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Abstract

This thesis is concerned with the Axiom of choice and its
implications. In particular, we examine a very counter-
intuitive result, the Banach-Tarski paradox, which in its
weakest form states that the solid unit ball in R3 can be
decomposed into a finite number of disjoint subsets, which
can then be transformed by isometries in such a way that
their union constitutes two copies of the original ball.

We give a proof of the Banach-Tarski paradox using a
group-theoretic approach, and discuss how the result
relates to measure theory, what role the axiom of choice
plays, and some implications of excluding the latter from
the axiomatization of set theory. We also show how the
result extends beyond the unit ball, and outline a proof of
the stronger version.

While this work aims to be reasonably self-contained, the
reader is assumed to be familiar with the basics of set the-
ory and mathematical logic.
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1. Introduction

The modern study of set theory as an independent branch of mathematics began
in the 1870’s, mainly due to Georg Cantor. Early attempts at formalizing the
theory lead to some serious problems though, as was made evident when Bertrand
Russell published his famous paradox in 1901, defining a set that is a member of
itself if and only if it is not a member of itself. It should be noted that Russell’s
paradox, unlike the titular theorem, is indeed a paradox in the proper sense; it
derives a contradiction. This prompted a more careful treatment of set theory, and
an axiomatization based on first-order logic was proposed by Ernst Zermelo in 1908.
In the following decades, Zermelo’s system was further developed into what became
known as Zermelo-Fraenkel set theory. One of the axioms of this theory, the axiom
of choice (AC), stands out as being of a different nature than the others. It is
typically formulated as follows:

For any collection X of non-empty sets, there exists a function f : X →
⋃
X such

that for all x ∈ X, f(x) ∈ x.
Such a function is often called a choice function. In plain English, the axiom states
that, given any collection of non-empty sets, we may arbitrarily choose one element
from each set; something that might seem blatantly obvious. If the collection is
finite, then the existence of a choice function already follows from the other axioms,
but AC generalizes this to infinite collections, which we will see has some interesting
consequences.

Zermelo-Fraenkel set theory including AC is denoted by ZFC, whereas ZF denotes
the exclusion of AC. Although the former is today widely accepted as the standard
axiomatization of set theory, AC has been the subject of much debate since its
introduction. The controversy surrounding AC has been mainly due to the fact that
it allows for proving the existence of objects that may not be explicitly definable.
In fact, Zermelo introduced the axiom in order to formalize the proof of his well-
ordering theorem, stating that any set can be well-ordered, yet it is consistent with
ZFC that no definable well-ordering of R exists [2, p. 69–70]. Despite its non-
constructive nature, there are arguably many statements equivalent to AC that,
appealing to intuition, seem very reasonable. For example, I would guess that most
people find it makes intuitive sense that the Cartesian product of a collection of
non-empty sets should be non-empty, or that every vector space should have a basis.
This thesis however, aims to shed some light on a particularly counter-intuitive result
made possible by AC.

In 1914, Felix Hausdorff published the surprising result that a spherical surface, less
a certain countable subset, can be partitioned into three pieces A,B,C such that
A,B,C and B∪C are all pairwise congruent by rotations. At first glance, this seems
to imply that B ∪ C simultaneously constitutes 1/3 and 2/3 of the sphere’s area.
Hausdorff’s work inspired the titular theorem, which is due to Stefan Banach and
Alfred Tarski in 1924. It has, like Hausdorff’s result, perhaps a bit misleadingly been
labelled a ”paradox” due to the way it offends geometrical intuition. Informally, the
Banach-Tarski paradox states that a solid ball can be partitioned into finitely many
pieces which by rotation and translation transforms into two copies of the ball, each
with the same volume as the original. Essentially, the ball is ”duplicated” using only
rigid transformations. Such transformations preserve distance (and consequently
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volume), and so one would not expect the total volume obtained in this manner to
exceed the initial volume.

The key insight however, which was the point of Hausdorff’s theorem, is that there
exist subsets of the sphere which are not Lebesgue-measurable. Loosely speaking,
that means they cannot be assigned an area in any meaningful way, hence the
intuition that this measure should be preserved under rigid transformations breaks
down. In fact, Tarski showed that the existence of such a decomposition of a set is
equivalent to the non-existence of certain measures on that set.

We will further discuss non-measurable sets in Section 4, and elaborate on the
juxtaposition of ZF with ZFC in Section 5. Section 2 deals with some preliminary
concepts of group theory and establishes definitions and notation that will be used
extensively in the proof given in Section 3. The latter follows Stan Wagon’s approach
from his comprehensive book [5] on the subject.
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2. Preliminaries

I will denote by Bn the n-dimensional solid unit ball, and by Sn the n-dimensional
unit sphere (i.e. the surface ∂Bn+1). For an indexed family of sets {S1, . . . , Sn}, I
will often use the notation {Si}. The terms choice function and choice set should
be understood to mean, respectively, a function whose existence is predicated on
the Axiom of choice, and a set that is the range of such a function.

Group actions Formally, a group G acts on a set X if for each g ∈ G there
exists a corresponding bijection fg : X → X such that for any g, h ∈ G and x ∈ X,
we have fg(fh(x)) = fgh(x) and fe(x) = x, where e denotes the identity in G, and
gh denotes the ”product” in G. That is, gh = g ◦ h where ◦ denotes the group
operation. The more convenient notation g(x) will be used for fg(x).

An element x ∈ X is fixed by g ∈ G if g(x) = x. Since e(x) = x for all x, the
non-trivial fixed points of X under the action of G are those elements that are fixed
by some g 6= e.

The orbit of an element x ∈ X, denoted G(x), is the set {g(x) : g ∈ G} of all
elements in X to which x can be taken by the action of some element of G. Note
that the relation of belonging to the same G-orbit is an equivalence relation on X,
hence the set of G-orbits is a partition of X. The set of all G-orbits in X is denoted
G/X.

The order of an element g ∈ G is the least integer n such that gn = e. A group
element for which no such integer exists is said to be of infinite order. Rotations of
infinite order will play a crucial role in the proof.

The Free Group The free group F (Σ) over a set Σ consists of all reduced words
that can be formed by concatenating members of Σ∪ {σ−1 : σ ∈ Σ}. A word is any
finite string of symbols, and a word is reduced if no symbol occurs adjacent to its
inverse. The identity is the empty string. The group operation is concatenation of
words, followed by reduction if necessary. The latter refers to repeatedly eliminating
any pair of adjacent inverses σ±1σ∓1 that may result from concatenation, until the
word is reduced. The cardinality of the generating set Σ is called the rank of F (Σ).
The free group of rank 2 will be denoted by F2.

A defining property of the free group is that each element has a unique expression
as a reduced word in the generators and their inverses. Put another way, there are
no relations between the elements of Σ ∪ {σ−1 : σ ∈ Σ} other than that between an
element and its inverse, so two group elements are considered equal if and only if
their equality follows from the group axioms. In fact, we can convince ourselves of
the following:

Proposition 2.1. Let Σ be a set whose elements and their inverses generate a group
G. Then the following three statements are equivalent:

(i) G is isomorphic to the free group F (Σ).

(ii) If w1, w2 are distinct, non-empty reduced words in Σ, then w1 and w2 are not
equal as group elements.
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(iii) If w is a non-empty reduced word in Σ, then w does not represent the identity
in G.

As a non-example, consider the group Sn of permutations of a n-element set, and
let πi be the permutation that swaps the i:th and (i+ 1):th elements, and fixes the
other elements. Then Sn is generated by {π1, . . . , πn−1}, but there are non-trivial
relations between these elements. For example (πiπi+1)

3 is a reduced word in the
generators which as a group element is equal to the identity, hence w(πiπi+1)

3 is
equal to w for any word w, so the group elements are not uniquely represented as
reduced words.

The special orthogonal group SOn denotes the group of distance- and ori-
entation preserving transformations of n-dimensional euclidean space that fix the
origin, in other words, any rotation about an axis through the origin. The orthog-
onal group, On, consists of the distance-preserving transformations (rotations and
reflections) that fix the origin. The latter is characterized by the n × n orthogonal
matrices with determinant ±1. SOn is the subgroup of On that excludes reflections,
hence it is characterized by the orthogonal matrices with determinant 1, i.e. the
rotation matrices.

The special Euclidean group SEn denotes the group of Euclidean isometries
(rigid transformations) that preserve distance and orientation. This includes rota-
tion and translation, but not reflection. For example, let v, t ∈ R3, R ∈ SO3, and
define T (v) = Rv + t. Then T ∈ SE3. Note that SEn includes rotation about
arbitrary axes, not necessarily through the origin. Such a rotation is equivalent to
a translation followed by rotation about a parallel axis through the origin, followed
by another translation.

We now introduce some definitions and lemmas that will be crucial to understanding
the Banch-Tarski paradox.

Definition 2.1 (Paradoxical). Let G be a group acting on a set Y , and X ⊆ Y .
Then X is G-paradoxical if there exists pairwise disjoint subsets A1, . . . , An, B1, . . . , Bm

of X, and g1, . . . , gn, h1, . . . , hm ∈ G such that X =
⋃
{gi(Ai)} =

⋃
{hj(Bj)}.

The group G is itself called paradoxical if it is G-paradoxical with respect to acting
on itself by left translation. That is, by the action fg(h) := gh for g, h ∈ G.

Definition 2.2 (Equidecomposable). Let G be a group acting on a set X. Two
subsets A,B of X are G-equidecomposable, denoted A ∼G B, if there exists partitions
A1, . . . , An and B1, . . . , Bn of A and B respectively, such that Ai is G-congruent
to Bi. That is, if for all 1 ≤ i ≤ n there exists gi ∈ G such that gi(Ai) = Bi.

Note that we may rephrase the definition of a paradoxical set in terms of equide-
composability:

Lemma 2.1. A set X is G-paradoxical if and only if there exist disjoint subsets
A,B of X such that A ∼G X and B ∼G X.
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Proof. Suppose X admits a paradoxical decomposition into {Ai} , {Bj} as in defi-
nition 2.1, and let A =

⋃
{Ai} and B =

⋃
{Bj}. Then A and B are disjoint, since

{Ai} ∪ {Bj} are pairwise disjoint. Now suppose we have some gi1 , gi2 ∈ {gi} and
Ai1 , Ai2 ∈ {Ai} such that A′ = gi1(Ai1) ∩ gi2(Ai2) 6= ∅. Then

gi1(Ai1 \ g−1i1 (A′)) = gi1(Ai1) \ A′ ,

which is disjoint from gi2(Ai2). However, the union with the latter is still the same,
so by making the appropriate sets in {Ai} smaller, we can ensure that {gi(Ai)} are
pairwise disjoint, without affecting their union. Therefore, the decomposition of X
can always be chosen such that the pieces transform into a partition of X, hence
A ∼G X, and similarly for B.

Now suppose we have disjoint A,B ⊂ X, both equidecomposable to X. Then by
Definition 2.2, A can be partitioned into {Ai} such that for some {gi} ⊆ G, {gi(Ai)}
is a partition of X, and similarly for B. Hence X is G-paradoxical by Definition
2.1.

It is perhaps not surprising given the nature of the equidecomposability relation,
that it turns out to be an equivalence relation:

Lemma 2.2. If a group G acts on a set X, then ∼G is an equivalence relation on
P(X).

Proof. It follows immediately from the existence of inverses and identity in G that
∼G is symmetric and reflexive. To see that it is also transitive, suppose A,B,C ⊆ X
such that A ∼G B and B ∼G C. Let A1, . . . , An and B1, . . . , Bn be congruent
partitions of A and B respectively, and g1, . . . , gn the corresponding elements of G.
Similarly, let B′1, . . . , B′m and C1, . . . , Cm partition B and C such that the pieces
are congruent by h1, . . . , hm. Now let B∗i =

{
Bi ∩B′j : 1 ≤ j ≤ m

}
\ {∅}. Then⋃

g−1i (B∗i ) = Ai, hence
⋃{

g−1i (B∗i ) : 1 ≤ i ≤ n
}

partitions A into n ≤ k ≤ nm
pieces, and if Bi ∩ B′j is non-empty, then hj takes that intersection to a subset of
Cj. Since {Bi} and

{
B′j
}
both partition B, so does

⋃
{B∗i }, hence we also get a

k-partition of C such that these new partitions of A and C are piecewise congruent
by some subset of {hjgi}.

Furthermore, the property of being paradoxical belongs not just to individual sets,
but rather to equivalence classes under the equidecomposability relation, a fact that
will come in very handy later.

Corollary 2.2.1. If a group G acts on a set X and A,B ⊆ X are G-equidecomposable,
then A is G-paradoxical if and only if B is.

Proof. If A ∼G B, then by Definition 2.2 we have partitions {Ai} , {Bi} of A and
B respectively, piecewise congruent by {gi} ⊆ G. If A is G-paradoxical, then by
Lemma 2.2 and transitivity of ∼G, there exist disjoint subsets A′1, A′2 of A with
A′1 ∼G A ∼G A′2. Then B′1 =

⋃
{gi(A′1 ∩ Ai)} and B′2 =

⋃
{gi(A′2 ∩ Ai)} are disjoint

subsets of B, with B′1 ∼G A′1 and B′2 ∼G A′2. By transitivity, B′1 ∼G B ∼G B′2, hence
B is also G-paradoxical.
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3. The Banach-Tarski Paradox

Using the definitions established in Section 2, we can formalize the idea of duplicating
B3. Our ultimate goal will be to show that B3 is SE3-paradoxical, or in other words
that it is SE3-equidecomposable to two copies of itself. The proof will build upon
the Hausdorff paradox mentioned in Section 1. We begin by establishing a useful
condition for when a set is paradoxical, which will be important for proving the
Hausdorff paradox. The idea here is that a paradoxical decomposition of a group
can be ”lifted” to a set on which the group acts by identifying the group elements
with the elements of the set.

Theorem 3.1. If a paradoxical group G acts on a set X without non-trivial fixed
points, then X is G-paradoxical.

Proof. AC guarantees the existence of a choice set M of representatives from each
of the G-orbits in X. That is, M = {f(A) : A ∈ G/X} for some choice function f .
We first show that G(M) = {g(M) : g ∈ G} is a partition of X. Recall that G/X is
a partition of X, hence X =

⋃
{G(x) : x ∈ X} =

⋃
G(M), because the elements of

G(M) each contain one element from each orbit. Now Suppose g(M) ∩ h(M) 6= ∅
for some distinct g, h ∈ G. Then g(x) = h(y) for some x, y ∈ M , and thus x =
(g−1h)(y). Since x and y cannot belong to the same orbit, we must have x = y. But
then x is a non-trivial fixed point, a contradiction.

By assumption, we have a paradoxical decomposition {Ai} ∪ {Bj} of G, and cor-
responding {gi} , {hj} ⊆ G. This decomposition of G yields a decomposition of X;
let A′i =

⋃
{g(M) : g ∈ Ai} and B′j =

⋃
{g(M) : g ∈ Bj}. Since the n + m sets

in {Ai} ∪ {Bj} are pairwise disjoint and G(M) is a partition of X, it follows that
{A′i}∪

{
B′j
}
contains n+m pairwise disjoint subsets of X. Because g(h(x)) = gh(x)

for any g, h ∈ G and x ∈ X, we have

gi(A
′
i) =

⋃
{gig(M) : g ∈ Ai} =

⋃
{g(M) : g ∈ giAi} ,

hence ⋃
{gi(A′i)} =

⋃{
g(M) : g ∈

⋃
{giAi}

}
=
⋃

G(M) = X ,

and similarly for
{
B′j
}
.

This result along with the fundamental properties of groups and group actions then
yield the following:

Corollary 3.1.1. If a group G has a paradoxical subgroup, then G is paradoxical.

Proof. Any subgroup naturally acts on the whole group by left translation; if H is a
subgroup of G and h ∈ H, then fh(g) := hg, and H necessarily contains the identity.
If h(g) = hg = g then h = e, so this action is without non-trivial fixed points, hence
the result follows directly from 3.1.

We now consider the free group of rank 2. Showing that this group is paradoxical
will allow us to use the previous corollary to prove the same of SO3.

Lemma 3.2. F2 is paradoxical.
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Proof. Let Σ = {a, b} be our generating set. For σ ∈ {a, a−1, b, b−1}, denote by Wσ

the set of all reduced words that begin (on the left) with σ, and denote by e the
identity (i.e. the empty string). Then

F (Σ) = {e} ∪Wa ∪Wa−1 ∪Wb ∪Wb−1 .

Clearly Wσ1 ∩Wσ2 = ∅ if σ1 6= σ2, and since σWσ−1 = F (Σ) \Wσ, we also have

F (Σ) = aWa−1 ∪Wa

= bWb−1 ∪Wb .

The previous lemma illustrates quite well what we intend to do to the sphere (and
then to the ball). Roughly speaking, if we can partition it in such a way that every
point in a subset is reachable from some other point by a sequence of rotations that
ends (i.e. the word begins on the left) with a particular rotation, then we can ”cancel
out” that last rotation, transforming the subset into a much ”larger” set of points.

Lemma 3.3. SO3 has a free subgroup of rank 2 (hence it is paradoxical).

Proof. We will show that SO3 contains two rotations that generate a subgroup
isomorphic to F2. Let φ be a counterclockwise rotation about the z-axis through
the angle arccos(1

3
), and ρ the same rotation about the x-axis. Then φ±1 and ρ±1

are characterized by

φ±1 =


1
3

∓2
√
2

3
0

±2
√
2

3
1
3

0

0 0 1

 ρ±1 =


1 0 0

0 1
3

∓2
√
2

3

0 ±2
√
2

3
1
3

 ,

because sin(arccos(1
3
)) = 2

√
2

3
, and the rotation matrices are orthogonal. By propo-

sition 2.1, it will suffice to show that a non-empty reduced word in φ±1, ρ±1 is never
equal to the identity. Furthermore, if a word w ends (on the right) with ρ±1, i.e.
w = w′ρ±1 for some (possibly empty) word w′, then we may conjugate by φ to get
φ−1wφ, which equals the identity if and only if w does. We can thus assume that
words end with φ±1.

Suppose w is a non-empty reduced word in φ±1, ρ±1. If w equals the identity, then
w fixes every vector. In particular then, w(1, 0, 0) = (1, 0, 0). We proceed to show
by induction on the length n of w, that w(1, 0, 0) has the form 3−n(a, b

√
2, c) for

some a, b, c ∈ Z, where b is not divisible by 3. The latter implies that b 6= 0, which
proves that w(1, 0, 0) 6= (1, 0, 0).

If n = 1 then w = φ±1, and w(1, 0, 0) = 1
3
(1,±2

√
2, 0).

Now suppose w1 is a word of length n ≥ 1, and w = φ±1w1 or w = ρ±1w1. Then
if w1(1, 0, 0) = 3−n(a1, b1

√
2, c1) and w(1, 0, 0) = 3−(n+1)(a, b

√
2, c), we have in the

first case

w(1, 0, 0) = 3−n


1
3

∓2
√
2

3
0

±2
√
2

3
1
3

0

0 0 1




a1

b1
√

2

c1

 = 3−(n+1)


a1 ∓ 4b1

(b1 ± 2a1)
√

2

3c1

 , (1)
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and in the second case

w(1, 0, 0) = 3−n


1 0 0

0 1
3

∓2
√
2

3

0 ±2
√
2

3
1
3




a1

b1
√

2

c1

 = 3−(n+1)


3a1

(b1 ∓ 2c1)
√

2

c1 ± 4b1

 . (2)

It is clear that in either case, if a1, b1, c1 are integers, then so are a, b and c.

Now consider that w1 has one of the forms φ±1w2 or ρ±1w2 for some word w2,
which in the first case may be empty. Hence w = φ±1ρ±1w2, w = ρ±1φ±1w2,
w = φ2w2 or w = ρ2w2. By the induction hypothesis, w2 = 3−(n−1)(a2, b2

√
2, c2)

where a2, b2, c2 ∈ Z, and substituting the variables in equations 1 and 2 shows that
in the first case we have a1 = 3a2 and thus b = b1 ± 6a2. Similarly, the second
case yields c1 = 3c2 and b = b1 ∓ 6c2. Either way, b ≡ b1 mod 3, hence if b1 is not
divisible by 3 then neither is b. The third case yields{

a1 = a2 − 4b2

b1 = b2 + 2a2
=⇒ b = b1 + 2(a2 − 4b2) = b1 + b2 + 2a2 − 9b2 = 2b1 − 9b2

by equation 1, and again we see that b is divisible by 3 if and only if b1 is. The
fourth case is analogous; substituting c1 and b1 in equation 2 yields the same result.

We may now conclude that the subgroup generated by {φ, ρ} is indeed isomorphic
to F2, hence SO3 is paradoxical by Lemma 3.2 and Corollary 3.1.1.

It should be noted that the rotations used in this proof are not the only ones that
generate a free group; if the axes of rotation are orthogonal, then any pair of rotations
through an angle θ such that cos(θ) ∈ Q \

{
0,±1

2
,±1

}
will do [5].

The Hausdorff paradox now follows from our previous results:

Theorem 3.4 (Hausdorff paradox). There exists a countable subset P ⊂ S2 such
that S2 \ P is SO3-paradoxical.

Proof. Let G ∼= F2 be a free subgroup of SO3, and P the set of non-trivial fixed
points of S2 under the action of G, so that G acts on S2 \P without non-trivial fixed
points. Then S2 \ P is G-paradoxical by Theorem 3.1 and Lemma 3.2. Since G is a
subgroup of SO3, S2 \ P is by definition SO3-paradoxical. It remains to show that
P is countable.

If a rotation fixes a point that is not on the axis of rotation, then it must be a
rotation through an integer multiple of 2π, and therefore equal to the identity. Hence
by proposition 2.1, the only non-trivial fixed points of a free group of rotations are
those on the axis of rotation. Each element of G therefore fixes 2 point on S2, and
since G is countable, so is P .

The fact that a group isomorphic to F2 is countable follows from it being finitely
generated, since any finitely generated group is countable. This can be seen, for
example, by associating each of the generators with a unique prime number, so that
each unique word corresponds to a unique integer. This defines an injective function
into N, hence the cardinality of the group is upper bounded by |N|.
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We will now see that a countable subset does not matter much. It can be ”absorbed”
by some rotation of another subset. We can think of this as somewhat analogous to
Hilbert’s hotel, but we have a countable number of vacant rooms that we wish to
fill with the existing infinite number of guests such that we leave no vacancies.

Theorem 3.5. If P is a countable subset of S2, then S2 ∼SO3 S2 \ P .

Proof. Let P be some countable subset of S2, and suppose ρ ∈ SO3 is some rotation
such that {ρn(P ) : n ∈ N} are all pairwise disjoint. Then let P ′ =

⋃
{ρn(P ) : n ∈ N}.

Since these rotations of P are pairwise disjoint and ρ sends ρk(P ) to ρk+1(P ), we
have ρ(P ′) = P ′ \ P and thus

S2 \ P = (S2 \ P ′) ∪ ρ(P ′) ∼SO3 (S2 \ P ′) ∪ P ′ = S2 .

To see that such a rotation exists, let ` be a line through the origin whose 2 points
of intersection with S2 are not in P . Such a line can always be found, because if for
every pair of opposite points p,−p ∈ S2, at least one of them are in P , then P is
not countable. Now let A be the set of all angles θ such that for some integer n > 0
and p ∈ P , we also have rnθ(p) ∈ P , where rnθ is a rotation through nθ radians
about `. Then A is countable; if it were not, then for some p ∈ P there must be an
uncountable number of angles such that rnθ(p) ∈ P . But for each q ∈ P there is at
most one angle θ ≤ 2π such that rotation about a fixed axis takes p to q, and thus
only a countable number of such angles in total.

Now let γ be an angle that is not in A, and let ρ = rγ. Then for all n > 0, we
have ρ(P )n ∩ P = ∅ by definition of A. This implies that ρm(P ) ∩ ρn(P ) = ∅
for all 0 ≤ m < n, because if p ∈ ρm(P ) ∩ ρn(P ) then ρm(p) = ρn(p) and thus
p = ρn−m(p). But then p ∈ ρn−m(P ) ∩ P , a contradiction because n − m > 0.
Hence ρ satisfies the requirement from the first paragraph.

The following is now an immediate consequence of theorems 3.4, 3.5 and Corollary
2.2.1:

Proposition 3.1. S2 is SO3-paradoxical.

The rotation ρ in the the proof of Theorem 3.5 is of infinite order (see Section 2).
In fact, every element in a free group of rotations is of infinite order; this is easily
inferred from proposition 2.1. Furthermore, any rotation through an angle θ that is
not a rational multiple of π (i.e. θ 6= qπ for any q ∈ Q) is of infinite order; if there
exists an integer n such that nθ = 2π, then clearly θ = 2π

n
and a rotation through θ

is of order n.

Having seen how a countable subset of S2 can be absorbed by some rotation of infinite
order, it should be clear that the same can be done on a circle. That will be the last
ingredient in the paradoxical decomposition of B3, because the decomposition of S2

naturally extents to B3, except for the point (0, 0, 0).

Theorem 3.6 (Banach-Tarski paradox). B3 is SE3-paradoxical.

Proof. The action of SO3 on R3 is scale-invariant; rotations are linear transforma-
tions, so if v ∈ R3 and ρ ∈ SO3 then ρ(αv) = αρ(v) for α ∈ R. We can therefore
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extend a paradoxical decomposition of S2 to B3 \ {0} by identifying each point
p ∈ S2 with the half-open line segment to the origin, i.e. p 7→ {αp : α ∈ (0, 1]}.
Just as a countable set of points on S2 can be absorbed, so can a countable set
of radial line segments in B3. To see how this works, suppose P ′ ∈ S2 is count-
able, and let ρ be a rotation of infinite order about an axis not intersecting P ′,
so that {ρn(P ′) : n ∈ N} are pairwise disjoint, just as in the proof of Theorem
3.5. Then if f(p) = {αp : α ∈ (0, 1]} and P = {f(p) : p ∈ P ′}, we have ρk(P ) ={
f(q) : q ∈ ρk(P ′)

}
. Hence {ρn(P ) : n ∈ N} are also pairwise disjoint, and if the axis

of rotation of ρ where to intersect P , then it must be collinear with some element of
P and hence intersect P ′. So the same logic applies as in the proof of Theorem 3.5,
the difference being that we are now rotating a set of radial line segments rather
than a set of points. Furthermore, just as the fixed points of a rotation in S2 are the
2 points of intersection of the axis of rotation with S2, the fixed points of a rotation
in B3 are precisely {αp : p ∈ A}, where A is the axis of rotation.

What remains to be shown is that B3 \ {0} is equidecomposable to B3. To do this,
we need to absorb the origin. The idea is the same as before, but we now consider a
small circle contained within B3, such that the origin lies on this circle. Let c be a
point such that 0 < ||c|| ≤ 1

2
, and ` a line through c that is orthogonal to c. Then

if ρ ∈ SE3 is a rotation of infinite order about ` and P = {ρn(0) : n ∈ N)}, we have
ρ(P ) = P \ {0} and thus

B3 \ {0} = (B3 \ P ) ∪ ρ(P ) ∼SE3 (B3 \ P ) ∪ P = B3 .

Hence B3 is SE3-paradoxical by Corollary 2.2.1.

Having shown that B3 admits a paradoxical decomposition, we now give an ”explicit”
example of one:

Let φ, ρ be the generators of our free group of rotations G, and let

P ′ =
{
p ∈ S2 : p is fixed by some g ∈ G \ {e}

}
,

P = {{αp : α ∈ (0, 1]} : p ∈ P ′} .

Let τ be a rotation of infinite order whose axis of rotation does not intersect P ′, so
that {τn(P ) : n ∈ N} are all pairwise disjoint. Let ` =

{
(0, 0, 1

2
)) + α(1, 0, 0) : α ∈ R

}
,

and σ a rotation of infinite order about `. Let

M = {{αp : α ∈ (0, 1]} : p ∈M ′} ,

where M ′ is a choice set containing one representative from each of the G-orbits in
S2 \ P ′. Just as in the proof of Theorem 3.1, the existence of M ′ comes courtesy of
AC. Now define the following sets:

B =
{
φ−n(M) : n ∈ N+

}
, A1 = Wφ(M) ∪M ∪B ,

C =
{
σn(0) : n ∈ N+

}
, A2 = Wφ−1(M) \B ,

D =
{
τn(P ) : n ∈ N+

}
, A3 = {w(M) \ C : w ∈ Wρ} \D ,

A4 = Wρ−1(M) ,
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whereW is defined as in Lemma 3.2. Here, the notationW (X) should be understood
to mean

⋃
{w(X) : w ∈ W}. We then have

B3 =
⋃
{A1 ∪ φ(A2) ∪ P} ∪ {0}

=
⋃{

A3 ∪ ρ(A4) ∪ τ−1(D)
}
∪ σ−1(C) .

The results that led up to proposition 3.1 are in no way dependent on the sphere
having unit radius, and neither is the proof of Theorem 3.6. Hence the latter applies
not just to the unit ball, but to a ball of any radius. Furthermore, it need not be
centered at the origin, since SE3 includes translations.

Corollary 3.6.1. Any ball in R3 is SE3-paradoxical, as is R3 itself.

Proof. If B is a ball of radius r centered at c, and τ(x) = x− c, then the translated
ball τ(B), centered at the origin, admits a paradoxical decomposition by Theorem 3.6
adapted to a ball of any radius; when we associate points on the sphere with radial
line segments, we would use α ∈ (0, r] rather than α ∈ (0, 1]. Given a paradoxical
decomposition {Ai} , {Bj} of τ(B), we have

B =
⋃{

τ−1giAi
}

=
⋃{

τ−1hjBj

}
.

Similarly, extending the radial line segments to infinity by p 7→ {αp : α ∈ (0,∞)}
in the decomposition of B3 yields a decomposition of all of R3.

There is also a stronger version of the theorem, which essentially states that any
two solid bodies in R3 are equidecomposable. We will not prove it here, but to
give an idea of how the proof goes, we first define a relation � derived from the
equidecomposability relation as follows: If A,B ⊆ X, then A � B if and only if
A ∼ B′ ⊆ B. That is, A is equidecomposable to a subset of B.

This is a special case of a much more general idea; We can take ∼ to be any
equivalence relation on P(X) and define A � B ⇐⇒ A ∼ B′ ⊆ B. Then � is
reflexive and transitive [5]. Now consider what we get if we take A ∼ B ⇐⇒ |A| =
|B|, i.e. if and only if there exists a bijection from A to B. Then A � B if and
only if there exists an injective function from A to B, and by the Schröder-Bernstein
theorem, � is antisymmetric. That is, if A � B and B � A then A ∼ B. It turns
out that the Schröder-Bernstein theorem can be generalized to any relation ∼ that
satisfies two properties:

(i) If A ∼ B, then there is a bijection f : A → B such that if A′ ⊆ A, then
A′ ∼ f(A′).

(ii) If A1 ∩ A2 = B1 ∩B2 = ∅, A1 ∼ B1, and A2 ∼ B2, then A1 ∪ A2 ∼ B1 ∪B2.

Indeed, the equidecomposability relation satisfies these properties [5], which leads
to the following theorem:

Theorem 3.7 (Banach-Schröder-Bernstein). Let G be a group acting on a set X,
and A,B ⊆ X. If A �G B and B �G A, then A ∼G B.



3 THE BANACH-TARSKI PARADOX 12

Then proving that any two bounded subsets of R3 with non-empty interiors satisfy
this condition, yields

Theorem 3.8 (Banach-Tarski paradox, strong version). If A,B ⊆ R3 are bounded
and have non-empty interiors, then A and B are equidecomposable.

So far, we have been concerned only with R3. However, Theorem 3.6 as well as
Corollary 3.6.1 and Theorem 3.8 hold for Rn when n ≥ 3. This is, although not
entirely obvious, perhaps not so surprising either, since the existence of paradoxical
decompositions using SEn depends on the existence of a free group of rotations, and
SO3 is a subgroup of SOn for n ≥ 3. It turns out that SE3 is the smallest isometry
group with a free subgroup of rank 2, hence the Banch-Tarski Paradox does not hold
in R2 or R [5, ch. 7].
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4. Non-measurable sets

Although measure theory is not the central topic of this thesis, it is intimately
connected to the axiom of choice and hence to the Banach-Tarski paradox, as was
hinted at in Section 1. We therefore dedicate this section to defining more rigorously
the concept of a measure, and show how the existence of measures with certain
properties relates to the existence of paradoxical decompositions.

Definition 4.1 (σ-algebra). A σ-algebra on a set X is a collection Σ of subsets of
X that

(i) contains X,

(ii) is closed under complement, and

(iii) is closed under countable union.

Note that this definition also implies ∅ ∈ Σ, and closure under countable intersec-
tions.

Definition 4.2 (Measure). Let Σ be a σ-algebra on a set X. A measure is a function
µ : Σ → [0,∞] such that µ(∅) = 0, and for any countable family {Si} of pairwise
disjoint members of Σ,

µ
(⋃

Si

)
=
∑

µ(Si) .

The second property is called countable additivity. There is also the notion of a
finitely additive measure, which requires only µ(A ∪B) = µ(A) + µ(B) for pairwise
disjoint A,B ∈ Σ. Note that countable additivity implies finite additivity.

Ideally, one would want a measure defined on all subsets of Rn, that generalizes the
notions of length, area and volume. We will call a measure an ideal measure if it
satisfies the following definition:

Definition 4.3 (Ideal measure). Let Σ be a σ-algebra on Rn. A measure µ : Σ →
[0,∞] is called ideal if

(i) Σ = P(Rn)

(ii) µ is invariant under isometries

(iii) µ([0, 1]n) = 1

The standard measure on subsets of Rn is called the Lebesgue measure, which for
n = 1, 2, 3 coincides with length, area and volume. It is constructed as follows:

Definition 4.4 (Outer Lebesgue measure). Let X ⊆ Rn, and let C be the collection
of all countable families {Ci} where Ci = [a, b]n for some a, b ∈ R and X ⊆

⋃
Ci.

Denote by v(Ci) the volume, given by v(Ci) = (b−a)n. The outer Lebesgue measure
λ∗(X) is defined as

λ∗(X) = inf
{∑

v(Ci) : {Ci} ∈ C
}
.
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Intuitively, the outer Lebesgue measure can be thought of as the smallest total
volume of a collection of non-overlapping cubes that cover all of X, hence it over-
approximates the measure ofX by using sets for which we have a natural definition of
volume. The Lebesgue-measurable sets, i.e. the members of the Lebesgue σ-algebra
Ln, are characterized by

X ∈ Ln ⇐⇒ λ∗(A) = λ∗(A ∩X) + λ∗(A \X) for all A ∈ Rn .

Then the Lebesgue measure of X is given by the outer Lebesgue measure; λ(X) =
λ∗(X). Equivalently, X is Lebesgue-measurable if for all ε > 0, there exists an open
set O such that X ⊆ O and λ∗(O \X) ≤ ε.

While the Lebesgue measure is invariant under isometries [1], and does normalize
the unit cube, it is not an ideal measure; in 1905, Giuseppe Vitali showed (using
AC) the existence of subsets of R which are not Lebesgue measurable. Furthermore,
we can restate Hausdorff’s paradox as

Theorem 4.1 (Hausdorff paradox). There exists no finitely additive, rotation in-
variant measure defined on all subsets of S2.

Proof. Let {Ai} , {Bj} be a paradoxical decomposition of S2, and {gi} , {hj} the
corresponding elements of a free group of rotations. Suppose µ is a finitely additive,
rotation invariant measure defined on P(S2). Then∑

µ(Ai) +
∑

µ(Bj) = µ(S2) =
∑

µ(giAi) =
∑

µ(Ai) ,

which implies
∑
µ(Bj) = 0, yielding a contradiction.

Since S2 ⊂ Rn for n ≥ 3, it follows that:

Corollary 4.1.1. For n ≥ 3, there exists no ideal measure on Rn.

As was briefly mentioned in Section 1, Tarski showed a more general result; the
existence of a paradoxical decomposition of a set is in fact equivalent to the non-
existence of certain measures on that set:

Theorem 4.2 (Tarski). Let G be a group acting on a set X, and A ⊆ X. Then
there exists a finitely additive, G-invariant measure µ defined on P(X) such that
µ(A) = 1, if and only if A is not G-paradoxical.

It was mentioned at the end of Section 3 that SE1 and SE2 do not contain free
subgroups of rank 2, hence paradoxical decompositions are not possible in R and
R2. This implies a corollary of the previous theorem:

Corollary 4.2.1. For n < 3, there exists a finitely additive ideal measure on Rn.
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5. Discussion

Both the Hausdorff paradox and the Banach-Tarski paradox have caused many
mathematicians to criticize AC [5, p. 207]. Indeed, it is AC that enables paradoxical
decompositions, but perhaps more important is the reason they appear paradoxical
in the first place; it is presumably the expectation that every subset of Rn should be
measurable that is the root cause of the dissonance. It was shown in 1970 by Robert
Solovay [4] that, assuming the existence of an uncountable inaccessible cardinal, it
is consistent with ZF that every subset of Rn is Lebesgue measurable. A cardinal
κ is called inaccessible if it not the sum of fewer than κ lesser cardinals, and it is
greater than 2λ for λ < κ. For example, ℵ0 is a (countable) inaccessible cardinal,
because it is not a finite sum of natural numbers, and greater than 2n for any finite
n.

Let LM denote the statement that every subset of Rn is Lebesgue measurable, and
let BT denote the statement that there exists a paradoxical subset of Rn. Since LM
implies ¬BT (see Theorem 4.2), Solovay’s result that ZF+LM is consistent implies
that ZF + ¬BT is consistent, thus showing that BT is not a theorem of ZF.

However, if one considers LM important enough to warrant a modification of the
axiomatic system, then it should be noted that the dependence of Solovay’s result
on the existence of an uncountable inaccessible cardinal is not without complication;
the latter is not provable in ZF. Let IC denote the statement that such a cardinal
exists. The consistency of ZF + IC implies the consistency of ZF [5, p. 208], hence
by Gödel’s second incompleteness theorem, it cannot be proven in ZF. Unlike the
consistency of ZFC, the consistency of ZF+ IC does not follow from the consistency
of ZF.

Furthermore, it is consistent with ZF that R is a countable union of countable sets [3,
ch. 10], hence ZF is not strong enough to guarantee countable additivity of Lebesgue
measure:

Lemma 5.1. Any singleton set has outer Lebesgue measure zero.

Proof. Let x ∈ R. Since {x} ⊂
[
x− 1

n
, x+ 1

n

]
for n ∈ N+ and v

([
x− 1

n
, x+ 1

n

])
=

2
n
,

λ∗({x}) ≤ inf

{
2

n
: n ∈ N+

}
= 0 .

Corollary 5.1.1. If R =
⋃
Ai for a countable family {Ai} of countable sets, then

Lebesgue measure is not countably additive on R.

Proof. Suppose it is countably additive. Then

1 ≤ λ([0, 1]) + λ(R \ [0, 1]) = λ(R) =
∑

λ(Ai) =
∑∑

a∈Ai

λ({a}) = 0 .

To ensure that Lebesgue measure is countably additive, some form of choice is
required. Including the axiom of dependent choice (DC), which asserts the existence
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of countable choice sets {an} where an+1 depends on an, yields a reasonably strong
theory that is consistent with LM. However, the consistency of ZF + DC + LM is
equivalent to that of ZF+IC [5, p. 209], hence it does not avoid the assumption that
ZF+ IC is consistent. A weaker statement than LM, that also contradicts BT, is the
existence of an ideal measure (see Def. 4.3) on Rn. Let IM denote this statement.
The consistency of ZF + DC + IM is in fact equivalent to that of ZF [5, p. 210].
Regardless, it should be clear that avoiding paradoxical decompositions without
severely damaging measure theory is not as straight forward as simply discarding
AC.

I will conclude with a few subjective remarks. First, it is worth noting that the non-
measurable sets are ”exotic” in the sense that they do not occur naturally, especially
not in mathematics applied to real world problems, hence their existence should be
of little concern outside of specific branches of pure mathematics. As for paradox-
ical decompositions, they clearly have nothing to do with physical reality; the fact
that physical objects are, to the best of our knowledge, not infinitely subdividable
should be enough to argue that rejecting AC based on some notion of the solid
ball in Euclidean space as the Platonic spherical object, is a fallacy. If paradoxical
decompositions are seen as demonstrating a fundamental flaw in the foundations of
mathematics, then one might as well discard the notion of infinity all together; a
paradoxical decomposition of a set is really no less tangible than an infinite set.
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