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1. Introduction

This licentiate thesis consists of two articles on the topic of sequential analysis, presented as
follows:

I. Ekström, E. and Wang, Y. Multi-dimensional sequential testing and detection.

To appear in Stochastics. 2021.
II. Ekström, E. and Wang, Y. Bayesian sequential composite hypothesis testing in

discrete time. Submitted, 2021.

In classic statistical hypothesis testing problems the sample size is usually fixed: one observes
a sequence of N realisations of some random variable and makes some inference about its
probability distribution. In sequential hypothesis testing problems, however, the optimal time to
stop observing is part of the decision. Suppose we observe a sequence of i.i.d. random variables
with some unknown parameter ⇥ in their distribution, and we would like to tell if this ⇥ equals
a or b. This means we have some knowledge about the unknown parameter a priori. In the
Bayesian world, we say that ⇥ has a Bernoulli prior. But observing the underlying is not free
– we pay a positive cost for each piece of information we obtain, and this urges us to find a
trade-o↵ between making the correct decision and not spending too much time. The study on
sequential analysis dates back to some classical references such as [10] and [11].

There have been various formulations of such sequential analysis problems concerning the
cost of observation. One main strand considers continuously observing a Brownian motion with
unknown drift and study its associated properties. In this family of continuous problems, two
of the most studied formulations are formulated and solved in [8] separately using a ’guess and
verify’ approach. These two problems are described as follows:

1.1. Sequential hypothesis testing. The problem of sequentially testing the unknown drift
of a Brownian motion is the continuous analogue of Wald and Wolfowitz’s formulation [11].
Assume we observe the trajectory of the following process:

dXt = ⇥t+ dWt, X0 = 0,

where ⇥ can take a value in {1, 0} with probability ⇡ and 1�⇡, respectively. Here ⇡, 1�⇡ 2 (0, 1)
is the prior probability of the following two simple hypotheses that we aim to test:

H1 : ⇥ = 1, H0 : ⇥ = 0.

That is to say, we want to test if the drift of an observed Brownian motion is strictly positive
with some prior belief. This Bayesian testing problem is costly: we are continuously penalised
by a fixed cost of c > 0 per unit time of observation, plus a one-time penalty of making a wrong
decision. It can thus be formulated as a minimisation problem where our goal is to minimise
the total cost by finding a pair of strategies (⌧, d), where ⌧ is a stopping time of the observation
process and d 2 {0, 1} indicates which hypothesis should be accepted. The cost V can thus be
written as

V = inf
⌧,d

E[c⌧ + 1{d=0,⇥=1} + 1{d=1,⇥=0}].
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Defining the posterior probability process

⇧t := P⇡(⇥ = 1|FX
t ),

the Bayesian problem can be reduced to the following optimal stopping problem in the ⇡ coor-
dinate:

V (⇡) = inf
⌧
E⇡[c⌧ +⇧⌧ ^ (1�⇧⌧ )].

Here ⇧t is a Markov process satisfying

d⇧t = ⇧t(1�⇧t)dW̃t,

where W̃t is the innovation process:

W̃t = Xt �
Z t

0

⇧sds.

This stopping problem can then be reduced to a free-boundary problem that can be solved
explicitly. For futher details, see [7], [8] or [9].

1.2. Quickest disorder detection. In the testing problem of Section 1.1 the drift of the
underlying process is unknown to us but fixed. In another formulation we consider observing a
Brownian motion for which drift changes from 0 to 1 at some random time ⇥, which we want
to detect. This is called the quickest detection problem, or the change-point detection problem.
The underlying process here thus solves

dXt = 1{⇥t}dt+ dWt, X0 = 0.

The non-negative random variable ⇥ represents the time of disorder and it has the following
distribution:

P(⇥ = 0) = ⇡, P(⇥ > t) = (1� ⇡)e��t

for all t � 0 and some � > 0. Our goal in the detection problem is to stop as quickly as
possible when the change has happened, while trying not to declare the change before it actually
appeared. In other words, we are penalised if we made a false alarm, and for c > 0 per unit
time after the change had happened:

V = inf
⌧

�
P⇡(⌧ < ⇥) + cE⇡[⌧ �⇥]+

�
.

Similarly, we can define the posterior probability process ⇧t := P⇡(⇥ < t|FX
t ). It can be shown

that ⇧t is a di↵usion process:

d⇧t = �(1�⇧t)dt+⇧t(1�⇧t)dW̃t,

where W̃t is the innovation process defined similarly as in Section 1.1. The Bayesian problem
then reduces to the following optimal stopping problem

V (⇡) = inf
⌧
E⇡[1�⇧⌧ + c

Z ⌧

0

⇧tdt]

and can be solved explicitly by standard arguments, see [7], [8] or [9].
The sequential testing and quickest detection problem have a lot of generalisations, see e.g.,

[1], [2], [3], [4], [5], [6], [12].

As mentioned, these Bayesian problems can often be written as optimal stopping problems
and some times further reduced to free-boundary problems. We often take standard arguments
in optimal stopping theory as useful tools in the topics discussed in this licentiate thesis.
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In optimal stopping problems, we consider a stochastic process Gt, interpreted as the cost if
the observation is stopped at time t. We choose a time to stop based on the information we
have, so as to achieve the minimum of our expected cost, and we call it the value function V :

V := inf
⌧
E[G⌧ ].

In a Markovian setting, the decision of either ’continue’ or ’stop’ depends solely on the current
state of the underlying process, and its transition density satisfies the Kolmogorov equation.
Then the optimal stopping problem can be reformulated into a free boundary problem, where
the value function satisfies some PDEs, and the boundary between the continuation and stopping
sets is also part of the solution. Usually the problem is solved with the combination of variational
inequality and the smooth fit principle, see[7] and [9].

Paper 1

Naturally, one would like to generalise the problems of Section 1.1 and 1.2 to higher dimen-
sions, and we treat such a generalisation in paper 1. To describe these two types of problems, we
first define the underlying stochastic processX = (X1

, . . . X
n) withX

i
t = µi

R t
0
Y

i
s ds+W

i
t , where

Y = (Y 1
, . . . , Y

n) is an n�dimensional continuous time Markov chain with state space {0, 1}n
where {1} is an absorbing state, and the Brownian motions W i processes are independent.

The two problems above can then be reduced to optimal stopping problems of the form

inf
⌧
E

g(⇧⌧ ) +

Z ⌧

0

h(⇧s) ds

�

where ⇧t is the conditional probability process ⇧t := E[Yt|FX
t ], and g, h are some non-negative

functions which we assume to be unilaterally concave. In fact, the variety of possible formulations
of this problem is very rich. For example, sometimes one wants to detect the first change-point,
and other times the last one. Perhaps one is penalised equally for each wrong decision, or maybe
he only needs to make inference about one dimension. With di↵erent choice of g and h, one can
have many problems with natural applications. Instead of studying each formulation separately,
we aim at finding a unified treatment for families of such problems and discussing their structural
properties. This discussion relies on our main result, where we show that unilateral concavity
of the penalty functions g and h is preserved in the sense that also the corresponding value
function is also unilaterally concave.

Paper 2

In these Bayesian problems, we have been dealing with the unknown drift of the observed
Brownian motion. In some applications one would like to know how volatile a stochastic process
is, so it is natural to consider testing the unknown variance instead. It is more natural to
formulate this problem in discrete time, and this is one of the many cases we cover in paper 2.

As mentioned before, there exists a lot of generalisations of the one dimensional sequential
testing problem, one of which is to assume a general prior distribution for the unknown param-
eter, instead of a Bernoulli distribution, see [2] and [3]. In paper 2 we adapt a similar setting to
formulate the problem of testing whether the unknown parameter with a general prior is above
or below a certain threshold, in terms of the posterior probability process ⇧ in discrete time.

In fact, the posterior probability process ⇧ is Markovian when we consider a larger family
of observed random variables: the one parameter exponential family. This makes it possible to
test the unknown parameter for random variables with many other common distributions . For
example, the unknown mean or the unknown variance of a normal distribution, the unknown
parameter of a exponential/Poisson/binomial distribution, and many more.
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We assume that a sequence of random variables X1, X2, . . . are observed sequentially, and
their distribution is parametrised by the unknown random variable ⇥:

P(Xk 2 A|⇥ = u) =

Z

A
exp{ux�B(u)}⌫(dx)

where B(u) := log
�R

R exp{ux}⌫(dx)
�
with respect to some �-finite measure ⌫ on R. We want

to test the following two alternative hypotheses with observation cost:

H0 : ⇥  ✓0,

H1 : ⇥ > ✓0,

where ✓0 2 R is the ’threshold’. The value function of the problem V (n,⇡) can then be written
as

V (n,⇡) = inf
⌧2T

En,⇡[⇧⌧+n ^ (1�⇧⌧+n) + c⌧ ].

In paper 2, we show that with a general prior distribution, the value function of this problem
is concave in the ⇡ coordinate, and that the posterior distribution of the unknown parameter
becomes more concentrated as time elapses. As a consequence, we obtain the existence of
the optimal stopping boundaries. Furthermore, we are able to show that for a large class of
specifications of this problem, the value function is non-decreasing in time, and we obtain the
time monotonicity of the stopping boundaries consequently.
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