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Abstract

Towards Hybrid Modeling of Avascular Tumours

Erik Blom

This thesis analyses and expands upon an existing multi-physics 
agent-based model for avascular tumour growth, in which cell 
behaviours are determined by a cellular pressure distribution and 
an oxygen concentration. Two models are developed and included 
within the avascular tumour model and their effects on the tumour 
growth patterns are analysed. The development of the two models 
favours fundamental principles over directly including macro-scale 
phenomena in order to preserve the simplicity and low 
computational cost of the original model. The first model includes 
effects of cell-cell attraction (referred to as the simple 
attraction model) and the second model includes effects from the 
resistance of the surrounding tissue which the tumour expands into 
(referred to as the external tissue pressure model).
    
Results from the simple attraction model shows that the overall 
tumour growth is not inhibited, yet the growth pattern is notably 
altered. Results from the external tissue pressure model suggests 
that the growth is inhibited, at least for a comparatively very 
large time scale. Furthermore, computational artefacts from the 
discretization of the computational domain are found in the long-
term growth pattern of the tumour. However, higher values of the 
model stiffness parameter resulted in an earlier growth inhibition 
as well as the absence of said computational artefacts. In 
addition, a useful relation between the final steady state tumour 
size and an oxygen threshold parameter for cell proliferation was 
discovered.
    
Finally, the two models are included within a more complex model 
for tumour growth within the same computational framework. The 
resulting growth patterns were notably different for the two 
models, but growth was not inhibited in any of the experiments 
conducted here.
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Populärvetenskaplig sammanfattning
I detta examensarbete undersöks en befintlig cell-baserad modell för tillväxt av tumörer i den
tidigaste tillväxtfasen. I cell-baserade modeller styrs utvecklingen av den minsta enheten, cellen,
vars beteende följer lokala regler baserat på tillståndet hos de celler i närmast anslutning till
cellen. Utifrån det samlade beteendet av en grupp sådana celler kan nya oväntade och intres-
santa beteenden uppkomma; beteenden som inte direkt följer från de lokala regler definierade i
modellen. Cell-baserade modeller används bl.a. som komplementerande verktyg till biologiska
experiment för ökad förståelse kring biologiska processer så som hur sår läker, hur blodkärl bildas
och utvecklingen av tumörer.

I en tumörs tidigaste tillväxtfas, startar en snabb exponentiell tillväxt utifrån ett fåtal avvikande
celler. Dessa celler har ingen direkt kontakt med värdvävnadens blodkärl och näring kan endast
nå en tumörcell genom diffusion in från kringliggande vävnad. Typiskt för detta stadie är att
tillväxten stannar av efter att tumören nått en viss storlek. Tumören kan behålla denna storlek
under en lång tidsperiod innan den uppnår nästa tillväxtfas där den får direkt tillgång till näring
från värdens blodkärl och tillväxten fortsätter.

Den cell-baserade modellen som undersöks i detta arbete modellerar den tidigaste tillväxtfasten
där celler utövar ett tryck på andra celler vilket resulterar i rörelse av celler, och en närings-
koncentration bestämmer huruvida celler förökar sig eller dör. Tidigare simuleringar av denna
modell visar att tillväxten av celler fortsätter obegränsat och att asymmetrier i tillväxten upp-
kommer. Detta examensarbete undersöker hur ytterligare funktioner tillagda i modellen skulle
påverka tillväxten, så som hur celler attraherar varandra (den ’enkla attraktionsmodellen’) och
hur den kringliggande friska vävnaden trycker tillbaka mot tumörens invadering (den ’yttre
vävnadstryckmodellen’).

Simuleringar med den enkla attraktionsmodellen visar att tillväxten fortfarande är obegränsad,
men att tumören efter en tid delas upp i flera mindre delar vilka fortsätter växa obehindrat.
Resultat från the yttre vävnadstryckmodellen visar däremot att tillväxten begränsas och att
tumörens slutgiltiga form är mer symmetrisk. Ytterligare återfinns en tydlig och användar rela-
tion mellan tumörens slutstorlek och nivån för syre som krävs för att tillåta celldelning.

Slutligen används dessa två modeller även i en mer komplex modell för tumörtillväxt, men
inget av de utförda experimenten visade på begränsad tillväxt, möjligen på grund av för låga
parametervärden.

5



6



Contents
1 Introduction 8

2 The DLCM Framework 10
2.1 Fundamentals of the framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Simple Avascular Tumour Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Stabilizing the growth 17
3.1 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2 Simple Attraction Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3 External Tissue Pressure Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.3.1 Informal overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.3.2 Formal description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.4 The Jagiella model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 Implementation 25
4.1 Simple Attraction Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.2 External Tissue Pressure Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 The Jagiella model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

5 Results 26
5.1 Simple attraction model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.2 External tissue model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
5.3 Jagiella model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5.3.1 Simple attraction model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.3.2 External tissue pressure model . . . . . . . . . . . . . . . . . . . . . . . . 33

6 Discussion 34

7 Conclusions 36

8 Acknowledgements 37

A Zero flux through Γc proof 38

B Analytical solution to the external pressure model 39

7



1 Introduction
The phenomenon of tumour growth is a complex process covering a variety of behaviours at
different spatial and temporal scales. Despite this complexity, characterizing properties and
notable stages of tumour development have been established [1, 2]. Most tumours are believed
to begin in an avascular stage, where the tumour has no contact with blood vessels and nutrients
are only supplied via diffusion through surrounding tissue. From in vitro experiments using
spheroidal tumours, the volume growth of the avascular tumour is shown to typically exhibit a
sigmoidal pattern with an asymptotic saturation size [3]. The tumour growth remains completely
inhibited until the vascular stage, where vessels grow to supply nutrients to the tumour directly
and a new growth phase starts. The separation of tumour development into these two stages
provides a natural distinction in mathematical modeling of tumour growth [4] and this thesis is
focused on the analysis and subsequent improvement of an existing model of the avascular stage
of tumour growth [5].

Attempts to mathematically model isolated stages of the process have been made at various
scales, using differential equations in continuous media [6, 7, 8] or cell-based modeling [9, 10,
11, 12] to capture local and discrete cell-cell interactions. The strengths of cell-based modeling
lies in its ability to include stochastic effects and to capture complex phenomena emerging from
the simpler local interactions between aggregations of elements. An increasing understanding of
small-scale biological behaviour of cells together with an increase in computational power, makes
an exploration of these models and their outcome promising complimentary work to biological
experiments.

Cell-based models are categorized as being either on-lattice or off-lattice, which relates to how
the cells are represented in the model. On-lattice models restrict the domain to a fixed mesh
of polygonal shapes, wherein the cells reside (and can move discretely to and from). Examples
of on-lattice models include cellular automata where cell behaviour is local and determined
by the state of the cells in its neighbourhood, and cellular Potts models [13] which employ
energy minimization techniques to determine the evolution of the aggregate of cells. On-lattice
models are typically easy to implement, yet the outcome is restricted by the fixed mesh. This
contrasts the off-lattice models in which cells are not restricted to a fixed mesh, but may move
continuously within the domain. In the off-lattice models, the cells’ positions may be defined
as single points where motion is determined by laws of coupled potentials between the points.
Alternatively, the cells may be defined as polygonal shapes that may change continuously in both
position and overall shape. Naturally, off-lattice models may capture features resulting from
finer representation of shape and position, yet with a higher computational cost and difficulty
in implementation than on-lattice models. The two different approaches to representing cells
have played a role in the development of hybrid models (see [14] for a review of on-/off-lattice
cell-based models and hybrid modelling of tumour growth).

Hybrid models of tumour growth attempt to capture the range of complex multi-scale behaviour
of the growth by bridging models of both discrete and continuous nature [15, 16]. Typically,
these hybrid models use cell-based models as a foundation onto which continuously modelled
environmental conditions, such as extracellular substances, which affect the dynamics of the
cells are added. Environmental conditions are often modelled by ordinary differential equations
(ODEs), partial differential equations (PDEs) or stochastic equations which affect and possibly
are affected by the discrete state of the cells. Thus, the description of the cells with regards to
cell-cell and cell-environment interactions can be significantly improved. In [14], hybrid models
are divided into two classes: one which models large populations of simple cell geometries
(on-lattice), and one which models smaller clusters of detailed and dynamic cell geometries (off-
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lattice). The former class results in computationally light simulations which can return large
tissue behaviour, whereas the latter class results in computationally heavy simulations with
details on emergent small-scale behaviour between the cells and their environment.

The authors in [5] present a simple on-lattice cell-based model in which the movements of cells
is determined by pressure gradients. The pressure is modelled by a Laplace equation in the
so-called discrete Laplacian cell mechanics (DLCM) framework where movement and any other
discrete events in the model are evaluated as event rates in a Markov chain. By design, the
model is easily extended to include additional features, e.g., cell-cell interaction or nutrient sup-
ply and demand, which can be modelled by underlying continuous equations thus hybridizing
the framework. In [5], the framework was extended to a simple avascular tumour model where
oxygen diffuses into the tumour from surrounding tissue and the concentration levels of oxygen
determine cell proliferation and death. Subsequent simulations displayed an initial exponential
growth in tumour size together with a circular tumour shape. However, the simulations also dis-
played an uninhibited growth contrary to the observed saturation limit in biological experiments
mentioned above. In addition, asymmetrical protrusions were eventually formed and continued
to grow on the tumour boundary. The authors argued that the introduction of nutrients to the
model was not sufficient to stop the growth and that additional mechanisms are required, e.g.,
growth inhibiting signals or inwards migration signalling of cells. Interpreting another existing
model with additional mechanisms into the framework is done in [17], however without achieving
finite sized and symmetric tumour growth.

The aim of this thesis is to analyse the simple avascular tumour model in order to introduce
additional mechanisms, with regards to physical and mathematical soundness, that could inhibit
the growth as desired through an appropriate choice of parameters. The introduced mechanism
should be constrained by known biological cell behaviour and preserve the simplicity of the
original model. This is seen as a first step in finalizing a simple model of avascular tumour
growth which reproduces the behaviour observed in biological experiments.

The long-term aim of the work on simple avascular tumour model is to ensure computationally
cheap simulations of fundamental principles governing tumour growth to allow accessible statis-
tical inference of model parameters from biological data and data driven modelling. Thus, the
simplicity and low computational cost of model and subsequent implementation is regarded as
important constraints to the development of the additional models.

The thesis begins with an outline of the simple avascular tumour model and the framework in
which it is implemented in §2, followed by an analysis of the boundary conditions of the model
and the development of suggested improvements in §3. The improvements are in addition applied
to a more complex model on tumour growth which is outlined in §3, followed by specifics on the
overall implementation in §4 and results in §5.
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2 The DLCM Framework
This section introduces the fundamentals of the discrete Laplacian cell mechanics (DLCM)
framework developed in [5] and one specific application of the framework: a simple avascular
tumour model.

2.1 Fundamentals of the framework
The DLCM Framework [5] is a cell-based model where the cells are explicitly represented and
the rates of their behaviour (movement, proliferation, death, etc.) is determined stochastically
in a continuous-time Markov chain. Movements of the cells are fundamentally determined
by the gradient of a pressure distribution across the aggregation of cells, and the framework
is easily extended to include behavioral effects determined by nutrition availability, cell-cell
communication, etc.

The computational grid is discretized by i = 1, 2, ..., Nvox voxels, vi, and populated by a total of
Ncells cells. The framework is designed for use of any grid over which a Laplace operator can be
constructed. A voxel Nj is considered neighbour to a voxel Ni if they share an edge. Each voxel
may be empty or contain some number of cells and if this number exceeds the voxel’s carrying
capacity, the cells will exert a pressure onto surrounding cells (see Figure 1 for a schematic of
the cell representation). The pressure propagates through the system of cells and the resulting
pressure gradient determines their movement. The simplest implementation allows each voxel
to be populated by ui = {0, 1, 2} cells at any time, where the carrying capacity is 1, and this
range of cell population is used in the following introduction to the framework.

(a) (b)

Figure 1: Schematic of cell representation in the DLCM framework using a
Voronoi tessellation. Green voxels represent singly occupied voxels and red voxels
represent doubly occupied voxels as shown explicitly in 1a. The doubly occupied
voxels exceed the so-called carrying capacity and exert pressure on surrounding
cells. The pressure mechanism is visualised in 1b by the voxels coupled by springs
where a relaxed equilibrium is reached. Adapted from Figure 2.1 in [5].

Although the cell density ui is defined discretely for each voxel at any given time, the governing
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model is derived from equations of a continuous nature where the cell density is continuously
defined as u = u(x, t). Consider the continuity equation

∂u

∂t
+∇ · I = 0, (1)

where I is the flux of u. The continuity equation is used to determine the movement rates of
cells between each voxel in a continuous-time Markov chain. There are three main assumptions
in the DLCM framework, with the first assumption preparing the definition of the flux I:

Assumption 1. The tissue is in mechanical equilibrium when all cells are placed in a voxel of
their own.

This assumption implies that Brownian motion around a voxel center is ignored, and that only
voxels with number of cells ui > 1 (in our case ui = 2) are considered pressure sources. The
flux I is determined by the resulting pressure gradient in the form of Darcy’s law (which can be
derived for flow through porous media [18])

I = −D∇p, (2)

where D can be interpreted as the fraction between permeability κ to dynamic viscosity µ:
D = κ/µ. Despite the similarity to fluid mechanical models, the flux is not intended to change
the shape of the voxels, but is instead used to obtain rates of discrete movement of cells between
voxels.

The relation between pressure and cell population is completed by modeling the distribution of
pressure according to the heat equation

ε
∂p

∂t
= ∆p+ s(u), (3)

where ε is some constant and s(u) is a source term dependent upon the cell population. As
stated above, only the voxels with ui > 1 cells contributes to this source term. The second
assumption simplifies (3), and it is stated as

Assumption 2. The cellular pressure of the tissue relaxes rapidly to equilibrium in comparison
with any other mechanical processes of the system.

This implies that pressure in the system propagates at time scales significantly faster than those
of any other process in the system. Thus, the explicitly time-dependent part of (3) can be
neglected (ε→ 0) to obtain the Laplacian equilibrium

−∆p = s(u), (4)

with appropriate boundary conditions on the boundary ∂Ωh. The boundary ∂Ωh is specified
according to what is being modelled; this thesis considers a pressure boundary which coincides
with the tumour boundary (see Figure 2) as this is a region of interest and a choice that
minimizes the computational domain. Typical examples of appropriate boundary conditions are
the Dirichlet condition

p
∣∣∣
∂ΩD

= gD, (5)
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and the Neumann condition

(
∂p

∂n

) ∣∣∣∣∣
∂ΩN

= gN , (6)

where the derivative is along the normal to the boundary. These two boundary conditions can
exist simultaneously in the model for ∂Ωh = ∂ΩD ∪ ∂ΩN . Alternatively, the two conditions can
be combined on one common boundary to the Robin condition

[
αp+

(
∂p

∂n

)] ∣∣∣∣∣
∂Ωh

= gR, (7)

where α is a parameters with the property that the bondary condition approaches a Dirichlet
condition as α→∞ and approches the Neumann condition as α→ 0. A discussion on how the
tumour growth is affected by the boundary conditions is presented in §3.1.

Figure 2: Schematic of the cell space representation in the simple avascular tu-
mour model, with tumour domain, Ωh, and boundary, ∂Ωh. Green voxels represent
singly occupied voxels, red voxels represent doubly occupied voxels, and gray voxels
represent the tumour boundary voxels. Adapted from Figure 2.2 in [5]

The above model is interpreted into the discrete space of voxels as follows. Let Ωh be the subset
of voxels, vi, with ui 6= 0, i.e., the space of voxels that contain cells. Furthermore, let ∂Ωh be
the boundary voxels which enclose Ωh, i.e., the empty voxels (ui = 0) that share at least one
edge with a voxel in Ωh (see Figure 2). The discrete version of (4) then becomes

−Lp = s(ui), vi ∈ Ωh (8)
Boundary Condition, vi ∈ ∂Ωh. (9)

where L is the discrete Laplacian in the mesh of voxels in Ωh. Here, L, is defined in the finite
element setting using linear basis functions and the corresponding lumped mass matrix. The
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source term is now ready to be defined in the discrete interpretation. No units have yet been
introduced to the model, and thus the source term can be defined as

s(ui) =

{
1, ui > 1

0, ui ≤ 1
. (10)

Furthermore, the discrete movement of cells in the framework is interpreted through the continu-
ity equation (1), using that the flux is proportional to the negative pressure gradient: I ∝ −∇p
(2). Let I(i→ j) denote the flux from voxel vi to voxel vj . The flux, I(i→ j), is then evaluated
by the integral of the pressure gradient across the voxels’ shared edge:

I(i→ j) ∝ Iij := −
∫
vi∩vj

∇p · dS =
eij
dij

(pi − pj), (11)

where eij is the shared edge length, dij is the distance between the two voxel centres. The
discrete interpretation of cell movement thus simply uses a scaled pressure difference between
voxels as an analogy to the pressure gradient. The direction of the discrete flux is naturally
implied to be from vi to vj and this direction is reversed (j → i) if the result of (11) is negative.
Thus, movement of cells only occur towards voxels of lower pressure, and with pressure sources
active in the domain, the pressure gradient is non-zero everywhere. It remains to specify the flux
parameter D in (2) and which subset of voxels that may be affected by the flux. The third and
final assumption completes the discrete description of the movement in the framework:

Assumption 3. The cells in a voxel occupied with n cells may only move into a neighbouring
voxel if it is occupied with less than n cells.

Let R(e) denote the rate of an event e, and let i → j denote the event that a cell moves from
voxel vi to vj . Two distinct movements rates are possible according to Assumption 3; one for
cells moving into an empty voxel; and one for cells moving into an already occupied voxel

R(i→ j; ui ≥ 1, uj = 0) = D1Iij (12)
R(i→ j; ui > 1, uj = 1) = D2Iij , (13)

where D1 and D2 are conversion factors from units of pressure gradient to movement rate for
respective case. The scale of D2 can be understood by looking at the divergence theorem on
(4)

−
∫

Ω

∆p = −
∫
∂Ω

∇p · ndS =

∫
Ω

s(u)dV, (14)

i.e., the total pressure gradient over any closed boundary ∂Ω is equal to the total sources enclosed
within the boundary. Thus, the total pressure gradient over the smallest closed boundary
around every source is equal to that over the tissue boundary ∂Ωh. Since the same is true for
the sum of the flux factors Iij for the voxels adjacent to respective boundary, the ratio of the
conversion factors D1/D2 expresses the preference for movements at the tissue boundary ∂Ωh

over movements within the tissue.
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The description of the DLCM framework is completed by a Markov chain algorithm of the
stochastic process. In particular a Gillespie algorithm is used and the basic outline of the frame-
work is shown as pseudo-code in Algorithm 1. For a given state of a cell population at time t,
the cellular pressure and event rates are computed (lines 3-4), followed by a sampled event and
event time according to the Gillespie procedure [19] (lines 5-7). Finally, other local processes are
updated independently within the sampled event time, and the state of the cell population is
updated according to the sampled event (lines 8-10). The framework is easily extended, which
can be seen at lines 4 and 8, where additional event rates and continuous processes are readily
added. Examples on model extensions are provided in [5, 17], where various mechanisms are
interpreted into the framework. This thesis is based upon a model extension presented in [5]
which models cell proliferation and death through oxygen availability. Details about this model
is presented in §2.2.

Algorithm 1: DLCM Algorithm outline
Result: A sampled outcome of system states at discrete times tk ∈ [0, T ].
1. Initialize: at t = 0, a state ui is defined for all the voxels vi, i = 1, 2, ..., Nvox, in the
computational domain;

2. while t < T do
3. Solve for the cellular pressure pi, eq. (4) with boundary conditions. Compute all
movement rates Ri, eq. (12 - 13), for the subset of voxels that can move.

4. Compute the rates of all other processes included in the model, e.g., cell
proliferation, death and migration.

5. Compute the sum, Σ, of all transition rates obtained in step 3 and 4.
6. Sample the next event time as τ = − log (U1)/Σ, where U1 is a random uniformly
distributed value in (0, 1).

7. Sample the next event by inverse sampling: find n such that
∑n−1

j=1 Rj < U2λ <∑n
j=1Rj , where U2 is a second random uniformly distributed value in (0, 1).

8. Update the states of any other continuous processes which may occur within the
event time, [t, t+ τ), in each voxel, e.g., cell-cell interaction, nutrient consumption.

9. Update the state ui according to the state transition determined by the sampled
event.

10. Set t = t + τ .
end

2.2 Simple Avascular Tumour Model
One of the model extensions to the DLCM framework presented in [5] is a simple avascular
tumour model which employs a distribution of oxygen as a source of nutrients to determine cell
proliferation and death. This section details the extended model and presents examples of the
growth patterns it produces.

The tumour in the simple avascular model is viewed as consisting of three distinct types of cells:
proliferating cells which are in a state of dividing into two new cells which increases the total
number of cells, quiescent cells which are in a state of dormancy, and necrotic cells which result
from death due to lack of nutrients of any of the previous two cell types. Necrotic cells can
further degrade to free up space for cell proliferation and migration. The range of ui is extended
to include ui = −1 which represents a voxel containing a dead cell so that ui = {−1, 0, 1, 2}.
It is noted that only the inclusion of a negative value in the cell population is not sufficient to
alter the mechanics of the original framework since all ui < 1 are treated equivalently.
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An important feature of the simple avascular tumour model is that it introduces a mechanism
to activate quiescent cells to become proliferating cells if a high enough oxygen concentration
is available. As mentioned above, an avascular tumour has no direct contact with sources of
oxygen. Instead, oxygen diffuses through the surrounding tissue to reach the tumour, and this
is modelled by the Laplace equation with a boundary condition on the far boundary Ωext (far
away from the tumour boundary ∂Ωh) as

−Lc = −λa(u), (15)
ci = 1, vi ∈ ∂Ωext, (16)

where c is the oxygen concentration, λ, is the rate of oxygen consumption for a single cell, a(ui)
is the number of living cells in the voxel i, i.e., a(ui) = max(ui, 0). Thus, doubly occupied voxels
consume twice as much oxygen as singly occupied voxels, and empty voxels and voxels with dead
cells consume no oxygen. The rates of proliferation, death and degradation are then defined as
follows: A voxel i containing one cell, ui = 1, proliferates at rate ρprol if ci > κprol, where κprol
is the minimum oxygen concentration required for cell proliferation. A living cell will die at rate
ρdeath if ci < κdeath, where κdeath is the minimum oxygen concentration required for individual
cell survival. If a lone cell in a voxel dies, ui is set to −1, and dead cells degrade with rate ρdeg
to free up the voxel they are in, i.e ui is set to 0. In addition, three distinct movement rates are
defined as

R(i→ j; ui ≥ 1, uj = 0, vj not previously occupied) = D1Iij (17)
R(i→ j; ui ≥ 1, uj = 0, vj previously occupied) = D2Iij (18)
R(i→ j; ui > 1, uj = 1) = D3Iij , (19)

where the previous D1, (12) is split into two distinct movement rates, D1 and D2, which are
different depending on whether the voxel the cell is moving to has been previously occupied
by cells or not. With D1 � D2, previously unoccupied voxels are more difficult to invade
which corresponds to the extracellular matrix (a complex substance that provides structure and
function to embedded cells [20]) being less penetrable in these voxels than in previously occupied
ones.

Figure 3 shows snapshots from a sample run using the parameters from Section 3.4 in [5] and
using a Cartesian computational mesh.. The simulation is run from t = 0 until t = 1000 using
a small aggregation of singly occupied voxels as initial condition. Initially, the number of cells
grow rapidly and a circular shape of the tumour is maintained. This is followed by a linear
growth phase where asymmetries in the tumour shape form. The growth is unbounded and the
shape symmetry is not preserved as is observed by the original authors of the model in [5].
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(a) (b)

(c) (d)

(e) (f)

Figure 3: System states from sample runs of the simple avascular tumour model
and the corresponding cell evolution over time (Figure (f)). Singly occupied cells
represented in green, doubly occupied cells in red, and voxels with dead cells in
black. The initial condition is a small aggregate of singly occupied cells (Figure
(a)). A rapid growth follows (Figures (b) and (c)) until time t ≈ 500 where the
three layers of cell types become apparent: the proliferating boundary, quiescent
middle part, and the necrotic core (Figure (d)). As t approaches 1000, growth
asymmetries emerge as seen in Figure (e) and a linear growth continues uninhib-
ited. Adapted from Figure 3.6 in [5].
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3 Stabilizing the growth
This section discusses the effects of the boundary conditions on the growth and symmetry of
the tumour, and introduces additional physically meaningful mechanisms to the model with the
aim of stabilizing the growth. The models are later implemented in two dimensions, whereas the
models are initially derived for an arbitrary number of spatial dimensions. Finally, the models
are added to an existing more complex model of avascular tumour growth (by the authors in
[21]) interpreted into the DLCM framework (done by the author in [17]) which is outlined in
section 3.4.

3.1 Boundary Conditions
What role does the boundary condition play in the model with regards to the growth of the
tumour? An important part of the answer lies in studying the divergence theorem of (4) once
again,

−
∫
∂Ω

∇p · ndS =

∫
Ω

s(u)dV. (20)

The definition of the source term, (10), implies that s(u) ≥ 0, from which it follows that

∫
∂Ω

∇p · ndS < 0, (21)

regardless of the condition on the computational boundary ∂Ωh given that the system is not in
equilibrium (i.e., sources are assumed to exist). The equilibrium state is already by definition
static and is not relevant to the discussion. Given that there are no sinks within the tumour,
and that the domain Ωh is defined over a region enclosed by the tumour boundary such that the
domain’s boundary ∂Ωh is equal to the tumour boundary, the total ’pressure flux’ must exist
on this boundary (since no flux can be lost within the tumour due to sinks or ’inner’ boundary
conditions). In other words, the boundary ∂Ω can be replaced by the tumour boundary ∂Ωh,
and (21) reveals that the average pressure gradient on the tumour boundary is directed into
the tumour. Thus, since the flux is proportional to the negative of the pressure gradient, i.e.,
I ∝ −∇p, the flux and therefore movement rates are generally directed outwards; the volume
of the tumour is increasing. The conclusion is valid regardless of boundary condition since
none have yet been invoked in the argument. The above discussion does not exclude that
certain boundary conditions might make the growth on the boundary more uniform such that
the asymmetric protrusions vanish, however, it is clear that stopping the growth requires some
further additions to the model.

3.2 Simple Attraction Model
A known mechanical feature of tumour cells is that there exists local adhesion and attraction
between cells [22, 23, 24]. Continuing the reasoning that pressure in the model is distributed in
a relaxed equilibrium state across the aggregation of cells, the pressure due to cell-cell attraction
can be modelled as pressure sinks in the Laplace equation as

−∆p = s(u)− εu, (22)
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where ε corresponds to the constant and equal cellular attraction of each cell. Of course, the
locality of the attraction is now neglected due to the nature of the Laplace equation in which
sinks and sources have an infinite range of influence. The non-local propagation of pressure to an
equilibrium state across the entire domain is a physically sound argument, yet the applicability of
this viewpoint in modeling (approximately) local cell-cell attraction is not immediately clear. It
can be argued that the influence of a sink, although infinite in range, tends to zero proportionally
to the inverse of the distance squared and thus the effect is negligible after some distance from
the sink. Consider the simple case where u ranges from −1 to 2, and where dead cells are
attracting other cells and where only voxels with u = 2 are considered pressure sources with
s(u) = 1 (as was defined for the simple avascular tumour model). The simple attraction model
for pressure becomes

−∆p = s(u)− ε|u| (23)

Let Ωp be the domain in Ωh where u = 2 and Ωq be the domain in Ωh with singly occupied
voxels or voxels containing dead cells where u = ±1. Then, the divergence theorem on (23)
yields a condition for when the total pressure gradient on the boundary is positive:

∫
Ωp

2εdV +

∫
Ωq

εdV >

∫
Ωp

1dV. (24)

If the total pressure gradient on the boundary is positive, and the value of the gradient is suffi-
ciently close to being uniform, the tumour is no longer expanding. However, for large variations
in the value of the pressure gradient due to large asymmetries in the growth, it is possible for
small regions of the boundary to grow. Thus, the growth of the model is expected to be sensitive
to asymmetries in cell population or tumour shape to some degree. To investigate this, consider
the formation of an annulus of proliferating cells on the outer edge of the tumour (a proliferating
outer annulus is experimentally observed in avascular tumours at growth equilibrium [25]). Con-
sider a radially symmetric annulus and inner quiescent region, i.e., Ωp = {r : r0 − h ≤ r ≤ r0}
and Ωq = {r : r ≤ r0 − h}, where r0, and h are positive constants with h < r0. Then, with a
constant ε, the above condition in two dimensions become

ε >
V (Ωp)

2V (Ωp) + V (Ωq)
=

2hr0 − h2

r2
0 + 2hr0 − h2

. (25)

The right-hand side of (25) is strictly decreasing with r0 > h and thus, for a given ε, the
symmetric tumour growth has a cut-off radius beyond which growth is inhibited and below
which expansion occurs. However, additional stability regarding the shape of the tumour and
region of proliferating cells must be ensured, since the arguments rely on a circular tumour. A
perturbed tumour shape (which is likely to occur due to the stochastic element of the model)
might continue growing asymmetrically beyond the cut-off radius. If growth is inhibited for a
tumour using this simple attraction model, its geometric characteristics can be compared with
those predicted by (25) to see if it is possible to control the final size of the simulated tumour
using the attraction constant ε. Finally, consider a completely quiescent tumour where no
source voxels are present. According to Assumption 1, the tissue should now be in mechanical
equilibrium, which might be conflicting with the reality of the model in this case since the domain
is filled with sinks resulting in pressure gradients across the cells. However, Assumption 3 implies
that cells from a singly occupied voxel will not move to another singly occupied voxel, and thus
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movement can only occur if there exist empty voxels within the domain: the uniform source-less
tissue is in mechanical equilibrium if no voxels within the tumour domain are unoccupied, in
accordance with Assumption 1.

3.3 External Tissue Pressure Model
3.3.1 Informal overview

The divergence theorem reveals that boundary conditions cannot provide information to the
system about outside sources that could provide a pressure to inhibit the growth. So far, the
modelled tumour expands freely. To model, for instance, the effects of the external tissue pressing
back against the expanding tumour requires additional mechanisms. The external tissue in the
tumour’s complement domain, Ωe = ΩC

h (note that both domains contain the boundary ∂Ωh),
could be modelled explicitly within the DLCM framework, with a carrying capacity for each
voxel, some range of cell population ui, and behavioural response to tumour cell invasion. An
immediate issue arises in explicitly modeling the external tissue: the computational cost may
increase dramatically depending on the nature of the behaviour and size of the external tissue
domain, thus straying from the aim of a simple and computationally cheap model. In addition,
interactions between tumour cells and healthy cells must be different from tumour-tumour cell
interactions, and naively modeling the pressure distribution by a single relaxed Laplacian across
both types of cells will not be sufficient to inhibit the growth due to the nature of the Laplacian;
the arguments in Section 3.1 are still valid for the boundary ∂Ω equal to the boundary of the
tumour.

The core concept of modeling the external tissue is that there exists a resistance within the tissue
against invasion by tumour cells. An invading tumour cell must manage to move an external
tissue cell against the structure of the extra-cellular matrix, other tissue cells, etc., and it is
possible that a cell can be deformed some amount by the invading pressure before it may move.
The invasion resistance can be the result of a multitude of causes, and to preserve simplicity in
the final model, this resistance is modelled only as a pressure distribution due to crowding of
the external tissue cells. Note that the external tissue pressure is modelled independently of the
tumour pressure which avoids the issue mentioned above with a single unified Laplacian pressure
distribution across both types of tissue. It is important to reiterate that what is modelled in
the external tissue model is a kind of pressure resistance that must be overcome in order to
move a tissue cell, and not the relaxed pressure distribution due to overcrowding in both tissues
(as would be modelled when simply extending the domain of the original framework further
out than the tumour boundary and placing sources there). Thus the different pressures are
disconnected and independently modelled. This is further discussed in the specification of the
external tissue pressure below.

As the tumour grows, the external tissue cells are crowded together closer and the invasion
resistance becomes stronger as the pressure within the tissue, and in particular close to the
tumour boundary, increases. Phenomenologically, the increasing resistance against a change in
tissue shape is similar to that of an elastic material and this concept has been used previously
in the growth models of tumours embedded in an elastic gel [26]. In this thesis, however, the
agent-based model and its extensions are intended to be constructed from first principle to
the greatest extent possible, where local cell-cell behaviour is considered. Thus, macro-scale
mechanical properties from elasticity theory are not used in the external tissue model. Features
that must be specified in the external tissue model are i) how the crowding of the external
tissue cells affects the pressure, ii) how the pressure affects the tumour cell invasion, and iii)
how invasion affects the crowding, A feature that will not be considered is how external tissue
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Figure 4: Schematic of how the structure of the external tissue provides support
to an invaded voxel. Shown is the tumour voxels in Ωh in green, the external tissue
voxels in ΩC

h in purple. The blue arrow indicates the resisting pressure against cell
invasion by a tumour cell into the corresponding external tissue voxel. The yellow
arrows visualise how the surrounding cells in respective voxels provide supporting
pressure against the invasion. The size of the yellow arrows indicate that cells’
relative contribution to the final resisting pressure is smaller from voxels further
away from the voxel that is being invaded.

cells could invade tumour cells and this is discussed further in the specification of ii).

3.3.2 Formal description

For feature i), the pressure pe to be modelled is the amount of pressure that can be sustained
at a point before the structure of the tissue changes, interpreted into the discrete framework
as the amount of pressure a voxel can sustain before the cells it contains are pushed to an
adjacent voxel. Consider a voxel vj on the boundary ∂Ωh being invaded by a tumour cell in
an adjacent voxel, vi. The tumour voxel vi exerts a pressure p(vi) onto vj and vj subsequently
exerts a pressure onto surrounding voxels and so on, thus propagating the pressure through
the system of voxels and cells in Ωe (Figure 4 visualises how the tissue structure supports an
invaded voxel). The pressure within the external tissue will provide support for the invaded
voxel against the invading pressure up until a certain capacity of counter-pressure determined
by the structure of the cells within the external tissue. For example, a tissue of voxels all below
carrying capacity will require a lower pressure to invade than a tissue of voxels all above carrying
capacity (again, Figure 1 visualises the pressure distribution by voxels coupled by springs). The
maximum sustainable counter-pressure, pe is reasonably modelled by a heat equation

ε
∂pe
∂t

= ∆pe + se(u), (26)

where se(u) is determined by the carrying capacity of each voxel. Assumption 2 in Section
2.1 still holds for the relaxation of the counter-pressure, where pe is the maximum amount of
counter-pressure at a given voxel. Thus, ε→ 0, and the Laplacian equilibrium is obtained also
for pe

−∆pe = se(u), (27)
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where the source term se(u) is similarly defined depending upon the cell population and carrying
capacity of each voxel. The source term together with the boundary conditions to (27) is specified
upon evaluation of feature iii).

A tumour cell cannot invade an external tissue voxel if p(vi) < pe(vj), and thus a vital part of
feature ii) is that the movement rate in such case must be zero. Here, it would be possible to
include the behaviour that exernal tissue cells invade the tumour, however such features are not
included in this thesis. Furthermore, it can be argued that since the tumour stops growing as
soon as the pressure on the tumour boundary goes below the pressure of the external tissue, the
external tissue will be compressed no further and thus its pressure will stagnate and never reach
levels high enough that invasion into the tumour will be possible. Additionally, if p(vi) > pe(vj),
the tumour cell is able to invade the external tissue voxel, and this invasion occurs more quickly
for higher differences in pressure. This motion into the boundary is modelled by Darcy’s law,
similar to how movement within the tumour is modelled, except that negative rates (or rates for
j → i) are not allowed. The similarities between the external tissue counter-pressure and the
tumour pressure makes the implementation straight-forward (see details in Section 4.2).

Figure 5: Schematic of domains in the external tissue model. Shown is the tumour
domain Ωh in green, the tumour boundary ∂Ωh in gray, the crowded domain of the
external tissue Ωc in light purple, the outer boundary of the crowded domain Γc

in dark red, and the rest of the external tissue domain Ωe \Ωc in white extending
far away from the tumour. The domains are not necessarily circular.

Feature iii) closes the external tissue model by specifying the geometry, boundary conditions
and source term of eq. (27). The crowding of external tissue cells through tumour cell invasion
results in a region of voxels closest to the tumour where carrying capacity is exceeded and
s(u) > 0. For simplicity, the carrying capacity of the external tissue voxels is set to 1. Let
the crowded region of external tissue voxels above carrying capacity be the domain Ωc ∈ Ωe

which shares boundary with the tumour domain Ωh (see Figure 5 for a domain schematic). The
crowded domain Ωc separates the tumour domain with the rest of the space. Then, the outer
boundary of Ωc, call it Γc, together with the source term s(u) determines how the crowding
behaves. This thesis considers a few options. Firstly, the external tissue model neglects any cell
proliferation and death of external tissue cells, which can be viewed as considering these rates
to cancel out on average. Thus, mass is conserved, or equivalently, the number of cells in Ωe is
constant

∂

∂t

∫
Ωe

udV = 0 (28)
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The initial state of the external tissue when no tumour exists is reasonably considered uniform
and with u = 1, and thus the number of excess cells in the crowded domain is equal to the
number of occupied voxels in the tumour domain which have pushed away external tissue cells
(the discrete interpretation excludes the boundary voxels in the volume evaluation)

∫
Ωc

(u− 1)dV =

∫
Ωh\∂Ωh

1dV = V (Ωh \ ∂Ωh), (29)

where V (·) denotes the volume of the argument domain.

A simple continuation is to consider a source term similar to the one defined for the tumour
voxels: s(u) = u− 1 within the crowded region. This mimics (10) for u = 2 and with a carrying
capacity of one cell, yet it is more general and allows more cells and larger source terms for each
voxel. Note that all voxels in Ωc have cell population u > 1. With the relations derived from
mass conservation, this simple source term yields

∫
Ωc

s(u)dV = V (Ωh \ ∂Ωh), (30)

which together with the divergence theorem on the Laplacian equilibrium within the crowded
region yields

−
∫
∂Ωc

∇pe · ndS = V (Ωh \ ∂Ωh), (31)

which gives a constraint on the pressure flux on the boundary of the crowded region which
consists of the two boundaries Γc and ∂Ωh. Furthermore, the cell population in the domain of
external tissue outside the crowded domain is uniform and no pressure sources exist within this
domain. The tumour and its mechanical effects are negligible far away from the tumour and
the external tissue domain is viewed as infinite in extent with respect to the spatial scale of the
tumour. Naturally as a physical property pe is finite as r → ∞, which implies that the total
flux through the outer boundary of the crowded region Γc is zero (this is shown in Appendix
A)

∫
∂Ωc

∇pe · ndS = 0. (32)

Thus all of the flux from the crowded region is out of the tumour boundary

−
∫
∂Ωh

∇pe · ndS = V (Ωh \ ∂Ωh). (33)

A simple approach to model the crowding of the external tissue cells, which is compatible with
the behaviour of the tumour cells, is to limit the cell population in all voxels to 2, thus forcing
a uniform distribution of doubly occupied voxels in Ωc. Furthermore, a necessary property of
the external tissue model is that the counter-pressure is sufficient to eventually stop the growth
of a radially symmetric tumour, and this is a good starting point to completing the model.
Consider a tumour whose boundary, ∂Ωh, is circular with radius r0, and let the outer boundary
of the crowded region of the external tissue, Γc, be circular with radius r1 (in this case, the
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circularity of the domains in Figure 5 is apt). This assumes that the crowded cells distribute
themselves evenly outside the tumour, and that a cell displaced due to cell invasion distributes
itself accordingly at a time scale faster than other mechanical processes of the system. With
the boundary constraints derived above and Neumann boundary condition on the boundaries of
the external tissue, Ωe, the analytical solution to pe in two dimensions at the tumour boundary
(where r = r0) is obtained as (see Appendix B for full derivation)

pe(r0) = r2
0 ln(r0) +Ar2

0 +B (34)

where A is a tissue stiffness parameter and B is the base value which corresponds to the value of
pe for invasion on a uniform tissue of singly occupied voxels. Thus, invasion of the external tissue
requires a larger tumour pressure as the tumour grows, and the radially symmetric tumour will
stop growing for a proper choice of external tissue pressure parameters. Note that this simplified
model of the external pressure does not consider perturbations from the radial symmetry on
the tumour boundary. As such, the model can be considered a zeroth order approximation of
the external pressure neglecting effects arising from deviations in the tumour boundary from
a perfectly radially symmetric one. In the implementation, the external pressure pe is thus
considered uniform across the tumour boundary, where r0 is obtained from the volume of the
tumour, as it would be if the volume would make up a radially symmetric shape: πr2

0 =
V (Ωh \ ∂Ωh).

3.4 The Jagiella model
Finally, the above two models are applied to an existing more complex model of avascular tumour
growth interpreted into the DLCM framework. The complete model is outlined in [21], and a
complete interpretation into the DLCM framework has been done previously in [17], in which
the tumour model is referred to as the Jagiella model. The simple attraction model and the
external tissue pressure model are applied to this discrete interpretation of the Jagiella model,
which, in short, is an on-lattice hybrid model for spheriod tumour growth. Cells are modelled
as agents with the ability to migrate, proliferate and die. Cell behaviour is determined by local
concentrations of the extracellular substances: oxygen o(t, x), glucose g(t, x), lactate l(t, x),
adenosine triphosphate ka(t, x), extracellular matrix e(t, x), waste materials from necrotic cells
w(t, x) and the distance to the next vacant voxel site L(t, x) (the distance dependence is replaced
by a cellular pressure dependence in the discrete interpretation). In addition, the cells progress
in a cell cycle with md discrete cell stages where a cell at stage m = 0 is quiescent and with
a probability to reenter the cycle, and a cell at stage m ≤ 1 is considered proliferating. Cells
at stage m = md can divide into two daughter cells with some probability, where many of the
probabilities and behaviours are dependent upon one or more of the local concentrations of
extracellular substances.

The discrete interpretration of the Jagiella model into the DLCM framework by L. Viklund
[17] is based on the simple avascular tumour model where the range of cell population is
ui = {−1, 0, 1, 2}. The following behavioural rates are added: The cell cycle stage m of a
cell progresses at the rate

R(m→ m+ 1) = kdiv,m, (35)

if 0 < m < md, otherwise the rate is zero. ’Mother’ cells, cm, at the stage m = md divides into
two daughter cells, cd, only if the mother cell resides alone within its voxel with rate
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R(cm → cd + cd) = kdiv,m. (36)

Daughter cells start with either m = 1 (proliferating stage) or m = 0 (quiescent stage) with a
probability which is proportional to the pressure as

pre(t, x) ∝ exp

[
−p(t, x)

pdiv

]
, (37)

which is the only new feature where the cellular pressure plays a role. Furthermore, cells at the
quiescent stage, m = 0, reenters the cell cycle with rate

R(m = 0→ m = 1) = prekre. (38)

A cell at stage m ≥ 0 dies at rate

R(m ≥ 0→ m = −1) = knec. (39)

Finally, a dead cell is removed with the rate

R(ui = −1→ ui = 0) = klys. (40)

The rate variables kdiv,m, pdiv, kre, knec, klys are in turn dependent upon one or more of the local
concentration of extracellular substances which may in turn depend upon each other, spatial
coordinates and history of cell evolution. Some of the local concentrations can be expressed
analytically while others are obtained using numerical time-stepping schemes within each time
step in the Gillespie algorithm. Further details on the model, implementation, and parameters
are found in [21] and [17] respectively.
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4 Implementation
The simple avascular tumour model with the extension models are implemented within the
DLCM framework using the URDME software workflow [27]. This section details the specifics
of each model’s implementation given the successful implementation of the simple avascular
tumour model, starting with the simple attraction model followed by the external tissue pressure
model. All models are implemented in two dimensions with a square grid of equally sized voxels
unless stated otherwise.

4.1 Simple Attraction Model
The implementation of the simple attraction model (model details in §3.2) is straightforward
following the implementation of the simple avascular tumour model. The steady state pressure
equation (23) includes sinks depending on the value of u within a voxel, and the corresponding
right-hand side element is evaluated as

s(ui)− ε|ui|, (41)

within the system of equations solving for the cellular pressure. Possible values of ui are
−1, 0, 1, 2 and s(ui) = 1 if ui = 2 and s(ui) = 0 otherwise. The attraction parameter ε is
evaluated based on a desired final tumour radius r0 according to (25), where the final tumour
shape is assumed to be approximately circular.

4.2 External Tissue Pressure Model
In the external tissue model, the external tissue pressure is evaluated at the tumour boundary
according to (34). Tumour cell movement into the external tissue is modelled by Darcy’s law
and the movement rate is thus proportional to the negative of the pressure gradient which in
the discrete interpretation is evaluated as a scaled pressure difference between the invading cell’s
voxel vi and the invaded voxel vj . Thus, the difference between ’regular’ cell movements within
the tumour is that the invaded voxel pressure is evaluated as the external tissue pressure. Let
an external tissue voxel be denoted ve and let the movement event from a tumour voxel to
one such cell be (i → e). Then the discrete flux for movement out from the tumour boundary
becomes

I(i→ e) ∝ Iie := −
∫
vi∩ve

∇p · dS =
eie
die

(pi − pe), (42)

where pe is evaluated as the external pressure according to (34). Implementing this is achieved
by replacing the value of p at the tumour boundary (which is equal to 0 due to the homogeneous
Dirichlet condition) with pe, which is assumed to be uniform across the entire tumour boundary
at any given time step. The parameter B relates to the properties of the external tissue cells
and are specified depending on what type of external tissue cells are modelled. The effects
on tumour development from these external tissue cell parameters are analyzed in simulations
in §5.2 Thus, the variable r0 remains to be specified, where the model description (see §3.3.2)
defines r0 as

r0 =

√
V (Ωh \ ∂Ωh)

π
, (43)
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while remembering not to include the volume of the boundary voxels in the discrete interpreta-
tion. Thus, the value of pe must be updated after every time step a previously unvisited voxel
is invaded by a tumour cell since such an event increases the total volume of the tumour.

4.3 The Jagiella model
The Jagiella model is implemented as in [17], which is summarized in §3.4 with the addition of the
simple attraction model and external tissue model outlined in this thesis. The implementation
specifics of the two extension models outlined in §4.1 and §4.2 are valid when adding the models
to the Jagiella implementation. It is noted that the different role that cellular pressure plays in
the Jagiella model is in the choice of daughter cell stage (37), which has a greater significance
for the simple attraction model since it affects the cellular pressure distribution.

5 Results
This section presents the growth patterns resulting from including the simple attraction model
and the external tissue pressure model in the simple avascular tumour model, as well as adding
these two models to the aforementioned Jagiella model of tumour growth.

The oxygen parameters are calibrated by using a circular tumour in the discrete mesh with outer
radius R1 and radius R2 for the inner circular necrotic region, and an outer profilerating annulus
with thickness of H proliferating cells. Oxygen consumption rate and thresholds were chosen
such that a small outer layer of cells in the circular tumour are above the oxygen threshold for
proliferation and that a small inner layer of cells are below the oxygen threshold for cell death
(see Figure 6 for visualisation).

Figure 6: Example of oxygen parameter calibration with oxygen concentration (c)
on the z-axis versus position in the computational domain. Blue dots correspond
to voxels and the value of c at its position, red rings state that the voxel is above
the oxygen threshold for proliferation, and purple rings state that the voxel is
below the oxygen threshold for cell death.
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Unless stated otherwise, below experiments are calibrated according to a circular tumour with
R1 = 0.35, R2 = 0.2, andH = 2. The subsequent oxygen parameters are λ = 0.0025, κprol = 0.4,
κdeath = 0.31, ρprol = ρdeath = 0.125, ρdeg = 0.01. The conversion factors are D1 = 0.01,
D2 = 25, D3 = 0.01, such that movement to a previously occupied voxel is preferred over
movement into a previously unoccupied voxel.

5.1 Simple attraction model
This sub-section presents the results from using the simple attraction model (model details in
§3.2) with the simple avascular tumour model. The attraction parameter ε in (23) was calibrated
according to the circular tumour used to calibrate the other model parameters. Naturally, ε was
defined using R1 → r0 and H → h, which yielded that ε ≈ 0.085.

Figure 7 shows sample states from an example run using an initial state with a few singly
occupied voxels and the parameters defined above. Figure 8 shows the total number of cells
evolving over time for the example run. There exist some notable differences in the growth
patterns compared with the growth without the attraction model (Figure 3). Firstly, the overall
growth is slower when using the attraction model as can be seen when comparing the total
number of cells versus time in the first exponential growth phase. Secondly, there are fewer
holes, i.e voxels with u = 0, within the tumour during it development (compare in particular
Figures 7c and 3d). Thirdly, the growth phase after the first phase of exponential growth is
not linear for the attraction model as it is for the original model. In addition, the growth of
the attraction model tumour is nearly inhibited after the first exponential growth phase. Using
the tumour volume at the plateau at t ≈ 1000 in (43), the value of r0 becomes r0 = 0.34,
which is close to the value for the constructed calibration tumour which has R1 = 0.35. Finally,
and most notably, some time after the asymmetrical protrusion have formed on the tumour
boundary, the tumour breaks into several smaller parts, which themselves remain intact while
growth continues (Figure 7f). Values of ε up to 0.48 showed similar patterns (obtained from
using calibration tumour with r0 = 0.35, h = 15) where the tumour size could be seemingly
stable for up to t ≈ 15000 before eventually entering another rapid growth phase (see Figure 9).
A higher value of ε inhibited growth from the start (this is not surprising since ε ≥ 0.5 effectively
removes all pressure sources, see (22)). Using the tumour volume at the plateau (t ≈ 104) in
(43) in this case, yields r0 = 0.27 which is not close to the calibration tumour value at 0.35. Of
course, it is possible that the same value for the attraction parameter can be obtained using a
different set of values for R1 and H, in which R1 is a better match for the simulated tumour’s
r0. This demonstrates that one of the parameters R1 and H should be known prior to the
calibration and subsequent simulation in order to appropriately compare the characteristics of
the calibration tumour with the final state of the simulated tumour.

27



(a) (b) (c)

(d) (e) (f)

Figure 7: System states from samples run using the simple attraction model as
an extension to the simple avascular tumour model. The initial condition is a small
aggregate of singly occupied cells (Figure (a)). Singly occupied cells represented
in green, doubly occupied cells in red, and voxels with dead cells in black.

Figure 8: Number of cells versus time by cell type pertaining to an example run of
the simple attraction model using the parameters stated in §5.1. Total number of
cells in blue, dead cells in black, double occupied voxels in red, and singly occupied
voxels in green.
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(a) (b)

Figure 9: System state at final time and cell evolution from run using the simple
attraction model as an extension to the simple avascular tumour model. Singly
occupied cells represented in green, doubly occupied cells in red, and voxels with
dead cells in black. The attraction parameter is set to ε = 0.48, otherwise the
parameters and initial condition used are as stated in §5.1 with the final time
extended to t = 10000. Figure (a) shows the system state at the final time. Figure
(b) shows the number of cells versus time by cell type with total number of cells
in blue, singly occupied voxels in green, doubly occupied voxels in red, voxels with
dead cells in black.

5.2 External tissue model
This sub-section presents the results from using the external tissue pressure model (model details
in §3.3) with the simple avascular tumour model.The effects of the parameters A and B in the
external tissue pressure expression (34) on the overall tumour growth is shown in Figure 10,
where simulations were performed with A = 0 while varying B (and with B = 1 while varying
A). The rest of the paramaters are as stated above in §5. As B increases (Figure 10a), the
total growth of number of cells slows down until a value for B is reached for which growth never
begins, however, the general growth patterns remain the same: an initial phase of exponential
growth (although this phase is delayed for higher values of B) which levels off and is followed by
a second growth phase. Since a higher value of B delays the initial exponential growth phase and
slows down the overall growth without completely inhibiting it, a low value for B is chosen for
the experiments on the external tissue pressure model in order to keep a low simulation time.
Furthermore, Figure 10b shows that there might exist a value for A for which the growth is
inhibited. The value for A is calibrated such that the cell movement rates out into the external
tissue are barely zero for a circular tumour used in the parameter calibration, which was found
true for A = 15 given that B = 0.

Figure 11 shows sample states from an example run using an initial state with a few singly
occupied voxels and the parameters defined above. As with the previous examples, the tumour
exhibits an initial exponential growth phase which levels off and a different growth phase follows
(Figure 11f). Following the initial rapid growth (t ≈ 600), the three layers of cell types become
apparent: the proliferating boundary, quiescent middle part, and the necrotic core (Figure 11c,
11d). As t exceeds 1000, growth is linear and slow (the relative increase in number of cells per
unit time is less than 0.01%) and the shape of the boundary varies only slightly (Figure 11d).
As time continues, the tumour remains intact and with a disctinct proliferating region on the
edge of the tumour, however, the shape of the boundary becomes rhombic (Figure 11e).
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(a) A = 0 while varying B. (b) B = 1 while varying A.

Figure 10: Total number of cells versus time from sample runs using the external
tissue pressure model with one model constant fixed while varying the other.

(a) (b) (c)

(d) (e) (f)

Figure 11: System states from samples run using the external tissue pressure
model as an extension to the simple avascular tumour model. The initial condition
is a small aggregate of singly occupied cells (Figure (a)). Singly occupied cells
represented in green, doubly occupied cells in red, and voxels with dead cells in
black. Figure (f) shows the number of cells versus time by cell type
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In addition, a simulation was run for two cases: one using the same parameters extending the
final time to t = 2∗104, and one with the final time t = 104 and using A = 30 instead of A = 15
(both use B = 0). (See Figure 12 for the system states at the final time and the number of
cells versus time for the two extended runs.) For the simulation using A = 15, the shape of the
tumour is distinctly rhombic and the growth phase after the initial exponential growth phase
(after t ≈ 1000) is observed instead to be sub-linear, and tumour growth converges towards a
finite volume for the time scale in consideration. Finally, for the simulation using A = 30, where
the growth after the exponential growth phase is stabilized (at least within the time scale in
consideration) and a final tumour size is attained after a small period of decrease in tumour
volume. In addition, the tumour shape at t = 104 is notable more symmetric than in the case
for A = 15.

(a) (b)

(c) (d)

Figure 12: System state at final time and cell evolution from two runs using
the external tissue pressure model as an extension to the simple avascular tumour
model. The parameters and initial condition used are as stated in §5.2 with the
final time extended to t = 2 ∗ 104 and 104 respectively, and Figures (c) and (d)
show results from a run using A = 30 instead of A = 15. Figure (a) and (c) shows
the system states at the final time. Singly occupied cells represented in green,
doubly occupied cells in red, and voxels with dead cells in black. Figures (b) and
(d) shows the number of cells versus time by cell type with total number of cells
in blue, singly occupied voxels in green, doubly occupied voxels in red, voxels with
dead cells in black.
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Finally, the external tissue model parameters A = 30, B = 0 were used while varying the oxygen
threshold parameters for cell death and proliferation, ρdeath and ρprol respectively (all other
parameters as stated above). Preliminary simulations showed that the condition ρprol−ρdeath =
0.09, resulted in tumours with distinct proliferating, quiescent and necrotic regions, and this
condition was used for various values of ρprol to study the change in the final volume of the
tumour. The tumour characteristic measured is the tumour ’volume radius’, r0, obtained using
the total tumour volume in (43), i.e., the radius of a circular tumour with the same volume
as the simulated tumour. In addition, the maximum radius for each run was obtained as a
simple measurement of tumour circularity. The maximum radius is defined as the distance to
the furthest occupied voxel from the center of the initial state of the tumour. Three sample runs
were performed for each set of model parameters to include the effects due to the stochastic
nature of the model. Results are shown in Figure 13, where a small variation in final tumour
volume (at most approximately 2% relative difference) is observed within sample sets using the
same parameters. Furthermore, the is a linear relation between final tumour volume and the
oxygen parameter ρprol. The maximum radius is strictly greater than the tumour radius, and
is more sensitive to the stochastic nature of the system. The ratio between maximum radius
and tumour radius is greater for smaller final tumour volumes, which might suggest that large
tumours grow more symmetrically.

Figure 13: Tumour ’volume radius’ and tumour maximum radius at t = 2000 for
the external tissue model versus oxygen threshold for cell proliferation ρprol where
ρdeath = ρprol − 0.09. Measurements taken from three sample runs for each set of
parameter values. The tumour volume in all runs had reached a steady state by
the final time. Tumour volume for ρprol < 0.1 had not reached a steady state by
the final time and corresponding results could not be included. Furthermore, for
ρprol > 0.6, the proliferating and necrotic regions are notably less apparent.

5.3 Jagiella model
The DLCM interpretation of the Jagiella model is implemented and run using the same param-
eters as in [17] with simulation time until T = 960 and extended with the simple attraction
model and the external tissue pressure model.
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5.3.1 Simple attraction model

The simple attraction model is extended onto the Jagiella model using the attraction parameter
used in for the simple avascular tumour model where ε ≈ 0.085. Figure 14 shows sample states
from an example run together with the evolution of number of cells versus time by cell type
(Figure 14f). The initial growth phase is symmetric in shape (Figure 14b), followed by the
formation of asymmetrical protrusions while the growth is slower (Figure 14c). Finally, the rate
of growth increases with protrusions growing in size and a necrotic core forms in the center of
the tumour (Figures 14d, 14e). During growth the quiescent region contains a notable amount
of singly and doubly occupied quiescent voxels while the proliferating regions have as notable
amount of both singly and doubly occupied proliferating voxels. This might be a consequence
higher migration towards the center of the tumour due to the pressure sinks in the model.
Values of ε up to 0.3 showed similar patterns (obtained from using calibration tumour with
r0 = 0.2, h = 6).

(a) (b) (c)

(d) (e) (f)

Figure 14: System states from samples run using the external tissue pressure
model as an extension to the simple avascular tumour model. The initial condition
is a small aggregate of singly occupied cells (Figure (a)). Singly occupied voxels
with quiescent cells in green, doubly occupied voxels with quiescent cells in red,
singly occupied voxels with proliferating cells in blue, doubly occupied voxels with
proliferating cells in orange, and dead cells in black. Figure (f) shows the number
of cells versus time by cell type, where total number of cells are shown in blue,
dead cells in black, voxels with proliferating cells in red and voxels with quiescent
cells in green.

5.3.2 External tissue pressure model

The external tissue pressure model is extended onto the Jagiella model using the model param-
eters A = 15 and B = 0. Figure 15 shows sample states from an example run together with the
evolution of number of cells versus time by cell type (Figure 15f). The tumour grows at a semi-
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steady state during the entire simulation, where notable asymmetries form after t ≈ 400 (Figure
15c)). The asymmetries are less protruding than in the example run of the simple attraction
model (Figure 14)), and the quiescent region and the proliferating regions contain notably less
doubly occupied voxels. Higher values of A showed similar patterns (up to A = 100).

(a) (b) (c)

(d) (e) (f)

Figure 15: System states from samples run using the external tissue pressure
model as an extension to the simple avascular tumour model. The initial condition
is a small aggregate of singly occupied cells (Figure 15a). Singly occupied voxels
with quiescent cells in green, doubly occupied voxels with quiescent cells in red,
singly occupied voxels with proliferating cells in blue, doubly occupied voxels with
proliferating cells in orange, and dead cells in black. Figure 15f shows the number
of cells versus time by cell type, where total number of cells are shown in blue,
dead cells in black, voxels with proliferating cells in red and voxels with quiescent
cells in green.

6 Discussion
The simple attraction model applied to the simple avascular tumour model displays the forma-
tion of asymmetric protrusions similar to the simulations which used only the avascular tumour
model (compare Figures 3e and 7d). However, when using the simple attraction model, the over-
all growth was slower and ultimately, the tumour breaks off into distinct part which continue
growing intact as seen in Figures 7e, 7f. The separation into several tumour parts is due to cell
death and thus a lack of oxygen in quiescent regions of the tumour which are in contact with
the external domain. The different tumour parts quickly proliferate as seen by the increase in
doubly occupied voxels after t ≈ 1500 when the tumour has started breaking apart. This quick
proliferation phase occurs since there is now a higher local oxygen concentration available to
the smaller and spatially separated tumour parts. Finally, in an expected manner, the cell-cell
attraction modelled as cellular pressure sinks keeps the tumour parts together with few inner

34



holes, since any holes due to cell degradation are quickly filled due to the non-local cell-cell at-
traction. However, the non-linear feedback effects due to higher oxygen concentrations further
away from the tumour is stronger than the sum of cell-cell attraction for a larger tumour. Thus
the stochastic nature of the model favours asymmetric growth which ultimately breaks apart a
larger tumour in the simple attraction model, and growth continues uninhibited.

The external tissue pressure model applied to the simple avascular tumour model displays growth
patterns without pronounced asymmetric protrusions (Figure 11), and similar to the results from
the simple attraction model, the overall growth is slower than when using only the avascular
tumour model. The initial exponential growth phase is followed by a significantly slower sub-
linear growth, in contrast with results from the avascular tumour model with and without the
simple attraction model where the second growth phase is at least linear. However, continued
simulations of the external tissue pressure model displays a clear transition from approximately
circular to rhombic shape of the tumour (see Figure 12a). Furthermore, the sub-linear growth
of the tumour approaches a final size over long time scales t ≈ 104. The rhombic shape could
possibly be explained by asymmetries in the oxygen distribution due to the square shape of
the full computational domain. Although the oxygen sources are placed in a circle around the
growing tumour, the Neumann boundary condition for oxygen on the square domain introduces
a stronger negative flux of oxygen outwards the corners of the computational square. Thus,
the oxygen concentration is higher towards the center of the square edges and the tendency for
tumour growth is towards these areas. The effects from asymmetric oxygen distribution due
to computational domain shape can be tested in future work on the simple avascular tumour
model in the DLCM framework.

Results from the external tissue pressure model using a higher stiffness parameter A (Figure s
12c and 12d), display an absence of the above computational artefact and the tumour growth is
stabilized immediately following the initial growth phase. The final tumour size is smaller than
what was observed in the simulations using A = 15, which suggests that the higher external
pressure inhibits growth before the slow transition towards a rhombic shape. Finally, the results
from the experiments in which ρprol and ρdeath were varied (Figure 13), suggested a linear
decrease in final tumour volume radius with increasing ρprol. This result hints at the possibility
of controlling final tumour characteristics using model parameters.

As a final note on the experiments in which a steady tumour size was only slowly reached (Figure
12), a different modelling approach is suggested. For the lower values of external pressure, a
comparably slower tendency for tumour growth remains after the initial growth phase. For the
case of tumour volume in the avascular tumour model, the only feature which decreases the
volume is inwards migration of cells and cell death at the central region. It is possible that this
feature combined with a low external pressure is slow in comparison with the proliferation and
migration outwards on the tumour boundary, which increases the tumour volume (consider also
that cells may not move to a voxel with an equal or higher number of cells than of the moving
cell’s voxel). A suggested recourse is to add features to the system which acts to decrease the
volume (or possibly the total number of cells) at a quicker rate which might result in the tumour
growth settling quicker. One such feature is to allow cell death on the cell boundary by some
rate lower than the rate for cell death due to lack of oxygen, which would occur on a time scale
similar to that of cell proliferation and outwards movement. Another feature is to add external
tissue cell invasion into tumour voxels given the right amount of external pressure. The main
idea is that the positive rates of change and the negative rates of change for the tumour volume
may cancel out on average after some time in tumour development resulting in a steady volume
state, given some tumour characteristic such as volume.
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The simple attraction model applied to the Jagiella model displays asymmetries where the
tendency of growth is towards the edge centers of the square computational domain similar to
the case for the external tissue model on the avascular tumour model. This suggests that similar
computational artefacts exists here also. Furthermore, the tumour is more densely populated
which suggests that the cell-cell attraction favours inwards migration, which is however not fully
competing with the proliferation rates on the boundary.

The external tissue model applied to the Jagiella model shows a growth pattern similar to the
one observed in [17], where the tumour is growing asymmetrically and unbounded. This suggests
that the resisting pressure in the external tissue model is too low to affect the growth for the
parameters used. Since the computational domain in the simulations of the Jagiella tumours
is smaller, it is possible that boundary effects such as higher oxygen concentrations are more
tangible. Combined with the increased model complexity, it is thus difficult to compare the
results with those from simulations of the simple avascular tumour model.

7 Conclusions
A simple attraction model and an external tissue pressure model were developed and imple-
mented, intended as extension models to the simple avascular tumour model in the DLCM
framework developed originally by the authors in [5]. The two extension models were also ap-
plied to a more complex model of tumour growth - the ’Jagiella’ model [21] - interpreted into
the DLCM framework as was done in [17].

The addition of the simple attraction model displayed a notably different growth pattern for the
simple avascular tumour model, in which lack of oxygen produces growth asymmetries and the
tumour breaks apart into separate compact tumour parts that kept growing. The non-linear
feedback of higher oxygen concentration further away from the tumour is likely stronger than
the values of cell-cell attraction which allow initial growth.

The addition of the external tissue pressure model returned a more symmetric growth. For
lower values of the stiffness parameter (A up to approximately 15), simulations for t up to
2 ∗ 104 suggests that the tumour slowly converges towards a final tumour size. In addition, the
shape of the tumour tended towards a rhombic shape in favour of a circular shape over the
course of the simulation. It is suggested that the unexpected shape is due to computational
artefacts arising from the discretization of the domain and its effect on the oxygen distribution.
Furthermore, for higher values of the same parameter (A ≈ 30), the tumour reached a stable final
size nearly immediately after the initial growth phase (the stability lasted at least until t = 104),
where growth was inhibited before effects from above mentioned computational artefacts were
visible.

Additional simulations using a higher stiffness parameter suggested a linear relation between
final tumour size and oxygen thresholds parameters for cell proliferation and death. Such a
relation between emergent tumour characteristics and model parameters is a hopeful result in
the aim towards statistical inference and data driven modelling of avascular tumours.

Finally, the growth of the more complex Jagiella model tumour together with the simple at-
traction model and the external tissue pressure model was not bounded in the experiements
conducted here. The simple attraction model displays higher migration and cell population
within the tumour and protrusions are formed reminiscent of those present due to the com-
putational artefacts mentioned above. The external tissue model resulted in a similar growth
pattern to that without any model extensions, and it is possible that increased complexity of
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the model demands much higher external pressure. Ultimately, it is difficult to directly compare
these results with the results from the simple avascular tumour model.
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A Zero flux through Γc proof
This appendix section shows that the Laplace equilibrium on a source-less domain extending to
infinity and with an inner boundary with a finite quantity across the entire domain implies that
the total flux on through its inner boundary must be zero. Consider a domain Ω, which extends
to infinity and has an inner boundary Γinner. On Ω, let the Laplace equilibrium hold for the
quantity p

−∆p = 0, (44)

which has the general solution in polar coordinates with rotational symmetry (p(r, θ) = p(r, θ+
2π))

p(r, θ) = A0 ln(r) +B0 +

∞∑
n=1

Θn(θ)(Cnr
n +Dnr

−n), (45)

where Θn(θ) = An cos(nθ) + Bn sin(nθ). Constraining the quantity to be finite, p < ∞, as
r →∞ yields

p(r, θ) = B0 +

∞∑
n=1

Θn(θ)(Dnr
−n). (46)

Let Γr be a closed circular boundary on Ω defined by radius r. Then the total flux through Γr

and Γinner must be equal to the negative of the total enclosed sources, which is zero, i.e.,

−
∫

Γinner

∇p · nds−
∫

Γr

∇p · nds = 0. (47)

Using (46), the total flux through the circular Γr can be obtained

∫
Γr

∇p · nds =

∫
Γr

∂p

∂r
ds =

∫
Γr

∞∑
n=1

Θn(θ)(−nDnr
−n−1)ds, (48)

which must be zero since r is constant on Γr and Θn is an odd function for all n and θ ∈ [0, 2π).
Finally, (47) then yields

−
∫

Γinner

∇p · nds = 0, (49)

which concludes the proof. The boundary Γinner can be replaced by the boundary Γc used in
the main text, Section 3.3.
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B Analytical solution to the external pressure model
This appendix section derives the analytical solution to the external tissue pressure model in
two dimensions using radially symmetric domains with polar coordinates r = rr̂. Consider the
domain Ωc defined as the annulus with inner radius r0 and outer radius r1, with outer boundary
Γc at r1 and inner boundary ∂Ωh at r0. Let the tumour domain Ωh be radially symmetric with
r ≤ r0 and boundary ∂Ωh (see Figure 5 for a domain schematic). The boundary conditions are
obtained from considering a source-less and infinite domain surrounding Ωc where the quantity
obeys the Laplace equation similar to what is used in Appendix A. With radial symmetry, the
flux on Γc must be uniform and since the total flux through this boundary is zero (see Appendix
A), a homogeneous Neumann is used on Γc. Thus, the quantity p obeys the following Laplacian
equilibrium within Ωc:

−∆p = 1, at r0 ≤ r ≤ r1, (50)
∇p · n = 0, at r = r1, (51)

which has a θ-independent particular solution, pp(r) = − 1
4r

2. Together with the radially sym-
metric homogeneous solution, the full solution is

p(r) = A ln
( r
R

)
− 1

4
r2 +B, (52)

where A is determined by imposing the boundary condition and R and B are undetermined
constants. Typically, R and B are bundled together to form one undetermined constant, however
in this argument the two constant are kept explicitly stated for reasons which are discussed
below.

The homogeneous Neumann boundary condition yields

∇p · n(r = r1) =
∂p

∂r
(r = r1) =

A

r1
− 1

2
r1 = 0, (53)

which gives that A = 1
2r

2
1.

The conservation of mass, (29), ultimately provides a relationship between r1 and r0 if the value
of cell population u within Ωc is defined. In the simplified case where u − 1 = 1 in Ωc, the
relationship becomes

∫
Ωc

1dV =

∫
Ωh\∂Ωh

1dV, (54)

V (Ωc) = V (Ωh \ ∂Ωh), (55)
π(r2

1 − r2
0) = πr2

0, (56)
r2
1 = 2r2

0, (57)

where V (·) denotes the volume of the argument domain. Thus A = r2
0, and the value of p at r0

becomes
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p(r0) = A ln(r0)− 1

4
r2
0 −A ln(R) +B = r2

0 ln(r0)− 1

4
r2
0 − r2

0 ln(R) +B (58)

where − 1
4r

2
0 − r2

0 ln(R)→ Cr2
0, which gives the final form of the analytical solution.
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