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II

Abstract

Theory of quantum fields has been proved to be a very successful framework to under-
stand nature. One of the most important objects in quantum field theory is the scattering
amplitude, which is a well-defined physical observable closely related to the scattering
experiments. The scattering amplitude possesses lots of properties which reveal the
underlying physics and this is one reason why it is worth investigating. Tree-level
scattering amplitudes in non-abelian gauge theories and gravity can be conveniently
investigated in the Cachazo-He-Yuan (CHY) formalism.

Among all quantum field theories, gauge theories are extremely essential because the
Standard Model is based on gauge theories and the Standard Model has been proved
to be one of the most successful physical models so far. The most typical gauge theory
would be Yang-Mills theory. However, in order to further investigate gauge theories and
gravity, some higher-dimensional operators can be inserted to Yang-Mills Lagrangian to
get some deformed gauge theories. The simplest example would be the F3-deformed
theory.

This thesis introduces the CHY formalism for Yang-Mills theory and the F3-deformed
gauge theory and introduces a systematic method of investigating the factorization of
these two theories under the CHY formalism via two explicit examples.
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Populärvetenskaplig sammanfattning

Naturens lagar består av fyra fundamentala interaktioner: den svaga, starka, och elek-
tromagnetiska interaktionen samt gravitation. Än så länge kan alla fysiska fenomen
beskrivas med dessa fyra interaktioner. Av de fyra interaktionerna kan den elektromag-
netiska, svaga och starka interaktionen beskrivas väl med Standardmodellen som visat
sig vara en av de mest framgångsrika modellerna som finns inom fysiken. Ramverket
för Standardmodellen är kvantfältsteori som beskriver fält på kvant-skalan. Kvantfält-
steori härstammar från kombinationen av kvantmekanik och speciell relativitet och
utvecklades i början på 1900-talet. I modern fysik kan elementar partiklar beskrivas
som excitationer i kvantfält, vilket är viktiga objekt i Standardmodellen. Detta är en av
anledningarna till att vi är intresserade av kvantfältsteori.

Å ena sidan är kvantfältsteori en mycket framgångsrik teori då den beskriver tre av de
fyra interaktionerna som finns. Å andra sidan har teorin fortfarande mycket brister,
varav den största är att teorin inte är kompatibel med gravitation. Gauge teorier spelar
en betydande roll i kvantfältsteori och har upptäckts vara relaterad till gravitationen.
Detta är en annan anledning till att vi är intresserade av kvantfältsteori. Vidare är
icke-abelska gauge teorier en viktig komponent av gauge teorier.

De viktigaste kvantiteterna inom kvantfältsteori - både för formel utveckling och för
kollisionsexperiment - inkluderar spridningsamplituder. Det enklaste exemplet av en
splittringsamplitud är den så kallade trädnivå spridningsamplituden. Trädnivå sprid-
ningsamplituder i icke-abelska gauge teorier och gravitation kan undersökas smidigt
med den så kallade Cachazo-He-Yuan (CHY) formalismen. För spridningsamplituder
finns det en viktig egenskap som kallas faktorisering som avslöjar den underliggande
fysiken. Denna uppsats introducerar CHY formalismen och en systematisk metod för
att undersöka faktorisering av trädnivå-amplituder i CHY formalismen via två exempel
av gauge teorier: Yang-Mills teori och den deformerade F3- gauge teorin.
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Introduction 1

1 Introduction

1.1 Theories of Quantum Fields

The development of the quantum field theories began in the 20th century as a natural
combination of quantum mechanics and special relativity after the great success of those
two theories. Starting with the attempt to quantize the electromagnetic field by Paul
Dirac, generations of great physicists have worked in this area and it has become one of
the most important topics in physics now.

On the one hand, the theory of quantum fields has become an extremely important
framework of modern theoretical physics. Based on this, the Standard Model has been
gradually developed. The Standard Model is the theory of particle physics that can
unify electromagnetic interaction, weak interaction and strong interaction to some ex-
tent. Although there are many flaws, the Standard Model has become one of the most
successful theories in physics. The great success and the flaws of the Standard Model
naturally demonstrate the power of quantum field theory and imply the potential of
this framework. And this is one reason why it is still worth working on quantum field
theory nowadays.

On the other hand, one key point in the success of a physical theory is to give quantita-
tive predictions of certain experiments. Fortunately, more and more experiments have
been conducted to examine the Standard Model and the results are surprisingly positive.
Among those experiments, one crucial kind is high energy scattering experiment. Scat-
tering experiments have already contributed a lot to the development of the Standard
Model, including discoveries of several elementary particles, among which the most
recent one would be the discovery of Higgs bosons [1], [2] on the Large Hadron Collider
(LHC).

Because of the importance of scattering experiments, it is worth introducing a bit more
about them. What is measured in a scattering experiment in a collider is the differential
number of scattering events

dN = L× dσ, (1.1)
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Introduction 2

where L is Luminosity, which is defined by this equation, and dσ is cross-section.
Theoretically, there is a more refined quantity, differential cross-section dσ/dΩ. For
this quantity, there is one more relation worth introducing:

dσ

dΩ
∝ |A|2, (1.2)

where A is the scattering amplitude.

1.2 Scattering Amplitudes

As shown in the previous section, the scattering amplitude is a well-defined physical
observable and plays an important role in modern high energy theory. Meanwhile, it
is also the major topic of this thesis, so it is worth introducing more about scattering
amplitude.

One of the key concepts in quantum field theory is that particles are regarded as the
excited states of quantum fields. Thus in Schrödinger picture, we can use ket to describe
a quantum state:

|i; ti〉 , (1.3)

where ti represents the time when this state exists.

Furthermore, (1.3) can represent the initial state of a certain particle collision procedure,
or we can all it a scattering process here. Through similar logic,

∣∣ f ; t f
〉

denotes the final
state. Then the S-matrix can be defined under Heisenberg picture as:

〈 f |S|i〉Heisenberg = 〈 f ;∞|i;−∞〉Schrödinger . (1.4)

The difference between Heisenberg picture and Schrödinger picture is that the time
evolution is included in operators and states are left alone in Heisenberg picture while
states in Schrödinger picture evolve in time. The right hand side of (1.4) represents
the probability amplitude of the transition from the initial state to the final state. The
reason why two times need to be chosen as infinity and minus infinity is that they are
asymptotic states. The asymptotic states are separated enough to be non-interacting,
thus they should be on-shell:

p2 ≡ pµ pµ = −m2, (1.5)

where pµ and m denote the four-momentum and the mass of the particle respectively.
Note that here we use the mostly-plus metric, ηµν = diag(−1,+1,+1,+1) and special
unit, h̄ = c = 1. If we use the mostly-minus one, ηµν = diag(+1,−1,−1,−1), then the
on-shell condition becomes p2 = m2.
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Furthermore, the S-matrix can be rewritten as:

S = 1+ iT , (1.6)

where the identity 1 represents the trivial case where there is no interaction happening.
Thus it is the nontrivial transfer matrix T that is worth more work. The transfer matrix
can be further written as:

T = (2π)4δ4(∑ p)M, (1.7)

where the sum over p should be understood as the sum over 4-momenta of all external
particles, thus the delta function here represents momentum conservation.

The nontrivial part of the S-matrix can be further written as:

〈 f |S− 1|i〉 = i(2π)4δ4(∑ p) 〈 f |M|i〉 . (1.8)

Then the quantity 〈 f |T |i〉 is the scattering amplitude which is denoted by A mentioned
in the previous section 1.1 while the 〈 f |M|i〉 is the stripped amplitude that can be denoted
by A. In the rest of this thesis, we mostly talk about the stripped amplitudes.

The most conventional method of calculating scattering amplitudes is computing them
through a perturbative expansion order by order in a small dimensionless parameter.
In 1940s, Richard Feynman introduced a diagrammatic method of constructing this
expansion through diagrams. Thus a scattering amplitude can be computed through a
sum over all possible diagrams:

Figure 1.1: Illustration of Feynman diagrams

All these diagrams are called Feynman diagrams. They can be classified by the number
of loops so the scattering amplitudes are also classified by the number of loops of Feyn-
man diagrams we keep. For example, a scattering amplitude can be called tree-level
amplitude if we only keep the contribution of tree-level Feynman diagrams.

Furthermore, one Feynman diagram is actually a pictorial representation of a mathemat-
ical expression so one question naturally comes up: how do we get the mathematical
expression of a Feynman diagram? In fact, it is the Feynman rules that clarify how
to compute the mathematical expressions from Feynman diagrams. These Feynman
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Introduction 4

rules depend on different theories and can be derived from the Lagrangians of different
quantum field theories. On the other hand, the Feynman rules also indicate the types
of allowed Feynman diagrams. Then the procedure of calculating a specific scattering
amplitude becomes clear. We first need to derive the Feynman rules from the Lagrangian
and draw all possible Feynman diagrams according to the Feynman diagrams. Then we
need to compute the mathematical expressions of all Feynman diagrams via Feynman
rules and add them up to get the desired scattering amplitude.

This procedure is clear and easy to follow. However, when it comes to actual situations,
things could get much more complicated. The first drawback is that the number of
diagrams could become really large even for some simple scattering processes. For
example, when we consider the scattering of two gluons into n gluons, gg→ ng, the
number of Feynman diagrams grows extremely fast when n grows [3].

n 2 3 4 5 6 7 8

number of diagrams 4 25 220 2485 34300 559405 10525900

Table 1.1: The number of Feynman diagrams contributing to the scattering process gg→ ng[3]

Other than possibly huge number of Feynman diagrams, there are two more reasons
[4]: (i) There may be too many terms in each diagrams, e.g., non-Abelian gauge boson
self-interactions are complicated. (ii) There may also be too many kinematic variables
as the scattering process becomes complicated, which allows construction of arbitrarily
complicated expressions.

Given the significance of the scattering amplitudes and the low efficiency of the con-
ventional method, it is natural to conduct more researches in this topic. Fortunately,
the development of computer gradually allows physicists to conduct calculation more
efficiently. Early in 1991, a package called FEYNCALC was developed for MATHEMATICA

[5]. After several years, this package has been upgraded to FEYNCALC 9.3 [6] and has
become a famous software tool for semi-automatic calculations.

Not only some researches have been conducted on software tools that allow more
efficient calculations, but also some researches have been conducted on scattering am-
plitudes themselves to investigate their properties. For example, scattering amplitudes
in gauge theories are important in investigating the connection between quantum field
theory and gravity.

As is stated before, the Standard Model unifies electromagnetic, weak and strong in-
teractions to some extent. The framework theory to describe these three fundamental
interactions is gauge theory. The electromagnetic interaction is described by the Abelian
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gauge theory while the weak and strong interaction are described by non-Abelian gauge
theories, which makes the Standard Model a gauge thoery with the symmetry group
U(1)× SU(2)× SU(3).

For scattering amplitudes in gauge theories, there are many techniques developed to
investigate scattering amplitudes themselves. For example, the off-shell recursion re-
lations developed by Berends and Giele [7] and the famous on-shell BCFW recursion
relations developed later by Britto, Cachazo, Feng and Witten [8], [9]. More details and
techniques are introduced in some good literature [4], [10], [11].

As the forth fundamental interaction, gravity behaves in a slight different manner. Al-
though both gauge theories and gravity have local gauge symmetry, they still possess
properties different from each other. For example, one difference comes up during deal-
ing with divergence. Loop Feynman diagrams are generically infinite. In conventional
quantum field theory, there is a technique called renormalization to fix this divergence
so the quantum field theory can still give precise predictions. However, if we naively use
quantum field theory method to deal with gravity, it turns out that these annoying diver-
gences cannot be fixed via renormalization. So gravity is called non-renormalizable, or
at least it cannot be perturbatively renormalized in conventional method. Thus it is now
strenuous to describe gravity through conventional gauge theory. In general, the uni-
fication of gravity and gauge theories has been one of the principal difficulties in physics.

However, the common properties of gauge theories and gravity imply that there is an
underlying unified framework theory and the most promising one so far is string theory.
Moreover, apart from Einstein gravity usually described by geometry of spacetime, other
gravitational theories are developed to investigate the unification of gravity and quan-
tum field theory, including supergravity, etc. However, the connection between gauge
theories and gravity may not be apparent at the level of actions. Then the scattering am-
plitude becomes a more appropriate quantity to investigate this connection. For example,
a duality between color and Kinematics was discovered and this duality was imposed to
find that gravity amplitudes can be obtained as a double copy of two gauge-theory ones
[12], [13] and this double-copy structure originates from the Kawai-Lewellen-Tye (KLT)
relation in string theory which expressed the closed-string tree-level amplitudes as a
double copy of the open-string ones [14]. Furthermore, this double-copy construction
is valid for a variety of gravitational theories including supergravity. There is a good
review about this duality recently [15]. Although this double-copy construction reveals
the close connection between gauge theories and (super)gravity, it has not overcome
some difficulties such as non-renormalizability of gravity, which leaves the unification
still a great challenge.
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Another interesting aspect of scattering amplitudes is the mathematical structure. On
the one hand, the mathematical structure includes some apparent analytic structures of
scattering amplitudes such as poles and some symmetries of scattering amplitudes. On
the other hand, the mathematical structure includes the connections between scattering
amplitudes and other mathematical subjects. For example, these connections include
the interpretation that certain amplitudes are volumes of polytopes first discovered by
Hodges [16], the connection between scattering amplitudes and Grassmannian geometry
[17], a new object known as amplituhedron [18], [19], etc.

1.3 Focus of This Thesis

Given the importance and the academic potential of the scattering amplitudes in gauge
theories, this thesis focuses on the scattering amplitudes in some specific gauge theories.

An essential example of gauge theory is the Yang-Mills theory whose Lagrangian takes
the form:

L = −1
4

Tr FµνFµν, (1.9)

where Fµν = ∂µ Aν − ∂ν Aµ − gYM
[
Aµ, Aν

]
is the field strength and Aµ = Aa

µTa is the
vector potential. Ta’s are the generators of some Lie algebra g and they satisfy the
relations: [

Ta, Tb
]
= i f abcTc, Tr(

[
Ta, Tb

]
Tc) ∼ f abc, (1.10)

where f abc are known as structure constants of this Lie algebra and the adjoint indices
a,b, c, . . . run over 1,2, . . . ,dimg. Given this Lagrangian, one can find the Feynman rules
to compute the scattering amplitudes through conventional method or use some surpris-
ingly simple formulas in certain cases [20].

Moreover, string theory could reproduce this result. When one expands the massless
bosonic open-string amplitudes order by the order in "Regge slope” α′ = l2

string, it can be
observed that the term at the leading order of this α′-expansion reproduces the results of
previous Feynman-rule procedure of Yang-Mills amplitudes. If one considers terms of
higher order, one can reverse-engineer Feynman rules to find the low-energy effective
Lagrangians that can reproduce the same expressions. The simplest one of these effective
Lagrangians is the F3-deformed one which reads:

L = −1
4

Tr FµνFµν +
2α′

3
gYM Tr Fµ

ν Fν
λ Fλ

µ (1.11)

In short-hand notation, we can write: F2 ≡ Tr FµνFµν and F3 ≡ Tr Fµ
ν Fν

λ Fλ
µ and this is why

we call it F3-deformed gauge theory. Instead of the string-theory interpretation, phe-
nomenological studies have been conducted to investigate this F3-deformed amplitude
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[21]–[26]. In fact, there is a slight abuse of notation here and in the future part of this
thesis. The main object discussed in this thesis is the tree-level matrix element with
single insertion but it is referred to as F3 amplitude AF3

in this thesis.

We have introduced the several methods to compute scattering amplitudes in gauge
theories. Apart from those methods, another important formalism was once introduced
by Cachazo, He and Yuan [27]–[29]. This formalism, known as Cachazo-He-Yuan (CHY)
formalism, is the main tool used in this thesis to analyze the F3-deformed amplitudes. In
this formalism, a compact integral is all one needs to compute the scattering amplitudes
in non-Abelian gauge theories while one only needs to change the CHY integrands for
different theories. It will be introduced with more details in future chapter 2.

More specifically, the main property of this F3-deformed amplitudes we are going to
investigate is the factorization. Naively speaking, the factorization is the behavior of the
amplitudes when we set several external particles to a so-called "factorization channel".
This factorization channel, roughly speaking, is a constraint which reads: (ki + k j + · · ·+
kn)2→ 0. Similarly, more details about factorization are going to be introduced in future
chapter 3.

Enze Gong
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2 CHY Formalism

2.1 Scattering Equations

In short, the CHY formalism gives compact formulae that can be used to compute the
tree-level amplitudes of scattering processes of massless particles in arbitrary spacetime
dimension and it was first introduced to compute the pure Yang-Mills amplitudes and
gravity amplitudes [28]. Before introducing this formula, we should introduce another
key subject of this formalism, the scattering equations [27], [30].

It is the scattering of n massless particles that is considered in CHY formalism, thus we
can introduce the kinematic space which is defined as:{(

kµ
1 ,kµ

2 , . . . ,kµ
n
)
|

n

∑
a=1

kµ
a = 0,k2

1 = k2
2 = · · · = k2

n = 0

}
, (2.1)

where kµ
i is the relativistic momentum of the i-th particle. This kinematic space is defined

for this scattering process of n massless particles in D dimension, thus µ = 1,2, . . . , D.
For clarification, the square without special statement here k2 and in future denotes the
Lorentz contraction k2 = kµkµ. Then a generic Mandelstam variable can be defined as:

sa1,a2,...,ar B (ka1 + ka2 + · · ·+ kar)
2 , (2.2)

then the subspace where sa1,a2,...,ar = 0 is called a codimension-1 singularity of the
amplitude. There are singularities of higher codimensions. As discussed with more
details in [31], the structure of singularities in this kinematic space would be complicated.
However, there are different methods of investigating these singularities and one method
discussed here is to introduce an auxiliary space. After introducing an auxiliary space,
we need to further introduce a map from this auxiliary space to kinematic space in order
to analyze the properties of singularities more easily in the auxiliary space. The Riemann
sphere CP1 with n distinct punctures (σ1,σ2, . . . ,σn) would be a satisfying auxiliary space
and the map is given by [30]:

kµ
a =

1
2πi

∮
|z−σa|=ε

dz
pµ(z)

∏n
b=1(z− σb)

(2.3)

where pµ(z) is a collection of D degree n− 2 polynomials and a,b runs over 1,2, . . . ,n.
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Given kinematic space, auxiliary Riemann sphere and the map, we can now introduce
the scattering equation for a-th particle:

Ea(σ,k)B
n

∑
b=1
b,a

ka · kb

σa − σb
= 0. (2.4)

For scattering of n massless particles, we have n such scattering equations where the
momenta are already given. Then the solution(s) {σ1,σ2, . . . ,σn} correspond(s) to the n
punctures on the auxiliary Riemann sphere.

To analyze the solution(s) of the scattering equations, we first introduce the Möbius
transformation, or more specifically, SL(2,C) transformation here:

σa→
aσa + b
cσa + d

, ad− bc = 1 (2.5)

The reason why it is called SL(2,C) transformation is that the a,b, c and d above compose
an element of group SL(2,C). We denote this element by g, that is:

g =

(
a b
c d

)
∈ SL(2,C),

∣∣∣∣∣a b
c d

∣∣∣∣∣ = ad− bc = 1. (2.6)

Mathematically speaking, it can be understood that every g ∈ SL(2,C) defines an auto-
morphism of the auxiliary Riemann sphere CP1 and this automorphism group can be
denoted by Aut(CP1). Thus it could be further understood that a group isomorphism is
introduced between SL(2,C) and Aut(CP1).

The solutions to the scattering equations then possess the SL(2,C)-redundancy: if
{σ1,σ2, . . . ,σn} is a solution of scattering equations, then {σ1

′,σ2
′, . . . ,σn

′} is also a solution
to the same scattering equations, where

σa
′ =

aσa + b
cσa + d

, ad− bc = 1. (2.7)

And they are known as equivalent solutions.

Furthermore, three more identities hold:

n

∑
a=1
Ea(σ,k) = 0,

n

∑
a=1

σaEa(σ,k) = 0,
n

∑
a=1

σ2
aEa(σ,k) = 0. (2.8)
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Given these identities, it is clear that there are only n− 3 scattering equations are inde-
pendent. And the SL(2,C)-redundancy implies that we can freely set three punctures to
fixed points. One famous choice would be:

σ1→ 0, σ2→ 1, σn→∞. (2.9)

Furthermore it was proved in [27] that there are (n− 3)! solutions of these scattering
equations after fixing three punctures. It is worth mentioning that scattering equations
had already appeared in previous literature [32]–[37]. Equipped with the scattering
equations, we can now introduce the general formula of the CHY formalism.

2.2 General Formula

In short, this general formula is a compact integral to compute tree-level amplitudes An

in some theories. This formula reads [28]:

An =
∫

∏n
i=1 dσi

volSL(2,C)

n

∏′

a=1
δ(Ea)ICHY

n . (2.10)

In this integral, the first object to be clarified is the special product of delta functions of
scattering equations which is written as:

n

∏′

a=1
δ(Ea) ≡ σijσjkσki ∏

a,i,j,k
δ(Ea) (2.11)

with σij = σi,j B σi − σj holds here and in future without special statement. Further-
more, this object is independent of the choice of {i, j,k}. Another key object is ICHY

n

which is known as the CHY-integrand and is the function of punctures on auxiliary Rie-
mann sphere and kinematic data including momenta and polarizations of the n external
particles. After integrating over Riemann sphere, one can get the tree-level scattering
amplitudes of n massless particles in arbitrary spacetime dimension. The scattering
equations are universal so one only needs to change the CHY-integrand for different
theories to compute amplitudes in different theories.

Now, it is worth finding a more practicable formula for apparent calculation. This is also
discussed in [28] and is summarized here. The original formula is an integral and the
delta function means that the solutions to the scattering equations are imposed, then we
need to find a Jacobian.
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In order to find this Jacobian, we need to introduce an n× n matrix Φ whose elements
are defined as:

Φab B


ka · kb

(σa − σb)2 , a , b,

−∑
c,a

ka · kc

(σa − σc)2 , a = b.
(2.12)

Then one needs to choose another three punctures σp,σq,σr in order to fix the SL(2,C)

redundancy of the CHY integral. Furthermore, one needs to delete the i, j,k rows and
p,q,r columns of the matrix Φ due to the fact that σi,σj,σk are excluded for delta function
in (2.11) and σp,σq,σr are chosen to fix the SL(2,C) redundancy. After deleting these
three rows and columns of the matrix Φ, the determinant of remaining matrix can be
denoted by |Φ|ijkpqr and this is the Jacobian required. In summary, this integral can be
further written as:

∫
∏n

i=1 dσi

volSL(2,C)

n

∏′

a=1
δ(Ea)ICHY

n = ∑
{σ}∈solutions

(σpqσqrσrp)(σijσjkσki)

|Φ|ijkpqr

ICHY
n , (2.13)

where we only needs to sum over all the solutions of scattering equations. It is worth
mentioning that the Jacobian here is exacly the det′Φ introduced in [38] and we can call
it Jacobian factor Jn(σ,k) here, that is:

Jn(σ,k) = det′Φ =
|Φ|ijkpqr

(σpqσqrσrp)(σijσjkσki)
. (2.14)

Then the general formula (2.10) can be further written as:

An =
∫

∏n
i=1 dσi

volSL(2,C)

n

∏′

a=1
δ(Ea)ICHY

n = ∑
{σ}∈solutions

ICHY
n

Jn(σ,k)
(2.15)

2.3 CHY Integrands

After introducing two equivalent formulas of CHY formalism, (2.10) and (2.15), CHY-
integrand is the only term in these formulas without introducing. In this section, inte-
grands of two theories of main interest in this thesis are introduced in detail and others
are listed as a table. Furthermore, double-copy of amplitudes are discussed briefly in
this section.

2.3.1 Integrand of Yang-Mills Theory

Before introducing the integrand of Yang-Mills theory, we first introduce the color
decomposition for n-gluon tree-level Yang-Mills amplitudes:

AYM
n = ∑

α∈Sn/Zn

AYM
n [α]Tr(Taα(1)Taα(2) · · ·Taα(n)) , (2.16)
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CHY Formalism 12

where the partial amplitudes An[α] with the ordering α are called color-ordered ampli-
tudes with the coupling gYM neglected. And the color-ordered amplitude An[α] is
computed in terms of Feynman diagrams with no lines crossing and the ordering of the
external lines fixed as given α.

In order to find the integrand of Yang-Mills theory, we need to further introduce another
matrix Ψn which is a 2n× 2n anti-symmetric matrix for the specific amplitude:

Ψn =

(
A −CT

C B

)
, (2.17)

where A, B and C are all n× n matrices and CT denotes the transpose of matrix C. These
three matrices are defined in component form:

Aab =


ka·kb
σab

a , b,

0 a = b,
Bab =


εa·εb
σab

a , b,

0 a = b,
Cab =


εa·kb
σab

a , b,

−∑c,a
εa·kc
σac

a = b,
(2.18)

where ka denotes the momentum of the a-th gluon while εa denotes the polarization
vector of the a-th gluon.

Then we need to introduce another object: Pfaffian. Pfaffian of a 2n× 2n anti-symmetric
matrix, say M whose elements read mi,j, is explicitly defined as:

PfM =
1

2nn! ∑
ρ∈S2n

sgn(ρ)
n

∏
i=1

mρ(2i−1),ρ(2i), (2.19)

where the S2n is the symmetric group and sgn(ρ) is the signature of permutation ρ. Also,
it was proved by Cayley that the following identity holds for Pfaffian:

(PfM)2 = det M. (2.20)

Given that the first n rows or n columns of the matrix Ψn are not linearly independent,
its determinant vanishes, thus its Pfaffian also vanishes: (PfΨn)2 = detΨn = 0. So a
non-vanishing quantity needs to be found as the building block of Yang-Mills integrand,
that is, the reduced Pfaffian of matrix Ψn. First, one needs to delete the {i, j} rows and
{i, j} columns of the matrix Ψn where 1≤ i < j ≤ n. The left-over matrix can by denoted
by Ψn

ij
ij. Then the reduced Pfaffian Pf′Ψn is defined as:

Pf′Ψn B
(−1)i+j

σi − σj
Pf(Ψn

ij
ij). (2.21)

This reduced Pfaffian only contains the kinematic data of Yang-Millls amplitudes. On
the one hand, deleting two rows and two columns gives the correct mass dimension
of Yang-Mills Amplitudes. On the other hand, this reduced Pfaffian is permutation
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CHY Formalism 13

invariant, thus the ordering information indicated in (2.16) is encoded in other terms.

In fact, there is indeed another factor of Yang-Mills integrand which possesses the color-
decomposition behavior and encodes the color information. This factor, denoted by Cn,
is defined as:

Cn B ∑
α∈Sn/Zn

Cn[α]Tr(Taα(1)Taα(2) · · ·Taα(n)), (2.22)

where Cn[α] is the so-called "Parke–Taylor factor" which is defined as:

Cn[α]B
1

σα(1),α(2)σα(2),α(3) · · ·σα(n−1),α(n)σα(n),α(1)
. (2.23)

Given these two building blocks, the integrand of Yang-Mills theory can be explicitly
written as:

IYM
n = CnPf′Ψn. (2.24)

2.3.2 Integrands of F3-deformed Theory

As shown in (1.11), the insertion of this F3 operator leaves the group structure of F3-
deformed theory the same as that of pure Yang-Mills theory, thus the Lie algebra is still
the same. Hence the color decomposition of the amplitudes AF3

n in this F3-deformed
theory is identical to the one in pure Yang-Mills theory (2.16). Then it is expected that
the integrand for F3-deformed theory should take a similar form to the Yang-Mills case.
In fact, this integrand reads:

IF3

n = CnPn. (2.25)

This formula was introduced in [39] and here the factor Pn plays the similar role as
reduced Pfaffian plays in Yang-Mills theory. In fact, the construction of this factor is closely
connected to building blocks in Yang-Mills theory.

Before introducing this factor Pn, we need to briefly introduce the cycle notation of a
permutation. This cycle notation can be found in some textbook about abstract algebra,
e.g., [40]. And the cycle notation is explicitly illustrated here via an example.

Given a sequence of positive integers, say 1,2,3,4,5,6,7,8,9, there is a canonical ordering
of this sequence which is {1,2,3,4,5,6,7,8,9}. Then any permutation of this sequence,
denoted by ρ, can be written in a two-line notation:

ρ =

(
1 2 3 4 5 6 7 8 9
2 4 1 3 7 5 6 8 9

)
, (2.26)

then the new permutation {2,4,1,3,7,5,6,8,9} can be understood as: ρ(1) = 2, ρ(2) = 4,
ρ(3) = 1, ρ(4) = 3, ρ(5) = 7, ρ(6) = 5, ρ(7) = 6, ρ(8) = 8, ρ(9) = 9. Next step is to start
from an arbitrary integer of previous sequence, act this ρ-procedure recursively until
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getting back to the chosen number. For example, we start from 1 here: ρ(1) = 2, ρ(2) = 4,
ρ(4) = 3, ρ(3) = 1. Then this path gives a cycle of this permutation: (1243), which is
called 4-cycle since its length is 4. The final step is to find all disjoint cycles and combine
them together to get the cycle notation of a permutation: (1243)(576)(8)(9). It is worth
mentioning that every parenthesis is cyclically symmetric and the ordering of different
cycles does not matter, e.g., (1243)(576)(8)(9) and (9)(2431)(8)(765) represent the same
permutation.

The reason why we introduce this cycle notation of a permutation is that another decom-
position for Pfaffian depends on this cycle notation to some extent. This decomposition
was first introduced in [41] and summarized in [39]. Also, it is the starting point of the
construction of factor Pn.

As stated in section 2.3.1, the Pfaffian of matrix Ψn vanishes. However, this specific
Pfaffian can still be expanded into another form:

PfΨn = ∑
ρ∈Sn

sgn(ρ)ΨIΨJ · · ·ΨK, (2.27)

where ρ represents any permutation of {1,2, . . . ,n} and capital letters I, J, . . . ,K denote
disjoint cycles of corresponding permutation ρ. The ΨI ’s on the right hand side of (2.27)
are known as "cycle factors" while the Ψn on the left hand side is the matrix (2.17). As
usual, sgn(ρ) represents the signature of permutation ρ with +1 for even permutation
and −1 for odd permutation. As an example, PfΨ3 can be written as:

PfΨ3 = Ψ(1)Ψ(2)Ψ(3) − (Ψ(1)Ψ(23) + Ψ(2)Ψ(13) + Ψ(3)Ψ(12)) + Ψ(123) + Ψ(321). (2.28)

This kind of expansion, which utilizes the cycle notation of permutations, is called cycle
expansion. Thus the so-called "cycle factors" ΨI ,ΨJ , . . . ,ΨK require more clarification. If I
is a 1-cycle, say (a), it can be defined as:

Ψ(a) B Caa = −∑
c,a

εa · kc

σac
, (2.29)

where Caa is the diagonal element of block matrix C defined in (2.18). If I is a higher-cycle,
say (a1a2 . . . ai) with i ≥ 2, it can be defined as:

Ψ(a1,a2,...,ai) B
1
2

Tr( fa1 fa2 · · · fai)

σa1a2 σa2a3 · · ·σai−1ai σaia1

, i ≥ 2 (2.30)

where the trace is taken over the Lorentz indices of f µν
a and f µν

a is the linearized field
strength which is defined as:

f µν
a B kµ

a εν
a − ε

µ
a kν

a. (2.31)
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For future reference, one more building block is defined as:

Pi1,i2,...,ir B ∑
|I1|=i1,|I2|=i2,··· ,|Ir |=ir

ΨI1 ΨI2 · · ·ΨIr , (2.32)

where |Ir| denotes the length of cycle Ir and i1 ≤ i2 · · · ≤ ir. Of course, identity i1 + i2 +
· · ·+ ir = n should hold. With these building blocks, the Pfaffian can be further written
as:

PfΨn = ∑
1≤i1≤i2≤···≤ir≤n

i1+i2+···+ir=n

(−1)n−rPi1,i2,...,ir . (2.33)

And, also as an example, PfΨ3 in (2.28) can be rewritten as:

PfΨ3 = Ψ(1)Ψ(2)Ψ(3) − (Ψ(1)Ψ(23) + Ψ(2)Ψ(13) + Ψ(3)Ψ(12)) + Ψ(123) + Ψ(321)

= P111 − P12 + P3.
(2.34)

For the factor Pn in the F3-integrand, a slight modification is all we need:

Pn = ∑
1≤i1≤i2≤···≤ir≤n

i1+i2+···+ir=n

(−1)n−r(Ni>1 + c)Pi1,i2,...,ir , (2.35)

where Ni>1 denotes the number of indices in i1, i2, · · · , ir which are larger than 1. The
reason why there is an arbitrary integer constant c is that an arbitrary multiple of (2.33)
to (2.35) will not change the result since PfΨn always vanishes due to the construction of
matrix Ψn. Here we still take P3 as an example:

P3
c=-1
= −P111

c=0
= −P12 + P3. (2.36)

So far, the integrand of F3-deformed theory has been introduced.

2.3.3 Integrands of Different Theories

In summary, there is a table in [31] which lists CHY-integrands in different theories:
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Theory Integrand

Einstein gravity Pf′ΨnPf′Ψn

Φ3 flavored in U(N)×U(Ñ) CnCn

U(N) non-linear sigma model Cn(Pf′An)2

special Galileon (Pf′An)4

Yang-Mills CnPf′Ψn

Yang-Mills-Scalar CnPf [χn]s Pf′[Ψn]:ŝ

generalized Yang-Mills-Scalar CnCTr1 · · · CTrt Pf′Π(g;Tr1, · · · ,Trt)

Einstein-Maxwell Pf [χn]γ Pf′[Ψn]:γ̂Pf′Ψn

Einstein-Yang-Mills CTr1 · · · CTrt Pf′Π(h;Tr1, · · · ,Trt)Pf′Ψn

Born-Infeld Pf′Ψn(Pf′An)2

Dirac-Born-Infeld Pf [χn]s Pf′[Ψn]:ŝ(Pf′An)2

extended Dirac-Born-Infeld CTr1 · · · CTrt Pf′Π(γ;Tr1, · · · ,Trt)(Pf′An)2

Table 2.1: Lists of Theories with Their Corresponding Integrands [31]

Matrices Ψn and An are already defined in this thesis. Quantities like reduced Pfaffian and
Cn are also illustrated before for the topic of this thesis. Details about other quantities
are discussed and summarized in [31].

This, as the tip of the iceberg, demonstrates the potential of CHY formalism. For example,
the CHY-integrands explicitly imply the double copy of the amplitudes. We stated in
section 1 that gravity amplitudes can be obtained as a double copy of two gauge-theory
ones. Here we can see that the CHY integrand for Einstein gravity is Pf′ΨnPf′Ψn while
the Yang-Mills integrand is CnPf′Ψn, which illustrates this double copy directly.

Furthermore, it is worth mentioning that the F3 amplitudes also contribute to the double
copy of other gravitational amplitudes as introduced in [42]. As stated before, the
effective F3 Lagrangian could be derived through bosonic open-string amplitudes. In
addition, the KLT relation states that the tree-level bosonic closed-string amplitudes can
be expressed as a double copy of open-string ones [14]. Thus it is natural to investigate
the low-energy effective action for the closed bosonic string which reads [43]:

S ∼
∫

d4x
√

g
[

R− 2(∂µφ)2 − 1
12

H2

+ α′
1
4

e−2φG2

+ α′
2e−4φ

(
1
48

I1 +
1
24

G3

)
+O(α′3)

]
,

(2.37)

where φ denotes the dilaton, g here denotes the determinant of the metric tensor gµν and
H = dB is the outer derivative of the totally antisymmetric tensor Bµν. In addition, G2 =

RµνλρRµνλρ− 4RµνRµν + R2 is the usual topological Gauss-Bonnet contribution with two
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powers of the Riemann tensor Rµνρσ. Rµν is the Ricci tensor Rµν = Rλ
µλν = gλρRρµλν and

R is the Ricci scalar R = Rµ
µ = gµνRµν. Thus this G2, similar to F3, is referred to as R2

operator. At the order of O(α′3), those two terms are defined as:

I1 = Rµν
αβRαβ

σρRσρ
µν, G3 = I1 − 2Rµν

αβRνσ
βγRσµ

γα. (2.38)

The terms at order α′2 are combined all together to one operator referred to as R3 opera-
tor. Hence, similar to the F3 amplitude AF3

, we refer to tree-level matrix elements with
these two insertions as AR2

and AR3
respectively. While as summarized in [44], the R2

operator can be reconciled with up to sixteen supercharges [45], the R3 operator is not
supersymmetrizable [46].

We recall that the KLT relation implies that the gravitational amplitude is the double
copy of two Yang-Mills ones and F3 amplitude is the correction to Yang-Mills amplitude
to the order O(α′), then the amplitude AR2

is the double copy of AF3
and AYM while

AR3
is the double copy of two AF3

’s. At the level of CHY integrands, this double-copy
construction can be directly written as [39]:

IR2

n = PnPf′Ψn IR3

n = PnPn. (2.39)

This is another reason why we are interested in the F3 amplitudes. In fact, the double-
copy relation is important for gauge theories and gravity. Here we just briefly gave some
examples since it is not the main focus of this thesis.
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3 Factorization

3.1 General Description

This general description basically follows the logic of [31]. As introduced in chapter 1,
the S-matrix is a unitary operator implying that:

S†S = 1. (3.1)

Imposing the decomposition (1.6), the transfer matrix T satisfies:

− i(T − T †) = T †T . (3.2)

One can thus contract with 〈 f | and |i〉 on both sides. The LHS of (3.2) would give:

i 〈 f |T † − T |i〉 = i 〈i|T | f 〉? − i 〈 f |T |i〉C Im( 〈 f |T |i〉), (3.3)

which is basically the imaginary part of the matrix element, while the RHS of (3.2)
simply gives 〈 f |T †T |i〉. It is worth mentioning that completeness relation can be
further inserted to get:

Im( 〈 f |T |i〉) = ∑
m

(
m

∏
i=1

∫ d4ki

(2π)4 δ(+)(k2
i )

)
〈 f |T †|m〉 〈m|T |i〉 , (3.4)

where |m〉 denotes the m-particle state that is an eigenstate of free Hamiltonian. The
unusual delta function δ(+)(k2

i ) restricts ki on the future lightcone. Together with the
implement An = 〈 f |T |i〉, (3.4) can be rewritten as:

Im(An) = ∑
m

(
m

∏
i=1

∫ d4ki

(2π)4 δ(+)(k2
i )

)
AnL+mAnR+m, (3.5)

where nL and nR denote the number of particles in | f 〉 and |i〉, respectively. This equation
can be illustrated in Fig 3.1:
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Figure 3.1: Expression of Imaginary Part of Amplitudes [31]

The RHS of the picture could be understood that m intermediate on-shell particle(s), also
known as internal particles, propagate(s) during the scattering process. Furthermore,
the Mandelstam variable P2 for all the particles in initial state is defined as:

P2 B

(
∑

a∈|i〉
ka

)2

, (3.6)

then the LHS of (3.5) just represents the discontinuity ofAn(P2) since P2 can be regarded
as a complex variable. When restricted to the tree-level amplitudes, it is clear that only
the first term in RHS of Fig 3.1 appears since other terms are of so-called loop-level order.
And this term exists when the kinematic data becomes singular: P2→ 0. Explicitly, if
we assume |i〉 consists of particles labeled by {1,2, . . . ,nR}, then the RHS of (3.5), only
keeping the tree-level one, becomes:

∫ d4k
(2π)4 δ(+)(k2)AnL+1(2π)4δ4(knR+1 + · · ·+ kn−1 + kn + k)

×AnR+1(2π)4δ4(k1 + k2 + · · ·+ knR − k)

= δ(+)(P2)(AnL+1|kµ→Pµ)(AnR+1|kµ→Pµ)(2π)4δ4(k1 + k2 + · · ·+ kn),

(3.7)

where
δ(+)(P2) = Im

1
P2 − iε

, (3.8)

here ε represents an infinitesimal quantity. As a clarification, here the difference between
scattering amplitudes An and stripped amplitudes An was already clarified in (1.7).

Combining (3.7) and (3.8) gives the RHS of (3.5) to tree-level order. By comparing with
the LHS of (3.5), it becomes clear that tree-level amplitudes An contain a pole in P2,
as long as neither AnL+1 nor AnR+1 vanishes. This could be understood in another
way. Tree-level amplitudes are rational functions of kinematic Lorentz invariants such
as Mandelstam variables. Thus it is natural that the analytic structure of tree-level
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amplitudes may possess poles. When we further set some Mandelstam variables to 0,
some terms may become leading orders due to the pole structure and they may possess
desired properties. As is discussed here, the residue at the pole P2 factorizes into two
parts, each of which looks like an amplitude. It can be explicitly written as:

An = AnL+1
1

P2 AnR+1 +O(1), (3.9)

where P2→ 0. This P2→ 0 characterizes the so-called "factorization channel". This relation
holds when the internal on-shell particle is a scalar particle. Furthermore, taking into
account the internal particles in a more complex representation, e.g., gluon that is the
main topic of this thesis, one needs to sum over the polarizations of the internal particle,
εI :

An = ∑
εI

AnL+1(εI)
1

P2 AnR+1(εI) +O(1). (3.10)

This factorization of amplitudes reflects two properties of the S-matrix: locality and
unitarity. Locality means that the tree-level amplitudes only contain simple poles while
the unitarity means that the residues at these simple poles factorizes into two smaller
"factor amplitudes".

3.2 Behaviors in CHY Formalism

After introcuding the general factorization, we can now come to CHY formalism where
we could analyze the factorization of amplitudes in a systematic way. In order to do this,
we analyze the behaviors of scattering equations, CHY measure and CHY integrands
separately. Specifically, we focus on Yang-Mills theory and the F3-deformed theory.

3.2.1 Behavior of Scattering Equations

More specifically, we are going to analyze the behavior of solutions to scattering equa-
tions under the limit of factorization channel. Before doing this, it is worth briefly
introducing their behaviors under the so-called "soft limits".

The first example of soft limits would be the single soft limit. More specifically, the single
soft limit means that we are going to take the momentum of an external particle to be
soft. Without loss of generality, we could choose the n-th particle, thus this soft limit can
be explicitly written as:

kµ
n = τpµ, (3.11)

where τ is an infinitesimal parameter, τ → 0. In this single soft limit, pµ needs to be
a null vector which satisfies p2 = 0 to ensure the same property for momentum kµ

n: k2
n = 0.
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Under this soft limit, the momentum conservation should still hold:

kµ
1 + kµ

2 + · · ·+ kµ
n−1 + τpµ = 0, (3.12)

where other momenta should still stay finite. This single soft limit was once used to
prove that the number of solutions to scattering equations is (n− 3)! in [27]. And further
in [31], it was proved that all the (n− 3)! solutions are non-degenerate, i.e., |σa − σb| ∼ τ0

for arbitrary a and b.

The second example would be the double soft limit. Under this circumstance, two soft
particles are considered:

kµ
n−1 = τpµ, kµ

n = τqµ. (3.13)

Here both pµ and qµ are null vectors which are fixed and the parameter τ is still taken to
be infinitesimal τ→ 0. So the momentum conservation should still hold:

kµ
1 + kµ

2 + · · ·+ kµ
n−2 + τ(pµ + qµ) = 0, (3.14)

where other momenta are finite. Similarly, it was proven in [31] that (n − 4)! of the
solutions become degenerate, where |σn−1 − σn| ∼ τ and other (n− 4)(n− 4)! of the
solutions are still non-degenerate.

One reason why we introduce these soft limits is that there are soft theorems for some
amplitudes under these soft limits [47]–[52]. Further analysis from the perspective of
CHY formalism can be found in [31], [53]–[55]. Another reason why we introduce these
soft limits is that these examples indicate that the solutions to the scattering equations
are going to be divided into degenerate solutions and the non-degenerate ones in gen-
eral. Furthermore, the degenerate solutions are important, for example, in deriving soft
theorems in CHY formalism and the division of solutions corresponds to the behavior of
auxiliary Riemann sphere which describes the physics.

Then we could further investigate the generic factorization channel. Without loss of
generality, a factorization channel for scattering process of n massless particles is set as
the prerequisite:

k2
I B (k1 + k2 + · · ·+ knL)

2→ 0, (3.15)

where the square of momenta is regarded as Lorentz contraction as usual. This factoriza-
tion channel naturally divides n particles into two sets. The L set consists of nL particles
{1,2, . . . ,nL} with 2≤ nL ≤ n− 2 and it is denoted by L = {1,2, . . . ,nL}. Similarly, the R
set reads R = {nL + 1,nL + 2, . . . ,n} with the number of particles in R set, nR, satisfying:
nL + nR = n.
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In order to analyze the scattering equations, a reparametrization of corresponding
punctures σ on Riemann sphere together with a new variable ζ is introduced as follows:

σa =


ζ
ua

, a ∈ L,
va
ζ , a ∈ R.

(3.16)

For the previous set of punctures {σ1,σ2, . . . ,σn}, three punctures are fixed to remove
the SL(2,C)-redundancy as shown in (2.9). When it comes to the reparametrization
{ζ,u1, . . . ,unL ,vnL+1, . . . ,vn}, four variables are to be fixed. A convenient choice would
be fixing {u1,u2,vn−1,vn} and the requirement on nL ensures that this choice contains
2 punctures corresponding to particles from L set and 2 punctures corresponding to
particles from R set. Discussion with more details is provided in section 3.2.2.

As discussed in the examples of soft limits, degenerate solutions are important. We could
expect that there are degenerate solutions to the scattering equations where ζ→ 0 so all
punctures corresponding to particles in L set pinch together. To check that these solutions
indeed exist, the starting point would be setting ζ → 0. Under this circumstance, the
scattering equation for particle a in R set reads:

Ea B
n

∑
b=1
b,a

ka · kb

σa − σb
= ζ

nL

∑
b=1

ka · kb

va
+ ζ

n

∑
b=nL+1

b,a

ka · kb

va − vb
+ ζ3

nL

∑
b=1

ka · kb

v2
aub

+O(ζ5) = 0, (3.17)

where we keep to the order ζ3. Because this is the scattering equation for the a-th particle,
we can multiply this Ea by va/ζ and sum over a ∈ R, we can get:

∑
a∈R

va

ζ
Ea = −

1
2

k2
I + ζ2 ∑

a∈R
b∈L

ka · kb

vaub
+O(ζ4) = 0, (3.18)

where we only keep to order ζ2. It is explicitly shown in (3.18) that one set of solutions
enjoys ζ2 ∼ k2

I → 0, which means that the assumption ζ → 0 works and these are the
desired degenerate solutions. Although there are other solutions where ζ 9 0, they do
not cause any problems since these non-degenerate solutions contribute at most to the
sub-leading order of the results at factorization studied here.

3.2.2 Behavior of CHY measure

The CHY formula was first introduced in section 2.2 at (2.10), this formula can be further
written in a more compact way:

An =
1

volSL(2,C)

∫ n

∏
i=1

dσi

n

∏′

a=1
δ(Ea)ICHY

n C
∫

dµCHY
n ICHY

n , (3.19)
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where dµCHY
n is called "CHY measure":

dµCHY
n B

1
volSL(2,C)

n

∏
i=1

dσi

n

∏′

a=1
δ(Ea). (3.20)

This CHY measure behaves in the same way for different theories given that it does not
depend on theories. Hence we only need to investigate its behavior at the factorization
limit (3.15) once and for all.

We could recall that the reparametrization is shown in (3.16). Because the variable ζ is
introduced, vn−1 can be fixed as a particular value v?n−1, leaving ζ, u and v as variables:

n

∏
i=1

dσi = (−1)nL+1ζnL−nR−1 v?n−1

(∏ u)2 dζ ∏
i∈L

dui ∏
j∈R

j,n−1

dvj , (3.21)

where ∏ u is the abbreviation of ∏a∈L ua and (∏ u)2 = ∏ u2. However, this parametriza-
tion does not remove the SL(2,C)-redundancy which reads:

ζ→ ζ ′ = v?n−1
cv?n−1 + dζ

av?n−1 + bζ
,

ua→ u′a = v?n−1
cv?n−1 + dζ

av?n−1 + bζ

cζ + dua

aζ + bua
,

va→ v′a = v?n−1
cv?n−1 + dζ

av?n−1 + bζ

ava + bζ

cva + dζ
,

(3.22)

where ad− bc = 1. The non-vanishing of this redundancy implies that the integral after
this parametrization still needs to be divided by volSL(2,C). Fortunately, the Faddeev-
Popov method has already been developed to remove this SL(2,C)-redundancy with
setting three more variables, say {u1,u2,vn}, to {u?

1 ,u?
2 ,v?n} in this situation as previously

implied in section 3.2.1. After this specific Faddeev-Popov method, which is explained
in details in [56], the integral can be rewritten as:

An→ (−1)nL

∫
d
(
ζ2) ∏

i∈L
i,1,2

dui ∏
j∈R

j,n−1,n

dvj ζnL−nR−4 u?
1,2u?

1u?
2v?n−1,nv?n−1v?n
(∏ u)2

n

∏′

a=1
δ(Ea)ICHY

n ,

(3.23)
where ui,j = uij B ui− uj and vi,j = vij B vi− vj hold here and in future part of this thesis.

Another factor in CHY measure that needs to be analyzed is the special product of delta
functions: ∏′n

a=1 δ(Ea). Before doing so, another momenta for the internal particles can
be introduced. As indicated in (3.7), the momenta of internal particles are closely related
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to the factorization channel, thus the momentum of the on-shell particle introduced to
"right factor amplitude", which is denoted by kµ

IR
, is defined as:

kµ
IR
B kµ

1 + kµ
2 + · · ·+ kµ

nL , (3.24)

and correspondingly, the left one kµ
IL

is defined as: kµ
IL
= −kµ

IR
. This is an expected

result since the factorization into two smaller "factor amplitudes" naturally requires
momentum conservation for two amplitudes:

kµ
1 + kµ

2 + · · ·+ kµ
nL + kµ

IL
= 0, kµ

nL+1 + · · ·+ kµ
n−1 + kµ

n + kµ
IR
= 0. (3.25)

Given these introduced momenta, the behavior of scattering equations for particles a ∈ R
still holds and (3.18) can thus be rewritten as:

− k2
I + 2ζ2 ∑

a∈R
b∈L

ka · kb

vaub
= −k2

IR
+ ζ2F(k,u,v) = 0, (3.26)

where we only keep to the order ζ2 and F is the factor independent on ζ. Here F is used
for the simplicity in the future since it is not singular and not of great interest.

Recall that, as introduced in section 2.2 at (2.11), the special product of delta functions:

∏′n
a=1 δ(Ea) requires choice of three punctures {σi,σj,σk}. The fixing of {u1,u2,vn−1,vn}

here implies that {1,2,n} could be chosen. Then the delta functions for particles in R set
reads:

∏
a∈R
a,n

δ(Ea) = ∏
a∈R
a,n

δ(∑
b,a

ka · kb

σab
)→ ζ−nR+1 v?n−1v?n,n−1

v?n
δ(ζ2F− k2

IR
) ∏

a∈R
a,n−1,n

δ( ∑
b∈R∪{IR}

b,a

ka · kb

va,b
).

(3.27)
Similarly, the L set one reads:

∏
a∈L

a,1,2

δ(Ea) = ∏
a∈L

a,1,2

δ(∑
b,a

ka · kb

σab
)→ (−1)nL−2ζnL−2

∏ a∈L
a,1,2

u2
a

∏
a∈L

a,1,2

δ( ∑
b∈L∪{IL}

b,a

ka · kb

ua,b
). (3.28)

It is apparent in these two equations that two internal particles {IL, IR} are introduced
for L set and R set respectively. However, the delta functions for these two particles are
considered as being deleted due to the same reason as one needs to delete three delta
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functions for the special product of delta functions for original amplitudes. Thus the
final result would be:

n

∏′

a=1
δ(Ea) = σ1,2σ2,nσn,1

n−1

∏
a=3

δ(∑
b,a

ka · kb

σa,b
)→ (−1)nL−1 ζnL−nR−2

(∏ u)2 δ(ζ2F− k2
IR
)

× u1,2u1u2

nL

∏
a=3

δ( ∑
b∈L∪{IL}

b,a

ka · kb

ua,b
)

× vn−1,nvn−1vn

n−2

∏
a=nL+1

δ( ∑
b∈R∪{IR}

b,a

ka · kb

va,b
).

(3.29)

Here we remove the star for the simplicity and {u1,u2,vn−1,vn} are already fixed. It is
clear that the last two rows of (3.29) are the two ∏′n

a=1 δ(Ea) for two "factor amplitudes"
if we set the punctures for two internal particles to 0: uIL = vIR = 0, and the products
of u,v’s change correspondingly: u1,2u1u2vn−1,nvn−1vn = u1,2u2,IL uIL,1vn−1,nvIR,n−1vn,IR .
Meanwhile, the choices of three fixed punctures would be {1,2, IL} and {n− 1,n, IR} for
L- and R- "factor amplitudes" respectively. There is still one annoying term δ(ζ2F− k2

IR
)

left but it can be integrated out by
∫

d
(
ζ2).

3.2.3 Behavior of Yang-Mills and F3 Integrands

We have introduced the behavior of CHY measure, so we need to introduce the behavior
of CHY integrand. The Yang-Mills integrand and the F3 integrand are introduced in
chapter 2:

IYM
n = CnPf′Ψn , IF3

n = CnPn , (3.30)

with the color information encoded in Cn. Then, for simplicity, we can investigate the
color-ordered amplitudes starting by investigating the behavior of "Parke-Taylor factor"
Cn[α] introduced at (2.23) with the simple ordering α = 1,2, . . . ,n:

Cn[1,2, . . . ,n] =
1

σ1,2 · · ·σn−1,nσn,1

=
(−1)nL ζ−nL+nR+2(∏ u)2

(u1u1,2 · · ·unL−1,nL unL)(vnL+1vnL+1,nL+2 · · ·vn−1,nvn)
+O(ζ−nL+nR+3) ,

(3.31)

where the reparametrization of punctures has already been imposed. Similar to the
manipulation of delta functions, the punctures could also be set as: uIL = vIR = 0, thus
the denominator of (3.31) should read:

1
(uIL,1u1,2 · · ·unL−1,nL unL,IL)(vIR,nL+1vnL+1,nL+2 · · ·vn−1,nvn,IR)

, (3.32)
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and (3.31) could further be written as:

Cn = (−1)nL ζ−nL+nR+2(∏u)2CnL+1CnR+1. (3.33)

Here we only show the canonical ordering {1,2, . . . ,n} as a simplest example. However,
it turns out that generic ordering α still gives same prefactor (−1)nL ζ−nL+nR+2(∏ u)2

and only differs in the ordering of u’s and v’s in the leading order [31]. More details are
provided in [31] and fully color-dressed factor Cn behaves:

Cn = ζ−nL+nR+2 (∏u
)2 CL∪{IL}({u})CR∪{IR}({v}) +O(ζ

−nL+nR+3). (3.34)

The final factor left in Yang-Mills theory is the reduced Pfaffian based on the construction
of matrix Ψn which can be shown here again:

Ψn =

(
A −CT

C B

)
(3.35)

where three matrices A, B and C are defined at (2.18). Using the reparametrization (3.16),
this matrix Ψn can be rewritten as:

Ψn =



b ∈ L b ∈ R b ∈ L b ∈ R
a ∈ L − uaub

ζ
ka·kb

ua−ub
−ζ ka·kb

vb
− uaub

ζ
ka·εb

ua−ub
−ζ ka·εb

vb

a ∈ R ζ ka·kb
va

ζ ka·kb
va−vb

ζ ka·εb
va

ζ ka·εb
va−vb

a ∈ L − uaub
ζ

εa·kb
ua−ub

−ζ εa·kb
vb

− uaub
ζ

εa·εb
ua−ub

−ζ εa·εb
vb

a ∈ R ζ εa·kb
va

ζ εa·kb
va−vb

ζ εa·εb
va

ζ εa·εb
va−vb

, (3.36)

where a,b denotes the rows and columns in block matrices, so they run over {1,2, . . . ,n}.
In order to avoid ambiguity, here the matrix should be considered as a , b.

Furthermore, the diagonal elements in the C matrix still denoted by Caa requires more
careful treatment under this reparametrization due to its special definition (2.18) and
the vanishing of diagonal elements in A and B. For a ∈ L, it reads:

Caa = −∑
c,a

εa · kc

σac
= −ua

ζ ∑
c∈L
c,a

uc ε · kc

ua − uc
+O(ζ)

= −u2
a

ζ ∑
c∈L∪{IL}

c,a

ε · kc

ua − uc
+O(ζ) ,

(3.37)
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with, as usual, uIL = 0. Similarly, for a ∈ R, it reads:

Caa = −∑
c,a

εa · kc

σac
= ζ(∑

c∈L

εa · kc

va
+ ∑

c∈R
c,a

εa · kc

va − vc
) +O(ζ3)

= ζ ∑
c∈R∪{IR}

c,a

εa · kc

va − vc
+O(ζ3),

(3.38)

where, of course, vIR = 0. These two equations ensure that the order of ζ in (3.36) still
holds, which means the order of matrix elements can be written as:

(Ψn)i,j ∼

ζ−1, i, j ∈ L ∪ L + n,

ζ, else,
(3.39)

where the elements of matrix Ψn are denoted by (Ψn)i,j and {i, j} here run over {1,2, . . . ,2n}
since Ψn is a 2n× 2n matrix. L + n = {n + 1,n + 2, . . . ,n + nL} and similarly, for future
reference, R + n = {nL + 1 + n, . . . ,n− 1 + n,n + n}.

As shown in (2.21), the reduced Pfaffian is merely the Pfaffian of matrix Ψn
ij
ij multiplied by

a factor. Furthermore, the explicit definition of Pfaffian (2.19) shows that the Pfaffian can
be written as sum of product of matrix elements, where we notice that the subscripts
{ρ(2i− 1),ρ(2i)} which represent the position of matrix elements are disjoint for each
term in this sum.

In the case of reduced Pfaffian of matrix Ψn, of which the 1,n rows and columns are
deleted and then the reduced Pfaffian reads: Pf′Ψn ∼ 1

σ1−σn
Pf(Ψn

1n
1n), one needs to consider

the elements of this "reduced matrix" in order to compute the Pf(Ψn
1n
1n). This means,

according to the notation (3.39), that the subscripts i, j in (Ψn)i,j cannot choose 1 nor n,
that is, Pf(Ψn

1n
1n) can be roughly written as:

Pf(Ψn
1n
1n) ∼ ∑

perms

(
(Ψn)i,j(Ψn)k,l · · ·

)
, (3.40)

where i, j,k, l, · · · , 1,n. Recall the order of these elements shown in (3.39), it is clear the
the leading order must possess as many ζ−1-terms as possible. In the case of subscripts
{i, j} of (Ψn)i,j, this means that terms with i, j ∈ L ∪ L + n should appear as many times
as possible. However, the deleting of 1,n rows and columns means that there are only
2nL − 1 elements belonging to L ∪ L + n. So the desired matrix elements can at most
appear nL − 1 times, which takes the form:

(Ψn)L∪L+n,L∪L+n · · · (Ψn)L∪L+n,L∪L+n︸                                             ︷︷                                             ︸
nL − 1

(Ψn)L∪L+n,R∪R+n (Ψn)L∪R+n,L∪R+n · · · (Ψn)R∪R+n,L∪R+n︸                                              ︷︷                                              ︸
nR − 1

(3.41)
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where it has already been divided into L part and R part since the L + n and R + n of
matrix Ψn correspond to the L and R parts of kinematic data. After detailed calculation
discussed in [56], the reduced Pfaffian factorizes into two smaller reduced Pfaffians:

Pf′Ψn = ζ−nL+nR+2(∏u)2 ∑
εI

Pf′ΨL∪{IL}({u})Pf′ΨR∪{IR}({v}) +O(ζ
−nL+nR+3). (3.42)

So far, all pieces of integral for Yang-Mills theory have been discussed. Combining (3.23),
(3.29), (3.33) and (3.42) would give two smaller "factor integral", which finally leads to
the factorization of Yang-Mills amplitudes:

AYM
n [1, . . . ,n]→∑

εI

AYM
nL+1[1, . . . ,nL, IL]

1
k2

I
AYM

nR+1[IR,nL + 1, . . . ,n], (3.43)

where the two "factor amplitudes" are still Yang-Mills amplitudes as expected. This
factorization can be illustrated by following diagram:

Figure 3.2: Factorization of Yang-Mills amplitudes

Recalling the Yang-Mills and F3 integrands shown in (3.30), the only difference between
two integrands is the reduced Pfaffian versus factor Pn, which is also the only difference
between two CHY integrals. This means that the behaviors of scattering equations and
CHY measure discussed in section 3.2.1 and section 3.2.2 still hold for F3 amplitudes.
Furthermore, the Cn of two theories is the same, which leads to (3.33) remains valid for
F3 amplitudes.

It is already known that the F3 amplitudes would factorize into F3 and Yang-Mills
amplitudes, which reads:

AF3

n →∑
εI

(
AYM

nL+1
1
k2

I
AF3

nR+1 + AF3

nL+1
1
k2

I
AYM

nR+1

)
, (3.44)

where the summation in the parenthesis comes from the fact that it cannot be distin-
guished whether the L or the R part is the Yang-Mills amplitude. Similarly, this can also
be illustrated via a diagram:
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Figure 3.3: Factorization of F3 amplitudes

The analysis of Yang-Mills integrands implies that, in order to get the desired factoriza-
tion (3.44), the factor Pn should factorizes into two smaller pieces:

Pn = ζ−nL+nR+2(∏u)2

×∑
εI

[
Pf′ΨL∪{IL}({u})PR∪{IR}({v}) + PL∪{IL}({u})Pf′ΨR∪{IR}({v})

]
+O(ζ−nL+nR+3).

(3.45)

So far, we have introduced a systematic way to investigate the factorization of scattering
amplitudes. The compact form of CHY formalism indicates that we only need to investi-
gate the integrands for different theories since the solutions to scattering equations and
the CHY measure are universal. The discussion in section 3.2.1 and section 3.2.2 still
holds for different theories and this is the reason why it is systematic.

Moreover, the factor Pn defined at (2.35) was once introduced in [39], but it was not
fully verified from various aspects then. So investigating the factorization can also be
another aspect of verifying its validity. Given the compact CHY integral and the previous
discussion, the verification of factorization in Yang-Mills theory and F3-deformed theory
becomes the verification of (3.42) and (3.45). In the next chapter, simple examples are
shown for both cases.
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4 Examples

4.1 Four-point Yang-Mills Amplitude

The first example shown in detail to verify the factorization is the 4-point Yang-Mills
amplitude which describe the scattering process of 4 external gluons. These four on-shell
external particles labeled with {1,2,3,4} satisfy momentum conservation kµ

1 + kµ
2 + kµ

3 +

kµ
4 = 0 and on-shell condition k2

1 = k2
2 = k2

3 = k2
4 = 0 since they are all massless.

The first step of verifying would be specifying the factorization channel. As shown
in (3.15), the number of particles in so-called L set nL should satisfy the constraint:
2≤ nL ≤ n− 2. Thus the only factorization channel would be:

(k1 + k2)
2 = τk̂2

I → 0 (4.1)

where k̂2
I represents some arbitrary non-singular momentum data and the parameter τ

is introduced to set the factorization channel via τ→ 0. Note that, due to the vanishing
of mass, there is another interesting identity:

(k1 + k2)
2 = k2

1 + k2
2 + 2k1 · k2 = 2k1 · k2 (4.2)

In general, the punctures on Riemann sphere are shown in (3.16). While in the specific
case here, the four punctures should read:σ1 =

ζ
u1

σ2 =
ζ
u2

,

σ3 =
v3
ζ

σ4 =
v4
ζ .

(4.3)

And this is the only reparametrization in 4-point case since the number the solutions to
the scattering equations is (n− 3)!. Furthermore, we can verify that this reparametriza-
tion is indeed legal. For example, we can consider the scattering equation for the 1st
particle:

E1 =
k1 · k2

σ1 − σ2
+

k1 · k3

σ1 − σ3
+

k1 · k4

σ1 − σ4

=
k1 · k2
ζ
u1
− ζ

u2

+
k1 · k3
ζ
u1
− v3

ζ

+
k1 · k4
ζ
u1
− v4

ζ

= 0.
(4.4)
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Together with (4.1) and (4.2), the previous equation can be further written as:

τ

ζ
F1 + ζF2 + ζF3 +O(ζ2) = 0, (4.5)

where F1, F2 and F3 are non-vanishing and non-singular factors, which means that τ is of
the order ζ2. In fact, as shown in section 3.2.1, k2

I ∼ ζ2 holds for the desired degenerate
solutions, see (3.18). Then, the factorization channel can be rewritten in another form:

k1 · k2 = ζ2k̂2
I , (4.6)

where k̂2
I is still a non-singular datum. The reason why we can change from τ in (4.1)

to ζ2 here is that they are just infinitesimal parameters and the relative order is the
only thing that matters. Furthermore, this procedure confirms that we need to treat the
Lorentz invariants like k1 · k2 correctly according to it is of order ζ2.

For this 4-point Yang-Mills case, the Ψ4 is an 8× 8 matrix, whose explicit form reads:

0 k1·k2
σ1−σ2

k1·k3
σ1−σ3

k1·k4
σ1−σ4

∑i=2,3,4
ε1·ki

σ1−σi

ε2·k1
σ1−σ2

ε3·k1
σ1−σ3

ε4·k1
σ1−σ4

0 k2·k3
σ2−σ3

k2·k4
σ2−σ4

ε1·k2
σ2−σ1

∑j=1,3,4
ε2·k j

σ2−σj

ε3·k2
σ2−σ3

ε4·k2
σ2−σ4

0 k3·k4
σ3−σ4

ε1·k3
σ3−σ1

ε2·k3
σ3−σ2

∑m=1,2,4
ε3·km

σ3−σm

ε4·k3
σ3−σ4

0 ε1·k4
σ4−σ1

ε2·k4
σ4−σ2

ε3·k4
σ4−σ3

∑n=1,2,3
ε4·kn

σ4−σn

0 ε1·ε2
σ1−σ2

ε1·ε3
σ1−σ3

ε1·ε4
σ1−σ4

0 ε2·ε3
σ2−σ3

ε2·ε4
σ2−σ4

0 ε3·ε4
σ3−σ4

0


(4.7)

where the lower-left of the matrix is left blank due to the antisymmetry of Ψ4. To
compute the reduced Pfaffian, two rows and columns need to be deleted. Here the {1,4}
rows and columns are deleted, thus the "reduced matrix" (Ψ4)

1,4
1,4 reads:

(Ψ4)
1,4
1,4 =



0 k2·k3
σ2−σ3

ε1·k2
σ2−σ1

∑j=1,3,4
ε2·k j

σ2−σj

ε3·k2
σ2−σ3

ε4·k2
σ2−σ4

0 ε1·k3
σ3−σ1

ε2·k3
σ3−σ2

∑m=1,2,4
ε3·km

σ3−σm

ε4·k3
σ3−σ4

0 ε1·ε2
σ1−σ2

ε1·ε3
σ1−σ3

ε1·ε4
σ1−σ4

0 ε2·ε3
σ2−σ3

ε2·ε4
σ2−σ4

0 ε3·ε4
σ3−σ4

0


, (4.8)

which is a 6× 6 matrix.

Enze Gong



Examples 32

For an arbitrary 6× 6 anti-symmetric matrix M whose elements are denoted by mi,j, its
Pfaffian can be computed explicitly as follows:

PfA = m1,2m3,4m5,6 −m1,2m3,5m4,6 + m1,2m3,6m4,5 −m1,3m2,4m5,6 + m1,3m2,5m4,6

−m1,3m2,6m4,5 + m1,4m2,3m5,6 −m1,4m2,5m3,6 + m1,4m2,6m3,5 −m1,5m2,3m4,6

+ m1,5m2,4m3,6 −m1,5m2,6m3,4 + m1,6m2,3m4,5 −m1,6m2,4m3,5 + m1,6m2,5m3,4.

(4.9)

And the reduced Pfaffian of the original matrix Ψ4 shown in (4.7) is taken the form:

Pf′Ψ4 = −
1

σ1 − σ4
Pf(Ψ4)

1,4
1,4. (4.10)

After imposing the reparametrization (4.3) to (4.8), (4.9) and (4.10), one can get a result
with the parameter ζ. Keep its leading order in ζ and impose momentum conservation
and orthogonality εi · ki = 0, the leading order reads:

Pf′Ψ4 =
ζ2u1u2

(u1 − u2)(v3 − v4)v3v4
× (−k2 · ε3k3 · ε4ε1 · ε2 + k2 · ε4k4 · ε3ε1 · ε2

− k1 · ε2k3 · ε4ε1 · ε3 + k1 · ε2k4 · ε3ε1 · ε4 + k2 · ε1k3 · ε4ε2 · ε3

−k2 · ε1k4 · ε3ε2 · ε4 + k1 · ε2k3 · ε1ε3 · ε4 − k2 · ε1k3 · ε2ε3 · ε4 + k2 · k3ε1 · ε2ε3 · ε4)

+O(ζ4),

(4.11)

where the leading order is of the order ζ2, which satisfy the requirement in (3.42) where
the leading order is ζ−nL+nR+2 and nL = nR = 2 here. Then the next step would be
verifying that the leading order is indeed the product of two factor reduced Pfaffians as
(3.42) shows.

In order to achieve this goal, we can start with the reduced Pfaffians of two three-particle
procedure {1,2, IL} and {3,4, IR}. As discussed before, the kinematic data and the
punctures of these internal particles are:k IL = −k1 − k2, uIL = 0, εIL for IL,

k IR = +k1 + k2, vIR = 0, εIR for IR.
(4.12)

Similar to the procedure of computing reduced Pfaffian shown before, one can compute
the two "factor reduced Pfaffian" with the data of internal particles listed above. Those
two "factor reduced Pfaffians" are much simpler since the Pfaffian of 4× 4 matrix only
contains 3 terms.
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After computing two "factor reduced Pfaffian", the product of them reads:

Pf′ΨLPf′ΨR =
1

u1v4

×
(

k2 · εIL ε1 · ε2

(u1 − u2)u2
+

k2 · ε1ε2 · εIL

u2(−u1 + u2)
− ε1 · εIL

u1

(
(−k1 − k2) · ε2

u2
+

k1 · ε2

−u1 + u2

))
×
(

k3 · ε4ε3 · εIR

v3(v3 − v4)
− ε4 · εIR

v4

(
(k1 + k2) · ε3

v3
+

k4 · ε3

v3 − v4

)
+

k3 · εIR ε3 · ε4

v3(−v3 + v4)

)
.

(4.13)

Again, we need to impose the momentum conservation and the orthogonanity. Another
relation should be introduced to manipulate the polarizations of internal particles εIL

and εIR :

∑
I

ea · εIL εIR · eb→ ea · eb, (4.14)

where εI = εIL = εIR . Note that e can represent either momentum k or polarization ε and
a,b should represent that they are in different "factor amplitudes". After imposing all
these conditions, one need multiply it by (∏ u)2 as (3.42) indicated, thus:

∑
εI

Pf′ΨLPf′ΨR × u2
1u2

2 =
u1u2

(u1 − u2)(v3 − v4)v3v4
× (k2 · ε3k3 · ε4ε1 · ε2

− k2 · ε4k4 · ε3ε1 · ε2 + k1 · ε2k3 · ε4ε1 · ε3 − k1 · ε2k4 · ε3ε1 · ε4

− k2 · ε1k3 · ε4ε2 · ε3 + k2 · ε1k4 · ε3ε2 · ε4 − k1 · ε2k3 · ε1ε3 · ε4

+ k2 · ε1k3 · ε2ε3 · ε4 − k2 · k3ε1 · ε2ε3 · ε4) .

(4.15)

Compare (4.15) with the leading order of (4.11), one can easily notice that they vary by
an overall sign, which does not contribute to the physics. So far, we have verified the
relation:

Pf′Ψ4 = ζ2u2
1u2

2 ∑
εI

Pf′ΨLPf′ΨR +O(ζ4). (4.16)

As discussed in chapter 3, this means that we have already verified the factorization of
Yang-Mills amplitude at four-point level.

4.2 Four-point F3 Amplitude

As second example, four-point F3 amplitude with the same factorization channel as
Yang-Mills one is the simplest case non-trivial enough to verify the factorization of F3

amplitudes. According to (2.35), c = −1 is chosen for the simplicity, thus the factor P4 of
4-point F3 integrand reads:

P4 = −P1111 + P22

= −Ψ(1)Ψ(2)Ψ(3)Ψ(4) + Ψ(12)Ψ(34) + Ψ(13)Ψ(24) + Ψ(14)Ψ(23).
(4.17)
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Recall the definition of these "cycle factors" ΨI shown as (2.29) and (2.30), the factor P4

above can further written as:

P4 =

(
−∑

c,1

ε1 · kc

σ1 − σc

)(
−∑

c,2

ε2 · kc

σ2 − σc

)(
−∑

c,3

ε3 · kc

σ3 − σc

)(
−∑

c,4

ε4 · kc

σ4 − σc

)

+
(k1 · ε4k4 · ε1 − k1 · k4ε1 · ε4)(k2 · ε3k3 · ε2 − k2 · k3ε2 · ε3)

(σ2 − σ3)(−σ2 + σ3)(σ1 − σ4)(−σ1 + σ4)

+
(k1 · ε3k3 · ε1 − k1 · k3ε1 · ε3)(k2 · ε4k4 · ε2 − k2 · k4ε2 · ε4)

(σ1 − σ3)(−σ1 + σ3)(σ2 − σ4)(−σ2 + σ4)

+
(k1 · ε2k2 · ε1 − k1 · k2ε1 · ε2)(k3 · ε4k4 · ε3 − k3 · k4ε3 · ε4)

(σ1 − σ2)(−σ1 + σ2)(σ3 − σ4)(−σ3 + σ4)
.

(4.18)

The discussion regarding factorization channel, kinematic data and punctures for these
four external particles is the same as previous section 4.1, leaving the (4.3) still holds.
After imposing this reparametrization, one can get:

P4 = u1u2

(
k1 · ε2k2 · ε1u1u2(− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε4

v3−v4
− k1·ε4

v4
− k2·ε4

v4
)

(u1 − u2)2

+
(k1 · ε2k2 · ε1 − k1 · k2ε1 · ε2)(k3 · ε4k4 · ε3 − k3 · k4ε3 · ε4)u1u2

(u1 − u2)2(v3 − v4)2

)

+ ζ2u1u2

{
k1 · ε2k2 · ε1u1u2

(
− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4

)(
− k1·ε4

u1v2
4
− k2·ε4

u2v2
4

)
(u1 − u2)2

−
[
−

k1 · ε2u1

(
k2·ε1u2(−

k1 ·ε3
u1v2

3
− k2 ·ε3

u2v2
3
)

u1−u2
+ (− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε1

u1v3
+ k4·ε1

u1v4
)

)
u1 − u2

+
k2 · ε1u2(− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε2

u2v3
+ k4·ε2

u2v4
)

u1 − u2

](
k3 · ε4

v3 − v4
− k1 · ε4

v4
− k2 · ε4

v4

)}
+O(ζ4)

(4.19)

Compare it with the reduced Pfaffian in Yang-Mills theory (4.11), it is clear that the
factor P is more complicated. The first difference coming up is that the factor P4 has
non-vanishing terms of order ζ0, or in a more general way, order ζ−nL+nR :

u1u2

(
k1 · ε2k2 · ε1u1u2(− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε4

v3−v4
− k1·ε4

v4
− k2·ε4

v4
)

(u1 − u2)2

+
(k1 · ε2k2 · ε1 − k1 · k2ε1 · ε2)(k3 · ε4k4 · ε3 − k3 · k4ε3 · ε4)u1u2

(u1 − u2)2(v3 − v4)2

)
.

(4.20)

However, this is actually not of the order ζ. Recall the discussion of factorization channel
in previous section 4.1, it was shown that the factorization channel can be written in
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another form (4.6). Considering the momentum conservation, there is an important
relation for 4-point case:

2k1 · k2 = (k1 + k2)
2 = (k3 + k4)

2 = 2k3 · k4 ∼ ζ2. (4.21)

Then it becomes clear that the second term of (4.20) actually contains the ζ2- and ζ4-order
terms. The real ζ0-order term reads:

u1u2

(
k1 · ε2k2 · ε1u1u2(− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε4

v3−v4
− k1·ε4

v4
− k2·ε4

v4
)

(u1 − u2)2

+
(k1 · ε2k2 · ε1)(k3 · ε4k4 · ε3)u1u2

(u1 − u2)2(v3 − v4)2

)
.

(4.22)

Impose the momentum conservation and the orthogonality, one can get:

u1u2

(
k1 · ε2k2 · ε1u1u2(− k4·ε3v4

v3(v3−v4)
)( k3·ε4v3

(v3−v4)v4
)

(u1 − u2)2 +
(k1 · ε2k2 · ε1)(k3 · ε4k4 · ε3)u1u2

(u1 − u2)2(v3 − v4)2

)

=
u2

1u2
2

(u1 − u2)2(v3 − v4)2 (−k1 · ε2k2εε1k4 · ε3k3 · ε4 + (k1 · ε2k2 · ε1)(k3 · ε4k4 · ε3))

= 0.

(4.23)

So far, it has been proved that the ζ0 order of (4.19) vanishes. Thus the ζ2 order of (4.19)
can be denoted by:

P4 = ζ2
(
(P ζ2

4 )1 + (P ζ2

4 )2

)
+O(ζ4), (4.24)

where (P ζ2

4 )1 is defined as:

(P ζ2

4 )1 B u1u2

{
k1 · ε2k2 · ε1u1u2

(
− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4

)(
− k1·ε4

u1v2
4
− k2·ε4

u2v2
4

)
(u1 − u2)2

−
[
−

k1 · ε2u1

(
k2·ε1u2(−

k1 ·ε3
u1v2

3
− k2 ·ε3

u2v2
3
)

u1−u2
+ (− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε1

u1v3
+ k4·ε1

u1v4
)

)
u1 − u2

+
k2 · ε1u2(− k1·ε3

v3
− k2·ε3

v3
− k4·ε3

v3−v4
)( k3·ε2

u2v3
+ k4·ε2

u2v4
)

u1 − u2

](
k3 · ε4

v3 − v4
− k1 · ε4

v4
− k2 · ε4

v4

)}
,

(4.25)

while the (P ζ2

4 )2 is the abbreviation of:

(P ζ2

4 )2 B−
1
ζ2

(k1 · ε2k2 · ε1k3 · k4ε3 · ε4 + k1 · k2ε1 · ε2k3 · ε4k4 · ε3)u2
1u2

2
(u1 − u2)2(v3 − v4)2 . (4.26)
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If we write the factor (P ζ2

4 )2 in this form, it seems to depend on ζ. However, if we
implement the definition of singular kinematic data (4.1) and the relation k1 · k2 = k3 · k4,
we could see that the factor (P ζ2

4 )2 will no longer depend on ζ.

Similar to the procedure in section 4.1, we can then compute the product of "factor reduced
Pfaffian" and "factor P3". Together with the same information for internal particles in
(4.12), P3 = −P111 = −Ψ(1)Ψ(2)Ψ(3) and the reduced Pfaffian Pf′Ψ3, we can compute the
product:(

Pf′(ΨL)PR + PLPf′(ΨR)
)

= −
{( k2·εIL ε1·ε2

(u1−u2)u2
+

k2·ε1ε2·εIL
u2(−u1+u2)

−
ε1·εIL

(
(−k1−k2)·ε2

u2
+

k1 ·ε2
−u1+u2

)
u1

)
u1

×
(
(k1 + k2) · ε3

v3
+

k4 · ε3

v3 − v4

)(
k3 · εIR

v3
+

k4 · εIR

v4

)(
(k1 + k2) · ε4

v4
+

k3 · ε4

−v3 + v4

)}

−
{(

(−k1 − k2) · ε1

v1
+

k2 · ε1

u1 − u2

)(
k1 · εIL

u1
+

k2 · εIL

u2

)(
(−k1 − k2) · ε2

u2
+

k1 · ε2

−u1 + u2

)

×

(
k4·εIR ε3·ε4

(v3−v4)v2
+

k4·ε1ε4·εIR
v4(−v3+v4)

−
ε3·εIR

(
(k1+k2)·ε4

v4
+

k3 ·ε4
−v3+v4

)
v3

)
v3

}
(4.27)

Multiply the (4.27) by u2
1u2

2 and implement (4.14), one can get:

u2
1u2

2 ∑
εI

(
Pf′(ΨL)PR + PLPf′(ΨR)

)
=

u1u2
2k1 · ε2k1 · ε3k2 · ε1k3 · ε4

(u1 − u2)2v3v4(v3 − v4)
+

u2
1u2k1 · ε2k2 · ε1k2 · ε3k3 · ε4

(u1 − u2)2v3v4(v3 − v4)

− u1u2
2k1 · ε2k1 · ε4k2 · ε1k4 · ε3

(u1 − u2)2v3v4(v3 − v4)
− u2

1u2k1 · ε2k2 · ε1k2 · ε4k4 · ε3

(u1 − u2)2v3v4(v3 − v4)

+
u1u2k1 · ε2k3 · ε1k3 · ε4k4 · ε3

(u1 − u2)v3(v3 − v4)2 − u1u2k2 · ε1k3 · ε2k3 · ε4k4 · ε3

(u1 − u2)v3(v3 − v4)2

+
u1u2k1 · ε2k3 · ε4k4 · ε1k4 · ε3

(u1 − u2)v3(v3 − v4)2 − u1u2k2 · ε1k3 · ε4k4 · ε2k4 · ε3

(u1 − u2)v3(v3 − v4)2

− u1u2k3 · ε4k4 · ε3ε1 · ε2

(u1 − u2)(v3 − v4)(v4 − v3)

(
k2 · k3

v3
+

k2 · k4

v4

)
− u1u2k1 · ε2k2 · ε1ε3 · ε4

(u1 − u2)(−u1 + u2)v3v4(v3 − v4)
(k2 · k4u1 + k1 · k4u2) ,

(4.28)

which is the RHS of (3.45) with ζ2 stripped off.
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Then we need to compute (4.25):

(P ζ2

4 )1

= −u1u2
2k1 · ε2k1 · ε3k2 · ε1k3 · ε4

(u1 − u2)2v3v4(v3 − v4)
− u2

1u2k1 · ε2k2 · ε1k2 · ε3k3 · ε4

(u1 − u2)2v3v4(v3 − v4)

+
u1u2

2k1 · ε2k1 · ε4k2 · ε1k4 · ε3

(u1 − u2)2v3v4(v3 − v4)
+

u2
1u2k1 · ε2k2 · ε1k2 · ε4k4 · ε3

(u1 − u2)2v3v4(v3 − v4)

− u1u2k1 · ε2k3 · ε1k3 · ε4k4 · ε3

(u1 − u2)v3(v3 − v4)2 +
u1u2k2 · ε1k3 · ε2k3 · ε4k4 · ε3

(u1 − u2)v3(v3 − v4)2

− u1u2k1 · ε2k3 · ε4k4 · ε1k4 · ε3

(u1 − u2)v3(v3 − v4)2 +
u1u2k2 · ε1k3 · ε4k4 · ε2k4 · ε3

(u1 − u2)v3(v3 − v4)2 .

(4.29)

Compare this with (4.28), it is apparent that the first 8 terms are the same up to an overall
sign. Thus the last two terms in (4.28) should correspond to the kinematic singular data
k1 · k2 and k3 · k4 in ζ2 order of factor P4 as shown in (4.26). In order to verify this, we
need to consider the scattering equations.

The scattering equation of 2nd particle reads:

k2 · k1
ζ
u2
− ζ

u1

+
k2 · k3
ζ
u2
− v3

ζ

+
k2 · k4
ζ
u2
− v4

ζ

= 0. (4.30)

Recall that k1 · k2 ∼ ζ2, thus (4.30) can be written up to order ζ1:

u1u2k2 · k1

ζ(u1 − u2)
+

u2ζk2 · k3

−u2v3
+

u2ζk2 · k4

−u2v4
= 0, (4.31)

which further gives:
k2 · k3

v3
+

k2 · k4

v4
=

u1u2k1 · k2

ζ2(u1 − u2)
. (4.32)

Another scattering equation required is that for the 4th particle:

k4 · k1
v4
ζ −

ζ
u1

+
k4 · k2

v4
ζ −

ζ
u2

+
k4 · k3
v4
ζ −

v3
ζ

=
k4 · k1

v4u1 − ζ2 u1 +
k4 · k2

v4u2 − ζ2 u2 +
k4 · k3

v4 − v3
= 0. (4.33)

Similarly, k3 · k4 ∼ ζ2, we need to keep to the ζ2 of first two terms:

k4 · k1

v4
+

k4 · k2

v4
+

k4 · k3

v4 − v3
+

ζ2k4 · k2

v2
4u2

+
ζ2k4 · k1

v2
4u1

=
k4 · k3v3

(v4 − v3)v4
+

ζ2k4 · k2

v2
4u2

+
ζ2k4 · k1

v2
4u1

= 0,
(4.34)

where the momentum conservation is imposed in the second identity. This explicitly
leads to:

k2 · k4u1 + k1 · k4u2 =
k3 · k4v3v4u1u2

ζ2(v3 − v4)
. (4.35)
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With the help of (4.32) and (4.35), the last two terms in (4.28) can be written as:

− u1u2k3 · ε4k4 · ε3ε1 · ε2

(u1 − u2)(v3 − v4)(v4 − v3)

(
k2 · k3

v3
+

k2 · k4

v4

)
− u1u2k1 · ε2k2 · ε1ε3 · ε4

(u1 − u2)(−u1 + u2)v3v4(v3 − v4)
(k2 · k4u1 + k1 · k4u2)

=
1
ζ2

u2
1u2

2 (k1 · k2k3 · ε4k4 · ε3ε1 · ε2 + k1 · ε2k2 · ε1ε3 · ε4k3 · k4)

(u1 − u2)2(v3 − v4)2 .

(4.36)

It is clear that (4.36) is equal to (4.26) up to a non-physical minus sign. Given (4.29) and
(4.36), we can conclude that:

(P ζ2

4 )1 + (P ζ2

4 )2 = −
(
Pf′(ΨL)PR + PLPf′(ΨR)

)
u2

1u2
2. (4.37)

Together with the definition in (4.24), (4.25) and (4.26), now the factorization of P4 has
been verified:

P4→ ζ2(∏u)2 ∑
εI

(
Pf′(ΨL)PR + PLPf′(ΨR)

)
. (4.38)

In (4.17), we chose c = −1 and claimed that this was chosen for the simplicity. Here we
give two examples to show a glimpse of the difficulty of other choices. The first one
would be c = 0:

P4
c=0
= −P112 + P13 + 2P22 − P4

= −Ψ(3)Ψ(4)Ψ(12) −Ψ(2)Ψ(4)Ψ(13) −Ψ(2)Ψ(3)Ψ(14)

−Ψ(1)Ψ(4)Ψ(23) −Ψ(1)Ψ(3)Ψ(24) −Ψ(1)Ψ(2)Ψ(34)

+ Ψ(4)Ψ(312) + Ψ(4)Ψ(321) + Ψ(3)Ψ(412) + Ψ(2)Ψ(413)

+ Ψ(3)Ψ(421) + Ψ(1)Ψ(423) + Ψ(2)Ψ(431) + Ψ(1)Ψ(432)

+ 2Ψ(14)Ψ(23) + 2Ψ(13)Ψ(24) + 2Ψ(12)Ψ(34)

−Ψ(1234) −Ψ(1243) −Ψ(1324) −Ψ(2134) −Ψ(2143) −Ψ(3142).

(4.39)

Another example would be c = +1:

P4
c=+1
= P1111 − 2P112 + 2P13 + 3P22 − 2P4

= Ψ(1)Ψ(2)Ψ(3)Ψ(4) − 2Ψ(3)Ψ(4)Ψ(12) − 2Ψ(2)Ψ(4)Ψ(13)

− 2Ψ(2)Ψ(3)Ψ(14) − 2Ψ(1)Ψ(4)Ψ(23) − 2Ψ(1)Ψ(3)Ψ(24) − 2Ψ(1)Ψ(2)Ψ(34)

+ 2Ψ(4)Ψ(312) + 2Ψ(4)Ψ(321) + 2Ψ(3)Ψ(412) + 2Ψ(2)Ψ(413)

+ 2Ψ(3)Ψ(421) + 2Ψ(1)Ψ(423) + 2Ψ(2)Ψ(431) + 2Ψ(1)Ψ(432)

+ 3Ψ(14)Ψ(23) + 3Ψ(13)Ψ(24) + 3Ψ(12)Ψ(34)

− 2Ψ(1234) − 2Ψ(1243) − 2Ψ(1324) − 2Ψ(2134) − 2Ψ(2143) − 2Ψ(3142).

(4.40)

These two P4 are already complicated even without imposing the definition of cycle
factors ΨI ’s. Other choices of c will not give simple expression as c = −1.
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5 Discussions

The examples shown in chapter 4 cover the simplest cases in both Yang-Mills theory
and the F3-deformed theory. The details in calculation are similar, which is unsurprising
since their Lagrangians just vary by a single F3-operator insertion. However, the slight
difference coming up during the calculation implies that the factorization of F3 ampli-
tudes is much more difficult to verify. This chapter is trying to show these difficulties
and explain how they appear.

The first difficulty appearing in the factorization of F3 amplitudes is the vanishing of
order ζ−nL+nR when imposing the reparametrization of punctures. This difference is
easily observed in (4.11) and (4.19). In section 3.2.3, it is already shown how Yang-Mills
integrand factorizes and the analysis of matrix elements (Ψn)i,j could already explain
the reason why the order ζ−nL+nR vanishes. However, in this chapter, another formula
of reduced Pfaffian is introduced to illustrate this vanishing in a clearer way.

It was shown in section 2.3.2 that the Pfaffian of matrix Ψn can be written as the so-called
"cycle expansion" (2.27). Given the close relation between Pfaffian and reduced Pfaffian, it
is natural to expect that the reduced Pfaffian could be written in a similar "cycle expansion".
In fact, this expansion for both Pfaffian and reduced Pfaffian has already been introduced.
It was first introduced in [41] and was once reviewed in [57].

Recall that (2.21) shows that the reduced Pfaffian comes from the matrix Ψn after deleting
two rows and two columns. If the {1,n} rows and columns are still chosen to be deleted
here, it is to be expected that the cycle factors containing particle 1 and n for reduced
Pfaffian would be slightly different from that in the (2.27). In fact, the cycle expansion for
reduced Pfaffian Pf′Ψn reads:

Pf′Ψn = ∑′

ρ∈Sn

sgn(ρ)WIΨJ · · ·ΨK , (5.1)

where I, J, . . . ,K still represent the disjoint cycles of permutation ρ introduced in section
2.3.2 and ΨI was already defined in (2.29) and (2.30). WI denotes the factor of special
cycle I:

WI ≡W[1i2i3···ix−1n] B
1
2

ε1 · ( fi2 fi3 · · · fix−1) · εn

σ1,i2 σi2,i3 · · ·σix−1,nσn,1
. (5.2)

This special cycle which is bounded at two ends by 1 and n is referred to as open cycle,
and the rest are referred to as closed cycles [41], so they are denoted by square brackets
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and parentheses respectively. The prime on the summation in (5.2) indicates that the
summation is only taken over those permutations ρ where n is changed to 1, and that is
the reason why the open cycle must contain 1 as its first number and n as its last number.
Thus, the summation only include (n− 1)! permutations ρ:

ρ =

(
1 2 · · · n
· · · · · · · · · 1

)
. (5.3)

Of course, if another two rows and columns {i, j} are deleted, then 1,n should be re-
placed by i, j in the cycle expansion while the interpretation is still the same.

In light of this cycle expansion, it would be clearer that the leading order ζ−nL+nR

vanishes. The denominators of cycle factors defined in (5.2), (2.29) and (2.30) only
contain the products of σi,j, some of which are the so-called "Parke-Taylor factors".
Together with the multiplication of cycle factors WI and ΨJ shown in (5.1), it is clear that
the terms in cycle expansion of reduced Pfaffian possess the similar denominators which
are products of σi,j’s. Thus its property requires more investigation:

1
σL,L

=
1

ζ
uL
− ζ

uL

∼ 1
ζ

,
1

σL,R
=

1
ζ

uL
− vR

ζ

∼ ζ +O(ζ3),
1

σR,R
=

1
vR
ζ −

vR
ζ

∼ ζ, (5.4)

where the subscripts L, R represent the numbers from L set and R set respectively. Then
it becomes clear that the leading order must contain as many 1

σL,L
as possibles.

If there is no 1-cycle within a specific permutation, the cycle notation of this permutation
used in the cycle expansion of reduced Pfaffian ensures that each number in set {1,2, . . . ,n}
appears and only appears twice as subscripts of σ. This leads to the situation where
numbers in L set {1,2, . . . ,nL} will appear and only appear 2nL times and numbers from
R set {nL + 1, . . . ,n} appear only 2nR times. Thus, 1

σL,L
could appear at most nL times.

However, the special open cycle will absolutely give a factor 1
σn,1

which is of order ζ1.
With number 1 coming from L set, this means that only 2nL − 1 numbers from L set may
contribute to 1

σL,L
, hence (nL − 1) times of 1

σL,L
’s at most. Under this circumstance, the

factor 1
σn,1

together with another number from L set will give a factor ζ2 and all other
numbers from the R set will give (nR − 1) times of 1

σR,R
. Combining these together, the

leading order of reduced Pfaffian after deleting the {1,n} rows and columns can at most
be written as:

Pf′Ψn ∼
(

1
ζ

)(nL−1)

ζ2ζ(nR−1) +O(ζ−nL+nR+3) = ζ−nL+nR+2 +O(ζ−nL+nR+3), (5.5)

which is exactly the order required in (3.42).
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Another situation is that there is at least one 1-cycle Ψ(a). The definition of 1-cycle
factor (2.29) ensures that it will give 1

σL,L
once if a comes from L set. On the other hand,

it will only give 1
σL,R

or 1
σR,R

if a comes from R set. Then the statement that numbers
in L set {1,2, . . . ,nL} will appear and only appear 2nL times and numbers from R set
{nL + 1, . . . ,n} appear 2nR times still holds. Thus the discussion about the leading order
of reduced Pfaffian stays true.

This property naturally ensures the leading order is of order ζ−nL+nR+2 if one deletes the
{1,n} rows and columns. But it may become invalid when one deletes other rows and
columns. For example, when one deletes {1,2} rows and columns in 4-point Yang-Mills
amplitude shown in section 4.1, ζ0 may occur although that term actually vanishes. But
the definition of reduced Pfaffian does not depend on the choice of deleted rows and
columns, thus the order ζ−nL+nR analytically vanishes by clever choice.

However, the factorization of amplitudes indicates that the order ζ−nL+nR must vanish.
There is not a statement in F3 amplitudes as apparent as in Yang-Mills amplitudes. So it
appears as first difficulty to illustrate why the order ζ−nL+nR analytically vanishes at the
factorization limit of F3 amplitudes.

The second difficulty coming up would be the singular kinematic data. As clearly
shown in (4.19), the singular kinematic data such as k1 · k2 appear after imposing the
reparametrization of punctures. This kind of singular kinematic data, (k1 + k2 + · · ·+
knL)

2, has already been shown to be of order ζ2 as indicated in (3.18). This comes up
as second difficulty because it is hard to find a systematic way to analyze its contribution.

However, this difficulty does not appear in the Yang-Mills case. One conjectural ex-
planation is the choice of deleted rows and columns. The singular data k1 · k2 comes
from the factorization channel where (k1 + k2)2 = 2k1 · k2 ∼ ζ2 in 4-point case, which
indicates that singular kinematic data in higher-point case should also come up as a
result of factorization limit. Hence, the known singular data would be ∑ ki · k j where
summation is taken over all possible pairs {i, j} from either L set or R set. With 1 from L
set and n from R set, deleting {1,n} rows and columns will eliminate all k1 · ki and kn · k j

due to the construction of matrix Ψn in (2.18). Thus we could expect that the singular
kinematic data will not appear under this choice. In fact, if one choose {1,2}, then the
reduced Pfaffian shown in (4.11) would contain singular kinematic datum k3 · k4.

Furthermore, imposing scattering equations could be considered as the third difficulty.
The kinematic data discussed before also increase the difficulty in analytically inves-
tigating the actual non-vanishing leading order of Pn in F3 integrands. In section 4.2,
two scattering equations (4.31) and (4.34) are imposed to verify the factorization of
non-vanishing leading order. However, two scattering equations are not kept to the
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same order. This slight difference appears as expected because one scattering equation
is imposed for the singular kinematic datum k3 · k4.

Different from the 4-point F3 amplitude, we did not explicitly impose the scattering
equations when we verified the behavior of non-vanishing leading order for 4-point
Yang-Mills amplitude. One possible guess is that the two factor amplitudes are both
Yang-Mills amplitudes. This will lead to one reduced Pfaffian factorizes into two smaller
reduced Pfaffians, both of which are constructed from the smaller matrices Ψ3. The reason
why we did not need to impose the scattering equations explicitly may be that scattering
equations are encoded in the construction of matrix Ψn. In fact, the vanishing of PfΨn is
the result of first n rows or columns of matrix Ψn not being linearly independent and this
linear dependence depends on the scattering equations. Then the similar construction
procedure of original reduced Pfaffian and two factor reduced Pfaffians enables the direct
factorization of Yang-Mills integrands without explicitly imposing the scattering equa-
tions. However, the dependence on scattering equations for factor Pn in F3 amplitudes
is less explicit and it will factorize into two different ingredients. This may account for
the difficulty in verifying the factorization of F3 amplitudes.

One more difficulty would be the variation of factor Pn. The factor Pn can be written into
infinite numbers of forms due to the vanishing of PfΨn. Although they are all equivalent,
the analytic forms can vary a lot, some of which may be much more complicated than
others as shown by examples (4.17), (4.39) and (4.40). This will lead to much more
difficult situations where momentum conservation and scattering equations may be
imposed more elaborately.
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6 Conclusion & Outlook

In this thesis, we introduce CHY formalism which is developed for computing the tree-
level scattering amplitudes four n massless particles. Then we introduce a systematic
method of investigating factorization of tree-level amplitudes under the CHY formalism
via Yang-Mills amplitudes and F3 amplitudes. And we compute two explicit examples to
verify the behaviors of CHY integrands in two theories. We further discuss the difficulty
in finishing the verification of factorization of F3 amplitudes for arbitrary n particles.

The CHY formalism is important since it describes amplitudes in both non-abelian gauge
theories and gravity. One thing not emphasized in this thesis is that it is constructed for
massless tree-level amplitdes in arbitrary dimension. Thus, all the discussions in this
thesis are valid in arbitrary dimensions.

Factorization, furthermore, is also very important because it reflects the locality and
unitarity of S-matrix. In this thesis, we introduce a systematic method of investigating
the factorization in the CHY formalism where the investigation of factorization of ampli-
tudes can be converted to the investigation of their CHY integrands. On the other hand,
one can prove the validity of specific CHY integrand by investigating its factorization.
So we have proved that factor Pn is indeed the building block of F3 integrand at n = 4
from the factorization perspective.

In future, this factorization can be further studied after overcoming the difficulties
discussed in chapter 5. It can not only be another proof that Pn is indeed the F3 integrand
at arbitrary n but also be a good investigation of both F3 amplitudes and CHY formalism.
Furthermore, this systematic method can be implemented to investigate amplitudes in
other theories, e.g. gauge theories with more higher-dimensional operators inserted.
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