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Diffusion MRI uses magnetic field gradients to sensitize the signal to the random motion of spins. In
addition to the prescribed gradient waveforms, background field gradients contribute to the diffusion
weighting and thereby cause an error in the measured signal and consequent parameterization. The most
prominent contribution to the error comes from so-called ‘cross-terms.’ In this work we present a novel
gradient waveform design that enables diffusion encoding that cancels such cross-terms and yields a
more accurate measurement. This is achieved by numerical optimization that maximizes encoding effi-
ciency with a simultaneous constraint on the ‘cross-term sensitivity’ (c = 0). We found that the optimized
cross-term-compensated waveforms were superior to previous cross-term-compensated designs for a
wide range of waveform types that yield linear, planar, and spherical b-tensor encoding. The efficacy
of the proposed design was also demonstrated in practical experiments using a clinical MRI system.
The sensitivity to cross-terms was evaluated in a water phantom with a folded surface which provoked
strong internal field gradients. In every comparison, the cross-term-compensated waveforms were robust
to the effects of background gradients, whereas conventional designs were not. We also propose a
method to measure background gradients from diffusion-weighted data, and show that cross-term-
compensated waveforms produce parameters that are markedly less dependent on the background com-
pared to non-compensated designs. Finally, we also used simulations to show that the proposed cross-
term compensation was robust to background gradients in the interval 0 to 3 mT/m, whereas non-
compensated designs were impacted in terms of a severe signal and parameter bias.
In conclusion, we have proposed and demonstrated a waveform design that yields efficient cross-term

compensation and facilitates accurate diffusion MRI in the presence of static background gradients
regardless of their amplitude and direction. The optimization framework is compatible with arbitrary
spin-echo sequence timing and RF events, b-tensor shapes, suppression of concomitant gradient effects
and motion encoding, and is shared in open source.

� 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Diffusion MRI relies on a careful application of magnetic field
gradients to sensitize the signal to the random motion of spins.
However, additional field gradients may also be present due to
poor magnetic field shimming [1,2] and/or heterogeneous mag-
netic susceptibility within the object, for example, near tissue/air
interfaces or in microscopically heterogeneous tissue [3,4].
Depending on their scale, these ‘background gradients,’ or ‘off-
resonance effects,’ can manifest as image distortions [5,6],
increased rates of dephasing (reduced T2*-times), and/or unwanted
diffusion-weighting. The unwanted diffusion-weighting can be
separated into two contributions; one which is independent of
the desired encoding, and another which depends on the desired
gradient waveform. The latter is usually the dominant contribution
and is commonly referred to as the ‘cross-term.’ Naturally, any
diffusion-weighting that is not accounted for will effectively lead
to an error in the diffusion-weighted signal and consequent param-
eter estimation [3,7–12].

Cross-terms can be suppressed by configuring the desired
waveform such that their interaction with the background has a
vanishing effect. Waveform and sequence designs that suppress
cross-terms are denoted as being ‘cross-term-compensated.’ For
example, Hong and Dixon [13] used symmetric bipolar pulses on
both sides of the refocusing pulse in a spin-echo to yield negligible
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cross-terms. A similar symmetry was used by de Graaf et al. [14]
who used overlapping gradient pairs around two refocusing pulses
to yield spherical b-tensors [15], or trace-weighted encoding, such
that cross-terms were eliminated. Later variations were presented
to also account for cross-terms with imaging gradients [16] and to
suppress the pure background contribution by using stimulated
echoes [17]. A flexible optimization strategy was proposed by Fin-
sterbusch [18] who leveraged arbitrarily distributed diffusion
encoding periods for linear b-tensor encoding in a stimulated
spin-echo sequence. However, to the best of our knowledge, there
exists no gradient waveform design that supports cross-term com-
pensation for arbitrary diffusion encoding periods and configura-
tions of radiofrequency (RF) pulses. This includes both
conventional diffusion encoding, along one direction per signal
preparation, as well as so-called tensor-valued diffusion encoding
where diffusion encoding is applied in multiple directions per
preparation [15,19,20].

In this work, we propose a general and versatile optimization
framework for cross-term-compensated gradient waveforms and
demonstrate them within the context of tensor-valued diffusion
encoding. We describe the theory and practice of how the ‘cross-
term sensitivity’ is constrained in numerical optimization and we
verify that the novel waveform design is robust to cross-terms,
produces accurate diffusion-weighted signal, and has superior effi-
ciency compared to previous designs. We also propose a simple
method for quantifying the background gradients explicitly, and
we explore the practical impact of background gradients on diffu-
sion MRI using both compensated and non-compensated gradient
waveforms.
2. Theory

We describe the desired field gradient waveform as a function
in time defined on three orthogonal axes

gd tð Þ ¼ gx tð Þ gy tð Þ gz tð Þ� �
; ð1Þ

where t 2 ½0 s� is the time since spin excitation. Throughout this
work, all gradient waveforms are defined as the ‘effective’ wave-
forms, i.e., including the effect of refocusing as a sign change. In
the presence of background gradients, the actual gradient waveform
at position r, is the sum of the desired and the background gradient
waveform [21]

ga t; rð Þ ¼ gd tð Þ þ gb t; rð Þ: ð2Þ
For brevity, we will drop the position vector, r, from the nota-

tion, but stress that all objects that depend on gb will generally also
depend on position. The impact of background gradients can be
understood in terms of the error that they induce in the desired
diffusion encoding. Here, we capture the effect of diffusion encod-
ing in terms of a b-tensor that can have rank up to three [15,22],
but a similar analysis can be performed regardless of metric. The
actual b-tensor is defined as the outer product of the dephasing
q-vector with itself [22]

Ba ¼
Z s

0
qa tð Þ � qa tð Þdt; ð3Þ

where s is the echo time, ‘�’ denotes the outer product, the actual
dephasing vector is

qa tð Þ ¼ qd tð Þ þ qb tð Þ ¼ c
Z t

0
gd t

0� �
dt

0 þ c
Z t

0
gb t

0� �
dt

0
; ð4Þ

and where c is the gyromagnetic ratio. By rewriting Eq. (3) in terms
of the dephasing caused by desired and background gradient wave-
forms, we can show that the actual b-tensor is the sum of the
2

desired (Bd), cross-term (Bc) and background (Bb) contributions,
according to

Ba ¼
Z s

0
qd tð Þ � qd tð Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

desired

þqb tð Þ � qd tð Þ þ qd tð Þ � qb tð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
cross-term

þ qb tð Þ � qb tð Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
background

dt ¼ Bd þ Bc þ Bb: ð5Þ

From Eq. (5) we see that Bb can only be zero if there exist no
background gradients, however, assuming that the background
gradients are much weaker than the desired gradients, Bb can often
be ignored since the error will primarily come from the cross-term.
Unlike the pure background contribution, the cross-term contribu-
tion can be modulated by considering it in the design of the desired
gradient waveform. The general condition for cross-term compen-
sation can be formulated as

Bc ¼
Z s

0
qb tð Þ � qd tð Þ þ qd tð Þ � qb tð Þdt ¼ 0; ð6Þ

but since the background gradient waveform is unknown before-
hand, and may vary across the object, it is not a useful target for gra-
dient waveform design. However, if we assume that the background
gradient is stationary in time, Eq. (6) can be repurposed into a useful
optimization criterion. Note that ‘stationary in time’ refers to how
the gradient is experienced by the spin. Therefore, we disqualify
gradients that vary on length scales commensurate to the molecular
displacement during single experiments [4] since they appear to
change as the diffusing spin travels along its trajectory [23]. By con-
trast, static gradients that change across much longer distances will
appear stationary in time. Such background gradients can be
described as the product of a time-independent gradient vector
(gb rð Þ) and a scalar sign function that tracks the direction of spin
dephasing in time (hðtÞ), according to

gb tð Þ ¼ gbh tð Þ; ð7Þ

where h tð Þ assumes values of +1 or –1 for each encoding period,
such that neighboring periods separated by a refocusing pulse have
opposite signs. The corresponding background dephasing vector is
then

qb tð Þ ¼ gbH tð Þ; ð8Þ

where H tð Þ ¼ c
R t
0 hðt0Þdt0 is a triangle function with its turning

points centered on each refocusing pulse. By substituting qb tð Þ in
Eq. (6) for the time-stationary variant from Eq. (8), we see that each
element of Bc vanishes when the inner product between H tð Þ and
each component of qd tð Þ is zero. Therefore the ‘cross-term sensitiv-
ity’ can be defined according to [19]

c ¼
Z s

0
qd tð ÞH tð Þdt: ð9Þ

We note that this metric can be used for optimization since it relies
only on information that is known at the time of waveform design.
Importantly, the condition c = 0 guarantees that Bc ¼ 0 regardless of
the amplitude and direction of the background gradient (see details
in Supplementary Material).

In Fig. 1, we visualize the effect of the background-gradients on
diffusion weighted signal, and compare the monopolar design by
Stejskal and Tanner [21] to a bipolar cross-term-compensated
design by Hong and Dixon [13] within the context of a spin-echo
sequence. The figure demonstrates that background gradients can
cause several curious effects, such as apparent non-
monoexponential signal decay, and even increasing signal-vs-b.



Fig. 1. The impact of background gradients on the diffusion-weighted signal depends on the desired gradient waveform. The effects depend on how the desired and
background dephasing vectors interact (i.e., the cross-terms qd � qb) and how much diffusion weighting is contributed from the pure background contribution (Bb). Here, we
assume a fairly strong, but realistic, background gradient amplitude of 5 mT/m, and show that the non-compensated monopolar design [21] is severely biased, whereas a pair
of bipolar pulses that are mirrored in the refocusing RF pulse [13] are cross-term-compensated (solid black line) and yield an accurate normalized signal, S(bd)/S0. The
underlying substrate is the same as in the high-b simulations (Fig. 7). We note that cross-terms can lead to both over and underestimation of signal, even causing signal to
increase with increasing desired b-value (see magnified inset plot at low b-values). The largest positive and negative biases are seen when the dephasing vectors interfere
destructively ("#) and constructively (""). For intermediate interactions, the signal spans the interval shown in red and can even be accurate (overlap the solid black line) if qd

and qb are orthogonal (Eq. (6)). Importantly, both waveform variants suffer a signal attenuation from the pure background diffusion-weighting, exp(–Bb:D). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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3. Methods

3.1. Optimal gradient waveforms with cross-term compensation

We generate gradient waveforms that are ‘cross-term-
compensated’ by constraining their cross-term sensitivity
(Eq. (9)) in numerical optimization. This is achieved by extending
the optimization framework by Sjölund et al. [24] where we imple-
mented a linear equality constraint on the cross-term sensitivity,
such that

c ¼ 0: ð10Þ
Any waveform that satisfies Eq. (10) also yields Bc ¼ 0 under the

assumption that the background gradients are approximately sta-
tionary in time (Eq. (7)).

The optimization can be performed under two conditions. First,
when the timing of the diffusion encoding waveform is exactly
pre-determined, and second, when only the relative position of
the refocusing pulse is known. We denote these as specific and gen-
eral timing conditions and show that these require two different
optimization criteria, as described below.

Under specific timing conditions, gd(t) and H(t) must be known
in the interval ½0 s�. In this case, the cross-term sensitivity (Eq. (9))
and constraint (Eq. (10)) can be reformulated as a single condition

0 ¼ ac
Z b

a
qd tð Þdt þ

Z b

a
qd tð Þ ~H tð Þdt; ð11Þ

where ~H tð Þ ¼ c
R t
ahðt0Þdt0 and ½a b� is the time interval within which

the desired gradient waveform is engaged (see derivation in Supple-
mentary Material). The benefit of this formulation is that it includes
only the time interval within which we intend to generate a wave-
form, and a scalar ‘start time’ before which there is no action on the
gradients (gd t < að Þ ¼ gd t > bð Þ ¼ 0).

Under the general timing conditions, we only need to know
when h(t) switches signs relative to the desired gradient wave-
form. For simplicity, we will assume that this happens in the mid-
dle of the pause time created to accommodate the refocusing pulse,
3

but it can be arbitrarily selected. Since the interval ½a b� is not
known, the condition in Eq. (11) cannot be evaluated. Nevertheless,
it is possible to achieve the desired cancellation by imposing con-
straints on the two parts of Eq. (11). Therefore, the two constraints
that must be applied simultaneously are

0 ¼ ac
Z b

a
qd tð Þdt; ð12Þ

and

0 ¼
Z b

a
qd tð Þ ~H tð Þdt: ð13Þ

Since we do not know the starting time, a > 0 s, we can only
guarantee that the condition in Eq. (12) holds ifR b
a qd tð Þdt ¼ R s

0 qd tð Þdt ¼ 0. Therefore, cross-term compensation
under the general timing condition also imposes velocity compen-
sation, as seen from the equality

R s
0 qd tð Þdt ¼ �c R s0 tgd tð Þdt which

is true for any balanced gradient waveform, i.e., whenR s
0 gd tð Þdt ¼ 0 [19]. Therefore, wherever the general timing condi-
tion was used, velocity compensation was implemented as a linear
equality constraint as described by Szczepankiewicz et al. [25].

In summary, cross-term compensation is achieved for the speci-
fic timing case by the constraint in Eq. (11), whereas general timing
requires that constraints in both Eq. (12) and Eq. (13) are fulfilled.
We note that the specific variant is more efficient than the general
variant, but that it is less flexible and requires more information to
be supplied by the user.

3.2. Naïve gradient waveforms with cross-term compensation

Since there are no prior designs that yield cross-term-
compensated waveforms for tensor-valued diffusion encoding in
a single spin-echo, we used a naïve gradient waveform design as
a reference. This design simply dictates that any self-balanced gra-
dient waveform [19] can be placed before and after the refocusing
pulse in a symmetric fashion, where the second instance is a time-
reversed version of the first. In other words, if the effective gradi-
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ent waveform is mirroring itself in the refocusing pulse so that
g tð Þ ¼ g s� tð Þ, it will be cross-term-compensated, velocity-
compensated, as well as compensated for concomitant gradients
[19]. A bipolar waveform is an excellent candidate to be used this
way (Fig. 1). Therefore, the naïve design employed bipolar pulses
placed in a mirror-symmetric fashion about the refocusing pulse.
This is similar to repeating ‘Pattern I’ proposed by Mori and van Zijl
[26] on both sides of the refocusing pulse. Waveforms that yield
linear, planar, and spherical b-tensors used one, two and three
bipolar pairs of trapezoidal gradient pulses, respectively.

3.3. Analysis of encoding efficiency

Gradient waveforms that yield linear, planar and spherical b-
tensors were generated with limitations on maximal gradient
amplitude gmax = 80 mT/m and slew rate smax = 80 T/m/s on a
1 ms-grid. We also compensated for concomitant gradient effects
such that the ‘Maxwell index’ was below 100 (mT/m)2ms [27].
Throughout this work, we assume a spin-echo imaging sequence
where the refocusing block takes 8 ms to execute, and where the
encoding interval before the refocusing is 6 ms longer than the
interval after, following a configuration adapted to brain imaging
[28]. Waveforms for spherical encoding were generated in variants
constrained by the L2-norm (inscribed in a sphere with radius
gmax) and the max-norm (inscribed in a cube with side 2gmax)
[24]. Naïve waveforms were adapted to the max-norm by rotating
them in a way that produces the maximal b-value while employing
gmax on all axes separately1.

The encoding efficiency was investigated as a function of the
encoding duration. This was done for four design variants: opti-
mized non-compensated waveforms, optimized cross-term-
compensated waveforms using the specific and general timing
conditions, as well as naïve cross-term-compensated waveforms.
The encoding efficiency was defined as [29]

j ¼ 4b
c2g2

maxt
3
tot

: ð14Þ

where ttot is the total duration of the diffusion encoding gradient
waveform. Note that ttot includes all time available for diffusion
encoding, even if it may not be used due to symmetry restrictions.

3.4. Background gradient estimation

By performing measurements with a variety of gradient wave-
form designs, b-values, and rotations, we can quantify the back-
ground gradient field explicitly. A similar approach was
suggested by Jara and Wehrli [3] who used pairs of diffusion-
weighted measurements along antipodal directions to estimate
gb. Here, we use a similar concept generalized to arbitrary sets of
measurements, RF events, gradient waveforms and b-tensor
shapes. For simplicity, we assume that the diffusion can be cap-
tured by a single diffusion tensor, as per diffusion tensor imaging
[30], and that the background gradient is homogeneous through-
out each voxel. We can then use Eq. (5) to replace the desired b-
tensor by the actual b-tensor, yielding an accurate signal
representation

S Bað Þ ¼ S0 exp �Ba : Dð Þ ¼ S0 exp �Bd : D� Bc : D� Bb : Dð Þ; ð15Þ
where S0 is the true baseline signal (S0 ¼ SðBa ¼ 0)) and ‘:’ denotes
the double inner product. This expression can be rewritten for
1 We use the rotation matrix, R ¼ 1
3

2 �1 �2
2 2 1
1 �2 2

2
4

3
5, such that g0

tð Þ ¼ 3
2RgðtÞ still

obeys the gradient amplitude restrictions but yields a b-value that is higher by a
factor of (3/2)2.

4

fitting purposes to highlight its dependence on the background gra-
dient vector, according to

S Bd; c;wð Þ ¼ S0exp �Bd : D� ðgb � cþ c� gbÞ : D�w gb � gb : Dð Þ;
ð16Þ

where c is the cross-term sensitivity vector (Eq. (9)) and w may be
thought of as the ‘background sensitivity factor’ defined as
w ¼ R s

0 H2 tð Þdt which evaluates to wsse ¼ c2s3=12 in a single spin-
echo sequence. The expression in Eq. (16) has 10 unknown param-
eters, of which three describe the background gradient, gb. Note
that, to estimate the background gradient in this manner, measure-
ments must be made with different c, which precludes the use of
waveforms that are exclusively cross-term-compensated.

In substrates where the diffusion is known to be isotropic, we
may simplify Eq. (16) according to D ¼ DisoI=3, where Diso is the
isotropic apparent diffusion coefficient and I is the identity matrix,
thereby reducing the problem to 5 unknown parameters. We ver-
ified the accuracy of this approach for background gradient quan-
tification by measurements in a homogeneous field where
shimming gradients were adjusted to apply a known background
gradient (Supplementary Material, Figure S1).

3.5. Validation of cross-term compensation in phantom experiments

We investigate if cross-term compensation is robust to back-
ground gradient by practical measurements. A water-filled plastic
bottle with a folded base (Fig. 2) was used to provoke local field
gradients and imaged with a 3 T-MRI system (MAGNETOM Prisma,
Siemens Healthcare, Erlangen, Germany) using a prototype spin-
echo EPI pulse sequence that enables user-defined gradient wave-
forms [28]. The long axis of the bottle was oriented along the main
magnetic field, and 15 axial slices were placed in the x-y-plane to
include the middle and base of the bottle. All experiments
were performed with cross-term-compensated waveforms using
L2-norm under the general timing condition. For reference, we
performed the same measurements with non-compensated
waveforms. Imaging parameters were identical throughout all
experiments, using TR = 3 s, TE = 125 ms, no partial-Fourier, 15
slices, 2 mm isotropic voxels, FOV = 220 � 220 mm2, b = [0, 0.05,
0.1, 0.2, 0.4, 0.8] ms/mm2 at six rotations each [31]. To reduce geo-
metric distortions in the image we used ‘advanced’ shimming,
bandwidth of 3030 Hz/pix and in-plane acceleration factor 2
(GRAPPA), for an effective echo spacing time of 0.315 ms.

As a simple proxy for the rotation variance of signal acquired
across all b-values and directions, we used fractional anisotropy
(FA) from diffusion tensor imaging [30]. The FA is an imperfect
proxy since the effects of the background may be cancelled in
the FA depending on the sampling scheme. However, we use six
non-co-linear directions for the diffusion encoding, which main-
tains the rotation variance in the FA. Since the true FA is zero in
freely diffusing water, an elevated FA indicates that the measure-
ment is sensitive to background gradients [32]. For values near
zero, FA is also positively biased by noise, but comparisons are
made only across sequences that are matched for signal-to-noise
ratios such that differences in FA can be attributed to background
gradients. When estimating the FA, the experiment was only
described by the desired b-value and direction of the b-tensor sym-
metry axis. Ignoring the b-tensor shape is permissible in a medium
with truly isotropic diffusion and enables DTI analysis of each
waveform independently.

The efficacy of cross-term compensation is evaluated qualita-
tively by visualizing the main axis of diffusion by direction
encoded colors [33], as well as quantitatively by estimating the lin-
ear association between the measured FA and estimated back-
ground gradient magnitude (Eq. (16)). Throughout, we exclude



Fig. 2. The water-filled phantom was a plastic bottle with a five-point corrugated base. The folded surface ensures that field gradients are induced in a manner that cannot be
compensated by the shimming. The surface render (left) [57] shows the approximate positioning of the transversal projection (slice 13, Supplementary Material Figure S3)
depicted in its undistorted (MPRAGE sequence, middle) and distorted (diffusion sequence, right) variants. The main magnetic field was parallel to the cylinder axis of the
phantom, and the phase encoding direction in the diffusion-weighted sequence is indicated by the white arrows.
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voxels near the surface of the phantom to reduce the potential
influence of the rectified noise floor and eddy currents.

3.6. Validation of cross-term compensation in simulations

To complement the practical experiments by a more compre-
hensive set of background configurations, sampling schemes and
analysis methods, we also verified the efficacy of cross-term com-
pensation in simulations. Using both compensated and non-
compensated waveforms, we simulated realistic scenarios where
both signal and estimated parameters may be corrupted by the
influence of background gradients. Since background gradients
manifest somewhat differently depending on the echo time
(w / s3, Eq. (16)), desired gradients, and fitting approaches, we
explored two regimes.

First, we explored a low-b-value regime (bmax � 0.5 ms/mm2)
inspired by measurements of intra voxel incoherent motion [34],
where we may represent the signal along a given encoding direc-
tion with a bi-exponential function

S bað Þ ¼ S0 f f exp �baDfÞ þ ð1� f f Þexpð�baDsð Þð Þ; ð17Þ
where ba is the actual b-value (ba ¼ TraceðBaÞ), ff is the fast signal
fraction, and D with subscript ‘s’ and ‘f’ denote slow and fast appar-
ent diffusion or pseudo-diffusion coefficients. In the forward model,
true values were Ds = 1 mm2/ms, Df = 10 mm2/ms, and ff = 0.1. The
fitting was based on the desired measurements bd = [0, 5, 10, 15,
20, 30, 50, 100, 200, 300, 500] s/mm2, and bounds were imple-
mented such that f f 2 ½0 1�, Ds 2 ½0 2� mm2/ms and Df 2 ½2 30�
mm2/ms.

Second, we explored the high b-value regime (bmax � 2 ms/mm2),
inspired by methods such as diffusional kurtosis imaging [35] and
q-space trajectory imaging [15]. We represent the signal along a
given encoding direction by a truncated cumulant expansion [36],
according to [37]

S bað Þ ¼ S0 exp �baDþ b2
aV=2

� �
; ð18Þ

where D can be interpreted as the average diffusivity and V as the
diffusional variance, given that the substrate is composed of multi-
ple gaussian components [35,38]. In the forward model, true values
were D = 1 mm2/ms and V = 0.2 mm4/ms2. The fitting was based on
the desired measurements bd = [0.1, 0.7, 1.4, 2.0] ms/mm2, based
on a sampling scheme for q-space trajectory imaging of the brain
[28]. No bounds were imposed on the estimates.

For both low and high b-value regimes, signal was simulated for
non-compensated and cross-term-compensated gradient wave-
forms in the presence of background gradients. Waveforms were
5

individually optimized to each scenario to avoid punishing the
non-compensated variants by assuming an unnecessarily long
echo time. In all remaining aspects, the optimization constraints
were identical to the phantom experiments. The background gradi-
ents were simulated along 100 directions distributed on the whole
sphere [39,40] for 11 equidistant magnitudes gbj j 2 ½0 3� mT/m.
This interval was adjusted to resemble that measured in the water
phantom. Importantly, signal was generated using the actual
b-value (ba) but the parameter estimation employed the desired
b-values (bd) to provoke the estimation bias. This represents a
scenario where the user is unaware of the background gradient
and assumes that the desired diffusion encoding is accurate. To
visualize the presence or absence of errors, the signal and esti-
mated parameter values were plotted against the desired b-value
and background gradient magnitude, respectively. No noise was
added to the signal since such effects are irrelevant to this
investigation.
4. Results

We successfully implemented the cross-term sensitivity as a
novel optimization constraint in the numerical optimization
framework. Examples of gradient waveforms that are optimized
to yield b = 2 ms/mm2 are shown in Fig. 3. As requested, the opti-
mization successfully cancelled the cross-term sensitivity to
numerical precision, which means that the cross term is negligible
(Bc � 0). The superior efficiency of the proposed design can be
gleaned from the shorter duration compared to the naïve design;
the optimized approach was able to reduce the encoding time by
as much as 50 ms or 38%. Nevertheless, the analysis of encoding
efficiency in Fig. 4 shows that cross-term compensation incurs a
significant penalty to the encoding efficiency compared to non-
compensated variants, but that the optimized waveforms are supe-
rior to a naïve approach. As expected from theory, we note that the
specific timing condition is always more efficient than the general
condition, and that results for linear b-tensor encoding are close in
efficiency to the naïve approach. However, we recall that more
asymmetric timing conditions would benefit the optimized
approach, especially if compensation for concomitant gradients is
not required [27].

The phantom experiments presented in Fig. 5 show the magni-
tude and direction of the background gradients as well as what
effects they incur on the quantification of fractional anisotropy
and the apparent direction of diffusion. In the slice shown, the esti-
mated distribution of background gradient magnitudes had an
average of 1.4 mT/m and 95%-percentile interval of [0.3 5.4] mT/



Fig. 3. Examples of optimized cross-term-compensated gradient waveforms. All waveforms are optimized to yield b = 2 ms/mm2 under the same constraints on gradient
amplitude and slew rate. As seen from the total duration of the waveforms, the proposed design can reduce encoding time by 20–50 ms for planar and spherical b-tensor
encoding compared to naïve waveforms. The efficiency for linear b-tensor encoding is similar at this relatively small timing asymmetry (first encoding period is only 6 ms
longer than the second). The specific timing condition (top row) was more efficient than the general (middle row), by approximately 5 to 10 ms. As desired, optimized
sensitivity trajectories (red lines) are cancelled to numerical precision and terminate at negligible cross-term sensitivity levels (all cj j � 5 � 10�14 s/mT/mm). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Encoding efficiency over a wide range of encoding times varies between optimization constraints. As expected, the inclusion of cross-term compensation reduces the
overall encoding efficiency (compare red vs black lines). Among the compensated variants, the optimized design under specific timing conditions is the most efficient, and the
naïve design is the least efficient. The intersection between efficiency curves and diagonal dotted lines show where the different designs reach b-values between 0.5 and
8.0 ms/mm2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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m, leading to average FA values of 0.18 [0.04 0.51] and 0.08 [0.02
0.22] for non-compensated and compensated waveforms, respec-
tively. Non-compensated waveforms showed elevated levels of
rotation variance in the signal, as captured by the fractional aniso-
tropy, whereas cross-term-compensated gradient waveforms suf-
fer a markedly smaller bias. In the diffusion tensor analysis, the
direction encoded color images should not be interpreted as the
direction of the background gradients itself, but rather that the
error can manifest in both diffusion anisotropy and direction of
6

the main eigenvector of the diffusion tensor. In regions where
background gradients are strong, the signal for non-compensated
waveforms showed a marked dependency on the waveform rota-
tion, whereas the cross-term-compensated waveforms exhibited
a tight grouping that conforms to a monoexponential decay (see
Supplementary Material, Figure S3). Fig. 6 provides a quantification
of the FA distribution throughout the phantom and its association
to the estimated background magnitude. As expected, the FA bias
grows with the magnitude of the background such that FA is



Fig. 5. The magnitude and effect of stationary background gradients in a water phantom. The leftmost figures show the direction and magnitude of the background gradients.
In addition to image distortions, the background gradients cause signal variation when diffusion encoding waveforms are rotated, causing a bias estimated diffusion
anisotropy (true value of FA in pure water is zero) as well as the apparent diffusion direction. Based on diffusion tensor analysis, direction-encoded colormaps show that
cross-term effects are more prominent for non-compensated waveforms (top row), compared to cross-term-compensated waveforms (bottom row); the brightness of
colormaps is scaled by the FA.

Fig. 6. Distribution of fractional anisotropy (FA) in the water phantom tends toward higher values when cross-term compensation is not used. The boxplots for linear, planar
and spherical b-tensor encoding variants (L, P and S) showmedian, inter-quartile range and the 95-percentile range. The exact distribution will depend on the geometry of the
imaged phantom, nevertheless, it highlights the improvement in accuracy when using cross-term compensation. Remaining plots show that FA is approximately linearly
correlated to the magnitude of the background gradient. The effect is large for non-compensated waveforms, whereas cross-term compensation is markedly more robust to
this effect (compare slopes, FA/|gb|). The linear regression was applied to data from all voxels within the water phantom with a robust least-squares fit and bi-square
weighting function to reduce influence from outliers.
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inflated by 0.02 and 0.18 per mT/m for compensated and non-
compensated designs, respectively. Although some influence from
eddy currents at the surface of the phantom, and imaging artifacts,
cannot be ruled out, the cross-term-compensated waveforms
appear to perform well even in these challenging conditions. This
is corroborated by observations in the phantom with homoge-
neous field, where eddy currents and imaging artifacts can be ruled
out, in which the corresponding worst-case values were 0.01 and
0.23 per mT/m (Supplementary Material, Figure S2).

Finally, Fig. 7 shows that background gradients have a marked
effect on parameter estimation, in both low and high b-value
regimes. As expected for non-compensated gradient waveforms,
an ever-stronger background gradient incurs elevated errors in
all estimated parameters. By contrast, the simulation verifies that
cross-term compensation reduced the errors to negligible levels
for all parameters across the range of tested background gradients.
We observe that the resulting biases were dependent on the b-
values that were used for fitting signal models (data not shown),
with a trend toward larger errors when sampling was denser at
low b-values. Since results were similar across various settings,
7

Fig. 7 shows a representative subset of simulations; results for a
comprehensive set of waveforms are presented in the Supplemen-
tary Material, Figures S4 and S5.
5. Discussion

We have presented a novel gradient waveform design that suc-
cessfully removes the influence of background gradient cross-
terms on the diffusion-weighted signal. From theory, we expect
that this facilitates accurate diffusion measurements even in the
presence of stationary background gradients regardless of their
direction and magnitude. The efficacy of our approach was demon-
strated in phantom experiments as well as comprehensive
simulations.

The proposed design is especially valuable for diffusion-
weighted imaging close to materials with heterogeneous magnetic
susceptibility, e.g., near the ear-canal, sinuses, implants [32], gas-
tral tract or rectum [41]. Although evaluation of regions with
prominent geometric distortion can be purposefully avoided, the
influence of background gradients cannot be dismissed offhand



Fig. 7. Background gradients have a significant impact on diffusion-weighted signal and estimated parameters. The two rows show simulations at low and high b-values for
background gradient magnitudes up to 3 mT/m. Examples are shown only for linear (A) and spherical b-tensor encoding (B), but similar results were seen for other waveforms
designs (Supplementary Material). Throughout, cross-term-compensated gradient waveforms yielded signal that was invariant to the rotation of the background vector (all
black lines collapse onto one line) and produced more accurate parameter estimation than the non-compensated counterparts. Moreover, the parameter error for the bi-
exponential fit was erratic, whereas the error for the truncated cumulant expansion was proportional to jgbj. Inset plots in the left column show the compensated (black) and
non-compensated (red) gradient waveforms used in simulations.
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since distortions can be corrected by, for example, phase-reversed
[42] or accelerated readout techniques [43]. Such techniques
improve geometric accuracy, but do not account for the back-
ground and cross-term contributions to diffusion weighting. In
organs such as the prostate, where background gradients are near
ubiquitous [41], the whole gland may be affected, and no room is
left to analyze just the undistorted section. Our design may also
be applicable to magnetic resonance spectroscopy where shim-
ming is challenging, or impossible, as well as for investigations of
solids or porous materials [44].

The framework developed herein builds on previous advances
in efficient tensor-valued diffusion encoding, including efficient
asymmetric waveform trajectories [24], suppression of concomi-
tant gradient effects [27], control for motion encoding [25,45],
and eddy-current compensation [46,47]. The optimization frame-
work is highly versatile, enabling gradient waveforms that can be
tailored to specific MRI hardware and imaging sequence configura-
tion. Unlike previous methods [10,16,18], it is compatible with sin-
gle spin-echo sequences with at least one refocusing pulse which
are expected to improve echo-times and SNR. Our design does
not require measurements along antipodal directions [3,48],
potentially leading to more parsimonious sampling schemes and
faster acquisition. Furthermore, the ability to use general timing
conditions affords the possibility to accept a slight loss to encoding
efficiency in favor of a waveform that can be used with arbitrary
echo times (given that the waveform fits) or use a specific timing
to maximize efficiency with fewer possibilities to modify the
experiment at a later stage.

We emphasize that cross-term compensation does nothing to
remove the pure background component of the diffusion-
weighting (Bb). Indeed, this contribution is ever present, acting as
8

a filter on the measurement, such that any heterogeneous distribu-
tion of diffusivities will be somewhat skewed by it—more signal is
lost at higher diffusivity in analogy to how non-zero echo times
suppress signal from spin with short transversal relaxation times.
Even so, the range of simulated background amplitudes used in
this work, suggests that the effect of Bb is small since cross-term-
compensated gradient waveforms could accurately recover the
underlying parameters, albeit at an underestimated S0 by a factor
of approximately exp(–Bb:D), as visualized in Fig. 1. In scenarios
where Bb has a considerable effect, it is possible to suppress it by
employing a more elaborate configuration of RF events
[8,10,49,50], exploiting the fact that the background sensitivity
scales with the number of refocusing pulses (n) as w / 1=n2 (not
included in Eq. (16) since n = 1 in a single spin-echo) [8,51]. The
waveform design proposed herein is compatible with RF events
beyond the single spin echo configuration, and can therefore be
employed in multi-spin-echoes and stimulated echo sequences
(Fig. 8). Alternatively, we have demonstrated that it is possible to
estimate the background gradient explicitly (Fig. 5). Since this
enables the calculation of Bb, we can perform fitting with knowl-
edge of the actual rather than the desired b-tensor, reducing or
eliminating the bias in signal and estimated parameters [52]. How-
ever, a comprehensive investigation of the capability and limits of
this approach were outside of the scope of this work.

Finally, we note that the inclusion of cross-term compensation
has a drawback in that it reduces the encoding efficiency. This war-
rants a careful consideration of its use in cases where, for example,
shimming or averaging over antipodal rotations may be preferable
[48,52]. Furthermore, the generated waveforms should be under-
stood in terms of their characteristics beyond tensor-valued encod-
ing and cross-term compensation [19]. For example, the general



Fig. 8. Cross-term-compensated gradient waveforms can be optimized for multi
spin-echoes and stimulated spin-echoes. This only requires that the user provides
all periods when the diffusion encoding gradients are active, and the direction of
spin dephasing, such that H(t) is known in the active interval.
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timing condition inadvertently imposes a nulling of velocity
encoding (0 ¼ R s

0 tgdðtÞdt), which may act as a potential con-
founder when comparing measurements at variable levels of
motion encoding [19,25,45]. Cross-term compensation also tends
to cause more oscillations within the gradient waveform, which
means that more encoding power is shifted to higher frequencies
or shorter diffusion times; a characteristic that can potentially
act as a confounder depending on the underlying tissue geometry
[19,53–56]. We emphasize that these considerations are not
reserved only for ‘complex’ gradient waveforms. For example, it
may seem innocuous to modulate diffusion time by changing the
separation between two monopolar gradient pulses. However, this
action also modulates the cross-term sensitivity since any pair of
monopolar pulses executed near the refocusing pulse are more
sensitive to cross-terms than those placed far apart; a confounder
that is further exacerbated by amplitude scaling to maintain a con-
stant b-value.

6. Conclusion

Cross-term compensation can be achieved by constraining the
cross-term sensitivity vector in numerical optimization. Our
optimization framework is efficient, versatile, and compatible with
single/multiple/stimulated spin-echoes. Gradient waveforms can
be generated to produce tensor-valued diffusion encoding for arbi-
trary timing parameters, suppress the effect of concomitant gradi-
ents and motion encoding, and can be tailored to MRI hardware
specifications. By removing the effect of cross-terms, our waveform
design facilitates accurate measurements of diffusion-weighted
signal even in the presence of background gradients without the
need for post-hoc corrections.
9
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The numerical optimization framework is available in open
source at https://github.com/jsjol/NOW. Resources such as gradi-
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