
U.U.D.M. Project Report 2021:33

Examensarbete i matematikdidaktik, ämneslärarprogrammet, 15 hp
Handledare: Kajsa Bråting
Ämnesgranskare: Magnus Jacobsson
Examinator: Veronica Crispin Quinonez
Juli 2021

Department of Mathematics
Uppsala University

Programming as Mathematics – A Curriculum 
Perspective

Jakob Rolandsson





Degree Project C in Science Education in Mathematics, 15 credits

The role of programming in Swedish mathematics
education

Programming as Mathematics
A curriculum perspective

Jakob Rolandsson ∗

July 8, 2021

Uppsala University

∗A LATEX admirer



Degree Project C in Science Education in Mathematics, 15 credits

Disclaimer
All work done is supervised by Uppsala University and thus the author takes no
responsibilities for the articles distribution.

No copyright
cz This book is released into the public domain using the CC0 code. To the extent
possible under law, I waive all copyright and related or neighbouring rights to this work.
To view a copy of the CC0 code, visit:
http://creativecommons.org/publicdomain/zero/1.0/

Colophon
This document was typeset with the help of KOMA-Script and LATEX using the kaobook
class.
The source code of this book is available at:
https://github.com/fmarotta/kaobook
(You are welcome to contribute!)

Publisher
First printed in May 2019 by Uppsala University

http://creativecommons.org/publicdomain/zero/1.0/
https://sourceforge.net/projects/koma-script/
https://www.latex-project.org/
https://github.com/fmarotta/kaobook/
https://github.com/fmarotta/kaobook


There is no such thing as educational value in the abstract.
The notion that some subjects and methods and that
acquaintance with certain facts and truths possess

educational value in and of themselves is the reason why
traditional education reduced the material of education so

largely to a diet of predigested materials..

– John Dewey
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Abstract

This thesis’s purpose is to address recent changes to the
mathematical core content in the Swedish curriculum. More
specifically, it will address the implementation of program-
ming into mathematics by studying online video content
produced with the intent to be used in mathematics with
the application of programming. Furthermore, it does so by
zooming in on Bocconi’s (2018) definition of computational
thinking as a more specific definition for programming in
education. With the focused zoom, it further will look for
concepts that can be found in the overlap with algebraic
thinking as proposed by Radford (2013), made possible by
Kilhamn and Bråting (2019, Bråting & Kilhamn 2021) after
having revealed an intersection of two domains.

By applying Chevallard’s (2006) transition theory to the cur-
riculum and the teachers in the online videos this thesis
will reveal certain patterns of programming occupying a
surprisingly large amount of the distribution in time when
applied to a teaching session in mathematics. By studying
the sessions in the online videos, it is shown that the pat-
terns emerge from various concepts in the intersection of
algebraic and computational thinking, which in turn invokes
the need for viable working domains in the integration of
programming into the field of school mathematics. The two
main concerns that will be revealed by the end of the thesis
are firstmost to bring awareness of various concepts both
in and outside the intersection point, and secondly to con-
cretise those concepts so that programming can become a
supplementary tool rather than the tool.

Keywords: Computational thinking, algebraic thinking, pro-
gramming, transposition and algorithm



Introduction1
The mathematical evolution throughout the 18th and 19th century was dominated by the
raging debates concerning indivisibles and its meaningfulness to how geometrical figures
could be represented as a collection of segments. Representatives of the debates, such as
Galileo, Cavalieri, Leibniz, Bolzano and Barrow, inevitably led the discussion to the verge
of a scientific war debate in which the resolution would become the separation of finite and
infinite representations of one-to-one mappings of geometrical figures in space (Mancosu
1996).

Whilst the process of accepting infinitesimals to analyse figures sped up the mathematical
evolution there also seem to have existed a growing distaste for the traditional way of
visualising geometrics by using randoms and iterativemethods in a finite space, as concluded
by Mancosu whilst referring to awakening of infinitesimals,

Descartes concludes the section by mentioning that all the problems of ordinary
geometry can be constructed this way, something he believes could not have
been known to the ancient geometers because the length and order of their
work shows how they proceeded at random rather than by method. (Mancosu
1996, p.68)

The kind of mathematics taught by the Greeks was random and unreasonably hard to
generalize, but it was also experimental and allowed for iterative methods to achieve
concrete solutions with absolute accuracy.

With the parallel introduction of general purpose algorithms around the 19th century it
became possible to perform calculations within a finite space on a growing scale, and
thus allow for close to generalizable operations to be made without the inclusion of an
infinite space. Roughly 200 years after the discovery of such tools, with the introduction of
programming into the curriculum, students at last, have been given the same opportunities
to explore mathematics as the Greeks once did. As opposed to the Greeks, today’s
mathematics can be performed with the assistance of general purpose algorithms and
computers, which saves them from having to spend the same 3000 years that it took for
such mathematics to evolve to its modern shape. New methods, broader generalizations,
they all offer later generations a chance to comprehend more advanced developments at a
quicker pace, provided those generations pay the cost. Yves Chevallard believes whenever
knowledge is being taught or passed on there is a matter of changed value in the transition
(called the Chevallard’s transition theory), and thus the original praxis and logos sometimes
gets altered (to various degrees). His claim is that knowledge is socially (re)constructed
throughout generations and by such logic even something as simple as a line can become
something more than what original intended, for instance;
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A straight line is a concept, not a reality outside us. It is something created in
order to make sense of the outside world and to allow us to think and act more
in tune with that reality. When dissonance grows too much, we invent – well,
some people invent – a renewed logos and a changed praxis (Chevallard 2006,
p.6).

If knowledge is socially constructed and the plain concept of a line can be altered into a
reality on a whiteboard, then how do we, as teachers, go on about the transpositions of the
curriculum’s core contents into actual teachings? Whilst facing the impact of transpositions
one must still respect modern praxis in regards to the teachings, however, there are fields
where praxis and logos are yet to be established .

One such field is programming, as it is still quite new to different countries’ curricula as well
as being a relatively new skill set in demand on the job market. Whilst there is a big variety
as to how programming has entered the school across countries, Swedish National Agency
for Education (SNAE 2018) has chosen to do it differently by implementing programming
straight into the core contents of mathematics (specifically into algebra) rather than adding
programming as a mandatory standalone subject or tool. The following section presents
the written purpose for mathematical education from the curriculum to further understand
when SNAE intended for programming to be utilized.

Mathematics for Grades 7-9

The quotes below is the purpose of teaching mathematics, as written in the curriculum,
for the grades 7-9. Observe that in higher post-compulsory school (academic/vocational
universities or other high-schools), programming is only mentioned explicitly in the core
content of individual courses and thus have been excluded from this section.

Sv: Genom undervisningen ska eleverna ges förutsättningar att utveckla förtro-
genhet med grundläggande matematiska begrepp och metoder och deras
användbarhet. Vidare ska eleverna genom undervisningen ges möjligheter
att utveckla kunskaper i att använda digitala verktyg och programmering
för att kunna undersöka problemställningar och matematiska begrepp, göra
beräkningar och för att presentera och tolka data (SNAE 2018, "Kursplan -
Matematik"1).

Eng: Through teaching, pupils should be given the preconditions to develop
their familiarity with basic mathematical concepts and methods, and their
usefulness. In addition, through teaching pupils should be given opportunities
to develop knowledge in using digital tools and programming to explore
problems and mathematical concepts, make calculations and to present and
interpret data. (SNAE 20182).

1 https://www.skolverket.se/undervisning/grundskolan
2 https://www.skolverket.se/getFile?file=3984 (page 55)

https://www.skolverket.se/undervisning/grundskolan/laroplan-och-kursplaner-for-grundskolan/laroplan-lgr11-for-grundskolan-samt-for-forskoleklassen-och-fritidshemmet?url=1530314731%2Fcompulsorycw%2Fjsp%2Fsubject.htm%3FsubjectCode%3DGRGRMAT01%26tos%3Dgr&sv.url=12.5dfee44715d35a5cdfa219f
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The study in this thesis examines a collection of youtube videos of teachers who subjected
themself to teaching mathematics through programming. The aim is to reaveal different
concepts that exist in programming and mathematics with the framing of Chevallard’s
transposition theory. Each video will be put through a decomposition filter, tailored
specifically for this thesis by the use of empirical data, in an attempt to quantitatively
discerning activities (time-spanned content measured in seconds) that are targeted for
either the domain of mathematics or programming, and with particular interest for when
they intersect. There will later be revealed a pattern of programming overtaking the time
spent in mathematics. On the flip side, through a qualitative study of the empirical data it
is also discovered that there are certain time related concepts in computational thinking
that can, with careful implementation, be used to gain a new perspective of mathematics
by adapting programming into the core content.



Background2
It is not so much the merging of computational tools (included but not limited to pro-
gramming) and mathematics that grants the opportunity for discovering concepts in the
intersection of the two domains. But the chance is rather given by the potentially new
embodiment of mathematics through computers when the students transition to exploring
mathematics with a supplementary (computational) thinking process.

The implementation of programming into the curriculum document, (SNAE 2018) with the
purpose of highlighting new analytical methods, programming, can be viewed as intended
to normalize the digital skills across compulsory schools, and upper secondary. Such pattern
is derived from the Swedish curriculum’s progression throughout the 2011 curriculum
of the compulsory school, preschool class and the leisure-time centre (lgr11, SNAE 2018)
to the recent implementation. Due to the Swedish curriculum’s open-for-interpretation
nature, in the sense of being a goal and result oriented curriculum (Sundberg &Wahlström
2012), it might not be immediately transparent as to how the process can be concretized.
By examining the cross section of programming and mathematical teachings in various
video session, it is this thesis’s intent to visualize the transposition (Chevallard 2006) of the
implemented curriculum to attained teachings, with a particular interest in the intersection
of programming and mathematics.

Swedish Mathematics Curriculum

The Swedish national agency of education officially translates the Swedish regulatory
documents as a curriculumwhich, per definition, implies the framing of lesson objectives
and standards (SNAE 2018). The Swedish curriculum does not avoid such a definition.
Furthermore, during the past century democracy has gained an increasing value in the
Swedish culture which further has affected the idea of a curriculum as not only a pointer
for the teaching sessions but also as a tool to socialize the citizens into the present society
(Ammert 2011). In short, the concept of curriculum, as prescribed in this thesis, refers to
the nurturing of cultural values, goals and guidelines for education. Per se, guidelines
must be interpreted as generalized rules open for interpretation by the educator, goals as
achievable criteria and cultural values as the democratic foundation in which the society
has been built upon. Though, typically for any paper written in a language contextually
decoupled from the origin of the respective languages, there will be certain misconceptions
and ill-translations moving between the languages and the contexts of the papers. To
avoid such ill-translations curriculum, in this thesis, henceforth will exclusively refer to the
mathematical core content of the curriculum.
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Figure 2.1: Mathematical core content of the curriculum

Whilst the epistemology of mathematics endured and grew through millennia of repeated
wars and conflicts the same cannot be said for programming with its short existence of
roughly two centuries. Such a lifespan might seem enough to at very least define a role for
the subject within the curriculum, seeing as programming is transitioning into popularity
expansion for the majority of real life businesses, but, in the results below it shall become
evident that aforesaid is not the case.

Some of the neighbouring countries, such as England and Denmark, have chosen to
approach the integration of programming by its abstract applications and fields whereas
Sweden has shown an interest for the practical uses of computer science (Misfeldt, Jankvist,
et al. 2020). Subsequently, Sweden exercises programming supplementary as an analytical
tool for various fields in mathematics depending on the target age of the learner. In the
grades of 7 through 9 the main practise is mentioned as purely algebraic with the purpose
of developing the ability to use and create algorithms independently to the choice of
programming environment(s), with some mention of being used to debug and enhance
problem solving in relation to developing algorithms (SNAE 2018). For higher education,
post 9th-grade, programming is generically coupled to certain upper secondary school
programs as programs niched for programming. Besides niched programs, programming
also appears inmore advancedmathematics, as a sub-domain of the core content in strategic
planning and execution of generalized mathematical problems. For a visual representation
of the curriculum with its different approaches to programming for different education
levels, see Figure 2.1.
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Historical Context of Programming

Firstly, one might enquire why programming holds relevance within the fields of math-
ematics, so in order to warrant such a discussion, concerning computational thinking
and mathematics through programming, it is necessary to first clarify on what basis such
concepts are derived from, which means addressing the roots of modern programming.
Now, addressing the roots of programming might not be as simple as discovering the first
programming language or investigating the earliest general purpose computers, but rather
investigate the numerous events in which the concept programming has been talked about
for the past two centuries. Unfortunately it would not be feasible to initiate such a grand
historical journey within the scope and time of this writing. Instead the main historical
focus for this thesis will be pointed towards the first known programmer, Ada King, for
her contributions towards defining a symbolic language, and Donald Knuth for the aid in
framing the concept of algorithms.

King, formerly known as Ada Lovelace, pursued the work of generalizing the industrial
inventions of the 18th century using her capabilities of visualizing abstract patterns within
physical machines. The source of her inspiration is said to have been the Jacquard Machine
(see Figure 2.2) where she claimed that it would be reasonable to seek similar weaving
patterns in mathematics, or even in music.

In her Notes Ada predicted that machines programmed in this way could
manipulate any system of symbols, and even compose music. The “programs”
she is said to have written were not programs in the sense of instructions
to the machine, but tables showing the step-by-step sequence of operations
the machine would perform in solving an equation. The Notes constitute a
description of a general-purpose computer and its potential that would not be
superseded for a century (Ferry 2015, p.1731).

Lovelace was later recognized for having inspired the first proposition for a general purpose
computer program with the capability of being transcribed into a mathematical language,
or more precisely, she constructed a strategy for how instructions could be made sensible
for both machines and humans.

Figure 2.2: Jacquard Weaving Loom.
https://www.computerhope.com/cdn/jacquard-loom.gif

https://www.computerhope.com/cdn/jacquard-loom.gif
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Donald Knuth’s shared interest in efficient mathematical techniques and theoretical
computer science eventually led him into composing Art of computer programming; a
compiled collection of various computer science techniques. The collection is meant to put
an end to the inaccessibility of various mathematical techniques of which depends on the
iterative nature of a digital machine. Knuth’s definition for algorithms, that would hold
true for non-numerical and numerical methods both within the fields of mathematics and
computer science are the following 5 criteria (Knuth 1997),

1. Finiteness - the instruction set must be delimited
2. Definiteness - there should be no room for disambiguations, given that the interpreter

meets decoding prerequisites
3. Input - the algorithm accepts zero or more initial values or accepts dynamic data

during its lifespan from a specific object set.
4. Output - the algorithm returns one or more outputs of which have a specified relation

to the input
5. Effectiveness - the algorithm should, in principle and reasonable finite time, be

iterable by paper and pen

Into the School

For the past two centuries programming has flourished as an automation tool for various
industrial applications such as production through robotics, routing of network services
amongst many other configuration based-systems. Further, it has also been used as an
analytical tool for computations that requires a multitude of iterations to find an answer. In
the early days of programming the code was developed through punch cards (see Figure
2.3) and had a massive cost in production, consequently meaning that any errors that
occurred during runtime (as the code was being executed) would take days, weeks or
sometimes months to correct.

Figure 2.3: Illustration of a Punch Card
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Needless to say, as code was produced in its earlier days there was a bigger concern for
identifying empherrors early on in the production process which put stress on thoroughly
analysing the code before executing. Around the 80s, SNAE had implemented “computer
teachings” (sv: datalära) as a standalone subject to be taught as a mandatory skill, however,
due to a general lack of personal computers with an efficiency level high enough to match
the compulsory schools need, it was subsequently dropped out of the curriculum.

Aim and Research Questions

Prior to the study there was a hypothetical case of certain mismatches in the integration of
programming into the field of school mathematics, which caused me to wonder whether
there exists such anmismatch on a broader scale than that of which I personally experienced.
The assumption that rationalizes the usage of youtube videos is that since programming is
quite new to the Swedish school market most teachers would seek information from where
it is most accessible, that is the web. However, it should be noted that whilst prior to the
thesis the web seemed like the most commonly used source it also turned out during the
course of the writing that there was an empirical study (Bråting, Kilhamn, & Rolandsson
2021) which revealed that the web indeed is the most recurrent starting point for teachers
looking to gain foot in programming. After performing a pre-study, it became apparent
that youtube upholds the biggest source of content for such data since the other sources
that were found either focused on lower grades or niched into programming rather than
advertising it as means to gain a deeper mathematical understanding.

This thesis seeks to first put the earlier hypothetical case to trial, which firstmost would
supply the thesis with empirical support for the suspected mismatches, but also seeks
to gain an overview of just how adverse programming has become within mathematics.
Essentially, it means that there is a need for quantifiable data and thus generating the first
question,

RQ1 What is the distribution between programming and mathematics when Swedish teachers
produce youtube videos with the purpose of educating mathematics through programming?

Along with a justifiable basis from question RQ1, there now exists a need to salvage
the intersection points of programming and mathematics which leads to a secondary,
qualitative question

RQ2 What conceptual differences can be found in the intersection between programming and
mathematics in the teacher’s approach of teaching mathematics through programming?



Theoretical Framework3
Due to this thesis’s rigid nature of using already compiled data, it is of paramount need
to precisely define the frame of empirical data to simplify the process of determining
whatever the data found is within the scope of the collection. To better scope the limits
of the data Chevallard’s transposition theory (Chevallard 2006) will be applied to talk
about the prelocation of knowledge bodies. These knowledge bodies are the educational
documents in the curriculum, and taught material in some setting where an educator
teaches mathematical context in which programming is used as a guidance tool for the
mathematical object.

Chevallard’s transposition theory is built on the idea of reconstructed knowledge with
the displacement of knowledge bodies. For instance, picture yourself learning about some
theory A, when that knowledge transposes from the paper, computer or whatever media
you are using, Chevallard suggests that the knowledge gets displaced in the sense that the
theory A becomes theory A’ to emphasize the subjective nature of humans. Typically the
transposition theory is visualized as the prelocation of 4 bodies.

1. Scholarly knowledge - Experts, industry workers, relevant research fields etc.
2. Knowledge to be taught - Didactical approved knowledge, for example, the core

contents of curriculums.
3. Taught knowledge - The teacher, textbooks or anything else that the educational

subject is exposed to.
4. Learned/available knowledge - The educational target, for example, students, teachers

in learning, in short, the attained knowledge.

After having selected Chevallard’s theory as baseline for the thesis the transpositions
between knowledge to be taught and taught knowledge became the two bodies of interest (see
Figure 3.1).

In the curriculum, programming appears as a subdomain of mathematics in algebra which
as already mentioned, is quite unique. Chevallard proposed that the praxis of knowledge
resides in the practitioners awareness and experiencewith the preceding praxis of respective
knowledge bodies. Essentially this could further imply that if someone attempts to apply
knowledge without having the time to understand preceding practises there might occur a
mismatch with concepts that are seemingly the same as previously encountered knowledge
in attempts to comprehend the unfamiliarity in the newer fields. Bråting and Kilhamn (2021)
have revealed and discussed several intersection points for algebra and programming.
Along with a several intersection points there is an uncertainty for the teachers in the
transition from the curriculum to teachings in applying programming to mathematical
content. Within this uncertainty this thesis will set the main focus on the three following
items;
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Figure 3.1: Visual representation of the used domain in Chevallard’s transposition theory

1. Educational documents - programming relevance in mathematics is defined as
the usage of digital tools for presenting mathematical models, analysing algebraic
procedures both in the creation and usability.

2. The teacher - whilst being dictated by educational documents it is necessary to
remember that the Swedish curriculum relies on the professionalism of the individual
teacher, the result is thus an interpretation based education.

3. Taught material - based on the interpretation of respective teachers, it can further be
assumed, by Chevallard’s transposition theory, that the produced material roughly
matches that of the former knowledge bodies 2 and 1.

By now it should be evident that the bodies (see Figure 3.1) presented above concern only
with the didactical intentions of the transposition theory and thus take no regard to how
the lecture is perceived by students nor concerns itself with the epistemological model
used by the teacher and said educational documents.
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The terms in which how Swedish teachers have received the new addition of programming
in mathematics are yet in its preliminary stage, nonetheless, there are studies which have
addressed the topic. For instance, Misfeldt et al. (2019) have found that whilst teachers
are keen on adding programming to their mathematical teachings they are hesitant to
the process of implementation. The study suggests that “ [...] the teachers, on average,
feel that there is a strong, but not very strong, relationship between the two subjects.”.
It further implies that the reason behind such hesitance builds upon how well prepared
the participants of the study consider themselves to be. In other words, the implication
is that there has been little movement towards training mathematics teachers to be using
programming in mathematics whilst still expecting them to have the capacity to perform
the merger of the two subjects.

Computational Thinking and Algebraic Thinking

Bocconi et al. (2018) define programming for the Nordic cultures to be composed of a
broader range of key concepts inwhich have a strong relation to computational thinking (CT)
concepts such as "modelling, abstraction and debugging" (Bocconi et al. 2018). Moreover,
they also clarify the purpose of recent curriculum changes in Sweden by stressing the
relation between programming and digital competence;

In Sweden, the connection between programming and digital competence is
explicitly made in the definition of digital competence. In a commentary to
the revised curriculum from Skolverket, the National Agency for Education,
it is clarified that the focus is not on coding skills, but on programming as a
pedagogical tool and problem-solving process. (Bocconi et al. 2018, p.9)

Essentially, Bocconi makes it clear that it is no longer necessary to think of programming as
a concrete interaction with the computer, but more accurately as the process of producing
a clear-cut instruction set that a computer may be able to execute. Furthermore, the most
obvious connection between algebraic thinking (AT) and computational thinking (CT)
emerges from the origin of CT that sprouted from the earlier days computers and the idea of
programming languages being crafted from algebra (Mason 2018). Mason’s defined relation
between the two domains alongside Kaput’s (2008) results in the following relational
suggestion by Kilhamn and Bråting (2019),

Kaput (2008) describes early algebra in terms of three content strands including;
i) the study of structures; ii) the study of functions; and iii) the application of
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a cluster of modelling languages both inside and outside of mathematics. In
addition, symbolizing is described as core aspects of algebra (ibid). We find
that all three content strands could also be aspects of computer programming
(Kilhamn & Bråting 2019, p. 568).

Controversially for a study that is concerned with finding an intersection there seems to
exist a strong unifiable relation between AT and CT which begs the question, in what way
do they differentiate?

One of the main differences, that Bråting and Kilhamn (2021) illustrate, arises from the
computer’s incapability of performing instantaneous calculations. For example, in algebra
an expression such as a = a + 1 would simply not be true, however, in CT the semantics of
such an expression is the act of reading and writing a memory location in different times
and thus becomes the act of reading the value of memory location a, increment by one and
then overwriting memory location a with the new incremented value.

An international study byMannila L. et al. (2014) attempted to discover howCT is utilized in
the classroom for various activities. Not only does it exemplify the complexity of discussing
CT in correspondence to actual activities, but it also displays how teachers seemingly boost
their confidence with CT whenever algorithms are applied to mathematics whilst other
CT areas such as automation, simulations, paralizations and abstractions remain in the
shadows and appear implicitly, or by chance. Although the study makes an aggregate
mention of algorithms, it appears hard to find concrete definitions for algorithms except for
a suggestive one in the questionnaires that follows as “Planning and organizing sequences
of steps taken to solve a problem (algorithms)”.

Another typical characteristic for CT is that whilst there is a time aspect in doing calculations
the amount of calculations that can be performed within a certain time span increases
subsequently. Furthermore, such calculations are determined by the operators being
worked on them. Consequentially, what we use in the production of algorithms is the
theories concerning numeric operations, also known as utilizing arithmetic. This behaviour,
using number operations to guess a result, is referred to by Radford (2013) as the trial
and error method and according to him, not a part of AT (as one might guess based on
symbolism). Instead he presents the thinking of the variables as unknown in which you use
the concepts in arithmetic to find a solution. In an attempt to separate the use of arithmetics
and AT Radford suggests the following algebraic specific characteristics, "indeterminacy,
denotation and analyticity" (Radford 2013), essentially defining AT as the act of working
with indeterminate quantities by treating them as if they were known numbers.



Method5
In an attempt to discover and understand the role of programming in the everyday teacher’s
teaching sessions there, hypothetically, exists a gap between the teachers’ understanding for
programming and how the curriculum have posed its role in mathematics. Usually there
would be latent empirical data to support such a hypothesis, however, the implementation
of programming in mathematics is still immature in the research field. Although, it should
be stressed that lack of earlier empirical studies does not necessarily illustrate a gap in
knowledge but rather suggest a desire to create a broader foundation for similar studies.

The part of mathematics that the thesis concerns itself with is any sessions where program-
ming appears as a concept or tool which highlights the two main domains, mathematics
and programming. The separation of the two domains warrants an objective approach to
the data and thus aligns with Holsti’s (1969) definition of content analysis,

Content analysis is any technique for making inferences by objectively and sys-
tematically identifying specified characteristics of messages. (Cited in Bryman
2015, p.284)

The goal of approaching the field using content analysis is to discover quantitated patterns
to gain a deeper understanding in how teachers across the country have chosen to represent
programming in the subject of mathematics. In other words, one of the goals are to measure
the amount of time in which programming diverges from the mathematics. Subsequently
the question that the content analysis strives to answer is how much time that is being
spent for programming in a math session. That being said, the pattern that is sought after
is centred around answering RQ1.

Undeniably, answering such a question would eventually boil down to the plain, either
they do isolate programming from mathematics or they do not, which in turn would
not make for an interesting study. On the contrary, the quantitative data’s purpose is to
offset the qualitative data, to originate from RQ1, about the distribution in activities in the
teaching sessions, and accordingly make way for concretizing the working domains for
programming inmathematics and thus progress towards RQ2. Bryman (2015) refers to this
method as the mixed method (of quantitative and qualitative studies) offset research where
either field is too weak on its own, and instead utilizes the other method’s strength to gain
a stronger foundation for itself. Furthermore, after provoking the ambiguous nature of
programming in mathematics there now exist new enquiries, such as where and why the
ambiguity exists which would hypothetically give an answer to RQ2.
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Empirical Data

The data for this thesis will be composed from 7 youtube videos (5-16 minutes for each
video) of pedagogical content in which there is a clear interest for the programming
relevance within the field of mathematics. As previously proscribed, it is essential that the
videos’ main interest is teaching mathematics, this means the primary criteria for being a
part of the collected data resides within the purpose of the session, that is, the title of the
video must have a mathematical and programming relevance. Exemplary titles could be;
"Programming in mathematics", "Calculate through code", "Percentage changes - Code in
math". Another restraint, on account of the academic prerequisites for the thesis, the data
will be further limited to the curricular context of the grades (school year) 7 through the
upper compulsory and secondary schools.

If you consider a mathematics teacher without prior knowledge or experience of coding,
how would such a person respond to suddenly having to adapt this other field into their
own? The questions he or she would have to answer would be how would programming
be used in mathematics? When could it be used to strengthen the students’ mathematical
understanding? What tools, software, coding environments would align with the students’
needs? Luckily the question of when has already been dealt with by the education agency
by how programming was implemented into the core content of algebra and problem
solving, but even so there were still cases when the teacher chose to further extend the
domain in which the teacher built upon where programming can be used.

Why this is important to understand in order to sense the credibility of the study is to
realise that the values received by a teacher, such as the above, can be traced back to how
the teacher is exposed to programming, especially from whom. In view of the teachers
immature approach to programming it is important to realise that modern programming
emphasises abstractions, as evident by the popularity of high-level programming languages
(high abstraction level) such as python, javascript, java, c#, ruby, go etc. In order to efficiently
write code you would utilize an extensive (growing) body of graphical, mathematical, web,
infrastructural libraries that generations of coders have created before you. However, to
understand the depth of such abstraction you would first have to become adept to the
values within programming, which is not the case for today’s mathematics teacher (Bråting
& Kilhamn 2021).

In conclusion there is little accessibility to materials on the web that is purely focused
on the mathematical aspects of programming, but rather you would have to separate the
programming from mathematics yourself, which is why the data collection puts a high
requirement on mathematical presence in the video content. Consequently, there were lots
of video material that had to be discontinued from the empirical study simply because
despite the author having claimed a mathematical presence in the content of the video this
later became conspicuously programming centred by the utilization of mathematics rather
than the other way around.
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Tool of Analysis

If you were tasked to precisely define mathematics as being completely separated from
the art of programming you would, at some point, realise the impossibility of such a
task. You would eventually come across historical events manifesting computer science,
programming, the foundation of any code to the domain of mathematics. Alas, there is
little hope of finding a definition that would allow aforementioned computer fields to be
fully included in any definition of mathematics.

Fortunately, for the sake of the thesis’s length, the goal is not to find the definiteness for each
of the fields, but rather investigate the interpretations and transpositions that occur when
programming is streamed into the educational fields of mathematics, and for such a task it
would be enough to limit the definitions to cover an abstract view of respective subject. As
already observed from the curriculum, programming has been deemed as suitable in the
field algebra (and more generalizable strategic planning for upper secondary school) by
SNAE which further narrows the analytical scope to that which covers an abstract view of
programming and algebraic techniques, such a framework can be found in computational
thinking (CT) and algebraic thinking (AT).

Table 5.1: Interpretation of table 1 in “Some features of contemporary definitions of CT and AT that are found
in the intersection (Kilhamn & Bråting 2019) with a focus on the relevance for this thesis writing.

AT (Radford 2013) CT (Bocconi et al. 2018) PIM (Intersection)
Mathematics concerns any
study of indeterminate
quantities or/and activities
involving the examination
of closely related data rela-
tions.

Programming is seen as any
activity that relates solely to
the order or structure of an
instruction set that is to be
acted upon or executed in
a computer environment.

Programming in mathe-
matics covers the intersec-
tion of CT and AT, that
is, activities wherever the
decomposition of patterns
(e.g. individual steps of an
algorithm) is interlinked
with quantitated general-
izations.

Through analysing the implemented lecture by cross examination of the spoken word,
and content shown by the teacher, all activity will be put into different categories (see
Table 5.1) depending on their nature. For instance, if code is presented in the background
of a discussion regarding some mathematical subject, say geometry, then as long as the
teacher does not interact or refer to the code then such activity would be considered
as mathematical. Essentially, what this means for an thesis concerned with discovering
the distribution of programming and mathematics in a Swedish math session and what
concepts that surface through those sessions, is that firstmost we want to understand if
there is a high focus on programming concepts, secondary if time concepts are introduced
with programming (for example, expressions such as a = a + 1) and finally if those time
concepts are used as symbolic expressions in computational aspects where an act such as
a = a ·3 rather would imply the act of a2 = a1 ·3 than a question of validity.
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Figure 5.1: Activity refers to a time interval in the video, measured in seconds

Separation of Programming and Mathematics

Whilst algebraic and computational thinking offers a suggestion to an intersection between
the fields of algebra and computer programming it is still too broad to be applicable to
a study that aims to measure the activity across the different domains and thus we shall
now proceed with precisely defining the tool for discerning respective activity. Figure 5.1
describes the implementation used for categorising an activity as either programming,
mathematics or programming in mathematics.

The flowchart (in Figure 5.1) is meant to present a generalizable view of the workflow when
discerning respective activity. By adding some activity as an input you would examine
what is being said in correlation to what is being shown and extract that which is currently
being taught. For instance, if the teacher introduces iterative statements (commonly referred
to as loop-statements), then up to the point, or more precisely the timestamp, where the
discussion involves the mathematical reason for the iterative statement being introduced it
would fall into the category of programming.

The decisions-flow explicitly uses the following items to discern the activity,

Programming Concepts

I Conditional branches (Commonly known as if/if-else statements)
I The iterative encapsulations for and while-loops

• Arguably could be extended to cover recursive functions, but this is not covered
by the empirical data

I Indentations or other programming conventions. Includes, but not limited to, camel
cases, naming standards, general structure of larger chunks of code
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Temporal Concepts

I Variables

• As assigned by the assignment operator “=”

I Functions/methods or other (code) algorithm declarations

• Typically you could refer to this as reusable chunks of code which do not
necessarily depend on the location in the program but rather on when it is
invoked in the code

I Operators

• The semantics of a programming operator (=, +, -, /, % . . . ) depend on their
context. One typical example is the sign “+” that can used to add numbers, but
also concatenate a group of characters (commonly known as a string)

I Print-statements

• Displayed outputs can be used to convey messages for the user, debugging,
requesting inputs, but also to show the result of a calculation

Computational Aspects

I Behavioristic calculations

• Changing the behavior of some calculation based on certain parameters, e.g.
when finding the median of a data set you have to sometimes sum the two
middle values together first, depending on whatever the data set has an odd or
even number of elements

I Computational analysis (e.g. numerical analysis)

• The study of algorithms which includes, but not limited to, the implementation
and creation of algorithms

I Numerical pattern discovery

• Refers to the act of verifying algebraic expressions, for instance, given some
amount of quantities in a dataset, verify if it belongs to some given number
sequence

Analytical Implementation

The implementation of the analytical tool involves 7 steps with step 6 broken into two
substeps with one for the quantitative implementation (6a) and one for the qualitative
(6b).
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Step #1 - Finding material

Originally the plan was to utilize a broader range of sources on the web for the data
collection. However, due to lacking material, specifically for the intersection of mathematics
and programming, the primary target in search ofmaterial turned out to be on youtube1. The
keywords used in the material queries were programming, mathematics and algorithms.

Step #2 - Ensure relevance to the mathematical subject

In order to ensure the relevance to the mathematical subject the videos were tentatively
selected based on their title. The idea is that as long as the title suggests a content that
fits into the curriculum for mathematics in the grades of 7 through 12 the mathematical
relevance would be sustained.

Step #3 - Verify the presence of programming in the material

To verify that there even exists an intersection between the domain of programming and
mathematics the content of the video had to suggest programming as a tool for learning
mathematics which issues a quick look-through to ensure that such is the case.

Step #4 - Transcribe

The lacking accuracy in the transcription does not hurt the integrity of the data considering
that the interest resides in the teacher’s act and focus rather than the spoken word. Why
this is important to understand is because the tool that was used to transcribe the youtube
videos was by far of any higher quality. Textamig2 offers a rough transcription of youtube
videos, however, the tool transcribes with timestamps which pinpoints the needs for
creating the empirical data.

Step #5 - Discern activities as mathematical, programming or
programming in mathematics

After the transcription had been compiled it was put into a document which supports text
color coding such as google documents. Whilst scanning the transcription as the video
recording is being played, activities were discerned into different color codings based on
their characteristics.

For instance, anything that was strictly within the domain of programming, such as
temporal variables, coding syntax, the semantics of code keywords (amongst others) was

1 http://www.youtube.com
2 https://www.textamig.se
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marked with the blue color. Talks about additions, subtractions, numeric sequences, the
introduction of mathematical problems etc. were coded into red as mathematics, and
anything where programming was used to discuss the mathematical problem was coded
into brown for their transversal nature. The reader is referred to section Separation of
Programming and Mathematics (Section 5 on page 17) for a more in-depth explanation on the
act of discerning activities.

Step #6a - Summarize the amount of time (in seconds) spent in respective
category

Along with the color coding and timestamps from textamig3 the data was further analyzed
by how long each activity lasted, that is, each color coded section was added up into the
amount of seconds spent for each activity. Any blank areas, most commonly long pauses or
breaks from the mathematics session, were subtracted from the total amount of time to
avoid fluctuating numbers influenced by the content creator of the data.

Step #6b - Summarize the activities and log the concepts used in
respective category

The qualitative implementation essentially follows the same steps as the quantitative
implementation. However, step 6b is vastly different considering that we are no longer
interested in the quantifiable data but rather concerned with what content that is shown
within those time spans.

The aim is to find the concepts in the intersection of mathematics and programming, so
naturally step 6b will be concerned with enumerating all the concepts used during the
teacher’s session and later focus on detecting crossovers or for illustrative purposes, the
disconnected concepts.

Step #7 - Visualize data

Finally, all data was compiled into appropriate graphs (pie and bar charts) to easily visualize
the percentage of time spent in each of the activities.

Ethics

The aim of the thesis is not to criticise certain teachers, despite sometimes perhaps coming
off a bit strong towards the chosen method of teaching. Because of that there will be no
mention of he or she as a reference to the teacher, but rather the reference will be made to

3 https://www.textamig.se
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the teacher as a generic model for a person teaching about some mathematical content. If
any critics are perceived, then it should be viewed as critics towards the ambiguity in the
core content of the curriculum, since the thesis concerns itself with the transposition of that
core content into the teaching sessions rather than with the competence of the respective
teacher.

Furthermore, in the content gathering of the thesis there was a certain degree of dismissal
towards content outside of youtube because such data seemed very niche. However, during
the course of the data analysis it became evident that looks can be deceiving and that
writing code does not necessarily suggest a lower focus on the mathematics. By such
logic it might be relevant to further gather and analyse data from niche sites such as
digitalalektioner4 using a similar tool.

Method Reflection

There are several things worth pointing out for this thesis writing that were discovered
during the analysis and that might have been useful to realise prior to the sample collection.
To begin with, youtube was not the expected source of information but it was rather
assumed that there would be a multitude of sites and information sources scattered around
various social media and niched websites specifically for mathematical education with
programming. After some investigation it turned out that most websites that advertised
programming in mathematics titled their content with programming concepts such as
"learn python" or "code with JavaScript", or taught programming concepts isolated from
mathematics to be applied at a later stage. However, one thing that became apparent during
the analysis of the data was that the influence in the video’s emphasis on working with
code had little effect on the actual diversity of programming and mathematical content in
the sessions.

Another late-reveal in the analysis is that the suggested content (by the title) did not
necessarily guarantee any specific bias in the distribution ofmathematics and programming.
This finding became a need for discovering why that was the case which leads to the
second late discovery, the value in praxeology. In corresponds to RQ2, different concepts
that surface through the analysis are put through the discussion. However, to discuss
the approach of the teacher, the teacher themselves must be viewed as having an impact
on what content that appears in the session. The human act of deciding the content is
seen as, by Chevallard (2006), holding the teacher accountable for the justifications made
to include certain content, also referred to as "Praxis" (Chevallard 2006). As shown in a
study by Bråting, Kilhamn and Rolandsson (2021), early adopters tend to use social media
for gathering material and inspiration, which in turn stresses social media as one of the
major factors in generating the values that have been observed in the analysis of this thesis.
Needless to say, praxis posseses a comprehensive role in relation to discussing RQ2 and

4 https://digitalalektioner.se
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thus limited the discussion by not being explicitly introduced in the theoretical framework
of the thesis.

Thirdly, programming and mathematics is strictly speaking two individual subjects in an
academic setting, but, as the Swedish curriculumenforces programming inmathematics, the
thesis searched for a justifiable intersection point for the two subjects. One such intersection
point was found between Bocconi’s (2018) ideas of CT in nordic countries and Radford’s
(2013) definition of AT. Even so, CT is merely one perspective of educational programming
and AT represents algebraic thinking rather than mathematics as a whole, which does
indeed give the method one intersection point. Although, given one intersection points
does not necessarily suggest that it could be applied to the whole domain of mathematics
and programming as the title of the thesis would suggest, but rather that of an thesis with a
higher emphasis on certain applications (algebra, algorithms, variables etc.) of mathematics
and programming.

Lastly, the analytical implementation follows a series of videos with regards only to the
purpose that can be observed during the content of the video. It can neither account for
learning sessions prior or post to the session in question. Further this implies that the total
data represent cases where there is some focus on programming and not necessarily in
sessions where programming is purposely used as a supplementary tool. Another way of
seeing this is that since programming in mathematics is a relatively new research field, it
can be suggested that there is a certain need for educating programming as a standalone
subject before it can be applied in mathematics. Essentially, it is unclear if the teacher
intends to teach programming or mathematics in the videos, nonetheless, youwould expect
it to be mathematics since despite the content of the videos, the sessions still originate from
a mathematical setting.



Analysis and Result6
As a reminder, the analytical section of the thesis will be divided into two sections. Firstly,
the datawill be presented in a quantitative fashion in order to gain an overview of the taught
material as regards to the division of the three fields programming [Pro], mathematics
[Ma] and programming in mathematics [PIM] (RQ1). Secondly, two sessions with certain
contrasting characteristics will be selected in order to analyse how programming in
mathematics can be approached using different teaching methods and materials. As
opposed to the first section the later section is aimed towards the teacher in a qualitative
fashion (RQ2).

Quantitative Analysis

The data is composed from 7 videos with a collective amount of 3579 seconds (≈ 1 hour)
in teaching materials. Observe that the graphs (see Figure 6.1 - Figure 6.2) illustrate a
distribution (percentage) of the data rather than the exact seconds.

Figure 6.1: All the data visualised into one graph by percentage values

As observed there is a major interest in programming in most of the cases except for case d
and g, however, in neither of the cases in the empirical study there was ever a case in which
mathematics occupied more space than programming. In 5 of the cases (a, b, c, e and f)
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programming had a soaring presence of above 50% of the time spent in each session, and
some even reached up to closer or above 60%. Generally mathematics and programming in
mathematics competed somewhat evenly for the second spot, but due to the exceptions of
cases d, e and g mathematics fell slightly short in the overall case which can be observed in
Figure 6.2 that displays the distribution of all data.

Figure 6.2: All the data visualised into disk one graph by percentage values

From a quantitative perspective there exists a contrast in cases d, e and g compared to
the other cases since for some reason, programming in mathematics suddenly occupies a
lot more space than mathematics. However, whilst the phenomenon seems interesting, it
diverges fromwhat this thesis seeks to understand.What the analysis pursues to understand
is the excessive time aggregation of programming that becomes evident from Figure 6.2
with its daunting percentile value of almost half the time spent in the sessions.

Qualitative Analysis

The two cases that have been chosen for the qualitative analysis seemingly stood out
for their contrasting display in the teacher’s selection of approach to programming in
mathematics. In the first case, the teacher embodied algorithms by working outside the
computer, whilst the second one chose to display a mathematical algorithm through code.
It is not so much about why there exists a contrast but rather about despite being contrasted,
their quantifiable data are much more similar than that of the anticipation when first
viewing the cases.

Case - Focus on the algorithm

The first example, in which the teacher refrained from utilizing computer in the preliminary
stages of the session, the distribution was quantified to 59% programming, 17% mathe-
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matics and 24% programming in mathematics (see Figure 6.3). The title of the video was
“Unambiguous instructions (sv: Entydiga instruktioner)”.

Figure 6.3: Distribution of the algorithm focus case in seconds

The session revolves around approaching programming through mathematics by creating
your own instruction set, with pen and paper, and then have someone else interpret and
decode it to see if the instructions are unambiguous enough to accurately reconstruct the
original figure. Furthermore, the students were expected to utilize their mathematical
language to create the instruction but were asked to perform the task as writing a
colorful “recipe” with high attention to the details (for example, color, patterns, descriptive
placements).

The presumption was that since the teacher took the approach of non computational code,
with the high usage of natural language, the data would lean more towards mathematics
with a lower focus on programming, however, as suggested by the graph, (see Figure 6.3)
such is not the case.

The session began with the open question of what an algorithm could be defined as,
whereas it was referred to as a recipe, something to follow step-by-step (Sv: “Det är som ett
recept, någonting man kan följa stegvis”). With this, the teacher had presented the main
content and purpose of the session, to write, read and execute algorithms.
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Figure 6.4: (Eng) Today’s lecture: Write and read algorithms, use GeoGebra, positive or negative derivative.

The observed session proceeds by showing the students in their process of developing
algorithms and how the teacher intervened to stress the importance of clear-cut instructions,
and to avoid subsequent ambiguity. Shortly after it changed to displaying the students in
their task of decoding the algorithms. The attempts to replicate the original figures using
an algorithm lead to a varying degree of confusion amongst the students related to certain
phrases such as the act of drafting something “long” (sv: lång), or other ambiguities in
the algorithms. Proceeding into the middle part of the session the teacher proclaimed the
value of having common semantics, language and tools for developing and decoding the
algorithms more accurately.

In one instance there was an apparent ambiguity in the way the student referred to
fragments of a paper with the instruction “split the paper into four parts”. The following
interaction is a literal translation from Swedish between the teacher and the student when
the teacher highlights the happening as being too ambiguous,

Student: “It could have been four fragments in eitherway” (Student gesticulating
the horizontal division by hands)
Teacher: “But in here we all commonly understood what 4 fragments meant”

It is later made clear that the purpose of the aforementioned was to display the necessity of
clear-cut instructions in computational thinking by remarking the semantics of 4 fragments
on how that relates to “programming”. The overlap to mathematics happened when the
teacher proceeded to discuss 4 fragments as a coordinate system. However, in this case it
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was not explicitly mentioned as a Cartesian coordinate system but rather as a generalizable
coordinate system in which the computer could interpret certain placement instructions.

The remaining part of the session was dedicated towards the utilization of GeoGebra1 in
order to get an insight into pre-programmed commands. The object of the discussion was
how to create and display a circle using the function invocation “circle((x, y) radius)”. Later
the same software was further used to discuss inclination in a graph with the introduction
of derivatives. Noticeably for this latter part of the session, in which code first made
its appearance, was the increasing amount of mathematics that to emerged from the
content of the session. Instead of discussing how code is created the teacher redirected the
focus towards understanding how certain parameters change the geometrical appearance
of a circle, the topic was no longer to understand programming but instead about the
interpretations of figures and the meaning of their corresponding numerical values, such
as the radius of a circle and its relation to the size of said circle.

Figure 6.5: A student positioning and moving a circle in a cartesian coordinate system with GeoGebra

The final step of the session involved the teacher in attempts to illustrate how GeoGebra
and programming can be used to view the tangent of a graph in certain points of the graph,
and thus gain an understanding for how the rate of change is either negative or positive by
the way the tangent behaves.

In summary, the concept of algorithms had an essential role in the session through
its teaching about the importance of clear-cut instructions in a computer environment.
However, whilst it was not so apparent as to how algorithms are related to the latter
part of the session the teacher still insists on transitioning from algorithms to function

1 https://www.geogebra.com
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Figure 6.6: Illustration of the derivative

invocations (displaying graphs in GeoGebra) with the motivation of teaching the students
about programming.

Case - Focus on the code

In reverse to the case focused on algorithms, the second case started by presenting a code
analysis of the famous Fibonacci sequence with a quantification of 56% programming, 27%
mathematics and 17% programming in mathematics (see Figure 6.7). The title of the video
was “Classic programming problems #1 - Fibonacci (sv: Klassiska programmeringsproblem
#1 - Fibonacci)”.

In our earlier case with a non-code approach to numerical analysis it was obvious that
the purpose of the session was to get an understanding for algorithms (implied by the
title) and how to view them as procedures to be used in mathematics. However, in this
case the title only suggested that there will be a programmer’s approach to a well-known
mathematical sequence. The case of an established mathematical object to be proposed as a
common programming problem already makes it plain that the intent of the session was to
merge the two domains.

The teacher led the topic by introducing the sequence of Fibonacci as purely mathematical
with no references to programming by explaining the iterative procedure (or algorithm)
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Figure 6.7: Distribution of the code focus case in seconds

that was used to produce the next number of the sequence (see Figure 6.8).

Figure 6.8: The teacher introduces with a screen of wikipedia

The session continued with a shorter display of an input statement with little-to-none
mention about the conversion to integers, despite it being implemented in the code.
However, the gain frommissing out on an elaborated discussion about parsing inputs there
now was a considerable increase in the time available to discuss the mathematical matters
of the sequence which the teacher did indeed proceed to do.
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While writing the code (see Figure 6.9) the teacher consistently followed the pattern of
analysing the numerical sequence before returning to write more code, as to make the
code more understandable from a mathematical perspective. It was later explained that by
examining the mathematical sequence from a code perspective we are allowed a deeper
understanding of the procedure and thus could utilize such perception to further analyse
and develop other algorithms for the same problem, such as the recursive method of
finding the next sequential number.

Figure 6.9: Teachers implementation of finding the n-th number in the fibonacci sequence

In the process of developing the code the teacher touched upon concepts such as temporal
variables, loops, incrementation, displaying texts and numbers in output messages and
receiving inputs. Though it should be noted that despite working through code there
was still a considerable amount of focus on the mathematical aspects of the working
code, including but not limited to how the algorithm behaves iteratively and symbolic
representations.
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Concepts and Highlights

A trending way of approaching programming in mathematics throughout the videos was
to apply algorithms either explicitly or implicitly by either creating your own instructions
(as in focus on the algorithm) or applying computational thinking whilst transforming
mathematical procedures into computational algorithms such as in focus on the code.
Another trend was arguing for the purpose of teaching through programming by claiming
a necessity to understand how search engines, and algorithms in general, use your queries
to provide automated information.

In some occasions programming languages were used similarly to calculators with the
one difference of explicitly mentioning and using variables. Throughout the collection of
the data there were no instances where those variables were explicitly defined through
mathematics but rather defined as a "box" where you put some value to extract it at a
later time in the code. Despite variables being defined from a programmer’s point of view,
as a box, they were used to refer to several different kinds of objects including, but not
limited to, the amount of birds, name of a person, starting seed for numeric sequences and
end-conditions.
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Today, computer teaching (Sv: "Datalära") has returned to the Swedish curriculum as a
subsection to the math subject, and in the process renamed to programming, to enhance
the development of digital competence (Bocconi et al. 2018). It is further meant to be taught
as algebra for lower educations (grades 7-9) and in problem solving for both the upper
compulsory and upper secondary school. The mathematical teachers of corresponding
education all received their bachelor’s degrees during a time when programming was
yet to be used in such a manner as in today’s curriculum. Subsequently, that could make
you wonder how the teachers are supposed to gain the competency, and inspiration, for
managing to adhere to this new core content of the math curriculum. One feasible response,
as explained by Bråting et al. (2021), is that early adopters tend to search social media or
other free of charge online-based materials rather than the traditional textbooks;

The preferred source of inspiration and ideas for most of the early adopters is
social media, where they participate in special groups for mathematics teachers.
Rather than using textbooks or publisher-produced digital teaching aids, they
choose internet-based environments that are free of charge and easily accessible
(Bråting, Kilhamn, & Rolandsson 2021, p.7).

Let you be reminded of that SNAE choose to integrate programming into an already
existing subject, but, if you consider that early adopters tend to search inspiration from
an international information source, such as social media, then there is a decent chance
that the value in the received information is influenced from other countries and their
cultural values. Two neighbouring countries that could have an influence on the Swedish
teachings during the integration process would be England and Denmark due to their
concurrent process of integrating programming into the curriculum. However, England
replaced their earlier information and communications technology (ICT) curriculum with
the subject computing, and Denmark integrated a more explicit mentioning of industrial
(digital production, evaluate digital products, the role of information) applications of
programming (Misfeldt, Szabo, et al. 2019), which is vastly different from the Swedish
integration.

Apparently, the data collected for this thesis indicate that even if SNAE intended for a
certain way of implementing programming it currently somewhat fails to properly integrate
with mathematics and end up consuming almost half of the time spent for teaching sessions
where it is being used. In terms of Chevallard’s (2006) theory of transposition from
curriculum to classroom teachings, there seems to exist a shift in the transposition from
curriculum to the teachings, where programming is not as applicable to mathematics as
the education agency has envisioned it to be (according to the implementation). In an
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attempt to further discuss this mismatch we shall go back to the earlier cases of “focus on
the algorithm” and “focus on the code” in hope of finding some leads in the analysis.

In the case where the teacher attempted a direct approach to the concept of algorithms
(focus on the algorithm) the teacher claimed to be introducing the students to programming
and show them how it could be further utilized with little notice about the how, other than
that the "society" required them to have some programming knowledge. Throughout this
video of the case, it can be observed that there is a clear interest in teaching the students
of the need to rid ambiguity from computer algorithms using nothing but the natural
language. Semantic meaning of “four fragments” gets highlighted as being "ambiguous"
since it could be interpreted in multiple ways and the general coordinate system gets
proposed as an alternative way of phrasing the instruction. At this point a mismatch has
occurred, the teacher used a natural language to discuss an intersection point between
algorithms and mathematics by referring to any coordinate system whilst teaching about
the necessity of giving precise instructions. If you would compare the preciseness, that
the teacher asks for in an algorithm, to Knuth’s (1997) definition of definiteness it is easily
observed that the situation is neither disambiguous nor easily decoded by the observing
subject (likely a student).

However, you might wonder, why is this a mismatch in correspondence to the curriculum
(SNAE 2018)? Considering that the teacher does not refer to the Cartesian coordinate
system nor makes any references to “points” in the system we must assume that the
interest is not mathematical but rather about the "definiteness" (Knuth 1997). But, without
a precise framing for the coordinate system there is no definiteness. Having said that, most
computer languages would interpret a coordinate system reference as the pixel location
on the rendering machine (normally the computer screen). In conclusion, the activity has
a reduced presence of mathematics, consequently allowing the properties and concepts
of programming to come forth as the predominated subject of the activity. In a bigger
picture, the main concept for the session is algorithms, and how they can be used to
create geometrical figures using a mathematical language. However, the teacher discusses
the geometrical properties based on a computers practical uses which makes it unclear
whatever the aim is to help the students understand geometry or to be able to plot figures
in a computer environment.

As a response to the previous paragraph, where we observed a teacher attempting to
make practical use of the concepts of algorithms in mathematics, I would like to highlight
Chevallard’s (2006) uses of praxeology as a way of illustrating the human’s desire to
simplify nature of things. He proposes that the human evolution of mind heavily relies
on logos and praxis to the point where parts of the original logos do not serve as strongly
as in the past generations, or simply that it got lost in the transition. Chevallard (2006)
exemplifies it as potential loss in epistemology in relation to human constructs of past
praxis in the following quotation,

Fractal geometry, for example, speaks differently about the same “given” world,
for it goes far beyond the concept where Euclidean geometry stopped – the
fictitious straight line. For every praxeology or praxeological ingredient chosen
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to be taught, the new epistemology should in the first place make clear that
this ingredient is in no way a given, or a pure echo of something out there, but
a purposeful human construct (Chevallard 2006, p.6).

Could it be that the teacher in the teachings, while talking about the coordinate system,
had constructed a new concept for the coordinate system, and thus simplified it into a
general coordinate system that would be relevant on the paper as well as in mathematics
and in CT/programming? For instance, the explicit mention of algorithms as a main focus
for the session along with no mention for it in the latter part of the session could imply
that the teacher was confident in introducing algorithms (common teacher trait according
to Mannila et al. 2014) but not in how they could be applied to mathematics.

Following the trail of the same session ("Focus on algorithm") later reveals that the intended
coordinate system is one found inGeoGebrawhich does represent a Cartesian one.However,
with the first part of the session introducing algorithms one could but assume that the
later would make use of such (which is further suggested by a repeated mention of
programming). But, what is shown in the content is the students and teacher working with
the circular representation in terms of a GeoGebra function invocation, namely Circle((x,
y), r).

To place a circular object into a Cartesian coordinate system would fall into the category
of mathematics due to its strong dependency of mathematical relations. For instance, the
expression r2 =

(
x− x0

)2 +
(
y− y0

)2 can be viewed as the relation of the magnitude r
as being dependent on the variables x and y with the displacements x0 and y0. We may
also recognize this as the general formula for any circle; either way, the characteristics
of a circular object in a Cartesian coordinate system (in a didactical frame) is that of
understanding how indeterminate quantities, are reflected in the representation of the
graph. Radford explains the understanding, or treatment as known numbers, as AT,

The students have to resort to a truly algebraic idea: to operate on the unknown.
In order to operate on the unknown, or on indeterminate quantities in general
(e.g., variables, parameters), one has to think analytically. That is,one has to
consider the indeterminate quantities as if they were something known, as if
they were specific numbers (Radford 2013, p.259).

The didactical frame does not change whatever we depend on an expression such as the
above or if the syntax is altered to fit into a scripting language such as GeoGebra. One
such example is the expression emphCircle((x, y), r) in GeoGebra which by literal meaning
represents algebraic thinking of (x, y, r) as indeterminate quantities, in which the semantic
representation remain the same. The conclusion is that changing the environment alone,
for example moving from pen and paper to the digital tool GeoGebra, merely changes the
media of writing (the platform/environment), not the algebraic representation.

In the second case, “Focus on the code”, the teacher showed a great care for discussing
the logic for constructing algorithms. Contrary to the previously mentioned case this
session revolves entirely around code which perhaps seems a bit daunting now that there
already has been shown that even without code there is a tendency for activities with
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programming in mathematics to lean more towards programming. Surprisingly enough
the quantifiable data is very similar to the previous case, although it might be explainable
by Bocconi et al. (2018) as the claim is that computational thinking does not necessarily
depend on a computational machine, so why should not the reverse still apply? In other
words, that computational machines do not necessarily suggest computational thinking
nor the utilization of programming.

The target of the session (in "Focus on the code") was to develop an algorithm for producing
the n-th element in the Fibonacci sequence. Per definition of computational thinking, we
are not restricted to the physical usage of a computer to exercise programming and thus it
is enough for the activity to involve planning, testing and the execution of instruction sets
(Bocconi et al. 2018). Though, considering the immature nature of programming as algebra
we shall extend CT to further include activities in which the aim is to illustrate language
specific semantics. One such instance, displayed in this session, is the usage of temporal
variables to solve iterative mathematical problems since they do not naturally occur in
algebra (Bråting & Kilhamn 2021). For instance, consider how a computer implemented
code (see Figure 7.1) of finding the n-th Fibonacci element compares to an algebraic
implementation (xn = xn−2 + xn−1), clearly all three unknowns (variables) exist in both cases,
but why is there a need for the temporal variable in code? Would it make sense in algebra
to use a temporal variable?

Figure 7.1: An implementation of finding the n-th element in Fibonacci

As per official policy documents for education in mathematics (for Swedish education) it
is implied that programming should be viewed as a supplementary tool in mathematics
rather than the main focus. Having said that, whilst the Fibonacci sequence (as an example)
is considerably close in code as you would solve it on paper, there exists one additional
restraint, namely that in programming you would have to account for the aspect of time.
Computers are yet not capable of instantaneous calculations and thus there must exist a
certain degree of tolerance towards temporal concepts for programming to be fully utilized
in mathematics.
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Conclusion

In conclusion, regarding RQ1 it was found that the core content of the Swedish curriculum
for mathematics, with the implementation of programming, has suffered drastically by
the fast paced realisation that SNAE has stipulated on mathematics teachers within the
country. The distribution has split mathematical sessions, with programming, into two
with half the content aimed for mathematics and the other half for either preparing or
working with programming. Furthermore, in connection to RQ2, it was found that the
web barely provides content in which mathematics remains dominant despite claiming its
presence, but yet that is where early adopters tend to acquire the information. Concepts such
as algorithms, temporary variables, iterations, incrementations, inputs, outputs all sway
between the intersection point of programming in mathematics and the isolated domain
of programming concepts. But perhaps programming still stands a fighting chance if it is
considered how time in computational thinking can be exploited within computational
aspects to further enhance mathematical understanding through programming.
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