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Comments on the cosmic convergence
of nonexpansive maps
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Abstract. This note discusses some aspects of the asymptotic behaviour
of nonexpansive maps. Using metric functionals, we make a connection
to the invariant subspace problem and prove a new result for nonexpan-
sive maps of �1. We also point out some inaccurate assertions appearing
in the literature on this topic.
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1. Introduction

This brief note was inspired by recent papers by Bauschke et al. [2], and Ryu
[26]. Let (X, d) be a metric space and let T be a nonexpansive map of X into
itself, that is,

d(Tx, Ty) ≤ d(x, y)

for all x, y ∈ X. The question concerns the asymptotic behaviour of the
iterates Tnx as n → ∞. The first important case of this is well known:
the contraction mapping principle. In this paper we are mostly interested
in the complementary case; when no fixed point exists. The case when X is
a Banach space has been especially studied, see [1,2,13,16–18,20,22,23,26]
and references therein. It should be pointed out that a significant special case
was considered in the 1930s: the mean ergodic theorem of von Neumann and
Carleman, especially in the generality of F. Riesz [25, Theorem 1]. Here X is
a Hilbert space and

Tx = Ux + v,

where U is a linear operator of norm at most one and v ∈ X. Then the
iterates Tn0 converge in the following sense:
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lim
n→∞

1
n

Tn0 = lim
n→∞

1
n

n−1∑

k=0

Ukv = πU (v),

where πU is the projection onto the subspace of U -invariant vectors.
It is stated in [2, Fact 1.1] and also in [26] that for fixed-point free

nonexpansive maps of Hilbert spaces the orbit must diverge in the sense
that ‖Tnx‖ → ∞ as n → ∞. This may, however, fail in infinite-dimensional
Hilbert spaces as an isometry discovered by Edelstein in the 1960s demon-
strates, recalled in [9, p. 1453] and the nice exposition [27, p. 6]. That is, in
spaces which are not locally compact it may happen that the orbit (Tnx)n≥0

neither stays bounded nor leaves every bounded set. On the other hand, this
phenomenon cannot happen in spaces where closed bounded sets are compact
as it was shown by Calka in the 1980s (a simple proof is given in [6, Lemma
2.6]).

The quantity

τ = lim
n→∞

1
n

‖Tnx‖ (1.1)

always exists by a well-known subadditive argument and it is independent of
x. Convergence in direction, cosmic convergence in the terminology of [2,26],
in the case τ > 0 for general Banach spaces was treated in [13,20] among
other papers. A very general result in this direction is found in [7] which
considers random products of nonexpansive maps of any metric space. In the
case τ = 0 one may wonder, as the authors in [2] do, if cosmic convergence
still takes place, that is, whether

Tnx

‖Tnx‖
converges as n → ∞. Strong and weak limits of this expression are called
strong and weak cosmic limits respectively. This question is also raised in
[10, Problem 4.6]. The paper [2] proves several interesting cases when this
is true, and suggests a conjecture that it might always be true for finite
dimensional Hilbert spaces. A counterexample was given in [26, Section 3].
In 2005, Enrico Le Donne showed the second author another such an example
(unpublished). In other normed spaces, a counterexample was considered by
Kohlberg and Neyman in [13, p. 272], also discussed in [6, p. 1936].

It still makes sense to wonder about what the limit set can be when
it is not just one point. Theorem [11, Theorem 11] shows that it must be
contained in certain kinds of sectors. This can be compared with Corollary 5.3
to Theorem 5.1 in [26]. These are some of the most general results presently
available on this type of convergence known to us. When X is hyperbolic there
are many results starting from Wolff–Denjoy showing that cosmic convergence
holds, for example [9], see also the discussion in [2]. Let us point out the
similar question and conjecture in the case X is a convex set equipped with
Hilbert’s metric, called the Karlsson–Nussbaum conjecture, see [14] for one
of the most recent significant contributions.

In Sect. 3, we will prove the following connection of cosmic convergence
to the problem of the existence of non-trivial closed invariant subspaces:
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Theorem. Suppose that T is a nonexpansive map of a real Hilbert space into
itself of the form Tx = Ux + v for some vector v and linear operator U of
norm at most one. If 0 /∈ Im(I − T ), then there is a non-zero continuous
linear functional f such that

f(Tx) ≥ f(x)

for all x. This inequality implies that ker(f) is a non-trivial closed invariant
subspace for U .

In Sect. 4, we will prove:

Theorem. Let T be a nonexpansive map of �1(Z) into itself. Then there is a
non-trivial metric functional h so that

h(Tx) ≤ h(x)

for every x ∈ �1(Z), and the orbit (Tn0)n≥0 is contained in a half-space. More
precisely, there is a non-trivial continuous linear functional f so that

f(Tn0) ≥ 0

for all n ≥ 0.

Metric functionals, which constitute a main tool in this note will be
recalled below. We provide some further statements and examples, such as
Proposition 3 about firmly nonexpansive maps. We end by giving a simple
example of a nonexpansive map whose unbounded orbits converge to a metric
functional but without having any weak cosmic limit point. This shows once
more that metric functionals are useful when linear notions fail to describe a
phenomenon.

2. Metric functionals

Let (X, d) be any metric space, for example a Banach space. Fix x0 ∈ X, in
the case of a Banach space we take x0 = 0. We consider the following map:

Φ : X → R
X

via

x �→ hx(·) := d(·, x) − d(x0, x).

The map Φ is injective (if hx = hy, then in particular hx(x) = hy(x) and
hx(y) = hy(y) which together imply that d(x, y) = 0). As the notation in-
dicates, we endow the target space R

X with the topology of pointwise con-
vergence. The map Φ is clearly continuous. The closure Φ(X) is compact
and consists of a subset of nonexpansive maps h : X → R with h(x0) = 0.
Every element of Φ(X) is called a metric functional on X. See [5,7,8,12] for
discussions on metric functionals and the related notion of horofunctions.

Below we will use two cases:

Proposition 1 [8,12]. Let H be a real Hilbert space with scalar product (·, ·).
Every metric functional on H has precisely one of the following forms:
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1. h(x) = ‖x‖;
2. h(x) =

√
‖x‖2 − 2(x, rv) + r2 −r, with 0 < r < ∞ and v ∈ H, ‖v‖ < 1;

3. h(x) = ‖x − rv‖ − r, with 0 < r < ∞ and v ∈ H, ‖v‖ = 1;
4. h(x) = −(x, v), with v ∈ H, ‖v‖ ≤ 1.

Note that only the metric functionals of the form 4. are unbounded from
below (except h ≡ 0).

The first author determined all the metric functionals on �1(Z):

Proposition 2 [8]. The following functions are precisely the metric functionals
on �1(Z):

h(x) =
∑

s∈I

εsxs +
∑

s∈Z \ I

|xs − zs| − |zs| ,

where I ⊆ Z, εs ∈ {−1,+1} for all s ∈ I and zs are arbitrary real numbers
for all s ∈ Z \ I.

Another fact we will use below (see [7, Lemma 3.1]) is that for any metric
functional h on a Banach space there is always a continuous linear functional
f of norm at most 1 such that f ≤ h. As a first illustration of this tool let us
point out the following. Browder and Bruck introduced firmly nonexpansive
maps of Banach spaces. Those are maps T : V → V of a Banach space V (or
a convex subsets thereof) satisfying

‖Tx − Ty‖ ≤ ‖(1 − t)(Tx − Ty) + t(x − y)‖
for every x, y ∈ V and t ≥ 0. Reich and Shafrir proved in [24] that for such
maps it holds that

lim
n→∞

∥∥Tn+1x − Tnx
∥∥ = τ,

where τ is defined above in (1.1). This is a property used in the proof of
[26, Theorem 5.1]. The following reproves the main theorem in [5, Section 3]
in a very special case, but with the additional information that our metric
functional h is a limit point of the orbit (Tn0)n≥0 in the compact space Φ(V ).

Proposition 3. Let T be a firmly nonexpansive map of a Banach space V into
itself with τ = 0. Then there is a metric functional h on V which is a limit
point of (Tn0)n≥0 in the compact space Φ(V ) and such that

h(Tx) ≤ h(x)

for all x ∈ V.

Proof. Take a subsequence ni so that hTni0 → h (in the case that Φ(V ) is
not sequentially compact we can use a similar argument as in [7, p. 1907]).
Note that for every x ∈ V ,
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h(Tx) = lim
i→∞

‖Tx − Tni0‖ − ‖Tni0‖
≤ lim inf

i→∞
∥∥x − Tni−10

∥∥ − ‖Tni0‖
≤ lim inf

i→∞
‖x − Tni0‖ +

∥∥Tni0 − Tni−10
∥∥ − ‖Tni0‖

= h(x) + τ.

If τ = 0, then the proposition is proved.

Note that we do not need T to be defined on the whole vector space,
just as long as we can iterate the map. Firmly nonexpansive maps are of
interest in the study of certain non-linear operators as pioneered by Browder
and they often arise in optimization problems; see, for example, [3,4,21].

Ryu constructed an interesting firmly nonexpansive map T of �2(N) into
itself [26, p. 11] such that Tn0/ ‖Tn0‖ converges weakly, but not strongly, to
0. We note that the iterates Tn0 converge to the metric functional h = 0.
Furthermore we note that Ryu’s map also provides a nonexpansive map of
�1(N) into itself, and that in this case the iterates Tn0 converge to a non-
trivial metric functional (which in fact is linear). Indeed, the result in [26,
Lemma 4.1] implies that for fixed i, the ith coefficient of the kth iterate looks
like (T k0)i = log k + O(1) as k → ∞. Now if we consider x ∈ �1 for which
only a finite number of coefficients are non-zero, say F is the support of x,
then

∥∥x − T k0
∥∥ − ∥∥T k0

∥∥ =
∑

i∈F

∣∣xi − (T k0)i
∣∣ − ∣∣(T k0)i

∣∣

which converges to −∑
i∈F xi as k → ∞. Since such finitely supported points

are dense in �1 we have that the iterates T k0 converge to the metric functional,
indeed linear, h(x) = −∑

i≥0 xi.

3. Invariant subspaces

One of the oldest and best-known open problems in operator theory is the
invariant subspace problem. It asks whether every bounded linear operator
of a complex Hilbert space H of dimension at least two must have a non-
trivial invariant closed linear subspace. For general Banach spaces the first
counterexample was found by Enflo and other examples by Read [19]. We
will here make a connection to the topic of the present paper.

First we point out that in Remark 3.1 of [13] it is stated that one can
choose a linear functional f of norm 1 such that f(Tnx − x) ≥ nτ. But it
seems to us that this can only be guaranteed when τ > 0, otherwise the weak
limit of linear functionals in the proof may be f ≡ 0. Compare also with [5,
p. 355].

Given any bounded linear operator U : H → H, by rescaling we can
assume that its norm is at most one since this does not alter the invariant
subspaces. We will consider associated affine nonexpansive maps, that is,
Tx = Ux + v for some vector v ∈ H. We will be interested in statements of
the form that there exists a linear functional f such that
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f(Tx) ≥ f(x)

for all x ∈ H.

Theorem 1. Suppose that T is a nonexpansive map of a real Hilbert space
into itself of the form Tx = Ux + v for some vector v and linear operator U
of norm at most one. If 0 /∈ Im(I − T ), then there is a non-zero continuous
linear functional f such that

f(Tx) ≥ f(x)

for all x. This inequality implies that ker(f) is a non-trivial closed invariant
subspace for U .

Proof. It is known since Pazy’s work that the condition imposed implies that
the corresponding escape rate τ defined above in (1.1) is strictly positive. This
also follows from the main theorem in Gaubert–Vigeral [5] that, moreover,
asserts that there is a metric functional such that

h(Tx) ≤ h(x) − τ

for every x in the Hilbert space. Since τ > 0, it follows from the above
inequality iterated that h(Tnx) → −∞ as n → ∞. This shows, in view
of the identification of the metric functionals in a Hilbert space recalled in
Proposition 1, that h must be of the type h(x) = −(x, q) for some non-
zero vector q which must have norm 1. Hence, f(x) := −h(x) is the linear
functional as required.

Notice now that this means that −(Ux + v, q) ≤ −(x, q) for every x.
In particular, for any x ∈ ker f , we have (Ux, q) + (v, q) ≥ 0. Applying the
same inequality with tx with scalars t ∈ R instead of x, using linearity of
the scalar product, it follows that the only possibility is that (Ux, q) = 0, in
other words Ux ∈ ker f . Hence, the kernel of f , which clearly is a non-trivial
and closed linear subspace is invariant under U .

There is a hope, related to cosmic convergence, that even when 0 ∈
Im(I − T ) \ Im(I − T ), there is sometimes such a linear functional f. (The
case 0 ∈ Im(I − T ) means that v = x − Ux for a certain x). It is stated in
[26, Theorem 5.1] that for a non-zero cosmic weak limit point q, it holds that
(Tx−x, q) ≥ 0 for all x in the Hilbert space, which is precisely what is needed
in view of Theorem 1. Note, however, that in the proof of [26, Theorem 5.1],
it is assumed that

∥∥T kj+1x − T kjx
∥∥ → 0, but for an isometry this norm is

constant and positive unless x is a fixed point. As far as we can see, the proof
of [26, Theorem 5.1] needs this assumption.

Remark 1. The condition in Theorem 1 means that 1 is in the compression
spectrum of the linear operator U . By the definition of this subset of the
spectrum, the set Im(I − U) is a non-trivial closed subspace which is clearly
invariant under U . In contrast, Theorem 1 provides a co-dimension 1 closed
invariant subspace for U .
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4. Nonexpansive maps of �1

In view of Theorem 1 above, it is interesting to recall that for any nonex-
pansive map T of a Banach space, Gaubert and Vigeral in their paper [5]
(strengthening [9] in the case of star-shaped hemi-metrics) provide a metric
functional h so that

h(Tx) ≤ h(x)

for every x. For a Hilbert space, in case τ = 0 there seems to be no way
in general of guaranteeing that h is not the function identically 0. On the
other hand, Gutiérrez [8] identified explicitly all the metric functionals of
the Banach spaces �1 recalled in Proposition 2, and none is identically 0.
So this gives finer information than [13] in this case. It is pointed out in [7,
Lemma 3.1] that there is always a continuous linear functional f of norm at
most 1 such that f ≤ h. Nevertheless, the discrepancy between linear and
metric functionals has as consequence that the proof of Theorem 1 does not
lead to an affirmative solution to the invariant subspace problem in the case
of �1. Indeed, there is a celebrated counterexample to the invariant subspace
problem for �1, constructed by Read [19].

The following can be said about nonexpansive maps of �1:

Theorem 2. Let T be a nonexpansive map of �1(Z) into itself. Then there is
a non-trivial metric functional h so that

h(Tx) ≤ h(x)

for every x ∈ �1(Z), and the orbit (Tn0)n≥0 is contained in a half-space. More
precisely, there is a non-trivial continuous linear functional f so that

f(Tn0) ≥ 0

for all n ≥ 0.

Proof. The first statement is the Gaubert–Vigeral Theorem [5, Theorem 1]
with the addition of the explicit determination of such metric functionals
in [8], see Proposition 2 above. Each of these metric functionals takes on
negative values somewhere, except for h(x) = ‖x‖. In this latter exceptional
case, note that h(Tx) ≤ h(x) means that ‖Tx‖ ≤ ‖x‖ which applied to x = 0
gives T (0) = 0. In this case, any linear functional f would satisfy our claim
since f(Tn0) = f(0) = 0. If h does take negative values then take the linear
functional g obtained in [7, Lemma 3.1] with g ≤ h. This linear functional
must be non-trivial since it is forced to take on strictly negative values at
some points. Iterating the main inequality, we have

h(Tn0) ≤ h(Tn−10) ≤ · · · ≤ h(0) = 0.

Let finally f(x) = −g(x), of course also not the identically 0 linear functional,
and with the property f(Tn0) ≥ −h(Tn0) ≥ 0.

Let us remark that Edelstein’s example alluded to already above extends
to �1(Z). This isometry has unbounded orbits but they nevertheless return
infinitely often to a fixed bounded set. Let us finish by another example:
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Example 1. Consider the nonexpansive map T : �1(N) → �1(N) defined by
T (x1, x2, ...) = (1, x1, x2, ...). This map clearly has no fixed points in �1(N).
Indeed the orbits tend to infinity, more precisely, Tn0 = (1, 1, 1, ..., 1, 0, 0, ...)
and hTn0 converges to

h(x) =
∞∑

s=1

|xs − 1| − 1

as n → ∞. This h is the metric functional that is obtained in [9,12] (also the
one in [5] as can be verified), and clearly h(Tn0) → −∞. On the other hand,
there are no weak cosmic limit points.
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