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Universal quantum computation and quantum error correction using discrete holonomies

Cornelis J. G. Mommers and Erik Sjöqvist *

Department of Physics and Astronomy, Uppsala University, Box 516, Se-751 20 Uppsala, Sweden

(Received 1 September 2021; accepted 21 January 2022; published 7 February 2022)

Holonomic quantum computation exploits a quantum state’s nontrivial, matrix-valued geometric phase (holon-
omy) to perform fault-tolerant computation. Holonomies arising from systems where the Hamiltonian traces a
continuous path through parameter space have been well researched. Discrete holonomies, on the other hand,
where the state jumps from point to point in state space, have had little prior investigation. Using a sequence of
incomplete projective measurements of the spin operator, we build an explicit approach to universal quantum
computation. We show that quantum error correction codes integrate naturally in our scheme, providing a
model for measurement-based quantum computation that combines the passive error resilience of holonomic
quantum computation and active error correction techniques. In the limit of dense measurements we recover
known continuous-path holonomies.
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I. INTRODUCTION

In the circuit model of quantum computation, informa-
tion is processed by using a series of quantum gates on a
register of qubits. These gates are unitary transformations,
which can be realized using non-Abelian geometric phases
(holonomies) [1] that make them intrinsically fault tolerant
[2]. Holonomic quantum computation is often studied in adi-
abatic systems, where the Hamiltonian traces a continuous
path through parameter space. Experimental realizations of
adiabatic holonomic quantum computation in a wide range of
physical settings have been proposed [3–5] and implemented
[6,7]. On the other hand, there has not been as much research
into the discrete case, whereby the state jumps from point
to point in state space resulting in non-Abelian holonomies
[8–10].

Here, we examine holonomies arising from sequences of
incomplete measurements. We demonstrate a universal set of
holonomic quantum gates acting on qubits implemented by
a discrete set of incomplete measurements on spin-coherent
states (SCSs) [11,12]. SCSs can be created in the laboratory
[13,14] and have mathematically desirable properties [15]. In
the limit of dense measurements our scheme reduces to well-
known continuous-path holonomies, which, for SCSs, are
Abelian [16] and therefore insufficient to achieve universality.
Hence, to realize truly non-Abelian holonomies acting on SCS
qubits it is essential to use (discrete) sequences consisting of
a finite number of measurements.

*erik.sjoqvist@physics.uu.se

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Funded
by Bibsam.

We further show that measurement-driven holonomies on
SCSs can be naturally merged with active error correction
techniques, such as direct implementation of the bit-flip rep-
etition code [17] and extension into the nine-qubit Shor code
[18]. In this way, our proposed scheme can be viewed as a
model for measurement-based quantum computation, in the
same vein as, e.g., one-way cluster state quantum computation
[19] and teleportation-based quantum computation [20]. Our
approach combines the passive error resilience of holonomic
quantum computation and active error correction techniques,
making it a promising tool for robust quantum computation.

II. HOLONOMIC SCHEME

A. Preliminaries

To introduce notation, we begin by briefly outlining some
conceptual aspects of discrete holonomies. Suppose we have
an N-dimensional Hilbert space. A projection onto a K-
dimensional subspace pa, spanned by a (nonunique) frame
Fa = {|ak〉}K

k=1, can be realized with a projector Pa. The over-
lap matrix, defined componentwise as

(Fa|Fb)kl = 〈ak|bl〉, (1)

quantifies how different subspaces are connected [21]. From
a cyclic sequence C of q + 1 projections (q of which are
distinct) we can construct �C, given by

�C = P1PqPq−1 · · · P1. (2)

�C can be realized by applying a sequence of q + 1 projective
filtering measurements that transforms an input state |ψ〉 ∈ p1

as

|ψ〉 →
∑
k,l

|1k〉Dkl〈1l |ψ〉, (3)

with D = (F1|Fq)(Fq|Fq−1) · · · (F2|F1) [9]. The holonomy of
C is the unitary part UD = |D|−1D of D, with |D| =

√
DD†
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the positive part of D. In the following, we take p1 to be the
computational subspace.

Next, let us parametrize a unit vector n with spherical co-
ordinates as (sin θ cos φ, sin θ sin φ, cos θ ). With {| j, m〉} j

m=− j
denoting the eigenkets of the Jz operator, the SCSs read
e−iφJz e−iθJy | j,± j〉 (we put h̄ = 1 from now on, and abbreviate
| j,± j〉 to | ± j〉). If j � 1, we can have our sequence of
frames be projections onto subspaces spanned by different
SCSs, viz.,

Fa(θa, φa) = {e−iφaJz e−iθaJy | j,± j〉} = {| ± j; na〉}. (4)

Each projective filtering measurement corresponds to the
operator Pa = | + j; na〉〈+ j; na| + | − j; na〉〈− j; na| and rep-
resents the degenerate measurement outcome j2 of the
observable (na · J)2.

We can calculate the overlap matrix for the SCSs by de-
composing each state into a tensor product of spin- 1

2 states,
| ± j〉 = | ± 1

2 〉⊗2 j . One finds nonvanishing overlap matrices
[9]

(Fa|Fb) =
(

Ra,b Sa,b

(−1)2 jS∗
a,b R∗

a,b

)
, (5)

with

Ra,b =
[

cos

(
θa − θb

2

)
cos

(
φa − φb

2

)

+ i cos

(
θa + θb

2

)
sin

(
φa − φb

2

)]2 j

,

Sa,b =
[

sin

(
θa − θb

2

)
cos

(
φa − φb

2

)

− i sin

(
θa + θb

2

)
sin

(
φa − φb

2

)]2 j

. (6)

To make the holonomy unambiguously associated with a
quantum gate we require that the overlap matrices are uni-
tary up to a multiplicative positive number. From now on
we restrict j to j = (2n + 1)/2, n ∈ N. Then all the SCSs
subspaces will be fully overlapping [22]. We define our qubit
as |0〉 = | j〉 and |1〉 = | − j〉. Our input state is |ψ〉 = a| j〉 +
b| − j〉 with |a|2 + |b|2 = 1 and | ± j〉 ∈ F1, where F1 spans
the first subspace. A | j〉 state will be composed of (2n + 1)
spin- 1

2 constituents [23]. We can make a left polar decompo-
sition of the overlap matrix into

(Fa|Fb) = |(Fa|Fb)|Ua,b = κ−1
a,bUa,b, (7)

where κ−1
a,b = √|Ra,b|2 + |Sa,b|2 > 0 and Ua,b is a unique

unitary matrix [24]. If we perform a sequence of q + 1
measurements projecting onto the SCS subspaces, the final
holonomy becomes

UD = κ1,qκq,q−1 · · · κ2,1(F1|Fq)(Fq|Fq−1) · · · (F2|F1).

(8)

B. Single-qubit gates

We consider sequences of four measurements, which is the
minimum number of measurements that can yield a nontrivial
holonomy [25]. The first measurement is a projection onto

the same subspace as |ψ〉. This projection is the prepara-
tion of our state in the correct subspace. We then carry out
two more projections onto subspaces that are different from
the first subspace and each other. Finally, we project back
onto the same subspace as the starting measurement. With-
out loss of generality we define (θ1, φ1) = (θ4, φ4) = (0, 0).
Our sequence of measurements becomes (0, 0) → (θ2, φ2) →
(θ3, φ3) → (0, 0).

An astute reader may raise objections to our use of (0,0) as
our starting state because spherical coordinates are undefined
at the poles. There, we have e−iφJz |± j〉 and e−iφJz e−iπJy |± j〉,
respectively, so there is no unique eigenstate. However, we
were careful to define the (0,0) label to correspond to our
starting and ending subspace, which is unambiguous [26].
Subsequent measurements are projections onto rotated ver-
sions of the original subspace, which is readily seen when we
recall that e−iφn·J = Dn(φ) is the rotation operator around the
direction n.

We want to find the rotation gates, as any single-qubit op-
eration can be decomposed exactly into Dz(α)Dy(β )Dz(γ ).
Note that for the rest of this analysis any identification should
be understood as an identification up to an unimportant global
phase factor.

We first implement a rotation gate about the z axis. We pick
(θ2, φ2, θ3, φ3) = ( π

2 , π, π
2 , ϕ), where ϕ ∈ [0, 2π ), and find

Dz(φ) = UD,z = 1√
cos2+4n

(
ϕ

2

) + sin2+4n
(

ϕ

2

)
(

z∗ 0
0 z

)

=
(

e−iφ/2 0
0 eiφ/2

)
, (9)

with

z = ei(2n+1) ϕ

2

[
(−1)n cos2n+1

(ϕ

2

)
− i sin2n+1

(ϕ

2

)]
, (10)

where the final identification of Eq. (9) holds since UD ∈
SU(2), so |z| = 1. The relative phase change induced by this
holonomy is

φ = arg(z/z∗) ∈ (−π, π ]. (11)

Rotations about the x and y axes are given by

UD,x = 1√
cos2+4n

(
ϕ

2

) + sin2+4n
(

ϕ

2

)
(

Re(z) iIm(z)
iIm(z) Re(z)

)
,

UD,y = 1√
cos2+4n

(
ϕ

2

) + sin2+4n
(

ϕ

2

)
(

Re(z) −Im(z)
Im(z) Re(z)

)
.

(12)

These matrices are equivalent to the following list of angles:

UD,x = Dx(φ) : (0, 0) →
(π

2
, π

)
→

(
ϕ,

π

2

)
→ (0, 0),

UD,y = Dy(φ) : (0, 0) →
(

ϕ,
0 if n is even
π if n is odd

)

→
(π

2
,
π

2

)
→ (0, 0), (13)

where ϕ can be found by solving Eq. (11).
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C. Two-qubit gate

To construct an entangling two-qubit gate necessary for
universality we make use of the auxiliary states |ζ±〉 ∈ F1

for the second qubit, with 〈ζ+|ζ−〉 = ξ , in addition to the
input state |ψ〉 of the first qubit. Our two-qubit gate only
rotates the first qubit, keeping the subspace of the sec-
ond qubit fixed. In the extended Hilbert space our new
frames areFa = {| ± j; na〉 ⊗ |ξ±〉}, with corresponding rank-
2 projection operators Pa = | + j; na〉〈+ j; na| ⊗ |ξ+〉〈ξ+| +
| − j; na〉〈− j; na| ⊗ |ξ−〉〈ξ−|. The new overlap matrices
are

(Fa|Fb) =
(

Ra,b ξSa,b

−ξ ∗S∗
a,b R∗

a,b

)
=

√
|Ra,b|2 + |ξSa,b|2Ũa,b.

(14)

If |ζ+〉 = |ζ−〉, then ξ = 1 and we recover the single-qubit
gates acting on the first qubit. If ξ = 0, then

(Fa|Fb) =
(

Ra,b 0
0 R∗

a,b

)
= |Ra,b|

(
eiφa,b 0

0 e−iφa,b

)
, (15)

which is a phase gate inducing a phase shift � = φ1,q +
φq,q−1 + · · · + φ2,1. If we have an input state |ψ〉 ⊗ |ψ̃〉,
where |ψ̃〉 = c| j〉 + d| − j〉, with |c|2 + |d|2 = 1, then the
action of the gate is

(a| j〉 + b|− j〉) ⊗ |ψ̃〉 	→ aei�〈ζ+|ψ̃〉| j〉|ξ+〉
+ be−i�〈ζ−|ψ̃〉|− j〉|ξ−〉. (16)

This gate can entangle. For instance, if we pick |ζ±〉 = | ± j〉
the concurrence [27] will be proportional to |abcd|, which is
nonzero in general. The fact that we can construct all single-
qubit gates from the rotation gates and that we can create an
entangling two-qubit gate implies universality [28].

D. Example

It is instructive to work out the discrete set of single-qubit
Clifford + T gates [29] (the S, H , and T gates) for j = 3

2 ,
which are sufficient for universal quantum computation when
supplemented by an entangling two-qubit gate. The procedure
for higher- j gates is identical. Plugging n = 1 into Eq. (9)
gives us

U
( j= 3

2 )
D,z = 1√

10 + 6 cos(2ϕ)

(
1 + 3e−2iϕ 0

0 1 + 3e2iϕ

)
.

(17)

Therefore,

φ = arg

(
1 + 3e−2iϕ

1 + 3e2iϕ

)
. (18)

A plot of Eq. (18) is shown in Fig. 1. Note that φ is
multivalued. However, each intersection point yields the
same holonomy. For the T and S gates we want to find
the intersection point where φ is π

4 and π
2 , respectively.

H can be decomposed into a π
2 rotation around the y

axis and a π rotation around the z axis. We find that
the gates can be realized using the following sequence of

FIG. 1. The relative phase φ as a function of the subspace rota-
tion angle ϕ for j = 3

2 (solid), j = 5
2 (dashed), and j = 7

2 (dotted).

measurements:

T : (0, 0) →
(π

2
, π

)
→

(π

2
, φT

)
→ (0, 0),

S : (0, 0) →
(π

2
, π

)
→

(π

2
, φS

)
→ (0, 0),

H : (0, 0) → (φS, π ) →
(π

2
,
π

2

)
→ (0, 0) →

(π

2
, π

)

→
(π

2
, arctan

√
2 ≈ 0.955

)
→ (0, 0), (19)

with φT = 2arcsec(2
√

6√
6(

√
2−

√
36

√
2+70+10)+12

) ≈ 1.44 and

φS = arctan( 3+√
17

2 ) ≈ 1.30. Note that these sequences are not
unique. For example, for the H gate we can replace the fifth
pair of angles by ( π

2 , 0).

III. GATE PERFORMANCE AND ERROR
CORRECTION CODES

Having constructed the formalism to describe holonomic
quantum gates, we now turn to their performance. For each
projection onto a subspace p there is a chance our state col-
lapses onto the orthogonal subspace p⊥. So, we can quantify
the gates’ performance by looking at the total transition am-
plitude into the intended subspace. We focus on the rotation
gates since they form the basis for all single-qubit gates. Fur-
thermore, due to symmetry, we only need to look at rotations
around the z axis. It turns out that the transition amplitude TC
is independent of the input state and is given by

TC = 4−2n
[
cos2+4n

(ϕ

2

)
+ sin2+4n

(ϕ

2

)]
. (20)

For j = 3
2 the maximum value of the transition amplitude

is 1
16 ≈ 0.063, while the minimum value is 1

64 ≈ 0.016. As
we increase j (and so the number of spin- 1

2 constituents),
the transition amplitude decreases exponentially. Hence, we
should pick j to be as low as possible to have a feasible gate.

For most practical purposes, even the maximum transition
amplitude is too low. To fix this, we can directly implement the
repeat-until-success scheme proposed in Ref. [10]. In essence,
by using two auxiliary states [such as | j,±(m �= j)〉], one can
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define a binary tree of projections that guarantees that each of
the four steps in our scheme happens with near certainty.

Besides the transition amplitude, noise and decoherence
are also present in our system. Although our reliance on
holonomies offers some built-in protection [30], we can add
an extra layer of security by realizing that there is a nat-
ural link between discrete holonomies and quantum error
correction. For clarity, we restrict our discussion to j = 3

2 .
Observe that we can view our SCSs as logical qubits: | 3

2 〉 =
| 1

2 〉⊗3 = |0L〉 and |− 3
2 〉 = |− 1

2 〉⊗3 = |1L〉. A bit-flip code [17]
can be integrated directly into our scheme if we perform
syndrome measurements and corrections after each projection
onto a subspace. After completing the repeat-until-success
procedure to get the qubit into the correct subspace, we per-
form error correction measurements to correct any remaining
single-qubit bit-flip errors. The syndrome measurements ro-
tate with our states. This means a measurement of, say, σ i

z ⊗
σ

j
z will need to be replaced by Di

nσ
i
z (Di

n)† ⊗D j
nσ

j
z (D j

n)† =
(n · σ i ) ⊗ (n · σ j ). This is advantageous because we only have
to rotate before a gate measurement. Implementing the extra
syndrome measurements and the repeat-until-success scheme
does not introduce extra rotations. Furthermore, accurate ro-
tations can be achieved experimentally because a rotated
measurement of a state is equivalent to a collective rotation
of the devices that read out the spin- 1

2 qubits.
It is also possible to implement the Shor code, which

corrects arbitrary errors in single, physical qubits due to deco-
herence [18]. So now, after the repeat-until-success procedure,
we can correct arbitrary remaining single-qubit errors. We
define the logical qubits as |0L〉 = 1

2
√

2
(| 3

2 〉 + |− 3
2 〉)⊗3 and

|1L〉 = 1
2
√

2
(| 3

2 〉 − |− 3
2 〉)⊗3. Again, the syndrome measure-

ments follow our states’ rotation. Unlike the bit-flip code,
our logical qubit states are not the same as the SCSs. This
means the exact rotation angles, given in Eq. (19), will be
different. It is also nontrivial that our new overlap matrices
still decompose into a scalar times a unitary matrix. To prove
this, we abbreviate eiθaJy e−i(φb−φa )Jz e−iθbJy = U . Sufficient con-
ditions are that 〈1L|U |0L〉 = −〈0L|U |1L〉∗ and 〈1L|U |1L〉 =
〈0L|U |0L〉∗. Since the three groups of physical qubits are
rotated by the same unitary U we have that

〈0L|U |1L〉 = [(〈
3
2

∣∣ + 〈− 3
2

∣∣)U (∣∣ 3
2

〉 − ∣∣− 3
2

〉)]3

= (R − R∗ − S − S∗)3
,

〈1L|U |0L〉 = (−R + R∗ + S + S∗)3

= (−1)3[(R − R∗ − S − S∗)∗]3

= −〈0L|U |1L〉∗. (21)

A similar calculation proves the diagonal elements. This
shows that error correction codes and discrete holonomies can
be merged into a single scheme.

We should mention that the repeat-until-success scheme
and the syndrome measurements are two separate, distinct
steps. It is not sufficient to combine the syndrome measure-
ments and the projection measurements into a single step. This
is because the different subspaces into which we project are
not close together, so the probability of an error involving
more than one qubit is high. These multiqubit errors cannot

FIG. 2. The behavior of the discrete holonomy UD for a sub-
space rotation of ϕ = π

4 (using a Z gate or an X gate) when
the number of measurements is increased. (a) The argument of
the relative phase of the diagonal elements of the holonomy
for the Z gate. (b) The transition probability for an initial state

1√
2
(| j〉 + | − j〉) for the Z gate. The inset shows a zoomed-out

version of the larger plot. (c) The absolute value of the off-
diagonal elements of the holonomy for the Z gate. (d) The
absolute value of the off-diagonal elements of the holonomy for
the X gate.

be fixed with only the Shor code, which is why we also need
the repeat-until-success scheme.

In line with this, it is the combination of the repeat-until-
success scheme and the Shor code that makes our scheme
fault tolerant, up to errors in the syndrome measurements.
Multiqubit errors get fixed by the repeat-until-success scheme,
and if any single-qubit errors remain these get fixed by the
Shor code. Only if the syndrome measurements of the Shor
code go wrong do we get an error. In this sense, our scheme is
as fault tolerant as the Shor code.

IV. ZENO LIMIT

We conclude our discussion on discrete holonomic gates
by verifying the continuous-path, or Zeno, limit. It is a
well-known result that taking the limit of infinitely many pro-
jective measurements “freezes” a quantum system, or drives it
through different subspaces with effective certainty [31].

For our choice of SCSs, when we take the limit to dense
measurements, we find that we can only implement a phase
gate [32]. To get a noncommuting holonomy with the SCSs,
necessary for universality, we require a finite number of pro-
jections. In passing, we note that if m = ± 1

2 instead of ± j the
holonomy would remain non-Abelian in the Zeno limit [16].

We take the Zeno limit for the Dz(φ) gate. As there is
some freedom in what measurement sequence to take, we pick
(0, 0) → ( π

2 , 0) → ( π
2 , ϕ) → (0, 0) for simplicity. One can

show that we expect a continuous-path holonomy given by
UD = exp(i jσz

∫ ϕ

0 dφ).
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Suppose we have j = 3
2 and rotate our subspace by ϕ = π

4 .
In the Zeno limit, our holonomy should be a phase shift with
argument �φ = − 3π

4 ≈ −2.35 [33]. If we choose the initial
state |ψ〉 = 1√

2
(| j〉 + |− j〉) (say), we can also calculate the

transition probability. This probability should go to 1 as the
number of measurements increases, because of the quantum
Zeno effect. Furthermore, the off-diagonal elements of the
holonomy UD should tend to zero. This means that increasing
the number of measurements to increase the transition ampli-
tude comes with the downside of changing the holonomy. That
the off-diagonal matrix elements tend to zero also holds for
holonomies that are initially non-Abelian, such as a rotation
of π

4 around the x axis. The argument of the relative phase
shift of the diagonal elements should go to − 3π

4 for j = 3
2 .

Numerical calculations confirm this, as shown in Fig. 2.

V. CONCLUSIONS

In conclusion, we have demonstrated that discrete holo-
nomic quantum computation can achieve universality. In
particular, we have explicitly constructed quantum gates for
spin-coherent states, whereby rotation gates were achieved
using a sequence of four projective measurements. We have
further shown that it is possible to construct an entangling
two-qubit gate. These results widen the scope of holonomic
gates to include spin-coherent states. Our scheme offers an

extra layer of protection as we can readily integrate quantum
error correction codes, such as Shor’s code. The low transition
rate for the projective measurements can be mitigated using
a repeat-until-success scheme. This means that, at the cost
of more measurements, the error correction code and repeat-
until-success scheme can be combined, though this warrants a
more detailed investigation. We also recover previously found
results for continuous-path holonomic quantum computation
by taking the limit to infinitely many measurements. Our
paper demonstrates a deep connection between quantum er-
ror correcting codes and discrete holonomies, and highlights
the differences between the continuous and discrete realms.
The proposed scheme provides a model for measurement-
based quantum computation that combines the passive error
resilience of holonomic quantum computation and active error
correction techniques. Our paper should be viewed as a proof
of principle; our idea is not limited to the Shor code. It should
be investigated to what extent other quantum codes can be
merged with (discrete) holonomic quantum computation. For
example, the [[5,1,3]] code [34] could be used instead of the
Shor code, or syndrome measurements could be supplemented
with flag qubits [35] and gauge qubits [36].
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