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Abstract
Verification of the local similarity theory above forests
Yasmin Hubmann
In this study, the local similarity theory functions were calculated with two different approaches and on
the other hand the mean hub height wind speed was compared with the rotor equivalent wind speed.
Both calculations are based on two independent data-sets from measurement campaigns Hornamossen
and Ryningsnäs which were conducted in the south of Sweden between May 2015 and June 2017, and
November 2010 and February 2012. The first campaign includes measurements between 100 and 173m
and the second 98 and 138m. In general, the aims were to validate if the results with reference func-
tions and to compare the results from both approaches. The local similarity theory was used, because
well above the ground, the assumption of a constant flux layer typically does not hold especially in the
stable boundary layer. The used approaches are the flux-gradient and Richardson number formulation.
Based on those, the non-dimensional universal functions for momentum and heat could be calculated
and those could be presented as functions of the stability parameter. As shown in this study, the scatter
the Richardson number formulation results are significant smaller compared to the flux-gradient formu-
lation. One reason can be that the stability parameter and the universal functions for momentum and
heat depend solely on the Richardson number. Despite the higher scatter, the medians of the universal
function for momentum based on the flux-gradient formulations for both data-sets agree also with the
references. Furthermore, for the results of the universal function for heat based on the flux-gradient for-
mulation agree with the references if the minimum limit for the kinetic heat flux is significantly higher
than for the universal function for momentum.

Furthermore, in the publication from England & McNider 1995, who derived the Richardson number
formulation, includes two erroneous equations for stable stratification. One of them has a tipping error
and the other was incorrectly derived. Thus, the corrected equations are presented in this work. This
work also presents new equations which are not based on the assumption that the constants of the empir-
ical formulation for the universal function for momentum and heat with the same value. A comparison
of the old and new equations show for a generated Richardson number vales a agreement of the results
over the defined Richardson number range.

Finally, in the wind industry it is a common practice to use the mean wind speed at the hub height as
the representative mean wind speed over the entire rotor swept area. However, this assumption differs
increasingly from the reality, because turbine sizes increase constantly. Thus, in this study, this common
method is compared with another averaging concept. Hence, the work focuses on a area-weighted mean
wind speed which is called the rotor equivalent wind speed. This average gives a better estimation of the
existing wind field because it is based on multiple measurements at various heights. Since the wind gra-
dient changes with height, those two velocities are plotted as functions of the same stability parameter
as above. The main results in unstable stratification are that the hub height wind speed underestimates
the rotor equivalent wind speed by about 1 to 1.5%. In stable stratification the results vary: Two cal-
culations show a overestimates by about 1% and another shows no difference between those averages.
Hence, the conclusion based on those findings are that the hub height wind speed is a source for a higher
modelling uncertainty. On the contrary, the rotor equivalent wind speed gives more accurate modelling
results.

Keywords: Degree project E, Meteorology, Forest Meteorology, Boundary Layer Meteorology,
Wind Energy, Local Similarity Theory, Monin–Obukhov Similarity Theory, Flux-Gradient Formula-
tion, Richardson Number Formulation, Turbulence Statistic, Rotor Equivalent Wind Speed
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Populärvetenskaplig sammanfattning
Verifikation lokala likhetsteori över skogen
Yasmin Hubmann
I denna studie beräknades de lokala likhetsteorifunktionerna med två olika tillvägagångssätt och å an-
dra sidan jämförs genomsnittliga vindhastigheten vid navhöjden med rotorekvivalent vindhastigheten.
Beräkningarna är baserad på två oberoende datamängder från mätningskampanjer Hornamossen och
Ryningsnäs som genomfördes i södra Sverige mellan maj 2015 och juni 2017 och november 2010 och
februari 2012. Första kampanj innehåller mätningar mellan 100 och 173m och den andra 98 och 138m.
Generellt var målet att validera resultaten med referensfunktioner och jämföra både tillvägagångssätt
med varandra. Lokala likhetsteorinen används eftersom för mätningar långt över marken håller anta-
gandet om ett konstant flödesskikt vanligtvis inte. Det gäller särskilt i det stabila gränsskiktet. De
två tillvägagångssätten är flödesgradientförhållandet och Richardson-talformuleringen. Baserade på de
formuleringarna kan de icke-dimensionella universella funktionerna för momentum och värme beräk-
nas och de visas som en funktion av stabilitetsparametern. I denna studie visas att spridningen av
Richardsons talformuleringsresultat är signifikant mindre jämfört med andra metoden. En anledning
är att stabilitetsparameter och både universella funktioner beror endast på Richardson tal. Trots den
högre spridningen överensstämmer medianerna för den universella funktionen för momentum baserat
på flödesgradientformuleringarna med referenserna. Detsamma gäller för resultaten av den universella
funktionen för värme baserat på flödesgradientformuleringen om minimigränsen om kinetiska värme-
flödet är betydligt högre än för den universella funktionen för momentum.

Dessutom innehåller publikationen från England & McNider 1995, som innehåller härledning av
Richardson talformulering, två felaktiga ekvationer för stabila gränsskiktet. En av dem har ett tippfel
och den andra var felaktigt härledd. Detta arbete presenteras de korrigerade ekvationerna. Dessutom
presenteras en uppsättning nya ekvationer där de konstanterna av den empiriska formuleringen för den
universella funktionen för momentum och värme inte antas att har samma värde.

Slutligen är det i vindindustrin en vanlig praxis att använda den genomsnittliga vindhastigheten vid
navhöjden som den representativa medelvindhastigheten för hela "rotor swept area". Turbinstorlekarna
ökar dock ständigt och därför får skillnaden mellan realitet och beräkningen alltid större. Således
fokusera denna studien en areaviktad medelvindhastighet som heter rotorekvivalent vindhastighet. Den
beräknar medelvindhastigheten med ett mindre osäkerhet eftersom den är baserad på flera vindmätningar
på olika höjder. På grund av ett ojämt vindgradient i gränsskiktet visas resulten som funktion av den-
samma stailitetsparameter från likhetsteorien. Huvudresultaten för instabil gränskiktet är att navhöjdens
vindhastigheten underskattar rotorekvivalent vindhastigheten med cirka 1 till 1, 5%. För det stabila
gränskiktet finns olika resultaten: Två beräkningar visar att navhöjdens vindhastigheten överskattningar
rotorekvivalent vindhastigheten med ungefär 1% och en beräkning visa inget skillnad mellan medelvär-
darna. Slutsatsen är att navhöjdens vindhastigheten är ett källa till ett högre modelleringsosäkerhet.
Däremot visades att användningen av rotorekvivalent vindhastigheten leda till ett bättre prognosresultat.

Nyckelord: Examensarbete E, Meteorologi, Skogsmeteorologi, Gränsskiktsmeteorologi, Vinden-
ergi, Lokal Similaritetsteori, Monin–Obukhov Similaritetsteori, Flöd-Gradient Relation, Richardson
Gradienttal Relation
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Zusammenfassung

Verifikation der lokalen Ähnlichkeitstheorie über Wäldern
Yasmin Hubmann
In dieser Studie wurde einerseits die lokale Ähnlichkeitstheorie mit zwei unterschiedlichen Ansätzen
berechnet und andererseits die durchschnittliche Nabenhöhen- mit der rotor-äquivalenten Windgeschwin-
digkeit verglichen. Dafür standen zwei unabhängige Datensätze zur Verfügung, welche Messwerte
zwischen 98 und 173 m beinhalteten. Die Messungen wurden in Südschweden durch die Messtürme
Hornamossen und Ryningsnäs in den Zeiträumen von Mai 2015 bis Juni 2017 und von November 2012
bis Februar 2012 erhoben. Das Ziel dieser Studie war es, die Ergebnisse aus den Berechnungen mit
Referenzfunktionen zu validieren und den ausgewählten Ansätzen zu vergleichen. Für Messungen mit
mehr als 100 m über der Erdoberfläche ist die lokale Ähnlichkeitstheorie anstelle der Ähnlichkeitsthe-
orie basierend auf der konstanten Flussschicht besser geeignet, da letztere von einem konstanten Wert
ausgeht. Die Ansätze, die hierfür verwendet wurden, sind die „Flux-Gradient Formulation“ und die
„Gradient Richardson Number Formulation“. Mit beiden kann die universelle Impuls- und Wärmefunk-
tion berechnet und als Funktion des Stabilitätsparameters dargestellt werden. Wie diese Studie zeigt, ist
die Streuung um die Referenzkurven sehr klein für die „Gradient Richardson Number“ Ergebnisse im
Vergleich zur „Flux-Gradient Formulation“. Dies liegt daran, dass sowohl der Stabilitätsparameter und
die universellen Impuls- und Wärmefunktion nur von der Richardson-Zahl abhängen. Trotz der höheren
Streuung für die „Flux-Gradient Formulation“ stimmen die Mediane der universellen Impulsfunktio-
nen von beiden Datensätzen und die Referenzkurven überein. Das Gleiche gilt für die Ergebnisse der
universellen Wärmefunktion basierend auf der „Flux-Gradient Formulation“, wenn der Mindestwert für
den kinetischen Wärmefluss signifikant größer ist als für die universelle Impulsfunktion.

Ausgangspunkt ist die Veröffentlichung von England & McNider 1995, welche die „Gradient Richard-
son Number Formulation“ dargestellt haben. Diese enthält zwei fehlerhafte Gleichungen, wovon eine
einen Tippfehler aufweist und die andere auf einer fehlerhaften Herleitung basiert. Diese Arbeit stellt da-
her ebenso die korrigierten Gleichungen dar. Zusätzlich werden neue Gleichungen vorgestellt, bei denen
nicht angenommen wird, dass die von England & McNider angenommenen Konstanten der empirischen
Funktionen für die universelle Impuls- und Wärmefunktion den gleichen Wert haben.

In der Windindustrie ist es üblich, dass die durchschnittliche Nabenhöhen-Windgeschwindigkeit als
Durchschnittsgeschwindigkeit für die gesamte „rotor swept area“ angenommen wird. Diese Annahme
weicht immer mehr von der Realität ab, weil Windkraftwerke kontinuierlich größer werden. Daher wird
in dieser Arbeit auf eine flächengewichtete mittlere Windgeschwindigkeit mit der Bezeichnung Rotor-
äquivalente Windgeschwindigkeit gearbeitet. Diese produziert realistischere Durchschnittswerte, weil
sie Messungen von mehreren vertikal verteilten Messpunkten einbezieht. Aufgrund des sich verändern-
den Windgradientens in der Grenzschicht wird die Abweichung zwischen diesen beiden Geschwindig-
keiten als Funktion der Schichtungsstabilität dargestellt. Die zentralen Ergebnisse dieser Studie zeigen
zusammenfassend, dass bei labiler Schichtung die Nabenhöhen-Windgeschwindigkeit die Rotor- äquiv-
alente Windgeschwindigkeit um etwa 1% bis 1.5% unterschätzt. Für die stabile Schichtung unter-
scheiden sich die Ergebnisse: Zwei Berechnungen zeigen, dass die Nabenhöhen-Windgeschwindigkeit
die Rotor-äquivalente Windgeschwindigkeit um ca. 1% überschätzt und eine andere Berechnung zeigt
keinen Unterschied zwischen den Mittelwerten. Daraus kann gefolgert werden, dass die Nabenhöhen-
Windgeschwindigkeit eine höhere Fehlerquelle aufweist. Im Gegensatz dazu liefert die rotor-äquivalente
Windgeschwindigkeit genauere Prognosewerte.

Schlüsselworte: Masterarbeit, Meteorologie, Grenzschicht-Meteorologie, Forstmeteorologie, Winden-
ergie, Lokale ähnlichkeitstheorie, Monin–Obukhov’sche Ähnlichkeitstheorie, Fluss-Gradient-Ähnlichkeit,
Gradient-Richardson-Zahl Beziehung, Turbulenzcharakteristiken, Rotor-äquivalente Windgeschwindigkeit
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1 Introduction

1.1 Local Similarity Theory

Babić et al. 2016 described that stable atmospheric boundary layer SBL is affected by various
independent forces as mesoscale motions, for example. Those motions cause challenges for the
study of the SBL because the scale of those motions vary in time and space, and the mesoscale
motions can act on temperature advection, net radiative cooling, surface roughness, and surface
heterogeneity. Furthermore, since turbulence tends to weak in the SBL, it is more likely that air
pollution episodes can establish compared with an unstable atmospheric boundary layer, where
turbulence is well developed. Hence, the similarity scaling is used in atmospheric dispersion
models used for air quality studies. Another application is high-resolution regional models. In
both models, the similarity theory is used to model flow characteristics and dispersion. Stull
1988 gave further examples for the general application of the similarity theory such as the
structure of buildings, bridges, and wind turbines, because those depend on the local wind
profile.

As Arnqvist et al. 2015 already discussed, there have been many studies on the structure
of turbulence in near-surface flows in homogeneous and heterogeneous forests, and wind tun-
nels. However, there have not been many studies about the influence of the woods well-above
the roughness-sublayer. This influence is more critical for the wind energy sector since the
minimum height of the rotor tips are usually above 60 meters, and onshore wind turbines are
commonly located close by or in forested areas. Thus, two independent tower experiments in
a forested landscape have been performed in the south of Sweden. Thee locations are called
Ryningsnäs and Hornamossen (see figure 1) with tower heights of 138 and 180 meters, respec-
tively (Mohr et al. 2018, Arnqvist et al. 2015). As described by J.Arnqvist (2015), the influence
of a forest seen as an obstacle is only secondary or insignificant, if the upwind terrain does not
change over a long distance, which leads to an adaptation of the flow.

The Monin-Obukhov similarity theory, MOST, has been introduced to connect meteorolog-
ical parameters with semi-empirical functions in the atmospheric boundary layer ABL. Since
the MOST was published, it found significant usage in micro-meteorology due to its simplicity.
One reason is its high applicability to stratification and height within the ABL, because the
scaling variables are adapted for specific conditions. A commonly used variant is the surface
layer scaling, where it is assumed that the surface fluxes of momentum −u′w′0 and heat w′Θ′0
are considered to be constant throughout this layer with a typical extension of 10 to 100 m. Its
usage extends from very unstable to very stable stratification (Kaimal & Finnigan 1994, Baas
et al. 2006).

In stable-continuous regimes, where the temperature increases with height and buoyancy
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dampen, the formation of large eddies is layer independent of the surface’s influence. These
conditions require, in general, strong winds. The layer of constant fluxes becomes very shallow.
Thus, it requires local values of the fluxes above for the definition of the similarity scales, which
are the velocity scale u∗, temperature scale T∗, and the height scale ζ . However, the general
definition of the similarity scales and the universal functions do not change. In other words, it
is a generalization of the surface layer scaling (Sorbjan 1986).

The limitation of the local scaling is due to a decoupling of the outer stable layer with the
surface layer at higher altitudes. The height above the ground and boundary layer height can
not be used as a scale anymore. Instead the z-less scaling is used. A further limitation is
the stability, because when stability becomes very high, the affection of buoyant oscillations
becomes significant. (Kaimal & Finnigan 1994, Baas et al. 2006).

In general, the advantage of local scaling versus constant-flux scaling is a reduction in scat-
tering. Furthermore, it can be applied for the non-dimensional function for momentum φm in
unstable conditions at sites with homogeneous landscapes as well (Verkaik & Holtslag 2007).

The original formulation to calculate the non-dimensional functions is called Flux-Gradient,
and it gives a relation between gradients of mean values, such as wind and absolute temperature,
and fluxes. Nevertheless, one significant problem gets introduced in the relationship between
two variables, when both depend on some common variables. This is the case, for instance,
for the non-dimensional function of momentum φm and heat φh versus the non-dimensional
stability parameter ζ (see section 2). Those share the momentum and heat flux as variables.
This effect is called self-correlation, and it is entirely non-physical (Baas et al. 2006). Baas et al.
(2006) investigated the influence of self-correlation for the φ-functions for stable conditions.
They concludes that the non-physical scatter for φm does not affect the results significantly,
because the scatter is aligned with the their reference.

In contrast, self-correlation causes the spread of φh almost perpendicular to the natural curve.
Therefore, φh will always have a wider spread than φm, and especially it can lead to incorrect
confidence in the results of φm. For unstable conditions, the influence is vice versa. Addition-
ally, the scattering width and direction depend strongly on the ratio between the measurement
errors of the fluxes. Due to their dependence on stability, self-correlation is also a function of
stability. Another significant factor of scattering in φh arises from the third power of the friction
velocity u∗, in the formula of the stability parameter. This can lead to an even bigger spread
and a worse estimation (Baas et al. 2006).

One way to avoid self-correlation is, for instance, to divide the non-dimensional function and
the stability parameter by their common variable. This would result that the resulting equations
do not depend on the same variables and the effect of self-correlation would not get introduced.
However, it does not solve the issue that the Flux-Gradient formulation is more suitable for
unstable stratification than for stable. Fluxes are the most uncertain variables, and they are

2



typically the smallest in stable conditions. By computing higher powers of small values, then
small errors can lead to a even bigger errors, for example ζ is proportional to u3

∗ (see equations
7 and 5). For gradients, it is vice versa. Hence, a gradient-based definition for stable conditions
would be preferable (Baas et al. 2006).

Klipp & Mahrt 2004 investigated self-correlation on the example of φm and ζ , which have
u∗ as a common variable. Their result was that self-correlation occurred over the entire stability
range for both surface and local scaling. Furthermore, z-less scaling showed a smaller affection
of self-correlation except for levels close to the ground, because it is based on the Richardson
number or gradients, respectively.

England & McNider 1995 derived an alternative formulation for the MOST, which is based
on the gradient Richardson number. They used a set of well-known expressions and the empir-
ical Kansas formulations for the derivation of ζ , φm, and φh. All three equations include only
the Richardson number and the constants from those empirical expressions.1

In comparison with the Flux-Gradient formulations for φm and φh, the Richardson number
formulation does not require fluxes. For example u∗ and T∗ are based on flux measurements
(see section 2.3). The gradient Richardson number depends only on mean values which are
easier to measure than fluxes (Kaimal & Finnigan 1994).

1.2 Rotor equivalent wind speed

As the name indicates, this method is used in the wind industry. Therefore, here are some
relevant definitions for a horizontal-axis wind turbines, which has usually three blades:

• For this turbine type, the rotor consist usually of three blades attached at a single point
and this is the rotating part of the turbine.

• The hub height is the point where the rotor is attached to the static tower.

• The rotor swept area is a vertical circle which is imaginably drawn around the tips of
the rotor blades, because only the wind flowing through this area accelerates the rotor.
Hence, the hub height of the tower is in the middle of the circle. It is important to note
that only the wind flowing through this area accelerates the rotor. Therefore,

Typically before a wind turbine is built, measurements are taken from the site, and one of
the essential parameters is the wind through the rotor swept area because the future energy
conversion needs to be estimated in advance. A cheap way of achieving it is to measure the
wind speed at the hub height and assuming it to be representative of the entire rotor swept area.
Due to the increase in the hub heights and rotor diameters over the last decades, this assumption

1It is important to note, that some essential equations in England & McNider 1995 involved a derivation and
a tipping error. The corrected expressions are shown in equations 36 and 45
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gets more questionable. Mainly, the wind shear, wind veer, and turbulence can vary immensely,
which can affect the performance directly. The flow gets even more distorted in the forested
region. Another approach is to equip the measurement tower with several instruments at various
heights. The better knowledge about the wind field enables the use of the rotor equivalent wind
speed ūEqu, and it provides a more accurate representation for the mean horizontal velocity
(Mohr et al. 2018, Wagner et al. 2014).

In general, the aim of this part is to compare a area-weighted and wind direction variation
corrected average wind speed based on multiple measurements over a selected height range
(rotor swept area) to a single mean value in the middle of this height range (hub height). The
relative difference between those averages is then plotted versus the stability parameter ζ (see
equation 7) to evaluate if the magnitude of the deviation between those two averages varies
over a given range of the stability parameter. This additional research question can easily be
combined with the question above because most of the methodology is similar like data filtering
and the calculation of the stability parameter. Since this correlation has not been investigated
in previous studies, it is important to evaluate which atmospheric conditions lead to significant
deviations between those two mean value definitions.

2 Background

2.1 Roughness sublayer

This layer extends from the canopy height hC till three hC , and here is the turbulence directly
effected by the roughness layer below. Previous studies showed an influence on the resulting
non-dimensional universal functions within this layer. Especially affected is the function for
heat φh. For the original MOST φh = 0.95 in neutral conditions, but the range of determined
values was between 2 and 5 in the roughness height. It has a further impact on the magnitude
of the scalar gradients above the roughness layer, which can be very small. If a roughness
sublayer is present, then the displacement height d needs to be subtracted from the actual height
(z 7−→ z − d) in all the original MOST equations (Kaimal & Finnigan 1994).

2.2 Universal Functions from previous Studies

As a result of all the studies of the Kansas and other experiments, England & McNider (1995)
viewed the following empirical equations for non-dimensional universal functions for momen-
tum and heat versus the non-dimensional stability parameter ζ (see equation 7).
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φm =

{
(1 + bm |ζ|)am , if ζ 6 0

1 + βm ζ, if ζ > 0
(1)

φh =

{
αΘ (1 + bh |ζ|)ah , if ζ 6 0

αΘ + βh ζ, if ζ > 0
(2)

Examples for empirical estimated constants k (van Kármán), bm, am, αΘ, bh, ah, βm, and βh
are listed in table 1. The first two set of constants result from a reexamination of the Kansas
data and a further comparison with other data (Kaimal & Finnigan 1994). Högström 1996
described that the postulated value of each constant can deviate strongly in previous studies. A
first renormalization of the constants was done by Yaglom 1977 by unifying k = 0.40 and the
turbulent Prandl number Pr = 1.0 for neutral condition ζ = 0. Based on this idea Högström
1988 modified the constants again by defining k = 0.40 and Prζ=0 = 0.95 with the further
modification of the fluxes of momentum and heat according to those two constants. A example
is given in table 1 for the modified constants from Dyer (1974). Högström 1996 than plotted
all modified curves for each parameter and afterwards, he postulated re-modified constants for
curves which is laid through the middle of the resulting scatters.

Table 1. Empirical constants for the non-dimensional forms of φm and φh for unstable and stable stratification

k ... van Kármán constant k ≈ 0.40± 0.01 (Högström 1996)
mod. Dyer 1974 ... modified version of the Dyer 1974 constants (Högström 1996)

Author ζ ε [-2,1] ζ ε [−2, 0] (Unstable) ζ ε [0, 1] (Stable)
k bm am αΘ bh ah βm βh

Businger et al. 1971 0.35 15.0 -0.25 0.74 9.0 -0.5 4.7 4.7
Dyer 1974 0.41 16.0 -0.25 1.00 16.0 -0.5 5.0 5.0

mod. Dyer 1974 0.40 15.2 -0.25 0.95 4.5 4.8
Högström (1996) 0.40 19.0 -0.25 0.95 11.6 -0.5 5.3 8.0

Before continuing with the turbulent statistic it is essential to note that the velocity compo-
nents u, v, and w refer to the streamwise, lateral, and vertical wind component. Besides, as
Arnqvist et al. 2015, p .57 described, the average lateral wind speed component assumed to be
zero, because the values are smaller than the measurement uncertainty (see section 3.2.2).

Kaimal & Finnigan 1994 presented empirical formulation for the φ-functions for turbulent
statistics, like the variance of the vertical velocity σw and the variance of heat σT .

σT,w
u∗

= c1 (c2 + c3 |ζ|)c4 (3)
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Table 2. Empirical constants for the non-dimensional forms of φm and φh for unstable and stable stratification

σw / u∗

Author Terrain ζ ε [−2, 0] (Unstable) ζ ε [0, 1] (Stable)
c1 c2 c3 c4 c1 c2 c3 c4

Kaimal & Finnigan (1994) Flat 1.25 1 3 0.33 1.25 0.2 1
Moraes et al. (2005) Complex 1.2 1 5.3 0.33 1.2 4.3 0.33

Wilson (2008) Flat 1.0 1 4.5 0.33

σT / u∗

Kaimal & Finnigan (1994) Flat 2 1 9.5 -0.33 2 1 0.5 -1
Wyngaard et al. (1971) Flat 0.9 0 1 -0.33

Moraes et al. (2005) Complex 1.7 0 1 -0.33 5.6 1 3.1 -0.33

In section 1.1 are some differences between various scaling laws described, such as in the
surface layer. Nevertheless, surface layer scaling in the convective layer extends up to approx-
imately 10 % of the boundary layer height zi. Above the surface layer, the flow is dominated
by large-scale eddies. Thus, the wind field is detached from the surface or the height z as a
scaling parameter. However, it becomes clear that z is replaced by zi because the size of the
eddies is primarily limited by this value, which is called the mixed layer scaling. Despite the
other variances, the horizontal velocity variances σu,v are inconsistent with ordinary scaling in
the surface layer. Still, commonly it follows the MOST of the convective mixed layer, except
very close to the ground (Kaimal & Finnigan 1994, Wilson 2008). The first definition was
postulated by Wyngaard and Coté (1974, cited in Panofsky et al. 1977), and the second was
defined by Lumley and Panofsky (1964, cited in Panofsky et al. 1977). Those are still widely
used.

σu,v
u∗

=


√

4 + 0.6

(
zi
−L

)2/3

, if
zi
L
< 0(

12− 0.5
zi
L

)1/3

, if
zi
L
< 0

(4)

2.3 Local Flux-Gradient Formulation

As discussed in the Introduction (see section 1.1) the formulation does not change for local
scaling. Thus, the local non-dimensional velocity, temperature, and length scale - or stability
parameter - are
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u∗(z) =
(
u′w′

2
(z)
)1/4

(5)

T∗(z) =
−w′T ′(z)

u∗(z)
(6)

ζ =
(z − d)

L(z)
=
k (z − d) g w′T ′(z)

u3
∗(z) Θ(z)

(7)

,where L is the local Obukhov length, u′w′ and w′T ′ are the local mean vertical momentum
flux and kinetic heat flux, k is the van Karman constant, Θ(z) is the potential temperature at
the local height z, g is the constant of gravity (≈ 9.81ms−2), and d is the displacement height.
According to the Reynolds decomposition, values with a prime indicate the fluctuations from
the mean value (u′ = u− ui), and those were used to compute the mean fluxes (e.g., u′w′). In
general, dividing atmospheric parameters and statistics, for instance, gradients and variances,
by the adequate power of those scaling variables, the resulting functions only depend on the sta-
bility parameter ζ , despite the actual height of the observations. This means if the values of the
universal functions are calculated for data from multiple measurement heights, then the results
from all heights can be combined and visualized in the same graph versus the stability param-
eter, since the universal function values do not depend on the actual measurement heights. The
following formulas are the definitions of the non-dimensional universal functions for momen-
tum, heat, heat variance, streamwise horizontal velocity variance, and vertical velocity variance
(Kaimal & Finnigan 1994, Verkaik & Holtslag 2007).

φm =
k z

u∗

∂u

∂z
(8)

φh =
k z

T∗

∂Θ

∂z
(9)

φσΘ
=

σΘ

|T∗|
=

√
(T ′)2

|T∗|
(10)

φσu =
σu
u∗

=

√
(u′)2

|u∗|
(11)

φσw =
σw
u∗

=

√
(w′)2

|u∗|
(12)

In those formulations is ∂ū/∂z is the vertical component of the mean horizontal wind speed
gradient and ∂Θ̄/∂z is the same for the mean potential temperature. Moreover, T ′, u′, and w′
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are the fluctuation of the temperature, horizontal wind speed, and vertical wind speed (Kaimal
& Finnigan 1994).

2.4 Richardson Number Formulation

The above discussed gradient Richardson number (see section 1.1) bases on the following for-
mula:

Ri =
g ∂Θ̄
∂z

Θ̄
(
∂ū
∂z

+ ∂v̄
∂z

)2 ≈
g ∂Θ̄
∂z

Θ̄
(
∂ū
∂z

)2 (13)

where g/Θ̄ is the buoyancy parameter and ∂v̄/∂z is the gradient of the lateral velocity,
which can be neglect. This number is similar to the dimensionless stability parameter. It is
also a measure of stability, because g and the denominator are always positive, and only the
potential temperature gradient can change the sign. Hence, a negative value is associated with
unstable conditions, and turbulent flow with thermally and mechanically generated turbulence.
The stability is neutral, if the Richardson number is zero. For a Richardson number above zero,
the atmosphere is considered to be stable. However, the flow is still turbulent between zero
and the critical Richardson number (Ric = 0.25), which is called the transaction zone between
turbulent and laminat flow. In this zone, mechanical generated turbulence dominates the flow.
If the value is above the critical value, than the flow becomes laminat (Kaimal & Finnigan
1994).

As mentioned in section 1.1, England & McNider (1995) derived an alternative approach,
which involved the empirical Kansas expressions. Hence, contrary to the Flux-Gradient for-
mulation, there is a need for a separate set of equations for the stable and unstable regimes.
For each regime the equations are additionally modified for different empirical estimated con-
stants (see table 1). Furthermore, each set of formulae consists of three equations: the stability
parameter ζ and the stability functions for momentum fm and heat fh. Despite the number of
stability parameter expressions (see sections 2.4.1 and 2.4.2), the relations 14 and 15 between
those and the universal functions φm and φh are uniformly applicable.

φm =
1√
fm

(14)

φh =

√
fm
fh

(15)

Why are the stability functions needed? In addition to the two equations above, England
& McNider 1995 have derived a further relation, where the stability parameter is expressed
as a function of the Richardson number and the two stability functions (ζ ∝ g(Ri, fm, fh).
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By placing those three relations into the equations 1 and 2 for ζ > 0, the underdetermined
system can be solved for the stability functions as solely functions of the Richardson number
(fm ∝ Ri, and fh ∝ Ri). With those two equations, it is possible to get the connection
between the Richardson number and the essential variables (φm, φh, and ζ). So, the stability
function are only essential for the derivation and the stability functions are only kept for an
easier comparison with the equations in England & McNider 1995.

2.4.1 Stable Stratification

The difference between the approaches below depend on how the value of αΘ is defined in the
Prandtl number Pr. In general, the prandtl number indicates the relative strength beteween the
transport of heat and momentum (England & McNider 1995).

Pr =
φh(ζ)

φm(ζ)
=
αΘ − βhζ
1− βmζ

(16)

There are various value of αΘ from different experiments and analyses (see table 1).
Businger et al. 1971 estimated αΘ with 0.74 and Dyer 1974 with 1.00, which gives in the

first case a dependence of Pr on ζ and in the second case a uniform constant equal to 1.00.
England & McNider 1995 point out that the Monin-Obukhov theory holds for all ζ val-

ues. Nevertheless, when the stability parameter increase to infinity, then the Richardson num-
ber reaches its critial value, due to their relation (see equations 20, 45, and 46). The critical
Richardson number depends (equation 17) only on the empirical estimated contants from the
Monin-Obukhov theory (see section 2.2).

Ric =
βh
β2
m

for ζ −→∞ (17)

1. Pr 6= 1 ∀ ζ > 0

The relevant conditions for using this approach are an increasing value of αΘ with stabil-
ity (αΘ −→ 1.0) and β = βh = βm. Equations 18 and 19 show the resulting relations for
the stability functions (England & McNider 1995).

fm(Ri) =

(
2− αΘ −

√
α2

Θ + 4 (1− αΘ) βRi

2 (1− αΘ)

)2

(18)

fh(Ri) =
1−
√
fm

βRi
fm (19)

The formula for ζ in England & McNider 1995 has a tipping error. The corrected version
is equation 37 (see section 4.1) and its derivation can be found in section 8.2. Despite of
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equation 19 depending on the Richardson number and the stability function for momen-
tum, equation 36 does only depend on the Richardson number. Unfortunately, England
& McNider 1995 derived the formulations for β = βh = βm , which was legitimate those
days, but it limits the use of the approach nowadays (see table 1). Therefore, the modified
formulas for the stability functions for βh 6= βm are in section 4.1.

2. Pr = 1 ∀ ζ > 0

If αΘ = 1, then equation 18 and 19 can not used, due a division by zero. Therefore,
England & McNider 1995 derived a separate set of relation for the stability functions and
the stability parameter for β = βh = βm.

ζ =
Ri

1− βRi
(20)

fm(Ri) = fh(Ri) = (1− βRi)2, if 0 < Ri <
1

β
(21)

2.4.2 Unstable Stratification

England & McNider 1995 made a profile approximation for this regime, as the analytical solu-
tion on their behalf was cumbersome.

For unstable conditions the relationship between the stability parameter and the Richardson
number is approximately linear (see equation 22. However, the slope λ is slightly different for
unstable (ζ � − 1

bh
) and near neutral (− 1

bm
� ζ 6 0) stratification (see equation 23 and table

3). As it can be seen in equation 23, the only exception for the variation occurs when bm = bh

England & McNider (1995).

ζ(Ri) ≈ λRi (22)

λ ∼=


1

αΘ

√
bh
bm
, if ζ � − 1

bh
1

αΘ

, if − 1

bm
� ζ 6 0

(23)

The following formulations for the stability functions are based on the assumption that the
empirical constants are am = −0.25 and ah = −0.5 (see table 1).
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fm(Ri) ≈
√

1− λ bmRi (24)

fh(Ri) ≈ 1

αΘ

(1− λ bhRi)1/2 (1− λ bmRi)1/4 (25)

Table 3. Resulting values for the coefficient λ for different categories of unstable stratification

λNear−Neutral λUnstable
Dyer 1.00 1.00

Businger et al. 1.33 1.05

2.4.3 Summary

To calculate the universal function for momentum (see equation 14) and heat (see equation
15), it is essential to start with the computation of the Richardson number (see equation 13).
All other calculations depend on the stratification (unstable or stable) and on the empirical
constants (see table 1).

• If the value of the Richardson number is negative then it refers to unstable stratification
which requires the use of equation 22 to 25 and table 3 for the computation of the stability
parameter ζ , the stability function for momentum fm and heat fh.

• If the Richardson number is between zero and the critical Richardson number (see equa-
tion 17), then it corresponds to stable conditions. Here the equations depend on the
choice of the empirical constants.

– If βm = βh and αΘ = 1, then the equations 20 and 21 need to used for the stability
parameter, stability functions for momentum and heat.

– If βm = βh and αΘ 6= 1, then the equations 18, 36 and 37 can be used for the
stability functions for momentum and heat, and stability parameter.

– If βm 6= βh, then the new derived equations 38 to 41 are used for the stability
parameter, stability functions for momentum and heat.

2.5 Potential Temperature

Since the definitions of the universal function for heat 9 and the Richardson number 13 depend
on the potential temperature and the data-sets do only include absolute temperature values (see
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section 3.1), it is necessary to convert the temperature measurements to potential temperature
values2.

For a standard atmosphere (ICAO) up to 11 km in height, the following iterative equations
estimate the pressure p at the height zi+1 from the lower height zi.

pi+1 =


pi exp

(
− g (zi+1 − zi)

Rd Ti

)
, if

∂T

∂z
= 0

pi

(
Ti+1

Ti

)(− g

Rd (∂T/∂z)

)
, if

∂T

∂z
6= 0

(26)

Here Rd is the specific gas constant (287.04 J kg−1K−1) and T is the mean temperature. The
first equation is the barometric formula (Rogers 1989), and the second can be derived from the
hydrostatic equation by using the ideal gas law for dry air and integrate over a non-isothermal
layer (Claremar 2017).

Next, the common relation between the absolute temperature and the potential temperature
for the height step i+ 1 is

Θi+1 = Ti+1 ∗
(

105

pi+1

)Rd/cp
(27)

,where cp is the specific heat capacity at constant pressure with a value of 1003.5 J kg−1K−1

which is valid for a dry air temperature of 273.15K at sea level. (Rogers 1989).

2.6 Rotor Equivalent Wind Speed

Since the mean wind speed mainly changes with height, it is only relevant to distribute the
anemometers vertically over the entire rotor swept area (see section 1.2). The data can then be
assumed to be representative horizontally within the rotor swept area. Hence, the rotor swept
area or circle can be separated into horizontal layers and their horizontal borders are called
separation lines (Mohr et al. 2018, Wagner et al. 2014). In the ideal case, the vertical distance
between the instruments is equal. However, Wagner et al. 2014 compared rotor equivalent wind
speeds based on various definitions for placing the separation lines for unevenly distributed
measurements. Their conclusion was that the methods which corrected the miss-alignment of
the distribution, for example, through interpolations or extrapolation have a higher uncertainty
than the method with any correction. Therefore, it is the best to place the separation lines in
the middle of neighboring measurements even if the wind speed measurements are not in the
middle of the horizontal layer.

2A more detailed description for the need of the potential temperature is given in section 3.2.3.
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The areal segments Ak of k-th horizontal layer is given by the equation

Ak =

∫ hn+1

hn

2
√
R2 − (h−H)2dz = g(hn+1)− g(hn) (28)

, where hn / hn+1 is the height of the lower / upper separation line, R is the radius of the rotor,
H is the hub height and g(hn) / g(hn+1) is the integrated function at the lower / upper separation
line, which follows from

g(hn) = (hn −H)
√
R2 − (hn −H)2 +R2 arctan

(
hn −H√

R2 − (hn −H)2

)
(29)

If the areal segments are known, then the rotor equivalent wind speed uequ can be computed
with

ūEqu =

(∑
k

(uk cos(γ(zk)− γ(hubk)))
3Ak
A

)1/3

(30)

, where uk is the average wind speed at the k-th height, γ(zk) is the wind direction at the k-th
measurement height, γ(hubk) is the wind direction at hub height and A is the swept rotor area.
Since the wind direction can vary vertically, it is important to only consider wind speed com-
ponents aligning with the wind direction at hub height (Mohr et al. 2018).

3 Methodology

3.1 Data

The two data-sets used in this study are from on two field experiments performed at two dif-
ferent locations in Sweden at Ryningsnäs and Hornamossen (see figures 1). Like many other
onshore wind farms in Sweden, those towers are placed in heterogeneous landscapes, such as
a mix of forests, clearings, and variation in topography.

Ryningsnäs is located in the east of the south Swedish Highland in a northwestern corner of
a clearing. The majority of trees are Scots Pine (Pinus Sylvestris) with an estimated roughness
height of hs = 20m. Additionally, there are two wind turbines in the vicinity of the tower,
which can disturb the flow if the wind directions are 55°or 180°. The mast was equipped with
six 3D ultra-sonics at different heights and the campaign lasted in total for about one year
(Arnqvist et al. 2015). A detailed description of the experiment at Ryningsnäs is provided in
Arnqvist et al. 2015

At Hornamossen, the duration of the campaign was two years, but there is only temperature
data available from the second year, due to malfunctioning temperature sensors. The table 4
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includes a list of the instrument heights and the relevant statistical variables. Those variables
are based on 20 Hz measurements (e.g., ui) for the sonics and 1 Hz for the temperature sensor
averaged over 30 min periods, which were performed by Mohr et al. 2018 and Arnqvist et al.
2015. Unfortunately, (Mohr et al. 2018) is not yet published.

Each time series has a maximum of six observations at the different height levels for all
variables at Ryningsnäs. eight variables measured by the sonic anemometer (e.g., velocity) and
nine by the temperature sensors at Hornamossen (see table 4). Hence, the analyzed model is
assumed to be stationary and one dimensional (z-Axis).

Arnqvist et al. 2015 investigated the influence of the obstacles at Ryningsnäs onto the flow
dependent on the wind direction. They found a significant influence of the forest below z100,
and it diminishes until z140. Thus, the top of the roughness sub layer is somewhere between z80

and z100 (see section 2.1). Besides, at the highest three levels the flow is still distorted by the
turbines. Moreover, displacement height d was determined to be 11m.

At Hornamossen the tower is placed on a ridge in the north of the south Swedish Highland
with a nonuniform land cover. The area consisted of the forest of pine trees and other deciduous
types, and the displacement height d determined by Mohr et al. (2018) is 13m.

The data availabilities for the raw data of both data-sets are shown in the tables 6 and 8.
Furthermore, the tables also include the data availabilities after applying the filtering conditions
described below (see sections 3.2.4 and 3.3).

3.2 Local Similarity Theory

3.2.1 Summary

The first scope of this study was to code an one-dimensional model (height above the ground z)
to calculate various non-dimensional function and variance values based on the Flux-Gradient

Table 4. This table shows the corresponding observation heights for the used meteorological parameters from
both measurement sites (Mohr et al. 2018, Arnqvist et al. 2015). For the local similarity theory measurement from
all heights were used to estimate the local wind speed and temperature gradients (see section 3.2.2). However, the
universal functions and variances were only calculated for the heights highlighted in red (see figures 4 to 6).

zT,H ... Temperature sensor heights at Hornamossen
(
T̄ , T ′ T ′

)
zA,H ... Sonic anemometer heights at Hornamossen

(
ū, u′u′, u′w′, w′w′, w′ T ′

)
zT,R ... Temperature observation heights at Ryningsnäs

(
T̄
)

zA,R ... Sonic anemometer heights at Ryningsnäs
(
ū, u′u′, u′w′, w′w′, w′ T ′, T ′ T ′

)
z10 z20 z40 z60 z80 z100 z120 z140 z150 z170

zT,H [m] 9.0 18.7 39.2 58.3 80.9 98.9 120.9 150.8 172.3
zA,H [m] 20.8 40.0 60.2 82.1 100.0 121.9 151.9 173.0
zT,R [m] 40.0 59.0 80.0 98.0 120.0 137.7
zA,R [m] 40.0 59.0 80.0 98.0 120.0 137.7

14



(a) (b)

(c) (d)

Figure 1. Figure 1a / 1b marks the location of the meteorological mast campaign at the site Hornamossen /
Ryningsnäs. Moreover, 1c / 1d shows the location at Hornamossen / Ryningsnäs more in detail. From the more
detailed pictures, it can be seen that the terrain in the vicinity of the masts were forested. In Ryningsnäs were two
wind turbines around 200 meters far away from the mast. Since those turbines can distort the wind field, all wind
speed data were filtered if the wind direction was within a ±20° sector around each turbine position (see 3.2.4).
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and Richardson number formulation (see sections 2.3 and 2.4) from the two independent data-
sets from measurements between 98 and 138 / 173 meters above the ground (see section 3.1).
Before the calculation, it was necessary to apply further filters to reduce the number of non-
physical values and tower shading in the data-sets (see section 3.2.4)3.

Moreover, various equations (see equations 8, 9, 13, and 26) depend on the wind speed, ab-
solute temperature, or potential temperature gradient. Hence, those gradients were be estimated
from the measured values with a common approach. At first, a polynomial function was fitted
with a cubic smoothing spline (see section 3.2.2) on the wind speed or temperature observa-
tions at each time-stamp. Then, the local derivative at the respective measurement heights was
taken from this function.

Since the data-set did not include potential temperature values, those needed to be converted
from the absolute temperature with a commonly used relation which depends on the tempera-
ture and the pressure at the respective height (see section 2.5). However, the data-sets did also
not include pressure values. Hence, those values were approximated with a iterative method
valid for a standard atmosphere (see equation 26) although this method requires a pressure
value at the lowest height. So, the pressure value was assumed to be 1010hPa and constant in
time (see section 3.2.3).

After the preparation of the data-sets, the the universal function and variance values were
calculated at all measurement heights (see table 4) with valid and non-filtered data4.

Since the results of each each universal function and variance from all measurement heights
are depend only on the stability parameter (see section 2.2), all values from the different heights
and the entire time-series could be combined and sorted into equal-sized bins over a stability
parameter range (see section 3.2.6). Finally, the various percentiles were plotted versus the
stability parameter to show the scatter of the results (see figures 4 to 6). Furthermore, empirical
estimated functions were added to the graphs to compare the results to previous studies (see
section 2.2).

In addition to the modelling, a set of generalized equations for the stability functions for mo-
mentum and heat from the Richardson number formulation for stable stratification (see section
2.4.1) was derived based on the publication from England & McNider 1995, which can be used
in future research (see equations 38 to 39). Furthermore, the new equations were compared to
the postulated equations from England & McNider 1995 (see figures 3a and 3b).

Besides, the typing error and the derivation error from two equations in the publication
from England & McNider 1995 also related to the Richardson number formulation for stable
stratification were corrected (see equations 35 to 37).

3Both data-sets consisted of pre-filter data (see section 3.2.4 point (a))
4The interpolation described above, had the aim to estimate the local gradients, but it was not used to fill up

gaps of missing data.
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3.2.2 Gradients

The equations for the universal function for momentum 8 and heat 9, and Richardson number 13
require the vertical component of the wind speed, actual temperature, and potential temperature
gradients. However, the data-sets include 30-minute average and flux values. Therefore, the
gradients need to be estimated from the averages. One method to estimate the gradients is
to interpolate the discrete data-paints, for example in the Hornamossen data-set are there are
in maximum eight wind speed measurements at various heights (see table 4), and then it is
possible to take the derivative of the fitted function.

A commonly used curve fitting method is a cubic smoothing spline which fits a cubic poly-
nomial (f(z) = a0+a1 z+a2 z

2+a3 z
3) with a custom degree of smoothness to the data-points.

The data-points are wind speed, temperature, or potential temperature (f ) versus height above
the ground (z) (Mathworks n.d., Marcoulides & Khojasteh 2018).

A basic description of the method could be that it is a combination of a shape-preserving
piece-wise and a linear least-square fit interpolation with which the polynomial function is
minimized (see equation 31). If the interpolation would only be a shape-preserving piece-
wise interpolation, then the result would be that all data-points (y,z) are on the function and,
therefore, the graph curvature could be very high especially if there are outliers. Furthermore,
if the curvature is high, then it implies also strong gradients because there are the maximum
amount of data-points are only between 6 and 9 (see table 4). In equation 31, it is the term
with the sum. The least-square method fits the data-points with a linear function where the
sum of the squared residuals is minimized. This means that the data-points do not need to be
on the graph in comparison to the other fit and the curvature would always be zero or constant
gradient. It is the term with the integral in equation 31, because the second derivative of the
cubic polynomial is a linear function. The dominance between those two interpolations can be
shifted with the smoothing parameter p. If p = 1, then the equation would simplify to the piece-
wise interpolation and if p = 0, it would be a pure linear least-square fit. Hence, if a polynomial
is fitted to a set of data-points and one point would be an outlier, then this outlier would be on
the curve of the piece-wise function and the curve would have high curvatures close to the
outlier. However, depending on the smoothing parameter, the least-square fit reduces function
curvatures. So, if the scatter of the data-points is high and smoothing parameter larger than
zero, then the function would not go through all data-points. So, the combination of both
fitting method reduces the influences of outlier because they decrease high gradients caused by
outliers (Mathworks n.d., Marcoulides & Khojasteh 2018).

p
n∑
j=1

|yj − f(zj)|2 + (1− p)

∫
|f ′′(ẑ)|2dẑ =⇒ min (31)
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Here is y are data-points of the dependent variable like the wind speed, temperature or potential
temperature, z are data-points of the independent variable like the height above the ground, and
ẑ represents a continuous interval of z for the integral (Marcoulides & Khojasteh 2018).

Finally, the mean smoothing parameter p̄ can be defined as a function of the distances ∆zj

between the data-points because outlier would have a influence if there are less data-points
available, particularly, if data-points in the vicinity of the outliers are missing (see equation 32
and section 3.2.4 point (d) and (e)). So, the smoothing would increase slightly, if the if data-
points are missing (Mathworks n.d., Marcoulides & Khojasteh 2018).

p̄ =

 1(
1 +

∆zj
3

c

)
 (32)

The constant c in this relation can be chosen individually, and examples for interpolations
with various smoothing parameter or constants are shown in figure 2. Both figures show an
example for a horizontal wind speed interpolation with same data-points execpt of the outlier
with is missing in figure 2b. As described above, the fit shifts from a linear least-square inter-
polation (p = 0) to a shape-preserving piece-wise interpolation (p = 1) in both plots. However,
since the goal is to get the gradient estimate at each data-point, the outlier has a signifcant in-
fluence on the function shapes if both figures are compared. Nevertheless, since the a change
of the smoothing parameter only caused that, for instance, the median of the universal func-
tion for momentum (see figure 4.2) would only have slightly higher or lower values for various
the smoothing parameters, the importance of this parameter was considered to be negligible.
Hence, the constant was set to 60 which refers to a approximately equal balance between both
parts.

3.2.3 Potential temperature

In order to calculate φh with equation 9 and the Richardson number with equation 13 the gra-
dient of the potential temperature is needed. Basically, approximate values for the potential
temperature can be gained from the data of the absolute temperature, and afterward, the gra-
dients can be estimated as mentioned in section 3.2.2. For the former, the commonly used
equation 27 can be used, but it requires pressure data. Since there is no data available, it needs
to be estimated with equation 26, which is based on the temperature and its gradient for an
isothermal or non-isothermal layer. Furthermore, the equation requires a starting value for the
lowest heights, which needs to be assumed. Thus, the initial pressure at the lowest measurement
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(a) (b)

Figure 2. Cubic smoothing spline interpolations with various smoothing parameters p and constants c have been
fitted to a wind speed profile. On the y-axes is the height z above the ground and on the x-axes is the horizontal
wind speed u. The interpolations are based on 14 smoothing parameters between zero and one. (a) Fitted curves
on a generated wind speed data sample. (b) Same data as in a with an added wind speed value at 110 meters,
which has a significant influence onto the fitted curves compared with a.

height (see table 4) is assumed to 1010hPa at all times, due to simplicity.
Another possible approach for the gradient of the potential temperature would have been the

use of the following first-order approximation (Kaimal & Finnigan 1994).

∂Θ

∂z
=
∂T

∂z
+
g

cp
(33)

It would reduce the number of assumptions significantly, but when the gradients are computed,
all values close to zero need to be filtered because they are indistinguishable from zero (see
inequality 34). Since the second term of the equation 33 is a constant, this filtered gap would
be shifted to g/cp. So, these values would be missing.

3.2.4 Data selection

Both data-sets include unfiltered raw-data. However, there is no record available describing
potential icing events, sensor malfunctioning, insufficient power supply, or other events that
could have affected the measurements. Hence, it is essential to introduce various conditions
to disregard low-quality data before proceeding with the calculations. The following points
describe the step-by-step approach for the data filtering.

(a) Arnqvist et al. 2015 introduced a quality measure for the data of the sonic anemometer,
which removes spikes, the effect of spikes onto the standard deviation, and non-physical
values. Furthermore, it ensures the flatness of the vertical velocity. Note that this measure
does not affect the data from the temperature sensors.
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(b) The next frequently used criteria in previous studies is to reject horizontal velocities with
a value lower than 3ms−1. This filter ensures that the fluxes are well-defined.

(c) The wind speed data was measured with ultra-sonic anemometers at various heights at
the measurement masts in Hornamossen and Ryningsnäs. So, the mast types were lat-
tice with a triangular cross-section and in comparison to the temperature sensors, the
anemometers are not directly mounted on the mast. The anemometer is mounted on a
vertical boom or round tube. This boom is then fastened on a horizontal boom with a
total distance of around four meters between the mast and the anemometer, to decrease
the influence of the mast structure on the wind measurements. However, if the mast is
on the upwind direction of the anemometer, then the measured wind speed differs from
the actual wind speed. This effect is called tower shading and a common practice is to
filter wind speed data in the wind direction were tower shading can be expected. At Hor-
namossen / Ryningsnäs the mast has a horizontal boom direction of 311° / 325°. There-
fore, all velocity measurements with a wind direction between the interval [305°, 345°]
were rejected to eliminate the effect of tower shading. Since the data was not examined
more in detail, the interval was used for both sites due to simplicity.

(d) The first quality measures do remove single observations, which result in an increase
of missing data points in the time series of the variables. However, by looking at the
data-points at each time-stamp, the measures above do not guarantee a certain amount
of remaining data-points. This can be crucial for a fit if too many datapoints are missing
(see section 3.2.2). Thus, if more than 3 / 2 wind speed or temperature observations
were missing at each time-stamp at Hornamossen / Ryningsnäs, then that data has been
neglected to ensure a higher quality for the gradient estimation. Furthermore, the gradient
estimation would also suffer, if neighbouring data-points would be missing. Hence, all
the data with neighboring missing values was rejected as well. This is due to the height
difference between the measurements, since the minimum distance is 20 meters. So, if
1 / 2 / 3 data-points are missing, it would lead to a gap with no valid measurements of
at least 40 / 60 / 80 meters. Furthermore, interpolations have typically a weakness at the
first and last datapoint of a series, because only on one side is other data present, which
leads to a higher uncertainty. Since the local MOST is typically used above the surface
layer, it is not important if the lowest data-point would be missing at ca. 20 or 40 m.
But the top most measurements ensure more accurate interpolation results. Thus, the
existence of the value at the heights level is a further criteria.

(e) The measurement resolution for the wind speed is±0.01ms−1, and for the temperature is
±0.01K, which introduce thresholds where minimal gradients become indistinguishable
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from 0. This is the case if the gradient is smaller than the quotient of these uncertainties
divided by the distance between two measurement points ∆zj . Thus, the criteria is

∣∣∣ ∂
∂z

(ū, T̄ , Θ̄)
∣∣∣ > 0.01

∆zj
(34)

If a gradient does not full-fill the inequality, then the value is rejected for wind speed and
potential temperature. Despite those variables, the gradient of the absolute temperature
is only used for estimating the pressure, which is then used to evaluate the potential
temperature. Hence, layers with the same gradients are assumed to be isothermal (see
equation 26 and section 3.2.3). Nevertheless, this measure rejects non-physical gradients
such as values below the measurement accuracy as recommended by Verkaik & Holtslag
2007. One example would be that the Richardson number (see equation 13) is inverse
proportional to the squared vertical wind speed gradient and very small gradient values
would lead to very big and non-physical values for the universal functions of momentum
and heat (see section 2.4).

(f) Non-physical values or more precisely values with the opposite signs according to the
stability parameter ζ of the vertical potential temperature gradient ∂Θ̄/∂z were rejected
(see table 5). This ensures well-defined non-dimensional function values (see section 2.3
and 2.4).

(g) Flux-Gradient Formulation only: Non-physical values or more precisely values with the
opposite signs according to the stability parameter ζ of the kinetic heat flux w′T ′ were
rejected (see table 5). This ensures well-defined non-dimensional function values (see
section 2.3 and 2.4).

(h) Flux-Gradient formulation only: To eliminate a significant amount of none-physical val-
ues, the absolute value of w′T ′ had to be larger than 0.01mK s−1. This is a more con-
servative threshold compared with 0.05mK s−1 to Wilson 2008 has used, otherwise too
many data-points would be rejected. However, for the universal function for heat both
values are used.

(i) Richardson number formulation only: The computation requires that the velocity and
temperature need to be valid for each time-stamp after applying all the criteria above
because the Richardson number depends on both gradients (see equation 13).

3.2.5 Atmospheric Boundary Layer Height

As described in section 2.2, the horizontal velocity variance is only consitent with the mixed
layer scaling, which is defined as the atmospheric boundary layer ABL height zi divided by the
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Table 5. Summary of the conditions for rejecting none-physical values (see section 3.2.4 points (b), (e), (f), (g),
and (h)).

u ... Streamwise horizontal wind velocity
Θ ... Potential temperature
w′T ′ ... Kinetic heat flux (Flux-Gradient formulation only)
|w′T ′| ... Absolute value of the kinetic heat flux (Flux-Gradient formulation only)
∂u/∂z ... Gradient of the horizontal velocity in the vertical direction.
∂Θ/∂z ... Gradient of the potential temperature in the vertical direction.

Stability Parameter

Variables Units ζ ε [−2, 0] ζ ε [0, 1] ζ ε [−2, 1]
Variables from the received data sets

u ms−1 > 3
w′T ′ Kms−1 < 0 > 0
|w′T ′| Kms−1 > 0.01

(> 0.05)
Gradients of the interpolations (see section 3.2.2)

∂u/∂z s−1 > 0.01
∂Θ/∂z K m−1 > 0.01 < −0.01

Obukhov length L. Therefore, it would be necessary to estimate a value for the ABL height.
Even if there are a variety of different approach available, this would be beyond the scope of
this study. Hence, the ABL height is assumed to be constant with a value of 1000 meters, due to
simplicity. For example, the sensitivity was tested by setting the height to 800 or 1200 meters,
but the influence on the resuls (see figures 6c and 6d) seemed to be insignificant.

3.2.6 Statistic

With the criteria described above, most of the outliers were filtered. However, to ensure that
some outliers which might have remained in the data-set have no significant influence onto
the results, the combined universal function values from all relevant measurement heights (see
table 4) are sorted into ten equal-sized bins over a stability parameter ζ range of -2.17 and 1.17
5. Thus, if there are sufficient data points in each bin, then outliers will become insignificant.
For a good visualization of the data density, the 5th, 25th, 50th, 75th, and 95th-percentile are
calculated for each bin and those are presented in the results below.

3.3 Rotor Equivalent Wind Speed

The used pre-filtered wind speed and wind direction data is also post-filtered according to
section 3.2.4 point (a) to (c) and (d) without missing data for both data-sets. In table 8 are

5Hence, the middle of the most outer bins are at a stability parameter equal to -2 and 1.
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Table 6. The table includes the amount of available time-stamps and data-points for the wind speed and tempera-
ture before (Raw Data) and after (Flux and Rich) applying all filtering conditions described in section 3.2.4. The
abbreviation Flux / Rich refers to the flux-gradient / Richardson number formulation (see sections 2.3 and 2.4).
Note, the Hornamossen data-set has only one year of temperature measurements compared with two years of wind
speed measurements, because the temperature data has been measured with temperature sensors and the data of
the first year is not available. In Ryningsnäs, the temperature measurements are from the ultra-sonic. As it can be
seen in the columns DPu [%] and DPT [%], a significant amount of the data has been removed because it did not
satisfy the filtering conditions.

TSu ... Available time-stamps for u
TSu [%] ... Relative time-stamps availability for u
TST ... Available time-stamps for T
TSu [%] ... Relative time-stamps availability for T
DPu ... Available data points for u
DPu [%] ... Relative data-point availability for u
DPT ... Available data points for T
DPT [%] ... Relative data-point availability for T

TSu TSu [%] TST TST [%] DPu DPu [%] DPT DPT [%]

Hornamossen data-set (100 - 173 meters)
Raw Data 35664 100 18125 100 136882 96 72496 100

Flux 22383 63 15579 86 78497 55 13141 18
Rich 11441 32 11441 63 16873 12 16873 23

Ryningsnäs data-set (98 - 138 meters)
Raw Data 21167 100 21167 100 63501 100 63501 100

Flux 10575 50 19294 91 31104 49 29717 47
Rich 10575 50 10575 50 19715 31 19715 31

the data availabilities before (Raw Data) and after applying the filtering conditions. Even if
criteria (d) is stricter than for the local similarity theory calculations (see section 3.2.1), the
data availability is significantly higher compared with the table 6. As mentioned in section 1.2,
the calculation of the stability parameter ζ is within the scope of the local similarity theory.
Hence, it is already available for this evaluation.

Since one of the instruments needs to be at the hub height and in the ideal case, there should
be a similar number of measurements below and above the hub height, the calculations are
not based on the installed wind turbines or any specific platform. Instead in this study a wind
turbine is assumed with ideal dimensions according to the available measurements. Otherwise,
the deviation between the wind speed at hub height and the rotor equivalent wind speed might
be less significant.

At Ryningsnäs / Hornamossen, the maximum number of measurement height is six / eight
(see table 4). Hence, the fourth highest measurement height (98meters) at Ryningsnäs would
be the hub height of the ideal wind turbine and it would lead to two additional measurement
point below and above the hub height if the rotor length is half of the hub height plus 2meters

23



6 (see columns z table 7). To compare the results better with Ryningsnäs, the rotor equivalent
wind speed for a similar ideal turbine is calculated for Hornamossen. Due to more measure-
ment heights in the Hornamossen data-set, the rotor equivalent wind speed has been computed
also for a larger ideal turbine with a hub height of about 122meters. The reason is that modern
onshore hub heights are up to around 150meters and it would be closer to real turbine dimen-
sions. Unfortunately, the number of instruments below and above the hub height is uneven.
Nevertheless, the computation is still based on one additional measurement heights compared
with the other averaging.

The table 7 includes the heights of the separation lines zi (see section 2.6 and the relative size
of the areal segment compared with the total size of the rotor swept area Ak/A was calculated
with the equations 28 and 29. Based on those segment ratios, the rotor equivalent wind speed
can be evaluated with equation 30.

Table 7. Used data from various measurement heights zi taken from Hornamossen involved in the computation of
the rotor equivalent wind speed uequ for three ideal wind turbines with different hub heights hhub. For simplicity,
it is assumes that the length of the rotor blade is of half the hub height plus 2 meters.

z ... Heights from the involved measurement points
zi ... Heights of the segment separation lines (black) and the vertical boundaries

of the rotor swept area (violet and blue)
hhub ... Hub height of the ideal wind turbines
Ak/A ... Ratio of the k-th segment areas to the rotor swept area (see equations 28 and 29)

Hornamossen Ryningsnäs
hhub = 100 m hhub = 121.9 m hhub = 98 m

z [m] zi [m] Ak/A [%] z [m] zi [m] Ak/A [%] z [m] zi [m] Ak/A [%]
48.0 59.0 47.0

60.2 16.6 60.2 5.0 59.0 16.4
71.2 71.1 69.5

82.1 22.5 82.1 15.2 80.0 22.4
91.1 91.1 89.0

100.0 24.2 100.0 18.9 98.0 24.8
111.0 111.0 109.0

121.9 27.7 121.9 26.0 120.0 22.4
137.0 137.0 128.8

151.9 9.0 151.9 22.9 137.7 14.0
152.0 162.5 149.0

173.0 12.0
184.9

6The two meters were added to include measurement heights close to the outer boundaries.
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Table 8. Available amount of time-stamps and 30-min mean of th wind speed and direction data for all three
rotor equivalent wind speed REWS computations based on the table 7. Compared with table 6, is the amount
of used data significantly higher, even if only time-stamps without missing data were used. The reason is that
the calculations for the Flux-Gradient and Richardson number formulation required addiontal filters (see section
3.2.4). Note, only the filtering conditions (a) to (d) are apply for the rotor equivalant wind speed computation. The
only exception is in condition (d), because no data should be missing as mention above.

TS ... Available time-stamps for u and wd
TS [%] ... Relative time-stamps availability for u and wd
DP ... Available data points for u and wd
DP [%] ... Relative data-point availability for u and wd

TS TS [%] DP DP [%]

Hornamossen data-set (60-173m)
Raw Data 35664 100 203950 96
Hub Height: 120m 7828 22 46968 22
Hornamossen data-set (60-152m)
Raw Data (60-152m) 35664 100 170144 95
Hub Height: 100m 7828 22 39140 22
Ryningsnäs data-set (59-138m)
Raw Data 21167 100 127002 100
Hub Height: 98m 8513 40 51078 40

4 Results

4.1 Corrected and Generalized Formulations for the Stability Functions

In the publication from England & McNider (1995), the equation for the stability parameter is
missing (equation "11" in England & McNider 1995) a minus sign before the square root. The
mathematical proof is shown in section 8.2 and the correct equation is presented below (see
equations 39 and 38). Additionally, a simplified version, where the empirical constants βm and
βh are equal, is presented in equations 35 and 37.
Furthermore, another equation had unfortunately an error in the derivation. It is the equation
for the stability function of heat for stable stratification when the Prandl number is unequal to
zero (see equation "28" in England & McNider 1995). The use of this equation leads unfortu-
nately to nonphysical values (compare table 9 with the equations 56, 58 and 59). An complete
mathematical proof is in section 8.3. However, another form of the equation was published as
well, which still depend on the stability function of momentum (see equation 21). Therefore,
in section 8.4 is the derivation for the corrected version (βm = βh), which is presented in the
equation 36.
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η(Ri) = α2
Θ + 4 β(1− αΘ)Ri (35)

fh(Ri) =
(
√
η − αΘ) (2− αΘ −

√
η)2

8 β (1− αΘ)3 Ri
(36)

ζ(Ri) =
−αΘ + 2 βRi−√

η

2 β (1− βRi)
(37)

Since Högström (1988, 1996) showed that the constants (e.g. αΘ ≈ 0.95) from previous
works need to be corrected, new generalized formulas of the stabiltiy funciton for momentum
fm and heat fh for αΘ 6= 1 and βm 6= βh are need. Those guarantee a Prandl number Pr 6= 1

and its dependence on stability. Those are derived in section 8.4. Those equations were tested
against the correct equations from England & McNider (1995) for the empirical constants eval-
uated by Dyer (1974) (1) and the results are presented in the figures 3a and 3b as a function of
the Richardson number. In general, the function agree well with each other. The shape of the
curve deviates from the blue since the the empirical constants evaluated by Högström (1996)
are different to those form Dyer (1974). Unfortunately, are no comparisons available for those
results.

µ(Ri) = α2
Θ + 4 (βh − βm αΘ)Ri (38)

ζ(Ri) =
αΘ − 2 βmRi−√

µ

2 (β2
mRi− βh)

(39)

fm(Ri) =

(
2 βh − βm [αΘ +

√
µ]

2 (βh − βm αΘ)

)2

(40)

fh(Ri) =
(
√
µ− αΘ) (2 βh − βm [αΘ +

√
µ])2

8 (βh − βm αΘ)3 Ri
=

(
√
µ− αΘ)

2 (βh − βm αΘ)Ri
fm (41)

4.2 Dimensionless Universal Function for Momentum

Figure 4 show the results for two different approaches for the dimensionless universal function
for momentum φm versus the local stability parameter ζ for the data-set from Hornamossen on
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(a) (b)

Figure 3. Basic Description: Stability functions for the stable boundary layer, which have been calculated for
20 equal distributed Richardson number Ri values between zero and the critical Richardson number (see section
2.4.1). fm and fh are the stability function for momentum and heat (see section 2.4 and 4.1). Blue / Red Solid
Curves: The results of the equations 40 (fm) and 41 (fh) for the empirical constants evaluated by Dyer 1974
/ Högström 1996 (see table 1). Blue Stars: The results of the equations 18 (fm) and 19 (fh) for the empirical
constants evaluated by Dyer 1974.

the left side and for on Ryningsnäs. As described in section 3.2.6, the values for the universal
functions are collected into stability parameter bins. The black bottom and top dashed lines are
the 5th and 95th-percentile. A solid blue line in each image shows the median, and the dotted
black line below and above the median is the 25th and 75th-percentile, respectively. The width
of each bin is indicated by the orange bars in the background of the plots and the height of
each bin presents the number of data points per bin. For comparison with previous studies, the
empirical equations for the constants evaluated by Businger et al. (1971) and Dyer (1974) are
shown by the red dashed line and the solid red line, respectively (see section 2.2). To include
most parts of the curves of the 5th and 95th-percentile, the y-axis has a logarithmic scale.

The first approach is the flux-gradient formulation and the graph based on the Hornamossen
and Ryningsnäs data-sets are presented in the figures 4a and 4b. By comparing both medians
with the references, it becomes clear that they agree well with each other. In general, the
resulting curves have slightly higher values. The largest deviations for both data-sets are in
neutral and very unstable stratification. Furthermore, the 5th- and 95th-percentile from both
data-sets show a wider spread on the unstable side than for the stable side.

It is important to note that the amount of available data points per bin is different for both
data-sets. For neutral conditions, the value is between 30,000 and 40,000 for Hornamossen,
and for Ryningsnäs, it is between 10,000 and 20,000. For Ryningsnäs, the decay of available
data towards very unstable stratification is higher than for Hornamossen. The percentiles in the
most outer bins are based on close to 100 data points, while the minimum number data-points
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for Hornamossen is around 1000.
The results for the Richardson number formulation are shown in the figures 4c (Hornamossen)

and 4d (Ryningsnäs). The content of the plots is similar to the figures above. Hence, the lit-
erature curves (red) are the same and the orange bars indicate also the amount of available
data-points per bin. Furthermore, those graphs have a solid and dashed blue line which repre-
sent the medians based on the empirical constants evaluated by Dyer 1974 and Businger et al.
1971 (see section 2.4.3). Finally, similar to the flux-gradient results, the 5th and 95th percentile
are presented as the lower and upper black dashed line and those correspond to the calculation
for the constants evaluated by Dyer (1974). However, those percentiles for the other computa-
tion are very similar. Therefore, those are not included in the figure. Since the spread of the
data is very small, the 25th and 75th-percentiles are not needed.

As for the flux-gradient formulation in neutral conditions, the values are slightly higher than
the literature suggests. For slightly stable conditions, the modeled values are slightly smaller
than the reference values. For all ζ values smaller than -0.33, the median is closest to the
reference curve, and the scatter is the smallest for both data sets.

When comparing both approaches, it becomes clear that the results from the Richardson
number formulation agree better with those literature values, and it leads to a significant reduc-
tion of the scatter over the entire range of ζ .

4.3 Dimensionless Universal Function for Heat

Despite the well agreement between the universal function for momentum based on the flux-
gradient formulation and the reference, the deviations are more pronounced for the universal
function for heat φh, especially for the Hornamossen data-set (see figure 5a and 5b). The basic
description of the plots can be found in section 4.2. The Ryningsnäs results agree well with the
literature for unstable (ζ << 0) and stable conditions (ζ >> 0), but in the neutral condition (ζ
around 0), a spike appears to be more than three times as big as the reference suggests. Only
5 % of the φh values are below the literature curve. Furthermore, the percentiles show the same
trend. On the stable side and during very unstable conditions indicates the 95th-percentile
a larger spread of the data. For Hornamossen, the spike in neutral conditions is even more
dominant, with a value of about 11 times as big as the reference. Here are more than 75 % of
φh values above the reference, and for most of the bins, the median is approximately constant,
except for very unstable stratification. Similarly, on the stable side, the median stays also
approximately constant. The scatter of the data points is compared to the other flux-gradient
plot big over the entire range of the stability parameter.

In contrast to the data available in the previous section, the amount of data at Hornamossen
is lower, due to only one year of measurements. Nevertheless, the amount of data decays on
both sides of ζ starting from zero. Here is the availability, especially low for very unstable
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(a) (b)

(c) (d)

Figure 4. Results for two different approaches for the dimensionless universal function for momentum φm versus
the local stability parameter ζ. Basic Description: All calculations for the graphs on the left hand side are based
on the Hornamossen data-set and on the right hand side on the Ryningsnäs data-set (see table 4). Furthermore, the
stability parameter in all plots can be categorized into unstable stratification (-2.17 to -0.33), neutral stratification
(-0.33 to 0.33), and stable stratification (0.33 to 1.17). In the calculation the results for φm very sorted into 10
equal-sized bins with a stability parameter width of 0.33. The widths of the bins are indicated by the orange bars
in the background of each plot and the height of the bars correspond to the amount of data-points in each bin (right
y-axis). All plots have include the same reference curves (see equations 1 and 2) which are based on the empirical
constants evaluated by Dyer 1974 / Businger et al. 1971 in solid / dashed red (see table 1). Moreover, the graphs
also show the 5th, 25th (if required), 50th / median, 75th (if required, and 95th-percentile (lower black dashed,
lower black dotted, blue, upper black dotted, and upper black dashed) to present the trend and scatter of the data.
Note, both y-axis have a logarithmic scale. Figures 4a and 4b: Results based on the flux-gradient formulation (see
section 2.3). As it can be seen from the percentiles, the scatter is small / high during stable / unstable stratification.
In general, the medians follows the trend of the reference curves very well. The only exception is the median value
during neutral stratification which is a bit higher compared with the references. Figures 4c and 4d: Results for
the Richardson number formulation. As described in section 2.4.3, φm(Ri) and ζ(Ri) depend on the Richardson
number and on the selection of the empirical constants (see table 1). In this study, the curves are calculated based
on the empirical constants evaluated by Dyer 1974 (solid blue median, 5th and 95th-percentile) and Businger
et al. 1971 (dashed blue median). These results have a significant lower scatter around the medians and they agree
very well with the reference curves for both data-sets.
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stratification for the Hornamossen data set.
As for the upper plots, the basic description of the figure content can be found in section 4.2

for the results of the Richardson number formulation. Figure 5c is based on the Hornamossen
data-set and 5d on the Ryningsnäs data-set. The modeled results from the Richardson number
approach agrees very well with the literature for both data sets over the entire range of the
stability parameter. The smallest deviation from the reference is on the unstable side (ζ << 0).

An improvement for both data sets can be achieved when the filtering threshold for the
kinetic heat flux is increased to 0.05Kms−1 (see figures 5e and 5f). Here even the data-set
from Hornamossen does agree well with the reference curve, except for very stable stratification
where the model suggests a decrease of φh with ζ . On the unstable side (ζ << 0), the model
sightly overestimates median of φh compared to the reference. Note that the results agree well
for neutral conditions, while the median for the Ryningsnäs’ data-set still has a higher value
than the reference. Furthermore, for unstable and stable stratification, the spread around the
median decreases significantly, especially for higher values.

4.4 Vertical Velocity Variance

In figure 6a are the results for the data set from Hornamossen presented and in figure 6b for
Ryningsnäs. Here are the reference curves more spread than in the previous sections. The red
dashed line corresponds to the constants evaluated by Kaimal & Finnigan (1994), the red dotted
line to Moraes et al. (2005), and the red dashed-dotted line to Wilson (2008) (see section 2.2).
In comparison to the other two references, the data from Moraes et al. 2005 was measured in
complex terrain.

Both data sets show an approximately constant value for the stability parameter bigger than
−0.33, while the references suggest an increase with higher ζ values. These values are at
Hornamossen close to the literature values in neutral conditions for Kaimal & Finnigan 1994
and Moraes et al. 2005. For the other, the constant value is slightly higher.

On the unstable side, the median for Ryningsnäs agrees well with the results from Wilson
(2008), while for Hornamossen, the median rises similarly on the unstable side but is always
below the reference.

4.5 Horizontal Velocity Variance

As described in section 2.2, the horizontal velocity variance is plotted as a function of the
boundary layer height zi over the Obukhov length L. The results for the Hornamossen data-
set is shown in figure 6c and for the Ryningsnäs data-set in figure 6d. The solid red curve
corresponds to the relation from Panofsky et al. 1977) and the dashed red line to Lumley and
Panofsky (1964, cited in Panofsky et al. 1977). Here has the former distinctively more valid
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(e) (f)

Figure 5. Results for two different approaches for the dimensionless universal function for heat φh versus the
local stability parameter ζ. Basic Description: As for figure 4. Figures 5a and 5b: Results based on the flux-
gradient formulation for a minimum kinetic heat flux value (wT )min of 0.01Kms−1 (see section 2.3 and table
5). Figures 5c and 5d: Results for the Richardson number formulation. As described in section 2.4.3, φh(Ri)
and ζ(Ri) depend on the Richardson number and on the selection of the empirical constants (see table 1). In this
study, the curves are calculated based on the empirical constants evaluated by Dyer 1974 (solid blue median, 5th
and 95th-percentile) and Businger et al. 1971 (dashed blue median). These results have a significant lower scatter
around the medians and they agree very well with the reference curves for both data-sets. Figures 5e and 5f:
Results for the flux-gradient formulation, but wTmin = 0.05Kms−1. This filter reduces the scatter for both
data-sets significantly and the results agree also well with the references.
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data points. The median for Hornamossen suggests slightly smaller values than the reference,
except for zi/L is between -10 and -40 and the median is significantly lower. However, both
medians agree with the literature curves in general.

4.6 Heat Variance

The results for the heat variance are shown in the figures 6e and 6f and the reference curves
shown in red. The dashed line is from Kaimal & Finnigan 1994, the dotted from Moraes et al.
2005, and the dashed-dotted line from Wyngaard et al. 1971. For Hornamossen, the median
follows both a literature curve for a flat terrain for stable and unstable stratification (see table
2). In neutral conditions, the results agree most with Wyngaard et al. 1971. Comparatively, the
median for Ryningsnäs lies between the references for flat and complex terrain for the entire
range of ζ . Moreover, the scatter is the highest in neutral conditions for both sides.

4.7 Rotor Equivalent Wind Speed

The results for how the relative difference between the rotor equivalent wind speed uequ and the
wind speed at hub height vary for stability are presented in 7. Figures 7a and 7b show the results
for the Hornamossen data-set if the rotor equivalent wind speed is calculated for a non-exiting
wind turbine with ideal dimensions (see sections 3.3). The ideal hub heights are 100 (uequ100)
and 122 meters (uequ122) and both have a ideal rotor diameter of half the hub height plus two
meters (see table 7). For the Ryningsnäs data-set, the calculation was based on a non-exiting
wind turbine with ideal dimensions with a hub height of 98 meters (uequ98) and a similar rotor
size definition 7c. Furthermore, the basic description of the plot content can be found in section
4.2.

In general, the trend of the median for uequ98 and uequ100 is very similar. Those medians are
approximately of the same magnitude during neutral conditions. If the stability increases / de-
creases from 0 to 0.33 / -0.33, uequ98 and uequ100 become lower / greater than the corresponding
average wind speed (98m and 100m).

For even lower or higher values of the stability parameter, the relative differences lie between
± 0.75 and 1.0 % for the Ryningsnäs data-set. Despite this low variation over the stability
parameter, for the Hornamossen data-set, the relative difference decreases if the absolute value
of ζ increases. So, the maximum relative differences are between ± 1.0 and 1.5 %. Moreover,
the spread of the data-point is larger for the Ryningsnäs data-set, especially for very stable
conditions.

In comparison to those two calculations, the results for uequ122 indicate a slightly lower vari-
ation over the entire stability parameter range. However, the trend on the stable side is similar
to the other calculations with a difference decrease in near neutral conditions and an approxi-
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(a) (b)

(c) (d)

(e) (f)

Figure 6. Basic Description: As for figure 4. The only exception are the reference curves. Figures 6a and 6b:
Results for the vertical velocity variance σw/u∗ versus the stability parameter ζ. Accordingly to 2 corresponds
the dashed red line to Kaimal & Finnigan 1994, the dotted red line to Moraes et al. 2005, and the dashed-dotted
red line to Wilson 2008. Figures 6c and 6d: Results for the vertical velocity variance σu/u∗ versus the boundary
layer height zi over the Obukhov length L (see section 2.2). The dashed red reference curve is from Panofsky et al.
1977 and the solid red curve from Lumley and Panofsky (1964, cited in Panofsky et al. 1977). When comparing
the results with the references, it becomes clear that those agree well. Figures 6e and 6f: Results for the heat flux
σT /T∗ versus the stability parameter ζ. Here, the results have a similar trend as the references. Nevertheless, the
scatter during neutral conditions is the highest.
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(a) (b)

(c)

Figure 7. Relative differences between the mean rotor equivalent wind speed uequ and the mean wind speed at hub
height uhub versus the stability parameter ζ. Basic Description: As in figure 4. The only exception are that there
are no reference curves in the plots. Figure 7a: Results are based on the uequ computation with the measurements
from the Hornamossen data-set for the instrument heights between 60 and 152m and a assumed hub height of
100m (see section 3.3). Figure 7b: Results are based on the Hornamossen data-set for the instrument heights
between 59 and 173m and a assumed hub height of 122m. The median indicates that uhub underestimates uequ
during unstable and neutral stratification by about 1%. During stable stratification, both averages have a very
similar value in stable stratification. Figure 7c: Results are based on the Ryningsnäs data-set for the instrument
heights between 59 and 138m and a assumed hub height of 98m. The trend of the median is similar as in figure
7a.
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mate constant difference with increasing stability. In unstable stratification, the difference does
not vary significantly from the value during neutral conditions.

5 Discussion and Conclusion

First, two equations for the Richardson number formulation (see section 2.4) derived by Eng-
land & McNider 1995 are presented in a corrected form because the published equation for the
stability parameter ζ misses a minus sign (see equation 36) and the relation for the stability
function for heat fh was wrongly derived (see equation 37). Since Högström 1996 re-evaluated
the empirical formulations for previous studies, he showed that the Prandtl number is in general
unequal to one and the empirical constants for stable stratification βm and βh do not have the
same value (see table 1). Hence, the relations 18, 19, and 36 from England & McNider 1995
can not be used because they are derived based on the assumption that those constants are the
equal. Therefore, a set of generalized equations were derived for the stability functions for mo-
mentum fm and heat fh (see equations 38 to 39). Following this, in figure 3 are the comparison
based on the empirical constants estimated by Dyer 1974 between the generalized relations and
the equations 18 and 19. Both lines match with each other, and those agree well with the figure
in England & McNider 1995. Furthermore, the figures also include the evaluation based on the
empirical constants from Högström 1996 formulations for the equations 40 and 41. However,
there is no further evaluation based on those constants and equations.

Second, the dimensionless universal function for momentum φm is computed with two dif-
ferent approaches (see section 4.2) for two data-sets (see section 3.1). The first is the traditional
flux-gradient relationship (see section 2.3), and the second the Richardson number formulation
(see section 2.4). Overall, the results gained by the latter agreed very well with the references
because the scatter and the deviation between the medians and the references is small. More-
over, the best agreement is in unstable stratification. For the flux-gradient relation, the median
agreed well with the literature, except for the Ryningsnäs data-set in very unstable conditions,
where the 25th-percentile even overestimates the references. The deviation can be due to a
small number of valid data points and to the reason that the local similarity theory is primarily
a model for stable stratification. Hence, mixed layer scaling might be more appropriate for un-
stable stratification. Following this, it is not apparent that the Richardson number formulation
agrees better with the references than the flux gradient relation in stable stratification, because
for those conditions the gradients are typically large (∂u/∂z and ∂Θ/∂z), and fluxes are small
(u′w′ andw′T ′). Besides, for the derivation for the stability function for momentum fm and heat
fh, it is necessary to use the empirical equations (see section 2.2). This leads to relations be-
tween those functions and the Richardson number together with the empirical constants, which
solely depend on the Richardson number. For this reason, it can be expected that different
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equations based on the same empirical equations agree well with each other. However, an-
other possible reason for the higher scatter for the flux-gradient results can be self-correlation
between the universal function for momentum φm and the stability parameter ζ (see section
1.1).

Third, as for the universal function for momentum φm, the dimensionless universal function
for heat φh is evaluated by those two formulations (see section 4.3). As above, the Richardson
number formulation agrees to a better with the references (same discussion) than the results
from the flux gradient formulation. If the threshold for the kinetic heat flux is the same as for
the universal functions for momentum (w′T ′min = 0.01Kms−1), then the results for the flux
gradient relation deviates significantly from the references for the Hornamossen data-set. The
most dominant deviation is in neutral conditions, which is also the only significant inconsis-
tency with the references for the Ryningsnäs data-set. Otherwise, the results for the Ryningnäs
data-set behaves according to the reference. Only if the minimum value for the kinetic heat flux
is five times higher (w′T ′min = 0.05Kms−1), both data-sets agree significantly better with
the references over most of the stability parameter’s range. The exceptions for Hornamossen is
in very stable stratification, because the median underestimates the references, but this could be
due to the low data availability for this bin. Further, the higher value for the median in neutral
conditions gets closer to the reference but is still well above for the Ryningsnäs data-set. This
can be due to the reason that neutral conditions are more difficult to define, because the stabil-
ity changes continuously between unstable and stable stratification. However, another possible
reason for the higher scatter for the flux-gradient results can be self-correlation between the
universal function for heat φh and the stability parameter ζ (see section 1.1).

Fourth, the vertical velocity variance σw/u∗ did not agree with references in near neutral and
stable stratification (see figures 6a and 6b). The results indicate an approximately constant value
for this range. The reference suggests a decay from both sides towards neutral conditions (see
section 4.4). For Hornamossen, the value is close to the reference values at a stability parameter
equal to zero for Kaimal & Finnigan 1994 and Moraes et al. 2005, while for Ryningsnäs the
constant value lies slightly above this value. Despite the disagreement, the median from the
Ryningsnäs data-set agrees well with the curve from Wilson 2008 in unstable conditions. For
the other data-set the median increases towards the unstable stratification like all references
suggest, but it slightly underestimates the references. Nevertheless, it is essential to note that
the reference studies’ measurement heights are closer to the ground than the measurement
heights used in this study. The data-set which Wilson 2008 used was measured at heights
below 26 meters, and for Moraes et al. 2005 below 15 meters, while the data used in study is
from measurements between 98 and 173 meters (see table 4). One reason why the agreement
on the unstable side is better than on the stable was described by Panofsky & Dutton 1984. The
vertical velocity variance does not deviate between homogeneous and heterogeneous terrain
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because small scale eddies only produce it with a magnitude that has a maximum similar to
the difference between a specific height and the surface. In general, small-scale eddies adjust
quicker to terrain changes than bigger eddies.

Fifth, for the horizontal velocity variance σu/u∗, the agreement is, in general, good for both
data-sets (see section 4.5). Those are the only results that are plotted versus an assumed con-
stant boundary layer height (see section 3.2.5) divided by the Obukhov length L (see equation
7), which is part of the mixed layer scaling. Hence, the figures show only the result for unstable
stable and neutral stratification (see figures 6c and 6d). For the Hornamossen data-set and in
near neutral conditions, the results slightly underestimate the two reference curves. The terrain
at both measurement sites is complex due to the presents of hills and forests. Even when the
measurements are assumed to be above the roughness sublayer, those are affected by the sur-
face.
"In contrast, the variance of horizontal fluctuations is primarily produced by large quasihori-
zontal eddies. Their diameters are typically many hundred meters or more, even close to the
ground. Such eddies are modified only slowly by changing terrain-they have a good memory"
(Panofsky & Dutton 1984).
For this reason, the result can be site specific.

Sixth, the agreement between the reference curves and the results for the heat variance
σT/T

∗ is different for both data-sets (see figures 6e and 6f). For Hornamossen, the median
follows the reference curves from Kaimal & Finnigan (1994) and Wyngaard et al. (1971) for
unstable and stable stratification. In neutral conditions, the results agree well with the sugges-
tion from Wyngaard et al. (1971), although the spread is here the biggest, particularly for higher
values. Comparatively, the median for the Ryningsnäs data-set is over the entire stability range
a bit higher than for the other data-set. For this reason, this curve lies between the references
evaluated in flat terrain Kaimal & Finnigan (1994) and Wyngaard et al. (1971) and the reference
evaluated in complex terrain Moraes et al. (2005).

Finally, the mean rotor equivalent wind speed was calculated for three different combina-
tions of the available data-sets (see table 7). Since measurements are required at hub height
and in the ideal case, there should be a homogeneous distribution of measurements above and
below the hub height, the computation was based on non-existing wind turbines with idealized
dimensions. The ideal hub heights are 100 and 121.9m for the Hornamossen data-set, and 98m

for the Ryningsnäs data-set. Due to simplicity, the ideal rotor radius lengths are assumed to be
half the hub height plus two meters7. The results for the two wind turbines with 98 and 100m

are presented in figure 7a. Both show that there is no deviation between the rotor equivalent
wind speed uequ and the mean hub height wind speed uhub in neutral conditions. In unstable
stratification, the rotor equivalent wind speed is between 1 and 1.5 % higher than the wind

7The two extra meters are added to include more measurements into the calculation.
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speed at hub height. In the stable conditions, it is vice versa. According to those results, the
wind speed at hub height tends to overestimate the wind, underestimates the compared wind
velocity in unstable stratification and overestimates them in the stable.

For the Hornamossen data-set, a additional calculation was performed for a lareger non-
exiting wind turbine with ideal dimensions. The assumed hub height is 121.9m and the rotor
length has the same definition as above. In neutral and unstable stratification, the rotor equiva-
lent wind speed uequ is about 1 % higher then the hub height wind speed. This difference dimin-
ishes in stable conditions. So, the hub height wind speed underestimates the rotor equivalent
wind speed only in unstable and neutral stratification. The explanation for the last calculation
can be that the deviation for the wind profile in unstable stratification is small compared with
neutral conditions. Furthermore, the boundary layer becomes shallow in stable conditions and
lead to small gradients at height well above the ground. Therefore, the difference between the
averages decreases. However, the other two calculations not agree that well with this explana-
tion. One reason, for this could be that fewer measurements were included in the computation
of the rotor equivalent wind speed.

6 Summary of the Conclusions

• For the Richardson number formulation, a set of generalized equations for the stability
parameters for momentum fm and heat fh have been derived. Those can be used in stable
stratification and for empirical constants with different values.

• For both data-sets, the non-dimensional functions for momentum φm and heat φh have
been computed based on the flux-gradient and the Richardson number formulation. For
φm both approaches agrees well with the references. However, the scatter of the results
for the Richardson number formulation was significantly smaller compared with the flux-
gradient results, due to the definition of the definition of the stability parameter and the
stability functions, because both depend solely on the Richardson number. For φh, the
flux-gradient formulation results agreed better with the references when the limit for
minimum kinetic heat flux was increased. As for φm, the agreed well with the references
and the scatter significant smaller than for the flux-gradient results.

• The vertical velocity σw/u∗, horizontal velocity σu/u∗, and vertical heat variance σT/T ∗

have been calculated for both data-sets. The first slightly underestimates the references
in unstable stratification and it does not agree well in stable conditions. The second and
third agree, in general, well with the references.

• The rotor equivalent wind speed uequ has been calculated for three combinations of the
available data. The calculation was based on non-exiting wind turbines with idealized
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dimensions. Then the relative difference between the results and the hub height wind
speed uhub have been plotted versus stability parameter. The main results are that in un-
stable stratification the hub height wind speed underestimates the rotor-equivalent wind
speed between 1 % and 1.5 %. The results vary for stable stratification: Two calculations
show that the hub height wind speed overestimates the rotor equivalent wind speed by
about 1 % and one calculation shows no difference between those averages. Hence, the
conclusion is that the the hub height wind speed a higher uncertainty. On the contrary,
the rotor equivalent wind speed gives more accurate modelling results.
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Appendix

8.1 Expected values

Table 9. For the constants from Businger et al. (1971)

ζ 0 1
φm (see equ. 1) 1 5.7
fm = 1

φ2
m

1 0.03
φh (see equ. 2) 0.74 5.44
fh = 1

φmφh
1.35 0.03

8.2 Proof of the Tipping Error for the stability parameter

England & McNider (1995) solved the quadratic equation for the stability parameter

(β2
mRi− βh) ζ2 + (2 βmRi− αΘ) ζ + Ri = 0 (42)

and they wrote a solution, which is the same as 45, but without the maroon marked minus
sign in front of the square root. It was most likely a tipping error, because they discussed about
taking the negative root, otherwise ζ(Ri = 0) = 0 and would be a nonphysical solution.

Proof: Given the quadratic equation above, then the negative solution for 0 < Ri < RiC is

ζ1,2 =
−(2 βmRi− αΘ)−

√
(2 βmRi− αΘ)2 − 4 (β2

mRi− βh)Ri

2 (β2
mRi− βh)

(43)

For the first term under the square root can the Binomial formula be used to enable a further
simplification.

ζ1,2 =
αΘ − 2 βmRi±

√
4 β2

mRi2 − 4 βmRiαΘ + α2
Θ − 4 β2

mRi2 + 4 βhRi

2 (β2
mRi− βh)

(44)

The desired expression follows by a rearrangement and factoring out of 4Ri from the re-
maining terms under the square root.

µ(Ri) =
√
α2

Θ + 4 (βh − βm αΘ)Ri (45a)

ζ(Ri) =
αΘ − 2 βmRi− µ

2 (β2
mRi− βh)

, if 0 < Ri < RiCritical Q.E.D. (45b)
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This is the corrected expression of the non-dimensional stability parameter for stable strati-
fication. A simplified version follows by setting β = βh = βm.

η(Ri) =
√
α2

Θ + 4 β(1− αΘ)Ri (46a)

ζ(Ri) =
−αΘ + 2 βRi− η

2 β (1− βRi)
, if 0 < Ri < RiCritical (46b)

8.3 Proof of the Error in the Derivation of the stability function of heat

England & McNider 1995 derived by substituting the equation 18 ( fm = f(Ri) ) into 19
( fh = f(fm,Ri) ) and their result was

fh =
(αΘ − 4) (1− αΘ) βRi− αΘ + [1− (1− αΘ) βRi]

√
α2

Θ + 4 (1− αΘ) βRi

2 (1− αΘ)3 βRi

if αΘ 6= 1 and 0 < Ri < RiCritical)

(47)

Proof: Here are some simplified constants and a new defined unknown variable:

a = (4− αΘ) (1− αΘ) β

b = αΘ

c = (1− αΘ) β)

d = 4 c

e = 2 (1− αΘ)3 ∗ β

x = Ri

(48)

By placing those into equation 47, the expression simplifies to

fh(x) =
−a x− b+ (1− c x)

√
b2 + d x

e x
(49)

Next, the nominator is multiplied into each term of the denominator

fh(x) = −a
e
− b

e x
+

1

e x

√
b2 + d x− c

e

√
b2 + d x (50)

In the two middle terms, some common factors can be taken out.
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fh(x) = −a
e
− b

e x

(√
1 +

d

b2
x− 1

)
− c b

e

√
1 +

d

b2
x (51)

The square root expressions can be rewritten in the known form of a Taylor series around
the point x = 0. √

1 +
d

b2
x ≈ 1 +

d

2 b2
x− d2

8 b4
x2 +

d3

16 b6
x3 −O(x4) (52)

It follows the Taylor series for fh.

fh(x) = −a
e
− c b

e
+

d

2 e b
− d

2 e b

(
d

4 b2
+ c

)
x+

d2

8 e b3

(
d

2 b2
+ c

)
x2 −O(x3) (53)

By using the definitions above for the constants and the values for αΘ = 0.74 and β = 4.7,
it follows

Since x has to be bigger than 0, the limit of fh as x approaches 0 is

lim
x→0

fh(x) =
d

2 e b
− a− c b

e
(54)

Those constants can now be replaced by the definitions 48.

lim
Ri→0

fh(Ri) =
4 c

4 (1− αΘ)2 c αΘ

− (4− αΘ) c+ αΘ c

2 (1− αΘ)2 c
(55)

and for the estimated αΘ value from Businger et al. (1971) (see table 1) it simplifies to

lim
Ri→0

fh(Ri) = −9.6 (56)

The same replacement procedure can be done for the other two terms and it follows

fh(Ri) ≈ −9.6− 69.0Ri + 253.6Ri2 −O(Ri3) (57)

As it can be seen the coefficient for the term with the second degree of Ri is positive and
the one with the first degree is negative, but is the series monotone decreasing? If the ratio of
the absolute value of the second term divided by the third is bigger than 1, then the function
is monotone decreasing. The point where the third term is largest, is at the upper limit of
Ri < RiCirtical ≈ 0.21, because all number between 0 and 1 squared result in very small
values.

lim
Ri→RiC

∣∣∣∣ 69Ri

253.6Ri2

∣∣∣∣ = 1.3 (58)
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The value for fh at the upper limit is

lim
Ri→RiC

fh(Ri) ≈ −12.9 (59)

To finish this very simple, as it can be seen in figure "1" in England & McNider 1995, the
value for fh should not be below 0 within those limits of Ri.

Q.E.D.

8.4 Derivation of the generalized formulae and the corrected formula

The derivation begins with the same relation which England & McNider 1995 have used with
the only exception that βm 6= βh.

φm =
1√
fm

= 1 + βm ζ = 1 + βm
fh

f
3/2
m

(60)

φh =

√
fm
fh

= αΘ + βh ζ = 1 + βh
fh

f
3/2
m

(61)

As in England & McNider 1995, equation 60 can be solved for fh and it leads to equation
19. By substituting this relation into 61 a quadratic equation in

√
fm can be obtained.

0 = (βh − βm αΘ) ∗ (
√
fm)2 + (βm αΘ − 2 βh) ∗ (

√
fm) + (βh − β2

mRi) (62)

The possible solutions are

√
fm =

2 βh − βm αΘ ±
√

(βm αΘ − 2 βh)2 − 4 (βh − βm αΘ) (βh − β2
mRi)

2 (βh − βm αΘ)
(63)

A further simplification underneath the square root gives

fm(Ri) =

(
2 βh − βm (αΘ + µ)

2 (βh − βm αΘ)

)2

(64)

, where µ is the same square root as defined in equation 45a.
Only the negative square root represents a physical solution, because, if the Richardson

number is zero, then equation 64 does simplify to fm(Ri = 0) = 1. Besides, if β = βm = βh,
then equation 64 simplifies to 19.

By substituting equation 64 into 19, it gives
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fh(Ri) =
(µ− αΘ) (2 βh − βm [αΘ + µ])2

8 (βh − βm αΘ)3 Ri
(65)

As proven in section 8.3, the formula given by England & McNider 1995 for the stability
function of heat does not give a physical result. Thus, by setting β = βm = βh, equation 65
simplifies to

fh(Ri) =
(η − αΘ) (2− αΘ − η)2

8 β (1− αΘ)3 Ri
(66)

, where η is the same square root as defined in equation 46a.

9 Acronyms and Abbreviations

Table 10. List of Abbrevations and Acronyms

Abbrevation Meaning
MOST Monin-Obukhov similarity theory
ABL Atmospheric boundary layer
SBL Stable atmospheric boundary layer

REWS Rotor equivalent wind speed
Q.E.D. Quod erat demonstrandum, meaning "what was to be shown"

Table 11. List of Symbol

Symbol Meaning

ah Empirical constant for the universal function for heat in unstable stratification
am Empirical constant for the universal function for momentum in unstable stratification
A Total size of the rotor swept area
Ak Areal segment of the k-th horizontal layer
c Constant for the smoothing parameter
cp Specific heat capacity (1003.5 J kg−1K−1 valid for a dry air temperature of 273.15K)
d Displacement height
fh Stability function for heat
fm Stability function for momentum
g Constant of gravity (9.81ms−2)
g Integrated function
h Height of a separation line
H Hub height
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k Van Karman constant (0.40)
L Obukhov length
p Atmospheric pressure
p Smoothing parameter
Pr Prandtl number
Rd Specific gas constant (284.04 J kg−1K−1)
R Radius of a wind turbine rotor
Ri Richardson number
Ric Critical Richardson number
T̄ Mean temperature
T ′ Fluctuation of the mean temperature
T∗ Non-dimensional temperature scale

∂T̄ /∂z Vertical component of the mean temperature
ū Mean horizontal wind speed
u′ Fluctuation of the mean horizontal wind speed

∂ū/∂z Vertical component of the mean horizontal wind speed
u∗ Friction velocity
uequ Rotor equivalent wind speed
uhub Mean hub height wind speed
u′T ′ Mean kinetic heat flux
u′w′ Mean vertical momentum flux
w′ Fluctuation of the mean vertical wind speed
z Height above the ground or measurement height
zi Atmospheric boundary layer height

∆zj Mean height distance between the measurement heights
αΘ Empirical constant for the universal function for heat
βh Empirical constant for the universal function for heat in stable stratification
βm Empirical constant for the universal function for momentum in stable stratification
γ Wind direction
φh Non-dimensional universal function for heat
φm Non-dimensional universal function for momentum
σT Heat variance
σu Horizontal velocity variance
σw Vertical velocity variance
Θ̄ Mean potential temperature

∂Θ̄/∂z Vertical component of the mean potential temperature
ζ Stability parameter (z/L)
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