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Abstract

In this paper we will look at the invariant subspace problem and

a possible path towards a solution via a metric spectral theory, which

generalizes much of the linear theory of functional analysis to the cate-

gory of metric spaces with semi-contractions as morphisms. In partic-

ular, we review basic operator theory, and then survey some important

partial solutions to the invariant subspace problem. We then present

some aspects of metric spectral theory, in particular drawing parallels

between the metric concepts and the linear concepts. To conclude we

discuss the application of the metric theory to linear spaces, and specif-

ically look towards the possibility of applying the theory to the invari-

ant subspace problem.
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1 Introduction

The invariant subspace problem is a major unsolved problem in operator

theory and functional analysis. The problem specifically asks whether every

bounded linear operator on a Banach space has a nontrivial closed invariant

subspace, with nontrivial meaning neither {0} nor the entire space. The

question is easy to state and so on the surface it may appear easy to solve,

especially considering our intuition stemming from the category of finite

dimensional vector spaces. It is somewhat of a surprise then, that such a

simple and fundamental result has to this day remained unsolved.

This is not to say that no progress has been made. Indeed over the years

there have been many partial solutions, answering the question for certain

types of Banach space and for certain classes of operators. Famously, the

most general case was answered by Per Enflo in the 1980’s when he showed

that there exists an operator on a Banach space possessing no nontrivial

closed invariant subspace. Today the variation of the problem which re-

mains elusive is the case of operators on a separable Hilbert space.

In this paper, we will look at a theory which generalizes much of the linear

theory of Banach spaces and linear operators to the theory of metric spaces

and semi-contractions, and propose this framework as a promising next step

in finding a solution to the invariant subspace problem. In section 2, we will

begin by reviewing some of the relevant results from functional analysis and

operator theory, beginning by describing the categories with which we will

work. We also describe some specific types of Banach spaces, duality, and

weak topology. Next we look at a few different types of linear operators on

Banach spaces and their properties, and we conclude the section with a look

at some spectral theory.

In section 3, we introduce the invariant subspace problem in light of the ma-

terial from the previous section, and look at several easy partial solutions.

We then discuss some more involved partial solutions around compact op-

erators and related operators, and provide a proof of Lomonosov’s theo-

rem on nontrivial closed hyperinvariant subspaces for compact operators

inspired by Hilden’s proof that compact operators have nontrivial closed
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invariant subspaces. To close the section we discuss the negative answer

to the invariant subspace problem in general, and explain the current state

of the problem. The fourth section will shift over towards explaining the

framework in which we will generalize some Banach space theory, and in-

troduce some analogues to aspects of the linear theory.

Ultimately, we will state the Metric Spectral Principle of Anders Karlsson,

and discuss its role in the invariant subspace problem. This will allow us to

look at a possible path towards a solution to the problem in the future. To

conclude, we will look at a rather interesting affine isometry on `2(N) due

to Michael Edelstein, and we will show an example of a metric functional

acting on this operator in the sequence space `1(N).
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2 Preliminaries

In this section we will review some of the main concepts and results which

will be necessary throughout the remainder of the paper. First we examine

some basic ideas in the theory of operators, starting with some notions of

Banach and Hilbert spaces. We will then discuss linear functionals and du-

ality, some types of operators, and a few important results from the spectral

theory of linear operators. The notion of invariant subspaces will also be

defined. While the results in this section are mostly standard results from

operator theory, we suggest [AS54], [Bre11], [Hel06], or [Mac09] for more

detail.

2.1 Normed Vector Spaces, Duality, & Weak Topology

Perhaps the most basic object of functional analysis is the category of topo-

logical vector spaces with bounded linear maps. It is often of interest to

allow other structures on the topological vector spaces, in particular norms

and inner-products. When we introduce a norm to topological vector spaces,

we get the category of normed vector spaces with bounded linear opera-

tors as the morphisms. Unless stated otherwise, throughout this paper we

will assume all vector spaces to be over C. An important remark is that

the notion of being bounded and being continuous are equivalent for linear

operators; a proof of this fact can be found in any textbook on elementary

functional analysis. Another fundamental category in functional analysis

is Ban, the category consisting of Banach spaces with bounded linear opera-

tors. Recall that Banach spaces are defined to be those normed vector spaces

which are complete in their norm. Observe that every normed vector space

(E, ‖ · ‖) is also a metric space, with the metric given by the norm as

d(f, g) := ‖f − g‖

for vectors f, g ∈ E. This can be easily seen by comparing the axioms of

a norm with the axioms of a metric and plugging in the above definition.

As one should expect, every Banach space is also a complete metric space

in this way. We often define another category of Banach spaces which we
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denote by Ban1, whose objects are once again Banach spaces but whose mor-

phisms are now regarded only as those bounded linear maps which are also

semi-contraction mappings; with the above metric, given E,F ∈ Ban and

T ∈ Hom(E,F ), T is a semi-contraction (in the normal metric space sense)

if and only if ‖T‖ ≤ 1, with equality holding precisely when T is an isom-

etry considered as a map on metric spaces. Thus the class of morphisms is

smaller in Ban1 than in Ban, although one should note that any bounded lin-

ear map can be scaled to become a contraction. The notation Ban and Ban1

is fairly common, although we will attribute it to [Hel06], which also serves

as a great reference for a more detailed categorical description of normed

vector spaces.

An important subcategory of Ban is the category Hil of Hilbert spaces with

bounded linear operators. Similarly to the Banach case, we can also consider

the category Hil1 of Hilbert spaces with contraction operators. Recall that a

Hilbert spaces is defined as a vector space with a positive-definite Hermitian

sesquilinear form (·, ·) called an inner product or a scalar product, which is

complete in the induced norm

‖f‖ :=
√

(f, f).

Recall that the inner product is used to define orthogonality and related

ideas, so that Hilbert spaces become the natural setting for such study. As

such, we may consider Schauder bases consisting of orthogonal or orthonor-

mal vectors in Hilbert spaces. Recall as well that a Hilbert space H is sepa-

rable (in the usual topological sense) if and only if it possesses a countable

orthonormal basis. In this case we call H a separable Hilbert space.

We now turn our attention to continuous linear functionals and duality. For

every normed vector space E, there exists an associated vector space E∗

called the dual of E, consisting of the continuous linear maps ϕ : E → C;

such maps are called continuous linear functionals. Importantly, E∗ is also a

normed vector space with the supremum norm

‖f‖ := sup
‖x‖≤1

|f(x)| = sup
‖x‖=1

|f(x)| = sup
x6=0

|f(x)|
‖x‖

.
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In fact, with this norm the space E∗ is a Banach space even when E is not

complete by the completeness of C.

Since E∗ is a normed vector space, we can take its dual as well, E∗∗. We call

this the bidual of E. Furthermore, observe that the pairing of a Banach space

E with its dual space E∗ can be considered as a mapping from a Banach

space to another Banach space. This suggests that the existence of some

endofunctor on the category of Banach spaces, which is indeed the case

when we find the appropriate definition for the dual of a linear operator

between Banach spaces.

Definition 2.1. Given a linear operator T : E → F between two Banach

spaces, the adjoint of T is the linear operator T ∗ : F ∗ → E∗ defined by

T ∗ϕ := ϕ(T ) for all ϕ ∈ F ∗.

Using this as our definition of the dual of a linear map, the mapping ∗which

sends Banach spaces to their dual space and linear maps to their adjoint is

a contravariant functor. In particular, when T is a morphism in Hil, T ∗ is

defined as the unique linear map such that (f, Tg) = (T ∗f, g) for all f, g ∈ H .

Remark. Given f ∈ E and ϕ ∈ E∗ where E is any Banach space, the nota-

tion (ϕ, f) is often used to denote ϕ(f). While perhaps this is somewhat of

an abuse of notation, the convention allows for the adjoint to be expressed

in a notationally equivalent fashion to its Hilbert definition even without an

inner product.

Another relevant fact regarding duality is that a Banach space E may be

considered as a subspace of its bidual E∗∗, given by the injective mapping

Ψ defined by f 7→ f ∗∗, where f ∗∗ is defined as f ∗∗(ϕ) := ϕ(f) for f ∈ E and

ϕ ∈ E∗. As is easily seen, this map is isometric. Ψ is sometimes called the

evaluation map or canonical embedding of E.

Definition 2.2. Let E be a Banach space. E is said to be reflexive if the eval-

uation map Ψ : E → E∗∗ is surjective.

Thus the evaluation map of a reflexive space is an isomorphism in Ban1 if

and only if E is reflexive. Interestingly, it was shown in [Jam51] that a non-
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reflexive Banach space can be isomorphic to its bidual in Ban1, where the

isomorphism is some other map than the evaluation map. Additionally no-

tice that all Hilbert spaces are reflexive by the Riesz representation theorem.

One of the important constructions arising from duality is that of the weak

topology. Given a Banach space E, suppose we have subspace F ⊂ E∗

that separates points. The F -weak topology on E is defined to be the coars-

est topology such that each ϕ ∈ F is continuous. Notice that the F -weak

topology is Hausdorff since F separates points; indeed, there is some ϕ ∈ F
such that ϕ(f) 6= ϕ(g) for distinct f, g, and since C is Hausdorff in the usual

topology we may find disjoint open neighborhoods U of ϕ(f) and V of ϕ(g).

Then by definition ϕ−1(U) and ϕ−1(V ) are open sets in the weak topology,

which are also disjoint neighborhoods of f and g, respectively.

We are usually interested in using this construction to defineF -weak topolo-

gies on the dual space E∗ of a Banach space E.

Definition 2.3. Let E be a Banach space with dual E∗.

(a) We define the weak topology on E∗ to be the E∗∗-weak topology on E∗.

(b) Set F = {T ∗∗ ∈ E∗∗ | T ∈ E} ⊂ E∗∗. We define the weak∗ topology as the

F -weak topology on E∗.

Notice that whenever E is reflexive the weak topology and the weak∗ topol-

ogy on E∗ are equivalent since F = E∗∗. In general, the weak∗ topology will

be coarser by virtue of being based on a smaller set. A sequence ϕn which

converges to some ϕ in the weak topology will be said to converge weakly

and we write ϕn ⇀ ϕ. If sequence ϕn converges to some ϕ in the weak∗

topology we will write ϕn
∗−⇀ ϕ or ϕn ⇀ ϕ ∗-weakly. By the containment

F ⊂ E∗∗ in the definition it is immediate that weak convergence implies

weak ∗-convergence. Let’s conclude our discussion on weak topologies by

stating the famous theorem of Banach and Alaoglu, which gives a motiva-

tion for the weak∗ topology.

Theorem 2.4. (Banach-Alaoglu) Let E be a Banach space. Then the set {ϕ ∈
E∗ | ‖ϕ‖ ≤ 1} is compact in the weak∗ topology.
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In particular, the importance is that we can induce a topology with an ex-

pected compactness property from the linear functionals on the space. This

idea will be important when we generalize to the metric case in section 4.

2.2 Algebras of Linear Operators

A basic fact from linear algebra is that the collection of bounded linear oper-

ators from a vector space E to itself, which we denote by B(E), forms a vec-

tor space. Indeed when E is a normed vector space, B(E) can be endowed

with the supremum norm to become a normed vector space. However, this

structure still doesn’t capture the well-known ability to multiply operators,

which can be captured through the structure of an algebra.

Definition 2.5. An algebra is a vector space A along with a bilinear multipli-

cation · : A× A→ A such that, for all T, S ∈ A and α ∈ C,

α(T · S) = (αT ) · S = T · (αS).

If A has a multiplicative identity, we call A a unital algebra.

As is often the case with multiplication, we typically omit the symbol and

write T · S as simply TS. The norm structure is not always preserved when

considering a normed vector space as an algebra, however we may do so if

the norm satisfies a property called submultiplicity.

Definition 2.6. Let A be an algebra. We call A a normed algebra if it is also a

normed vector space with a submultiplicative norm; that is ‖TS‖ ≤ ‖T‖‖S‖.
If A is complete in this norm, we call it a Banach algebra.

There are a few more relevant algebraic details to cover, but first lets discuss

some basic types of operators between Banach spaces.

Definition 2.7. A scalar operator T on a Banach space is an operator T ∈
B(E) which is a multiple of the identity operator I .

The obvious (and essentially the only) example is seen in the study of eigen-

values and spectral theory, and is the operator λI where λ ∈ C.
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Definition 2.8. A finite rank operator is a bounded operator T : E → F on

Banach spaces such that imT is of finite dimension.

More generally, we can consider operators which map bounded sets to com-

pact sets, but do not necessarily have finite dimensional image.

Definition 2.9. Let E be a Banach space and T : E → F be a bounded

operator. If TU is (strongly) compact for any bounded set U ⊂ E, then we

call T a compact operator. The space of compact operators from E onto itself

is denoted K (E).

Compact operators form an important subspace of bounded operators, and

have been particularly important in studying the invariant subspace prob-

lem. Compact operators are also frequently used in defining other types of

operators.

Definition 2.10. Let T ∈ B(E) be a linear operator on a Banach space. Then

T is called polynomially compact if there is some nonzero polynomial p such

that p(T ) is compact.

There are a few more special types of operators we would like to cover,

which we consider specifically as operators on Hilbert spaces. In order to

do so we briefly return to our discussion on algebras, as operator algebras

on Hilbert spaces form an important subcategory of Banach algebras.

Definition 2.11. LetA be an algebra. An involution onA is a conjugate linear

map ∗ : A→ A such that for all T, S ∈ A,

(i) (T ∗)∗ = T ,

(ii) (TS)∗ = S∗T ∗.

An algebra A together with an involution ∗ is called a ∗-algebra. If A is also

a Banach algebra we call it a Banach ∗-algebra.

Definition 2.12. Let A be a Banach ∗-algebra. If the involution satisfies

‖T ∗T‖ = ‖T‖2

11



for all T ∈ A, we call A a C∗-algebra.

The defining property on the involution of a C∗-algebra is usually referred

to as the C∗-identity. We won’t be explicitly referencing the C∗ structure of

our operator algebras again in this paper, but it is certainly worth knowing,

in particular since the major unsolved component of the invariant subspace

problem concerns operators on Hilbert spaces; indeed we know that every

algebra of operators on a Hilbert space is a C∗-algebra, and conversely that

every C∗-algebra is a C∗-subalgebra of B(H) for some Hilbert space H (up

to isometric isomorphism) due to the celebrated Gelfand-Naimark Theo-

rem. An interesting side remark, this theorem tells us that the category of

commutative C∗-algebras is dually equivalent to the category of continuous

functions on a locally compact topological space, a result which inspired the

field of noncommutative topology in order to extend this duality.

Observe that we have used the notation ∗ both to define an involution and to

define the adjoint of an operator. This is not a mistake, as given any Hilbert

space H the involution on B(H) is given by the adjoint map. In addition,

the space K (H) is an ideal of B(H) and a C∗-subalgebra of B(H). This

implies that K (H) is unital if and only if dimH <∞, since K (H) = B(H)

if and only if dim(H) <∞.

The C∗-algebra structure of bounded operators on Hilbert spaces leads us

nicely to the definition of a few special types of operators on Hilbert spaces.

Definition 2.13. Let H be a Hilbert space. An element T ∈ B(H) is called

normal if TT ∗ = T ∗T . Furthermore if T = T ∗, we call T self-adjoint.

We can also define isometries in this purely algebraic nature, where the

equivalence in definitions can be seen immediately by the inner-product

definition of adjoints of Hilbert space operators.

Definition 2.14. Let H be a Hilbert space. An element T ∈ B(H) is called

an isometry if T ∗T = I . If T is a normal isometry, we call it unitary.

In general these will be the main types of operators appearing in this paper,

and any others will be defined when they are used. We end this discussion
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on algebras of operators by introducing invariant subspaces.

Definition 2.15. Let T ∈ B(E), where E is a Banach space. We call a sub-

space V ⊂ E an invariant subspace for T , or a T -invariant subspace, if TV ⊂ V .

If V is invariant for all operators in some subalgebra A of B(E), we call V

an A-invariant subspace.

We may then define an algebra A ⊂ B(E) to be transitive if it has no non-

trivial closed A-invariant subspaces. One should notice that whenever V is

an invariant subspace for some operator on a Banach space, then it is invari-

ant for the unital algebra generated by T . Also note the similarity between

that the unital algebra generated by an operator and the polynomials in one

variable, which is used in some partial solutions to the invariant subspace

problem.

2.3 Some Spectral Theory

The spectral theory of bounded operators is a particularly important aspect

of operator theory, which can be considered a generalization of the theory of

eigenvalues in finite dimensional vector spaces. Naturally this means that

invertibility will frequently appear, so all Banach algebras are assumed to

be unital for this subsection unless otherwise stated. As usual the symbol

I will be reserved for the multiplicative identity of any Banach algebra we

consider.

Definition 2.16. Let A be a unital Banach algebra and let T ∈ A. The spec-

trum of T is defined as

σ(T ) := {λ ∈ C | T − λI is not invertible}.

The resolvent set of T is defined as C \ σ(T ).

While the definition of the spectrum looks similar to that of an eigenvalue,

recall that the set of eigenvalues of an operator T is defined as the set of

complex numbers λ for which T −λI is not injective. Although these defini-

tions are equivalent for operators on finite dimensional vector spaces, there

exist operators on infinite dimensional vector spaces which are injective but
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not invertible. Hence the set of eigenvalues of T is a subset of σ(T ), which

we often denote by σp(T ) and call the point spectrum. In the next section we

will see an example of an operator for which σp(T ) = ∅.

It should be noted that the spectrum of an element of a Banach algebra A is

always a closed set, and the resolvent set is always open. Furthermore, the

spectrum is always nonempty, and the spectrum of any T ∈ A is contained

in the set {λ ∈ C | |λ| ≤ ‖T‖}. Thus σ(T ) is bounded and therefore compact

by the Heine-Borel Theorem. A natural question then might be to ask if we

can find the smallest ball in C which contains the spectrum of some operator.

Definition 2.17. Let T be an element of a Banach algebra, then the spectral

radius of T is defined as

r(T ) := sup
λ∈σ(T )

|λ| = max
λ∈σ(T )

|λ|.

Fortunately, we can calculate the spectral radius via the spectral radius for-

mula of Gelfand.

Theorem 2.18. (Spectral radius formula) Given an operator T on a Banach

algebra, we have

r(T ) = lim
n→∞

‖T n‖
1
n .

The spectral radius formula implies that the spectral radius of any normal

operator on a Hilbert space is precisely its norm, which is straightforward

to show by the C∗-identity. This fact is used in the proof of an important

result stating that the isomorphisms in the category of C∗-algebras are all

isometries. It is also clear that r(T ) ≤ ‖T‖ for all T ∈ B(E).

Another important result which we will use in this paper is the spectral

theorem for compact operators.

Proposition 2.19 (Spectral Theorem for Compact Operators). Let E be a Ba-

nach space and T ∈ K (E). Then σ(T ) is at most countable, and every

nonzero λ ∈ σ(T ) is an eigenvalue for T .
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3 Invariant subspaces

In this section we will discuss the invariant subspace problem. The cur-

rently unsolved problem asks the question:

Does every bounded operator on a separable complex Hilbert space have a

nontrivial closed invariant subspace?

The problem was initially much broader, and asked about operators on gen-

eral Banach spaces. However, over time some partial solutions were dis-

covered with respect to certain types of operators on Banach spaces. In the

1980’s Per Enflo famously proved that the answer is in fact negative in the

most general Banach space situation; that is, there is an operator on a Ba-

nach space without any nontrivial closed invariant subspaces.

We begin this section by looking at some easy results, and next we will look

at some of the aforementioned partial solutions for special classes of op-

erators. We then discuss the negative solution for the invariant subspace

problem in general Banach spaces.

3.1 First Remarks

While the invariant subspace problem has proven to be one of the most dif-

ficult problems in operator theory, some particular cases have rather easy

solutions. The first case we look at is some operator T on a finite dimen-

sional complex Banach space V . In this case T has an eigenvalue λ ∈ C since

the fundamental theorem of algebra guarantees the existence of roots for the

the characteristic polynomial. As such it is immediate that the eigenspace

ker(T −λI) is an invariant subspace of T . This question is of course not par-

ticularly interesting, being more or less a triviality from elementary linear

algebra. However, it provides an important starting point to generalize the

problem to infinite dimensional spaces.

In particular, since we know that every bounded operator with an eigen-

value has an invariant subspace, a natural first step would be to determine

whether or not every bounded operator on Banach spaces has an eigen-

value. Unfortunately there are a plethora of counter-examples one can find
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for this claim. One of the more well-known examples is the shift operator

T : `2 → `2 defined by T (x1, x2, x3, . . .) = (0, x1, x2, . . .). Indeed, suppose

that there is some λ ∈ σp(T ), then for some nonzero x = (x1, x2, x3, . . .) ∈ `2

we have

T (x1, x2, x3, . . .) = (0, x1, x2, . . .) = (λx1, λx2, λx3, . . .).

Since x 6= 0 it is obvious that λ 6= 0, which implies that x1 = 0. But then

x1 = 0 = λx2, and so x2 = 0. Recursively it is easy to conclude that xi = 0

for every i ∈ N, so that x = 0 in contradiction to our assumption. As such

σp(T ) = ∅.

We now see that the problem is not so easily solved in infinite dimensions.

Fortunately, there is a simple solution when our Banach space X is non-

separable.

Proposition 3.1. Let X be a non-separable Banach space, and T ∈ B(X).

Then T has a nontrivial closed invariant subspace.

Proof. Fix some nonzero x ∈ X , and consider the T -orbit {x, Tx, T 2x, ...}.
We define OT (x) to be the space generated by the T -orbit, that is OT (x) :=

Span{x, Tx, T 2x, ...}. Clearly OT (x) is a closed invariant subspace, and it is

not {0}. Notice as well that by construction OT (x) has a countable basis, and

as such is separable. Therefore OT (x) ( X , so that it is a nontrivial invariant

subspace for T .

In addition to giving a partial solution, Proposition 3.1 leads directly to an

equivalent condition for on operator on a Banach space to have a nontrivial

invariant subspace. First, we define a cyclic vector:

Definition 3.2. Let X be a Banach space and T ∈ B(X). We call x ∈ X cyclic

with respect to T , or T -cyclic, if OT (x) = X , with OT (x) being defined as in

the proof of Proposition 3.1.

Now we give a corollary to Proposition 3.1, giving us an equivalent condi-

tion for an operator to have a nontrivial closed invariant subspace.
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Corollary 3.3. A linear operator T ∈ B(X) on a Banach space X has a non-

trivial closed invariant subspace if and only if there is no nonzero cyclic

vector x ∈ X .

This equivalence is used in many of the partial solutions, and eventually

was used in constructing counter-examples as we will discuss in section 3.2.

Since we have seen that the invariant subspace problem has a positive an-

swer in finite-dimensions, perhaps the most natural extension is to look at

compact operators on Banach spaces, as they somewhat generalize opera-

tors on finite dimensional spaces. As it turns out, we can guarantee that

every compact operator on a Banach space has a nontrivial invariant sub-

space, as well as some stronger related results.

3.2 Compact Operators & Hyperinvariant Subspaces

One of the more well-known proofs that compact operators on a Banach

spaceX have nontrivial invariant subspaces is due to Lomonosov, and actu-

ally gives a far reaching generalization; that every compact operator T onX

has a nontrivial hyperinvariant subspace; that is, a subspace which is invariant

under every operator which commutes with T . However one should note

that the weaker version showing that a compact operator T has only a non-

trivial invariant subspace is due to [AS54]. It was also proven in [BR66] that

every polynomially compact operator has a nontrivial invariant subspace.

The proof of [BR66] used Robinson’s nonstandard analysis, although it can

be easily seen as a consequence of Lomonosov’s theorem in [Lom73].

The aforementioned theorem of Lomonosov is as follows:

Theorem 3.4 ( [Lom73]). LetX be a Banach space and T ∈ K (X) be nonzero.

Then T has a hyperinvariant subspace.

It is worthwhile to present a proof for this theorem, and our proof here is

heavily based on the proof of Theorem 25.1.1 in [Lax02], which claims only

the existence of an invariant subspace. However, we adopt some aspects

from Lomonosov’s original proof of this theorem in [Lom73] to attain the

desired result.
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Proof of Theorem 3.4. Let T ∈ K (X) as in the hypothesis, with ‖T‖ = 1. We

lose no generality in this assumption as we can simply scale the operator if

it does not have norm 1. Suppose for contradiction that T does not have a

hyperinvariant subspace. Then T does not have any eigenvectors, otherwise

the eigenspace would be an invariant subspace of T and for every operator

commuting with T . We may choose some point x0 ∈ X so that ‖x0‖ > 1,

and consider the closed unit ball B centered at x0. It is clear that 0 /∈ B, so

consequently 0 /∈ TB. Letting {T}′ denote the commutant of T and setting

K := TB, we have that for all y ∈ TB there exists some S ∈ {T}′ such that

‖Sy − x0‖ < 1.

Now, by the compactness of K, there is some finite collection {Si ∈ {T}′ |
1 ≤ i ≤ N} so that

‖Siy − x0‖ < 1

for at least one i, for all y ∈ X . Now we observe that Tx0 ∈ K, so we may

consider y = Tx0; then for some i = i1, we have

‖Si1Tx0 − x0‖ < 1.

It follows that Si1Tx0 ∈ B and so TSi1Tx0 ∈ K. As such, we may also take

y = TSi1Tx0 so that for some i = i2, we have

‖(Si2T )(Si1T )x0 − x0‖ < 1.

We may repeat this argument recursively to obtain∥∥∥∥∥
n∏
j=1

(SijT )x0 − x0

∥∥∥∥∥ < 1.

From the triangle inequality the above inequality yields∥∥∥∥∥
n∏
j=1

(SijT )x0

∥∥∥∥∥ ≥ ‖x0‖ − 1.

Of course, since each Sij ∈ {T}′, we may rearrange the left-hand side of the
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above inequality as ∥∥∥∥∥
(

n∏
j=1

Sij

)
T nx0

∥∥∥∥∥ ≥ ‖x0‖ − 1.

Setting s := max ‖Sij‖, this gives us that sn‖T n‖‖x0‖ ≥ ‖x0‖− 1, which with

some rearrangement and taking the limit n→∞ yields

lim
n→∞

‖T n‖
1
n ≥ 1

s
.

The right-hand side is obviously greater than 0, and recognizing the left-

hand side as the spectral radius we conclude that the spectrum of T con-

tains nonzero points, and thus by the spectral theorem for compact opera-

tors (Proposition 2.19) it follows that T has an eigenvector. This contradicts

our initial assumption that T has no hyperinvariant subspace, so we attain

the desired result.

With this result, it is now clear that every polynomially compact operator

on a Banach space X has a nontrivial invariant subspace. Indeed, if T ∈
B(X) is polynomially compact, then for some polynomial p we have p(T ) is

compact and hence has a hyperinvariant subspace which is invariant under

T by Theorem 3.4 since T ∈ {p(T )}′.

3.3 A Counter-Example in `1

In the proceeding sections we have seen examples of invariant subspaces

for some types of Banach space operators, which may at one point have

seemed to be the beginning of a patchwork foundation for piecing together

a positive solution to the invariant subspace problem for Banach spaces.

However we now know that this is impossible, as was famously proved

by Swedish mathematician Per Enflo in [Enf87] and by English mathemati-

cian Charles John Read in [Rea85] & [Rea86]. Despite the earlier publication

dates from Read, Enflo is typically credited with the discovery and submit-

ted his paper before Read, although it was under review for longer. Never-

theless, both counter-examples offer an interesting perspective on the prob-

lem, and while they share some similarities, their differences are succinctly
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summarized in [Mac09]; she writes that Enflo provides a simple operator

on a complicated space, while Read provides a complicated operator on a

simple space (in fact, Read’s counter-example is on `1). In particular, as

noted in [Rea86], the operator in Read’s counter-example is a shift opera-

tor perturbed by a nuclear operator1. However, the methods of their con-

structions share some similarities: Enflo considered a shift operator and,

in some sense, constructed a complicated Banach space around it contain-

ing no invariant subspace [Enf87], while Read’s construction actually was

a shift operator on a nonstandard basis of `1, which only “became” a more

complicated operator when considered with respect to the standard `1 ba-

sis [Rea86].

We will give a brief overview on the ideas behind Read’s example, based on

the exposition in [Bea88]. We strongly recommend the interested reader to

Read’s original papers [Rea85, Rea86], or to A.M. Davie’s simplification of

the proof presented by B. Beauzamy in [Bea88] for more details and a full

construction of the counter-example.

We recall from Corollary 3.3 that an operator T on a Banach space has no

nontrivial closed invariant subspaces if and only if every nonzero vector

x ∈ X is cyclic. Considering our Banach space as X = `1, notice then

that given some cyclic vector x0 ∈ `1, the collection of powers T kx0 are

linearly independent, in similar fashion to our earlier discussion of unital

algebras generated by a single operator. Indeed, considering the action

of this algebra on x0, we can associate to any
∑n

k=0 αkT
kx0 some polyno-

mial p(z) =
∑n

k=0 αkz
k. In this manner the completion of the polynomial

space C[z] is isomorphic to `1, and furthermore this isomorphism is isomet-

ric when considering the standard norm on C[z]. Then T becomes equiva-

lent to z-multiplication on the polynomials, and in particular the vector x0
is associated to the polynomial 1.

Obviously 1 is cyclic in the completion of C[z] under z-multiplication, and

so for any vector x to be cyclic requires that 1 ∈ Span{x, zx, z2x, . . .}, or in
1We will not make further use of nuclear operators so we will not define them nor dis-

cuss their theory, however there are numerous sources for the interested reader. Much of
the original theory can be found in the early work A. Grothendieck (in French), though for
a good reference in English we suggest H. H. Schaefer and M. P. Wolff’s book [SW99].
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other words that for any ε > 0 there is some q ∈ C[z] so that

‖qx− 1‖ ≤ ε. (1)

It is important to notice, as pointed out in [Bea88], that there exist many

examples of operators which contain a dense set of cyclic vectors, as well

as a nontrivial closed invariant subspace. As such it is insufficient to sat-

isfy inequality (1) for every polynomial x, and we must instead verify that

it holds for every nonzero x in the completed space. Therefore, to prove the

existence of a nontrivial closed invariant subspace one must first show each

polynomial to be cyclic, and then for any x in the completion of the polyno-

mials, consider some sequence of polynomials {pn}n≥0 which converges to

x. Then we need polynomials qn with supn ‖qn‖ <∞ and for every ε > 0 we

have

‖qnpn − 1‖ ≤ ε.

It then follows from the triangle inequality and our finite norm requirement

that for sufficiently large n we have

‖qnx− 1‖ ≤ ‖qnx− qnpn‖+ ‖qnpn − 1‖ ≤ ‖qn‖‖x− pn‖+ ‖qnpn − 1‖ ≤ ε,

so that x is a cyclic vector.

This is the general idea behind the proof of the existence of an operator with

no nontrivial closed invariant subspace, although it should be noted that to

see this outline in action requires a considerable amount of more technical

detail. Indeed, we only present here a “formula” for finding an operator

with no nontrivial closed invariant subspace, which would have been well-

known and understood before Enflo and Read; the monumental step was to

show that it is actually possible to construct such an example.

To conclude this section on partial solutions to the invariant subspace prob-

lem, we point out that no counter-examples of the sort discussed here have

been found for Hilbert spaces. Hence throughout this section we have effec-

tively narrowed down the problem to the case of separable Hilbert spaces.
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As noted when we stated the problem at the start of this section, this is the

case which is still open. Throughout the remainder of this paper, we will

shift our focus to studying a generalization of relevant Banach space theory

to Metric space theory, and explain how this generalization offers hope for

a method to eventually solve the problem.
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4 Metric Generalizations

We will introduce some basic concepts of metric spectral theory, a generaliza-

tion of many aspects of the theory of linear operators to a non-necessarily

linear case. In particular the theory studies the category of metric spaces

with semi-contractions, which we denote as Met. By semi-contraction, we

mean a map f : X → Y between metric spaces (X, dX), (Y, dY ) satisfying

the property dY (f(x), f(y)) ≤ dX(x, y) for all points x, y ∈ X . In particu-

lar notice that since every Banach space is a metric space under the metric

d(x, y) = ‖x − y‖, the class of objects in Ban1 is a subclass of the objects in

Met, whereas the set of morphisms in Ban1 is clearly a subset of the set of

morphisms in Met. It is therefore reasonable to consider the material dis-

cussed in this section as a generalization of the linear case, and everything

we consider here can also be considered restricted to Ban1 or Hil1.

4.1 Metric Functionals

The correct analogue to linear functionals in this case will be called metric

functionals, and are defined in the following manner.

Definition 4.1 ( [Kar22]). Let X ∈ Met with base point x0 ∈ X , and define

the function Φ : X → RX via

x 7→ hx(·) := d(·, x)− d(x0, x).

We call the functions hx and their limits metric functionals.

Indeed, Φ is a continuous injection into RX , so metric functionals are the

elements of the closure Φ(X). We typically simplify notation by writing

Φ(X) =: X , and call it the metric compactification of X ; as the terminology

suggests, it is indeed a compact space. The following result and its proof

appears under the same name as Proposition 1 in [Kar21].

Theorem 4.2 (Metric Banach-Alaoglu). Given X ∈Met, the space X of met-

ric functionals is a compact Hausdorff space.

We recall a basic theorem from topology as a lemma, which we will not
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prove here (a proof can be found in most introductory topology texts).

Lemma 4.3 (Tychonoff’s Theorem). Given a collection Xα of compact topo-

logical spaces, their product
∏

αXα is a compact topological space regarded

with the product topology.

In view of Tychonoff’s Theorem, we find that the proof of the Metric Banach-

Alaoglu Theorem is fairly straightforward.

Proof of Theorem 4.2. Let x0 be the base point in X , and fix some x ∈ X .

Observe that

|hx(y)| = |d(y, x)− d(x, x0)| ≤ d(y, x0)

by the triangle inequality. It follows that hx(y) ⊂ [−d(y, x0), d(y, x0)] for all

x ∈ X , so that

Φ(X) ⊂
∏
y∈X

[−d(y, x0), d(y, x0)].

Of course each interval in the product is compact, so by Tychonoff’s The-

orem it follows that the product is compact under the product topology.

Consequently X is compact in this topology, and further that it is Hausdorff

since each interval in the product is.

Hence, the space of metric functionals on some metric spaceX forms a com-

pact Hausdorff space. Notice that the product topology we get in the proof

is the topology of pointwise convergence, illustrating the connection be-

tween this result and the linear Banach-Alaoglu from Section 2. One should

observe that metric functionals are semi-contractions; indeed in a similar

calculation as was used to achieve the bounds in the above proof, we find

that for a fixed x ∈ X we have

|hx(y)− hx(z)| = |d(x, y)− d(x, z)| ≤ d(y, z)

by the triangle inequality.

To further support metric functionals as the metric generalization of linear

functionals, we observe that there is also an analogue to the Hahn-Banach

Theorem in the metric case.
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Theorem 4.4 (Metric Hahn-Banach Theorem [Kar21]). Let X be a metric

space with base point x0, and suppose that Y ⊂ X is a subset containing x0.

Then for any h ∈ Y there exists some g ∈ X such that g|Y = h.

One can find a proof in [Kar22], which consists of taking a net converging

to the desired h ∈ Y , and using the uniqueness of limits of nets in compact

spaces. In this sense, the Metric Hahn-Banach Theorem is a corollary of the

Metric Banach-Alaoglu Theorem.

4.2 Metric Spectral Theory

Recall that our set of morphisms in Met consists of semi-contractions. In

this section we will look at generalizing some elements of spectral theory

from linear operators to general semi-contractions. We follow closely the

exposition in [Kar22].

Definition 4.5. Suppose that f : X → X is a semi-contraction on a metric

space. We define the minimal displacement of f as

d(f) = inf
x∈X

d(x, f(x)).

We will consider the minimal displacement of a semi-contraction f as the

analogue for the norm of an operator. For the analogue of the spectral radius

of an operator, we will consider the translation number of a semi-contraction:

Definition 4.6. Suppose that f : X → X is a semi-contraction of a metric

space, then we define the translation number as

τ(f) := lim
n→∞

1

n
d(x, fn(x)).

The translation number exists, as observe that using the triangle inequality
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and the definition of a semi-contraction we get

d(x, fn+m(x)) = d(x, fn(fm(x)))

≤ d(x, fn(x)) + d(fn(x), fn(fm(x)))

≤ d(x, fn(x)) + d(x, fm(x)),

so that the sequence {d(x, fn(x))}n is subadditive. It follows by Fekete’s

lemma for subadditive sequences that the limit τ(f) exists. The translation

number is also independent of choice of x ∈ X , since the orbit of any two

points are at bounded distance away from each other at every iteration, by

the definition of a semi-contraction. We also have τ(f) ≤ d(f) which is

shown easily in [GV12] since

d(x, fn(x)) ≤
n−1∑
k=0

d(fk(x), fk+1(x)) ≤ nd(x, f(x)).

This is of course analogous to the linear case, where the spectral radius is

less than or equal to the operator norm.

We next introduce a key result from metric spectral theory, due to Anders

Karlsson.

Theorem 4.7 (Metric Spectral Principle [Kar22]). Let f : X → X be a semi-

contraction on a metric space with translation number τ . Denote by x0 the

base point of X . Then there is a metric functional h ∈ X such that

h(fk(x0)) ≤ −τk

for all k > 0, and for any x ∈ X

lim
k→∞
−1

k
h(fk(x)) = τ.

In the next section we will state and prove a stronger version holding in the

case where X is Banach. The proof we provide for the theorem here in the

general metric case is due to Anders Karlsson and appears nearly the same
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as in [Kar22], though we give it here as well due to its importance.

Proof of Theorem 4.7. Consider a sequence εi ↘ 0 and set

bi(n) := d(fn(x), x)− (τ − εi)n.

For each fixed i ∈ N, the bi(n) are unbounded, so there is some subsequence

such that bi(ni) > bi(m) for all m < ni. Then for all k ≥ 1 and all i ∈ N we

have

d(fkx0, f
ni(x0))− d(x0, f

ni(x0)) ≤ d(x0, f
ni−k(x0))− d(x0, f

ni(x0))

= bi(ni − k) + (τ − εi)(ni − k)

− bi(ni)− (τ − εi)ni
≤ −(τ − εi)k. (2)

Since X is compact by the Metric Banach-Alaoglu theorem we have some

h ∈ X such that

d(·, fni(x0))− d(x0, f
ni(x0))→ h.

Hence by limiting inequality (2), we obtain

h(fk(x0)) ≤ −τk

for all k > 0, which gives us desired inequality for the first part of the theo-

rem.

For the second part of the theorem notice that

d(x, fk(x)) + d(fk(x), z) ≥ d(x, z)

by the triangle inequality, which implies

h(fk(x0)) ≥ −d(x0, f
k(x0)).

But since f is a semi-contraction, substituting in x for x0 is a bounded change,

and so when we limit k → ∞ in the above inequality we can rearrange to
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obtain that the quantity

−1

k
h(fk(x))

is bounded below by τ and above by

lim
k→∞

1

k
d(x, fk(x)) = τ,

forcing equality. This is exactly the equality desired for the second part of

the theorem.

4.3 Metric Functionals in Linear Spaces

There are a few immediate observations when we consider the metric com-

pactification of Banach spaces. First, that it is natural for 0 to be the base

point, and second, that the metric is defined via the norm as d(x, y) =

‖x− y‖. Hence the functions hx in the image of Φ become

hx(·) := ‖ · −x‖ − ‖x‖.

In addition, while metric functionals on Banach spaces are not always lin-

ear, they are always convex as is seen in [Kar22]. Indeed if we let x, y, z be

elements in a Banach space X and hz ∈ X be an interior metric functional,

then by the triangle inequality we have

hz

(
x+ y

2

)
=

∥∥∥∥x+ y

2
− z
∥∥∥∥− ‖z‖

=
1

2
‖x− z + y − z‖ − ‖z‖

≤ 1

2
‖x− z‖ − 1

2
‖y − z‖ − ‖z‖

=
1

2
(‖x− z‖ − ‖z‖)− 1

2
(‖y − z‖ − ‖z‖)

=
hz(x)

2
+
hz(y)

2
.

As we limit the interior metric functionals to some metric functional h ∈
X , the above inequality still holds so that the metric functionals on X are

convex as claimed.
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There have recently been successful efforts to characterize metric function-

als on linear spaces. For example, we have the following characterization of

metric functionals on `1 due to A.W. Gutiérrez:

Proposition 4.8 ( [Gut19]). The metric functionals on `1 are all of the form

h(x) =
∑
s∈I

εsxs +
∑
s∈Z\I

|xs − zs| − |zs|,

where ∅ ⊂ I ⊂ Z, εs ∈ {−1,+1} for every s ∈ Z, and zs ∈ R for every

s ∈ Z \ I .

For a proof of Proposition 4.8, we refer the reader to [Gut19].

There is also a characterization of metric functionals on a real Hilbert space

H with inner product (·, ·) due to A. Karlsson:

Proposition 4.9 ( [Kar22]). The metric functionals h ∈ H are parametrized

by 0 < r < ∞ and v ∈ H with ‖v‖ ≤ 1, and the element corresponding to

r = 0, v = 0. Then when ‖v‖ = 1, we have

hr,v(y) = ‖y − rv‖ − r,

and for general v we have

hr,v =
√
‖y‖2 − 2(y, rv) + r2 − r.

We also have

h0,0(y) =: h0(y) = ‖y‖,

and for the case r =∞we have

h∞,v(y) = −(y, v).

A proof for this proposition can be found in [Kar22]. Obviously by the above

we have characterized the metric functionals on `1 and `2. The metric com-

pactifications of the other `p spaces, 1 ≤ p < ∞ have all been classified as

well by Gutiérrez, see [Gut19].
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When we are working with Banach spaces, we also get a nice strengthening

of the metric spectral principle. This is due to the main theorem in [GV12],

which actually strengthens the theorem to a broader case of complete metric

spaces satisfying a certain convexity condition. For our purposes though,

we are only interested in the Banach space case.

Theorem 4.10. Let X be a Banach space and let T ∈ B(X) be a semi-

contraction with τ(T ) = 0. Then there exists a metric functional h ∈ X

such that

h(Tx) ≤ h(x)

for all x ∈ X .

Proof. Let εk be a sequence with 0 < εk < 1 for all k ∈ N, and so that

εk ↘ 0. Define the scalar operator ϕk ∈ B(X) as ϕkx = (1 − εk)x, then for

each k clearly ‖ϕk‖ < 1 so that each ϕk is a contraction operator. As such,

the composition ϕT is a contraction operator and by the Banach contraction

mapping principle, for each k there is a unique point yk satisfying the fixed

point equation

ϕkTyk = yk.

Let’s now apply the function Φ as defined in Definition 4.1, so we have a

sequence (Φ(yk)) ∈ X . As in our usual notation, let’s denote these interior

metric functionals by Φ(yk) =: hyk . Then by the compactness of X , there is a

subsequence of (hyk), say (hykm ) which converges to some metric functional

hy ∈ X . Further, since ϕkT → T , the subsequence ϕkmT → T as well. Recall

that each hykm is defined as

hykm (·) = ‖ · −ykm‖ − ‖ykm‖,

and observe that for all x ∈ X we have
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0 ≥ ‖ϕkmTx− ϕkmTykm‖ − ‖x− ykm‖

= ‖ϕkmTx− ykm‖ − ‖x− ykm‖

= ‖ϕkmTx− ykm‖ − ‖ykm‖ − ‖x− ykm‖+ ‖ykm‖

= ‖ϕkmTx− ykm‖ − ‖ykm‖ − (‖x− ykm‖ − ‖ykm‖)

= hykm (ϕkmTx)− hykm (x).

At the limit as km →∞, we obtain

hy(Tx) ≤ hy(x),

so that hy ∈ X is the metric functional we claimed to exist.

In fact, the main theorem of [GV12] also handles the case where τ is not nec-

essarily 0, and proves the existence in general of a metric functional h such

that h(Tx) ≤ h(x) − τ . In general beyond the linear case, we get this in-

equality for all points x ∈ X given any metric space satisfying the convexity

conditions specified in [GV12].

4.4 Metric Approach to the Invariant Subspace Problem

At this point we will return to the invariant subspace problem to discuss

the possible path towards a solution using metric functionals. Supposing

that H is a Hilbert space and U ∈ B(H) with ‖U‖ ≤ 1, we are interested in

considering affine semi-contractions T : H → H ,

Tx = Ux+ v

where v ∈ H . Due to the Metric Spectral Principle, we get the following

theorem of A. Karlsson and A.W. Gutiérrez.

Theorem 4.11 ( [GK21]). Let U ∈ B(H) be an operator on a Hilbert space

H with ‖U‖ ≤ 1, and let T be an affine semi-contraction on H of the form

Tx = Ux + v. If 0 /∈ im (I − T ) then there exists some non-zero continuous

linear functional f such that f(Tx) ≥ f(x) for all x ∈ H . In particular, this
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makes ker f a nontrivial closed invariant subspace for U .

We will present the proof of this theorem that appears in [GK21]. First we

need the following lemma.

Lemma 4.12. Let H be a Hilbert space and T ∈ B(H). Then 0 /∈ im (I − T )

if and only if τ(T ) > 0.

The above lemma can be found as Corollary 5.b in [Paz71]. With this result

we can now present the proof for the Guitiérrez-Karlsson theorem.

Proof of Theorem 4.11. By Lemma 4.12 we know that τ is strictly positive.

Furthermore the Banach-space strengthening of the metric spectral princi-

ple due to [GV12] gives us the existence of a metric functional h ∈ H such

that

h(Tx) ≤ h(x)− τ

for all x ∈ H . But since τ > 0 this implies that h(T nx) → −∞. By the

characterization of metric functionals on Hilbert spaces in Proposition 4.9 it

follows that for some nonzero q ∈ H with ‖q‖ = 1, this metric functional is

of the form

h(x) = −(x, q).

Hence h is linear, and setting f(x) := −h(x) gives the desired linear func-

tional satisfying

f(x) ≤ f(Tx)

for all x ∈ H .

Now for the second part of the theorem, plugging in the definition for T ,

this gives us

−(Ux+ v, q) ≤ −(x, q)

for all x ∈ H . In particular, whenever x ∈ ker f we have

−(Ux+ v, q) = −(Ux, q) + (v, q) ≤ 0,

which implies (Ux, q) − (v, q) ≥ 0. But then since this holds for all scalar
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multiples tx of x, where t ∈ R, it follows by linearity that

t(Ux, q)− (v, q) ≥ 0

for every t ∈ R, which forces (Ux, q) = 0. Thus Ux ∈ ker f , so U ker f ⊂
ker f , and since ker f is nontrivial and closed, it is a nontrivial closed invari-

ant subspace for U as desired.

Unfortunately it is not known whether this theorem of Gutiérrez and Karls-

son still holds when we instead assume 0 ∈ im (I − T ) \ im (I − T ), with

τ = 0. In particular, there is a possibility that the function in question is

identically 0. Interestingly, we can guarantee in `1 that the desired metric

functional will not be 0 due to the characterization of Gutiérrez [Gut19];

this does not contradict Enflo and Read, since in `1 the metric functional

will not be linear.

Presently, resolving this problem with τ = 0 seems to be a promising ap-

proach to solving the invariant subspace problem which would be a direc-

tion for future work to be carried out. Since `1 ⊂ `2, a possible solution

could start with a metric functional in `1 where we know it is not identically

0, and to use this to obtain a nontrivial metric functional for `2, on which the

metric functionals are more linear than `1 as we’ve seen. Then this metric

functional could provide us with an invariant subspace for `2.

4.5 An Example in `1

There is an interesting operator in `1 which we will look at in light of the

Metric Spectral Principle. The operator is due to M. Edelstein in [Ede64],

and is well communicated by A. Valette in his notes from a mini-course he

gave on affine isometric actions on Hilbert spaces at the Erwin Schrödinger

Institute in March 2007 [Val07].

The operator U is defined on the space CN of complex valued sequences as

(Ua)n = e
2πi
2n an
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for all a = (an) ∈ CN. Edelstein specifically looked at the restriction to `2,

and it is easy to see that U is an isometry in the `2 norm, and that it has no

nonzero fixed points. We may then use U to define an affine isometry T . To

do so, consider w := (1, 1, . . .) ∈ CN and define W as the operator which

translates vectors by w, that is Wa := a + w for all a ∈ CN. We then define

the affine isometry T via T := WUW−1. Then for any a = (an) ∈ CN we

have

(Ta)n = e
2πi
2n an +

(
1− e

2πi
2n

)
.

As observed in [Val07] one can easily see that T (`2(N)) ⊂ `2(N). Interest-

ingly, this isometry on `2(N) has unbounded orbits, yet the orbits return to

a bounded distance from the origin infinitely often.

We can clearly restrict T to `1(N) similarly, in which case it is also an isom-

etry in the `1 norm. Then since `1(N) is Banach we know that there is some

metric functional h ∈ `1(N) such that

h(Tx) ≤ h(x)− τ

for every x ∈ `1(N). Indeed, we will produce such h explicitly as an exam-

ple. Observe first though that τ = 0 here, and as such the above inequality

becomes h(Tx) ≤ h(x) for all x ∈ `2(N). Further, we will produce a case in

which equality holds, that is

h(Tx) = h(x),

which is sensible given that T is an isometry. Consider the function h :

`1(N)→ C defined by

h(x) =
∞∑
n=1

|xn − 1| − 1,

which is obviously a metric functional on `1(N). Indeed this metric func-

tional appears in [GK21], where it is seen to be the limit of interior metric

functionals associated to a right-shift operator

S : (x1, x2, x3, . . .) 7→ (1, x1, x2, . . .)
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acting on the origin; that is

h(x) = lim
k→∞

hTk0(x) = lim
k→∞
‖x− T k0‖ − ‖T k0‖.

Then recalling that T is an affine isometry “built from” the isometry (Ux)n :

xn 7→ exp
(
2πi
2n

)
xn, we have

h(Tx) =
∞∑
n=1

∣∣∣e 2πi
2n xn + (1− e

2πi
2n )− 1

∣∣∣− 1

=
∞∑
n=1

∣∣∣e 2πi
2n (xn − 1)

∣∣∣− 1

=
∞∑
n=1

|xn − 1| − 1

= h(x).

As such, we have explicitly produced an example of a metric functional on

`1(N) satisfying the desired condition that h(Tx) ≤ h(x)− τ .
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5 Conclusion

As we’ve discussed throughout this paper, the invariant subspace problem

has thus far been one of the most elusive problems in operator theory. Al-

though there has been much progress made over the previous century, cul-

minating in a negative solution to the general problem, the case of a sep-

arable Hilbert space has continued to elude attempts at a solution. It is

our hope that the metric theory surveyed in this paper will prove useful in

completing this search for a solution. As we saw in the previous section,

there is reason to be optimistic that this approach can bear fruit, particularly

in determining whether the statement of the Gutièrrez-Karlsson Theorem

(Theorem 4.11) will still hold when τ = 0.

Another direction one could look in is to attempt to extend the counter-

example of Read in [Rea85,Rea86] to the separable Hilbert space `2, in an at-

tempt to find a negative solution to the problem. One can reasonably guess

that both Read and Enflo have made previous attempts at this, although

the author is unsure and does not have a resource to suggest here for such

attempts. In a similar vein, one could also study the operator developed

in Read’s counter-example on `1 in light of the metric theory we present,

which could provide some valuable insight.

A different direction one could look is study the metric generalizations pre-

sented here without looking towards application in the invariant subspace

problem. Indeed, there are many paths in this direction, for which we refer

to [Kar22] which lists multiple applications of this theory and suggestions

for future research. Ultimately we are confident that there is still much to

be discovered in this particular section of the mathematical landscape, and

perhaps as more research here is conducted a path towards the solution of

the invariant subspace problem will be illuminated naturally.
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