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Abstract
Charge transfer reactions and their rates play a key role in correctly estimating element abundances
in astrophysical objects such as supernovae. The reaction C + O+ → C+ + O(1D) + ∆E has
been shown to be of significance when estimating oxygen abundances through model spectrum
evaluations, and the relative rate of this reaction can under certain circumstances completely
dictate the neutralization rate of oxygen ions. In this project, the rate of this reaction for four
different temperatures is estimated using the Olson-Demkov model to calculate the cross section
of the reaction as well as calculating rates for a few more reactions to compare to established
literature values. We find that the Olson-Demkov model produces good estimates for reactions
that have small energy defects (within an order of magnitude of more rigorous quantum mechanical
calculations), but the model underestimates the rate coefficient by several orders of magnitude as
the energy defect increases. As the investigated reactions are all exothermic, the energy defect is
the released energy from the reaction (i.e., the energy defect is positive). It is also found in most
cases that the Olson-Demkov model rate is poorly estimated by the rate coefficient based only
on the cross section at the mean velocity, caused by the cross section rising rapidly for velocities
higher than the mean. The rate estimates produced for C+O+ are also likely to be underestimated,
especially for the temperatures 100 and 1000 Kelvin. No literature comparison is available for this
specific reaction, but this conclusion is consistent with the other investigated reactions.

Svensk sammanfattning
Supernovor är bland de mest extrema fenomen vi kan observera i hela Universum. Dessa våld-
samma explosioner lämnar spår efter sig i många år och har varit ovärdeliga objekt att observera
för att lära oss mer hur vår galax och Universum har utvecklats över tid. Ljuset från supernovor
och deras kvarlevor kan analyseras för att ta reda på vad för ämnen som finns kvar eller som har
bildats av både explosionen och de processer som ägt rum efteråt. En typ av reaktion som är viktig
för att fullt ut förstå dessa miljöer är så kallade "laddningsöverföringar", en reaktion där en laddad
och en oladdad partikel interagerar med varandra varvid laddningen förflyttas mellan de två. Detta
projekt har fokuserat på en modell som avser att räkna ut uppskattningar på hur sannolikt det
är för dessa reaktioner att äga rum. Modellen, som kallas för Olson-Demkov-modellen, har även
jämförts med andra modeller för att se under vilka förhållanden som den fungerar.
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1 Introduction
1.1 importance of charge transfer reactions
Charge transfer reactions are processes where particles (in our case an atom and an ion) form
quasi-molecules during a collision and transfer electrons between the interacting particles before
the quasi-molecule is separated. A general form can be expressed as following:

A+B+q → A+ +B+(q−1) + ∆E (1)

where ∆E is the excess energy created by the reaction and q the charge being transfered. These
reactions are commonplace in supernovae remnants, and the proper calculation of the charge
transfer rate coefficients for many reactions are very important to accurately model supernovae
spectra. Jerkstrand, A. et al. (2011) showed an excellent example of this where they modelled
the spectra of SN1987A at late times, and found considerable differences in the model spectrum
with charge transfer rates accounted for versus exclusion of charge transfer rates. Many spectral
features, including the [O I] doublet at Å630 and Å6363 weakened significantly when the model did
not account for charge transfer reactions. The reason behind this was the charge transfer reaction

C +O+ → C+ +O∗(1D) + ∆E (2)

being one of the primary drivers behind oxygen neutralization due to a high relative carbon abun-
dance. As O∗(1D) is the upper state for the [O I] doublet, this reaction can cause a strengthening
of the doublet, heavily impacting the final spectral signatures. This is visualized in fig. 1, where
the role of the charge transfer reaction is sketched.

The charge transfer rates used by Jerkstrand, A. et al. (2011) were composed of a mix of
already available data from the literature, but a significant number of reactions do not have any
data readily available (the reaction in Eq. 2 being a prime example). For these reactions, the
rate is estimated using the guessing rule established by Pequignot and Aldrovandi (1986), which
in turn is based on the classical Langevin model (see eg. Eichelberger et al. (2003)). Using these
uncertain estimates will in turn lead to difficulties modeling the spectrum, which comes at no
surprise. Jerkstrand, A. et al. (2011) summarized it succintly: "Unknown charge transfer rates
clearly constitute one of the main obstacles to accurate supernova spectral modeling today, and
more calculations and measurements of these would be highly desirable". These detailed quantum
mechanical calculations are very difficult and time-consuming as they need to be done on a case-
by-case basis for each individual reaction, which is why the use of estimates is so common (and
more or less a necessity). It is therefore important to fully understand under what conditions
each model performs the best, and where it is accurate. In this project the aim is to produce rate
coefficient estimates for the C+O+ charge transfer reaction using the Olson-Demkov model, as well
as other reactions to evaluate the accuracy of these estimates.
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2 The Olson-Demkov model
For charge transfer reactions of the type

A+B+ → A+ +B + ∆E (3)

there exists several mechanisms which can cause charge transfer to occur. The most common
mechanism is a potential-curve crossing, where the diatabic potentials of the initial and final state
at some specific distance are equal, making charge transfer likely to occur (or in other words, the
cross section for the reaction is large at this particular separation).

Another mechanism is where the two potentials of the particles lie very close to each other at
large separations. Here the charge transfer will not occur because the diabatic potential curves
cross, but because of the difference between the potential curves is close to the radial coupling
between the two states in magnitude over a large range of separation. It is assumed here that the
energy defect ∆E is small so that the interaction region is large. If the energy defect is too large,
the difference between the potentials will equal the radial coupling at a much smaller separation,
since the coupling drops exponentially with the separation. This behaviour can be observed in
figure 2.

We will start by examining the Demkov theory (see Demkov (1964), Olson (1972), Swartz
(1994)). For the case where charge transfer occurs between a positive ion and an atom, the
potential at large distances can be described using the following equation:

Vi(R) = Vi(∞)− αi/2R4 (4)

where i = 1, 2 describes either the initial or the product state of the reaction, and αi is the
dipole polarizability of the neutral atom in the respective states. If the excess energy is large, the
distance at which the difference between the potential curves equals the the coupling in magnitude
will be much smaller, and the above description of the potentials will no longer be valid, and
the model breaks down. The charge transfer will occur predominantly around a region Rc where
the radial coupling-matrix element H12(R) is equal to half the difference of the intermolecular
potentials:

H12(Rc) = 1
2 |V1(Rc)− V2(Rc)| =

1
2∆V (Rc) (5)

This equality has been visualized in fig. 2, where the intermolecular potentials as well as the
coupling-matrix element for the C+O+ → C+ + O∗ (1D) reaction have been plotted. The region
around Rc where charge transfer is likely to occur (i.e. the probability is large) is whenever this
equality is (largely) fulfilled, and the distance Rc is larger for reactions where ∆E is smaller as
mentioned earlier. If this reaction would have the oxygen atom enter the ground level in the
product state, ∆E would grow from from 0.39 eV to 2.36 eV, as the excited state O∗ 1D lies
approximately 1.97 eV above the ground state.

The coupling-matrix element was calculated using the following formula (Olson, 1972):

H12(R) =
√
I1I2R

∗e−0.86R∗
(6)

where

R∗ =1
2(α+ γ)R

α =
√

2I1
γ =

√
2I2

λ =0.861
2(α+ γ)

With I1 being the effective ionization potential of the atom in the initial state, and I2 the effecitive
ionization potential of the atom in the final state (in atomic units). After the coupling-matrix
element has been calculated, it is then used in equation 6 to be able to obtain the internuclear
separation at which the charge transfer will predominantly occur (Rc). This equation was solved
using a bisection method, and from that solution Rc, λ and ∆V (Rc) could be acquired. These
values could then be utilized to calculate the cross section.
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Figure 2: Initial and product state potentials for the C+O+ → C+ + O∗ (1D) charge transfer.
Also plotted is the radial coupling-matrix element H12 and the distance Rc (dashed, vertical
line). At Rc, we have the equality 2H12 = ∆V (Rc), in accordance with equation 5. The
zero-point of the coupling has been shifted upwards to match the end point of the C+O+

potential in order to better illustrate the equality at Rc. Note: The potential for the product
state (C+ + O∗ (1D)) uses the dipole polarizability of the ground state of oxygen (3P), as no

data exists of the polarizability of oxygen in the (1D) state.

The cross section calculation was done using the following semi-empirical formula (Olson, 1972):

σ = 4πR2
c

(
1− V1(Rc)

E

)∫ ∞
1

e−δx dx

x3(e−δx)2 (7)

where δ is defined as

δ = π∆V (Rc)
2~λv0

(
1− V1(Rc)

E

)−1/2
(8)

where v0 is the incident velocity. Since the cross section is calcuated as a function of the collision
energy in the centre-of-mass frame, the cross section can be evaluated either as a function of
velocity v or energy E simply by conversion using

E = 1
2µv

2 ⇐⇒ v =

√
2E
µ

(9)

where µ is the reduced mass of the system. The above then becomes:

σ(E) = 4πR2
c

(
1− V1(Rc)

E

)∫ ∞
0

e−δx

x3(e−δx)2 (10)

where δ is now written as

δ(E) = π∆V (Rc)

2~λ
√

2E
µ

(
1− V1(Rc)

E

)−1/2
(11)

The next step is to calculate the rate coefficient using the previously calculated cross section.
This is done by folding the product σv with the velocity distribution f(v) in the following way:

〈σv〉 =
∫ ∞

0
f(v)σ(v)vdv (12)
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However, it is more appropriate to approach this in the centre-of-mass frame as a function of the
collision energy E. As we established earlier, we have E = 1

2µv
2. If we then assume our system is in

a thermodynamic equilibrium, it is appropriate to set f(v) to the Maxwellian velocity distribution,
which we can then rewrite in terms of the centre-of-mass energy and arrive at the following:

〈σv〉 =
(

8
πµ

)1/2 1
(kT )3/2

∫ ∞
∆E

σ(E)E exp
(
− E

kT

)
dE (13)

In our case, we can also set the threshold energy ∆E to zero as the the reactions are assumed
to be exothermic. In order to simplify the integration further, a change of variables can be done.
Setting a new dummy variable x = E/(kT ), we have the following expression instead:

〈σv〉 =

√
8kT
πµ

∫ ∞
0

σ(xkT )xe−xdx (14)

Worth noting is that the above expression is calculated in CGS units, whereas the Olson-Demkov
cross section is calculated in atomic units. Necessary conversions have been done at the appropriate
steps to accommodate this.

The rate coefficient was also estimated using a much simpler method, based on the average
velocity:

v̄ =
(

8kT
πµ

)1/2
(15)

The estimated value of the rate coefficient is defined as

〈σv〉 ≈ σ(v̄)v̄ (16)

This value is often useful to get a quick estimate of the rate coefficient, but in later sections we
will see how in this case this estimate will be quite different from our more rigorous calculations.

2.1 The numerical correction
The contribution to the Demkov theory came from Olson (1972), where a numerical approach for
higher velocities was introduced. The reason for this is because the Demkov formula only accounts
for charge transfer reactions occuring at impact parameters b < Rc, and this numerical correction
is applied to account for transitions occuring in the region b ' Rc (The impact parameter is the
perpendicular distance from the path of the incident particle to the center of the potential of the
target particle). This involves introducing a new way of calculating the cross section at higher
velocities by introducing a reduced cross section and velocity, defined as:

Q∗ = σ

1/2πR2
c

(17)

δ−1 = 2~λv0

π∆V (Rc)

(
1− V1(Rc)

E

)1/2
(18)

In order to replicate this numerical correction in the reduced velocity regime 0.5 ≤ δ−1 ≤ 5.0,
where the application of it is appropriate, a cubic spline fit of the data points found in Olson
(1972) was done. The comparison between the cubic spline fit and the data from Olson can be
seen in figure 3, and the two align very well in the region of interest. This fit was used together with
equations 17 and 18 to calculate the cross section for when δ−1 is in the region 0.5 ≤ δ−1 ≤ 5.0.
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Figure 3: Comparison between the reduced cross section data from Olson (1972), the Demkov
formula and a cubic spline fit of the data in the reduced velocity regime 0.5 ≤ δ−1 ≤ 5.0. It can
be clearly seen how the Demkov formula severely underestimates the (reduced) cross section in

the plotted velocity regime.

2.2 Rb + K+ cross section
In order to test the model properly a comparison to the results of Olson (1972) has been made.
Olson has made calculations for the charge transfer reaction

Rb+K+ � Rb+ +K + ∆E (19)

and in order to test the code written from the ground up in this thesis, an attempt to replicate
the results was carried out. The results of this attempt can be seen in figure 5. To explain some
of the differences, a step-by-step walkthrough of the method is necessary.

2.2.1 Determining the energy defect

Figure 4: Energy levels for the K++Rb
quasimolecule at very large separations R, which

forms during the collision. Initial and final
channels have been labeled.

As has been established previously, the energy
defect of the charge transfer is of importance
to the validity of the Olson-Demkov model.
Therefore, examining the product state and
possible excited variants is necessary. A good
example of this procedure is already shown for
the C+O+ case in figure 1. In figure 4 the cor-
responding schematic has been drawn for the
Rb+K+ charge transfer. Here, the level clos-
est to the initial channel is clearly the Rb+

+ K with K being in the ground state. If K
was excited in the final channel, the reaction
would go from exothermic to endothermic as
the Rb++K∗ level lies above the initial channel
in energy. It is therefore very unlikely that the
final channel is any other level than Rb++K.
This is the case for most charge transfer reac-
tions, but this analysis still needs to be done for
each reaction as a different energy defect would
lead to different (and inaccurate) results.
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Figure 5: A graphical comparison between the cross section computation of the charge transfer
reaction in 19 of the done using the Olson-Demkov model versus the results produced by Olson

(1972). New calculations were done using both freshly calculated model parameters
Rc, λ & ∆V (Rc) and the values calculated by Olson. The graph of Olson’s data is a graphical

adaptation, and eventual errors arising from this adaptation have to be considered when
examining the difference (although they are assumed to be very small).

The next step is to calculate the necessary parameters Rc, λ,∆V (Rc) to be able to calculate
the cross section. To do this, several element-specific values are needed. The ionization limits of
K & Rb have been gathered from NIST (A. Kramida et al., 2020), and the values are IK = 4.3406
(Sugar and Corliss, 1985) and IRb = 4.1771 eV (Lorenzen and Niemax, 1983), which gives

∆E = IK − IRb = 0.1635 eV

λ = 0.86
2 (

√
2IK +

√
2IRb) ≈ 0.4811a−1

0

after converting the ionization limits from eV to a.u. In order to properly express the potentials
at infinity, the dipole polarizability of the atom in both the initial and final state is also necessary.
These values have been taken from Schwerdtfeger and Nagle (2019), and we have αRb = 319.8 a.u.
and αK = 289.7 a.u (both for the ground state, as established in section 2.2.1).

Using the above values and together with equations 4, 5 and 6 and solving equation 6 using a
bisection method gives ∆V (Rc) ≈ 0.005388 a.u. and Rc ≈ 12.48 a0. This in turn produces the
cross section (equation 7) represented by the dot-dashed line in figure 5.

This is not a perfect reproduction, but is relatively close to the results produced by Olson. This
is not entirely surprising, as the calculated parameters vary slightly compared to the published
values in Olson (1972). The old parameters are

λ = 0.469 a−1
0

∆V (Rc) = 0.00568 a.u.
Rc = 12.5 a0

∆E = 0.163 eV

Using these parameters instead gives us the orange curve, which is much closer to the results
produced by Olson. The only remaining difference is the peak of the cross section, which is
slightly lower. A possible explanation to this could be a lacking implementation of the numerical
correction, but it will suffice as it will have little to no impact on the rate coefficient calculations
due to the Maxwellian distribution being very close to zero for these high velocities for the relevant
temperatures.
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3 Results
3.1 C+O+ cross section
Calculations for the C+O+ cross section have been performed using the same procedure as outlined
for the Rb+K+ reaction. These calculations yielded the following parameter values:

λ = 0.789 a−1
0

∆V (Rc) = 0.013488 a.u.
Rc = 7.719 a0

∆E = 0.39 eV

Using these values the calculated cross section can found in figure 6. The general form of the
cross section is similar to the one for the Rb+K+ reaction. This specific case unfortunately lacks
an available comparison in the literature. This is also one of the reasons why a different test case
was examined to make sure that the implemented method was working correctly.

Figure 6: Produced cross section for the C+O+ -> C+ + O∗ (1D) charge transfer using the
Olson-Demkov model. Left: Cross section for a low velocity range in logarithmic scale, over

which the Demkov formula is applied. The slight jump at ∼ 3x106 cm/s is due to the transition
from the Demkov formula to the numerically modified model (Olson-Demkov). Right: Cross

section over a large range of velocities in linear scale.
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3.2 Rate coefficient data
Rate coefficient data has also been calculated for other reactions to compare the results from the
model to other more rigorous quantum mechanical calculations from the literature. These results
can be found in table 1.

Rate coefficient 〈σv〉[cm3/s]

∆E [eV] 100 K 1000 K 5000 K 10000 K Reference / Method

O+ + H → O + H+ + ∆E

0.02 9.93× 10−11 1.94× 10−10 5.72× 10−9 7.68× 10−9 Olson-Demkov
0.02 2.49× 10−9 1.29× 10−9 5.49× 10−9 7.45× 10−9 Simple
0.02 4.15× 10−10 8.74× 10−10 1.53× 10−9 2.01× 10−9 Stancil, Schultz, et al. (1999)
0.02 1.0× 10−9 1.0× 10−9 1.0× 10−9 1.0× 10−9 Pequignot and Aldrovandi (1986)

O+ + C → O∗ (1D) + C+ + ∆E

0.39 1.53× 10−27 1.65× 10−18 1.30× 10−14 2.03× 10−13 Olson-Demkov
0.39 1.56× 10−32 1.04× 10−24 7.31× 10−17 1.10× 10−15 Simple
0.39 1.0× 10−9 1.0× 10−9 1.0× 10−9 1.0× 10−9 Pequignot and Aldrovandi (1986)

H+ + Cl → H + Cl+ + ∆E

0.63 1.44× 10−17 2.85× 10−14 6.76× 10−12 4.02× 10−11 Olson-Demkov
0.63 7.93× 10−18 5.04× 10−16 3.16× 10−13 4.18× 10−12 Simple
0.58 4.1× 10−12 1.8× 10−10 Pradhan and Dalgarno (1994)
0.63 3.0× 10−10 3.0× 10−10 3.0× 10−10 3.0× 10−10 Pequignot and Aldrovandi (1986)

C+ + S → C + S+ + ∆E

0.90 8.97× 10−41 1.27× 10−26 1.56× 10−19 2.29× 10−17 Olson-Demkov
0.90 5.36× 10−44 3.48× 10−38 3.45× 10−28 7.10× 10−24 Simple
0.90 ∼ 10−12 3.7× 10−11 8.7× 10−11 1.0× 10−10 Chenel et al. (2010)
0.90 0 0 0 0 Pequignot and Aldrovandi (1986)

N+ + H → N + H+ + ∆E

0.93 1.27× 10−24 4.61× 10−17 1.20× 10−13 1.36× 10−12 Olson-Demkov
0.93 1.04× 10−27 9.31× 10−22 3.8× 10−16 2.21× 10−14 Simple
0.95 0.6× 10−12 1.2× 10−12 1.2× 10−12 1.0× 10−12 Butler and Dalgarno (1979)
0.93 0 0 0 0 Pequignot and Aldrovandi (1986)

H+ + C → H + C+ + ∆E

2.34 2.12× 10−28 2.00× 10−22 4.57× 10−17 6.89× 10−16 Olson-Demkov
2.34 1.35× 10−28 7.06× 10−27 3.62× 10−22 4.01× 10−20 Simple
2.33 1.64× 10−15 1.62× 10−15 2.51× 10−15 3.90× 10−15 Stancil, Havener, et al. (1998)
2.34 0 0 0 0 Pequignot and Aldrovandi (1986)

Table 1: Table comparing rate coefficient data for several A+B+ charge transfer reactions. The
reactions are ordered by their energy defect ∆E. For each reaction, calculations have been made
using the Olson-Demkov model as well as a simple approximation method. Available data from
the literature have also been added, as well as the guessing rule of Pequignot and Aldrovandi

(1986). It is worth noting that the data produced by Stancil, Havener, et al. (1998) for the H+ +
C charge transfer is dominated by radiative charge transfer, rather than non-radiative (normal)

charge transfer.
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4 Discussion
4.1 Comparing the rate coefficient calculation methods
One of the more surprising results of the project, which was not anticipated before-hand, was
the discrepancy between the rate coefficient values from the more rigorous integration in equation
(14) compared to the approximate method in equation (16). As can be observed in table 1, the
discrepancy varies between small factors up to several orders of magnitude. More specifically,
if we use the C+O+ charge transfer case, the discrepancy of several orders of magnitude for all
tested temperatures initially caused concern that something was not working correctly. Usually
the estimate from the approximate method is quite close to the actual value, which is certainly not
the case here. Analyzing the functions further, we can see in figure 7 that the velocity distribution
part peaks at the correct value and behaves correctly. However, when the cross section is folded
with the velocity distribution, the peak is shifted heavily towards a higher energy, away from the
mean of the velocity distribution. If we look at the cross section in this energy regime, we can
clearly see in figure 8 that it is rising rapidly. In fact, the cross section is rising so rapidly in
magnitude that it overtakes the exponential decay of the velocity distribution, shifting the peak of
the folded distribution. This behaviour was not expected before-hand, and shows the importance
of doing the correct integration, as the simple approximate method produces results that agree
very poorly with the actual rate coefficient values.

Figure 7: Comparison between the Maxwellian velocity distribution f(E) and the product of the
cross section and the velocity distribution (σ(E)f(E)) as a function of the collision energy in

atomic units, for the C+O+ → C+ + O (1D) + ∆E charge transfer reaction. The peaks of the
distributions have been marked with vertical dashed in their respective colours. The peak of the

Maxwellian peaks as expected at E = kT , whereas the product distribution peaks at a
considerably higher energy due to the rising cross section, even if the Maxwellian is only a

fraction of its peak value.

4.2 ∆E dependence of the Olson-Demkov method
Using the Olson-Demkov method we computed rate coefficent values for six different charge transfer
reactions. Comparing these to available values in the literature where other methods have been
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Figure 8: Cross section of the C+O+ → C+ + O (1D) + ∆E charge transfer reaction in the
energy region where the distributions found in figure 7 peak. The rapidly increasing cross section

in this regime is responsible for the considerable shift away from the Maxwellian peak as the
cross section is factored in.

used, we have investigated how ∆E effects the Olson-Demkov values. As can be seen in in table 1 as
well as figures 9-12, the rate coefficients for the H+O+-case agree quite well with Stancil, Schultz,
et al. (1999), but a negative trend can be seen as ∆E increases. This result was expected, as the
validity of the Olson-Demkov model relies heavily on ∆E being small in order for the assumptions
regarding the intermolecular potentials to be valid. It is very likely that the increased difference as
∆E increases in magnitude is caused by the breakdown of the potentials as the interaction distance
decreases.

It can also be seen that the Olson-Demkov model performs a lot better at higher temperatures.
This result is expected, when the collision energy is low enough the model breaks down (see
e.g. Olson (1980)). The reason for this is that when the temperature (and therefore the particle
velocities) is low enough (of the order few hundred Kelvin), collision trajectories that pass the
centrifugal barrier will cause the incoming particle to essentially spiral in towards the target particle
and the internuclear separation will become very small. This enables the charge transfer to proceed
with unit probability. The Olson-Demkov model is not equipped to physically explain this process,
and the Langevin or "orbiting" model is more appropriate as it takes these circumstances into
account (see Eichelberger et al. (2003)).

4.3 Comparison to the guessing rule estimates
The comparison to the guessing rule estimate method from Pequignot and Aldrovandi (1986)
yielded similar results as the comparison to the data from the literature. The chosen reactions are
slightly problematic however, as 3 out of 6 have guessing rule estimates of 0 as they have an energy
defect larger than 0.8 eV. An assumption made by Pequignot and Aldrovandi is that reactions
with these large energy defects are assumed to be zero. They do however point to experiments
(e.g. Turner-Smith et al. (1973), Green, Collins, et al. (1973), Green and Webb (1974)) that could
contradict this assumption, finding cases with energy defects larger than 0.8 eV with non-negligible
rate coefficients.

For the C+O+ reaction the difference between the two estimats goes from over 15 orders of
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magnitude for 100 K to roughly 4 orders of magnitude at 10000 K. The difference here is not
entirely unexpected as the Olson-Demkov as previously pointed out performs poorly for very low
temperatures, and the guessing rule does not take temperature into account at all and is entirely
dependent on the energy defect of the reaction.

5 Conclusions
The Olson-Demkov model does a good job of estimating the rate coefficient for A+B+ → A+

+ B + ∆E type charge transfer reactions - provided the circumstances are favorable. The most
stringent criteria for the usefulness of the model is the energy defect, proven from the results of
this project. If the energy defect of the reaction is too large, the model breaks down rapidly and
severely underestimates the rate coefficient, often by many orders of magnitude. It is hard to draw
any conclusions about a strict limit, although any reactions surpassing a few tenths of an eV will
likely have an inaccurate estimate from the Olson-Demkov model. As no real comparison can be
made for the C+O+ reaction since a literature source with detailed scattering calculations does not
exist (yet). It is therefore hard to make any conclusive remarks over the validity of the estimates
produced here, but rates as low as 10−27 cm3/s are likely heavily underestimated and would have
a completely negligible effect in a real physical setting.

The temperature also seems to be quite important. Even for the reactions with larger energy
defects, when the temperature reaches 10000 K, the Olson-Demkov model produces rate coefficient
values within roughly an order of magnitude of the literature data for the reactions Cl+H+, N+H+

and C+H+ as initial states. An exception to this is the C++S reaction, where the difference is still
approximately 7 orders of magnitude. The explanation behind this behaviour could be because it
is the only reaction which doesn’t involve hydrogen, but this is mostly conjecture - although this
could be something worth looking into.

To summarize, the Olson-Demkov model is an excellent tool for the estimation of rate coeffi-
cients for the low energy defect charge transfer reactions, but in order to be applicable to other
reactions, the underlying physical picture would need to be expanded. The best course of action
is likely to use other methods of estimation instead, such as the guessing rule by Pequignot and
Aldrovandi (1986) or the Langevin model. Other methods also exist, and should also be considered
when deciding on how to properly approach each individual reaction (see e.g. Stancil (2001) for
such methods).
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A Plots
A.1 Comparing Olson-Demkov to literature data

Figure 9: A Comparison of existing calculations and estimation methods for rate coefficients for
A+B+ charge transfer reactions. The calculations using the Olson-Demkov model were done

using a statistical weight, pstat, in order to accommodate the Wigner-Witmer rules regarding the
involved molecular states for each reaction. For a more comprehensive walkthrough of the

Wigner-Witmer rules, see Herzberg (1989). See table 1 for a comprehensive list of sources used
for each charge transfer reaction. The dashed zero-line marks perfect agreement between the

methods.

Figure 10: A Comparison of existing calculations and estimation methods for rate coefficients for
A+B+ charge transfer reactions. The calculations using the Olson-Demkov model were done

using a statistical weight, pstat, in order to accommodate the Wigner-Witmer rules regarding the
involved molecular states for each reaction. For a more comprehensive walkthrough of the

Wigner-Witmer rules, see Herzberg (1989). For each reaction a suitable literature comparison has
been chosen. See table 1 for a comprehensive list of sources used for each charge transfer

reaction. The dashed zero-line marks perfect agreement between the methods.
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Figure 11: A Comparison of existing calculations and estimation methods for rate coefficients for
A+B+ charge transfer reactions. The calculations using the Olson-Demkov model were done

using a statistical weight, pstat, in order to accommodate the Wigner-Witmer rules regarding the
involved molecular states for each reaction. For a more comprehensive walkthrough of the

Wigner-Witmer rules, see Herzberg (1989). See table 1 for a comprehensive list of sources used
for each charge transfer reaction.The dashed zero-line marks perfect agreement between the

methods.

Figure 12: A Comparison of existing calculations and estimation methods for rate coefficients for
A+B+ charge transfer reactions. The calculations using the Olson-Demkov model were done

using a statistical weight, pstat, in order to accommodate the Wigner-Witmer rules regarding the
involved molecular states for each reaction. For a more comprehensive walkthrough of the

Wigner-Witmer rules, see Herzberg (1989). See table 1 for a comprehensive list of sources used
for each charge transfer reaction. The dashed zero-line marks perfect agreement between the

methods.
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A.2 Comparing Olson-Demkov to guessing rule (Pequignot and Aldrovandi,
1986)

Figure 13: Comparison between rate coefficient estimates for A+B+ charge transfer reactions,
using values from the Olson-Demkov model and the guessing rule from Pequignot and Aldrovandi
(1986). The calculations using the Olson-Demkov model were done using a statistical weight,

pstat, in order to accommodate the Wigner-Witmer rules regarding the involved molecular states
for each reaction. For a more comprehensive walkthrough of the Wigner-Witmer rules, see
Herzberg (1989). The dashed zero-line marks perfect agreement between the methods.

Figure 14: Comparison between rate coefficient estimates for A+B+ charge transfer reactions,
using values from the Olson-Demkov model and the guessing rule from Pequignot and Aldrovandi
(1986). The calculations using the Olson-Demkov model were done using a statistical weight,

pstat, in order to accommodate the Wigner-Witmer rules regarding the involved molecular states
for each reaction. For a more comprehensive walkthrough of the Wigner-Witmer rules, see
Herzberg (1989). The dashed zero-line marks perfect agreement between the methods.
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Figure 15: Comparison between rate coefficient estimates for A+B+ charge transfer reactions,
using values from the Olson-Demkov model and the guessing rule from Pequignot and Aldrovandi
(1986). The calculations using the Olson-Demkov model were done using a statistical weight,

pstat, in order to accommodate the Wigner-Witmer rules regarding the involved molecular states
for each reaction. For a more comprehensive walkthrough of the Wigner-Witmer rules, see
Herzberg (1989). The dashed zero-line marks perfect agreement between the methods.

Figure 16: Comparison between rate coefficient estimates for A+B+ charge transfer reactions,
using values from the Olson-Demkov model and the guessing rule from Pequignot and Aldrovandi
(1986). The calculations using the Olson-Demkov model were done using a statistical weight,

pstat, in order to accommodate the Wigner-Witmer rules regarding the involved molecular states
for each reaction. For a more comprehensive walkthrough of the Wigner-Witmer rules, see
Herzberg (1989). The dashed zero-line marks perfect agreement between the methods.
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B Input & calculated parameters

α1 [a.u.] α2 [a.u.] I1 [a.u.] I2 [a.u.] Rc [a.u.] ∆V (Rc) [a.u.] λ [a.u.]
O+ + H → O + H+ + ∆E

4.50711 5.3 0.4997 0.5006 11.117 0.00078 0.860

O+ + C → O∗ (1D) + C+ + ∆E
11.3 5.3 0.4138 0.42815 7.720 0.01349 0.789

H+ + Cl → H + Cl+ + ∆E
14.57 4.50711 0.4766 0.4997 6.767 0.02077 0.860

C+ + S → C + S+ + ∆E
19.4 11.3 0.3807 0.4138 6.537 0.03086 0.766

N+ + H → N + H+ + ∆E
4.50711 7.4 0.4997 0.5341 5.997 0.03328 0.874

H+ + C → H + C+ + ∆E
11.3 4.50711 4.997 0.4138 4.826 0.07966 0.821

Rb + K+ → Rb+ + K + ∆E
319.8 289.7 0.1601 0.1535 12.481 0.00538 0.481

Table 2: Input and output for the parameter calculation of each reaction found in table 1 as well
as the Rb + K+ reaction. Subscript n = 1 is the atom and n = 2 is the ion in the initial state.
The dipole polarizability data (αn) was gathered from Schwerdtfeger and Nagle (2019). The
ionization limits (In) were gathered from A. Kramida et al. (2020). Rc, ∆V (Rc) and λ were
calculated using the steps outlined in section 2 and the corresponding code can be found in

appendix C.
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C Code
C.1 Calculation of necessary parameters

1 import numpy as np
2 from scipy import optimize
3 import matplotlib . pyplot as plt
4

5 # Ionization limits and dipole polarizabilities for involved elements , in atomic
units

6 I1 = (13.62 -1.97) / 27.21 # Oxygen
7 I2 = 11.260 / 27.21 # Carbon
8 a1 = 11.3 # (C)
9 a2 = 5.3 # (O)

10

11 # Calculating some necessary parameters as well as the energy defect
12 alpha = np.sqrt (2* I1)
13 gamma = np.sqrt (2* I2)
14 lambd = 0.5*( alpha + gamma ) *0.86
15 defect = abs(I1 - I2)
16 print (’Energy defect : ’, defect *27.21 , ’eV ’)
17

18 #
19 def r_c_solve (R):
20 dipole = abs(a1 - a2) / (2 * R ** 4)
21 D_E = defect - dipole
22 R_star = 0.5 * ( alpha + gamma ) * R
23

24 return np.sqrt(I1*I2) * R_star * np.exp ( -0.86 * R_star ) - D_E /2
25

26

27 # Solving the equation using a simple bisection method from the Scipy library
28 R_c = optimize . bisect (r_c_solve , 2, 20)
29 true_dipole = abs(a1 - a2) / (2 * R_c **4)
30 print (’dipole term: ’, -true_dipole , ’a.u.’)
31 DV_Rc_true = defect - true_dipole
32 print (’lambda : ’, lambd )
33 print (’DV_Rc_true : ’, DV_Rc_true , ’(a.u.) ’)
34 print (’I1: ’, I1 , ’a.u.’)
35 print (’I2: ’, I2 , ’a.u.’)
36 print (’R_c:’, R_c , ’a0 ’)
37

38 # Calculating potentials for initial and product states as well as matrix element ,
includes plots

39 # Functions of intermolecular distance (in a.u.)
40 R_plot = np. linspace (4, 10, 150000)
41 V1_R = I1 - a1 /(2* R_plot **4)
42 V2_R = I2 - a2 /(2* R_plot **4)
43 H12 = np.sqrt(I1*I2) * 0.5 * ( alpha + gamma )* R_plot * np.exp ( -0.86*0.5*( alpha + gamma

)* R_plot )
44 H12_rc = np.sqrt(I1*I2) * 0.5 * ( alpha + gamma )*R_c * np.exp ( -0.86*0.5*( alpha + gamma

)*R_c)
45

46 label = [ ’C$ ^+$ + O$ ^*$ ($^1 $D)’,’C + O$ ^+$’, ’H$_ {12}$’, ’R$_c$ ’]
47 fig , ax1 = plt. subplots ()
48 ax1.plot(R_plot , V1_R , ’b’)
49 ax1.plot(R_plot , V2_R , c=’b’, ls=’--’)
50 ax1. annotate ( label [0] , xy =(4.0 , 0.426) , fontsize =13 , bbox=dict( facecolor =’none ’,

edgecolor =’black ’, boxstyle =’round ’, pad =0.1) )
51 ax1. annotate ( label [1] , xy =(4.8 , 0.404) , fontsize =13 , bbox=dict( facecolor =’none ’,

edgecolor =’black ’, boxstyle =’round ’, pad =0.1) )
52 ax1.plot(R_plot , H12+V2_R [149999] , ’k’, label =’H$_ {12}$’)
53 ax1. annotate ( label [2] , xy =(5.0 , 0.455) , fontsize =13 , bbox=dict( facecolor =’none ’,

edgecolor =’black ’, boxstyle =’round ’, pad =0.1) )
54 ax1. annotate ( label [3] , xy =(7.8 , 0.455) , fontsize =13 , bbox=dict( facecolor =’none ’,

edgecolor =’black ’, boxstyle =’round ’, pad =0.1) )
55 ax1. axvline (x=R_c , c=’k’, ls=’--’, label =’R$_c$ ’, lw=’0.7 ’)
56 fig.text (0.5 , 0.04 , ’R [a.u.] ’, ha=’center ’, va=’center ’)
57 fig.text (0.03 , 0.5 , ’Energy [a.u.] ’, ha=’center ’, va=’center ’, rotation =’vertical ’)
58 plt.show ()
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C.2 Rate coefficient calculation

1 import numpy as np
2 import scipy . integrate as sci
3 from scipy import interpolate
4 import pandas as pd
5 from scipy import interpolate
6 import matplotlib . pyplot as plt
7

8 # Basic constants and parameters
9 kb = 1.38066 * 10 ** -16 # CGS

10 kau = 8.617 * 10 ** -5 / 27.21 # a.u.
11 T = [100 , 1000 , 5000 , 10000]
12 h = 2.0 * np.pi # in atomic units
13

14 # Reaction - specific variables
15 # K + Rb+
16 Delta_E = 0.1635
17 R_c = 12.5
18 DV_Rc = 0.00568
19 lambd = 0.469
20 m1 = 85.4678
21 m2= 39.0983
22 a1 = 289.7
23 prad = 1/6
24 V1 = -a1 / (2 * R_c ** 4)
25 mu = (m1 * m2) / (m1 + m2) * 1.82289 * 10 ** 3 # Reduced mass of entry channel
26

27 # unit conversions
28 m_e = 9.11 * 10 ** -28 # electron mass in (g)
29 a0 = 5.29 * 10 ** -9 # a0 in cm
30 eV_to_erg = 2.17991 * 10 ** -11 / 13.6058
31 erg_to_au = 22937126583.579
32 vel_au = 2.187 * 10 ** 8
33

34 # Numerical interpolation of x- section
35 Q_red = [0.03 , 0.30 , 0.66 , 0.95 , 1.05 , 1.08 , 1.07 , 1.05 , 1.02 , 0.99]
36 delta_red = [0.5 , 1.0 , 1.5 , 2.0 , 2.5 , 3.0 , 3.5 , 4.0 , 4.5 , 5.0]
37 tck = interpolate . splrep (delta_red , Q_red , k=3)
38

39 # Extrapolation for large velocities
40 k_linear = interpolate . splev (5, tck , der =1)
41 m_linear = interpolate . splev (5, tck , der =0) - k_linear * 5
42

43 # Functions to convert between energy and velocity
44 def velocity (E):
45 return np.sqrt (2 * E / mu)
46

47

48 def energy (v):
49 return 0.5 * mu * m_e * v ** 2
50

51 # Calculating delta parameter from O-D model
52 def delta (vel):
53 return (np.pi ** 2 * DV_Rc ) / (h * lambd * vel) / np.sqrt (1 - V1 / (0.5 * mu *

vel ** 2))
54

55

56 # Function for x-section , returned in a.u.
57 def x_section_demkov (E):
58 delta_inv = 1 / delta (( velocity (E)))
59 if delta_inv <= 0.5: # Analytical solution for delta <=0.5.
60 integrand = sci.quad( lambda x: (1 / x ** 3) * (np.exp(- delta ( velocity (E)) *

x)) /
61 ((1 + np.exp(- delta ( velocity (E)) * x)) ** 2)

, 1.0 , np.inf)
62 return prad * 4 * np.pi * R_c ** 2 * integrand [0] * (1 - V1 / E)
63 elif delta_inv > 5.0: # Linearly continuing the interpolation past delta =5.0
64 sigma_red = k_linear * delta_inv + m_linear
65 sigma = sigma_red * (1 / 2 * np.pi * R_c ** 2)
66 if sigma < 0.0:
67 return 0
68 else:
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69 return sigma
70 else: # Interpolation of the table from Olson (0.5 < delta_inv <=5)
71 sigma_red = interpolate . splev (delta_inv , tck , der =0)
72 sigma = sigma_red * (1 / 2 * np.pi * R_c ** 2)
73 return sigma
74

75

76 # Integral part of the rate coefficient integral
77 def rate_coeff_integral (x):
78 integrand = x_section_demkov (x * kau * i) * x * np.exp(-x) * a0 ** 2
79 return integrand
80

81

82 for i in T:
83 # Full rate coefficent calculation . Makes sure the error is sufficiently small .
84 Integral = sci.quad( rate_coeff_integral , 0, np.inf , epsabs =1e -50)
85 rel_err = Integral [1] / Integral [0]
86 if rel_err > 0.01:
87 print (’The error is larger than 1 % of the result ! Look over epsabs .’)
88

89 # Rate coefficient from the Olson - Demkov model
90 rate_coeff = np.sqrt (8 * kb * i / (np.pi * mu * m_e)) * Integral [0]
91

92 v_bar = np.sqrt(kb * i * 2 / (mu * m_e)) # * 10 ** -6
93 E_bar = 0.5 * mu * m_e * v_bar ** 2 * erg_to_au
94 # Cross section and rate coefficient using the simple approximation method
95 simple_method_x_section = x_section_demkov ( E_bar ) * a0 ** 2
96 simple_rate = simple_method_x_section * v_bar
97 print (’---------------------’)
98 print (’T =’, i, ’ K’)
99 print (’The rate coefficient is: ’, rate_coeff )

100 print (’Simple method rate coefficent : ’, simple_rate )
101

102 # print (’---------------------’)
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