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Abstract

Turing degrees are a way to sort functions based on how hard they are to
compute, where the computable functions forms the lowest degree. These are
discussed based on Classical Recursion theory by Oddifreddi, in an aim to make
the knowledge more accessible. The paper starts of by defining the basic con-
cepts of primitive recursion, µ- recursion and recursively enumerable sets, to
then use this to define the Turing degrees. It is shown that the direct sum
forms a least upper bound, and the cardinality of the set of Turing degrees is
proven to be 2ω. It is then shown that there is a largest, recursively enumerable
degree and that there are two incomparable degrees smaller than this. Finally
the complexity of the structure is investigated by showing that all countable
partial orderings can be embedded in it.

1 Introduction

There are a lot of unsolvable mathematical problems, and these can be sorted,
compared and studied as a structure by using Turing degrees and Turing re-
ducibility. These concepts were defined in the 1940’s, following an increased
interest in computability among mathematicians during the beginning of the
20th century. Since the concepts were defined a lot of research have been made
on the topic, but most of the texts about it is aimed at people with a lot of
experience with complex and abstract mathematical reasoning. The aim of this
paper is to state some results about the Turing degrees and their structure
from Classical recursion theory [1] by P.G. Oddifreddi, with detailed proofs
and some intuitive examples, in an attempt to make the knowledge of Turing
Degrees more accessible. A special focus will be given to the structure of the
recursively enumerable Turing degrees, by viewing how some global results hold
in this substructure as well.

The paper starts of with some historical context and background information
about primitive recursion, µ-recursion, recursively enumerable sets and Turing
machines, from various sources. When this basis is set up, we start with the
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material from Classical Recursion Theory [1] and define the Turing degrees
and how these can be compared with each other. Using this knowledge we
then study the size of the structure and find a maximal recursively enumerable
Turing degree. Following this we see that the order on the structure is not total,
by finding two incomparable, recursively enumerable degrees. As a last result,
we study the complexity of the structure by proving that all countable partial
orders are embeddable in it.

2 Background and historical context

For thousands of years mathematicians all over the globe assumed that all math-
ematical problems had a solution [2, 3]. An unsolved problem was just a prob-
lem for which the solution was yet to be found. In the beginning of the 20th
century, mathematicians finally started to study questions about computabil-
ity rigorously. An important step in this study was the publishing of Gödel’s
incompleteness theorem, which showed that there in fact are unsolvable prob-
lems. This called for rigorous definitions of solvability, and a lot of independent
attempts for this were made. Gödel made a step toward such a definition in
the article where he first proved the incompleteness theorem, when he defined
Primitive recursion and primitive recursive functions. The idea was to use some
easily computable functions on the natural numbers, and combine them to new
computable functions [3, 4].

When talking about functions in computability theory, one always refers to
functions on the natural numbers, ie functions which takes natural numbers or
tuples of natural numbers as input, and returns natural numbers. Thus the set
of primitive recursive functions only contains functions on the natural numbers.

Definition 2.1. [5] The following three functions are called the basic functions:

• The zero function, denoted Z(x), defined as Z(x) = x for all x

• The successor function, denoted S(x), defined as S(x) = x+ 1 for all x

• The projection function, denoted pi(x1, x2, . . . , xn), where 1 ≤ i ≤ n,
defined as pi(x1, x2, ..., xn) = xi

The basic functions are primitive recursive. If h and g, g1, g2, ..., gk are primitive
recursive functions, then so is also

• f(x1, ..., xk) = h(g1(x1, ..., xk), ..., gm(x1, ..., xk)) (called composition), and

• f defined as f(0, x2, ..., xk) = h(x2, ..., xk),
f(x1 + 1, x2, ..., xk) = g(x1, ..., xk, f(x1, ..., xk)) (called primitive recur-
sion).

This created a lot of computable functions, but left some out. Some years
later Kleene extended this definition to cover more computable functions, by
adding an additional way of combining the basic functions. This addition is
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often called unbounded search, and is intuitively similar to allowing while-loops
in programming languages. The resulting set of functions is called the µ -
recursive functions. [3]

Definition 2.2. Let f(x1, . . . , xn, y) be a function on the natural numbers, and
(x1, . . . , xn) be fixed. Then we define unbounded search, denoted usy, as follows:
usyf(x1, . . . , xn, y) = z if usyf(x1, . . . , xn, y) is defined for all values of y less
than z, and z is the least natural number such that f(x1, . . . , xn, y) = 0. If
there is no such natural number z, the function is not defined.

All functions that can be obtained by applying primitive recursion, compos-
ition and unbounded search on the basic functions are said to be µ - recursive.
[3, 5]

An important thing to note is that the µ - recursive functions are not neces-
sarily defined for all inputs, due to the usage of unbounded search. Sometimes
it will be interesting to view the values for which a µ - recursive function is
defined, and the set of these values will be denoted the domain of the function.

Sometimes one talks about primitive recursive and µ - recursive sets, re-
spectively. These are defined using their characteristic functions (a function
returning 1 for all elements in the set, and 0 for all elements not in the set).
The characteristic function for a set X is denoted cX . A set is primitive recurs-
ive if its characteristic function is primitive recursive, and a set is µ - recursive
if its characteristic function is µ - recursive. [5]

Another search for a definition of computability led Turing to define the
nowadays well-known Turing machines: abstract machines inspired by the way
humans calculate things using pen and paper [3].

Shortly, a Turing machine consists of an infinite tape, a finite set of states,
and a head that can move, read and write on the tape. It always starts in a
special starting state, and it finishes when it reaches the so-called stop state.
Between these points in time, it acts one step at a time. In each step the head
reads what the tape says at the point where the head is, and based on this
and its state it can change state, move, and write something new (or not) on
the tape. When it finally reaches its stop state, if it does, it returns the value
printed on the tape at the point where the head is located [6].

A year after the definition of Turing machines, it was proved that all µ -
recursive functions are computable by a Turing machine, and that all functions
computable with a Turing machine are µ - recursive. The two definitions are
equivalent.

The proof of the equivalence of these definitions led to the merging of two
earlier theses into what today is usually called the Church Turing thesis. This
states that the µ - recursive and Turing machine computable functions are ex-
actly the computable functions. This is known as a thesis, but was meant as a
proposal of a definition of computability. The arguments for this are solid and
the thesis is today widely accepted [3].
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A concept that, as the title suggests, will be important in this paper is
recursively enumerable sets. This is a group of sets that contains all µ - recursive
functions, and some more. The definition is straight forward.

Definition 2.3. A set is Recursively enumerable if it is the domain of some
µ-recursive function. [1]

3 Turing degrees, a generalisation of recursive-
ness and Turing machines

One can generalise the concept of µ-recursion, by adding some extra basic func-
tion to the definition. Let β be a function and define the functions recursive
in β as the functions that can be created by the basic functions and β, using
the same methods as for µ - recursion. If β is a µ - recursive function, then
the definition would be equivalent to the one for ordinary µ - recursiveness, but
when β is not recursive, we get a new interesting set of functions. To denote that
a function γ is recursive in β, we write γ ≤T β. Furthermore, if also β ≤T γ,
we write β =T γ and say that β and γ are Turing equivalent, a name that will
feel natural in a moment.

Similar definitions can be made for sets of natural numbers, by using their
characteristic functions in a similar way as when we defined µ - recursive and
primitive recursive sets. A set X is said to be recursive in a set Y if the
characteristic function of X is recursive in the characteristic function of Y , ie X
≤T Y if cX ≤T cY . From this we also get that X =T Y if cX =T cY .

Both these definitions are essentially the same as the ones Oddifreddi uses
in Classical Recursion Theory [1].

Since the recursive functions are exactly the Turing computable functions, it
is interesting to view the concept of recursiveness in β in terms of computability
by Turing machines. Oddifreddi does this and it will show to be helpful later
for both proofs and intuition.

If β is not recursive, it is clear that some of the functions recursive in β will
also be uncomputable, for example α(x) = s(β(x)). But, if we know the value
of β at x, α is easy to compute. This is the case we will simulate, and this will
be done by letting Turing machines use oracles: a ”black box” giving the answer
to β(x) for any x, in one operation. A Turing machine with β as an oracle will
be denoted ϕβ , and computes some function recursive in β. To denote different
Turing machines with β as an oracle, an index is added to the notation.

This usage of Turing machines makes the name Turing equivalence seem
suitable, and it also suggests the name Turing reducible to, to denote ≤T . Thus
α is recursive in β, α is Turing reducible to β, and α ≤T β can be used inter-
changeably.

The idea of the Turing degrees is to sort all functions based on this general-
ised form of recursiveness. This can be done since =T is an equivalence relation.
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The symmetry and reflexivity follows directly from the definition, and transitiv-
ity can be proved by proving that ≤T is transitive. This is done by letting α, β
and γ be functions on the natural numbers and assuming α ≤T β and β ≤T γ.
This gives that we can write β in terms of the basic functions and γ and thus
α can also be written in terms of the basic functions and γ (by replacing β in
the description of α with the description of β in terms of γ), and hence α ≤T γ.
Now, we are ready to define the Turing degrees (definition II.3.2 in [1]).

Definition 3.1 (Turing degrees). A Turing degree is an equivalence class with
respect to =T , and each degree can be represented by any function in the equi-
valence class, but we will generally denote Turing degrees by the capital letters
A, B or C from now on. The set of Turing degrees is denoted D.

The relation ≤T is defined for the Turing degrees as A ≤T B if α ≤T β for
α ∈ A and β ∈ B.

The structure of Turing degrees together with this relation is denoted (D,
≤T ).

Note that the choice of α ∈ A and β ∈ B in the definition of A ≤T B
does not matter, since all functions in a Turing degree are, by definition of the
degrees, Turing equivalent.

An example of a Turing degree that Oddifreddi uses is the set of recursive
functions. In terms of Turing machines, these are in the same Turing degree
since they can be calculated with no oracle, or equivalently, with oracle Z(x)
(the zero function). This degree is often denoted by 0 and is the least Turing
degree; they can be calculated by a Turing machine with any oracle, since the
oracle does not need to be used. In more formal terms, 0 can be seen to be the
least degree since all its functions can be written without any added function
to the definition of recursiveness, and hence it can be written as a combination
of the basic functions and any other function (by simply not using the added
function).

4 Direct sums and the size of the structure of
Turing degrees

After defining the structure, a natural question to ask is: what is the cardinality
of the set of Turing degrees? The answer will be found step by step in this
section, and we start by investigating the maximal number of predecessors of
any degree.

It is known that all mu - recursive functions can be ordered and numbered,
since the definition of each such function, by definition, must be finite, and this
gives that there are only countably many µ - recursive functions. In a similar
way we can take the functions recursive in some function β and enumerate them,
since they must be defined in a finite way in terms of β, the basis functions,
composition, primitive recursion and unbounded search. Using any such enu-
meration of the functions, we denote the i’th function recursive in β by ϕβi . This
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notation is inspired by the notation in [5], and chosen instead of the notation
used by Oddifreddi.

Keeping this in mind, we view two functions α and β such that α ≤T β.
Then, by definition, α can be written as a function recursive in β, so α = ϕβi for
some natural number i. Since there are only countably many natural numbers,
it follows that there can only be countably many different functions α such that
α ≤T β. Since β was an arbitrary function, we can conclude that for each
function there is at most countably many other functions Turing reducible to
it. Since all functions in a Turing degree are Turing reducible to each other, we
conclude that any Turing degree contains at most countably many functions.
We can also conclude that each Turing degree has at most countably many pre-
decessors, since each Turing degree by definition contains at least one function
(and hence there are fewer smaller Turing degrees than smaller functions).

Before we can continue to study the size of the structure, we need to in-
troduce an operator on it: the direct sum. The idea is to form one degree
containing all the information from two degrees. This definition is based on
direct sums for functions, where the aim is to form one function containing all
information from two different functions. Oddifreddi only defines direct sums
in terms of sets, using an idea that degrees, sets and functions are in some sense
all the same. To get more clarity in the proofs, I instead defines it for func-
tions and Turing degrees. The idea is still the same though, and it is based on
Oddifreddi’s definition and usage thereof.

Definition 4.1. The direct sum of two functions α and β, denoted α ⊕ β, is
defined as:

α⊕ β(x) =

{
α(x2 ) if x = 2n for some n ∈ ω
β(x−12 if x = 2n+ 1 for some n ∈ ω

Furthermore, the direct sum of two Turing degrees A and B, denoted A⊕B, is
defined as the Turing degree of α⊕ β, where α ∈ A and β ∈ B.

To show that A⊕B is well defined, we have to show that the choice of α ∈ A
and β ∈ B does not matter. To show this, let α, α′ ∈ A, and β, β′ ∈ B, and show
that α⊕β =T α

′⊕β′. By symmetry, it is enough to show that α⊕β ≤T α′⊕β′.
Since α and α′ belongs to the same Turing degree, there is an index i such that
α = ϕα

′

i , and similarly there is an index m such that β = ϕβ
′

m . By definition of
the direct sum we have that β′(x) = α′ ⊕ β′(2x+ 1), so there must be another
index n such that β = ϕα

′⊕β′

n . Similarly there must be an index j such that

α = ϕα
′⊕β′

j . By definition of the direct sum, this gives us

α⊕ β(x) =

{
ϕα

′⊕β′

j (x2 ) if x = 2n for some n ∈ ω
ϕα

′⊕β′

m (x−12 ) if x = 2n+ 1 for some n ∈ ω
.

So α⊕ β can be defined in terms of α′ ⊕ β′, and hence α⊕ β ≤T α′ ⊕ β′. Thus
A⊕B is well defined.
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One thing we can note about the direct sum is that if α ≤T β, then α⊕β ≤T
β. By α ≤T β, we get that there is some index i such that α = ϕβi , and we

know that there is always an index j such that β = ϕβj . This, together with the
definition of direct sums for functions gives us that

α⊕ β(x) =

{
ϕβi (x2 ) if x = 2n for some n ∈ ω
ϕβj (x−12 ) if x = 2n+ 1 for some n ∈ ω

.

Thus α⊕β can be defined in terms of β, and by definition of Turing reducibility
we get that α⊕ β ≤T β.

Another interesting thing about the direct sum is that it forms an upper
bound of α and β, since we can define both α and β recursively in α ⊕ β. We
can define α as α(x) = α ⊕ β(2x), by taking the inverse of the definition of
α ⊕ β. Similarly, we can define β as β(x) = α ⊕ β(2x + 1). From this and the
definition of ≤T on Turing degrees, it follows directly that A ⊕ B is an upper
bound of A and B.

Furthermore, one can show that A⊕B is the least upper bound of A and B
(Proposition V.1.2 in [1]). We prove this by first proving that α⊕ β is the least
upper bound of α and β:

Claim. The function α⊕ β is the least upper bound of α and β.

Proof. Let θ be another upper bound for α and β, ie α ≤T θ and β ≤T θ. Thus
α and β can be written as functions recursive in θ. Let a and b be natural
numbers such that α = ϕθa and β = ϕθb . Using this we can define

γ(z) =

{
ϕθa( z2 ) if z = 2n for some n ∈ ω
ϕθb(

z−1
2 ) if z = 2n+ 1 for some n ∈ ω

We can note two things about this γ:

• γ is defined using only functions recursive in θ, and thus γ ≤T θ.

• γ(z) = α⊕ β(z)

From this we conclude that, since θ was an arbitrary upper bound, α ⊕ β is a
least upper bound of α and β.

To get the corresponding result for Turing degrees, we let C be an upper
bound of A and B, and θ some function in C. Thus θ is an upper bound for
all functions α ∈ A and β ∈ B. Then the function γ from the above proof is
in A ⊕ B (since it is noted to be equal to α ⊕ β), and by definition of Turing
degrees it belongs to C or a smaller Turing degree. Hence A ⊕ B ≤T C, and
since C was an arbitrary upper bound of A and B we can conclude that A⊕B
is the least upper bound of A and B.

7



Now, having defined and studied the direct sum, we can proceed to the
cardinality of D, and prove that this is 2ω. The proof is closely based on the
proof of Proposition V.1.12 in [1], and consists of two parts; showing that the
cardinality is at least 2ω, and showing that it is at most 2ω. Both parts will be
done by constructing injective functions between D and P(ω) (the power set of
the natural numbers), the later known to be of cardinality 2ω.

Theorem 1. The set D has cardinality 2ω.

Proof.

Claim. |D| ≤ 2ω

Here, we will use our earlier definition of characteristic functions, and note
that each total function from the natural numbers to the set {0, 1} is the char-
acteristic function for some set of natural numbers. For each Turing degree A,
let A′ denote the subset of A that only contains characteristic functions, and let
D’ denote the set of all such sets A’.By the axiom of choice, there is an injective
function g : D’→ P(ω), that for each set A′ picks one of the characteristic func-
tions in it and sends it to the corresponding set of natural numbers. According
to Oddifreddi (V.1: Convention 2 in [1]) each Turing degree contains at least
one characteristic function, so D and D’ has the same cardinality, and hence
the injective function g not only proves that |D’| ≤ 2ω, but also that |D| ≤ 2ω.

Claim. 2ω ≤ |D|

Now we will make use of the direct sum we defined earlier. Fix a degree A
and let α ∈ A, and define fA : P(ω)→ D by fA(X) = B, where B is the Turing
degree of α ⊕ cX . Since the direct sum is an upper bound, we have that the
range of fA = {B ∈ D : A ≤T B}, ie the set of successors of A. Thus fA is an
injective map from P(ω) to the set of successors of A, and thus A has at least
|P(ω)| = 2ω successors. Since this is a subset of the degrees, there must be at
least 2ω Turing degrees.

In the last part of the proof, we constructed a function fA from P(ω) to the
set of successors to A, for any degree A. We noted in the proof that this gives
that A has at least 2ω successors, and since the proof gives that there are 2ω

degrees, we can also conclude that each degree has exactly 2ω successors. This
immediately gives that there is no maximal element in D.

The results we have obtained this far can be summarised in a theorem by
Kleene and Post, 1954 (Proposition V.1.12 in [1]:

Theorem 2. As a partially ordered structure D is an uppersemilattice of car-
dinality 2ω with a least but no maximal element. Moreover, each element has
2ω successors and at most countably many predecessors.

Here, an uppersemilattice is a structure with a least upper bound, which in
our case is ⊕.
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5 The set K

Thus far we have mostly studied arbitrary degrees, and the degree 0 of the
recursive sets, but there are of course more degrees than that. We will now
study the set K, proved by Post, Gödel and Kleene to be recursively enumerable
but not recursive.

Definition 5.1. x ∈ K if the x’th partial function ϕx is defined for x. Or,
equivalently, x ∈ K if x is in the domain of ϕx
(definition from Theorem II.2.3 in [1]).

The concept of ”the x’th partial function” may seem diffuse at first glance
since there is no widely accepted order of the functions. Although, we know
that such an order exist, and the degree of K will not depend on this order.

An interesting aspect of K in the context of Turing degrees is that it is in
the largest recursively enumerable degree, ie all other recursively enumerable
sets are less than K with respect to ≤T . This theorem (Theorem II.2.3 in [1])
was proved by Post, and an outline of the proof, as presented by Oddifreddi, is
presented below.

Theorem 3. If A is any r.e. set then A ≤T K.

Proof. Let A be a recursively enumerable set. First, we will prove that there
exists a recursive function f such that x ∈ A if and only if f(x) ∈ K. By defini-
tion, f(x) ∈ K ⇐⇒ ϕx(x) defined, ie x is in the domain of ϕx. Since A is r.e.,
it is the domain of a partial recursive function. By this and the parametrization
theorem (which will not be discussed here), there exists a recursive function
f(x), such that the domain of ϕf(x), here denoted Df(x), is

Df(x) =

{
ω if x ∈ A
∅ else,

meaning that ϕf(x) is everywhere defined for all x ∈ A, and nowhere defined
for all other x. Especially, when x is in A, ϕf(x) is defined for f(x), since f(x)
∈ ω. Also, ϕf(x) is not defined for f(x) when x is not in A, since then it is
nowhere defined. This proves that there exists a recursive function f such that
x ∈ A if and only if f(x) ∈ K, by definition of K. Now, we can let cK denote
the characteristic function for K, and cA the characteristic function for A. Note
that these have the same Turing degrees as their corresponding sets. Then we
can write cA(x) = cK(f(x)), since we have now proved that x ∈ A if and only
if f(x) ∈ K. Since f(x) was recursive, this gives that A ≤ K.

This theorem also directly gives us that K is the largest recursively enumer-
able Turing degree, since all other r.e. degrees A are proved to be less than or
equal to this.
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6 Existence of incomparable, r.e. Turing de-
grees

We have seen that ≤T is a partial order on D, but one can also show that it
is in fact not a total order, ie that there exists incomparable degrees. In the
previous section we noted that there are differences between the structure of
all Turing Degrees and the recursively enumerable ones, since the later has a
maximal degree, but we will see that there exists incomparable degrees below
K as well. Before going into the proofs of this however, some new definitions
are required.

Definition 6.1. A string is a partial function σ : ω → {0, 1} with a finite
domain. If the domain Dσ of σ fulfils

x ∈ Dσ → ∀y ≤ x : y ∈ Dσ,

then σ is said to be an initial segment. (Definition V.2.1 in [1])

Even though these strings are defined as functions, we can view them as
ordered sequences of 0:s and 1:s. For example we will view the initial segment
(00000) as the restriction of the zero function Z(x) to the domain {0, 1, 2, 3, 4}.

Furthermore, we can use strings as oracles, in the same way as we have
used functions as oracles. For example, since σ is Turing reducible to σ (since
all functions are Turing reducible to themselves), there is an index i such that
ϕσi (x) = σ(x), where σ is an initial segment. This function will return the value
at index x in the string representation of σ, and be undefined for x-values larger
than the length of σ.

Definition 6.2. Let σ be a string and σ′ any function. Then σ′ is an extension
of σ if σ′(x) = σ(x) for all x in the domain of σ. Furthermore, if σ is an initial
segment and σ′ an extension of it, we say that σ is an initial segment of σ′

(Definition V.2.1 in [1]).

As an example, the strings (000) and (0110100) both extends (0), assuming
they are all initial segments. Furthermore Z(x) is also an extension of (0).

Definition 6.3. Let σ and σ′ be two strings. Then they are said to be incom-
parable if there is some value x for which σ(x) = 0 and σ′(x) = 1, ie they are
both defined for x but return different values. (Definition V.2.1 in [1]).

As an example, the strings (011) and (001) are incomparable since they are
both defined for x = 1, but have different values for it.

Before going into the detailed proof of the existence of incomparable degrees,
we will note some things about the usage of oracles. Let ϕβi be a function (where

β also is some function). Then we have that if ϕβi (x) is defined, the calculation
can only call β for finitely many inputs. If it called β infinitely many times it
would never terminate, and thus it would be undefined for x. Note that this
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holds for any function β, no matter where it is defined. We can denote the in-
puts to β in our finitely many calls by z1, z2, ..., zn, so that the used calls where
β(z1), β(z2), ..., β(zn). Then, if we have a function γ defined on the initial seg-
ment 1, 2, ...max(z1, z2, ..., zn) of the natural numbers such that γ(zk) = β(zk)

for all k ≤ n, ϕγi (x) = ϕβi (x). Note that the index of the oracle machines must
be the same for this to hold. So the functions used as oracles only have to be
equal on the inputs they are called for, for them to be interchangeable in an
oracle machine. This will be used in the proof below, and in a proof in section
7, since it allows us to change total functions for initial segments in some cases
(in our above example, β can be a total function, and γ was an initial segment).

Now, we are ready to present and prove the following theorem by Kleene
and Post, 1954. The proof closely follows the proof of Theorem 2.2 in [1].

Theorem 4. There are two incomparable degrees.

Proof. This is proved by constructing two incomparable functions, which we will
call α and β, step by step. These will then belong to two incomparable degrees,
and thus this proves the existence of such. We will let α and β be total. Note
that for the two functions to be comparable, either α ≤T β or β ≤T α must
hold. This is equivalent to saying that there must be a natural number a such
that α = ϕβa or a natural number b such that β = ϕαb . Hence, for α and β to
be incomparable, we need them to fulfil α 6= ϕβa for all natural numbers a, and
β 6= ϕαb for all natural numbers b.

We can divide this into countably many requirements, which we will call
R0, R1, R2, ..., and we will make sure that they hold one by one. Our require-
ments will be:

Rn =

{
α 6= ϕβe if n = 2e for e ∈ ω
β 6= ϕαe if n = 2e+ 1 for e ∈ ω

.

For each n, starting with 0, we will fulfil the corresponding requirement by
making sure that there is some x such that the considered functions are not
equal for this x.

Furthermore, we will construct α and β by using initial segments and finding
suitable extensions of these in each step. We will let σk denote the k’th con-
sidered initial segment for α, and τk denote the k’th considered initial segment
of β. To begin, let σ0 = ∅ and τ0 = ∅.

Stage n = 2e: Note that we created σn and τn in the previous stage, and
thus we can use them here knowing that they fulfils all criterion Rj for all j ≤ n
. In this stage, we want to make sure that α 6= ϕβe , by finding σn+1 and τn+1

such that σn+1 6= ϕ
τn+1
e . Since α and β extends σn+1 and τn+1 respectively,

this is enough to prove α 6= ϕβe , based on the motivation about interchanging
oracles stated before this proof. Let x be the first natural number such that
σn(x) is undefined. Now we want to make sure that σn+1(x) 6= ϕ

τn+1
e (x), since

it is enough to prove that they differ for one single x-value for the inequality to
hold. To proceed, we must answer a question:
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Is there any string τ extending τn such that ϕτe is defined for x?
Assume there is no such string. Then, we can let σn+1 be the least extension

of σn (according to some order) such that σn+1 is defined for x, and let τn+1 =
τn. Then ϕβe will be undefined for x (since there were no extension of τn defined
for x), while α is defined (since it extends σn+1), and hence they are not equal.

Now instead, assume there is a string τ extending τn such that ϕτe is defined
for x. Then, let τn+1 = τ , and let σn+1 be the least string extending σ such that
σn+1(x) = 1 ·−ϕτn+1

e . Here ·− denotes the monus operator, which returns 0 where
the usual minus operator would return a negative value, and the same value as
minus would have given else. This gives that σn+1(x) = 1 when ϕ

τn+1
e = 0, and

σn+1(x) = 0 when ϕ
τn+1
e 6= 0. Thus they are not equal for x, and hence not

equal as functions. Also, for any extensions of σn+1 and τn+1 (for example the
final α and β), the corresponding inequality will hold.

Stage n = 2e+ 1: this stage is done in the same way as when n = 2e, but
with α and β, σ and τ changing place everywhere.

Now, let A denote the degree of α and B denote the degree of β. Since
α and β are incomparable, it follows directly that A and B are two different,
incomparable Turing degrees.

To get the desired result that there are incomparable degrees below K, only
some smaller observations are needed. In fact, the degrees A and B above is
smaller than K, which is shown in the proof of the following corollary (Corollary
V.2.3 in [1]).

Corollary 1. There are incomparable degrees below K.

Proof. We begin by noting that all steps besides the answer to the questions of
the form ”Is there any string τ extending τn such that ϕτe is defined for x?” are
recursive, and thus recursive in K. Hence we only have to prove that finding
the answer to the above question is also recursive in K.

Since strings are finite sequences of 0’s and 1’s, there are only countably
many strings and hence we can enumerate them. Let 〈τ〉 denote the number
associated to the string τ . To prove that the answer to the above question
is recursive in K, we prove that the set {〈τ〉 : ϕτe (x) is defined} is recursively
enumerable, ie the domain of a recursive function. We have that the function
ϕτe (x) is recursive except for the calls to τ . But τ is a finite string and x is
fixed, so we can view this as a recursive function with the string τ as input, by
interchanging each call τ(y) in the definition of the function by the y-projection
function py(τ). This makes a recursive function, and the domain is exactly the
strings that makes ϕτe (x) defined.

We can now conclude that all steps in the proof of Theorem 4 are recursively
enumerable and hence the degree containing α and the degree containing β are
both recursively enumerable, or equivalently, Turing reducible to K.
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7 Embeddability in the r.e. Turing degrees

One way to measure the complexity of a partial ordering is to see which other
partial orderings are embeddable in it. The larger number of partial orderings
embeddable in it, the more complex. Concluding our study of the Turing de-
grees, we will see that its structure is at least as complex as any countable partial
ordering, by proving that all such are embeddable in the Turing degrees. Since
our main focus has been on the Turing Degrees below K, we will in particular
note that all countable partial orderings are embeddable in these degrees.

The idea of embeddability is pretty straight forward, but it earns a short
discussion before going into proofs of it.The meaning behind it is that an or-
dering (X, ≤X) is embeddable in another ordering (Y , ≤Y ), if we can associate
each element x in X with an element g(x) in Y such that if x ≤X y in X, then
g(x) ≤Y g(y) in Y , and if g(x) ≤Y g(y) in Y , then x ≤X y in X.

Before we can prove that all countable partial orderings are embeddable
in the Turing degrees below K, we need to define a generalised version of the
direct sum from earlier, that allows us to take the direct sum of countably many
functions. This definition is based on Definition V.1.3 in [1], but varied so that
we take the direct sum of functions instead of sets. Using this we can define
what a recursively independent set is, and based on this and a theorem for which
the proof is omitted we can finally prove that all countable partial orderings can
be embedded in the recursively enumerable Turing degrees.

Before defining the direct sum of countably many functions, remember that
there is countably many ordered pairs of natural numbers, so we can enumerate
them. Similarly to how we enumerated the extensions of strings in the last
proof, let 〈n, x〉 denote the natural number associated to the ordered pair (n, x)
of natural numbers, with respect to some order.

Definition 7.1. The direct sum of a family {fn}n∈I of functions, where I ∈ ω,
is defined as

⊕n∈Ifn = {〈n, x〉 : fn(a) = x for some a and n ∈ I}

This definition gives a set of natural numbers where each number uniquely
corresponds to the value for a specific input for a specific function in the family.
Using this definition, we can define a recursively independent set. The idea is
to create a set of functions such that none of the functions is Turing reducible
to any combination of the others.

Definition 7.2. A set {fn}n∈I , where I ∈ ω, is called recursively independent
if, for each n ∈ I,

fn �T ⊕{fm : m ∈ I and m 6= n}.

(Definition V.2.5 in [1].

In terms of Turing machines, this means that we can not calculate fn even
if we have an oracle which knows the answer to all other fm’s in the set {fm},
and it is in this sense they are independent of each other.
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Now, we can understand the proof of the following theorem, by Kleene and
Post 1954:

Theorem 5. There exists a countable, infinite, recursively independent set.
(Proposition V.2.7 in [1].)

Proof. Our goal is to form a set {fn}n∈ω of infinitely many functions that is
recursively independent. We will do this by forming the direct sum of these
functions. By definition, this is a set of natural numbers, and by our enumer-
ation from before we know that the direct sum contains the same information
as the set of the functions. For a more readable proof, we will denote the direct
sum of {fn}n∈ω by A.

By definition of being recursively independent, we need fm �T ⊕m 6=n{fn}n∈ω,
and in a similar manner as in the proof of theorem 4, we will divide this require-
ment into infinitely many requirements

R〈e,n〉 : fn 6= ϕ
⊕n6=m{fm}
e .

In other words, for each fn we prove that it can not be computed by any
function with ⊕n 6=m{fm} as an oracle. Here, just as earlier, 〈e, n〉 denotes
a natural number associated to the ordered pair (e, n) by some order. The
notation 〈e, n〉+ 1 will be used to denote the index after 〈e, n〉.

Just as in theorem 4, we will prove this step by step, by creating new,
extended initial segments for the characteristic function of A, denoted cA. Let
σn be the n’th considered initial segment of cA, and let σ0 = ∅. On stage
s = 〈e, n〉+ 1, we will handle requirement R〈e,n〉 (so that at stage 1 we handle
the first requirement according to our order). In each stage s we will create the
initial segment σs of cA, so that on each stage s+ 1, σs is given.

Let s = 〈e, n〉+ 1, and take the smallest (according to our order) 〈n, x〉 such
that σs is not defined on 〈n, x〉. Now, we ask the question:

Is there any string σ that is zero on all elements of its domain of the form
〈n, y〉, extends σs on all other elements and is defined for 〈n, x〉?

Before we answer the question, let us understand what σ really is and why
we have exactly these criterion for it. We want σ to be an initial segment of
⊕m 6=nfm, that is defined for 〈n, x〉, which we will use later. By exchanging all
numbers in σs on elements of the form 〈n, y〉, we lose all information given by
the function fn. The only important thing of this is actually that we exchange
fn for something known to be recursive (so it does not help us compute things),
but since the choice does not really matter except this, we make an easy choice
and consider the zero function. Letting σ extend σs on all other elements makes
sure that σ is an initial segment of ⊕m6=nfm.

If there is no such σ, then we can conclude that ϕ
⊕m6=nfm
e is undefined for

〈n, x〉, and thus we can let σs+1 be any extension of σs that is defined for 〈n, x〉,
and we are done.
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If there exists such σ, we need to create σs+1 such that σs+1(〈n, x〉) 6=
ϕσe (〈n, x〉). This is easily done by letting σs+1 be any initial segment extending
σs, and extending σ on all elements not of the form 〈n, y〉, such that

σs+1(〈n, x〉) = 1 ·− ϕσe (〈n, x〉).

This makes sure that the e’th function with oracle ⊕m 6=nAn does not compute
fn (remember the definition of the Monus operator from Theorem 4).

To be able to prove our final theorem, we need the following theorem by
Mostowski [7]. Since the theorem itself does not have anything to do with
Turing degrees, the proof is omitted.

Theorem 6. There is a recursive, partial ordering in which all the countable
partial orderings are embeddable.

Now, we finally have everything we need to prove that any countable partial
ordering is embeddable in the degrees, and we will see that this proof would not
have worked without our two earlier theorems in this section. This last theorem
is from 1963 by Sacks.

Theorem 7. Any countable partial ordering is embeddable in the Turing degrees
(Theorem V.2.9 in [1]).

Proof. By our last stated theorem, all countable partial orderings are embed-
dable in a recursive, partial ordering. Since we only embedded countable order-
ings, we can conclude that for each countable, partial ordering, there is a count-
able subset of the recursive partial ordering in theorem 6 where it is embeddable.
Thus, it is enough to prove that all countable, recursive partial orderings are
embeddable in the degrees. The recursiveness will play an important part later
in the proof.

Let (X, �) be an arbitrary countable, recursive partial ordering. The main
idea for this proof is that we have a set of infinitely many really independent
functions, {fn}n∈ω from theorem 5, and by using these we can form new func-
tions that have the exact relationships, according to Turing reducibility, that
we want them to. We can note that it is enough to prove that each countable
recursive partial ordering is embeddable in the functions on natural numbers
with Turing reducibility as ordering, since this can then directly be embedded
in the Turing degrees.

To get an idea about how we can embed these partial orders, we can consider
how we would embed the natural numbers by creating functions g0, g1, ... such
that we can associate 0 with g0, 1 with g1, and so on. To get to this, we associate
the natural numbers with setsG0, G1, ..., and let g0 be the characteristic function
for G0 and so on. Let {fn} be the set of recursively independent functions from
Theorem 5. When embedding zero, we can note that there is no natural number
n smaller than zero, and thus associate it with g0 = f0. For 1, we have zero
and one as the smaller numbers and we thus have G1 = f0 ⊕ f1. Clearly g0 is
Turing reducible to g1 by this, since ⊕ is a least upper bound. Continuing in
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this manner we get G2 = f0 ⊕ f1 ⊕ f2, G3 = f0 ⊕ . . . ⊕ f3, and so on. This
can easily be seen to be an embedding, but we will return our focus to making
a general proof.

Inspired by the embedding of the natural numbers above, we define some
new sets Ga by using our fn’s as follows:

〈n, x〉 ∈ Ga ⇐⇒ n � a and f(y) = x for some y

Or equivalently, Ga = ⊕n�afn, so Ga denotes the direct sum of all functions
fn with index smaller than or equal to a. Again, remember that 〈n, x〉 is the
natural number associated to the ordered pair (n, x). The key thing to note is
that any functions fi, fj , fk ∈ {fn} will be Turing reducible to their direct sum,
but no other functions from {fn} will.

As in our example with the natural numbers we need to remember that
the Turing degrees consists of functions and not sets, but this is solved by also
associating each set Ga with its characteristic function. Note that this is an
embedding of sets of natural numbers into functions of natural numbers. To
avoid doubled indices, we will denote the characteristic function of Ga by ga.

To prove that these ga’s are in fact an embedding, and not just some fun
functions, we need to prove that a � b ⇐⇒ ga ≤T gb. We will prove this one
direction at a time.

Claim. a � b =⇒ ga ≤T gb
Assume a � b, and 〈n, x〉 ∈ Ga. This is, by definition, equivalent to n �

a and fn(y) = x for some y. Since we assumed that a is less than b, this implies
that for all 〈n, x〉 in Ga, n � b and fn(y) = x for some y, which, again by
definition, is equivalent to 〈n, x〉 ∈ Gb, and thus we have proved that 〈n, x〉 ∈
Ga =⇒ 〈n, x〉 ∈ Gb, and thus

〈n, x〉 ∈ Ga ⇐⇒ 〈n, x〉 ∈ Gb and n � a.

Since � is recursive (by assumption), and ”〈n, x〉 ∈ Gb” is clearly recursive in
Gb, we get that Ga ⊆ Gb. This implies that ga ≤T gb

Claim. ga ≤T gb =⇒ a � b

Assume ga ≤T gb and , for a contradiction, a � b. Remember that a number
〈n, x〉 is in the set Gb if n � b and f(y) = x for some y. Since we assumed
that a � b, we can conclude that no number of the form 〈a, x〉 is in the set Gb.
Using this fact we can see that 〈n, x〉 ∈ Gb ⇐⇒ n � b and 〈n, x〉 ∈ ⊕n 6=afn in
our case.

Since � is recursive, this gives that gb ≤T c⊕n 6=afn . Furthermore, note that
fa ≤T ga, by how we define the G’s. Thus we now have fa ≤T ga, ga ≤T gb (by
assumption), and gb ≤T c⊕n 6=afn . By transitivity we get that fa ≤T c⊕n 6=afn ,
contradicting that {fn}n∈ω is recursively independent. Thus we can conclude
that the assumption a � b is false, so a � b
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Corollary 2. Any countable partial ordering is embeddable in the recursively
enumerable Turing degrees (Theorem V.2.9 in [1]).

Proof. We can note that all our considered Turing degrees (the degrees of the
functions g) in the last proof are recursive in ⊕{fn}n∈ω, since they are created
out of different fn’s from this set, so if ⊕{fn}n∈ω is recursive in K, so is all
the g’s and thus all the corresponding Turing degrees to the functions g. The
fact that ⊕{fn}n∈ω is recursively enumerable follows from a similar argument
as in the proof of corollary 1. The only step in the construction that is not
clearly recursive is finding the answer to the question: Is there any string σ
that is zero on all elements of the form 〈n, y〉, extends σs on all other elements,
and is defined for 〈n, x〉? By a similar argument as in corollary 1, viewing σ
as the input to ϕσe (〈n, x〉) with fixed 〈n, x〉 to create a recursive function with
our wanted set of possible σ’s as domain, we can conclude that this is recursive
in K. We conclude that theorem 7 holds when restricted to the recursively
enumerable Turing degrees.

8 Conclusion

The study of Turing degrees has led to many new insights about unsolvable
problems, since they let us compare them both with each other and as a structure
with other structures. In this paper we have seen that there is a least upper
bound of any two Turing degrees, and a least degree but no maximal one. We
have seen that the cardinality of the set of Turing degrees is 2ω, and that each
Turing degree has at most countably many predecessors. We have also seen
that there are limitations to comparing Turing degrees with each other, since
there exists incomparable ones, even in the recursively enumerable degrees. By
comparing the Turing degrees with other partial orderings, we could conclude
that they are more complex than any countable partial ordering, since all such
are embeddable in the Turing degrees.
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