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We consider strongly degenerate parabolic operators of the 
form

L := ∇X · (A(X,Y, t)∇X) + X · ∇Y − ∂t

in unbounded domains

Ω ={(X,Y, t) = (x, xm, y, ym, t) ∈ Rm−1 ×R

×Rm−1 ×R×R | xm > ψ(x, y, t)}.

We assume that A = A(X, Y, t) is bounded, measurable and 
uniformly elliptic (as a matrix in Rm) and concerning ψ and 
Ω we assume that Ω is what we call an (unbounded) Lipschitz 
domain: ψ satisfies a uniform Lipschitz condition adapted 
to the dilation structure and the (non-Euclidean) Lie group 
underlying the operator L. We prove, assuming in addition 
that ψ is independent of the variable ym, that ψ satisfies 
an additional regularity condition formulated in terms of a 
Carleson measure, and additional conditions on A, that the 
associated parabolic measure is absolutely continuous with 
respect to a surface measure and that the associated Radon-
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Nikodym derivative defines an A∞-weight with respect to the 
surface measure.
© 2021 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Background and motivation

In this paper we are concerned with the fine properties of parabolic measures, defined 
with respect to appropriate domains Ω, and associated to the operator

L = LA := ∇X · (A(X,Y, t)∇X) + X · ∇Y − ∂t, (1.1)

in RN+1, N = 2m, m ≥ 1, equipped with coordinates (X, Y, t) := (x1, ..., xm, y1, ...,
ym, t) ∈ Rm × Rm × R. We assume that A = A(X, Y, t) = {ai,j(X, Y, t)}mi,j=1 is a real-
valued m ×m-dimensional symmetric matrix satisfying

κ−1|ξ|2 ≤
m∑

i,j=1
ai,j(X,Y, t)ξiξj , |A(X,Y, t)ξ · ζ| ≤ κ|ξ||ζ|, (1.2)

for some κ ∈ [1, ∞), and for all ξ, ζ ∈ Rm, (X, Y, t) ∈ RN+1. We refer to κ as the constant 
of A. Throughout the paper we will also assume that

ai,j ∈ C∞(RN+1) (1.3)

for all i, j ∈ {1, ..., m}. While the assumption in (1.3) will only be used in a qualitative 
fashion, the constants of our quantitative estimates will depend on m and κ.

The starting point for our analysis is the recent results concerning the local regularity 
of weak solutions to the equation Lu = 0 established in [21]. In [21] the authors extended 
the De Giorgi-Nash-Moser (DGNM) theory, which in its original form only considers 
elliptic or parabolic equations in divergence form, to hypoelliptic equations with rough 
coefficients including the ones in (1.1) assuming (1.2) and, implicitly, also (1.3). Their 
result is the correct scale- and translation-invariant estimates for local Hölder continuity 
and the Harnack inequality for weak solutions.

We recall that the prototype for the operators in (1.1), i.e. A ≡ 1m and the operator

K := ∇X · ∇X + X · ∇Y − ∂t,

was originally introduced and studied by Kolmogorov in a famous note published in 
1934 in Annals of Mathematics, see [23]. Kolmogorov noted that K is an example of a 
degenerate parabolic operator having strong regularity properties and he proved that K
has a fundamental solution which is smooth off its diagonal. As a consequence,

http://creativecommons.org/licenses/by-nc-nd/4.0/
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Ku = f ∈ C∞ ⇒ u ∈ C∞, (1.4)

for every distributional solution of Ku = f . These days, using the terminology introduced 
by Hörmander, see [19], the property in (1.4) is stated

K is hypoelliptic. (1.5)

Naturally, for operators as in (1.1), assuming only measurable coefficients and (1.2), the 
methods of Kolmogorov and Hörmander can not be directly applied to establish the 
DGNM theory and related estimates.

The results in [21] represent an important achievement which paves the way for de-
velopments concerning operators as in (1.1) in several fields of analysis and in the theory 
of PDEs. In this paper we contribute to the understanding of the fine properties of 
the Dirichlet problems for operators of the form stated in (1.1) in appropriate domains 
Ω ⊂ RN+1 and we note that in general there is a rich interplay between the opera-
tors considered, applications and geometry. Indeed, today the Kolmogorov operator, and 
the more general operators of Kolmogorov-Fokker-Planck type with variable coefficients 
considered in this paper, play central roles in many application in analysis, physics and 
finance and depending on the application different model cases for the local geometry of 
Ω may be relevant:

(i) {(X,Y, t) = (x, xm, y, ym, t) ∈ RN+1 | xm > ψ1(x, Y, t)},
(ii) {(X,Y, t) = (x, xm, y, ym, t) ∈ RN+1 | ym > ψ2(X, y, t)}, (1.6)

(iii) {(X,Y, t) = (x, xm, y, ym, t) ∈ RN+1 | t > ψ3(X,Y )}.

In particular, in finance and in the context of option pricing and associated free boundary 
problems, case (i) is relevant. In kinetic theory it is relevant to restrict the particles to 
a container making case (ii) relevant. Case (iii) captures, as a special case, the initial 
value or Cauchy problem.

In this paper we consider solutions to Lu = 0 in Ω assuming (1.2) and (1.3). Con-
cerning Ω we restrict ourselves to case (i) and unbounded domains Ω ⊂ RN+1 of the 
form

Ω = {(X,Y, t) = (x, xm, y, ym, t) ∈ RN+1 | xm > ψ(x, y, t)}. (1.7)

We impose restrictions on ψ of Lipschitz character and the importance of the additional 
assumption that ψ is independent of ym will be explained.

Assuming that Ω ⊂ RN+1 is a (unbounded) Lipschitz domain in the sense of Defi-
nition 1 below, it follows that given ϕ ∈ C0(∂Ω), there exists a unique weak solution 
u = uϕ, u ∈ C(Ω̄), to the Dirichlet problem

{
Lu = 0 in Ω,

u = ϕ on ∂Ω.
(1.8)
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Furthermore, there exists, for every (Z, t) := (X, Y, t) ∈ Ω, a unique probability measure 
ω(Z, t, ·) on ∂Ω such that

u(Z, t) =
¨

∂Ω

ϕ(Z̃, t̃) dω(Z, t, Z̃, t̃). (1.9)

The measure ω(Z, t, E) is referred to as the parabolic measure associated to L in Ω and 
at (Z, t) ∈ Ω and of E ⊂ ∂Ω. Properties of ω(Z, t, ·) govern the Dirichlet problem in 
(1.8).

If Ω = Ωψ ⊂ RN+1 is an unbounded (ym-independent) Lipschitz domain we introduce 
the (physical) measure σ on ∂Ω as

dσ(X,Y, t) :=
√

1 + |∇xψ(x, y, t)|2 dx dY dt, (X,Y, t) ∈ ∂Ω. (1.10)

We will refer to σ as the surface measure on ∂Ω.
Two fundamental questions concerning ω(Z, t, ·) can be stated as follows. Under what 

assumptions on A and ψ, Ω as in (1.7), is it true that

(i) ω(Z, t, ·) is a doubling measure ?

(ii) ω(Z, t, ·) satisfies scale-invariant absolute continuity estimates with respect

to the physical (surface) measure σ on ∂Ω ? (1.11)

In [24] we developed a potential theory for operators L as in (1.1), assuming only (1.2)
and (1.3), in unbounded (ym-independent) Lipschitz domains in the sense of Definition 1
below. As part of this theory we proved that ω(Z, t, ·) is a doubling measure, hence es-
tablishing (1.11) (i). The additional assumption that the function ψ defining the domain 
is independent of ym was crucial in this part of [24]. In this paper we refine the result 
of [24] considerably by proving, under additional assumptions on ψ (i.e. on Ω) and the 
coefficients A, that ω(Z, t, ·) defines an A∞ weight with respect to the surface measure 
σ in (1.10) giving a quantitative answer to (1.11) (ii). In the prototype case A ≡ 1m, i.e. 
in the case of the operator K, the corresponding results were established in [31] and [28], 
respectively, and this seems to be the only previous results of their kind for operators of 
Kolmogorov type.

To put the results of [24] and this paper into perspective it is relevant to outline the 
progress on the corresponding problems in the case of uniformly parabolic equations in 
Rm+1, i.e. in the case when all dependence on the variable Y is removed in (1.1) leaving 
us with the operator

∇X · (A(X, t)∇X) − ∂t. (1.12)

In this setting the questions in (1.11) have in recent times been discussed and resolved 
in a number of fundamental papers and we here highlight the main contributions to the 
field.
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First, for uniformly parabolic equations with bounded measurable coefficients in Lip-
schitz type domains, scale and translation invariant boundary comparison principles, 
boundary Harnack inequalities and doubling properties of associated parabolic measures 
were settled in a number of fundamental papers including [12], [13], [33], [11] and [27]. 
This type of results find their applications in many fields of analysis including the analysis 
of free boundary problems, see [4], [5] and [1] for instance.

Second, in [26], [25], [16], [15], see also [17], the correct notion of time-dependent 
Lipschitz type cylinders, correct from the perspective of parabolic measure, parabolic 
singular integral operators, parabolic layer potentials, as well as from the perspective of 
the Dirichlet, Neumann and Regularity problems with data in Lp for the heat operator, 
was found. In particular, in [26], [25] the mutual absolute continuity of the parabolic 
measure with respect to surface measure, and the A∞-property, was studied/established 
and in [16] the authors solved the Dirichlet, Neumann and Regularity problems with data 
in L2. For further related results concerning the fine properties of parabolic measures we 
refer to the impressive and influential work [18]. In [18] the authors consider equations 
modeled on certain refined pull-backs of the heat operator to the parabolic upper half 
space Rm+1

+ = {(x, xm, t) | xm > 0}. These pull-back operators take the form

∇X · (A∇Xu) + B∇Xu− ∂tu = 0, (1.13)

where the coefficient B now gives rise to a singular drift term and the regularity of A and 
B are measured using certain Carleson measures. The singular drift term complicates 
matters considerably as there seem to be no positive answer to (1.11) (i) in this case. It 
should be mentioned that in [32], [10], parts of [18] have been simplified.

Third, very recently there has been significant progress in the theory of boundary 
value problems for second order parabolic equations (and systems) of the form

∇X · (A(x, t)∇Xu) − ∂tu = 0, (1.14)

in the parabolic upper half space Rm+1
+ with boundary determined by xm = 0, assuming 

only bounded, measurable, uniformly elliptic and complex coefficients. In [29,6,30], the 
solvability for Dirichlet, Regularity and Neumann problems with data in L2 were estab-
lished for the class of parabolic equations (1.14) under the additional assumptions that 
the elliptic part is also independent of the time variable t and that it has either con-
stant (complex) coefficients, real symmetric coefficients, or small perturbations thereof. 
Focusing on parabolic measure, a particular consequence of Theorem 1.3 in [6] is the 
generalization of [14] to equations of the form (1.14) but with A real, symmetric and 
time-independent. This analysis in [29,6,30] was advanced further in [2], where a first 
order strategy to study boundary value problems of parabolic systems with second order 
elliptic part in the upper half-space was developed. The outcome of [2] was the possibil-
ity to address arbitrary parabolic equations (and systems) as in (1.14) with coefficients 
depending also on time and on the transverse variable with additional transversal regu-
larity. Finally, in [3] the authors consider parabolic equations as in (1.14), assuming that 
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the coefficients are real, bounded, measurable, uniformly elliptic, but not necessarily 
symmetric. They prove that the associated parabolic measure is absolutely continuous 
with respect to the surface measure on Rm+1 (i.e. dx dt) in the sense defined by the 
Muckenhoupt class A∞(dx dt).

In light of the above outline concerning the progress on uniformly parabolic equations, 
[24] and the main result of this paper, Theorem 3.2 stated below, represent important 
steps towards a corresponding theory concerning the Dirichlet problem for operators of 
Kolmogorov type with bounded and measurable coefficients in Lipschitz type domains 
adapted to the (non-Euclidean) group structure.

The rest of the paper is organized as follows. Section 2 is of preliminary nature. In 
Section 3 we state our main result, Theorem 3.2, the proof of which we start in Section 4. 
In Section 4 we prove how Theorem 3.2 can be reduced to three lemmas: Lemmas 4.1-4.3. 
We consider the proof of Lemma 4.3 a rather difficult part in the proof of Theorem 3.2
and in Section 4 we show that this lemma can be reduced to one key lemma: Lemma 4.6. 
Section 5 is devoted to the proof of Lemma 4.6. Finally, in Section 6 we prove Lemma 4.1
and Lemma 4.2 by partially relying on a number of estimates for non-negative solutions 
recently established in [24].

2. Preliminaries

2.1. Group law and metric

The natural family of dilations for L, (δr)r>0, on RN+1, is defined by

δr(X,Y, t) = (rX, r3Y, r2t), (2.1)

for (X, Y, t) ∈ RN+1, r > 0. Our class of operators is closed under the group law

(Z̃, t̃) ◦ (Z, t) = (X̃, Ỹ , t̃) ◦ (X,Y, t) = (X̃ + X, Ỹ + Y − tX̃, t̃ + t), (2.2)

where (Z, t), (Z̃, ̃t) ∈ RN+1. Note that

(Z, t)−1 = (X,Y, t)−1 = (−X,−Y − tX,−t), (2.3)

and hence

(Z̃, t̃)−1 ◦ (Z, t) = (X̃, Ỹ , t̃)−1 ◦ (X,Y, t) = (X − X̃, Y − Ỹ + (t− t̃)X̃, t− t̃), (2.4)

whenever (Z, t), (Z̃, ̃t) ∈ RN+1. Given (Z, t) = (X, Y, t) ∈ RN+1 we let

‖(Z, t)‖ = ‖(X,Y, t)‖ := |(X,Y )| + |t| 12 , |(X,Y )| =
∣∣X∣∣ +

∣∣Y ∣∣1/3. (2.5)

We recall the following pseudo-triangular inequality: there exists a positive constant c
such that
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‖(Z, t)−1‖ ≤ c‖(Z, t)‖, ‖(Z, t) ◦ (Z̃, t̃)‖ ≤ c(‖(Z, t)‖ + ‖(Z̃, t̃)‖), (2.6)

whenever (Z, t), (Z̃, ̃t) ∈ RN+1. Using (2.6) it follows directly that

‖(Z̃, t̃)−1 ◦ (Z, t)‖ ≤ c ‖(Z, t)−1 ◦ (Z̃, t̃)‖, (2.7)

whenever (Z, t), (Z̃, ̃t) ∈ RN+1. Let

d((Z, t), (Z̃, t̃)) := 1
2
(
‖(Z̃, t̃)−1 ◦ (Z, t)‖ + ‖(Z, t)−1 ◦ (Z̃, t̃)‖). (2.8)

Using (2.7) it follows that

‖(Z̃, t̃)−1 ◦ (Z, t)‖ ≈ d((Z, t), (Z̃, t̃)) ≈ ‖(Z, t)−1 ◦ (Z̃, t̃)‖ (2.9)

for all (Z, t), (Z̃, ̃t) ∈ RN+1 and with uniform constants. Again using (2.6) we also see 
that

d((Z, t), (Z̃, t̃)) ≤ c
(
d((Z, t), (Ẑ, t̂)) + d((Ẑ, t̂), (Z̃, t̃))

)
, (2.10)

whenever (Z, t), (Ẑ, ̂t), (Z̃, ̃t) ∈ RN+1, and hence d is a symmetric quasi-distance. Based 
on d we introduce the balls

Br(Z, t) := {(Z̃, t̃) ∈ RN+1 | d((Z̃, t̃), (Z, t)) < r}, (2.11)

for (Z, t) ∈ RN+1 and r > 0. The measure of the ball Br(Z, t) is |Br(Z, t)| ≈ rq, 
independent of (Z, t), and where

q := 4m + 2.

Similarly, given (z, t) = (x, y, t) ∈ RN−1 = Rm−1 ×Rm−1 ×R we let

Br(z, t) := {(z̃, t̃) ∈ RN−1 | d((x̃, 0, ỹ, 0, t̃), (x, 0, y, 0, t)) < r}. (2.12)

The measure of the ball Br(z, t) is |Br(z, t)| ≈ rq−4, independent of (z, t). We will by 
Br(Z, t) always denote a ball in RN+1, with capital Z, and by Br(z, t) we will always 
denote a ball in RN−1, with lowercase z.

2.2. Geometry

We consider domains of the form stated in (1.7) and we here outline the assumptions 
we impose on the defining function ψ. Let P ∈ C∞

0 (B1(0, 0)), B1(0, 0) ⊂ RN−1, be a 
standard approximation of the identity. Let
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Pλ(x, y, t) = λ−(q−4)P(λ−1x, λ−3y, λ−2t),

for λ > 0. Given a function f defined on RN−1 we let

Pλf(x, y, t) :=
¨

RN−1

f(x̄, ȳ, t̄)Pλ((x̄, ȳ, t̄)−1 ◦ (x, y, t)) dx̄dȳ dt̄

=
¨

RN−1

f(x̄, ȳ, t̄)Pλ(x− x̄, y − ȳ + (t− t̄)x̄, t− t̄) dx̄dȳ dt̄. (2.13)

Pλf represents a regularization of f . Given (z̃, ̃t) = (x̃, ỹ, ̃t) ∈ RN−1, λ > 0, we let 
γψ(z̃, ̃t, λ) denote the number

(
λ−(q−4)

¨

Bλ(z̃,t̃)

∣∣∣∣ψ(x̄, ȳ, t̄) − ψ(x̃, ỹ, t̃) − Pλ(∇xψ)(x̃, ỹ, t̃)(x̄− x̃)
λ

∣∣∣∣
2

dx̄dȳ dt̄
)1/2

.

Definition 1. Assume that there exist constants 0 < M1, M2 < ∞, such that

|ψ(z, t) − ψ(z̃, t̃)| ≤ M1||(z̃, t̃)−1 ◦ (z, t)||, (2.14)

whenever (z, t), (z̃, ̃t) ∈ RN−1 and such that

sup
(z,t)∈RN−1, r>0

r−(q−4)
rˆ

0

¨

Bλ(z,t)

γ2
ψ(z̃, t̃, λ) dz̃ dt̃dλ

λ
≤ M2. (2.15)

Let Ω = Ωψ be defined as in (1.7). We say that Ω, defined by a function ψ satisfying 
(2.14), is a (ym-independent) Lipschitz domain with constant M1. We say that Ω, defined 
by a function ψ satisfying (2.14) and (2.15), is an admissible (ym-independent) Lipschitz 
domain with constants (M1, M2).

Given ρ > 0 and Λ > 0 we introduce points of reference in Rm−1×R ×Rm−1×R ×R,

A±
ρ,Λ :=

(
0,Λρ, 0,∓2

3Λρ3,±ρ2) , Aρ,Λ := (0,Λρ, 0, 0, 0) . (2.16)

Given (Z0, t0) ∈ RN+1 we let

A±
ρ,Λ(Z0, t0) := (Z0, t0) ◦A±

ρ,Λ, Aρ,Λ(Z0, t0) := (Z0, t0) ◦Aρ,Λ.

2.3. Dyadic grids, Whitney cubes and Carleson boxes

Assuming that Ω = Ωψ ⊂ RN+1 is a Lipschitz domain, with constant M1, in the sense 
of Definition 1, we let
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Σ := ∂Ω = {(x, xm, y, ym, t) ∈ RN+1 | xm = ψ(x, y, t)}.

Then (Σ, d, dσ), where the symmetric quasi-distance d was introduced in (2.8), is a space 
of homogeneous type in the sense of [9] with homogeneous dimension q−1. Furthermore, 
(RN+1, d, dZdt) is also a space of homogeneous type in the sense of [9], but with homo-
geneous dimension q. By the results in [8] there exists what we here will refer to as a 
dyadic grid on Σ having a number of important properties in relation to d. To formulate 
this we introduce, for any (Z, t) = (X, Y, t) ∈ Σ and E ⊂ Σ,

dist((Z, t), E) := inf{d((Z, t), (Z̃, t̃)) | (Z̃, t̃) ∈ E}, (2.17)

and we let

diam(E) := sup{d((Z, t), (Z̃, t̃)) | (Z, t), (Z̃, t̃) ∈ E}. (2.18)

Using [8] we can conclude that there exist constants α > 0, β > 0 and c∗ < ∞, such 
that for each k ∈ Z there exists a collection of Borel sets, Dk, which we will call cubes, 
such that

Dk := {Qk
j ⊂ Σ | j ∈ Ik},

where Ik denotes some index set depending on k, satisfying

(i) Σ = ∪jQ
k
j for each k ∈ Z.

(ii) If m ≥ k then either Qm
i ⊂ Qk

j or Qm
i ∩Qk

j = ∅.

(iii) For each (j, k) and each m < k, there is a unique i such that Qk
j ⊂ Qm

i .

(iv) diam
(
Qk

j

)
≤ c∗2−k.

(v) Each Qk
j contains Σ ∩ Bα2−k(Zk

j , t
k
j ) for some (Zk

j , t
k
j ) ∈ Σ.

(vi) σ({(Z, t) ∈ Qk
j | dist((Z, t),Σ \Qk

j ) ≤ ρ 2−k
}
) ≤ c∗ ρ

β σ(Qk
j ),

for all k, j and for all ρ ∈ (0, α). (2.19)

In the setting of a general space of homogeneous type, this result is due to Christ [8], 
with the dyadic parameter 1/2 replaced by some constant δ ∈ (0, 1). In fact, one may 
always take δ = 1/2, see [20, Proof of Proposition 2.12]. We shall denote by D = D(Σ)
the collection of all Qk

j , i.e.

D := ∪kDk.

Note that (2.19) (iv) and (v) imply that for each cube Q ∈ Dk, there is a point (ZQ, tQ) =
(XQ, YQ, tQ) ∈ Σ, and a ball Br(ZQ, tQ) such that r ≈ 2−k ≈ diam(Q) and
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Σ ∩ Br(ZQ, tQ) ⊂ Q ⊂ Σ ∩ Bcr(ZQ, tQ), (2.20)

for some uniform constant c. We will denote the associated surface ball by

ΔQ := Σ ∩ Br(ZQ, tQ) (2.21)

and we shall refer to the point (ZQ, tQ) as the center of Q. Given a dyadic cube Q ⊂ Σ, 
we define its γ dilate by

γQ := Σ ∩ Bγ diam(Q)(ZQ, tQ). (2.22)

For a dyadic cube Q ∈ Dk, we let �(Q) = 2−k, and we shall refer to this quantity 
as the length of Q. Clearly, �(Q) ≈ diam(Q). For a dyadic cube Q ∈ D, we let k(Q)
denote the dyadic generation to which Q belongs, i.e. we set k = k(Q) if Q ∈ Dk, thus, 
�(Q) = 2−k(Q). For any Q ∈ D(Σ), we set DQ := {Q′ ∈ D | Q′ ⊂ Q}.

Using that also (RN+1, d, dZdt) is a space of homogeneous type we see that we can 
partition Ω into a collection of (closed) dyadic Whitney cubes {I}, in the following 
denoted W = W(Ω), such that the cubes in W form a covering of Ω with non-overlapping 
interiors, and

4 diam (I) ≤ dist(4I,Σ) ≤ dist(I,Σ) ≤ 40 diam (I) (2.23)

and

diam(I1) ≈ diam(I2), whenever I1 and I2 touch. (2.24)

Given I ∈ W we let �(I) denote its size. Given Q ∈ D(Σ) we set

WQ :=
{
I ∈ W | 100−1�(Q) ≤ �(I) ≤ 100 �(Q), and dist(I,Q) ≤ 100 �(Q)

}
. (2.25)

We fix a small, positive parameter τ , and given I ∈ W, we let

I∗ = I∗(τ) := (1 + τ)I (2.26)

denote the corresponding “fattened” Whitney cube. Choosing τ small we see that the 
cubes I∗ will retain the usual properties of Whitney cubes; in particular, that

diam(I) ≈ diam(I∗) ≈ dist(I∗,Σ) ≈ dist(I,Σ) .

We then define a Whitney region with respect to Q by setting

UQ :=
⋃

I∗ . (2.27)

I∈WQ
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Given Q ∈ D(Σ) we let

TQ := int

⎛
⎝ ⋃

Q′∈DQ

UQ′

⎞
⎠ , (2.28)

denote the Carleson box associated to Q. Furthermore, given γ ≥ 1 we let

TγQ := int

⎛
⎝ ⋃

Q′: Q′∩(γQ) �=∅
UQ′

⎞
⎠ , (2.29)

denote the Carleson set associated to the γ dilate of Q. Finally, given Q ∈ D and Λ > 0, 
we let

A±
Q,Λ := (ZQ, tQ) ◦ (0,Λl(Q), 0,∓2

3Λl(Q)3,±l(Q)2),

AQ,Λ := (ZQ, tQ) ◦ (0,Λl(Q), 0, 0, 0).
(2.30)

2.4. Weak solutions

Consider UX × UY × J ⊂ RN+1 with UX ⊂ Rm, UY ⊂ Rm being bounded domains, 
i.e., open, connected and bounded sets, and J = (a, b) with −∞ < a < b < ∞. Then u
is said to be a weak solution to the equation

Lu = ∇X · (A(X,Y, t)∇Xu) + X · ∇Y u− ∂tu = 0, (2.31)

in UX × UY × J ⊂ RN+1 if

u ∈ L2
Y,t(UY × J,H1

X(UX)), (2.32)

and

−X · ∇Y u + ∂tu ∈ L2
Y,t(UY × J,H−1

X (UX)), (2.33)

and if Lu = 0 in the sense of distributions, i.e.,
˚ (

A(X,Y, t)∇Xu · ∇Xφ + (X · ∇Y φ)u− u∂tφ
)

dX dY dt = 0, (2.34)

whenever φ ∈ C∞
0 (UX × UY × J).

We say that u is a weak solution to the equation Lu = 0 in Ω if u is a weak solution 
to Lu = 0 in UX × UY × J ⊂ RN+1, where UX ⊂ Rm, UY ⊂ Rm are bounded domains, 
and J = (a, b) with −∞ < a < b < ∞, whenever UX × UY × J is compactly contained 
in Ω.
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3. Statement of the main result

Assume that Ω = Ωψ ⊂ RN+1 is a Lipschitz domain, with constant M1, in the sense 
of Definition 1, and recall that D is the set of dyadic cubes on ∂Ω. Given Q ∈ D, recall 
the definitions of l(Q), (ZQ, tQ), γQ, TQ, A±

Q,Λ, introduced in Subsection 2.3.
Using this notation a version of one of the main results (namely, Theorem 3.6) proved 

in [24] can be stated as follows.

Theorem 3.1. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Assume that A satisfies (1.2) with constant κ, 
(1.3) and that

A(X,Y, t) = A(x, xm, y, ym, t) = A(x, xm, y, t) (3.1)

whenever (x, xm, y, ym, t) ∈ RN+1, i.e. also A is assumed to be independent of the vari-
able ym. Then there exist Λ = Λ(m, M1), 1 ≤ Λ < ∞, c = c(m, κ, M1), 1 ≤ c < ∞, such 
that the following is true. Consider Q0 ∈ D and let ω(·) := ω

(
A+

cQ0,Λ, ·
)
. Then

ω
(
2Q

)
≤ cω

(
Q
)

for all Q ∈ D such that 4Q ⊂ Q0.

Given an unbounded (ym-independent) Lipschitz domain Ω = Ωψ ⊂ RN+1 we let 
δ = δ(X, Y, t) denote the distance from (X, Y, t) ∈ Ω to ∂Ω, i.e.

δ(X,Y, t) = min{d((X,Y, t), (X̃, Ỹ , t̃)) | (X̃, Ỹ , t̃) ∈ ∂Ω}. (3.2)

Consider the following measures μ1 and μ2 defined on Ω:

dμ1(X,Y, t) := |∇XA(X,Y, t)|2δ(X,Y, t) dX dY dt,

dμ2(X,Y, t) := |(X · ∇Y − ∂t)A(X,Y, t)|2δ3(X,Y, t) dX dY dt.
(3.3)

We say that μ1 and μ2 are Carleson measures on Ω with constant Γ if

sup
Q∈D

l(Q)−(q−1)
˚

TQ

dμ1(X̃, Ỹ , t̃) ≤ Γ,

sup
Q∈D

l(Q)−(q−1)
˚

TQ

dμ2(X̃, Ỹ , t̃) ≤ Γ.
(3.4)

The following is the main result proved in this paper.
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Theorem 3.2. Assume that Ω ⊂ RN+1 is an (unbounded) admissible (ym-independent) 
Lipschitz domain with constants (M1, M2) in the sense of Definition 1. Assume that A
satisfies (1.2) with constant κ, (1.3) and (3.1), i.e. also A is independent of ym. Assume 
that the measures μ1 and μ2 defined in (3.3) are Carleson measures on Ω with constant 
Γ in the sense of (3.4). Then there exist Λ = Λ(m, M1), 1 ≤ Λ < ∞, c = c(m, κ, M1), 
1 ≤ c < ∞, c̃ = c̃(m, κ, M1, M2, Γ), 1 ≤ c̃ < ∞, η = η(m, κ, M1, M2, Γ), 0 < η < 1, such 
that the following is true. Consider Q0 ∈ D and let ω(·) := ω

(
A+

cQ0,Λ, ·
)
. Then

c̃−1
(
σ(E)
σ(Q)

)1/η

≤
ω
(
E
)

ω
(
Q
) ≤ c̃

(
σ(E)
σ(Q)

)η

whenever E ⊂ Q for some Q ∈ D such that Q ⊆ Q0.

As mentioned before, in the prototype case A ≡ 1m, i.e. in the case of the operator 
K, Theorem 3.2 is proved in [27] and this seems to be the only previous result of its kind 
for operators of Kolmogorov type.

4. Proof of Theorem 3.2: preliminary reductions

Using Lemma 6.6 and Lemma 6.4 below it follows that it suffices to prove Theorem 3.2
with Q = Q0. In the following we let Q0 ∈ D and we let ω(·) be as in the statement 
of Theorem 3.2. Our proof of Theorem 3.2 is based on ideas introduced in [22] in the 
context of elliptic measures and we will use the notion of good ε0 covers.

Definition 2. Let E ⊂ Q0 be given, let ε0 ∈ (0, 1) and let k be an integer. A good ε0
cover of E, of length k, is a collection {Ol}kl=1 of nested (relatively) open subsets of Q0, 
together with collections Fl = {Δl

i}i ⊂ Q0, Δl
i ∈ D, such that

E ⊂ Ok ⊂ Ok−1 ⊂ .... ⊂ O1 ⊂ Q0, (4.1)

Ol =
⋃
Fl

Δl
i, (4.2)

and

ω(Ol ∩ Δl−1
i ) ≤ ε0ω(Δl−1

i ), for all Δl−1
i ∈ Fl−1. (4.3)

Using the notion of good ε0 covers we can reduce the proof of Theorem 3.2 to the 
proof of the following three lemmas.

Lemma 4.1. Let E ⊂ Q0 be given, consider ε0 ∈ (0, 1) and let k be a positive integer. 
There exist γ = γ(m, κ, M1), 0 < γ � 1, and Υ = Υ(m, κ, M1), 1 � Υ, such that if we 
let δ0 = γ(ε0/Υ)k, and if ω(E) ≤ δ0, then E has a good ε0 cover of length k.
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Lemma 4.2. Let Υ � 1 be given and consider δ0 ∈ (0, 1). Assume that E ⊂ Q0 with 
ω(E) ≤ δ0. If δ0 = δ0(m, κ, M1, Υ) is chosen sufficiently small, then there exists a 
Borel set S ⊂ ∂Ω, and a constant c = c(m, κ, M1), 1 ≤ c < ∞, such that if we let 
u(Z, t) := ω(Z, t, S), then

Υ2σ(E) ≤ c

˚

TcQ0

|∇Xu|2δ dZ dt.

Here δ = δ(Z, t) is as in (3.2), i.e. the distance from (Z, t) ∈ Ω to Σ, and TcQ0 is the 
Carleson set associated to cQ0 as defined in (2.29).

Lemma 4.3. Let u(Z, t) := ω(Z, t, S) and c be as stated in Lemma 4.2. Then there exists 
c̃ = c̃(m, κ, M1, M2, Γ), 1 ≤ c̃ < ∞, such that

˚

TcQ0

|∇Xu|2δ dZ dt ≤ c̃σ(Q0).

The proofs of Lemmas 4.1-4.3 are given in the forthcoming sections of the paper. To 
prove Theorem 3.2 using these auxiliary lemmas, we note that first using Lemma 4.2
and Lemma 4.3 we can, for Υ � 1 given, choose δ0 = δ0(m, M1, Υ), so that if E ⊂ Q0
with ω(E) ≤ δ0, then

Υ2σ(E) ≤ ĉσ(Q0), (4.4)

for some ĉ = ĉ(m, κ, M1, M2, Γ), 1 ≤ ĉ < ∞. In particular, we can conclude that there 
exists, for every ε > 0, a positive δ0 = δ0(m, κ, M1, M2, Γ, ε) such that

ω(E) ≤ δ0 ≤ cδ0ω(Q0) =⇒ σ(E) ≤ εσ(Q0), (4.5)

where we have also applied Lemma 6.3 stated below. Theorem 3.2 now follows from the 
doubling property of ω, see Lemma 6.4, and the classical result in [7].

The rest of the paper is devoted to the proofs of Lemmas 4.1-4.3 and we consider 
the proof of Lemma 4.3 a rather difficult part in the proof of Theorem 3.2. We here 
show how to reduce Lemma 4.3 to a core technical estimate. To prove Lemma 4.3 we 
can without loss of generality assume that (ZQ0 , tQ0) = (0, 0) and we let ρ0 := l(Q0). 
Throughout the rest of the paper we let P denote a parabolic approximation of the 
identity: P ∈ C∞

0 (B1(0, 0)), B1(0, 0) ⊂ RN−1, P ≥ 0 is real-valued, and 
˜

P dz dt = 1. 
We will assume, as we may by imposing a product structure on P, that P is even in the 
sense that

¨
xiP(z, t) dz dt =

¨
yiP(z, t) dz dt =

¨
tP(z, t) dz dt = 0 (4.6)



M. Litsgård, K. Nyström / Advances in Mathematics 387 (2021) 107833 15
for i ∈ {1, ..., m − 1}. We set Pλ(z, t) = Pλ(x, y, t) = λ−(q−4)P(λ−1x, λ−3y, λ−2t) when-
ever λ > 0. Given P we let Pλ define a convolution operator as introduced in (2.13). 
To prove Lemma 4.3 we need to enable partial integration and we therefore use the 
mapping,

U � (w,wm, y, ym, t) �→ (w,wm + Pγwm
ψ(w, y, t), y, ym, t), (4.7)

where

U = {(W,Y, t) = (w,wm, y, ym, t) ∈ Rm−1 ×R×Rm−1 ×R×R | wm > 0}. (4.8)

We will need the following two lemmas proved in [28]. Lemma 4.4 and Lemma 4.5
correspond to Lemma 2.1 and Lemma 2.2 in [28], respectively.

Lemma 4.4. Let ψ be a function satisfying (2.14) for some constant 0 < M1 < ∞, let 
γ ∈ (0, 1) and let Pγwm

ψ be defined as above for wm > 0. Let θ, θ̃ ≥ 0 be integers and let 
(φ1, .., φm−1) and (φ̃1, .., φ̃m−1) denote multi-indices. Let � := (θ+ |φ| +3|φ̃| +2θ̃). Then

∣∣∣∣ ∂θ+|φ|+|φ̃|

∂wθ
m∂wφ∂yφ̃

(
(w · ∇y − ∂t)θ̃(Pγwm

ψ(w, y, t))
)∣∣∣∣ ≤ c(m, l)γ1−(l−θ)w1−l

m M1, (4.9)

whenever (W, Y, t) ∈ U .

Lemma 4.5. Let ψ be a function satisfying (2.14) and (2.15) for some constants 0 <
M1, M2 < ∞, let γ ∈ (0, 1) and let Pγwm

ψ be defined as above for wm > 0. Let θ, θ̃ ≥ 0
be integers and let (φ1, .., φm−1) and (φ̃1, .., φ̃m−1) denote multi-indices. Let � := (θ +
|φ| + 3|φ̃| + 2θ̃). Let

dμ = dμ(W,Y, t) :=
∣∣∣∣ ∂θ+|φ|+|φ̃|

∂wθ
m∂wφ∂yφ̃

(
(w · ∇y − ∂t)θ̃(Pγwm

ψ(w, y, t))
)∣∣∣∣

2

w2l−3
m dW dY dt,

be defined on U . Then

μ(U ∩ Br) ≤ c(m, l,M1,M2)γ2−2(l−θ)rq−1,

for all balls Br = Br(Z0, t0) ⊂ RN+1 centered on ∂U , r > 0.

Using Lemma 4.4 we see that there exists γ̂ = γ̂(m, M1) ∈ (0, 1) such that if γ ∈ (0, ̂γ)
then

1
2 ≤ 1 + ∂

∂wm
(Pγwm

ψ)(w, y, t) ≤ 3
2 , (4.10)

whenever (w, wm, y, ym, t) ∈ U . This implies, in particular, that the map in (4.7) is 
one-to-one.
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Defining v as the pull-back of u(Z, t) := ω(Z, t, S) under the map in (4.7), i.e.

v(w,wm, y, ym, t) := u(w,wm + Pγwm
ψ(w, y, t), y, ym, t)), (4.11)

we see that to prove Lemma 4.3 it suffices to prove that

Iε :=
˚

RN+1
+

|∇W v|2Ψ2
εwm dW dY dt ≤ c(m,κ,M1,M2,Γ)ρq−1

0 , (4.12)

for ε > 0 small, where

RN+1
+ = Rm−1 × {wm > 0} ×Rm ×R,

and where Ψε is a smooth cut-off function such that Ψε ≡ 1 on

([−c, c]m × [−c, c]m × [−c, c]) ∩ {wm ≥ 2ε},

and Ψε ≡ 0 on

(
([−2c, 2c]m × [−2c, 2c]m × [−2c, 2c]) \ ([−c, c]m × [−c, c]m × [−c, c])

)
∩ {wm < ε},

where c = c(m, κ, M1) � 1.
Furthermore, the pull-back v is a (weak) solution to

L̃v = ∇W · (Ã∇W v) + B̃ · ∇W v + D · ∇Y,tv = 0 (4.13)

in U where the Ã = (ãi,j) and B̃ = (b̃i) depend on L and the pull-back map in (4.7). 
Here and in the following ∇Y,t = (∇Y , ∂t) and D is the vector valued function

D := (w,wm + Pγwm
ψ(w, y, t),−1). (4.14)

Using that Ω ⊂ RN+1 is an (unbounded) admissible (ym-independent) Lipschitz do-
main with constants (M1, M2) in the sense of Definition 1, that A satisfies (1.2) with 
constant κ, (3.1), and Lemma 4.4, it follows that Ã and B̃ are measurable and locally 
bounded satisfying

κ̃−1|ξ|2 ≤
m∑

i,j=1
ãi,j(W,Y, t)ξiξj , |Ã(W,Y, t)ξ · ζ| ≤ κ̃|ξ||ζ|, (4.15)

for some κ̃ ∈ [1, ∞), and for all ξ, ζ ∈ Rm, (W, Y, t) ∈ RN+1, and

wm|∇W Ã(W,Y, t)| + wm|B̃(W,Y, t)| ≤ c. (4.16)
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Here κ̃ and c depends on m, κ and M1 only. In addition it is important to note that Ã
is symmetric. Furthermore, using Lemma 4.5, and that the measures μ1 and μ2 defined 
in (3.3) are Carleson measures on Ω with constant Γ, we see that if we introduce dμ̃i =
dμ̃i(W, Y, t), i ∈ {1, 2, 3},

dμ̃1 := |∇W Ã|2wm dW dY dt,

dμ̃2 := |B̃|2wm dW dY dt,

dμ̃3 := |D · ∇Y,tÃ|2w3
m dW dY dt, (4.17)

as measures on U , then

μ̃i(U ∩ Bρ(w0, 0, Y0, t0)) ≤ c(m,κ,M1,M2,Γ)ρq−1, (4.18)

whenever (w0, 0, Y0, t0) ∈ ∂U , ρ > 0, and Bρ(w0, 0, Y0, t0) ⊂ RN+1, and for i ∈ {1, 2, 3}. 
In particular, all measures in {μ̃i} define Carleson measures on U . Furthermore, we 
emphasize that by our assumptions

Ã and B̃ are independent of ym. (4.19)

To prove (4.12) it suffices to prove the following lemma.

Lemma 4.6. Let σ ∈ (0, 1) be a given degree of freedom. Then there exists a finite constant 
c = c(m, κ, M1, M2, Γ, σ), such that

Iε ≤ σIε + cρq−1
0 .

Note that by construction Iε is finite. The proof of Lemma 4.6 is given in the next 
section and from here on, and hence also in the proof, we will not indicate the dependence 
on ε and simply write I for Iε and we note – and this is a consequence of the introduction 
of ε – that no boundary terms will survive when we perform partial integration. In 
addition we will also here, with a slight abuse of notation, let Z := (W, Y ) and dZ dt :=
dW dY dt.

In the proof of Lemma 4.6 we will also use the quantities

J :=
˚

RN+1
+

|D · ∇Y,tv|2Ψ4w3
m dZ dt,

K :=
m∑
i=1

˚

RN+1
+

|∇W (∂wi
v)|2Ψ4w3

m dZ dt,

L :=
˚

RN+1

|∇Y v|2Ψ6w5
m dZ dt,
+
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Li :=
˚

RN+1
+

|∂yi
v|2Ψ6w5

m dZ dt,

M :=
m∑
i=1

˚

RN+1
+

|∇W (∂yi
v)|2Ψ8w7

m dZ dt. (4.20)

In the rather technical proof to follow, the crucial estimate in the proof of Lemma 4.6 is 
stated in (5.20) below and states that

Lm � M1/2J1/2 + I + J,

where � means that we can control the constants. This estimate uses, in a crucial way it 
seems, that ψ and A, and hence Ã, do not depend on ym. It seems that this additional 
degree of freedom is crucial for us to be able to complete the argument.

5. Proof of Lemma 4.6

We will first prove that

I ≤ cρq−1
0 + σI + σ̃J (5.1)

where σ, ̃σ ∈ (0, 1) are degrees of freedom and c is a positive constant which, unless 
otherwise stated, only depends on (m, κ, M1, M2, Γ) and σ, ̃σ. In general, in the following 
c will denote a generic such constant, not necessarily the same at each instance. We often 
write c1 � c2 and this means that c1/c2 is bounded by a constant depending only on 
(m, κ, M1, M2, Γ), σ and σ̃.

To start the proof of (5.1) we note, using ellipticity, that

I �
m∑

i,j=1
Ii,j ,

where

Ii,j := 2
˚

RN+1
+

ã−1
m,mãi,j(∂wi

v)(∂wj
v)Ψ2wm dZ dt.

Assume first that i �= m. Then, integrating by parts in Ii,j with respect to wi we see 
that

Ii,j = −2
˚

RN+1

ã−1
m,mv∂wi

(ãi,j∂wj
v)Ψ2wm dZ dt
+
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−2
˚

RN+1
+

∂wi
ã−1
m,mãi,jv(∂wj

v)Ψ2wm dZ dt

−4
˚

RN+1
+

ã−1
m,mãi,jv(∂wj

v)wmΨ∂wi
Ψ dZ dt.

Similarly we see that

Im,j = −2
˚

RN+1
+

ã−1
m,mv∂wm

(ãm,j∂wj
v)Ψ2wm dZ dt

−2
˚

RN+1
+

∂wm
ã−1
m,mãm,jv(∂wj

v)Ψ2wm dZ dt

−2
˚

RN+1
+

ã−1
m,mãm,jv(∂wj

v)Ψ2 dZ dt

−4
˚

RN+1
+

ã−1
m,mãm,jv(∂wj

v)wmΨ∂wm
Ψ dZ dt.

Put together

I ≤ I1 + I2 + I3 + I4,

where

I1 := −2
∑
i,j

˚

RN+1
+

ã−1
m,mv∂wi

(ãi,j∂wj
v)Ψ2wm dZ dt,

I2 := −2
∑
i,j

˚

RN+1
+

∂wi
ã−1
m,mãi,jv(∂wj

v)Ψ2wm dZ dt,

I3 := −4
∑
i,j

˚

RN+1
+

ã−1
m,mãi,jv(∂wj

v)wmΨ∂wi
Ψ dZ dt,

I4 := −2
∑
j

˚

RN+1
+

ã−1
m,mãm,jv(∂wj

v)Ψ2 dZ dt.

We first analyze I1. Using the equation, i.e. (4.13), we obtain

I1 = 2
˚

RN+1

ã−1
m,mv(D · ∇Y,tv)Ψ2wm dZ dt
+
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+2
∑
i

˚

RN+1
+

ã−1
m,mvbi∂wi

vΨ2wm dZ dt

=: I11 + I12,

and

I12 ≤ c

(˚

RN+1
+

v2|B̃|2Ψ2wm dZ dt
)1/2(˚

RN+1
+

|∇W v|2Ψ2wm dZ dt
)1/2

≤ cρq−1
0 + σI,

by (4.18) applied to μ̃2. Furthermore, integrating by parts with respect to wm we see 
that

I11 = I111 + I112 + I113 + I114,

where

I111 = −
˚

RN+1
+

∂wm
ã−1
m,mv(D · ∇Y,tv)Ψ2w2

m dZ dt,

I112 = −
˚

RN+1
+

ã−1
m,m∂wm

v(D · ∇Y,tv)Ψ2w2
m dZ dt,

I113 = −
˚

RN+1
+

ã−1
m,mv∂wm

(D · ∇Y,tv)Ψ2w2
m dZ dt,

I114 = −2
˚

RN+1
+

ã−1
m,mv(D · ∇Y,tv)w2

mΨ∂wm
Ψ dZ dt.

Focusing on I111 we see that

I111 =
˚

RN+1
+

(
∂wm

ãm,m

ã2
m,m

)
v(D · ∇Y,tv)Ψ2w2

m dZ dt

≤ c

(˚

RN+1
+

|∂wm
ãm,m|2v2wm dZ dt

)1/2

J1/2

≤ cρq−1
0 + σ̃J,

by (4.18) applied to μ̃1. To continue we see that
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I113 = −
˚

RN+1
+

ã−1
m,mv(D · ∇Y,t∂wm

v)Ψ2w2
m dZ dt,

−
˚

RN+1
+

ã−1
m,mv(1 + ∂wm

Pγwm
ψ(w, y, t))(∂ym

v)Ψ2w2
m dZ dt

=: I1131 + I1132.

To estimate I1132 we write

I1132 = −1
2

˚

RN+1
+

ã−1
m,m(1 + ∂wm

Pγwm
ψ(w, y, t))(∂ym

v2)Ψ2w2
m dZ dt

=
˚

RN+1
+

ã−1
m,m(1 + ∂wm

Pγwm
ψ(w, y, t))v2w2

mΨ∂ym
Ψ dZ dt,

where we have used that ãm,m and ψ are independent of ym. In particular, |I1132| ≤
cρq−1

0 . Focusing on I1131,

I1131 =
˚

RN+1
+

((D · ∇Y,t)ã−1
m,m)v(∂wm

v)Ψ2w2
m dZ dt,

+
˚

RN+1
+

ã−1
m,m(D · ∇Y,tv)(∂wm

v)Ψ2w2
m dZ dt

+2
˚

RN+1
+

ã−1
m,mv(∂wm

v)w2
mΨ(D · ∇Y,t)Ψ dZ dt

=: I11311 + I11312 + I11313.

Again using (4.18) applied to μ̃3 and elementary estimates we see that

|I11311| + |I11313| ≤ cρq−1
0 + σI.

Furthermore,

I11312 = −I112.

In particular, we have proved that

I1 ≤ cρq−1
0 + σI + σ̃J + |I114|.
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To estimate I114 we write

I114 = −
˚

RN+1
+

ã−1
m,m(D · ∇Y,tv

2)w2
mΨ∂wm

Ψ dZ dt

=
˚

RN+1
+

((D · ∇Y,t)ã−1
m,m)v2w2

mΨ∂wm
Ψ dZ dt

+
˚

RN+1
+

ã−1
m,mv2w2

mΨ((D · ∇Y,t)∂wm
Ψ) dZ dt

+
˚

RN+1
+

ã−1
m,mv2w2

m((D · ∇Y,t)Ψ)∂wm
Ψ dZ dt

=: I1141 + I1142 + I1143.

Using (4.18) applied to μ̃3, and by now familiar arguments, we see that |I114| ≤ cρq−1
0 . 

Put together we can conclude that

I1 ≤ cρq−1
0 + σI + σ̃J.

It is straightforward to see that

|I2| + |I3| ≤ cρq−1
0 + σI.

To estimate I4 we write

I4 = −2
∑
j

˚

RN+1
+

ã−1
m,mãm,jv(∂wj

v)Ψ2 dZ dt.

We first consider the term in the definition of I4 which corresponds to j = m and we 
note that

∣∣∣∣
˚

RN+1
+

∂wm
(v2)Ψ2 dZ dt

∣∣∣∣ = 2
∣∣∣∣
˚

RN+1
+

v2Ψ∂wm
Ψ dZ dt

∣∣∣∣ ≤ cρq−1
0 .

Next we consider the terms in the definition of I4 which corresponds to j �= m. By 
integration by parts we see that

−2
˚

RN+1

ã−1
m,mãm,jv(∂wj

v)∂wm
(wm)Ψ2 dZ dt
+
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= 2
˚

RN+1
+

∂wm
(ã−1

m,mãm,j)v∂wj
vΨ2wm dZ dt

+ 2
˚

RN+1
+

ã−1
m,mãm,j∂wm

v∂wj
vΨ2wm dZ dt

+ 2
˚

RN+1
+

ã−1
m,mãm,jv∂wmwj

vΨ2wm dZ dt

+ 4
˚

RN+1
+

ã−1
m,mãm,jv∂wj

vwmΨ∂wm
Ψ dZ dt.

Let

I41 := 2
∑
j �=m

˚

RN+1
+

ã−1
m,mãm,j∂wm

v∂wj
vΨ2wm dZ dt,

I42 := 2
∑
j �=m

˚

RN+1
+

ã−1
m,mãm,jv∂wmwj

vΨ2wm dZ dt.

By the above deductions, and using by now familiar arguments, we can conclude that

|I4 − I41 − I42| ≤ cρq−1
0 + σI.

To estimate I42 we use that j �= m. Integrating by parts

I42 = −2
∑
j �=m

˚

RN+1
+

∂wj
(ã−1

m,mãm,j)v∂wm
vΨ2wm dZ dt

−2
∑
j �=m

˚

RN+1
+

ã−1
m,mãm,j∂wj

v∂wm
vΨ2wm dZ dt

−4
∑
j �=m

˚

RN+1
+

ã−1
m,mãm,jv∂wm

vwmΨ∂wj
Ψ dZ dt

=: I421 + I422 + I423.

Note that

I422 = −I41,

and that
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|I421| + |I423| ≤ cρq−1
0 + σI,

by familiar arguments. Summarizing we can conclude that

I � |I1| + |I2| + |I3| + |I4| ≤ cρq−1
0 + σI + σ̃J,

where σ, σ̃, are degrees of freedom. This completes the proof of the estimate in (5.1).
The next step is to estimate J in a similar fashion.

5.1. Estimating the term J

To estimate J we write

J = −
˚

RN+1
+

(D · ∇Y,tv)
(
∇W · (Ã∇W v) + B̃ · ∇W v

)
Ψ4w3

m dZ dt,

and

J = J1 + J2 + J3 + J4, (5.2)

where

J1 := −
∑
j

˚

RN+1
+

(D · ∇Y,tv)∂wm
(ãm,j∂wj

v)Ψ4w3
m dZ dt,

J2 := −
∑
i�=m

˚

RN+1
+

(D · ∇Y,tv)∂wi
(ãi,m∂wm

v)Ψ4w3
m dZ dt,

J3 := −
∑
i�=m

∑
j �=m

˚

RN+1
+

(D · ∇Y,tv)∂wi
(ãi,j∂wj

v)Ψ4w3
m dZ dt,

J4 := −
∑
i

˚

RN+1
+

(D · ∇Y,tv)b̃i∂wi
vΨ4w3

m dZ dt.

Using (4.16) we immediately see that

|J1| + |J2| + |J4| � I1/2J1/2 +
(˚

RN+1
+

|∇W (∂wm
v)|2Ψ4w3

m dZ dt
)1/2

J1/2. (5.3)

Focusing on J3, and integrating by parts with respect to wi, we see that

J3 =
∑
i�=m

∑
j �=m

˚

RN+1

∂wi
(D · ∇Y,tv)(ãi,j∂wj

v)Ψ4w3
m dZ dt
+
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+4
∑
i�=m

∑
j �=m

˚

RN+1
+

(D · ∇Y,tv)(ãi,j∂wj
v)∂wi

(Ψ)w3
mΨ3 dZ dt (5.4)

=: J31 + J32,

and that |J32| ≤ cI1/2J1/2. Furthermore,

J31 =
∑
i�=m

∑
j �=m

˚

RN+1
+

(∂yi
v)(ãi,j∂wj

v)Ψ4w3
m dZ dt

+
∑
i�=m

∑
j �=m

˚

RN+1
+

(D · ∇Y,t(∂wi
v))(ãi,j∂wj

v)Ψ4w3
m dZ dt

+
∑
i�=m

∑
j �=m

˚

RN+1
+

(∂wi
Pγwm

ψ(w, y, t))(∂ym
v)(ãi,j∂wj

v)Ψ4w3
m dZ dt

=: J311 + J312 + J313.

Then

|J311| + |J313| �
(˚

RN+1
+

|∇Y v|2Ψ6w5
m dZ dt

)1/2

I1/2. (5.5)

To estimate J312 we lift the vector field D · ∇Y,t through partial integration and use the 
symmetry of the matrix {ãi,j} to see that

2J312 = −
∑
i�=m

∑
j �=m

˚

RN+1
+

(∂wi
v)(D · ∇Y,t(ãi,j))∂wj

vΨ4w3
m dZ dt

−4
∑
i�=m

∑
j �=m

˚

RN+1
+

(∂wi
v)(ãi,j∂wj

v)(D · ∇Y,t(Ψ))w3
mΨ3 dZ dt

=: J3121 + J3122.

Then, by familiar arguments,

|J3121| + |J3122| ≤ cI. (5.6)

Let K and L be as introduced in (4.20). Then, putting all estimates together we can 
conclude that

J ≤ |J1| + |J2| + |J3| + |J4|
� I + I1/2J1/2 + J1/2K1/2 + I1/2L1/2.

(5.7)
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Hence

J � I + K + I1/2L1/2. (5.8)

To proceed we have to estimate K and L.

5.2. Estimating the term K

To start the argument for K we introduce ṽ = ∂wi
v and we use (4.13) to conclude 

that ṽ solves

∇W · (Ã∇W ṽ) + B̃ · ∇W ṽ + (D · ∇Y,t)ṽ

= −∇W · (∂wi
Ã∇W v) − ∂wi

B̃ · ∇W v − ∂yi
v − ∂wi

Pγwm
ψ(w, y, t)∂ym

v
(5.9)

in U . Multiplying the equation in (5.9) with ṽΨ4w3
m, integrating and using Cauchy-

Schwarz we see that

K � I + |K1| + |K2| + |K3| + |K4|, (5.10)

where

K1 :=
˚

RN+1
+

(
(D · ∇Y,t)ṽ

)
ṽΨ4w3

m dZ dt,

K2 :=
˚

RN+1
+

(
∇W · ((∂wi

Ã)∇W v)
)
ṽΨ4w3

m dZ dt,

K3 :=
˚

RN+1
+

(
∂wi

B̃ · ∇W v
)
ṽΨ4w3

m dZ dt,

K4 :=
˚

RN+1
+

(∂yi
v + ∂wi

Pγwm
ψ(w, y, t)∂ym

v)ṽΨ4w3
m dZ dt.

Using (4.16) we immediately see that

|K2| + |K3| + |K4| � I + I1/2K1/2 + I1/2L1/2. (5.11)

Furthermore,

2|K1| ≤ 4
∣∣∣∣
˚

RN+1
+

ṽ2((w,wm + Pγwm
ψ(w, y, t)) · ∇Y − ∂t

)
(Ψ)w3

mΨ3 dZ dt
∣∣∣∣

(5.12)
� I,
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and we can conclude that

K � I + |K1| + |K2| + |K3| + |K4| � K � I + I1/2K1/2 + I1/2L1/2. (5.13)

Hence

K � I + I1/2L1/2. (5.14)

5.3. Estimating the term L (Li)

Focusing on L we write

L =
m∑
i=1

Li (5.15)

where Li is defined in (4.20). Note that

∂yi
v = −(D · ∇Y,t)(∂wi

v) + ∂wi
(D · ∇Y,t)(v) − (∂wi

Pγwm
ψ(w, y, t))∂ym

v. (5.16)

Hence,

Li = −
˚

RN+1
+

(∂yi
v)(D · ∇Y,t)(∂wi

v)w5
mΨ6 dZ dt

+
˚

RN+1
+

(∂yi
v)∂wi

(D · ∇Y,t)(v)w5
mΨ6 dZ dt

−
˚

RN+1
+

(∂yi
v)((∂wi

Pγwm
ψ(w, y, t))∂ym

v)w5
mΨ6 dZ dt

=: Li,1 + Li,2 + Li,3.

Using partial integration we immediately see that

|Li,2| � M1/2J1/2 + L
1/2
i J1/2 (5.17)

where also M was defined in (4.20). Furthermore,

Li,1 =
˚

RN+1
+

(D · ∇Y,t)(∂yi
v)(∂wi

v)w5
mΨ6 dZ dt

+6
˚

RN+1

(∂yi
v)(∂wi

v)w5
mΨ5(D · ∇Y,t)Ψ dZ dt
+
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=
˚

RN+1
+

∂yi
(D · ∇Y,t)(v)(∂wi

v)w5
mΨ6 dZ dt

−
˚

RN+1
+

(∂yi
Pγwm

ψ(w, y, t))(∂ym
v)(∂wi

v)w5
mΨ6 dZ dt

+6
˚

RN+1
+

(∂yi
v)(∂wi

v)w5
mΨ5(D · ∇Y,t)Ψ dZ dt.

Integrating by parts we have

Li,1 = −
˚

RN+1
+

(D · ∇Y,t)(v)(∂wiyi
v)w5

mΨ6 dZ dt

−6
˚

RN+1
+

(D · ∇Y,t)(v)(∂wi
v)w5

mΨ5∂yi
Ψ dZ dt

−
˚

RN+1
+

(∂yi
Pγwm

ψ(w, y, t))(∂ym
v)(∂wi

v)w5
mΨ6 dZ dt

+6
˚

RN+1
+

(∂yi
v)(∂wi

v)w5
mΨ5(D · ∇Y,t)Ψ dZ dt.

Hence we can first conclude that

|Li,1| � J1/2M1/2 + I1/2J1/2 + I1/2(L1/2
i + L1/2

m ) (5.18)

and then by collecting the estimates

Li � I1/2J1/2 + I1/2(L1/2
i + L1/2

m ) + M1/2J1/2 + L
1/2
i J1/2 + |Li,3|. (5.19)

We now first consider the case i = m. Using (4.10) and the above we immediately see 
that

Lm � M1/2J1/2 + I + J. (5.20)

Consider now i �= m. Then, using (5.19) we have

Li � I1/2J1/2 + I1/2(L1/2
i + L1/2

m ) + M1/2J1/2 + L
1/2
i J1/2 + L

1/2
i L1/2

m . (5.21)

Hence

Li � I + I1/2J1/2 + I1/2L1/2
m + M1/2J1/2 + J + Lm (5.22)
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for i �= m. In particular, using (5.20)

Li � I1/2J1/2 + M1/2J1/2 + I + J for all i ∈ {1, ...,m}. (5.23)

Still the auxiliary term M has to be estimated.

5.4. Estimating the term M

To estimate M we introduce ṽ = ∂yi
v and using the equation we see that ṽ solves

∇W · (Ã∇W ṽ) + B̃ · ∇W ṽ + (D · ∇Y,t)ṽ

= −∇W · (∂yi
Ã∇W v) − ∂yi

B̃ · ∇W v + ∂yi
Pγwm

ψ(w, y, t)∂ym
v,

(5.24)

in U . Multiplying this equation with ṽw7
mΨ8 and arguing similarly as to the estimates 

in the case of the expression K we derive

M � L + I1/2L1/2 + M1/2L1/2 + K1/2L1/2. (5.25)

Hence,

M � L + I1/2L1/2 + K1/2L1/2. (5.26)

5.5. Completing the proof of Lemma 4.6

We are now ready to complete the proof of Lemma 4.6 by collecting all the terms and 
estimates developed above. To summarize we have proved that

I ≤ cρq−1
0 + σI + σ̃J,

J � I + K + I1/2L1/2,

K � I + I1/2L1/2,

L � I1/2J1/2 + M1/2J1/2 + I + J,

M � L + I1/2L1/2 + K1/2L1/2.

(5.27)

We again note that by construction of the test function Ψ we can ensure that I, . . . , M
are finite. Using (5.27) we first see that

J + K � I + ε1L,

L � I + J + ε2M,

M � L + I + ε3K,
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where ε1, ε2 and ε3 are positive degrees of freedom. Using the estimates for L and M we 
have

L � I + J + ε4K.

Hence

J + K ≤ c(I + cε1(I + J + ε4K)),

and we can conclude that

J + K � I.

In particular,

I ≤ cρq−1
0 + σI + σ̃I

and the proof is complete. �
6. Proof of auxiliary lemmas

In this section we prove Lemma 4.1 and Lemma 4.2 and in the proof we need a 
number of estimates for non-negative solutions recently established in [24]. Lemma 6.1
and Lemma 6.2 below are Lemma 4.15 and Lemma 5.2 in [24], respectively.

Lemma 6.1. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Then there exist Λ = Λ(m, M1), 1 ≤ Λ < ∞, 
c = c(m, κ, M1), 1 ≤ c < ∞, and γ = γ(m, κ, M1), 0 < γ < ∞, such that the following 
is true. Let (Z0, t0) ∈ ∂Ω and r > 0. Assume that u is a non-negative (weak) solution to 
Lu = 0 in Ω ∩ B2r(Z0, t0) and consider ρ, ρ̃, 0 < ρ̃ ≤ ρ < r/c. Then

u(A+
ρ̃,Λ(Z0, t0)) ≤ c(ρ/ρ̃)γu(A+

ρ,Λ(Z0, t0)),

u(A−
ρ̃,Λ(Z0, t0)) ≥ c−1(ρ̃/ρ)γu(A−

ρ,Λ(Z0, t0)).
(6.1)

Lemma 6.2. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Let (Z0, t0) ∈ ∂Ω and r > 0. Let θ ∈ (0, 1)
be given. Then there exists c = c(m, κ, M1, θ), 1 ≤ c < ∞, such that following holds. 
Assume that u is a non-negative (weak) solution to Lu = 0 in Ω ∩B2r(Z0, t0), vanishing 
continuously on ∂Ω ∩ B2r(Z0, t0). Then

sup
Ω∩B (Z ,t )

u ≤ θ sup
Ω∩B (Z ,t )

u. (6.2)

r/c 0 0 2r 0 0
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Remark 6.1. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. The constants Λ = Λ(m, M1), 1 ≤ Λ < ∞, 
c = c(m, κ, M1), 1 ≤ c < ∞, referred to in Lemma 6.1 are fixed in [24]. In the following 
we also let Λ and c be determined accordingly.

Lemma 6.3. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Let Λ = Λ(m, M1) be in accordance with 
Remark 6.1. Let (Z0, t0) ∈ ∂Ω and r > 0. Then

ω(A+
r/c,Λ(Z0, t0), ∂Ω ∩ Br(Z0, t0)) ≥ c−1.

Proof. This follows immediately from Lemma 6.2. �
Lemmas 6.4-6.6 below are Theorem 3.6, Lemma 12.2 and Lemma 12.3 in [24], respec-

tively.

Lemma 6.4. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Let Λ = Λ(m, M1) be in accordance with 
Remark 6.1. Let (Z0, t0) ∈ ∂Ω and r > 0. Then there exists c = c(m, κ, M1), 1 ≤ c < ∞, 
such that

ω(A+
r,Λ(Z0, t0), ∂Ω ∩ B2r̃(Z̃0, t̃0)) ≤ cω(A+

r,Λ(Z0, t0), ∂Ω ∩ Br̃(Z̃0, t̃0))

whenever (Z̃0, ̃t0) ∈ ∂Ω, Br̃(Z̃0, ̃t0) ⊂ Br/c(Z0, t0).

Lemma 6.5. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Let Λ = Λ(m, M1) be in accordance with 
Remark 6.1. Let (Z0, t0) ∈ ∂Ω and r > 0. Let (Z̃0, ̃t0) ∈ ∂Ω and r̃ > 0 be such that 
Br̃(Z̃0, ̃t0) ⊂ Br(Z0, t0). Then there exists c = c(m, κ, M1), 1 ≤ c < ∞, such that

K(A+
cr̃,Λ(Z̃0, t̃0), Z̄, t̄) := lim

r̄→0

ω(A+
cr̃,Λ(Z̃0, t̃0), ∂Ω ∩ Br̄(Z̄, t̄))

ω(A+
cr,Λ(Z0, t0), ∂Ω ∩ Br̄(Z̄, t̄))

(6.3)

exists for ω(A+
cr,Λ(Z0, t0), ·)-a.e. (Z̄, ̄t) ∈ ∂Ω ∩ Br̃(Z̃0, ̃t0), and

c−1 ≤ ω(A+
cr,Λ(Z0, t0), ∂Ω ∩ Br̃(Z̃0, t̃0))K(A+

cr̃,Λ(Z̃0, t̃0), Z̄, t̄) ≤ c (6.4)

whenever (Z̄, ̄t) ∈ ∂Ω ∩ Br̃(Z̃0, ̃t0).

Lemma 6.6. Let Ω ⊂ RN+1 be an unbounded (ym-independent) Lipschitz domain with 
constant M1 in the sense of Definition 1. Let Λ = Λ(m, M1) be in accordance with 
Remark 6.1. Let (Z0, t0) ∈ ∂Ω and r > 0. Let (Z̃0, ̃t0) ∈ ∂Ω and r̃ > 0 be such 
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that Br̃(Z̃0, ̃t0) ⊂ Br(Z0, t0). Then there exist c = c(m, κ, M1), 1 ≤ c < ∞, and 
c̃ = c̃(m, κ, M1), 1 ≤ c̃ < ∞, such that

c̃−1ω(A+
cr̃,Λ(Z̃0, t̃0), E) ≤

ω(A+
cr,Λ(Z0, t0), E)

ω(A+
cr,Λ(Z0, t0), ∂Ω ∩ Br̃(Z̃0, t̃0))

≤ c̃ω(A+
cr̃,Λ(Z̃0, t̃0), E),

whenever E ⊂ ∂Ω ∩ Br̃(Z̃0, ̃t0).

6.1. Proof of Lemma 4.1

Let in the following Q0 ∈ D, ε0 ∈ (0, 1), and let ω(·) be as in the statement of 
Theorem 3.2. Let k ∈ Z+ be given. Let γ, 0 < γ � 1, and Υ, 1 � Υ, be degrees of 
freedom to be chosen depending only on m, κ and M1. Let δ0 = γ(ε0/Υ)k. Suppose that 
ω(E) ≤ δ0. Using that ω is a regular Borel measure, we see that there exists a (relatively) 
open subset of Q0, containing E, which we denote by Ok+1, satisfying ω(Ok+1) ≤ 2ω(E). 
Using Lemma 6.3 and the Harnack inequality, see Lemma 6.1, we see that there exists 
c = c(m, κ, M1), 1 ≤ c < ∞, such that

ω(Ok+1) ≤ 2δ0 ≤ cδ0ω(Q0) ≤
1
2

(
ε0
Υ

)k

ω(Q0) (6.5)

if we let γ := 1/(2c). Let f ∈ L1
loc(Σ, dω), and let

Mω(f)(Z, t) := sup
{Br(Z̃,t̃): (Z̃,t̃)∈Σ, (Z,t)∈Br(Z̃,t̃)}

1
ω(Br(Z̃, t̃))

¨

Br(Z̃,t̃)

|f | dω,

denote the Hardy-Littlewood maximal function of f , with respect to ω, and where the 
supremum is taken over all balls Br(Z̃, ̃t), (Z̃, ̃t) ∈ Σ, containing (Z, t). Set

Ok := {(Z, t) ∈ Q0 | Mω(χOk+1) ≥ ε0/c̄}, (6.6)

where χOk+1 denotes the indicator function for the set Ok+1, and where we let c̄ =
c̄(m, κ, M1), 1 ≤ c̄ < ∞, denote the constant appearing in Lemma 6.4. Then, by con-
struction, Ok+1 ⊂ Ok, Ok is relatively open in Q0 and Ok is properly contained in Q0. 
As ω is doubling, see Lemma 6.4, we have that (2Q0, d, ω) is a space of homogeneous 
type and weak L1 estimates for the Hardy-Littlewood maximal function apply. Hence

ω(Ok) ≤ c̃
c̄

ε0
ω(Ok+1) ≤

1
2

(
ε0
c̄

)k−1

ω(Q0), (6.7)

if we let Υ := c̃c̄ and where c̃ = c̃(m, κ, M1), 1 ≤ c̃ < ∞. By definition and by the 
construction, see (2.19) (i)-(iii), Q0 can be dyadically subdivided, and we can select a 
collection Fk = {Δk

i }i ⊂ Q0, comprised of the cubes that are maximal with respect to 
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containment in Ok, and thus Ok := ∪iΔk
i . The cubes in Fk are maximal in the sense 

that

Δk
i ∈ Fk ⇐⇒ Δk

i ⊂ Ok and Δk
i �⊂ Q, ∀Q ∈ DQ0 such that Q ⊂ Ok. (6.8)

Using (6.8), (6.6), and Lemma 6.4, we see that

ω(Ok+1 ∩ Δk
i ) ≤ ω(Ok+1 ∩ 2Δk

i )

≤ ω(2Δk
i )

1
ω(2Δk

i )

¨

2Δk
i

χOk+1 dω

≤ ε0ω(Δk
i ),

(6.9)

for all Δk
i ∈ Fk. We now iterate this argument, to construct Oj−1 from Oj , for 2 ≤ j ≤ k, 

just as we constructed Ok from Ok+1. It is then a routine matter to verify that the sets 
O1,...., Ok, form a good ε0 cover of E. We omit further details. �
6.2. Additional notation

Remark 6.2. In the following we let Π(Z, t) denote the projection of (Z, t) ∈ RN+1 along 
xm onto ∂Ω. Furthermore, from now on we fix two small dyadic numbers η1 = 2−k1 and 
η2 = 2−k2 where 1 ≤ k1 � k2 are to be chosen depending at most on m, κ and M1. Given 
Q ∈ D, we let A+

η1Q
:= A+

cη1l(Q),Λ(ZQ, tQ), we consider the point A−
cη2

1l(Q),Λ(ZQ, tQ)
and we let Q̃ ∈ D be such that l(Q̃) = η2

1l(Q) and such that Q̃ contains the point 
Π(A−

cη2
1l(Q),Λ(ZQ, tQ)). We can and will choose η1 so small that

Π(A+
η1Q

) ⊂ 1
4Q

and such that

Q̃ ⊂ Q.

Remark 6.3. Given Q ∈ D and A+
η1Q

= A+
cη1l(Q),Λ(ZQ, tQ) as in Remark 6.2, consider the 

point Π(A+
η1Q

) ∈ ∂Ω. We let Q̂ ∈ D be such that l(Q̂) = η2l(Q) and such that Q̂ contains 
the point Π(A+

η1Q
). We let dQ := |A+

η1Q
−Π(A+

η1Q
)|. Furthermore, we let Q̄ ∈ D be such 

that l(Q̄) = η2
2l(Q̂) and Q̄ contains the point (ZQ̂, tQ̂). Note that by construction, if we 

choose η1 (and hence η2) small enough,

Q̄ ⊂ Q̂ ⊂ Q.

Given Q̄ we let
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S+
Q̄

:= {(x, ψ(x, y, t) + dQ, y, ym, t) | (x, ψ(x, y, t), y, ym, t) ∈ Q̄},

S−
Q̄

:= {(x, ψ(x, y, t) + l(Q̄), y, ym, t) | (x, ψ(x, y, t), y, ym, t) ∈ Q̄}.
(6.10)

Then S−
Q̄

and S+
Q̄

are two pieces of surfaces above ∂Ω in the direction of xm, S+
Q̄

is above 

S−
Q̄

, and each point on S−
Q̄

can be connected to a point on S+
Q̄

by a straight line in the 
direction of xm.

Remark 6.4. Note that Remark 6.2 and Remark 6.3 are generic constructions for dyadic 
cubes. Consider now the special case Δ := Δl

i ∈ Fl, i.e. Δ is a cube arising in some good 
ε0 cover. We then set Δ̃l

i := Δ̃, where Δ̃ is defined as in Remark 6.2, and we define

Õl :=
⋃

Δl
i∈Fl

Δ̃l
i. (6.11)

Furthermore, let E ⊂ Q0 and consider the set up of Lemma 4.1. We note that for every 
(Z0, t0) ∈ E we have (Z0, t0) ∈ Ol, for all l = 1, 2, ..., k, and that therefore there exists, 
for each l, a cube Δl

i = Δl
i(Z0, t0) ∈ Fl containing (Z0, t0).

6.3. Proof of Lemma 4.2

Let in the following Q0 ∈ D and let ω(·) be as in the statement of Theorem 3.2. To 
prove Lemma 4.2, let ε0 > 0 be a degree of freedom to be specified below and depending 
only on m, κ, M1, let δ0 = γ(ε0/Υ)k be as specified in Lemma 4.1 where k is to be chosen 
depending only on m, κ, M1 and Υ. Consider E ⊂ Q0 with ω(E) ≤ δ0. Using Lemma 4.1
we see that E has a good ε0 cover of length k, {Ol}kl=1 with corresponding collections 
Fl = {Δl

i}i ⊂ Q0. Let {Õl}kl=1 be defined as in (6.11). Using this good ε0 cover of E we 
let

F (Z, t) :=
k∑

j=2
χÕj−1\Oj

(Z, t),

where χÕj−1\Oj
is the indicator function for the set Õj−1 \ Oj . Then F equals the 

indicator function of some Borel set S ⊂ Σ and we let u(Z, t) := ω(Z, t, S). Consider 
(Z0, t0) ∈ E and an index l ∈ {1, ..., k}. Let in the following

Δl
i ∈ Fl be a cube in the collection Fl which contains (Z0, t0).

Given k0 ∈ Z+ and A+
ηΔl

i
= A+

cηl(Δl
i),Λ

(ZΔl
i
, tΔl

i
) we let

Δ̂l
i, Δ̄l

i, S−
¯ l and S+

¯ l
Δi Δi
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be as defined as in Remark 6.3 relative to Δl
i and using ηj := 2−kj . Hence, based on 

(Z0, t0) ∈ E and an index l ∈ {1, ..., k}, we have specified Δl
i, Δ̂l

i, Δ̄l
i and the surfaces 

S−
Δ̄l

i

and S+
Δ̄l

i

, and, by construction,

Δ̄l
i ⊂ Δ̂l

i ⊂ Δl
i, Δ̃l

i ⊂ Δl
i.

We first intend to prove that there exists β > 0, depending only on m, κ, M1, such that 
if ε0 and ηj = 2−kj are chosen sufficiently small, then

u(P + dΔl
i
em) − u(P + l(Δ̄l

i)em) ≥ β, ∀P ∈ {(x, ψ(x, y, t), y, ym, t) ∈ Δ̄l
i}, (6.12)

where em denotes the unit vector in RN+1 which points in the direction of xm. Given 
P ∈ {(x, ψ(x, y, t), y, ym, t) ∈ Δ̄l

i} we let

P+ := P + dΔl
i
em, P− := P + l(Δ̄l

i)em,

and we want to estimate u(P+) −u(P−). To start the proof we note that, by construction, 
Δ̃l

i ⊂ Δl
i and by using Lemma 6.3 and Lemma 6.1 we see that there exists cη1 =

cη1(m, κ, M1, η1), 1 ≤ cη1 < ∞, for η1 small enough, such that

ω(P+, Δ̃l
i) ≥ c−1

η1
. (6.13)

To estimate u(P+) we first note that

u(P+) ≥
¨

Δ̃l
i

χÕl\Ol+1
dω(P+, Z̄, t̄)

= ω(P+, Δ̃l
i) − ω(P+, Δ̃l

i ∩ Ol+1),

(6.14)

as all terms in the definition of F are non-negative. Consider (Z̄, ̄t) ∈ Δl
i. Then, using 

Lemma 6.5 we have that

K(P+, Z̄, t̄) := lim
ρ→0

ω(P+, ∂Ω ∩ Bρ(Z̄, t̄))
ω(∂Ω ∩ Bρ(Z̄, t̄))

, (6.15)

exists for ω-a.e. (Z̄, ̄t) ∈ Δl
i, and

K(P+, Z̄, t̄) ≤ c

ω(Δl
i)

whenever (Z̄, t̄) ∈ Δl
i. (6.16)

In the last conclusion we have also used Lemma 6.4. Using this estimate, and the fact 
that by construction Δ̃l

i ⊂ Δl
i, we see that

ω(P+, Δ̃l
i ∩ Ol+1) ≤

cη1
l
ω(Δ̃l

i ∩ Ol+1) ≤ Cη1ε0, (6.17)

ω(Δi)
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by the construction. In particular, using (6.13) we deduce

u(P+) ≥ c−1
η1

− Cη1ε0. (6.18)

To estimate u(P−) we write

u(P−) =
¨

Q0\Δ̂l
i

F (Z̄, t̄) dω(P−, Z̄, t̄) +
¨

Δ̂l
i

F (Z̄, t̄) dω(P−, Z̄, t̄)

=: I + II.

Using Lemma 6.2 and the definition of P− we see that

|I| ≤ ω(P−, Q0 \ Δ̂l
i) ≤ cησ2 , (6.19)

for some c = c(m, κ, M1), σ = σ(m, κ, M1) ∈ (0, 1). We split II as

II = II1 + II2 + II3, (6.20)

where

II1 :=
l∑

j=2

¨

Δ̂l
i

1Õj−1\Oj
dω(P−, Z̄, t̄),

II2 :=
k∑

j=l+2

¨

Δ̂l
i

1Õj−1\Oj
dω(P−, Z̄, t̄), (6.21)

II3 :=
¨

Δ̂l
i

1Õl\Ol+1
dω(P−, Z̄, t̄).

Note that if j ≤ l, then Δ̂l
i ⊂ Δl

i ⊂ Ol ⊂ Oj and (Õj−1 \ Oj) ∩ Δl
i = ∅. Hence II1 = 0. 

Furthermore,

|II2| ≤
k∑

j=l+2

ω(P−, (Õj−1 \ Oj) ∩ Δl
i)

≤ cη2

k∑
j=l+2

ω(A+
Δ̂l

i

(Π(A+
ηΔl

i
)), (Õj−1 \ Oj) ∩ Δl

i),

(6.22)

by the Harnack inequality, see Lemma 6.1. Consider (Z̄, ̄t) ∈ (Õj−1 \ Oj) ∩ Δl
i. Then, 

again using Lemma 6.5 we have that
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K(A+
Δ̂l

i

(Π(A+
ηΔl

i
)), Z̄, t̄) := lim

ρ→0

ω(A+
Δ̂l

i

(Π(A+
ηΔl

i
)), ∂Ω ∩ Bρ(Z̄, t̄))

ω(∂Ω ∩ Bρ(Z̄, t̄))
, (6.23)

exists for ω-a.e. (Z̄, ̄t) ∈ Δl
i, and

K(A+
Δ̂l

i

(Π(A+
ηΔl

i
)), Z̄, t̄) ≤ c

ω(Δl
i)

whenever (Z̄, t̄) ∈ Δl
i. (6.24)

In the last conclusion we have also used Lemma 6.4. Using these facts, and using the 
definition of the good ε0 cover, we see that

|II2| ≤
cη2

ω(Δl
i)

k∑
j=l+2

ω((Õj−1 \ Oj) ∩ Δl
i)

≤ cη2

ω(Δl
i)

k∑
j=l+2

ω(Oj−1 ∩ Δl
i) ≤

cη2

ω(Δl
i)

k∑
j=l+2

εj−1−l
0 ω(Δl

i) ≤ Cη2ε0.

(6.25)

To estimate the term II3 we first observe that Δ̂l
i∩Õl = ∅ by the definition of Õl. Hence,

II3 = ω(P−, Δ̂l
i ∩ (Õj−1 \ Oj)) = 0 (6.26)

and we can conclude that

u(P−) ≤ cησ2 + Cη2ε0. (6.27)

Combining (6.18) and (6.27) we can conclude, in either case, that

u(P+) − u(P−) ≥ c−1
η1

− Cη1ε0 − cησ2 − Cη2ε0. (6.28)

We now first choose η1 = η1(m, κ, M1) small. We then choose η2 = η2(m, κ, M1) so that 
c−1
η1

= 2cησ2 . Having fixed η1 and η2 we choose ε0 = ε0(m, κ, M1) so that cησ2 = 2(Cη1 +
Cη2)ε0. By these choices we can conclude that there exists 0 < β = β(m, κ, M1) � 1
such that

u(P + dΔl
i
em) − u(P + l(Δ̄l

i)em) ≥ β, ∀P ∈ {(x, ψ(x, y, t), y, ym, t) ∈ Δ̄l
i}. (6.29)

In particular, fix P ∈ {(x, ψ(x, y, t), y, ym, t) ∈ Δ̄l
i}. Then (6.29) implies

β2 ≤ cl(Δl
i)

P+ˆ

P−

|∂xm
u(x, xm, y, ym, t)|2 dxm. (6.30)

Integrating with respect to P ∈ Δ̄l
i we see that
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β2σ(Δ̄l
i) ≤ cl(Δl

i)
˚

RΔ̄l
i

|∇Xu(Z, t)|2 dZ dt, (6.31)

where RΔ̄l
i

is a naturally defined Whitney type region. Recall that σ(Δ̄l
i) ≈ σ(Δl

i). In 
particular, by an elementary connectivity/covering argument we see that

c−1β2 ≤
˚

W̃Δl
i

|∇Xu|2δ2−q dZdt,

where W̃Δl
i
is a natural Whitney type region associated to Δl

i, δ = δ(Z, t) is the distance 
from (Z, t) to Σ, and c = c(m, M1, κ), 1 ≤ c < ∞. Consequently, for (Z0, t0) ∈ E fixed 
we find, by summing over all indices i, l, such that (Z0, t0) ∈ Δl

i, that

c−1β2k ≤
∑

i,l:(Z0,t0)∈Δl
i

(˚
W̃Δl

i

|∇Xu|2δ2−q dZ dt
)
. (6.32)

The construction can be made so that the Whitney type regions {W̃Δl
i
} have bounded 

overlaps measured by a constant depending only on m, M1, and such that WΔl
i
⊂ TcQ0

for some c = c(m, M1), 1 ≤ c < ∞, where TcQ0 is defined in (2.29). Hence, integrating 
with respect to dσ, we deduce that

c−1β2kσ(E) ≤
(˚
TcQ0

∣∣∇Xu|2δ dZ dt
)

(6.33)

where, resolving the dependencies, c = c(m, κ, M1), 1 ≤ c < ∞. Furthermore,

k ≈ log(δ0)
log(ε0)

,

where η and ε0 now have been fixed, and δ0 is at our disposal. Given Υ we obtain 
the conclusion of the lemma by specifying δ0 = δ0(m, κ, M1, Υ) sufficiently small. This 
completes the proof of Lemma 4.2. �
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