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Introduction

In this work we will give a brief introduction to a couple of different approaches

on rigorously discussing what the size of a set is. We compare the sizes of groups

in our daily lives all the time, for example a group of a hundred people is clearly

larger than a group of three people. Similarly, a football field has a larger size than

an apartment. While we all use in our every day life various notions of ”size”, in

reality it truly depends on context and is dependent on the situation we use it at. In

mathematics it turns out the notion of ”size” is not clearly defined and again depends

on the context in which it is used and more importantly it often becomes increasingly

more subtle and counter-intuitive, especially when the concept of infinity is involved.

The two main topics we will look at is set theory and measure theory which both

discuss the meaning of size under a different perspective.

Let us begin with an example of perhaps the counter-intuitive properties regarding

infinite sets. Imagine a hotel that has 100 rooms available. If the hotel is fully booked,

then any new guests visiting will have no free room available. This is rather obvious

and a specific example of the Pigeonhole principle in mathematics. Specifically, the

Pigeonhole principle states that if we have to put n items in m containers, then if

n > m, necessarily at least two items must share the same container. Let us compare

now with a hypothetical hotel that has infinitely many rooms each numbered with

1, 2, ... and that is again fully booked. If a new guest arrives like before, our first

intuition would be perhaps that there is no vacancy. However, the following ”trick”

can be used, the hotel owner can ask each occupant to move to the next room. In

other words, the occupant in room k will move to k+ 1. Suddenly, this shift implies

that each previous occupant will have a room and the new guest can move to the

now available room 1. Clearly, we have ”more” occupants than before, specifically

we have as many as we did and now an additional new one and yet the pigeonhole

principle does not apply. We need not restrict our attention to only one new guest

arriving, we could have n guests arriving and the same shift from k to k + n would

work. This paradoxical behavior is known as Hilbert’s paradox of the Grand Hotel.

In the coming sections we will look more rigorously at classifying what it means for

a set to be ”larger” than another in two different ways.
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We will study this topic from the point of view of set theory and measure theory.

The former was largely developed by Cantor and studies the concepts of cardinalities

of sets, in other words how many elements a set has and how to reconcile this with

the concept of infinity. Measure theory on the other hand quantifies the notions of

area and volume on sets and also comes with some counter-intuitive ”paradoxes” of

its own.
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An Introduction to Set Theory

To give more order and structure to any items, it is natural to classify them

in collections. These collections of items are called sets. To study sets and their

properties, and to see relationships between them, we will briefly go through one of

the fundamental theories in mathematics which is called set theory. In this chapter

some basic properties of sets and functions, the cardinality of sets and power set

will be presented. The topic of set theory can become quite involved, for more

information we refer the reader to [Yiannis(2005)].

A collection of elements is called a set and every set is characterized by its elements.

To study sets, set theory was introduced first by George Ferdinand Ludwig Philip

Cantor, a German mathematician, born in St. Petersburg, Russia March 3rd, 1845.

We will begin with some important sets in mathematics to present a few familiar

examples.

• The set of natural numbers, which can be considered as the basis for building the

other number sets, are the ones which also called counting numbers in daily life and

in common language, mostly in early education for kids. This set of numbers is

denoted by N = {0, 1, 2, 3, ...}.
Depending on author convection, zero can be included in the set or not. In this

project we consider the case where the set includes zero.

• The set of integers, Z = N∪(−N), is the set of natural numbers and their opposites.

• The set of rational numbers, Q =
{
m
n

: n 6= 0 and m,n ∈ Z
}

.

We will now define the set of irrational numbers. According to legend, in ancient

Greece the Pythagorean school of thought believed all lengths to be rational so the

discovery that there exists an irrational number, which can not be expressed as

the fraction of two integers came as a shock to them. To avoid this information

from spreading they allegedly drowned Hippasus, whom some scholars credit for the

discovery. The union of all rational numbers Q, and irrational numbers is called the

set of real numbers R. A rigorous construction of the real numbers is outside the

scope of this project and will be omitted.
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Figure 1. The Pythagorean Theorem was used to show that an ir-
rational length exists.

1. Basic Properties of Sets

Before we begin with introducing rigorous mathematical notions, it is important

to remember that the ideas behind sets and the relationships between them via func-

tions are often quite intuitively obvious. For example, in ancient times farmers that

could not count still could know if any of their animals went missing by pairing each

animal to a pebble. As history of mathematics shows counting goes back at least

to 50, 000 years ago to keep track of number of animals, group members, debts and

their properties and an example can be the Ishango Bone found in 1950, that had

unified series of unified lines cut which used for counting for more than 20000 years

ago.

Now we will give a very brief reminder of some elementary properties of sets.

A is a subset of B if all the elements in A exist in B and it is denoted by A ⊆ B.

Two sets A and B are equal if and only if they have exactly the same elements,

which means for every element x ∈ A, we have also x ∈ B, and vice versa. This is

equivalent to A ⊆ B and B ⊆ A. We define the cartesian product of two sets A,B

to be A×B = {(a, b) : a ∈ A, b ∈ B}.
In set theory the position (order) of elements is not important, and elements are

included only once. On the other hand the concept of a multiset also exists, which

allows for the inclusion of multiple copies of each element. To make the difference

clear, we give an example:



6

We have that {1, 1, 2, 3}, {1, 2, 3}, and {1, 1, 1, 2, 2, 3} are different as multisets but

the only set containing exactly the elements 1, 2, 3 and no other elements is the set

{1, 2, 3}. The multiplicity of each element in a set is always exactly one. In this

thesis we will only be considering sets and not multisets.

Sets can also have relations with other sets. If we look at the sets and the

relation between them as a set of inputs and a set of outputs, then we are actually

describing a function.

Strictly speaking, a function f : A −→ B is a subset of A×B such that for each x ∈ A
there exists a unique y ∈ B with (x, y) ∈ f . However, as usual, we will just be think-

ing of a function as a process that takes elements in A and gives us elements in B.

We call A the domain of f and the set f [A] := {y ∈ B : f(x) = y for some x ∈ A}
the image of f .

There are many types of functions, but when it comes to quantifying the ”sizes” of

sets the following notions will be important.

• A function f : A −→ B is called injective (one-to-one) if for every x, y ∈ A,

we have that x 6= y implies f(x) 6= f(y). This is equivalent to the statement that

f(x) = f(y) implies x = y for all x, y ∈ A .

• A function f : A −→ B is called surjective (onto) if for every y ∈ B, we have

that there exists x ∈ A such that f(x) = y.

• A function is called bijective if it is both an injective and a surjective.

2. Equinumerosity

2.1. Cardinality. The main scope of this thesis is to discuss different notions of

what the ”size” of a set is. Perhaps the first notion we can use is simply to think

of the size of the set as the number of elements in the set. The cardinality of a set

A is the number of elements in the set A. The cardinality of a set A is denoted as |A|.

Naturally a set with a finite number of elements can easily be compared with another

finite set. We can just say that the set with more elements is the larger set. However,

it is significantly more interesting to give a rigorous method of comparing infinite

sets. This can be done through injective and surjective functions.
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Definition. Two sets A and B have the same cardinality or it can be said that they

are equal in cardinality, if there exists a bijective function from A to B. Any of two

sets with this property are called equinumerous sets.

Equality in cardinality (equinumerosity) is denoted as A =c B.

Essentially, this just means that we pair each element of A to a unique element of

B. We will now show that cardinality is an equivalence relation. In other words we

will prove that,

i) A =c A

ii) If A =c B, then B =c A.

iii) If A =c B and B =c C, then A =c C.

Proof. i) Clearly A =c A as a bijection is the identity map.

ii) Now if A =c B then there exists f : A −→ B, such that f is a bijection. Then

f−1 : B −→ A is a bijection and B =c A.

iii) Finally, if A =c B and B =c C we have bijections f : A −→ B and g : B −→ C.

Then g ◦ f : A −→ C is a bijection, thus A =c C.

Comparing two sets in their cardinality can be defined as follows.

Definition. A 6c B if and only if there exists C ⊆ B, such that A =c C.

In practice, this definition can be inefficient to use so instead we will often be using

the following criterion.

Proposition. A 6c B if and only if there exists an injective function f : A −→ B.

Proof. (⇒)

Since A =c C for some C ⊆ B, so there exists a bijection f : A −→ C. Then

f : A −→ B is an injection.

(⇐)

Since we have an injection f : A −→ B, then the map f : A −→ f [A] is a bijection.

Then f [A] ⊆ B and A =c f [A].

We denote A <c B if A 6c B and A 6=c B, in other words there exists an injection

from A to B but no surjection.
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Definition. A set A is finite if A is the empty set A = ∅ or it has a total of n

elements for some n ∈ N. A set A is infinite if it is not finite.

When we talk about finite and infinite sets, then to know about the countability

of these sets can be interesting. All sets can be considered as either countable or

uncountable, and in the following part we will give more information about different

orders of infinity.

The cardinality of natural numbers N is denoted as ℵ0 called aleph nought. Sets

with cardinality ℵ0 are called countably infinite. It means we can enumerate the

elements in the set using the set of natural numbers, in other words start with an

element in the set and list all the elements of the set one after the other. Even if

that process were to take infinitely long, all elements of the set at some point would

be reached and no element would be skipped. However, this is not possible to do for

all sets. Sets that include so many elements such that every attempt to enumerate

them fails are called uncountable. Countable sets can be also called denumerable

and uncountable sets non-denumerable.

Proposition. A set A 6= ∅ is countable if and only if there exists an

enumeration of it, in other words there exists a surjective function f : N −→ A.

We will now present some examples of sets and compare their cardinalities.

1. We will show that N =c Z in two ways. First, the simplest way is using the

proposition above and enumerating the elements of Z. We can do so by the sequence

0, 1,−1, 2,−2, ... . Alternatively, we can use the following bijection f : N −→ Z,

f(n) =

n
2

n even

−n−1
2

n odd

2. The rational numbers Q also have the same cardinality as N. To see that Q =c N,

we will use Cantor’s first diagonal argument through the following theorem and

then we will prove Q =c N.

Theorem. Let (An)n be a sequence of sets such that each An is countable for all

n ∈ N. Then, the union of these sets is also countable, i.e
∞⋃
n=1

An =c N.
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Proof. Without loss of generality we can assume that An 6= ∅ for all n ∈ N. To show

that
⋃
n

An is countable it suffices to find an enumeration of its elements. Since each

An is countable we take enumerations (ani )i∈N and list them in a table as shown in

Figure 2. Then enumerating each element in a diagonal fashion gives us the result.

Figure 2. Cantor’s First Diagonal Method

Now by using this method, we can prove that Q is countable.

Corollary. We have that N =c Q.

Proof. We will show that Q+ is countable, where Q+ = {q ∈ Q : q > 0}. In the

exact same way the negative rational numbers Q− can be proven to be countable, and

thus Q = Q+ ∪Q− will be countable by the previous theorem.

Now, to show that Q+ is countable, we observe that for every n ∈ N the set An ={
m
n

: m ∈ N
}

is countable since f : N −→ An, f(m) = m
n

is a bijection. Then

Q+ =
∞⋃
n=1

An, is countable by applying the previous theorem.

3. For every a, b ∈ R with a < b we have that (a, b) =c R. This means that any open

interval, no matter how small, has as many elements as the entire real line.

This shows that cardinality often is not the best interpretation of the size of a set,

as clearly most people would not think of (0, 1) and the entire real line R to have

the same ”size”.

To see that (a, b) =c R, first we notice that (a, b) =c (c, d) for any two intervals by
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the bijection f : (a, b) −→ (c, d), f(x) = x−a
b−a (d− c) + c.

Then we observe (−π
2
, π
2
) =c R by the bijection g(x) = tan(x). We obtain then the

result by using the transitivity property for cardinalities.

We have just shown that (a, b) =c R but the natural question arises, how that

cardinality relates to that of N. Clearly N ⊆ R so we have that N 6c R, but we will

now show that N <c R. To do that, we first show the following.

Theorem. The set of all possible binary sequences is uncountable. In other words,

there are uncountably many functions f : N −→ {0, 1}.

Proof. Towards a contradiction, assume that it is countable. Then it has an enumer-

ation, A = {α0, α1, ...}. Each αi is in fact a binary sequence (ain)n where (ain) ∈ {0, 1}
for each i, n ∈ N. We list them in the following diagram as is showed in Figure 3.

Then we create a new binary sequence , where bn = 1 − ain. Essentially this means

that for every binary sequence ain listed above, bn has at least one element different

from it. Thus, it is not in the required enumeration, which is absurd. Having obtained

a contradiction, the set of binary sequences must be uncountable.

Figure 3. Cantor’s Second Diagonal Method for binary sequences

Corollary. The set of real numbers R is uncountable.

Proof. Let A be the set of binary sequences and let f : A −→ R by f(x) = 0.x,

where this notation means that we map each binary string to a decimal expansion. For
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example the sequence an =

0 n even

1 n odd
is mapped to 0.010101... and so forth, where

we keep in mind that n begins at 0. Clearly this is an injection as different string are

mapped to different real numbers. Thus A 6c R, and hence R is uncountable.

In fact with more elaborate arguments it can even be shown that R =c A, where A

is a set of binary sequences.

We will now show how from every set we can create a set of all its subsets. This also

is a set, even if it is a set of sets.

Definition. For every set A, the power-set P(A) is the set of all subsets of A, i.e

P(A) = {X | X ⊆ A}.

By combinatoric arguments it can be shown that for every finite set A, its power-set

has 2|A| elements, which are of course strictly more. The question now becomes if the

same holds for infinite sets, in other words if the cardinality of the power-set of a set

is strictly larger than that of the set. The following theorem by Cantor answers this

in the affirmative. The following theorem by Cantor shows that no matter which set

we have, there exists a set with strictly larger cardinality.

Theorem. For every set A with the power-set P(A), it always holds that A <c P(A).

Proof. Assume that we can map surjectively A onto P(A).

Let B = {x ∈ A : x /∈ Π(x)}, where Π : A −→ P(A) is our surjection. B can be easily

seen to be non-empty, and B ⊆ A. For a ∈ A we have that a ∈ B ⇐⇒ a /∈ Π(a).

Since Π is a surjection, we have that there exists b ∈ B such that it holds that

B = Π(b). But then if b /∈ Π(b) it is implied that b /∈ B, which is a contradiction.

According to this theorem, an infinite ascending chain of infinities can be created.

In fact there is no surjective function f : A −→ P(A), because there are many more

elements in P(A), which can not be covered by elements of the set A.

In analysis when we want to show an equality x = y, it is often easier to show

x 6 y and then y 6 x. The following theorem, which is known as Schröder-Bernstein

theorem shows that we can also do the same with cardinalities.
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Theorem. Let A,B be sets. If A 6c B and B 6c A, then A =c B.

We have seen that the rational numbers are countable while the irrationals are

uncountable. One attempt to explain this could be that for every rational we can

get many irrational numbers. For example, Q+
√

2 consists of irrationals and clearly

has the same cardinality as the rational numbers. Similarly Q+
√

3 and so forth. So

we can get like that many countable sets. As we have seen though even countable

unions of countable sets are countable so it is more subtle than that. The sets

described above consist of algebraic numbers. Specifically, an algebraic number is a

real number α which is a root of a polynomial with integer coefficients. For example,√
2 is algebraic as it is one of the roots of x2 − 2 = 0. It turns out that the set

of algebraic numbers is countable and its complement, called the transcendental

numbers, is uncountable. An example of a transcendental number is π and like

before we can obtain many more by Q + π. Another example of a transcendental

number is e. It is interesting to note though that it is an open problem if π + e is

even irrational.

We have shown that there is an infinite ascending chain of infinities and we have

also shown that N <c R. For real numbers we know that if a < b there is always a

c such that a < c < b. It is only natural to wonder if there exists a set A such that

N <c A <c R. The continuum hypothesis, which was the first question of Hilbert’s

23 open mathematical problems proposed in 1900, states that there is no such set.

It turns out that the continuum hypothesis is completely independent of ZFC, the

standard axiom system we use in mathematics today. Under the ZFC framework,

in 1940 Kurt Gödel managed to prove that you can not disprove the continuum

hypothesis, and in 1963 Paul Cohen managed to prove that you can not prove the

continuum hypothesis either. In other words, the existence or not of such a set is

completely dependent on the axiom system we use.
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Measure Theory

Measure theory is the branch of mathematics that rigorously defines the notions of

length, area and their corresponding higher dimensional generalizations. This can

be done by introducing a mathematical object called a ”measure” which is just a

function that assigns real positive values to sets. In this part we will define the

concepts of sigma algebras, measures, and then study properties of one of the most

important measures, the Lebesgue measure, which is a generalization to the stan-

dard concept of ”volume” as we know it. We refer the reader for more details to

[Capiński and Kopp(2004)] , [Cohn(2013)]. A σ − algebra is an important part of

measure theory and is defined as a certain collection of subsets of a set.

Definition. A family of subsets of a set X is called a σ − algebra A if it satisfies

the following:

1. X, ∅ ∈ A.

2. If A ∈ A then X \ A ∈ A.

3. If Ai ∈ A for all i ∈ N then
∞⋃
i=1

Ai ∈ A.

As we will see later on, not every set can be given a meaningful notion of ”volume”,

or in other words be measurable. So we will restrict our attention to specific sets,

which are those included in a certain sigma-algebra. Sigma algebras provide us a

framework to work with, that will allow us to study which sets we can assign the

meaning of volume to and to which not. It is perhaps counter-intuitive that there

exist sets, which are not Lebesgue measurable but we will see later that this is the

case.

It can be shown that any intersection of σ − algebras is also a σ − algebra. We

are often interested in having a sigma-algebra that includes a certain family of sets.

The σ − algebra ”generated” by that family of sets is exactly just that and can be

obtained by the intersection of all σ − algebras containing that family of sets. It is

thus the smallest σ − algebra containing those sets and is denoted by σ(M), where

M is the family of given sets. In this project we will be focusing on Rn and therefore

an interesting σ − algebra is the one generated by the open sets of Rn. We call that

σ − algebra the Borel sigma-algebra.
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3. What The Measure Is

To explain more clearly what the measure definition will be about, first we consider

a measurable space, which is a set X and a σ − algebra A on it, which will contain

the subsets that will be measured. We denote a measurable space by (X,A).

Secondly, we will consider a map µ on the σ− algebra A, which maps to [0,+∞].

We want to measure the sets of the σ − algebra A, which means we want to assign

volume to them. The map, which is called measure should fulfill two conditions. The

measure of the empty set should be zero, as the empty set has no volume. Moreover,

any meaningful notion of volume should satisfy the property that the volumes of

disjoint pieces of a set when added up preserve the initial volume of their union. We

can then provide the following definition.

Definition. Let (X,A) be a measurable space. A map µ : A −→ [0,+∞] is called a

measure if it satisfies the two following conditions:

1. µ(∅) = 0

2. Let (Ai)i∈N+ be a countable collection of disjoint sets in A. Then

µ(
∞⋃
i=0

Ai) =
∞∑
i=0

µ(Ai).

If (X,A) is a measurable space, and µ is a measure on our σ − algebra A, then

(X,A, µ) is called a measure space.

We will now give a few examples of measures. There are many different measures and

the counting measure is one of them, which is used if the size of a set is considered

to be the number of points or elements in the set.

Definition. Let (X, P(X)) be a measurable space. The counting measure µ# for

subset A ∈ A is given by:

µ#(A) :=

|A|, A has finitely many elements.

∞, else.

Essentially, the counting measure tells us how many elements are in a set, or in other

words, tells us the cardinality of the set.



15

The Dirac measure is a measure, which assigns size to a set depending on whether

it includes a specific point.

Definition. Let X be a measurable space and p ∈ X. Then the Dirac measure is

defined as following:

δp(A) :=

1, p ∈ A

0, else

For any subset A of set X(A ⊆ X).

The measure is concentrated in the point p, the set X has measure 1 if this point p is

in the subset A, otherwise the measure is zero. We will now show some elementary

properties of measures in following proposition.

Proposition. For measurable sets A,B we have that

i) If B ⊆ A, then

µ(A \B) = µ(A)− µ(B)

ii) If B ⊆ A then

µ(B) 6 µ(A)

iii) µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B)

Proof. i) We can write A = (A ∩Bc) ∪ (B ∩ A) = (A \B) ∪ B

By applying measure on it we get,

µ(A) = µ(A \B) + µ(B)

because A \B and B are disjoint.

ii) By i)

µ(A)− µ(B) = µ(A \B) > 0.

iii) µ(A ∪B) = µ(A \B) + µ(A ∩B) + µ(B \ A) =

µ(A)− µ(A ∩B) + µ(A ∩B) + µ(B)− µ(A ∩B) = µ(A) + µ(B)− µ(A ∩B).
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We can immediately notice that these properties are identical to the familiar prop-

erties of probabilities. Indeed, modern probability theory has its roots on measure

theory and its notions can be rigorously defined through measure theory.

3.1. Lebesgue Measure. The Lebesgue measure is perhaps the most important

measure in measure theory. It is the most natural generalization of the concept

of volume on Rn. To rigorously define this measure we will start with simple sets

that we know what their ”volume” should be, and then generalize that idea to more

complicated sets. First, we start with the one-dimensional real line. We know the

length of an interval (a, b), is b − a. Similarly, the area of a rectangle (a, b) × (c, d)

in R2, is (b − a)(d − c). We can generalize this to higher dimensions as well. In Rn

we will call an open interval a set of the form, I =
n∏
k=1

(ak, bk), and its volume will be

λ(I) =
n∏
k=1

(bk − ak). Intuitively, any set can be approximated by such intervals. We

thus have the following definition for the one dimensional case.

Definition. The Lebesgue outer measure for X ⊆ R is given by:

λ∗(X) = inf

{
∞∑
n=1

λ(In)| In is an open interval and X ⊆
∞⋃
n=1

In

}
In other words, it is the total length of those interval sets In, that covers X in the

best way.

We observe here that the outer Lebesgue measure is defined on P(R), the power

set of R. However, this outer measure is in fact not a measure because there exist

disjoint subsets such that their union is not the sum of their outer Lesbegue measures.

To solve this issue and create an actual measure we will restrict our attention to a

specific σ − algebra.

Definition. A set X ⊆ R is Lebesgue measurable if it satisfies the following for all

A ⊆ R :

λ∗(A) = λ∗(A ∩X) + λ∗(A ∩Xc)

The Lebesgue measurable sets form a sigma-algebra and this will be the σ− algebra
that the Lebesgue measure will be defined on as a restriction of the Lebesgue outer

measure. The Lebesgue measurable sets are quite rich, in fact every Borel set is
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Lebesgue measurable. However, it is strictly smaller than P(R). For a Lebesgue

measurable set X ∈ AL its Lebesgue measure is equal to the Lebesgue outer measure,

λ(X) = λ∗(X).

In the process of studying the Lebesgue measure of sets, we will often encounter sets

of measure zero. The empty set is not the only set with zero measure, in fact such

sets can be quite rich. We will start now with showing a singleton has measure zero

and then generalize it to all countable sets.

Proposition. We have that λ({x}) = 0 for every x ∈ R.

Proof. Let ε > 0. Then we have that x ∈ (x− ε, x+ ε) and thus {x} ⊆ (x− ε, x+ ε).

This gives us λ({x}) 6 λ((x − ε, x + ε)) = 2ε. Since this holds for all ε > 0 we

conclude that λ({x}) = 0.

Corollary. Any countable set has Lebesgue measure zero.

Proof. Any countable set has an enumeration (an)n∈N. Then A =
∞⋃
n=1

{an} and thus

λ(
∞⋃
n=1

{an}) =
∞∑
n=1

λ {an} = 0.

This means that every countable subset of the real numbers has Lebesgue measure

zero independently of if it’s dense or not. This includes all such previous examples

from the set theory section, such as Q and the algebraic numbers. Therefore, if we

restrict ourselves on [0, 1] we have that λ(Q ∩ [0, 1]) = 0 and therefore it must be

that the irrationals on [0, 1] necessarily have measure equal to 1.

We may be tempted to claim that since the irrationals have full measure and the

rationals do not, it could perhaps be the case that it is just countable sets have

measure 0 and uncountable sets have non-zero measure. This is however not the

case. For example, the Cantor set is a subset of [0, 1] that is uncountable but has

zero Lebesgue measure.

Through the lenses of measure theory we can study probability theory in a more

complicated fashion regarding events where the concept of infinity is involved. It is

often the case that when we prove some theorems, some property that we prove is true

for many points in our space but not all of them, with the exceptions being relatively

few. For example, we could say that a property holds for all except a finite number
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of points. A similar but more general notion is that of ”almost everywhere” and

”almost nowhere”. Restricting ourselves again to [0, 1] we say that a property that

holds for points in X ⊂ [0, 1] is true almost everywhere if λ(X) = 1 and equivalently,

almost nowhere if λ(X) = 0. In probability language this is the concept of ”almost

surely” and ”almost never” which mean that events happen with probability 1 and

0 respectively.

For example, we have seen that the measure of Q is 0. This means that in the

unit interval where the Lebesgue measure is a probability measure we could define

the probability of choosing a rational number by uniformly picking a real number.

This would give us that the probability of such an event is zero. Here, we have to

be careful and not state that we will surely pick an irrational number, even if the

probability is 1. The concept of almost surely is the critical one here.

It is easy to modify finite measures to be probability measures, for example the

Lebesgue measure on the interval [a, b] is not a probability measure but we can easily

renormalize it as µ(A) = 1
b−aλ(A) to convert it to a probability measure. It is harder

to imagine a probability measure however on an unbounded set, such as the entire

real line. To give such an example of a probability measure we present the Gaussian

measure. For x ∈ R+,

µ([0, x]) =

√
2√
π

x∫
0

e
−x2

2 dx.

When we are considering a sequence of events we can think of whether a specific

outcome happens infinitely many times, or in other words infinitely often. For ex-

ample, if we throw coin tosses repeatedly, will we get heads infinitely often or will at

some point that become impossible and we only get tails? The answer is obvious to

this example and any such example where the events happen independently with a

finite number of outcomes and fixed probabilities non-zero probabilities, but it can

be trickier when the probabilities change. For example, imagine repeated coin tosses

and the probability on the n’th toss to get heads to be pn = 1
n
. Clearly the prob-

ability to get heads decreases in the limit to 0, and it gets increasingly unlikely to

get a head on each throw. But then again, we throw the coin infinitely many times,

each time with diminishing probability. Would we now obtain heads infinitely often?

What if we were to have a different rate of decay of probabilities such as pn = 1
n2 ?
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To mathematically model such problems, we use the language of measure theory.

We will study sets of the form S =
⋂∞
n=1

⋃∞
k=nAk. An element belonging to this

set means that for every n there exists a k such that the element belongs in Ak. In

other words, in the probabilistic language, without getting into too many details, a

positive probability on the set S would mean the event happens infinitely often.

A very useful tool related to the above is the Borel-Cantelli lemma. We call a

measure space (X,A, P ) to be a probability space if P is a probability measure.

Lemma. Let Ai for i ∈ N be a sequence of events in some probability space. If
∞∑
i=1

P (Ai) <∞ then P (lim supi→∞(Ai)) = P (
∞⋂
i=1

∞⋃
j=i

Aj) = 0.

Proof. Let Ai for i ∈ N be a sequence of events in some probability space. The

sequence of events

{
∞⋃
i=k

Ai

}∞
k=1

is decreasing, since

lim sup
i→∞

(Ai) ⊆ ... ⊆
∞⋃

i=k+1

Ai ⊆
∞⋃
i=k

Ai ⊆ ... ⊆
∞⋃
i=2

Ai ⊆
∞⋃
i=1

Ai

By using continuity of measures we get,

P (lim sup
i→∞

(Ai)) = lim
k→∞

P (
∞⋃
i=k

Ai) 6 lim
k→∞

∞∑
i=k

P (Ai).

By the assumption that
∞∑
i=1

P (Ai) is convergent we obtain by using calculus argu-

ments that limk→∞
∞∑
i=k

P (Ai) = 0, and thus P (lim supi→∞(Ai)) = 0.

�

Another lemma, known as the second Borel-Cantelli, is the converse result and

states that if the events Ai are independent and the sum of the probabilities of Ai

diverges to infinity, then the probability that infinitely many of them occur is 1.

Lemma. Let Ai for i ∈ N be a sequence of independent events in a probability space.

If
∞∑
i=1

P (Ai) =∞ then P (lim supn→∞(Ai)) = 1.

Using this we can answer the question regarding the coin toss mentioned earlier. If

we have pn = 1
n2 , then

∑∞
n=1

1
n2 <∞ and thus we have probability 0 of getting heads
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infinitely many times. On the other hand, if we were to have probability pn = 1
n

then

by applying the second Borel-Cantelli lemma we can observe that the probability of

getting heads satisfies
∑∞

n=1
1
n

=∞ and therefore we have that almost surely we will

get infinitely many heads.

Related to that is the so-called infinite monkey theorem which has also been fea-

tured sometimes in popular culture. Essentially, it states that if a monkey is ran-

domly pressing keyboards on a typewriter, then given enough time any given string

will occur which essentially means for example that the complete works of William

Shakespeare will almost surely appear. This is because the event of randomly typ-

ing any given string has a positive probability and thus given arbitrarily long time

it will almost surely occur. Of course, once again, the devil lies in the details and

specifically in the ”almost surely” term. For example, we can very easily imagine

that if we throw a coin toss repeatedly, then at some point heads will occur. This

need not be the case however, it is in principle possible that tails will occur every

single time. Of course, the discussion is academic in the sense that the concept of

infinite time, and the concept of infinity in general, is a matter of large debate in the

physics community.

4. Non-measurable Sets

There are sets which are called non-measurable because it is not possible to assign

the Lebesgue measure to them and thus volume for them in the way we had before.

An example of such sets are Vitali sets. A Vitali set, found in 1905 by Giuseppe Vitali,

is a set of real numbers which is not Lebesgue measurable because it is not included in

the sigma algebra of Lebesgue measurable sets. Perhaps one of the most interesting

paradoxes in mathematics related to the above is the Banach-Tarski paradox. It is

called a paradox because the result defies intuition even though it has been rigorously

proven and is a valid mathematical construction.

Stefan Banach and Alfred Tarski in 1924, published a paper with construction a

decomposition of a ball in three dimensional space, cutting to pieces, and rearranging

the pieces in a way to get two new balls with the same volume as the original. Now as

we have seen earlier the interesting part is not as much that two new balls can have

the same cardinality as one ball. After all we have already seen earlier that there
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exist bijections between proper subsets of a set and the set itself. The interesting

part is that we can obtain two balls from one in the sense that we cut proper disjoint

subsets of the one ball, rotate them and translate them in the standard sense in R3

and then re-arrange them to obtain the two balls. In other words, by using standard

operations that we can visualize in real life, moving pieces and rotating them, we

obtain a completely counter-intuitive result. Clearly, cutting a piece of paper and

re-arranging the pieces will not give us two identical copies of the first paper so the

reason that this happens mathematically necessarily have to do with subtle abstract

constructions of the mathematical universe.

Indeed, this result is only possible under the assumption of the Axiom of Choice

so visualizing how these pieces could look like is completely impossible. The initial

construction required cutting the ball into more pieces but later this result has been

improved to requiring only 5 pieces used. However, it must be pointed out that those

pieces must necessarily be non-measurable. Indeed, assume that we can subset the

unit ball B into disjoint pieces Ai for 1 ≤ i ≤ 5 such that each Ai is measurable. We

would then have by the translation and rotation invariance of the Lebesgue measure

that rotating and translating the sets Ai into Ãi that

λ(B) = λ(
5⋃
i=1

Ai) =
5∑
i=1

λ(Ai) =
5∑
i=1

λ(Ãi) = λ(
5⋃
i=1

Ãi) = 2λ(B)

This is clearly a contradiction as we know the unit ball has non-zero Lebesgue

measure. Necessarily we have to pick our preference in how we interpret these math-

ematical notions, and specifically that of size. If we want to not obtain a contradiction

using the argument above we must reconcile with one of the following absurd no-

tions. Either the Lebesgue measure is not translation or rotation invariant, in other

words rotating or moving an object in space changes its volume. Alternatively, the

Lebesgue measure is not preserved under the union of disjoint subsets of a set. Fi-

nally, either the ZFC construction of mathematics needs to be modified or we have to

live with the existence of non-measurable sets, in other words the existence of sets so

pathologically abstract in a sense that any meaningful notion of volume on them can-

not be defined. This last option is the least restrictive and perhaps counter-intuitive

which is what the mathematically community has accepted as mainstream. And of
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course this also implies the existence of such paradoxes such as the Banach-Tarski

which however counter-intuitive create some beautiful mathematics.
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