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Abstract

This thesis presents a brief introduction into differential geometry of reg-
ular surfaces at an undergraduate level, and briefly covers the topological
concept of the Euler characteristic. We then present the Gauss–Bonnet
theorem with a proof. Finally we present an application of the Gauss–
Bonnet theorem on pseudospheres.
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1 Introduction

The Gauss–Bonnet theorem is a theorem in mathematics that connects two con-
cepts from two different fields of mathematics together into one whole theorem.
On one hand, you have the concept of the curvature of a surface from differen-
tial geometry, while on the other you have the topological property of the Euler
characteristic. As a result, the Gauss–Bonnet theorem has found a wide variety
of applications, from the simple case of calculating angle sums of polyhedra in
the plane, to applications on complicated surfaces in R3.

As its name implies, the Gauss–Bonnet theorem gets its name from the great
German mathematician Carl Friedrich Gauss (1777–1855), and the french math-
ematician Pierre Ossian Bonnet (1819–1892). The reason for the shared name is
that, while Gauss was the first to formulate the theorem, Bonnet was the first to
publish the result. Through the years since its publication, the Gauss–Bonnet
theorem has also been generalised in different ways. An example of this is the
Chern-Gauss–Bonnet theorem, which gets its namesake from the American–
Chinese mathematician Shiing-Shen Chern (1911–2004), which generalises the
Gauss–Bonnet theorem to higher dimensional manifolds. Other examples are
the Riemann–Roch theorem and the Atiyah–Singer index theorem.

In this paper we will present the background necessary for understanding the
Gauss–Bonnet theorem and show a few of its applications. In section 2 we will
give a brief overview of differential geometry of surfaces at an undergraduate
level by discussing the concepts of Gaussian and geodesic curvature. We will
follow this by discussing triangulation of surfaces and the Euler characteristic
from topology in section 3. In section 4 we will the present the different versions
of the Gauss–Bonnet theorem and give a proof of one of these. Finally, in sec-
tion 5 we will cover some background on pseudospheres and then use the tools
we have discussed to apply the Gauss–Bonnet theorem on a half-pseudosphere.
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2 Differential Geometry

The definitions and theorems of this chapter are based on Do Carmo [2], as well
as the lecture notes of Staubach [5]. The purpose of this section is to present the
basic properties of differential geometry that are involved in the Gauss–Bonnet
theorem, which will then provide the basis for the following sections on its state-
ment and applications.

2.1 Regular surfaces in R3

Since we are interested in the properties of integrals and differentials on surfaces
in R3, we first define what we mean by a regular surface.

Definition 2.1.1. A regular surface is a subset S ⊂ R3 such that
∀p ∈ S,∃ a neighbourhood V ⊆ S and a parameterization X : U ⊆ R2 −→ V ,
where U is an open subset of R2, such that

1. X : U −→ V is a homeomorphism.

2. ∀q = (u, v) ∈ U it holds that ∂X
∂u ,∂X∂v are linearly independent.

Example. Any graphical surface, A , is a regular surface.
We consider the map X : U −→ A such that X(u, v) = (u, v, f(u, v)) for
some smooth function f . Clearly X is a homeomorphism. Taking the partial
derivatives gives:

∂X

∂u
=

(
1, 0,

∂f(u, v)

∂u

)
∂X

∂v
=

(
0, 1,

∂f(u, v)

∂v

)
These are clearly linearly independent, so by the above definition, any graphical
surface A is also a regular surface.

Remark. We will use the notation Xu to denote the partial derivative ∂X
∂u from

now on.

Example. The unit sphere, S2 is a regular surface. A well know parameteri-
zation of the unit sphere is given by X(u, v) = (sinu cos v, sinu sin v, cosu) for
u ∈ [0, π), v ∈ [0, 2π). Taking the partial derivatives we get:

Xu = (cosu cos v, cosu sin v,− sinu)

Xv = (− sinu sin v, sinu cos v, 0)

Again, these are clearly linearly independent, since − sinu < 0, so by our defi-
nition, the unit sphere is a regular surface.

We now move on to defining what it means to differentiate a function or
map on a regular surface in R3. Our first definition will establish what it means
for a real valued function to be differentiable on a regular surface.
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Definition 2.1.2. A real valued function f : V ⊂ S −→ R is said to be
differentiable at a point p ∈ V if, for some parameterization X : U ⊂ R2 −→ S
with p ∈ X(U) ⊂ V , the composition f ◦ X : U −→ R is differentiable at
X−1(p). Furthermore, if f is differentiable at all points p ∈ V , we say that it is
differentiable on V .

Before we define the differential of a map between regular surfaces, we remind
the reader of the notion of the tangent plane at a point p on the surface. If we
let X : U −→ S be a parameterization of a regular surface as defined above,
and p ∈ S, then the subspace dXp(R2) coincides with the set of tangent vectors
to S at X(p). This subspace is called the tangent plane to S at point p, and we
will denote it by Tp(S) in the future. Note that by tangent vector at a point p
in this context, we refer to the tangent vector α′(0) of a curve α : (−ε, ε) −→ S
where α(0) = p. We can now move on to defining the differential of a map
between regular surfaces, which we will use extensively in the next section.

Definition 2.1.3. Let S1 and S2 be regular surfaces. Let f : S1 −→ S2 be a
smooth map between the surfaces. Then the differential of f at a point p ∈ S2

is defined as the map
dfp : Tp(S1) −→ Tf(p)(S2)

such that ∀v ∈ Tp(S1) we choose any curve α : (−ε, ε) −→ S1 such that α(0) = p
and α′(0) = v. Now let β = f ◦ α : (−ε, ε) −→ S2 with β(0) = f(p). Then

dfp(v) = β′(0) ∈ Tf(p)(S2)

With the basics of regular surfaces covered we now move on to discussion
the concepts of fundamental forms and curvature for regular surfaces.

2.2 Fundamental forms and curvature

In this section we define the concept of the first and second fundamental forms
for regular surfaces in R3, from which we will then derive the notation of curva-
ture, which will be central to our later discussion of the Gauss–Bonnet theorem.
We start by defining the first fundamental form.

Definition 2.2.1. The first fundamental form of a regular surface S at a point
p = (u, v) is the inner product Ip : TpS x TpS −→ R defined on the tangent
plane at p by

Ip(u, v) = 〈u, v〉R3 =

3∑
i=1

uivi

What the first fundamental form thus tells us is simply that a regular sur-
face inherits the Euclidean inner product from R3. In the future we will omit
remarking that we are dealing with the standard Euclidean inner product on
R3, as well as the fact that we are dealing with a point p.

Remark. We often want to express the first fundamental form as a 2×2 matrix,
as will become evident later. We thus let X : U −→ S be a parameterization of
the regular surface S. We choose the partial derivatives Xu and Xv as a basis
such that TpS = span {Xu, Xv} We define the functions E, F , G as follows:
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E = 〈Xu, Xu〉

F = 〈Xu, Xv〉

G = 〈Xv, Xv〉

We can then define the first fundamental form in matrix form as:

I =

(
E F
F G

)
If we then let u = aXu + bXv and v = cXu + dXv for some a, b, c, d ∈ R, we can
then express the first fundamental form acting on u and v as:

I(u, v) =
(
a b

)(E F
F G

)(
c
d

)
Before giving examples of some first fundamental forms of surfaces, we want

to define the area element of a surface from its first fundamental form. This
will later be useful in our discussion of pseudospheres.

Definition 2.2.2. Let a surface E,F and G be the entries of the first funda-
mental form of a surface S. Then the area element, dA, of the surface is

dA =
√
EG− F 2dudv (1)

Example. We calculate the first fundamental form of the unit sphere. We
know that X(u, v) = (sinu cos v, sinu sin v, cosu) for u ∈ [0, π), v ∈ [0, 2π) is a
parameterization of the unit sphere. We also saw in section 1.1 that the partials
are given by:

Xu = (cosu cos v, cosu sin v,− sinu)

Xv = (− sinu sin v, sinu cos v, 0)

We calculate E, F and G.
E = 1

F = 0

G = sin2 u

Thus the first fundamental form of the unit sphere is given by:

I =

(
1 0
0 sin2 u

)
Example. Consider a helicoid parameterized by the parameterizationX(u, v) =
(v cosu, v sinu, u) for u ∈ [0, 2π] and v ∈ R. The partials are given by:

Xu = (−v sinu, v cosu, 1)

Xv = (cosu, sinu, 0)

We once again calculate E, F and G.
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E = v2 + 1

F = 0

G = 1

So the first fundamental form of our helicoid is given by

I =

(
v2 + 1 0

0 1

)
We now move to define the concept of the second fundamental form, which

will help us define important properties of curvature on regular surfaces. First
we must define the concept of the Gauss map, however we start by discussing
the unit normal of a regular surface.

Definition 2.2.3. For a given parameterization of a regular surface X : U ∈
R2 −→ S, the unit normal at a point p ∈ U is defined as

N(p) =
Xu ×Xv

|Xu ×Xv|

Furthermore, if U ∈ S is open, and for each p ∈ U we have a unit normal defined
from N : U −→ R3, we call N a differentiable field of unit normals on U.

Since not all regular surfaces have an associated differentiable field of unit
normals, it is useful to define the concept of orientation to distinguish between
these surfaces and regular surfaces that have a differentiable field of unit nor-
mals.

Definition 2.2.4. A regular surface, S, is said to be orientable if it has an
associated differentiable field of unit normals, N . The choice of such a field N
is called an orientation of S.

From now on, if not stated otherwise, when we mention a regular surface we
will also assume it’s orientable.

Example. A Möbius strip is not orientable.

We can now define the Gauss map for a surface S.

Definition 2.2.5. Let S ∈ R3 be a regular surface. The map N defined by:

N : S −→ S2, where S2 is the unit sphere in R3, (2)

is called the Gauss map of S.

We are primarily interested in the differential of the Gauss map. This is
defined as a linear map dNp : Tp(S) −→ Tp(S) where the differential is as defined
in section 1.2. The reason why the Gauss map and it’s differential is of utmost
importance to our study of the Gauss–Bonnet theorem is that it directly relates
to the concept of curvature on regular curves and surfaces. Before discussing
the concept of curvature we define what we mean by the Weingarten map, also
known as the shape operator.
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Definition 2.2.6. The Weingarten map is the linear operator defined by

S := −dNp : TpS −→ TpS.

The intuitive idea of the Weingarten map is that is tells us how the unit
normal of a surface changes at a point p on a regular surface. This is the basic
idea of curvature, namely that it tells us how a curve or surface bends in R3.
Knowing this, it makes sense to define the concepts of Gaussian curvature and
mean curvature through the Weingarten map.

Definition 2.2.7. The Gaussian curvature, K , of a regular surface is defined
as

K = det(S)

where S is the Weingarten map of the surface.

Definition 2.2.8. The mean curvature, H , of a regular surface is defined as

H = tr(S)

where S is the Weingarten map of the surface.

Remark. Both the Gaussian and mean curvatures are independent of the cho-
sen parameterization. This is important, as it allows us to choose the param-
eterization that will provide the simplest calculations, and guarantees that the
curvatures we obtain will be the same across all parameterizations.

Remark. It is important to note the effect of orientation when it comes to
the Gaussian and mean curvatures. If we were to change the orientation of the
unit normal at p from Np to −Np then the Gaussian and mean curvatures at p
become K and −H. This means that the Gaussian curvature is independent of
orientation, while the mean curvature is not.

With the concepts of the Weingarten map and curvature established, we now
define the second fundamental form of a regular surface.

Definition 2.2.9. The second fundamental form, II , for a regular surface at a
point p = (u, v) with respect to the unit normal Np is the inner product II : Tp
x Tp −→ R such that

II(u, v) := 〈Su, v〉 (3)

where S is the Weingarten map of the surface.

Again, just like with the first fundamental form, it is useful to express the
second fundamental form of a regular surface as a matrix given a parameteriza-
tion of X of the surface.

Let X(u, v) be a parameterization of the regular surface S, and N be the unit
normal of the surface at a point p. We define the functions L, M and N as
follows:

L = 〈Xuu, N〉

M = 〈Xuv, N〉

N = 〈Xvv, N〉
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Then the second fundamental form II of S at p can be expressed as the sym-
metric matrix

II =

(
L M
M N

)
Using both the first and second fundamental forms now gives us a very useful
formula for the Weingarten matrix S of the surface.

Theorem 2.1. Let S be a regular surface in R3 with local parameterization
X : U ⊆ R2 −→ V , V ⊆ S. For a point p ∈ U the Weingarten matrix , S , of
the surface S can be expressed as

S = I−1II (4)

where I and II are the first and second fundamental forms of S at p respectively.

For computational purposes, this theorem is incredibly useful, as explicitly
computing the Weingarten matrix easily allows us to find the Gaussian and mean
curvatures of the surface through definition 2.2.7 and 2.2.8. Before showing a
few examples of how we can use the Weingarten matrix, we define the concept
of principal curvature.

Definition 2.2.10. The principal curvatures of a regular surface S are the
eigenvalues of the Weingarten matrix. We denote the principal curvatures by
k1 and k2.

It follows from the above definition that the Gaussian curvature has the
formula K = k1k2 and the mean curvature has the formula H = k1 + k2.

Example. We return to our example of the unit sphere given by the param-
eterization X(u, v) = (sinu cos v, sinu sin v, cosu). Intuitively we expect the
Gaussian curvature along the unit sphere to be constant. We know from earlier
that the first fundamental form of the unit sphere at p = (u, v) is given by

I =

(
1 0
0 sin2 u

)
The unit normal of the unit sphere is given by

N(p) =
Xu ×Xv

|Xu ×Xv|
= (sinu cos v, sinu sin v, cosu) = X(u, v)

Now we calculate L, M and N

L = 〈Xuu, N〉 = −1

M = 〈Xuv, N〉 = 0

N = 〈Xvv, N〉 = − sin2 u

So the second fundamental form is given by

II =

(
−1 0
0 − sin2 u

)
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Finally, the Weingarten matrix is given by

S = I−1II =

(
1 0
0 1

sin2 u

)(
−1 0
0 − sin2 u

)
=

(
−1 0
0 −1

)
Since S is a diagonal matrix the eigenvalues of the unit sphere’s Weingarten
matrix are λ1,2 = −1, which means that it’s principal curvatures are k1 = k2 =
−1. From here we easily see that K = k1k2 = 1 and H = k1 + k2 = −2. So the
Gaussian curvature is constant along the unit sphere, which makes sense with
our intuitive feeling of how a sphere curves.

Before we move on to discussing geodesics, we finish this section by defining
the third fundamental form.

Definition 2.2.11. The third fundamental form, III, for a regular surface at
a point p = (u, v) with respect to the unit normal Np is the inner product

III = 〈Su, Sv〉

where S is the Weingarten map of the surface.

Conveniently, the third fundamental form can be expressed entirely through
the surface’s first and second fundamental form, as well as its Gaussian and
mean curvatures. This is shown in the following lemma.

Lemma. Let I and II be a surface’s first and second fundamental forms, K
be its Gaussian curvature and H be its mean curvature at a point p = (u, v).
Then the third fundamental form of the surface at a p satisfies

III −HII +KI = 0

Example. For the final time we return to our example of the unit sphere, S2
parameterized by X(u, v) = (sinu cos v, sinu sin v, cosu). Since we know the
first and second fundamental forms, as well as its Gaussian and mean curva-
tures, we use the lemma above to calculate its third fundamental form.

III −HII +KI = 0 =⇒ III + 2II + I = 0 =⇒ III =

(
3 0
0 3 sin2 u

)

2.3 Geodesics and geodesic curvature

In this section we will deal with the concept of geodesics and geodesic curvature,
which will be important to our later discussion of the Gauss–Bonnet theorem.
We will begin by defining the geodesic curvature of a curve, and then define
what we mean by a geodesic.

We begin by defining what we mean by the geodesic curvature of a curve.

Definition 2.3.1. Let α : [a, b] −→ S be a curve on the surface S. The geodesic
curvature, denoted kg, is defined as

kg =
〈α′′(t), (N × α′(t))〉

|α′(t)|3
(5)

where N is the unit normal of the surface.
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Geodesic curvature immediately gives rise to the concept of geodesics.

Definition 2.3.2. Let α : [a, b] −→ S be a curve on the surface S. We say that
α is geodesic on S if its geodesic curvature kg = 0.

The intuitive idea of geodesic curvature is that it describes how far off the
curve is from being a geodesic. We demonstrate the concept of geodesics with
a few examples of geodesics on different surfaces.

Example 1. A trivial example is in a standard Euclidean space, the geodesics
will be straight lines.

Example 2. The geodesics for a sphere will be its great circles, i. e. the circles
obtained from intersecting the sphere with a plane that goes through the centre
of the sphere.
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3 Topology

In this section we will briefly go over the topological background necessary
to understand the statements of the Gauss–Bonnet theorem. We will start by
defining what we mean by triangulation of a surface, and then move on to defin-
ing the Euler-Poincaré formula. Most of the results in this section are based on
those of [4]

3.1 Triangulation and the Euler-Poincaré formula

In order to discuss triangulation of regions of a regular surface we must first
define what we mean by a regular region of a surface.

Definition 3.1.1. Let S be a regular surface. We say that a region R ⊂ S is
regular if and only if R is compact and the boundary ∂R is a finite union of
piecewise regular curves that do not intersect.

Definition 3.1.2. A triangulation of a regular region R is a finite family of
T of triangles Ti, i = 1, 2...n, where by triangle we simply mean a region with
three vertices and non-zero external angles, such that

1.
⋃n
i=1 Ti = R.

2. If Ti
⋂
Tj 6= ∅, then Ti

⋂
Tj is either a common edge of Ti and Tj or a

common vertex of Ti and Tj .

We are now ready to define the Euler-Poincaré formula, which will be central
in our later discussion of the Gauss–Bonnet theorem.

Definition 3.1.3. Let T be a triangulation of a regular region R ⊂ S. Now let
F,E and V denote the following properties:

1. F = the number of faces of the triangulation

2. E = the number of sides of the triangulation

3. V = the number of vertices of the triangulation

Then the Euler-Poincaré formula is defined as

F − E + V = χ(R) (6)

where χ is known as the Euler characteristic of the surface S.

Example. Originally the Euler-Poincaré formula was defined for polyhedra. If
we take an elementary example of a cube, we can calculate its Euler character-
istic.
It’s evident that for a cube, F = 6, E = 12 and V = 8. It then follows that
χ = 6− 12 + 8 = 2.

It turns out that any convex polyhedron has an Euler characteristic of 2. So
for any polyhedron, it follows that F − E + V = 2, which is known as Euler’s
polyhedron formula.
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3.2 Properties of the Euler characteristic

We now move on to a few important propositions about the Euler-Poincaré
formula.

Proposition 3.2.1. Let R ⊂ S be a regular region of a regular surface S. Then
the Euler characteristic is independent of the choice of triangulation of R.

This is an incredibly important statement, since it allows us to talk about
the Euler characteristic, χ(R) of a regular region R without needing to specify
the triangulation we chose. Furthermore, it means that no matter which way
we go about triangulating a region, it will always yield the same Euler charac-
teristic.

Proposition 3.2.2. Let S ⊂ R3 be a compact connected surface. Then the
Euler characteristic χ(S) assumes one of the values 2, 0,−2, ...,−2n. Further-
more, if χ(S) = χ(S′) for some surface S′ ⊂ R3, then S is homeomorphic to
S′.

This proposition is convenient since it gives rise to the following definition
of the Euler characteristic.

Definition 3.2.1. Let S ⊂ R3 be a compact connected surface. Then χ(S) =
2− 2g, where g is the genus of the surface.

The intuitive idea of the genus is that it is the number of ”holes”, or ”han-
dles”, of a surface. For example, a sphere lacks any holes and thus has g = 0
and Euler characteristic χ = 2. On the other hand, a torus has one hole and
thus g = 1 and χ = 0. Obviously the torus is not the only surface that has
g = 1. A famous example is the coffee cup which has one hole, that being its
handle. This is what gives rise to the famous joke among topologists that the
doughnut and the coffee cup are the same thing, since they have topologically
invariant Euler characteristics, and are thus by proposition 3.2.2 homeomorphic
to one another.

Figure 1: Since the coffee cup and the doughnut have the same Euler charac-
teristics, they are homeomorphic to one another.
Source: https://math.stackexchange.com/questions/2258389/

how-can-a-mug-and-a-torus-be-equivalent-if-the-mug-is-chiral

Viewed at: 2021-06-15
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4 The Gauss–Bonnet theorems

We have now discussed enough background to move on to the main result of this
paper. In this section we will start by discussing the Gauss–Bonnet theorem
for surfaces without a boundary, and then move on to discussing the Gauss–
Bonnet theorem for surfaces with smooth boundary. We will then discuss the
version of the Gauss–Bonnet theorem where we only require a piecewise smooth
boundary, and finally finish off this section with a proof of the Gauss–Bonnet
theorem. Most of the results in this section are based on those by [5], [3] and
[1].

4.1 The Gauss–Bonnet theorem for surfaces with smooth
boundary

Before we define the Gauss–Bonnet theorem for surfaces with smooth boundary,
we first want to explore surfaces which lack any boundary. An example of such a
surface would be the sphere or the torus. For such a surface, the Gauss–Bonnet
theorem states the following.

Theorem 4.1. Let S be a compact and orientable surface in R3 which lacks
a boundary. If we denote the Gaussian curvature of the surface by K and its
Euler characteristic by χ, then∫

S

KdA = 2πχ(S) (7)

While seemingly being a simple theorem, the Gauss–Bonnet theorem is very
deep in its statement. It is often cited as one of the most beautiful theorems
in all of mathematics, since it directly links two different fields of mathemat-
ics together in a single statement. On the left hand side you have the total
Gaussian curvature of a surface, which is an inherent property of differential
geometry, while on the right hand side you have the Euler characteristic which
is a property in topology.

We know from our discussion on the Euler characteristic that it’s topologically
invariant. So if one would bend or deform a surface S, its Euler characteristic
would still be the same. The Gauss–Bonnet theorem then tells us that, even
if the Gaussian curvature would locally change at different points on the sur-
face, the surface’s total Gaussian curvature

∫
S
k would still remain the same

under such deformations. If one imagines a perfectly spherical basketball, its
total Gaussian curvature would be 4π, since a sphere has Euler characteristic 2.
Now, if one would deflate the basketball, its Euler characteristic would still be
2, and thus its total Gaussian curvature would also remain constant at 4π.

Our next goal is to generalize the Gauss–Bonnet theorem to surfaces with
smooth boundary. An example of such a surface is the cylinder. The Gauss–
Bonnet theorem for such a surface has the following form.
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Theorem 4.2. Let S be a compact orientable surface in R3 with a smooth
boundary. If we denote the Gaussian curvature of the surface by K, its Euler
characteristic by χ and the geodesic curvature of the boundary by kg, then∫

S

KdA+

∫
∂S

kgds = 2πχ(S) (8)

4.2 The Gauss–Bonnet theorem for surfaces with piece-
wise smooth boundary

The versions of the Gauss–Bonnet theorem we have previously covered has as-
sumed that our surface has had a completely smooth boundary, or lack any
boundary at all. However, the Gauss–Bonnet theorem can be further general-
ized to also include surfaces where we only require a piecewise smooth boundary.

Theorem 4.3. Consider a surface, S with only a piecewise smooth boundary
and go along its boundary. We now denote the Gaussian curvature of the surface
as K and the the geodesic curvature of each side as kg. Furthermore let the
exterior angles at the boundary of the surface be denoted by ω. Then the
Gauss–Bonnet theorem for a piecewise smooth surface is∑

vertices

ωi +

∫
S

KdA+

∫
∂S

kgds = 2πχ(s) (9)

This theorem has the benefit of only needing a piecewise smooth boundary,
which means that we can apply the Gauss–Bonnet theorem on structures such
as polygons lying on surfaces. We show the usage of this version of the Gauss–
Bonnet theorem with a few examples.

Example. Let’s consider a triangle, T1, lying in the standard euclidean plane
R2. Since the edges connecting the triangle are straight lines, it follows from
our discussion on geodesics that the edges are geodesics, and thus have geodesic
curvature kg = 0, so it follows that

∫
∂T2

kgds = 0. We also know that χ(T1) =
1− 3 + 3 = 1. The plane has a constant Gaussian curvature of 0, which means
that the triangle’s Gaussian curvature is also 0, and thus

∫
T1
kdA = 0. The

Gauss–Bonnet theorem for surfaces with piecewise smooth boundary then tells
us that ∑

vertices

ωi = 2π

If we now let θ1, θ2 and θ3 be the interior angles of the triangle, we can express
the exterior angles as ωi = π− θi. We can then rewrite the above expression as

(π − θ1) + (π − θ2)− (π − θ3) = 2π

which in turn simplifies to
θ1 + θ2 + θ3 = π

This is the famous result about the interior angle sum of a triangle first formu-
lated by Euclid over 2000 years ago.

Remark. A triangle where all its sides are geodesic on a surface is called a
geodesic triangle. The following figure shows some examples of geodesic trian-
gles.
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Figure 2: A few geodesic triangles. The left-most triangle lies on a sphere; the
middle triangle in the standard Euclidean plane, and the right-most triangle on
a hyperbolic surface
Source: https://mphitchman.com/geometry/section1-3.html
Viewed at: 2021-06-15

Example. Let’s now consider a geodesic triangle, T2, lying on a the unit sphere
S2. Clearly the sides are geodesics, so

∫
∂T2

kgds = 0, and χ(T2) = 1. We verified
earlier that the Gaussian curvature of the unit sphere is k = 1, which means that
the triangle will inherit the sphere’s Gaussian curvature. The Gauss–Bonnet
theorem for surfaces with piecewise smooth boundary then says that∑

vertices

ωi +

∫
T2

1dA = 2π

or equivalently ∑
vertices

ωi = 2π −
∫
T2

1dA

We know that
∫
T2

1dA will be the area of the triangle, which we denote by AT2
.

Since AT2
> 0, it follows that the exterior angle sum of a geodesic triangle on

the unit sphere will be less than 2π, which is a well known result from spherical
geometry. If we now make the triangle very small, its area will be close to 0,
which in turn means that the exterior angle sum will tend to 2π as we make the
triangle smaller. This is expected since a very small triangle on a sphere will
locally look like it’s contained in a plane.

4.3 A proof of the Gauss–Bonnet theorem for surfaces
with no boundary

Before moving on to discussing pseudospheres and applications on them, we
want to provide a proof of the Gauss–Bonnet theorem. One should note that
owing to the fact that the Gauss–Bonnet theorem is a classical result, there are
many different proofs to the theorem. We will provide a proof of the Gauss–
Bonnet theorem for surfaces with no boundary, since the other Gauss–Bonnet
theorems can then be proved from this theorem.

The Gauss–Bonnet theorems we have discussed thus far are all global theo-
rems, since they are acting on the entire surface. In order to prove theorem 4.1,
we have to first discuss and prove a local version of the Gauss–Bonnet theorem.
Before doing this, however, we will state the theorem of turning tangents, which
we will make us of in our proof.
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Theorem 4.4. Let α : [a, b] −→ S be a piecewise smooth plane curve such that
|α′(s)| = 1. Then the theorem of turning tangents states that

k∑
i=0

∫ si+1

si

dφi
ds

ds+
∑

vertices

ωi = 2π

where φi : [si, si+1] −→ R is a differentiable function that measures the (posi-
tive) angle from Xu to α′(s) for s ∈ [si, si+1], and ωi are the exterior angles of
the curve.

Remark. The theorem of turning tangents is sometimes called Hopf’s Umlauf-
satz, where ”Umlaufsatz” is German for ”circulation theorem”, named after the
German mathematician Heinz Hopf. It is a truly remarkable theorem which
sadly lies outside the scope of this thesis since it requires more background
knowledge about plane curves. For the interested reader I recommend [Do
Carmo, Sec. 5-7] where Do Carmo presents Hopf’s full proof of the theorem.

We will now move on to discussing the local Gauss–Bonnet theorem, after
which we will proceed with a proof.

Theorem 4.5. Let X : U ∈ R2 −→ S be a parameterization of a regular surface
S such that the entries of the first fundamental form are

E = λ(u, v)

F = 0

G = λ(u, v)

where λ(u, v) > 0. Now let R be a region of the surface S. Then the local
Gauss–Bonnet theorem says that∫

R

KdA+

∫
∂R

kgds+
∑

vertices

ωi = 2π

Remark. To the reader it might seem odd that we impose these restrictions
on our parameterization, but this is just a necessity so that we can then use the
theorem of turning tangents in our proof. We say that our surface is covered by
a conformal coordinate system, and the parameterization is called an isothermal
parameterization. As it turns out, choosing a parameterization in this way is not
a problem since every regular surface locally has an isothermal parameterization.

Proof. This proof heavily follows [Do Carmo, p.272-273], although will not be
as thorough.

Let X : U ∈ R2 −→ S be an isothermal parameterization of a regular sur-
face S, R ∈ S be a piecewise smooth region of this surface and α : [a, b] −→ S
be a curve such that |α′(s)| = 1 and ∂R = α([a, b]). Given that we have a
conformal coordinate system, we can now write the geodesic curvature along α
as

kg(s) =
1

2λ

(
∂λ

∂u
v′ − ∂λ

∂v
u′
)

+
dφi
ds

where φi is again a function measuring the positive angle from Xu to α′(s)
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Remark. For a full explanation of why we can write the geodesic curvature in
this way, see [Do Carmo, Sec. 4-4] where he discusses parallell transport.

Next we split the region ∂R into segments [si, si+1]. We then integrate the
geodesic curvature over each such segment, sum them together and add the sum
of the exterior angles of R.

k∑
i=0

∫ si+1

si

kgds+
∑

vertices

ωi =

k∑
i=0

∫ si+1

si

(
1

2λ

(
∂λ

∂u

dv

ds
−∂λ
∂v

du

ds

)
+
dφi
ds

)
ds+

∑
vertices

ωi =

∫
α

1

2λ

(
∂λ

∂u

dv

ds
− ∂λ

∂v

du

ds

)
ds+

k∑
i=0

∫ si+1

si

dφi
ds

ds+
∑

vertices

ωi

Now we can make use of the theorem of turning tangents and get that∫
α

1

2λ

(
∂λ

∂u

dv

ds
−∂λ
∂v

du

ds

)
ds+

k∑
i=0

∫ si+1

si

dφi
ds

ds+
∑

vertices

ωi =

∫
α

1

2λ

(
∂λ

∂u

dv

ds
−∂λ
∂v

du

ds

)
ds+2π

We can rewrite our remaining integral into an integral over the entire region
using the famous Green’s Theorem from calculus.∫

α

1

2λ

(
∂λ

∂u

dv

ds
− ∂λ

∂v

du

ds

)
ds =

∫
R

(
∂

∂u

(
1

2λ

∂λ

∂u

)
+

∂

∂v

(
1

2λ

∂λ

∂v

))
dudv =

1

2

∫
R

∆(log λ)dudv

If we now use definition 2.2.2, we can calculate that the area element of an
isothermal parameterization is

dA =
√
EG− F 2dudv =

√
λ2dudv = λdudv

Using this, we can rewrite our integral as

1

2

∫
R

∆(log λ)dudv =

∫
R

1

2λ
∆(log λ)dA

At this point we are almost finished with the proof. The following theorem will
be the last step we need to prove the local Gauss–Bonnet theorem.

Theorem 4.6. Let X : U ∈ R2 −→ S be an isothermal parameterization of a
regular surface. Then the Gaussian curvature, K, of S is

K =
−1

2λ
∆(log λ) (10)
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Proof. Let X : U ∈ R2 −→ S be an isothermal parameterization of a regular
surface. We will prove this statement by using the following two equations from
[Do Carmo, Sec. 4-3]

Γ1
11E + Γ2

11F =
1

2
Eu,

Γ1
11F + Γ2

11G = Fu −
1

2
Ev,

Γ1
12E + Γ2

12F =
1

2
Ev,

Γ1
12F + Γ2

12G =
1

2
Gu,

Γ1
22E + Γ2

22F = Fv −
1

2
Gu,

Γ1
22F + Γ2

22G =
1

2
Gv.

(11)

(Γ2
12)u − (Γ2

11)v + Γ1
12Γ2

11 + Γ2
12Γ2

12 − Γ2
11Γ2

22 − Γ1
11Γ2

12 = −EK (12)

where Γkij i, j, k = 1, 2 are the Christoffel Symbols of S and E,F,G are the entries
of the first fundamental form. Using that for an isothermal parameterization
F = 0 and E = G = λ(u, v), we can calculate the Christoffel symbols of S from
equation 11.

Γ1
11 =

λu
2λ
,

Γ2
11 =

−λv
2λ

,

Γ1
12 =

λv
2λ
,

Γ2
12 =

λu
2λ
,

Γ1
22 =

−λu
2λ

,

Γ2
22 =

λv
2λ
.

Plugging these into equation 12 and simplifying we get the following

(Γ2
12)u − (Γ2

11)v =
λuu
2λu

+
λvv
2λv

=
1

2
∆(log λ) = −λK

The final equality can be rewritten as

K =
−1

2λ
∆(log λ)

Using theorem 4.6, we can now write our integral as∫
R

1

2λ
∆(log λ)dA =

∫
R

−KdA

20



Putting this together we get that∫
α

kgds+
∑

vertices

ωi = 2π −
∫
R

KdA

Finally, we get that ∫
R

KdA+

∫
∂R

kgds+
∑

vertices

ωi = 2π

We will now use this local theorem to prove the global Gauss–Bonnet theo-
rem for surfaces without boundary.

Proof. Let S be a regular surface as described by 2.1.1. We know from 3.1.2
that we can triangulate our surface into a finite set of triangles. Without loss of
generality, we also assume these triangles are geodesic triangles. Denote each of
these triangles as Ti. The total Gaussian curvature of each triangle is defined
as ∫

Ti

KTi
dA

where KTi
is the Gaussian curvature of the triangle. We can then sum over all

triangles to get the total Gaussian curvature of the surface.∑
triangles

∫
Ti

KTidA =

∫
S

KdA

By the local Gauss–Bonnet theorem, it holds that∫
Ti

KdA+

∫
∂T1

kgds+
∑

vertices

ωi = 2π

Since we chose a triangulation with geodesic triangles, it holds that
∫
∂Ti

kgds =
0, so it follows that ∫

Ti

KdA = 2π −
∑

vertices

ωi

Summing over all triangles of the triangulation we get that∫
S

KdA =
∑

triangles

2π −
∑

triangles

∑
vertices

ωi

The number of triangles in the triangulation will also be the number of faces,
F , of the triangulation, so it follows that∫

S

KdA =
∑
faces

2π −
∑
faces

∑
vertices

ωi = 2πF −
∑
faces

∑
vertices

ωi

We rewrite the exterior angles as ωi = π − θi, where θi are the corresponding
interior angles.∫
S

KdA = 2πF−
∑
faces

∑
vertices

(π−θi) = 2πF+
∑
faces

∑
vertices

θi−
∑
faces

3π =
∑
faces

∑
vertices

θi−πF
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Summing the interior angles for all triangles of the triangulation will mean that
at each vertex of the triangulation, the angle sum will be 2π, so it follows that∑

faces

∑
vertices

θi = 2πV

where V is the number of vertices of the triangulation. We now have that∫
S

KdA = 2πV − πF

This is almost the form we want, now we just do a few more manipulations.

2πV − πF = 2π

(
V − F

2

)
= 2π

(
V − 3F

2
+ F

)
= 2π(V − E + F ) = 2πχ(S)

The reason why 3F
2 = E lies in the fact that for every face, there are 3 edges,

but each edge is shared between two triangles, so the entire triangulation has
3F
2 edges. Putting this together, we get that∫

S

KdA = 2πχ(S)
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5 Applications

In this section we will discuss applications of the Gauss–Bonnet theorem on
pseudospheres. We will begin by giving an overview of pseudospheres and their
properties, and then move on to applying the Gauss–Bonnet theorem on pseu-
dospheres.

5.1 Pseudospheres

Before we start discussing applications of the Gauss–Bonnet theorem on pseu-
dospheres, we give a brief overview of pseudospheres and their properties. A
complete characterization of pseudospheres can be found in section 6 in [6] by
Kotaro Yamada. At first glance, the connection between a sphere and a pseu-
dosphere might not seem terribly obvious, but as we’ll see in the next section
they share many parallels.

The origin of the pseudosphere comes from the curve called the tractrix.

Figure 3: An example of a tractrix.
Source: http://xahlee.info/SpecialPlaneCurves dir/Tractrix dir/trac

trix.html. Viewed at 2021-06-15

If one imagines a cat far off along the y− axis, then the tractrix can be thought
of as the path a dog takes when it tries to chase the cat while being walked on
a leash by a human moving along the x−axis. This is why the tractrix some-
times goes by the humorous name of the ”dog-curve”. As becomes clear from
the figure above the tractrix has an asymptote, that being the x−axis, which
implies that the tractrix extends infinitely in both directions on the x−axis.
The pseudosphere is the obtained by rotating the tractrix around its vertical
asymptote.

Figure 4: An example of pseudosphere.
Source: https://mathcurve.com/surfaces.gb/pseudosphere/pseudosphere
.shtml. Viewed at 2021-06-15
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A direct result of this is that the pseudosphere will also extend infinitely in both
directions on the x−axis. The boundary can in turn be thought of as a circle
with a radius that goes towards 0 as one moves along the x−axis.

Remark. The consensus among mathematicians on what a pseudosphere is dif-
fers depending on who you ask. Some consider a pseudosphere to be any surface
with a constant negative Gaussian curvature, while others strictly consider the
pseudosphere to be the surface obtained from rotation that we described above.

5.2 Applications on half-pseudospheres

Our goal in this section is to apply the Gauss–Bonnet theorem on a half-
pseudosphere with a radius of R = 1 in order to find its Euler characteristic. We
will limit ourselves to half-pseudospheres in order to properly apply the Gauss–
Bonnet theorem. As described in the previous section, the pseudosphere is a
surface with smooth boundary, so we will use theorem 4.2, which states that∫

S

KdA+

∫
∂S

kgds = 2πχ(S)

Our first goal will be to find the Gaussian curvature K of the half-pseudosphere,
after which we will need the total geodesic curvature of the half-pseudosphere’s
boundary in order to apply the Gauss–Bonnet theorem for surfaces with smooth
boundary.

Our first step in determining the Gaussian curvature of the half-pseudosphere
is to choose a parameterization of the surface. Since there are many different
parameterizations of a half-pseudosphere, we will work with the one for Carte-
sian coordinates, as this will simplify our calculations.

Let S be a half-pseudosphere of radius R = 1. In Cartesian coordinates, S
has the following parameterization

X(u, v) =

(
cos v

coshu
,

sin v

coshu
, u− tanhu

)
(13)

where u ∈ [0,∞) and v ∈ [0, 2π). We first want to find the partial derivatives of
the parameterization, as they will be needed for finding the first fundamental
form of the pseudosphere.

Xu =

(
− sinhu cos v

cosh2 u
,
− sinhu sin v

cosh2 u
, 1− 1

cosh2 u

)
Xv =

(
− sin v

coshu
,

cos v

coshu
, 0

)

Our first step for determining the Gaussian curvature of our pseudosphere is
to find its first fundamental form as described in definition 2.2.1. As previously,
we calculate the functions E,F and G.

E = 〈Xu, Xu〉 =
sinh2 u

cosh4 u
+ tanh4 u = tanh2 u
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F = 〈Xu, Xv〉 = 0

G = 〈Xv, Xv〉 =
1

cosh2 u

It follows that the half-pseudosphere has the following first fundamental form

I =

(
tanh2 u 0

0 1
cosh2 u

)
Our goal is to obtain the Weingarten matrix, from which we can find the Gaus-
sian curvature. To do this we need to find the unit normal for all points on the
to the half-pseudosphere. From definition 2.2.3 we know that the unit normal
at a point p = (u, v) on the surface is obtained from

N(p) =
Xu ×Xv

|Xu ×Xv|

From some basic calculations we find that

Xu ×Xv =

(
− sinh2 u cos v

cosh3 u
,
− sinh2 u sin v

cosh3 u
,
− sinhu

cosh3 u

)

|Xu ×Xv| =
sinhu

cosh2 u

From this, it follows that

N(p) =

(
− tanhu cos v,− tanhu sin v,

−1

coshu

)
With the unit normal for a general point p = (u, v) on the half-pseudosphere
known, we can now need the second derivatives of the parameterization.

Xuu =

(
cos v(2 sinh2 u− cosh2 u)

cosh3 u
,

sin v(2 sinh2 u− cosh2 u)

cosh3 u
,

2 sinhu

cosh3 u

)

Xuv =

(
sin v sinhu

cosh2 u
,
− cos v sinhu

cosh2 u
, 0

)
Xvv =

(
− cos v

coshu
,
− sin v

coshu
, 0

)
We can apply definition 2.2.9 to obtain the the functions L,M and N of the
second fundamental form.

L = 〈Xuu, N〉 =
− sinhu

cosh2 u

M = 〈Xuv, N〉 = 0

N = 〈Xvv, N〉 =
sinhu

cosh2 u

So the half-pseudosphere has the second fundamental form

II =

(− sinhu
cosh2 u

0

0 sinhu
cosh2 u

)
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Now we can finally apply theorem 2.1 to obtain the Weingarten matrix

S = I−1II =

(
1

tanh2 u
0

0 cosh2 u

)(− sinhu
cosh2 u

0

0 sinhu
cosh2 u

)
=

( −1
sinhu 0

0 sinhu

)
So the principal curvatues k1, k2 for the half-pseudosphere are k1 = −1

sinhu and
k2 = sinhu. By definition 2.2.7, the Gaussian curvature of the half-pseudosphere
is K = −1. Since we can safely extend the domain of our half-pseudosphere
to u ∈ (−∞,∞) to form a whole pseudosphere, without affecting the Gaussian
curvature, it also follows that the whole pseudosphere has Gaussian curvature
K = −1

The parallel between spheres and pseudospheres immediately becomes evident
when looking at their Gaussian curvature. We previously saw that the unit
sphere has constant Gaussian curvature KS2 = 1, which compares to the Gaus-
sian curvature of the pseudosphere Kpseudosphere = −1. Furthermore, in the
same way a cylinder can locally be considered isomorphic to a plane since they
share the same Gaussian curvature of K = 0, and a sphere is considered locally
isomorphic to the spherical plane with Gaussian curvature K = 1; a pseudo-
sphere can locally be considered isomorphic to the hyperbolic plane which has
Gaussian curvature K = −1.

Having obtained the Gaussian curvature of a pseudosphere, we now want to
find the total Gaussian curvature,

∫
S
KdA. It is clear that since K = −1, it

follows that ∫
S

KdA = −
∫
S

dA

We now want to find the area element dA for the pseudosphere. We recall that
we can do this from the first fundamental form through definition 2.2.2. Thus

dA =
√
EG− F 2 =

√
tanh2 u

1

cosh2 u
− 02 =

sinhu

cosh2 u

We can now calculate the total Gaussian curvature of the pseudosphere.

−
∫
S

dA = −
∫
S

sinhu

cosh2 u
= −

∫ 2π

0

∫ ∞
−∞

sinhu

cosh2 u
dudv = −4π

We see here that the area of the pseudosphere is exactly 4π, where again a very
interesting parallel to the unit sphere becomes evident. From high school, we
know that the area of a sphere is 4πr2, where r is the radius of the sphere. If
we consider S2, then AS2 = 4π, which is exactly the same area as that of the
pseudosphere. It also follows that the area of the half-pseudosphere is 2π.

The next property of pseudosphere we need to cover is the total geodesic cur-
vature along the boundary of the pseudosphere. Since we are working with a
half-pseudosphere, we will have a smooth boundary at u = 0. Furthermore,
since the pseudosphere extends infinitely, we need to cap it off at some point
in order for our calculations to work. We thus let our domain be u ∈ [0, a] for
some very large a. Thus the boundaries we need to consider are at u = 0 and
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u = a.

As we mentioned earlier, the boundaries of the half-pseudosphere can be thought
of as circles. We start by considering the boundary at u = a. If we let u = a and
v = t, then the circle describing the boundary can be expressed by the curve

α(t) =

(
cos t

cosh a
,

sin t

cosh a
, a− tanh a

)
(14)

We can see from the above expression that the boundary is a circle of radius
1

cosh a . We now want to apply definition 2.3.1 to find the geodesic curvature of
the boundary. We find that

α′(t) =

(
− sin t

cosh a
,

cos t

cosh a
, 0

)
|α′(t)| = 1

cosh a

α′′(t) = (
− cos t

cosh a
,
− sin t

cosh a
, 0)

N(a) =

(
− tanh a cos v,− tanhu sin v,

−1

coshu

)
N(a)× α′(t) =

(
cos t

cosh2 a
,

sin t

cosh2 a
,
− tanh a

cosh a

)
We now apply definition 2.3.1 to find the geodesic curvature on the boundary
u = a.

kg =
〈α′′(t), (N × α′(t))〉

|α′(t)|3
= −1

If we now look at the total geodesic curvature, we find that∫
∂S

kgds =

∫
∂S

−1ds = −2π
1

cosh a

If we now let a −→∞, then

−2π
1

cosh a
−→ 0

So, even though we can’t consider the geodesic curvature of the boundary at
infinity directly, we can see that the geodesic curvature of this boundary will
tend to 0 as u −→∞.

We now want to look at the boundary at u = 0. If we then let u = 0 and
v = t, then the curve that describes this boundary is

α(t) = (cos t, sin t, 0)

This is again a circle, this time with the radius R = 1, which is the same as
that of the half-pseudosphere. Again, we calculate the geodesic curvature by
the same procedure as above. We then find that

kg =
〈α′′(t), (N × α′(t))〉

|α′(t)|3
= 1
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If we now look at the total geodesic curvature over this boundary, we find that∫
∂S

kgds =

∫
∂S

1ds = 2π

Interestingly, this is exactly equal to the area of the half-pseudosphere, as we
determined earlier, and implies that on the half-pseudosphere with radius R = 1,∫

S

KdA = −
∫
∂S

kgds

With the total Gaussian curvature and the total geodesic curvature of the half-
pseudosphere known, we can now apply the Gauss–Bonnet theorem to find its
Euler characteristic.∫

S

KdA+

∫
∂S

kgds = −2π + 2π + 0 = 2πχ(S)

This means that
χ(S) = 0

The Gauss–Bonnet theorem tells us that the half-pseudosphere has an Euler
characteristic of 0 which means that the half-pseudosphere is from proposition
3.2.2 homeomorphic to , for example, the cylinder.
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