light being scattered from the
FIc- to the FJd-flux increases and that contributing from
FJc decreases (Equation (1b)). The contribution from FIc
predominates over that from FJc according to the corre-
sponding boundary condition (see Equation (7) in [14]).

The reflection coefficient rd45 is displayed in Figure 11.
It includes the total internal reflection for incident angles
larger than the critical angle which is close to 40° as indi-
cated before. Due to the absorption of the glass slide
at short wavelengths, light travelling back from inter-
face 4/5 to interface 3/4, is also more attenuated at large
angles than at intermediate and small angles, decreas-
ing in this way the degree of isotropy of the resulting
backward diffuse radiation at the interface 3/4. Under
normal illumination with collimated light, the spectral
average values of the diffuse reflection coefficients at
the two low-refracting interfaces are approximated by:
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Figure 11. Spectral variation of the internal reflection coeffi-
cients at the front illuminated 2/1 (air-glass slide) interface, and at
the back 4/5 (glass slide-air) interface, for anatase (TiO2) particles
in a PVP-water matrix, whose average diameter is 0.20μm.

< rd2,3[ξ
(−)(h)]> =0.017, < rd3,2[ξ

(−)(h)]> =0.004,
< rd3,4[ξ

(+)(0)]> =0.002, and < rd4,3[ξ
(+)(0)]> =0.005.

Due to the negligible refraction of the light at the inter-
faces 2/3 and 3/4, we focus the attention on the inter-
nal diffuse reflection coefficients at the lateral sides of
the system: the interfaces 2/1 and 4/5, where the diffuse
radiation emerging from the light scattering and absorb-
ing medium impinges these interfaces. Figure 11 shows
the spectral variations of rd21 = rd2,1[ξ

(−)(h)] and rd45 =
rd4,5[ξ

(+)(0)], and the corresponding reflection coeffi-
cients for collimated radiation and perfectly isotropic dif-
fuse light. Total internal reflection has been accounted for
in the evaluation of these diffuse reflection coefficients,
as described in Section IV. The largest spectral variation
is displayed by the rd21 coefficient. At short wavelengths,
where the APP has low values as a consequence of rather
directional backward diffuse radiation, rd21 exhibits low
values, with some spectral structure due to the absorp-
tion by the anatase particles. From 0.6μm onwards, it
increases to values close to 0.5. At 0.9μm, it approaches
the value corresponding to a perfectly isotropic diffuse
intensity pattern impinging on the interface 2/1. This is
consistent with the behaviour of ξ (−)(h) at this wave-
length where the APP approaches the value two. The
increase of rd21 is due to the increase in the isotropy of the
backward diffuse radiation with wavelength. A similar
effect has been reported byKottlerwhen considering very
weakly absorbing opal glasses of increasing thickness.
The larger the thickness, the larger the degree of isotropy

due to multiple scattering of the travelling light, and the
larger the internal reflection coefficientwhich approaches
that of perfectly isotropic light [57]. The abovementioned
loss of isotropy of the forward diffuse radiation in the
near infrared leads to lower values of rd45 as compared
with rd21. The spectral structure of the FSRs and APPs
through the near infrared hence has a direct influence
on the spectral behaviour of the internal reflection coef-
ficients, rd21 and rd45.

We finally report the spectral dependence of the effec-
tive backscattering and absorption coefficients per unit
length at the front and back interfaces of the compos-
ite layer. They are given by, respectively: Sα

(±)(zi)≡
S(±)(zi)= ξ (±)(zi)[1-σ d

(±)(zi)]sc and Sβ
(±)(zi)≡K(±)

(zi)= ξ (±)(zi)kc, zi =0 or h. We depict in Figure 12 the
spectral behaviour of the forward effective backscattering
and absorption coefficients at the front side of the partic-
ulate medium, in order to show the effect of the standard
deviations of the optimized APP and FSR, <ξ(+)(h)>
and <σ d

(+)(h)> respectively, on the evaluations of
S(+)(h) and K(+)(h). It is seen that the largest deviations
on S(+)(h) are displayed at the shortest wavelengths in
the ultraviolet and in the middle of the visible region: the
largest S(+)(h)-values displayed is close to 0.5mm−1.

This behaviour arises from the combined effect of the
deviations of both ξ (+)(h) and σ d

(+)(h). The deviations
on K(+)(h) are significantly lower because they are only
correlated with those corresponding to ξ (+)(h). Similar
behaviours are displayed for the other effective coeffi-
cients: S(−)(h), K(−)(h), S(±)(0), and K(±)(0). The uncer-
tainties in the optical measurements (Rexp =0.002 and
Texp =0.002) introduce propagated uncertainties in
the results of the effective backscattering and absorption
coefficients. For S(+)(h) used in our example, the largest
difference, when comparing results obtained using Rexp
and Texp or Rexp-Rexp and Texp-Texp, whenminimiz-
ing the merit function, is close to S(+)(h) = 0.8mm−1

for a single spectral point in the near-infrared with
an average standard deviation close to 0.09mm−1. The
largest deviation is also close to 0.8mm−1 for a sin-
gle point in the mid visible when using Rexp+Rexp
and Texp+Texp, with a spectral average standard devi-
ation close to 0.15mm−1. Corresponding values for
K(+)(h) are 0.6 and 0.4mm−1 for single points in
the ultraviolet, with the spectral average standard devia-
tions being close to 0.02mm−1. A similar behaviour was
found for the other effective backscattering and absorp-
tion coefficients. For most of the spectral points consid-
ered, the propagated error due to the uncertainty in the
optical measurements of collimated-diffuse reflectance
and transmittance are comparable to those arising
from the standard deviations of the optimized FSRs
and APPs.
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Figure 12. Spectral variation of (a) the effective backscattering and (b) absorption coefficients at the front interface of anatase (TiO2)
particles in a PVP-watermatrix,whose averagediameter is 0.20μm, (blue solid lines), with the orange-yellowishbars indicating the range
of possible values due to the standard deviations in the optimized values of the corresponding FSR and APP.

Figure 13. Spectral variationof the effectivebackscattering andabsorption coefficients, of anatase (TiO2) particles in a PVP-watermatrix,
whose average diameter is 0.20μm, at (a) the front interface 2/3 (z = h) and (b) at the back interface 3/4 (z= 0).

Figure 13 shows the results for the complete set
of effective backscattering and absorption coefficients.
For this particulate light diffusing medium, the sym-
metry condition seems to be a good approximation
at visible wavelengths, and it seems to be an accept-
able approximation in the near infrared. The spectral
behaviour of the absorption coefficients, K(±)(h) and
K(±)(0), is analogous to that displayed by the intrin-
sic absorption coefficient with an enhancement factor
associated with the corresponding APPs. The asymme-
try between absorption of forward and backward diffuse
radiation is more significant in the near infrared. For
example, at wavelength 0.7μm, ξ (−)(h)-ξ (−)(0) = 0.10
and ξ (+)(h)-ξ (+)(0) = 0.13. At this wavelength, the

backward (forward) diffuse radiation is absorbed 10%
(13%) more at the front- than at the back-interface.
At the spectral position of the dip displayed by APP
at the back interface, 1.0μm, ξ (−)(h)-ξ (−)(0) = 0.43
and ξ (+)(h)-ξ (+)(0) = 0.58. The backward (forward)
diffuse radiation is absorbed 43% (58%) more at the
front- than at the back-interface of the light diffusing
medium. In the near ultraviolet, the forward and back-
ward backscattering coefficients at the front interface
are alike [S(+)(h)∼= S(−)(h)]. Their dominant peaks at
short wavelengths are correlated with the larger degree of
isotropy, as compared with that of the visible range. The
larger the isotropy, the larger the contribution to scat-
tering at large angles. At the back interface, a significant
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difference is displayed between S(+)(0) and S(−)(0) for
wavelengths between 0.34 and 0.39μm. The effective
backward backscattering coefficient S(−)(0) displayed a
structure at 0.37μmwhich is directly correlated with the
peak observed for σ d

(−)(0) located at the same spectral
position. As shown above, the intrinsic scattering coef-
ficient, sc, displays a broad peak at 0.52μm. However,
none of the effective backscattering coefficients shows a
peak in the mid visible. The plateaus as well as valleys
and peaks displayed by the FSRs and APPs, respectively,
suppress the presence of a peak in the visible spectral
region of each backscattering coefficient that would be
correlated with the peak of sc. With the exception of
the effective backscattering coefficient S(−)(0), the other
three coefficients display a peak close to 0.37μm. It is
less pronounced for the backward backscattering coeffi-
cient at the back interface. The four effective backscatter-
ing coefficients show plateaus through the visible range,
with broad peaks centred at near infrared wavelengths
between 0.85 and 0.90μm. The peaks located in the near
infrared are also due to the competition of two mecha-
nisms: the increased degree of isotropy in this spectral
range tends to favour a larger contribution to scatter-
ing from events involving diffuse radiation propagating
at large angles, but the absorption by the matrix tends to
decrease this contribution.

7. Summary and conclusions

A generalized version of the four-flux radiative trans-
fer model, for a light scattering medium enclosed by
two supporting non-scattering layers, has been reported.
This model incorporates the asymmetry that can be
present between the forward and backward diffuse inten-
sity patterns propagating through a light scattering and
absorbing particulate medium. The intensity patterns
are described by the APPs and FSRs, which exhibit
different values in the cases of forward and backward
propagating intensities. The reported expressions for
the fluxes and the diffuse-diffuse and collimated-diffuse
reflectance and transmittance are consequently general-
izations of those found in the literature, by assuming
equal values for the APPs and FSRs corresponding to
forward and backward diffuse radiation intensity pat-
terns. A rigorous incorporation of the spectral depen-
dence of the APPs and FSRs would require a complete
solution of the scalar radiative transfer equation, but
in the present paper we use a more tractable four-flux
model. In the context of this model, the spectral depen-
dences have been obtained from an optimization process
based on minimization of the differences between mea-
sured and computed collimated-diffuse reflectance and
transmittance spectra. In this way, it has been possible

to obtain the wavelength dependences of the APPs and
FSRs at the plane-parallel boundaries of the particulate
layer. A spectral version of the acceptance-probability-
controlled simulated annealing was devised to carry
out the numerical optimizations, after a validation of
the methodology by using synthetic collimated-diffuse
reflectance and transmittance spectra for a three-layer
system. Once the APPs were obtained, a novel approach
is proposed to evaluate the diffuse reflection coefficients
implicitly accounting for the angular distribution of the
diffuse intensity for radiation impinging on the involved
interfaces. In this way, the spectral dependences of these
coefficients have been obtained, accounting for the effect
of the total internal reflectionwhen diffuse radiation goes
from an optically dense medium to a less dense one.
Our approach allows a solution of the four-flux radia-
tive transfer model in a more general form than previ-
ously, for a three-layer system. Our previous paper [14],
together with the present one, also demonstrate a com-
plete solution of the inverse problem of the four-flux
theory. By using our scheme, spectra of all quantities in
the generalized four-flux theory (scattering and absorp-
tion coefficients, APPs, FSRs, interface reflection coeffi-
cients) can be obtained from collimated-collimated and
collimated-diffuse transmittance and reflectance spectra.
The method was used for a specific three-layer system
consisting of a light diffusing layer of anatase (TiO2) par-
ticles in a matrix of PVP-water and contained between
two glass slides. The spectral behaviour of the opti-
mized APPs and FSRs was determined, and it was found
that the values obtained for these quantities in the for-
ward and backward directions were closely similar. This
means that the symmetry condition holds for the studied
highly scattering material with low particle concentra-
tion and low absorption of light by the inhomogeneities
and the embedding matrix. Our method to invert the
four-flux theory is very versatile and should be inter-
esting for studies of many light scattering materials. In
particular, technologically interestingmaterials with high
pigment volume concentration can be studied from a
more fundamental aspect than was possible before. In
such cases it is quite possible that the symmetry between
forward and backward propagating intensities may not
always hold.
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Appendix

In this Section, we report the solution of the two coupled dif-
ferential equations specified by Equation (1), which can be

decoupled into two second-order ones given by

−d2FId
dz2

+ A0 · dFId
dz

+ A1 · FId = A2 · FIc + A3 · FJc, (A1a)

−d2FJd
dz2

+ A0 · dFJd
dz

+ A1 · FJd = B2 · FJc + B3 · FIc, (A1b)

where

A0 = S(+)
αβ − S(−)

αβ , (A2a)

A1 = S(+)
α S(−)

β + S(−)
α S(+)

β + S(+)
β S(−)

β , (A2b)

A2 = sc · [S(−)
α + σcS

(−)
β + σc(sc + kc)], (A2c)

A3 = sc · [S(−)
α + (1 − σc)S

(−)
β − (1 − σc)(sc + kc)], (A2d)

B2 = sc · [S(+)
α + σcS

(+)
β + σc(sc + kc)], (A2e)

B3 = sc · [S(+)
α + (1 − σc)S

(+)
β − (1 − σc)(sc + kc)]. (A2f)

The general solutions of Equation (A1) are given by [28]

FId(z) = C3 · er1z + C4 · er2z + C5 · e(sc+kc)z + C6 · e−(sc+kc)z ,
(A3a)

FJd(z) = C7 · er1z + C8 · er2z + C9 · e(sc+kc)z + C10 · e−(sc+kc)z ,
(A3b)

where r1 = A0/2 +
√
A1 + (A0/2)2, r2 = A0/2 −√

A1 + (A0/2)2, with the following relations between con-
stants:

C5 = A2 · C1

A1 − (sc + kc)2 + A0(sc + kc)
≡ �51 · C1, (A4a)

C6 = A3 · C2

A1 − (sc + kc)2 − A0(sc + kc)
≡ �62 · C2, (A4b)

C7 =
S(+)
αβ − r1

S(−)
α

· C3 ≡ �73 · C3, (A4c)

C8 =
S(+)
αβ − r2

S(−)
α

· C4 ≡ �84 · C4, (A4d)

C9 = B3 · C1

A1 − (sc + kc)2 + A0(sc + kc)
≡ �91 · C1 (A4e)

C10 = B2 · C2

A1 − (sc + kc)2 − A0(sc + kc)
≡ �102 · C2 (A4f)

Constants C1 and C2 are obtained from solutions to the
collimated-collimated flux components when applying the
appropriate boundary conditions to them [14]:

C1 = (1 − rc23)F
(h)
Ic e−τ3

1 − rc32R
cc
34e−2τ3

≡ c1F
(h)
Ic , (A4g)

C2 = (1 − rc23)R
cc
34F

(h)
Ic e−τ3

1 − rc32R
cc
34e−2τ3

≡ c2F
(h)
Ic , (A4h)

where rc23r
c
32r

c
23r

c
32 is the reflection coefficient for collimated

light at interfaces 2/3 and 3/2, respectively. Rcc34is the effec-
tive reflection coefficient for collimated radiation at interface
3/4, F(h)

Ic is the incident collimated flux at z = h, and the opti-
cal depth of the diffusing medium is τ 3 = (sc+kc)h. The sets
of parameters An (n= 0,1,2,3) and Bn (n= 2,3), and conse-
quently the different spectrally dependent �-variables relating
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the constants, become z-dependent because of the optical depth
dependence of ξ (±) and σ

(±)

d . We need to consider that the
diffuse reflectance is proportional to FJd(z = h) and the dif-
fuse transmittance is proportional to FId(z= 0). Therefore, a
parametric dependence of the diffuse fluxes is introduced using
APP and FSR parameters with constant values. In the equa-
tions for FId(z) and FJd(z), the APP and FSR are approximated

by their values at z= 0 and z = h, respectively. These require-
ments lead to the parametric dependence of the diffuse fluxes
specified by Equation (2). From the boundary conditions spec-
ified by Equation (3), one obtains C3 and C4 using the method
presented in [28]. However, the coefficients are here evaluated
at z= 0 and z = h, according to the prescriptions of Equation
(2). The solutions are:

C3 =

{
(�

(h)
84 − Rdd34)[(1 − rd23) F

(h)
Id + C1(rd32 �

(h)
91 − �

(0)
51 ) eτ3 + C2(rd32 �

(h)
102 − �

(0)
62 ) e−τ3 ]− (er

(0)
2 h − rd32 �

(h)
84 er

(h)
2 h)

× [C1(Rdd34 �
(0)
51 − �

(h)
91 ) + C2(Rdd34 �

(0)
62 − �

(h)
102)]

}
(�

(h)
84 − Rdd34)[e

r(0)1 h − rd32�
(h)
73 e

r(h)1 h] − (�
(h)
73 − Rdd34)[e

r(0)2 h − rd32�
(h)
84 e

r(h)2 h]

(A5a)

C4 =

{
(er

(0)
1 h − rd32 �

(h)
73 er

(h)
1 h)[C1(Rdd34 �

(0)
51 − �

(h)
91 ) + C2(Rdd34 �

(0)
62 − �

(h)
102)] − (�

(h)
73 − Rdd34)

× [(1 − rd23) F
(h)
Id + C1(rd32 �

(h)
91 − �

(0)
51 ) eτ3 + C2(rd32 �

(h)
102 − �

(0)
62 ) e−τ3 ]

}
(�

(h)
84 − Rdd34)[e

r(0)1 h − rd32�
(h)
73 e

r(h)1 h] − (�
(h)
73 − Rdd34)[e

r(0)2 h − rd32�
(h)
84 e

r(h)2 h]
(A5b)

where

Rdd34 = rd34 + (1 − rd34)r
d
45(1 − rd43)e

−2ξ4τ4

1 − rd34r
d
45e−2ξ4τ4

, (A6)

with ξ 4 = ξ (+)(z= 0) as the approximation of the APP of the
forward diffuse radiation propagating through the second glass

slide. It is convenient to introduce a notation for the denomi-
nator in Equation (A5). For the purpose of the main text, we
define

(�
(h)
84 − Rdd34)[e

r(0)1 h − rd32 �
(h)
73 e

r(h)1 h] − (�
(h)
73 − Rdd34)

× [er
(0)
2 h − rd32 �

(h)
84 e

r(h)2 h] ≡ D. (A7)
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