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Distinguishing trivial and topological zero-energy states in long nanowire junctions

Jorge Cayao and Annica M. Black-Schaffer
Department of Physics and Astronomy, Uppsala University, Box 516, S-751 20 Uppsala, Sweden

(Received 24 November 2020; revised 17 June 2021; accepted 22 June 2021; published 1 July 2021)

The emergence of zero-energy states in nontopological superconductors represents an inevitable problem that
obscures the proper identification of zero-energy Majorana bound states (MBSs) and prevents their use as topo-
logically protected qubits. In this Research Letter we investigate long superconductor-normal-superconductor
junctions where trivial zero-energy states, robust over a large range of parameters, appear as a result of helicity
and confinement in the normal region. We demonstrate that both equilibrium supercurrents and critical currents
are sensitive to variations in the length of the superconductor regions in the topological phase hosting MBSs
but, remarkably, no such length dependence exists when robust, but trivial, zero-energy states are present. This
strikingly different response originates from the nonlocal nature of the MBSs, and we therefore propose it as a
simple protocol for distinguishing between trivial and topological zero-energy states.
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The realization of topological superconductivity and Ma-
jorana bound states (MBSs) has generated a great deal of
attention in physics, not only because MBSs represent a new
superconducting state but also due to their potential for appli-
cations [1–6]. Among the most striking properties of MBSs is
their nonlocality and associated non-Abelian statistics, crucial
for applications in topological quantum computation [7–12].
This has led to a series of experiments using nanowires with
spin-orbit coupling (SOC) and proximity-induced s-wave su-
perconductivity, where a large enough external magnetic field
is predicted to drive the system into a topological phase with
MBSs at the wire end points [13,14]. So far, the primary
detection scheme of MBSs has been a zero-bias conductance
peak of height 2e2/h at zero temperature [15–17] due to their
unique charge-neutral nature, with several recent experimental
results in apparent agreement [18–25].

Recent studies have reported, however, that the observed
zero-bias peaks might instead have a mundane trivial origin
and hence do not prove the presence of MBSs, as originally
thought. In fact, it has been shown that Andreev bound states
(ABSs) can emerge at zero energy for magnetic fields well
below the topological transition [26–45], with properties sim-
ilar to those of MBSs. While some such trivial zero-energy
states (ZESs) are easily removable by varying system pa-
rameters, other trivial ZESs remain robust for a large range
of parameters, making the identification of MBSs extremely
challenging.

An experimentally relevant regime with highly ro-
bust, but trivial, ZESs is found in superconductor-normal-
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FIG. 1. (a) Semiconducting nanowire with SOC covered by s-
wave superconductors (S, blue) leaving an uncovered central region
in the normal (N, yellow) state. S regions are connected by a
grounded superconducting loop allowing control of the phase differ-
ence φ via the flux �. Gate voltages individually control the chemical
potential in each region. (b) Energy dispersion in the normal state
with an applied perpendicular magnetic field producing a gap of size
2B (yellow) and centered around μN = 0. Inside this gap the sys-
tem exhibits only two Fermi points, representing counterpropagating
states with different spins (solid and open green circles), and this
is thus a helical gap. For μ above or below this gap there are four
Fermi points (pink circles). Visibility of the helical gap is lost when
B � ESOC, with ESOC being the SOC energy.

superconductor (SNS) junctions with long N regions, due
to confinement and helicity in the normal region N
[27,28,28,29]. We stress that typical experimental nanowire
setups are likely to belong to this type of junction, as con-
finement effects appear when contacting a conductor between,
e.g., S leads, as in Fig. 1(a), and also when gating the N region
[46]. Helicity is present whenever the N region is gated such
that its chemical potential lies within the so-called helical
energy gap, opened due to a combined effect of SOC and
magnetic field; see Fig. 1(b). This helical regime is found at
low magnetic fields and thus occurs as an inevitable interim
phase before the topological phase at higher fields, which
further complicates detecting MBSs. Despite recent efforts
[47–66] and its large practical importance, unambiguous ex-
perimental signatures distinguishing between robust trivial
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ZESs in the helical regime and topological MBSs are still
elusive.

In this Research Letter we show how equilibrium phase-
biased transport in long SNS junctions based on nanowires
with SOC [see Fig. 1(a)] can clearly distinguish between
robust trivial ZESs and topological MBSs. In particular, we
design a test of nonlocality, unique to MBSs, using super-
currents and critical currents by varying the lengths of the
superconducting S regions. We demonstrate that these quanti-
ties are not affected by the S region lengths when trivial ZESs
are present but exhibit strong changes when MBSs emerge.
This different behavior occurs due to the Majorana nonlocality
and thus provides a distinctive, yet experimentally easily ac-
cessible, way to separate topological MBSs from robust trivial
ZESs by means of the Josephson effect.

Nanowire junction. We consider long SNS junctions based
on a single-channel nanowire with Rashba SOC, using a con-
tinuum Hamiltonian given by

H =
( p2

x

2m
− μ

)
τz + αR

h̄
pxσyτz + Bσxτz + �(x)σyτy, (1)

where px = −ih̄∂x is the momentum operator, m is the effec-
tive electron mass, μ(x) is the chemical potential dependent
on position x, αR is the Rashba SOC strength, B is the Zeeman
field resulting from an external magnetic field, �(x) is the
induced s-wave superconducting order parameter, and σi and
τi are the i-Pauli matrices in spin and electron-hole spaces,
respectively. In the normal state dispersion we find a gap of
size 2B at zero momentum and centered around μN = 0; see
Fig. 1(b). For μN within this gap the system exhibits only two
Fermi points (green circles), representing counterpropagat-
ing states with different spins [67], thus generating a helical
phase. Below, we show that this helical phase is particularly
interesting as it allows the junction to host robust, but trivial,
ZESs.

In order to model finite systems, we discretize the con-
tinuum Hamiltonian in Eq. (1) into a tight-binding lattice
with spacing a = 10 nm [68]. This discretized model is then
divided into three regions of finite length; see Fig. 1(a): The
left and right S regions host a finite superconducting order pa-
rameter �, with a finite phase difference φ, while the central N
region is left with � = 0, giving rise to a finite SNS junction.
Each region has length LN,S and finite chemical potential μN,S,
tunable by means of voltage gates. We study SNS junctions
with long N regions, LN = 2000 nm, but systematically vary
the length of the S regions to differentiate between trivial
ZESs and MBSs. We further consider realistic system pa-
rameters: αR = 40 meV nm and � = 0.5 meV, which are in
the range of experimental values reported for InSb and InAs
nanowires and Nb and Al superconductors [2].

Trivial ZESs and topological MBSs. To show the emer-
gence of robust trivial ZESs and also contrast them with the
topological MBSs, we first study the low-energy spectrum
of long SNS junctions in Fig. 2. In Figs. 2(a) and 2(b) we
present the Zeeman-dependent low-energy spectrum at φ = 0
for short and long S regions, using LS � 2	M and LS � 2	M,
respectively, where 	M is the Majorana localization length.
At B = 0, many low-energy levels appear within the S bulk
energy gap �bulk as a result of having a long N region. These
levels split at finite B, and the energy spectrum undergoes two
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FIG. 2. (a) and (b) Low-energy spectrum in a long SNS junc-
tion as a function of Zeeman field B at φ = 0 for LS = 500 nm
(a) and LS = 2000 nm (b). Vertical green and red dashed lines mark
when the N region becomes helical (yellow region), B = μN, and
the S regions become topological, B = Bc, respectively. The orange
curve corresponds to the minimum S bulk energy gap �bulk. (c) and
(d) Phase-dependent low-energy spectrum taken at B in the helical
and topological regimes [vertical gray dashed lines in (a) and (b)] for
both junctions with the lowest four levels color coded and the thick
orange line indicating �bulk. (e) and (f) Spatial dependence of the
wave-function amplitude |
|2 for the lowest four states [color coded
in (c) and (d)] at φ = π at B = 0 (black curve), in the helical phase
(yellow curve), and in the topological phase (red curve). Arrows
indicate the outer (white arrows) and inner (red arrows) MBSs. Here,
μS = 0.5 meV, μN = 0.25 meV.

transitions when B is further increased, reflecting the nature of
the N and S regions. First, at B = μN (vertical dashed green
line) the low-energy spectrum in the N region exhibits a gap-
inversion-like feature, which leads to energy levels around
zero energy developing parity crossings that oscillate and,
remarkably, persist as B increases. This regime occurs as a
result of confinement and helicity of the N region in long
SNS junctions. The developed ZESs are topologically trivial
and emerge due to helical Fabry-Perot resonances in the N
region [28]. These resonances reflect an instance of helical
transport [28,69–73] present when the N region hosts only
spin-polarized counterpropagating states in the helical phase
[67]. We verify that these trivial ZESs start to form already
for LN > 250 nm and are thus expected to be achieved in
current experiments; see, e.g., Ref. [41]. These trivial ZESs
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are remarkably robust against parameter changes, as long as
the helical phase persists in N.

Second, as B further increases, the S regions enter into
the topological phase at B = Bc [vertical red dashed line in
Figs. 2(a) and (b)]. At this point, an energy gap inversion is
expected in the spectrum, but due to finite lengths a com-
plete gap closing is not present [47]. We still indicate the
bulk gap inversion obtained from Eq. (1) with �bulk (thick
orange curve). In the topological phase, B > Bc, two states
emerge around zero energy and oscillate with B due to the
short length of S [27,74–76], particularly seen in Fig. 2(a).
These states are the outer MBSs, located at the outer ends
of the SNS junction. The would-be MBSs at the inner ends
of the S regions hybridize strongly across the N region and
are not present unless φ = π [68,77]. Note that these outer
MBSs oscillate in a very similar fashion to the trivial ZESs in
the helical phase, which complicates the distinction of states
around zero energy. However, when the S regions become
longer, the oscillations in the topological phase are reduced
[see Fig. 2(b), where LS � 2	M], while the behavior in the
helical phase is essentially unresponsive to variations in LS.

To gain further evidence of the difference between trivial
ZESs and topological MBSs, we analyze in Figs. 2(c) and
2(d) the low-energy phase-dependent spectrum at the B fields
in the helical and topological regimes marked by the verti-
cal gray dashed lines in Figs. 2(a) and 2(b). First, in both
regimes we observe that the multiple energy levels emerging
within the gap disperse linearly with φ, an effect attributed to
the long-junction nature [68,78–80]. Here, we distinguish the
lowest four levels, shown in orange and red for the trivial and
topological phases, respectively, from the higher levels also
present within the bulk gap �bulk, as well as the quasicon-
tinuum above �bulk. For short S regions the phase-dependent
low-energy spectra in the helical and topological phases are
very similar. This indicates that it is extremely challenging
in this regime to identify whether the low-energy spectrum,
and its associated ZESs, corresponds to a helical trivial or
topological phase, as also argued in Ref. [28]. It is, however,
possible to find a prominent difference between the helical
and topological phases by noting that the lowest four energy
levels exhibit a distinct response to an increase in LS. This
is illustrated in Fig. 2(d), where we clearly see that, as a
result of longer S regions, the splitting around zero energy is
reduced in the topological phase, while the helical phase spec-
trum is almost unchanged. This behavior can be understood
by looking at the total wave-function amplitude of the four
lowest states in Figs. 2(e) and 2(f). In the topological phase
at φ = π the four lowest levels shown in red in Figs. 2(c)
and 2(d) represent four MBSs (red curves): The lowest two
levels are the two outer MBSs (white arrows), while the next
two levels are the two inner MBSs present at φ = π only
(red arrows) [68,77,81–83]. We see that for short LS � 	M,
the MBS wave functions exhibit a very strong spatial overlap
across the S region, which results in finite zero-energy split-
ting at φ = π . For long S with LS � 	M, the spatial overlap is
considerably reduced, and so is the energy splitting at φ = π .
In contrast, in the helical regime, the lowest states (yellow
curves) are always mainly located at the SN and NS interfaces
and do not exhibit a noticeable change with the length of
S. Note that these helical states are different from the states

FIG. 3. (a) Current-phase relationship for a long SNS junction
in B = 0 (black curves), helical (orange curves), and topological
(red curves) phases and for different S region lengths LS. Here,
I0 = (e�/h̄). (b) Individual contributions to I (φ) from the first level
ε1, the second level ε2, additional levels below �bulk (εadd), and
the quasicontinuum (Quasi.; levels above �bulk) for LS = 2000 nm.
(c) and (d) Critical current as a function of the Zeeman field B for
the same long junction as in (a) for different LS (c) and different μN

for LS = 500 nm (d). Curves in (d) are offset by a constant value for
visualization. Vertical gray dashed lines in (d) mark the helical phase
transition. The rest of the parameters are as in Fig. 2.

at B = 0, which are fully extended in the whole N region
(black curves).

The suppression of the energy splitting at φ = π in the
topological phase occurring due to the reduction in the spatial
overlap between the MBS wave functions in the S regions
can directly be interpreted as a result of the nonlocal nature
of MBSs. It is thus the MBS nonlocality that causes the
different behavior between the trivial helical and topological
regimes. Therefore, by measuring the phase-dependent spec-
trum in SNS junctions, e.g., by spectroscopic means as in
Refs. [84–90], it should be possible to identify the nonlocal
nature of the topological MBSs and rule out any trivial ZES
interpretation.

Current-phase relationship. In order to provide a more
distinctive tool to distinguish trivial ZESs from topological
MBSs than the Andreev spectrum discussed above, we study
the phase-dependent supercurrents. At zero temperature, the
current is obtained as I (φ) = −(e/h̄)

∑
εn>0[d εn(φ)/dφ],

where εn(φ) are the phase-dependent energy levels studied in
the previous section. Since our system is of finite length, I (φ)
automatically also includes the contribution of the discrete
phase-dependent quasicontinuum [68]. The phase-dependent
supercurrents I (φ) are presented in Fig. 3(a) for different
values of the S region length LS and Zeeman field B. For
a complete understanding, in Fig. 3(b) we also plot the
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individual contribution of the energy levels to I (φ), separated
into the first two levels ε1,2 [shown in orange and red in
Figs. 2(c) and 2(d)]; additional levels below �bulk, denoted
here as εadd; and the quasicontinuum above �bulk.

At B = 0, I (φ) exhibits the usual sinelike form, and its
behavior does not change when increasing LS, as depicted by
the black curves in Fig. 3(a). At finite B in the helical regime,
the amplitude of I (φ) is reduced due to Zeeman depairing, but
the overall sinelike profile of I (φ) and its independence on
LS, remarkably, remain; see orange curves. The insensitivity
of I (φ) to LS for B < Bc is the usual situation in conventional
trivial ballistic junctions [91], and here we find that this also
applies to junctions hosting trivial ZESs in the helical phase.
Note that most states contribute to the current profile; see
Fig. 3(b).

The behavior is very different in the topological phase
B > Bc. Here, I (φ) instead exhibits a very strong dependence
on LS; see red curves in Fig. 3(a). In junctions with short S
regions, I (φ) has a sinelike behavior and thus is very similar
to the trivial helical regime, making them nearly impossible
to distinguish. However, when LS increases, I (φ) acquires
larger amplitudes in the topological phase giving rise to very
different current-phase relationships, in contrast to the su-
perimposed curves in the helical regime; I (φ) also exhibits
a notably more steep profile at φ = π that evolves into a
sawtooth profile for very long S regions. This behavior can
be understood by inspecting the phase-dependent low-energy
spectrum in Figs. 2(c) and 2(d), where we observe that the
finite zero-energy splitting at φ = π is considerably reduced
for large LS, stemming from the reduced spatial overlap of the
outer and inner MBSs’ wave functions. This view is further
supported by noting that it is the contribution from the sec-
ond level, ε2, corresponding to the inner MBSs, that largely
determines the fast-sign-change profile of I (φ) at φ = π ; see
Fig. 3(b). In contrast, close to φ = 0, this contribution is
largely canceled by the additional levels within the bulk gap.
Contributions from the quasicontinuum and lowest energy
level ε1 (outer MBSs) are both negligibly small, in contrast
to the helical regime. The fast sign change in I (φ) around
φ = π thus results from the nonlocal nature of MBSs, which
becomes a dominant feature with increasing length of the
S region. Therefore the LS dependence in the current-phase
relationship offers a remarkably distinctive tool to identify
MBSs and trivial ZESs, which clearly works even when the
sawtooth profile smoothens.

Critical currents. An even simpler experimental tool to dis-
tinguish trivial ZESs from MBSs can be obtained by studying
the critical current Ic, which is the maximum supercurrent
that can flow through the junction, Ic = maxφ[I (φ)] [77,91].
In Figs. 3(c) and 3(d) we present the Zeeman-field-dependent
critical currents for different LS and different μN, respectively.

As B increases, the critical current undergoes a large
change at B = μN when the N region becomes helical [ver-
tical green dashed line in Fig. 3(c)]. As B further increases
within the helical regime, Ic reflects the oscillations with B
of the lowest energy levels, seen in Figs. 2(a) and 2(b), but
the critical current is notably completely independent of varia-
tions in LS. At B = Bc the system enters the topological phase
[vertical red dashed line in Figs. 3(c) and 3(d)], but this tran-
sition is largely unnoticed in Ic, an effect due to contributions

from additional levels in the long N regions, in stark contrast
to the case of junctions with very short LN [77,92,93]. In the
topological phase, Ic exhibits notable oscillations as a function
of B for all shorter S lengths, due to the zero-energy splitting
at φ = π . As LS increases, Ic acquires larger values and the
oscillations wash out, consistent with the vanishing of the
zero-energy splitting at φ = π . The strong dependence of Ic

on LS in the topological regime is a direct consequence of the
nonlocal nature of MBSs, which provides unique information
even if the oscillations themselves are small. This stands in
stark contrast to the insensitivity of Ic to variations in LS in the
topologically trivial helical regime.

We further investigate the strong feature of Ic at the helical
transition at B = μN by depleting carriers in N , as presented
in Fig. 3(d) for a junction with short S regions (curves offset
for visualization). When the chemical potentials in N and S
are equal (uppermost red curve), Ic is strongly reduced at the
helical transition B = μN (vertical gray dashed line). As μN is
reduced, the helical transition moves to lower B, but it remains
a prominent feature in Ic. For all these different junctions
there is no notable evidence of the topological phase transition
(vertical red dashed line) in Ic, which indicates that it is nearly
impossible to know whether the system is in the topological
phase from a single measurement. However, as we established
in Fig. 3(c), the topological phase is clearly detectable when
probing the critical current as a function of length of the S
regions. We further confirm that for longer S regions, only
the oscillations arising from MBSs are washed out, while the
signature of the helical transition and the oscillations due to
the helical ZESs remain robust (not shown).

We have verified that the above-reported findings are ro-
bust against scalar disorder (of the order of μS), against
reduction in normal transmission at the SN interfaces, and
also against finite temperatures (below the superconducting
transition temperature). Moreover, we have also studied an
alternative approach to test nonlocality where we keep LS

fixed, with all our findings presented here remaining intact
(see the Supplemental Material [94]). Based on current de-
velopments, we also stress that the low-energy spectrum and
supercurrents, including critical currents, in SNS junctions,
have been measured in junctions similar to the ones studied
in this Research Letter [41,90,95–98], and thus our findings
provide an achievable route to distinguish trivial ZESs and
topological MBSs.

In conclusion, we have demonstrated that robust triv-
ial zero-energy states and topological zero-energy Majorana
bound states, both emerging in long SNS junctions, can be
clearly distinguished by means of equilibrium phase-biased
transport in junctions with varying lengths of the S regions.
These transport signatures are due to the unique nonlocality of
the Majorana bound states and can thus be used to distinguish
Majorana bound states from trivial zero-energy states, even
independent of the origin of the latter.
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and motivating discussions. We acknowledge financial sup-
port from the Swedish Research Council (Vetenskapsrådet
Grant No. 2018-03488), the Knut and Alice Wallenberg Foun-
dation through the Wallenberg Academy Fellows program,
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