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Simulations of spatially and angle-resolved vibrational electron energy loss
spectroscopy for a system with a planar defect
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Recent developments in experiments with vibrational electron energy loss spectroscopy (EELS) have revealed
spectral shape variations at spatial resolutions down to the atomic scale. Interpretation in terms of local phonon
density of states enables their qualitative understanding, yet a more detailed analysis is calling for advances in
theoretical methods. Recently, we have presented a frequency resolved frozen phonon multislice method for
simulations of vibrational EELS [P. M. Zeiger and J. Rusz, Phys. Rev. Lett. 124, 025501 (2020).]. Detailed
simulations for a plane-wave electron beam scattering on vibrating hexagonal boron nitride are presented in a
companion paper [P. M. Zeiger and J. Rusz, Phys. Rev. B 104, 104301 (2021)]. Here we present simulations of
vibrational EELS assuming a convergent electron probe of nanometer size and atomic size on a hexagonal boron
nitride structure model with a planar defect. With a nanometer beam we observe spectral shape modifications
in the presence of the defect, which are correlated with local changes of the phonon density of states. With
an atomic-sized electron beam, we observe the same, although with better contrast. In addition, we observe
atomic-level contrast and atomic scale spectral shape modifications, which are particularly strong for small
detector collection angles.

DOI: 10.1103/PhysRevB.104.094103

I. INTRODUCTION

Heat management is a major design limitation of integrated
circuits today [1,2] and Moore’s law is at the same time
reaching its limits [3]. Advances in the field of phononic
and thermoelectric materials allow for the control of phonons
over large frequency regions and make it thereby possible to
control the flow of heat [4]. Understanding the flow of heat at
the nanometer and subnanometer levels might lead to further
progress in these fields and a technique which can deliver this
spatial resolution is a prerequisite for such developments.

(Scanning) transmission electron microscopy [(S)TEM]
routinely allows to reach subangstrom spatial resolution
[5–10] and thanks to recent advances in monochromators
it offers an energy resolution of electron energy loss spec-
troscopy (EELS) down to 4.2 meV [11,12]. Unprecedented
experiments such as mapping of bulk and surface modes
of nanocubes [13], investigations of the nature of polari-
ton modes in van der Waals crystals [14], temperature
measurement at the nanoscale [15,16], identification and
mapping of isotopically labeled molecules [17], position-
and momentum-resolved mapping of phonon modes [18–20],
atomic resolution phonon spectroscopy [21,22], functional
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group mapping [23], single stacking fault [24], and single-
atom vibrational spectroscopy [25] were enabled by these
advances in STEM instrumentation.

Venkatraman et al. have observed atomic scale spectral
changes in a silicon (Si) crystal, attributing them to selective
phonon excitations as a function of electron beam impact
parameter [22]. In another work, Hage et al. have shown,
on a monolayer of graphene containing a single Si impurity
atom, that vibrational STEM-EELS spectra show atomic scale
changes near the Si impurity [25]. Both works recognized
the necessity of a general simulation method to address the
complexity of observed phenomena, such that would be capa-
ble to treat arbitrary three-dimensional structures, including
eventual defects, and allow for general beam and detector
geometry. Recently, Yan et al. have presented space- and
angle-resolved measurements of vibrational EELS modifica-
tions in the presence of a stacking fault in silicon carbide,
which were correlated with the local phonon density of states;
however, the effects of electron beam propagation and scatter-
ing have not been considered [24].

A theoretical analysis of phonon scattering in TEM and its
prospects for high-resolution imaging was discussed by Rez
well before the advent of the above-mentioned instrumental
advances [26]. Estimations of particular phonon scattering
cross sections have been reported in Ref. [27], and recently
phonon EELS was treated with a Bloch-waves-based theory in
Ref. [28]. Forbes et al. have introduced an approach to phonon
scattering based on Born-Oppenheimer theory, today referred
to as the quantum excitation of phonons (QEP) model [29].
Using this approach simulations have shown that atomic scale
contrast can be observed using phonon scattering intensities
[30], though it should be mentioned that even if the QEP
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model allows to isolate the scattering intensity due to phonon
processes, this approach does not provide spectroscopic
information. Forbes and Allen have presented a simulation of
phonon EELS spectra of silicon for a plane-wave incoming
beam [31]. Dwyer reported inelastic multislice simulations
adapted to phonon excitations, which led to a prediction of
high-resolution phonon EELS [32], later realized in experi-
ment [33]. The prospects of spatial resolution with vibrational
EELS and the impact of dipole scattering were analyzed in
Ref. [34]. Recently, Konečná et al. have reported a theory of
phonon mapping and isotope identification [35].

All the above-mentioned spectroscopic simulation meth-
ods require an explicit knowledge of phonon modes, which
can become very costly for large structure models, for ex-
ample those containing interfaces or defects. Recently we
have reported on a frequency-resolved frozen phonon mul-
tislice (FRFPMS) method allowing efficient simulations of
vibrational spectra, fully considering dynamical diffraction
effects as well as beam and detector setups [36]. In Ref. [37]
we analyze the method in more detail and present results of
calculations for a plane-wave electron beam. Importantly, the
FRFPMS method scales linearly with the number of atoms,
making it particularly suitable for simulations of phonon
EELS in large structure models with tens or even hundreds
of thousands of atoms, such as heterostructures or structures
with defects.

Here we present detailed simulations of spatially and
angle-resolved vibrational EELS on a model system of hexag-
onal boron nitride (h-BN) with AA′ stacking. Two structure
models are being considered. The first one is a periodic crystal
without any structural defects [37]. The second model con-
tains a planar defect [an antiphase boundary (APB)] and the
defect plane is oriented parallel to the electron beam. While
such a system is qualitatively similar to a stacking fault stud-
ied by Yan et al. [24], we note that here every atomic column
consists of the same number of B and N elements and, as such,
it is a priori not likely to be revealed by high-angle annular
dark field (HAADF) imaging. We show that the FRFPMS
method resolves both angle-resolved spectral shape variations
on a nanometer scale as well as atomic scale spectral changes
analogous to those reported in previous experimental works.
Using a large off-axis detector geometry offers a clear de-
tection of the defect, both with nanometer-sized probe and
atomic-sized probe. The latter reveals minor atomic scale
spectral shape variations. A nanometer-sized electron probe
gives furthermore access to the local phonon band structure
using either small collection angles or (q, E ) mapping [37,38].

II. METHODS

Most of the computational methods and parameters used
here follow the choices made in the companion paper, where
we describe the FRFPMS method in detail and consider
the case of parallel illumination [37]. For completeness, we
briefly summarize the methods and parameter settings here,
highlighting the differences in methodology and parameters
between both works.

We have performed independent simulations of an APB-
free bulk h-BN structure model and of a structure model
containing two grains of bulk h-BN and an APB at both

FIG. 1. Relaxed h-BN structure with an antiphase boundary. The
supercell viewed along the z direction is displayed together with two
side views of the two upper layers. Two types of areas are highlighted
in red (region 1) and blue (region 2), referring to an “in-grain” region
and APB region, respectively. The areas scanned with atomic-sized
electron beam (green rectangle) and line scans (thick blue lines) used
in the subsequent analysis are highlighted in the bottom panel.

interfaces between the grains (we apply periodic boundary
conditions). Both structure models consist of the same total
number of atoms (Nat = 22 080) and h-BN layers (Nlay = 46)
in AA′ stacking order. Our APB model can be obtained by
slicing the pristine h-BN structure once perpendicular to the
h-BN layers (here the z direction) and shifting then one of the
two obtained “halves” by one interlayer distance along the z
direction. As a result, the APB plane consists solely of B-B
and N-N bonds. Electronic structure calculations show that
such an APB is metastable in monolayer h-BN [39,40]. The
relaxed orthogonal simulation boxes have sizes of 52.01 Å ×
25.02 Å × 149.71 Å and 52.08 Å × 25.13 Å × 148.65 Å
for models without and with APB, respectively, and periodic
boundary conditions were enforced in all three spatial direc-
tions. The structurally relaxed APB model, highlighting the
atomic displacements in the neighborhood of the APB in the
side views, is visualized in Fig. 1.

Structural relaxation as well as molecular dynamics cal-
culations were performed with the LAMMPS software [41].
We have employed a so-called extended Tersoff potential for
boron nitride (BN-ExTeP) developed by Los et al. [42] for the
description of intralayer interactions. Contrary to the widely
used Tersoff potential for boron nitride [43], this potential
contains a description of boron-boron and nitrogen-nitrogen
bonds, which is essential for our system. The BN-ExTeP
has been successfully applied to defects in monolayer h-BN
before [42]. For the description of interlayer interactions we
have used a potential of Ouyang et al., which was specifically
optimized for the description of bulk h-BN [44]. In addition,
a shielded Coulomb potential accounts for partial charges on
atoms between different layers [45].
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Phonon calculations (not shown), which were performed
using a combination of the PHONOLAMMPS [46] and PHONOPY

software packages [47,48], showed no imaginary frequencies
for the structurally relaxed APB model. Furthermore, classi-
cal molecular dynamics simulations at constant pressure of
0.0 bar and for temperatures of up to 1200 K showed no
signs of structural reconfiguration of the APB, confirming the
stability of the structure. That being said, such an APB has not
yet been reported in h-BN to the best of our knowledge. Here
it fulfills predominantly the role of a model system, but also
of a potentially interesting prediction that could be probed by
vibrational EELS experiments.

Nonequilibrium molecular dynamics calculations using
the generalized Langevin equation have been done within
LAMMPS using a hot-spot thermostat [49,50] with a width
of �ω = 2.5 THz. Energy bins range from 11.5 THz up to
51.5 THz with a step of 2.5 THz. In relation to Ref. [37],
we use here the coarser of the two energy grids treated there.
Nevertheless, it was shown that the effective energy resolution
is in both cases close to 10 meV. Considering that in STEM
calculations we need to analyze significantly more electron
beam positions, this choice is computationally more efficient.
The base temperature Tbase for the white-noise thermostat was
set to zero and its damping parameter to 1/γbase = 0.1 ps.
The temperature at the peak of the hot-spot thermostat was
set to Tmax = 300 K and the hot-spot damping parameter to
1/γ = 0.5 ps. The time step in these simulations was set to
0.5 fs.

In total nsnap = 225 snapshots were generated per energy
bin by the nonequilibrium molecular dynamics simulations,
starting after 25 ps of equilibration, taking a snapshot every
1 ps until the total trajectory length of 0.25 ns. The lateral
multislice grid consisted of 1008 × 480 points. We have used
the automatic potential slicing option of DRPROBE [51].

In all visualizations of vibrational EELS below we show
spectra multiplied by the energy loss. This is motivated by
observations made in Ref. [37] as well as by the first Born
approximation expression for the inelastic scattering cross
section containing the factor 1/ωq,n in all transition matrix
elements, where the q, n indexes a specific phonon mode.
Energy-multiplied spectra are visually more easily compa-
rable to the (local) phonon density of states, which aids the
discussion.

HAADF Z-contrast simulations were performed using the
standard frozen phonon multislice method [52] by averaging
over 60 snapshots. In contrast to the FRFPMS method, these
snapshots were generated using constant-temperature and
constant-volume molecular dynamics simulations at 300 K us-
ing a combination of microcanonical ensemble with Langevin
dynamics, but otherwise using the same structure model and
multislice parameters as for the FRFPMS simulations.

III. RESULTS

A. Local phonon density of states

Figure 2(a) shows a comparison of local phonon density
of states (LPDOS) obtained for a system with and without
defect. In Fig. 1 we have highlighted two areas for evalua-
tion of the LPDOS. What is marked as “reg. 1” is a set of

FIG. 2. (a) Comparison of local phonon densities of states
calculated on a model with and without an antiphase boundary,
respectively. (b) Decomposition of the local phonon densities of
states calculated for the model with antiphase boundary into their
z components (out of plane) and xy components (in plane). In both
panels, two local regions have been probed (see Fig. 1). Lorentzian
broadening of two different full widths at half maximum were used,
namely, 0.3 and 3.0 THz. The more broadened curves are vertically
offset by 0.055 THz−1mode−1.

atomic columns forming hexagons, that are positioned as far
as possible from the two APBs. The label “reg. 2” then marks
hexagons containing atoms forming the APB. For consistence
and comparison purposes, we have defined the same areas
within the APB-free structure model.

When using the structure model without defect, the LP-
DOS from both areas is expected to be the same and this is
indeed the case (see the overlapping black and dashed green
curves). The LPDOS is dominated by an optical peak at a
frequency of around 46 THz and a set of less pronounced
peaks at lower frequencies.

For a sufficiently large structure model, the LPDOS from
region 1 in the APB structure model should match the LP-
DOS of the defect-free structure model. As Fig. 2(a) shows,
the corresponding LPDOS (red curve) follows the LPDOS
of the APB-free model very closely and we observe only a
small (∼0.2 THz) redshift of the optical peak and a similar
blueshift of acoustic modes. The broadened LPDOS of both
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FIG. 3. Projected LPDOS grouped according to the 48 atomic
planes along the x direction of our h-BN model with APB (see
Fig. 1). The horizontal axis labels atomic plane indices from 1 to
48. Atomic planes 1, 24, 25, and 48, marked by small red arrows,
are directly involved in the APB. (a) An in-plane component of the
LPDOS and (b) a z component, respectively.

structure models are practically indistinguishable. Overall the
agreement of the LPDOS of APB and defect-free structure
is excellent, suggesting that the structure model containing a
defect is large enough to encompass regions where the impact
of defects on the LPDOS is negligible.

As expected, the LPDOS of the defect region (blue curve)
differs significantly from the other three LPDOS. It has en-
hanced acoustic modes at low frequencies and the optical
peak has a deformed shape, with a maximum redshifted by
approximately 0.6 THz compared to the defect-free regions.
Several other differences can be observed, for example, an
appearance of vibrational modes within the energy range 35–
39 THz, where the defect region LPDOS is much higher than
in the defect-free region. Another pronounced difference is a
reduction of the LPDOS in the defect region around 20 THz.

Figure 2(b) shows a decomposition of the LPDOS calcu-
lated for the structure model with defect into its components
due to vibrations in the in-plane (xy) and out-of-plane (z)
directions. Since the electron beam propagates along the z
direction, it is mostly sensitive to in-plane atomic vibrations
[53]. This will be important when the calculated vibrational
EELS spectra will be correlated with the LPDOS. For in-
stance, from approximately 15 to 23 THz the total LPDOS
is significantly larger in the defect-free region; however, the
decomposition into in-plane and out-of-plane components re-
veals that this is almost entirely due to vibrations in the z
direction, which are expected to influence the electron beam
only negligibly. The in-plane LPDOS in this energy region
is of comparable amplitude in both regions, with the defect
region LPDOS being on average somewhat higher.

The degree of locality of changes in the LPDOS induced
by the APB can be qualitatively deduced from Fig. 3. There
we plot the LPDOS for the 48 atomic planes of our simulation
box along the x direction as a heat map. The LPDOS of atoms
within APB planes are distinctly different from the LPDOS of

FIG. 4. High-angle annular dark field profiles across the whole
structure model with two defect planes. Ten individual profiles for
different beam y coordinates are plotted with thin lines of brighter
colors. Their average is shown with thicker lines of saturated colors.
Three different settings of inner and outer collection angles are
indicated. The relative variation of intensity is given as the ratio of
difference and sum of the maximal and the minimal intensity of each
averaged profile.

atoms far from the APB throughout the whole energy range.
This suggests that not only a few modes are influenced by
the defect, but rather many modes are impacted throughout
the entire range of vibrational frequencies. The total LPDOS
is mostly constant within planes 3–22 and 27–46, showing a
strong localization of the modification of vibrations due to
APB. On the other hand, there are energy ranges where the
influence of the defect on the vibrations is less localized. Note
particularly the arcs between 30 and 34 THz and defect modes
around 18 and 37 THz in the in-plane component, Fig. 3(a),
or out-of-plane vibrations of frequencies between 10 and 15
THz, Fig. 3(b).

B. Vibrational EELS at nanometer scale

We start our analysis with a nanometer-sized electron
beam, to check whether the above-mentioned LPDOS differ-
ences can be detected in simulated vibrational EELS spectra.
We have set up a calculation with a convergent probe of
3 mrad semiangle, which leads to a beam full width at half
maximum of approximately 0.9 nm at an acceleration voltage
of 60 kV (neglecting any source-size broadening or aberra-
tions). We have evaluated a grid of 12 × 10 beam positions,
evenly spanning the whole structure model. That corresponds
to a STEM sampling with steps of 0.43 nm along the x direc-
tion and 0.25 nm along the y direction, respectively.

Figure 4 shows calculated HAADF profiles across the
structure model with defect planes. By symmetry, we would
not expect strong differences for beam positions differing by y
coordinate only, because the beam is too large for any atomic-
scale contrast and the local differences in atomic positions and
bonds are only along the z direction—referring to the small
displacement of atoms near the planar defect, seen in xz or yz
projections of Fig. 1. This is indeed the case, as can be seen
in Fig. 4. Profiles shown with thick lines are averages over
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ten beam positions along the y axis. The figure also includes
the ten individual linear profiles with thin lines of a brighter
color and they are obviously very close to each other and
thus also to their average. Three different settings of inner and
outer collection angles have been considered. Each of the pro-
files displays local maxima at the positions of defect planes.
The HAADF intensity variation is, however, relatively weak.
Defining it as a ratio of the maximal minus the minimal pro-
file intensity and of their sum, the intensity variation ranges
between 1.3% and 2.5%; i.e., it is a relatively weak effect.
Yet it is nonzero, despite the same elemental composition of
every single atomic column within the structure model. In the
following paragraphs we will address the question whether
vibrational EELS has the capability to highlight the presence
of the defect planes.

First we will analyze spectra calculated with a large off-
axis detector. Specifically, we have set the detector center to
(60 mrad,0) and its radius (collection semiangle) to 25 mrad.
In Fig. 5(a) we show ten spectra from the defect region
(blue curves) and ten spectra from the defect-free region (red
curves). Within each region, the ten individual spectra match
closely each other, similarly as the individual HAADF profiles
in Fig. 4. Mutual differences of individual spectra provide to
a certain degree an estimation of the statistical error in our
sampling. However, it should be pointed out that the ten indi-
vidual spectra are correlated to some degree, because the same
structure snapshots have been used in their calculations and
thus the same combinations of excited phonons are present.
From a different perspective, atomic displacements in a given
sample region do not unambiguously determine the displace-
ments elsewhere in the sample, despite the reduced portfolio
of available phonon modes within an energy bin; therefore, the
results suggest that the averaging over 225 snapshots provides
a well-converged result—at least, for the selected large off-
axis detector.

The difference of the spectra from the two regions is sig-
nificantly stronger than the spread of the spectra within each
region. This provides a theoretical support for the experimen-
tal observation that a nanometer-sized electron beam is indeed
sufficiently small to distinguish a planar defect [24].

The spectral differences in Fig. 5(a) match the qualita-
tive differences between the LPDOS curves in Fig. 2 well,
such as the slight redshift of the optical phonon peak (barely
seen at the energy resolution of 2.5 THz, which corresponds
to approximately 10 meV), enhanced acoustic region (here
specifically the region just above 10 THz), or the more in-
tense defect-region spectrum between 35 and 40 THz, when
compared to the spectrum from the defect-free region. The
stronger spectrum from the defect-free region around 30 THz
comes likely from a similar feature in the LPDOS just above
30 THz. In relative terms, the modest enhancement of the
acoustical modes within the defect region is more in line with
the in-plane LPDOS component than with the total LPDOS
(see Fig. 2), as was anticipated. It is somewhat surprising that
the intensity and shape of optical peaks come out rather sim-
ilar in both spectra—this is likely a consequence of relatively
low energy resolution and 2.5 THz distance between energy
bins.

A step further in mapping the nanometer-scale spectral
shape variations has been inspired by experiments of Yan et al.

FIG. 5. (a) Vibrational EELS spectra calculated within the two
regions defined in Fig. 1 assuming a nanometer-sized electron beam
with convergence semiangle of 3 mrad. Within each of the regions ten
spectra were evaluated at different beam y coordinates. Four different
frequency regions are marked by shading. (b)–(e) Linear profiles
across the whole structure model containing two planar defects are
shown with frequency ranges and color coding corresponding to the
shaded regions in (a). Beam position step is approximately 0.43 nm
resulting in 12 evenly spaced beam positions. Percentages refer to
the intensity variations, defined as in Fig. 4.

[24]. As mentioned above, we have run spectral simulations
for a grid of 12 × 10 beam positions evenly covering the
whole structure model. The 12 evenly spaced beam positions
correspond to a step of approximately 0.43 nm in the direction
perpendicular to the defect planes. Encouraged by very small
spectral differences observed along the y direction in Fig. 5(a),
the ten evenly spaced beam positions in the y direction have
been averaged to improve statistics. In Fig. 5(a) we have high-
lighted four different energy ranges of interest, over which
we have integrated the vertically averaged spectra and plotted
them as intensity profiles across the structure model in the x
direction. One can clearly observe the variation of the inten-
sities correlating with the positions of the two planar defects
in all highlighted energy ranges, an observation analogous to
the enhancement of the acoustic modes in the vicinity of a
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stacking fault in SiC observed in Fig. 3 of Ref. [24]. Note also
that in comparison with the HAADF signal, the percentage
of the intensity variation across the defect is increased in the
vibrational spectra, ranging from ±1.5% for optical modes
up to more than ±4% for both acoustic modes. We note here
that the larger delocalization of the spectral modifications
due to the defect in the frequency range 30–34 THz is well
reflected in Fig. 5(c), where we do not observe a flat plateau
inside APB-free regions, contrary to other panels of Fig. 4
corresponding to energy ranges, where the defect modes do
not extend that far away from APB.

In order to get a deeper insight into the vibrational scat-
tering of a nanometer-sized electron beam, we explore the
information contained in spectra simulated with a small-
collection-angle detector. Specifically, we set the detector
collection semiangle to 3 mrad and we scan its center along
specific lines within the diffraction plane. We focus on the
region of scattering angles between 30 and 110 mrad, where
the inelastic (phonon) scattering represents a sizable fraction
of the total scattering cross section.

Figure 6 shows so-called (q, E ) diagrams, which combine
information about scattering intensity as a function of both
energy and scattering angle (momentum transfer). Moreover,
Fig. 6 also provides spatially resolved information, because
Figs. 6(a) and 6(c) come from the defect-free region and
Figs. 6(b) and 6(d) originate from the vicinity of the defect
plane. Both the 3 mrad collection semiangle and the 3 mrad
convergence semiangle contribute to a blurring of the phonon
band-structure information contained in these images. Never-
theless, the information is still present and one can recognize
dominant bands in the image. It is instructive to point out
some asymmetries in the intensity of the phonon bands; for
example, in Fig. 6(a) around � at 90 mrad the V-shaped
band due to acoustic modes is more intense towards higher
scattering angles than it is at lower scattering angles. Also, the
inverted U-shaped band corresponding to optical phonons is
almost not present around � at 67 mrad, while it is rather pro-
nounced near 90 mrad. Similar features have been observed in
works by Senga et al. [19] and by Plotkin-Swing et al. [38].
Note, in particular, the difference in spectra around M points,
when reached along the two distinct paths. Such difference
is well expected, when one considers polarization vectors of
the particular phonon branches (longitudinal or transversal)
and their relative orientations to the propagation vector q.
Namely, the phonon scattering cross section is proportional
to a scalar product of q and polarization vector ε [19,53,54].
This is even more clearly seen for a plane-wave beam and
pointlike detection (see Ref. [37]).

Differences between the defect region [Figs. 6(b) and 6(d)]
and the defect-free region [Figs. 6(a) and 6(c)] seem relatively
subtle. All the dominant features look very similar to each
other, for both paths through the diffraction plane. A more
detailed inspection reveals, however, differences near the Bril-
louin zone boundaries, i.e., in these plots near special points K
and M, respectively. Note, for example, how the noncrossing
of the bands near the M point at 101 mrad gets blurred in the
vicinity of the defect, Fig. 6(b). Also, at low frequencies, the
minima around M points and nearby K points, respectively,
are visibly deeper in the defect-free region, Figs. 6(a) and 6(c),
when compared to the defect region counterparts, Figs. 6(b)

FIG. 6. (q, E ) diagrams showing an evolution of local spectro-
scopic information as a function of scattering angle along selected
directions in the q space: (a), (b) a scan along the θx scattering
direction and (c), (d) a scan inclined under 30◦ angle with respect to
the θx direction. In each pair, the upper panel is calculated within the
defect-free region and the lower one originates from the vicinity of
the defect plane. The reciprocal space path of pure h-BN is mapped
on the scattering directions of h-BN with defect and the vertical red
lines mark the position of special points in the Brillouin zones. Subtle
differences can be seen near M and K points and by generally higher
intensity at lower energies within the defect region. (e) The k-space
paths visualized in (a)–(d) on top of a section of a diffraction pattern
calculated by the standard frozen phonon method for the nanobeam
with a convergence semiangle of 3 mrad.

and 6(d). This well correlates with results shown in Fig. 5 and
qualitatively with results of Ref. [24].

These differences, along with other effects, get highlighted
in a one-to-one comparison. Figure 7 shows selected spectra
from Fig. 6, comparing the defect-free region (red) with the
defect region (blue). Several interesting observations can be
made.

In Fig. 7(a) there are spectra from close neighborhoods of
three different M points [see Figs. 6(a) and 6(b) at 55, 78,
and 101 mrad, respectively]. First, it is striking how mutu-
ally different these three groups of spectra are. This is likely
caused by dynamical diffraction, which excites individual
Bragg discs with different strengths at a thickness of 15 nm.
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FIG. 7. Vibrational EELS spectra calculated for selected scatter-
ing angles, averaged over ten different y coordinates of the beam
position. Convergence and collection semiangles are both set to
3 mrad. Red lines correspond to the defect-free region and blue lines
to the defect region, respectively. (a) Spectra along the horizontal
path in the diffraction plane, as in Figs. 6(a) and 6(b). (b) Spectra
along a path inclined 30◦ with respect to the horizontal axis, as in
Figs. 6(c) and 6(d). Scattering angles in mrad along these paths, as
well as the special points, are labeled.

Without this elastic scattering effect, the intensity of inelastic
scattering would decrease with increasing scattering angle due
to the 1/q2 factor in the scattering cross section. However,
more intense Bragg spots may enhance inelastic scattering in
their neighborhood by bringing the low-q inelastic transitions
to larger scattering angles. This is best seen in Fig. 6 around
the (300) spot (scattering angle ≈66 mrad), where optical
modes are relatively weak, while the acoustic modes in its
neighborhood are stronger than around the (200) spot (scat-
tering angle ≈44 mrad).

The second observation, which we would like to highlight
here, is an apparent disappearance of the gap between the lon-
gitudinal acoustic (LA) and longitudinal optical (LO) modes
between around 34 and 39 THz (cf. Figs. 2 and 5). Note how
the spectra from the defect-free region (red) consist of two
peaks approximately around 34 and 41 THz, corresponding
to LA and LO modes, respectively. This double-peak fea-
ture is missing in the spectra from the defect region (blue).
Instead, the spectra from the defect region have usually a
higher intensity at around 37 THz than their defect-free-region
counterparts, in some cases even forming a clear peak there.

In Fig. 7(b) we highlight one of the K-M-K segments from
the q-space path shown Figs. 6(c) and 6(d). First, we will com-
ment on the qualitative difference of the spectrum at the M

FIG. 8. Profiles of the vibrational EELS intensity across the
structure model with planar defects at selected special points in the
reciprocal space at specific values of energy losses. (a, c) A K-point
located 66 mrad from the direct beam along the line 30◦ tilted from
the kx axis [see Figs. 6(c) and 6(d)]. (b, d) An M point located
55 mrad from the direct beam along the kx axis [see Figs. 6(a) and
6(b)]. Energy loss is indicated by the frequency bin in the top right
corner of every panel. Gray lines show ten individual profiles for
varying y coordinates of the scan and the thick red line shows an
averaged profile. Percentages refer to intensity spread of the averaged
profiles, as defined in Fig. 4.

point from those in Fig. 7(a). While we see only longitudinal
modes at M points in Fig. 7(a), in Fig. 7(b) we instead see the
transversal modes only. This can be qualitatively understood
in terms of the different relative orientation of the q-vector
and the corresponding polarization vectors ε (see a discussion
and phonon band structure, Fig. 1, in Ref. [37]). In Fig. 7(b)
the transversal optical (TO) mode leads to a sharp peak in the
46.5-THz energy bin and the transversal acoustic (TA) mode
shows up as a weaker peak around 20 THz.

The second observation is the difference of spectral inten-
sities around the K points, when comparing the spectra from
the defect-free region and the defect region, especially in the
energy range 30–40 THz. This correlates well with the similar
qualitative feature in Fig. 5(a) calculated for a large off-axis
detector; however, the flip of intensities seems to be enhanced
in the surroundings of the K points.

We conclude this section by discussing profiles of the spec-
tra at selected scattering angles and energy losses, where we
identified in Fig. 7 notable differences between the defect and
defect-free regions, respectively. Figure 8 show profiles for
selected K and M points across the whole structure model. Ten
profiles from individual scan lines (differing by y coordinate)
are shown in gray and their average is shown in red. Here we
observe a much larger spread of values, when compared to the
spectra calculated for a large off-axis detector in Fig. 5. This
is well expected due to a significantly smaller detector area
(3 vs 25 mrad), while the detector centers reside at similar
scattering angles (55 and 60 mrad, respectively). By averaging
over a larger number of structure snapshots the spread would
likely decrease. Nevertheless, the averaged profiles (red) show

094103-7



PAUL M. ZEIGER AND JÁN RUSZ PHYSICAL REVIEW B 104, 094103 (2021)

FIG. 9. (a) High-angle annular dark field image within the
shaded area of the structure model, Fig. 1. (b) Line profiles from
the HAADF image passing through the bottom (blue) and top (red)
rows of the atomic columns. Horizontal dashed line traces intensity
peaks at the positions of atomic columns in defect-free region. Only
the atomic columns directly involved in the defect plane deviate from
this profile. Shaded areas are used to extract averaged spectra below.

clear structure revealing the position of the defect planes. The
intensity variation in these profiles is much larger than in
Fig. 5, reaching about ±14%. That leads to a proposal that
experiments with nanobeam aiming to detect an antiphase
boundary in h-BN would be most likely to succeed when
measuring spectra at M points along the horizontal path in
the diffraction plane and at K points along the 30◦-inclined
path. We note that at higher energy resolution, both in theory
as well as in experiment, the spectral differences are likely to
be even more pronounced than presented here.

C. Vibrational EELS at atomic scale

We proceed with simulations involving an atomic-sized
electron beam with convergence semiangle of 25 mrad. Ne-
glecting any aberrations, at 60 kV acceleration voltage, this
results in a probe size of approximately 1.1 Å. In Fig. 1 we
have highlighted an area of size approximately 1.57 nm ×
0.125 nm (green shaded and magnified region), which was
scanned by a grid of 51 × 5 beam positions with a grid step of
approximately 0.31 Å in both x and y directions.

The advantage of using atomic-sized beams in vibrational
EELS is the strong atomic-scale contrast, which can be ob-
tained [21]. However, due to overlapping Bragg discs, it is not
possible to map certain momentum transfers to certain phonon
modes, since the atomic-sized convergent electron beam inter-
mixes the vibrational signals in the diffraction plane. On the
other hand, the nanometer-sized beams discussed above offer
the possibility to map out phonon modes in the diffraction
plane, although at a reduced spatial resolution [18,19].

Analogous to the previous section, we start our analysis
with an HAADF image, assuming inner and outer collection
semiangles of 120 and 300 mrad, respectively (see Fig. 9).
In Fig. 9(a) we show a common atomic-resolution STEM-
HAADF image. The atomic columns are clearly resolved. A
careful eye might notice a slightly higher intensity of the two
left-most atomic columns in the bottom row. Those are the
columns directly involved in the APB, forming B-B and N-N
bonds. This enhancement of intensity is more clearly seen in
linear profiles shown in Fig. 9(b). The blue and red profiles
correspond to the bottom and top lines of the HAADF image,
respectively. The dotted line, which serves as a guide for the

eye, shows that the intensity of almost all atomic columns
is remarkably similar. Exceptions are the atomic columns
directly involved in the B-B and N-N bonds, which are ap-
proximately 10% more intense, and their nearest neighbors
in the upper line of the HAADF image, which are about 3%
more intense. All the other atomic columns have the same
intensity within the errors of the sampling (both the number
of snapshots and the step size of the grid of beam positions).

These findings from Fig. 9 suggest that the defect is very
localized, notably influencing only those atomic columns
that are directly involved in the defect plane. The intensity
change is stronger than what we have seen in Fig. 4 with
a nanometer-sized beam. This could be expected due to an
order of magnitude of difference in electron beam diameters.
A nanometer-sized electron beam centered on the defect plane
hits also atomic columns several angstroms away from the
defect plane, partly blurring the local information. Thus, we
would expect to see also stronger spectral changes between
the defect region and the defect-free region. For that purpose
we have highlighted two areas in Fig. 9(b), from which we
extract averaged spectra below.

Note that Yan et al. [24] (in their extended data Fig. 1)
also observe a similar intensity enhancement at the atomic
scale, although their raw line profile shows a qualitatively dif-
ferent behavior—a locally reduced intensity oscillation with
a positive offset in the vicinity of the stacking fault. We
instead observe the same baseline intensity in between atomic
columns and locally increased intensity in the HAADF image.
This could be explained by a lower degree of alignment of
atoms within atomic columns parallel to the beam direction in
the vicinity of the observed SiC stacking fault, likely caused
by a gradual relaxation of strain introduced by lattice mis-
match of Si substrate and SiC grown on it.

Before proceeding to the discussion of the spectra, we note
again that every atomic column in our structure model consists
of the same number of B and N atoms, whether it is directly
within the defect planes, or near or far from them. Seeing thus
10% differences in the intensity among these columns goes
against the interpretation of the atomic-resolution HAADF
images as being purely a function of composition of the
columns. Note that this effect would likely not be seen within
an Einstein model treatment of atomic vibrations, because it
is arguably the local difference of the atomic vibration modes
(an overall redshift; see Fig. 2) due to the presence of the
defect. In that sense, the scenario presented here differs from
the stacking fault in Ref. [24], where an atomic-resolution
HAADF image clearly reveals displaced atomic columns.
Here there is no such information available in the HAADF
image alone and the locally increased intensity around the
APB, without performing vibrational EELS, could be easily
misinterpreted as a locally thicker sample. This finding may
have consequences for methods related to atom counting [55].

For each beam position, at which we have evaluated the
HAADF intensity, we have also calculated a full (qx, qy, E )
data cube of vibrational spectra. Figure 10 shows vibrational
EELS averaged from the shaded regions within Fig. 9(b), eval-
uated for a large off-axis detector, similar to the experimental
geometry of Hage et al. [25], specifically, a 25 mrad collection
semiangle displaced by 60 mrad along the θx direction. These
spectra remind of Fig. 5 calculated with a nanometer-sized
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FIG. 10. Averaged spectra evaluated within the shaded regions
in Fig. 9. Blue and red spectra correspond to defect and defect-free
regions, respectively.

electron beam; nevertheless, as anticipated, the spectral shape
differences are more pronounced here. Within the HAADF
image we have seen that only the atomic columns directly
involved in the defect plane show intensity differences. We
can inspect whether this is the case also for vibrational EELS
by plotting individual spectra along the scan lines, for which
we have plotted the HAADF linear profiles in Fig. 9(b).

Figure 11 shows two-dimensional data sets, where the
vertical axis represents the spectral dimension (frequency
or energy loss) and the horizontal axis is the real-space
coordinate. It corresponds to a line scan, where the electron
beam follows the bottom scan line in Fig. 1. This type of
image can be understood as a real-space analog of the (q, E )
diagrams shown in Fig. 6. Two ways of visualizing the same
data will aid the discussion below. First, we show in the top
panel non-normalized raw spectra and in the bottom panel
we show spectra normalized to the optical phonon peak in the
46.5-THz energy bin.

FIG. 11. (R, E ) diagrams combining spectral information (verti-
cal axis) and spatial dimension (horizontal axis). The horizontal axis
corresponds to the bottom scan line from Fig. 1. Raw spectra are
shown in (a), while in (b) the same spectra are shown, just normalized
to the same intensity at the optical peak (46.5 THz).

Non-normalized spectra, Fig. 11(a), show a clear atomic-
scale contrast with maxima at the positions of atomic
columns. This agrees with experiments and calculations in
Ref. [21] and with simulations in our previous work [36].
We have verified that spectra calculated at beam positions
about 12 Å away from the APB plane closely follow spectra
obtained from an APB-free model. Focusing on the spectra
from the closest vicinity of atomic columns, there is a cer-
tain enhancement of the intensity of phonon peaks below
∼20 THz when the beam passes through the APB plane
and its closest vicinity. We will return to this enhancement
in the next paragraph. Interestingly, the pairs of neighboring
atomic columns have different intensity, the left one always
appearing somewhat more intense than the right one. This
is caused by an asymmetric placement of the detector aper-
ture with respect to the rest of the beam-specimen system.
We have verified that centering the off-axis detector around
(−60, 0) mrad would lead to a swapping of column inten-
sities within these pairs, making the right one more intense.
The same behavior is actually also observed for pure h-BN.
One can observe some additional differences between the
spectra from the APB region as compared to the defect-free
region; nevertheless, they are relatively subtle in this graphical
representation.

The spectral signatures of the defect become more evident
when we normalize all the spectra to the optical peak at 46.5
THz, as is shown in Fig. 11(b). The spectral shape is distinctly
different within the region of approximately ±2 Å from the
center of the APB plane. Apart from the above-mentioned
enhancement below 20 THz, note also the enhancement in
frequency bins between 34 and 44 THz. Beyond 2 Å from the
center of the defect plane this local modification disappears
and one can observe only slight spectral shape modifications
correlated with on-column vs off-column beam positions. For
instance, the relative intensity of the acoustic region with
respect to the optical phonon peak is lower for beam positions
in between the atomic columns.

Figure 12 presents (R, E ) diagrams for the beam positions
along the upper line scan highlighted in Fig. 1. Qualitatively
the findings are similar as in Fig. 11: there is (1) the same
asymmetry in the intensity of nearest-neighbor pairs of atomic
columns, (2) atomic-scale spectral shape variation of the same
kind, and (3) enhancement of intensity within the acous-
tic region for beam positions within the hexagon containing
the defect plane and, in comparison to Fig. 11, a somewhat
weaker enhancement of intensity within the frequency interval
34–44 THz, suggesting that these modes could be highly
localized on the atoms forming B-B and N-N bonds at the
defect. Note, however, that the extent of the modification of
the vibrational EELS is wider than in the case of the HAADF
signal (Fig. 9). There the intensity changes were almost en-
tirely limited to the atomic columns forming the B-B and
N-N bonds, while in the case of the vibrational EELS, all
atomic columns within the hexagons containing the defect
plane lead to visibly modified spectra. Nevertheless, these
spectral shape modifications due to the presence of the defect
are still confined within a ±2 Å interval around the defect
plane, consistent with plane-resolved LPDOS shown in Fig. 3.

The observed behavior qualitatively matches findings of
Hage et al. [25] in terms of subnanometer-scale modifications
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FIG. 12. (R, E ) diagrams along the upper scan line within the
scanned area (see Fig. 1). Raw spectra are shown in (a), while in
(b) the same spectra are shown, just normalized to the same intensity
at the optical peak (46.5 THz).

of the vibrational spectrum in the vicinity of a localized defect
and extends it with an observation of minor atomic-scale spec-
tral shape variations, which are likely below the sensitivity of
the reported experiment.

Atomic-scale spectral shape variations were, however, ob-
served by Venkatraman et al. [22]. They have measured
vibrational EELS spectra with an on-axis detector and ob-
served substantial atomic-scale variations in vibrational EELS
for an on-axis detector geometry and a collection semiangle
of 12 mrad. For a larger collection semiangle of 24 mrad,
however, the spectral shape appeared to be independent of
the beam position within the experimental resolution and only
variations in intensity were observed.

In its present form, our method does not include dipole
scattering, and therefore calculations for a polar material and
for an on-axis geometry would not be realistic. Also, the
on-axis geometry includes the small scattering angles, where
the coherent component of the scattering cross section dom-
inates (see our discussion related to Fig. 6 and its range
of scattering angles). Nevertheless, we can probe in Fig. 13
and Figs. 14(d)–14(f) whether a reduced collection semiangle
would enhance atomic-scale variations in the impact scat-
tering regime of the vibrational EELS. These results should
transfer qualitatively to nonpolar materials, such as the Si
crystal studied by Venkatraman et al. [22]. From another per-
spective, we point out that the dipole scattering plays a much
smaller role for large off-axis detectors as shown in Ref. [34].

In Fig. 13 we show (R, E ) diagrams for a collection
semiangle of 3 mrad centered around a � point at
scattering angle 67 mrad displaced from the center of
the diffraction pattern along the θx axis. In Fig. 13(a) showing
non-normalized spectra we note that in contrast with the
large-collection-angle case, the intensities at atomic columns
within the defect region are reduced here. Nevertheless, in
the context of the previous paragraphs, it is very interesting
to analyze Fig. 13(b), where all spectra are normalized to the
optical peak at 46.5 THz. We observe striking differences

FIG. 13. (R, E ) diagrams like in Fig. 11, evaluated for a 3 mrad
collection semiangle centered around the � point at θx = 67 mrad.
Note the discussion around the lack of dipole scattering in these
simulations in the main text for correct interpretation.

in spectral shape along the scan line. There is a notable
enhancement of relative intensity at lower frequencies
whenever the electron beam is in between the atomic
columns. In contrast, at atomic columns the optical peak is
the dominant feature. In the defect region we observe an
enhancement of the relative intensity between 34 and 44 THz,
especially at the position of atomic columns. Note also the
range of the associated color bar, covering double the range
seen in Figs. 11 and 12. Our findings thus corroborate the
significant atomic-scale spectral shape variations at reduced
collection semiangles reported by Venkatraman et al. [22].

Both nanometer-scale and atomic-scale spectral shape
changes get highlighted in images from STEM-EELS simu-
lations, focusing on intensities (or relative intensities) within
specific frequency ranges. Figure 14 shows a collection of
such STEM images for four different detector settings within
three different energy ranges. For each of the four detector
settings we show a STEM image formed from the intensity of
the optical phonon peak at 46.5 THz [see Figs. 14(a), 14(d),
14(g), and 14(j)]. All of them display increased intensities
near the positions of atomic columns (marked with red cir-
cles) and along the nearest-neighbor bonds between them. A
slight reduction of intensities can be observed near the defect
plane, although the difference is rather small, as could also be
expected on the basis of Fig. 10. Spectral shape differences
become much more elucidated in STEM images showing
relative intensities, normalized to the optical peak intensity—
in analogy with, e.g., Fig. 11(b). Figures 14(b) and 14(c)
show such normalized STEM images for two energy intervals,
namely, for 11.5–19.0 THz in Fig. 14(b) and 36.5–41.5 THz in
Fig. 14(c), respectively, assuming the large 25-mrad off-axis
detector discussed above. These frequency intervals coincide
with light blue and rose shaded regions in Fig. 5(a). We
observe that the relative intensity in those two frequency
ranges is enhanced in the closest vicinity of the defect plane.
Simultaneously we see the more subtle atomic-scale relative
intensity changes. However, one should note the color bar
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FIG. 14. Collection of STEM-EELS images for four different
detector settings: (a)–(c) large off-axis detector with 25 mrad col-
lection semiangle centered at (60,0) mrad, (d)–(f) detector with 3
mrad collection semiangle centered around the � point at (67,0)
mrad, (g)–(i) the same detector centered around the M point at (55,0)
mrad and (j)–(l) around the K point at (52,30) mrad. Within each
group, the three panels show (from top to bottom) the intensity at
optical peak (46.5-THz frequency bin), relative intensity within the
11.5–19.0 THz range normalized to the optical peak, and relative
intensity within the 36.5–41.5 THz range normalized to the optical
peak. Positions of atomic columns are indicated by red circles in the
panels showing optical peak intensities. Note the discussion around
the lack of dipole scattering in these simulations in the main text in
order to correctly interpret panels (d)–(f).

range, which spans about 20% of relative intensity variation.
We have seen in Fig. 13 that relative intensity variation can be
significantly larger at small collection angles.

Figures 14(d)–14(l) show STEM images for a small col-
lection semiangle of 3 mrad, centered around selected special
points in the diffraction plane, namely, the � point at (67,0)
mrad, the M point at (55,0) mrad, and the K point at (52,30)
mrad, respectively. The same frequency ranges have been
highlighted. The optical phonon peak intensities [Figs. 14(d),
14(g), and 14(j)] drop by almost two orders of magnitude

when compared to Fig. 14(a), in accordance with approx-
imately 70 times lower angular coverage of the 3-mrad
detector, when compared to a 25-mrad detector. Of key impor-
tance here are the relative intensity ranges, where the minimal
and maximal intensity values differ by a factor of 2 or more
[see Figs. 14(e) and 14(f) for the � point, Figs. 14(h) and 14(i)
for the M point, and Figs. 14(k) and 14(l) for the K point, re-
spectively]. Not only do we observe significant spectral shape
variations at the atomic scale, but the STEM images are also
all qualitatively different. In other words, when using an elec-
tron beam of atomic size and a detector that spans a collection
angle much smaller than the convergence angle and angular
dimensions of the Brillouin zone, then we can observe sig-
nificant spectral shape modifications within both subangstrom
spatial shifts and few-millirad shifts of the detector center.

IV. CONCLUSIONS

We have computationally analyzed a bulk hexagonal BN
system with defect planes—antiphase boundaries. Distinct
differences in the local phonon density of states between
the in-grain and at-the-defect regions were demonstrated.
These differences correlate well with the simulated vibra-
tional electron energy loss spectra. We have shown that a
nanometer-sized probe is sensitive enough to spatially resolve
such spectral differences. Calculated angle-resolved spectra
preserve a wealth of information about the phonon dispersions
as well as their modifications due to the defect plane. These
modifications are particularly pronounced at the scattering
angles in the vicinity of K and M special points. Simulations
with an atomic-sized electron probe offer a detailed spatial
picture about the spectral shape modifications. We observe
larger-scale modifications due to the presence of the defects
as well as more subtle atomic-scale spectral shape variations.
These variations become strongly enhanced in spectra simu-
lated with a small collection angle.

Along with the detailed predictions of a vibrational-
spectroscopic analysis of antiphase boundaries in hexagonal
BN for large scattering angles, from a more general perspec-
tive, our results demonstrate the properties of the frequency-
resolved frozen phonon multislice method—reproducing the
subtleties of recent experimental works at both nanoscale and
atomic resolution while being also computationally efficient,
capable of dealing with a structure model containing over
22 000 atoms, thanks to its linear scaling with the number of
atoms.
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