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Abstract

Comparing priority queues with support for priority
updates at arbitrary indexes

Erik Granberg

The research software URDME makes use of a priority queue that has 
support for updating the priority of enqueued elements at arbitrary 
indexes. To achieve this URDME currently relies on a Binary Heap. In 
this thesis, we consider and evaluate other priority queues, with an 
awareness of spatial locality and cache performance, that could 
potentially replace the Binary Heap in URDME.

Three different priority queue implementations were considered, 
Binomial Heaps, Fibonacci Heaps, and d-ary Heaps. The three heaps were 
then compared with a weighted combination of literature review, 
analysis of spatial locality, and analysis using the RAM-model.
Due to a lot of the literature being critical of the practical 
performance of the Fibonacci Heap, as well as the poor spatial 
locality exhibited by both the Fibonacci Heap and Binomial Heap, these 
two were excluded from further evaluation. An instance of the d-ary 
Heap, the 4-ary heap, showed great promise as it reduced the number of 
potential cache misses by cutting the height of the tree in half.

The 4-ary Heap was then implemented and optimized for greater cache 
performance along with the Binary Heap.

The optimized, as well as the non-optimized 4-ary Heap, performed 
better than their binary counterparts in our tests on large inputs. 
The optimized 4-ary Heap was almost 30% faster than the original 
Binary Heap and 10% faster than the non-optimized 4-ary Heap. The non-
optimized 4-ary Heap was 17% faster than the original Binary Heap. The 
optimization did not work for the Binary Heap.
    
While the cache-optimization did improve the performance of the 4-ary 
Heap it did not work as intended. It was suggested that this difference 
in performance was instead due to a difference in response to compiler 
optimizations, specifically function cloning.

It was concluded that while the optimized 4-ary Heap was the fastest 
in our tests, the results may vary from machine to machine, as such it 
might not be a wise choice for a software that is intended to be used 
on a variety of machines. Instead, it would be wiser to replace the 
Binary Heap with a non-optimized 4-ary Heap.
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Ämnesgranskare: Stefan Engblom
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1 Introduction

A priority queue is an abstract data type that can be viewed as a queue of
elements where each element is associated with a priority[3]. The priority
then determines the placement of each element in the queue, with the most
extreme priority at the front of the queue. This can be either the lowest
priority or the highest priority, depending on how you view priority.
As the priority queue is an abstract data type it does not correspond to
any specific implementation, unlike a data structure which is the specific
implementation of some abstract data type. An abstract data type such as
the priority queue instead describes some functionality from a users’ point of
view [4]. In the case of abstract data types, the user might be a programmer
who uses a priority queue from some software library.
The functionality defined by a priority queue are is follows:

1. Is-empty - Check if the queue contains no elements

2. Insert - Insert an element into the queue with a set priority

3. Pop-min - Remove and return the highest priority element from the
queue

An additional operation, Peek, which returns the highest priority element
from the priority queue without removing it, is sometimes said to be a part
of the priority queue as well. Data structures that implement the priority
queue often support other operations as seen in section 2.
The scientific software URDME[8] implements a different priority queue. It is
what could be called a min-queue, where the element with the lowest priority
is the element at the front of the queue. This priority queue only has three
public operations.
These operations are:

1. find-min - Find the element with the minimum priority

2. update-priority - Decrease or increase the priority value of an element

3. Initialize - Initialize the priority queue

In this thesis, we will attempt to find a better priority queue implementation
for URDME. This will be done by comparing and evaluating different imple-
mentations and optimizations. We will also consider the cache performance
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of the priority queues, or as Peter Norvig put it, we will remember that there
is a ”Computer” in Computer Science[1]. As the difference in execution time
between a cache miss and hit can be anywhere from twofold to tenfold or
more[2], rather than viewing priority queues as just the sum of their oper-
ations, we will reason about and try and predict cache performance. This
will be done by considering the priority queue implementations in terms of
the Principles of Locality. Some questions that will be addressed during this
process are:

1. Can we find a better priority queue for URDME?

2. Can we improve the cache behavior in URDME’s priority queue?
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1.1 The Principles of Locality

The principles of locality are based on observations regarding memory ac-
cess patterns that computer engineers have made over the years[14, p. 62].
These observations can be summarized as following: memory access patterns
are not random, accesses tend to repeat themselves in time, and accesses
are often followed by accesses to nearby addresses in the memory address
space[14, p. 63]. The principles of locality are split up according to the two
observations Spatial Locality and Temporal Locality. Computer architecture
is designed with these observations in mind and attempts to use them to
improve performance.

1.1.1 Spatial Locality

Spatial locality refers to the phenomenon that memory accesses are often
followed by accesses to addresses nearby in memory space. This arises from
the programmers and the compilers’ tendency to lump objects together [14,
p. 63][2, p. 457]. A good practical example of this is arrays. Arrays are
allocated as a contiguous block in memory, if we access data at index i, we
are likely going to access the data at index i + 1 in the near future. An
obvious way to optimize this so that we do not have to pull every single piece
of data into the cache just as we need it is to use some sort of lookahead.
Processors implement this via something called cache lines. Cache lines are
atomic storage units in the cache which are larger than most primitive data
types, in modern processors cache lines are typically 64 Bytes. When data is
accessed and loaded into the cache, nearby data is also loaded into the cache
to fill up the entire cache line.

1.1.2 Temporal Locality

Temporal locality refers to the phenomenon that memory accesses tend to
repeat themselves in time. It is strongly intertwined with spatial locality in
the sense that prediction here is not only that nearby data will be accessed
in the future but the same piece of data. Support for this is implemented
by the very existence of caches, or the fact that data is loaded from main
memory into the cache. Cache replacement policies such as LRU also adhere
to this by evicting the least recently used cache line in the cache of a write
miss.
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1.2 Methodology

This thesis is a study of the performance of algorithms operating on data
structures. Most studies that compare and analyze the performance of algo-
rithms use the RAM model. In the RAM model all simple operations such
as the arithmetic operations are considered to take one time unit, memory
access is also considered to take one time-unit[18, p. 31-32]. This does not
at all reflect the memory hierarchies that are present in modern comput-
ers where the cost of memory access that results in a cache miss can be as
much as twenty times more expensive than one that results in a cache hit[2,
p. 455]. In this thesis, we will explore data structures that have procedures
that display identical worst-case performance when using the RAM model for
analysis but have different execution times in practice. We will reason about
the locality that they exhibit and with the help of tools such as Valgrind’s
cache profiling tool Cachegrind and the Linux kernel profiling tool Perf we
will attempt to prove these differences empirically. We will also simulate
different caches using Cachegrind to see how this affects the performance.
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2 Heaps and priority queues

In a priority queue, we seek to find the largest or smallest attribute of an
element in a set that is frequently changing, due to insertions and deletions.
In this text, this value of interest will be referred to as either a key or a
priority interchangeably. There are several ways to go about this problem.
A naive approach would be to simply store all elements in an array, do
a linear search for O(n) time, find the smallest element and store it as a
variable. When the smallest element is updated repeat the linear search. A
slightly less naive approach might be to first sort the list using merge sort for
O(n log(n)) time, updating the priority of an element such that the sorting
holds will take O(log(n)) time using binary search, but finding the element
with the most extreme priority will always be done in O(1) time.
This however seems rather redundant and costly, if we only care about the
object with the smallest key in our set, does the entire set need to be sorted
at all times? Heaps allow us to tackle this problem more efficiently by partly
sorting the set of objects.
A heap is a tree-based implementation of a priority queue, as a heap is a
tree-based data structure we will refer to its elements as nodes. Being a
priority queue implementation heaps support all the functions specified by
the priority queue. Heaps typically also support additional operations to
those specified by the priority queue.
These basic operations are:

1. find-min - Find the node with the minimum value

2. decrease-key - Decrease the key value of a node

3. merge - Combine two heaps

Beyond supporting these operations a heap satisfies a constraint called the
heap property, which simply states that every node in the tree has a key that
is more extreme than or equal to the key of its parent node. This ensures
that the root node is the node with the most extreme key[16].

10



2.1 The URDME priority queue

The priority queue that we seek to implement is slightly different, since it
does not need to implement most of the aforementioned functions. The UR-
DME priority queue does however support an additional operation that was
briefly mentioned in the introduction and alluded to in the title of this thesis,
update-priority, which decreases or increases the priority of an element at a
given index.
The priority queue currently in use by URDME is a Binary Heap imple-
mented in C, which will be discussed in more detail in section 2.3. According
to the RAM model the worst-case costs of the Binary Heap currently imple-
mented by URDME are as follows:

1. find-min - O(1)

2. update-priority - O(log(n))

3. Initialize - O(n)

Most priority queue alternatives that we will be looking at has a similar
worst-case cost for these operations using the RAM model. As mentioned
in section 1.2 this is not something we will concern ourselves with to any
great extent. Instead, the focus will lie on the locality that these structures
exhibit.

2.2 Implicit Heaps

Implicit Heaps are heaps that are not explicitly defined by some data struc-
ture but implicitly defined in an array. This drastically reduces the overhead
of heaps as most heaps allow for nodes to have at least two children, which
means that the node object would need to contain at least two pointers. Be-
cause implicit heaps are defined in arrays, this means that they are allocated
as a contiguous block of memory which is great for the spatial locality. Ex-
plicit heaps on the other hand exhibit poor spatial locality as each node will
be allocated separately. There are more arguments to be made when consid-
ering explicit heaps and caches, the higher constant factor involved makes
it so that the explicit heaps will fill the cache quicker which results in more
cache misses for equally sized heaps.
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2.3 Binary Heap

A Binary Heap is a type of heap that takes on the form of a binary tree. It
must satisfy the heap property which we discussed at the end of section 2,
and on top of that, the Binary Heap must satisfy an additional constraint,
the shape property. The shape property implies that the Binary Heap must
be a complete binary tree, that is, all levels of the heap must be filled, except
for the last level, which is filled from left to right.

Figure 2.1: A Binary Heap(max-heap) as a tree

Figure 2.2: The same heap as figure 1 but implicitly defined in a contiguous
array

The Binary Heap has some nice properties due to the shape property.
Every layer of the heap, except the root, has a layer with twice as many
nodes above it. From this we can conclude that a node at index i, will have a
parent with index b i−1

2
c. Vice versa is true for the children of a node, they can

be found at index i · 2 + c where c ∈ {1, 2}. This relationship between parent
and child nodes allows us to implicitly define the heap. Instead of explicitly
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defining the tree structure we can store all our nodes in a contiguous array,
in the order which we would encounter them in a left to right traversal of the
tree. This significantly reduces the memory overhead of our data structure
and improves the locality as we mentioned in section 2.2. For a heap of size n
the explicit definition seen in figure 2.1 will use 3n more pointers since every
node would have a pointer to its children and parent.

2.4 d-ary Heaps

d-ary heaps are a generalization of Binary Heaps in which can have d children
instead of 2 as with the Binary Heap. A Binary Heap can also be viewed a
special case of d-ary Heap, the case when d = 2. An upside to d-ary heaps
with d > 2 compared to Binary Heaps is that upwards percolation is faster
as it takes logd(n), the height of the tree, element compares for any d-ary
heap, including the Binary Heap[15]. d-ary Heaps may also have better cache
behavior, depending on the choice of d, which can allow them to run faster in
practice than other heaps which have better theoretical performance using
the RAM model [17]. A popular choice for d is 4 because this is said to
improve the cache performance of the heap. In figure 2.3 we see explicit d-
ary heap where d = 4, and in figure 2.4 we see the same heap but implicitly
defined.

Figure 2.3: A 4-ary Heap(min-heap) as a tree

The implementation of a d-ary Heap is identical to that of a Binary Heap,
it is just a generalization. A node at index i will have a parent with index
b i−1

d
c and potential children will be at index i · d + c where c ∈ {1, 2, .., d}.
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Figure 2.4: The same heap as in figure 2.3 but implicitly defined

Just like with the Binary Heap d-ary Heaps can be implicitly defined in a
contiguous array, in the order that we would encounter the nodes during a
left to right traversal of the tree.
Why is d = 4 said to improve cache performance compared to the Binary
Heap? To get an intuition as to why we must take a look at what implicit 4-
ary and Binary Heap might look like in the cache. When an update increases
the priority of a node in our heap, that node must be percolated down. When
percolating down we must make sure that we do not violate the heap property,
to ensure this a node that is moving down a level must always swap places
with the smallest of its children. To find the smallest child of a node the
percolate down operation must always compare all the children of a node. In
figures 2.5 and 2.6, we can see how a binary and 4-ary Heap might be split
among cache lines.

Figure 2.5: An implicit Binary Heap split between cache lines

For every step of percolate down in the Binary Heap, at least one cache line
needs to be fetched and in 1

4
of the cases two cache lines need to be fetched.

Some back-of-the-envelope calculation tells us that in 3
4

cases exactly one
cache line is fetched, and in 1

4
cases two cache lines are fetched giving us a

formula for the average sibling pair that looks like 3
4

+ 2
4

= 5
4
.

14



Figure 2.6: An implicit 4-ary Heap split between cache lines

Attempting the same back-of-the-envelope calculation for the 4-ary Heap
we end up with 1

2
+ 2

2
= 3

2
. What is going on here? From the looks of it the

Binary Heap actually has fewer cache line fetches and therefore should have
fewer misses since 3

2
> 5

4
. But this represents the average number of cache

line fetches per set of siblings, a Binary Heap has twice as many sibling pairs
as a 4-ary Heap has sibling quadruples in a heap of the same size. So for a
heap of size n the estimated amount of cache line fetches while percolating
down the entire heap would be log4(n) · 3

2
in the case of the 4-ary Heap and

log2(n) · 5
4

in the case of the Binary Heap. Dividing both sides by log4(n)
we get the relationship 3

2
< 2 · 5

4
meaning that there is roughly 5

3
times as

many cache line fetches in the Binary Heap than in the 4-ary Heap when
processing an equal amount of data while percolating a node down.
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2.5 Binomial Trees

In order to understand Binomial Trees one must first understand Binomial
Trees. A Binomial Tree of degree 0 is just a single node. A Binomial Tree of
degree 1 is formed by connecting the roots of two Binomial Trees of degree
0. This process is recursive, a Binomial Tree of degree k is formed by joining
two Binomial Trees of degree k − 1. In figure 2.7 we can see a collection of
binomial trees of degrees 2, 1, and 0.

Figure 2.7: A collection of binomial trees of degrees 2, 1, and 0

2.6 Binomial Heap

A Binomial Heap is a type of heap that unlike the Binary Heap, which takes
on the form of a Binary Tree, takes on the form of a collection of Binomial
Trees. But much like the Binary Heap, the Binomial Heap must also satisfy
the heap property constraint. In a binomial heap, there is at most one Bino-
mial Tree of a given degree. Because there can only be one Binomial Tree of
a given degree in a Binomial Heap, and the number of nodes in a Binomial
Tree of degree k is 2k, the binary representation of the number of nodes in
the heap will tell us which degree of Binomial Trees are present in the heap.
For example, a Binomial Heap with 9 nodes gives us 9 = 1001 indicating that
we have one tree of degree 3 and one of degree 0 in our collection. The binary
representation of the number of nodes in the Binomial Heap gives great in-
sight into the structure of the heap. This can also be used to understand the
operations on a Binomial Heap. Inserting into a Binomial Tree works just
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like the addition of binary numbers. Inserting a new node into the Binomial
Heap with 9 nodes equates to 1001 + 0001 = 1010 = 10, which is the number
of nodes after insertion. Every time that we have to carry the 1 a merge of
two Binomial Trees is preformed, when performing this merge its important
to make sure that the heap property is not violated.
Binomial Heaps are typically explicitly defined, but there are ways to im-
plicitly define them. However such implicit definitions do not reduce the
overhead as drastically as it does with the Binary Heap if we care about
maintaining the worst-case costs. One such implementation where the Bi-
nomial Heap is implicitly defined as a contiguous array practically requires
lg∗n extra pointers and some extra information to be stored, compared to
the implicit definition of the Binary Heap [5].
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2.7 Fibonacci Heap

A Fibonacci Heap is a forest of rooted trees, each fulfilling the heap property
constraint. We will always keep track of which of the trees in our forest has
the most extreme value, min or max depending on which we are interested
in. Theoretically, the Fibonacci Heap is really fast compared to the other
heaps, especially if the extract-min operations are few compared to the other
operations. However, practically the large overhead of the Fibonacci Heap
makes it less desirable for most applications [6, p. 507]
Unlike the typical implementation of the Binomial Heap, which is also based
on a forest of trees existing in a root list, we do not care about having only
one tree of each degree at all times. This allows for inserting any item as a
tree of degree 0 which can be done in O(1) time. Instead, we only care about
this after we perform the pop-min operation, after performing pop-min, we
merge trees, allowing at most one of a given degree. A similar approach is
taken to updates which we are particularly interested in. If the key of a node
is updated such that it violates the heap property that node is removed from
the sub-heap and moved to the root list, its parent is marked a loser. If a
parent node that is marked a loser loses yet another node, then the parent
node is also moved to the root list. This is done to avoid a situation where we
have a shallow tree with a lot of nodes since extracting the minimum value
would then be expensive. This behavior is often referred to as lazy and is
based on the simple idea that doing work in bulk is often more efficient.
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2.8 Heap Summary

The binomial heap has been discarded as it does not really improve anything.
The risk of having to do O(log(n)) comparisons when updating might be
slightly lower, but due to the binomial heap being explicitly defined the
spatial locality is a lot worse then what we see in an implicitly defined heap.
The Fibonacci heap is an honorable mention because of its theoretically
impeccable performance. The lazy behavior when it comes to updates is
something that we could potentially benefit from. But as many sources
discredit the Fibonacci heaps practical performance[6, p. 507][10], unless
the number of find-min operations are few in comparison to the number of
update operations[6, p. 506]. It was decided to also rule out the Fibonacci
heap as we can not say anything certain about the ratio between update and
find-min operations.
Binary Heaps or d-ary Heaps are often the most desirable heaps for practical
applications. Due to their low constant factor and relatively good worst-case
performance. The ability to implicitly define heaps show additional upside,
as they exhibit a higher degree of Spatial Locality. With our cache-centric
approach to priority queues, it does make sense to go for implicitly defined
structures. We choose to further explore how one can optimize these types of
heaps because if any optimization is possible we will have improved on what
we currently have and end up with a faster priority queue.
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3 Optimizing implicit heaps

There are a few obvious ways of optimizing implicit heaps. Since the parents
and children in the node are defined by implicit relationships using integer
division and multiplication respectively we can opt for using bit-shifting in-
stead which should be faster at least for division [11, p. 139].
A different optimization is similar to the lazy behavior of the Fibonacci heap
described in section 2.6. Instead of initializing the heap by repeated inser-
tions in O(n log(n)) time we heapify an unsorted array by percolating down
all child nodes in a bottom up fashion in O(n) time. Although one can hardly
call this an optimization as this was proposed back in 1964 by Floyd [9], the
same year as the Binary Heap was first introduced and has since been stan-
dard practice. Interestingly enough this optimization was later disputed by
LaMarca and Ladner [17] who suggested that repeated insertions could be
a better option due to better cache behavior. They also empirically proved
this to be the case for very large heaps.
Another optimization would be to try to improve the cache behavior of the
structures as a whole, not just certain operations. This is what we will discuss
in section 3.1.

3.1 Cache Alignment

When we viewed sibling quadruples and pair together with cache lines while
comparing the 4-ary Heap and the Binary Heap in section 2.4 we took interest
in the average number of cache line fetches per sibling pair or quadruple. This
was interesting because more cache line fetches means more potential cache-
misses which is costly. In this section, we will explore a way to reduce the
number of cache line fetches per sibling set and get rid of some assumptions
that were made previously.
When we saw cache lines in section 2.4 there was an assumption made as
to where the cache line begins, we assumed that the cache line started at
the base address of the array. We know that a cache line is a contiguous
block of memory that is typically 64 bytes in modern processors, but what
64 bytes are selected? To understand this we first must understand how
addressing in caches work. In modern set-associative caches, the address of
some data is split up into 3 sections, tag, set, and offset. The tag bits are
used to uniquely identify a cache line in a block, the set bits are used to
identify what set that data belongs to and the offset bits are used to address
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bytes in the cache line. As data in the cache is byte-addressable the index
bits of the offset portion must be able to address every bit in the cache
line, therefore we need log2(cache line size) -bits in the block-offset. The
amount of set bits required is determined by the size of the cache and its
associativity, for example, if the cache is 65536 Bytes(64kB), the line size is
64B and the cache is 8-way set associative. Then we need log2(64) = 6 -bits
for the offset, the number of bits required for the set portion of the address is
given by log2(number of sets), to calculate the number of sets we first need
to calculated the number of cache lines, number of lines := 65536/64 = 1024,
number of sets := number of lines

ways
⇐⇒ 1024

8
= 128, so we need log2(128) = 7

bits for the set portion of the address. The rest of the address 64−6−7 = 51
bits can be used for the tag.

Figure 3.1: A example of how a address is partitioned for cache indexing

This implies that cache lines are N-byte aligned where N is the byte size
of a cache line and is crucial for cache alignment.
As arrays are allocated as a contiguous block of memory if we can control the
alignment of the base address of the array we can make sure that our array is
allocated at the beginning of a cache line. In the C programming language,
it is possible to control what base address an array is allocated at using the
aligned_alloc function [13, p. 347]. It is worth noting that aligning the
array like so is not a cache-oblivious optimization as it assumes 64B cache
lines.
A good way to reduce the number of cache line fetches would be to make sure
that siblings are always allocated on the same cache line, this is something
that was proposed by LaMarca and Ladner [17]. The way LaMarca and
Ladner proposed to do this was by padding the head of the array with some
sentinel values. So if the array consists of 8-byte elements and is allocated
at a 64-byte aligned address. Then the root node of the implicit heap will
be on a cache line of its own, but all siblings will be on the same cache line.
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This way the number of cache line fetches required to percolate a node
down the entire heap directly corresponds to the height of the heap, so log4(n)
in the case of the 4-ary Heap and log2(n) in the case of the Binary Heap,
where n is the size of the heap in the number of nodes.

Figure 3.2: An example of a cache aligned implicit 4-ary Heap with seven
sentinel values and 8-Byte data

Another possible padding for cache alignment only uses three sentinel values,
with that padding the root is on the same cache line as its children.

Cache aligning the Binary Heap is possible with only one sentinel value.
This has an additional upside as it requires fewer operations to index the
children and parents of nodes. Instead of having to use b i−1

2
c to get the

parent-index of the node with index i, we can now use b i
2
c, accessing the left

and right child of a node at index i is done with 2i and 2i + 1 respectively,
instead of 2i+1 and 2i+2. Getting rid of one subtract and one add operation
might seem insignificant, but mind that these are operations that are used
very frequently. However modern CPUs have more complex adders that can
perform addition faster, so the difference might be negligible [7, p. A-37].

Figure 3.3: A example of a cache aligned implicit Binary Heap with one
sentinel value and 8-Byte data
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4 Comparisons

The evaluation is focused on the update function as the other function of in-
terest find-min, is always a constant time operation. All tests are run using
the -O3 optimization flag on an Intel i5 3230M processor with a 64kB L1
cache, 256kB L2 cache(non-inclusive), and a 3MB inclusive L3 cache, unless
otherwise specified. Heaps of sizes N ∈ {100, 1 000, 10 000, 50 000, 100 000, 150 000}
will be used in the evaluation. The heaps are tested by 50 000 iterations of
assigning a new random value to the root node and updating, as well as 50
000 iterations of assigning a new random value to the right-most leaf node
and updating the heap.

In the mean execution time plot of Figure 4.1 each heap was evaluated 10
times and from this, a mean execution was extracted. As we can see the
aligned 4-ary Heap had the best execution time. In Figure 4.1 we can also
see the cache behavior from the same execution. Looking at these two graphs
it seems as if the cache-optimization did not affect anything. But the exe-
cution time in figure 4.1 tells a different story, at least in the case of the
4-ary Heap. The L1 cache behavior was identical between the optimized
and non-optimized for both the binary and 4-ary Heap. In the case of the
LL cache behavior the optimized and non-optimized 4-ary Heap exhibit the
same behavior, but in the case of the Binary Heap, the aligned version seems
to have way better behavior for most heap sizes, despite having the slowest
execution time. What dictates the performance here is not the cache-misses,
which is not surprising as the heaps fit in the cache. What is surprising how-
ever is the difference in cache behavior between the optimized Binary Heap
and non-optimized.
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Figure 4.1: Execution time and cache statistics of the various heaps
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What seems to dictate performance here is the number of instructions as
seen in figure 4.1. A possible explanation for this in the case of the 4-ary
Heaps is that when iterating over a sibling quadruple there is a 50% risk that
we have to fetch two cache lines instead of one. As seen in figure 4.2 every
other sibling quadruple suffers from a split among two different cache lines.
This would mean that the 4-ary Heap has to fetch more cache lines as related
data is poorly structured in memory.

Figure 4.2: Unaligned implicit 4-ary Heap. Sibling splits are marked with
grey.

When using both Valgrind’s tool Cachegrind and Perf for analysis we saw
no difference in the number of cache-references. When using Cachegrind to
annotate the code to see where the difference in the number of instructions
arises from we did however find an interesting snippet:
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1 // Unaligned 4-ary Heap

2 /*#Instructions */ bool test_heap_property(int n, double *

data){

3 /*5,000,050*/ for (int i=0; i<=(n-2) /4; i++){

4 /*7,500,075*/ if(4*i+1 <=n-1 && data[i]>data [4*i+1])

return false;

5 /*5,000,050*/ if(4*i+2 <= n-1 && data[i]>data [4*i+2])

return false;

6 /*5,000,050*/ if(4*i+3 <= n-1 && data[i]>data [4*i+3])

return false;

7 /*17 ,300 ,173*/ if(4*i+4 <= n-1 && data[i]>data [4*i+4])

return false;

8 }

9

10

11 // Aligned 4-ary Heap

12 /*#Instructions */ bool test_heap_property(int n, double *

data){

13 /*4,600,046*/ for (int i=0; i<=(n-9) /4; i++){

14 /*6,900,069*/ if(4*i+8 <=n-1 && data[i+7]>data [4*i+8])

return false;

15 /*4,600,046*/ if(4*i+9 <= n-1 && data[i+7]>data [4*i+9])

return false;

16 /*4,600,046*/ if(4*i+10 <= n-1 && data[i+7]>data [4*i+10])

return false;

17 /*6,900,069*/ if(4*i+11 <= n-1 && data[i+7]>data [4*i+11])

return false;

18 }

This snippet is from a test that tests if the heap property constraint holds,
the test was used to assert this in every iteration of our evaluation of the
update function mentioned at the start of this section. Comparing lines 7
and 17 of the snippet we can see that a large portion of the difference in
instructions arises from accessing the right-most sibling in the quadruple.
While there are some unexplained differences this annotated snippet seems
to support our theory that the increased number of instructions arises from
the fact that every other sibling quadruple is split among cache lines.
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To get the maximal effect from cache aligning heaps one should have a
heap that is large enough to fill the entire cache. As having to access main
memory is what is truly costly and not just extra cache line fetches. Modern
caches are quite large, typically 3MB or larger, this requires a really big heap
size. To accommodate this we decided to simulate a smaller cache instead
of working with humongous heaps. In the figures below we have simulated a
cache with 64kB L1 cache, 256kB L2 cache, and 64kB LL(L3) cache. If the
extra instructions do indeed arise from the extra cache line fetches, then we
should be able to see a difference in cache-misses using the simulation. These
simulations were run on three heap sizes 50 000, 100 000, and 150 000, using
the 4-ary and aligned 4-ary Heap.
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Figure 4.3: Number of instructions and cache-misses versus heap size in
elements simulating a 64kB LL-cache
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As seen in Figure 4.3 even though these heaps do not fit in the cache
there is no significant difference in the number of cache-misses. Which is
in contrast to what LaMarca and Ladner showed in their paper [17]. This
does however explain why the aligned binary performed worse than its un-
aligned counterpart, the cache alignment did not work the way that it was
intended. A similar result was reached by Hendriks who attributed this to
cache management logic in modern computers being more complex and bet-
ter at predicting what pieces of memory will be needed[12].
So if the cache alignment did no work, why was the aligned 4-ary Heap faster
then its aligned counterpart? Looking yet again at the number of instruc-
tions for the heaps running with a simulated 64kB LL-cache in figure 4.3, it
seems as if it is still the number of instructions that dictate the performance.

If the reduced number of instructions is not a direct effect of the cache
alignment, what is the cause of this? Some experimentation with compiler
flags revealed that there is a difference in response to different compiler flags
between the optimized and non-optimized 4-ary Heaps. The greatest differ-
ence response was caused by the optimization flag -fipa-cp-clone. This
optimization flag seems to be the cause of the difference in the number of in-
structions between the optimized and non-optimized 4-ary Heaps, visualized
in Figure 4.4
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5 Conclusions and Future Work

As seen in figure 4.1 both the 4-ary and aligned 4-ary Heap outperforms the
Binary Heap currently implemented by URDME in terms of execution time.
The reason that the aligned 4-ary Heap outperforms the regular 4-ary Heap
seems to have to do with compiler optimization and function cloning. Since
the optimization does not work as intended and we have yet to provide a
clear reason as to why it works at all it is regarded as unsafe for implemen-
tation. It has only been shown to work on one machine with one compiler
version(GCC 6.3) and is therefore not suitable for implementation in a pro-
gram that is supposed to run on a wide variety of machines with different
configurations. The regular 4-ary Heap is considered safe for implementation
as it consistently performed well with on different configurations. It is also
a good 17% faster than the original Binary Heap implemented by URDME.
This thesis has been a testament to the risks of cache optimizations, what is
an optimization on the hardware of today might have an adverse effect on
the hardware of tomorrow. Even if the cache alignment would have worked it
might not have been worthwhile to implement in URDME as its performance
could decay over time when changes are made to compiler optimization tech-
niques and computer hardware. For the same reason, empirical performance
evaluations of data structures do not age well and should be viewed with
great skepticism.
There is some future work to be done as the approach we took to caches in this
paper, which excluded explicitly defined heaps, appears to be outdated. This
opens up possibilities for finding a better priority queue. There is also a lot of
optimizations done to heaps that were not considered in this thesis, such as
concurrent heaps. A detailed explanation as to why the cache-optimizations
did not work, and why the Binary Heap and 4-ary Heap responded differently
to it, is also yet to be given.

31



References

[1] Teach yourself programming in ten years. http://norvig.com/21-
days.html. Accessed: 2020-06-08.

[2] Alfred V. Aho, Monica S. Lam, Ravi Sethi, and Jeffrey D. Ullman.
Compilers: Principles, Techniques, and Tools (2nd Edition). Addison-
Wesley Longman Publishing Co., Inc., USA, 2006.

[3] Giorgio Ausiello. 11 - data structures and algorithms. In John A McDer-
mid, editor, Software Engineer’s Reference Book, pages 11/1 – 11/12.
Butterworth-Heinemann, 1991.

[4] Alfs T. Berztiss and Satish Thatte. Specification and implementation of
abstract data types. In Advances in Computers, pages 295–353. Elsevier,
1983.

[5] Svante Carlsson, J. Ian Munro, and Patricio V. Poblete. An implicit
binomial queue with constant insertion time. In Rolf Karlsson and An-
drzej Lingas, editors, SWAT 88: 1st Scandinavian Workshop on Algo-
rithm Theory Halmstad, Sweden, July 5-8, 1988. LNCS 318, pages 1–13,
Berlin, Heidelberg, 1988. Springer Berlin Heidelberg.

[6] Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford
Stein. Introduction to Algorithms, Third Edition. The MIT Press, 3rd
edition, 2009.

[7] John L. Hennessy David Patterson. Computer organization and design.
Elsevier, 2014.

[8] Brian Drawert, Stefan Engblom, and Andreas Hellander. URDME: a
modular framework for stochastic simulation of reaction-transport pro-
cesses in complex geometries. BMC Systems Biology, 6(1):76, 2012.

[9] Robert W. Floyd. Algorithm 245: Treesort. Communications of the
ACM, 7(12):701, December 1964.

[10] Michael Fredman, Robert Sedgewick, Daniel Sleator, and Robert Tarjan.
The pairing heap: A new form of self-adjusting heap. Algorithmica,
1:111–129, 11 1986.

32



[11] J.R Gibbson. Arm Assembly Language - An Introduction (Second Edi-
tion). The department of electrical engineering and electronics - The
University of Liverpool, 2011.

[12] Cris L. Luengo Hendriks. Revisiting priority queues for image analysis.
Pattern Recognition, 43(9):3003–3012, September 2010.

[13] ISO. ISO/IEC 9899:2011 Information technology — Programming lan-
guages — C. International Organization for Standardization, Geneva,
Switzerland, December 2011.

[14] Bruce L. Jacob, Spencer W. Ng, and David T. Wang. Memory Systems:
Cache, DRAM, Disk. Morgan Kaufmann, 2008.

[15] Donald B. Johnson. Priority queues with update and finding minimum
spanning trees. Information Processing Letters, 4(3):53 – 57, 1975.

[16] Chris L. Kuszmaul. ’heap’, in dictionary of algorithms and data struc-
tures [online]. https://www.nist.gov/dads/HTML/heap.html. Accessed:
2020-04-17.

[17] Anthony LaMarca and Richard Ladner. The influence of caches on the
performance of heaps. Journal of Experimental Algorithmics, 1:4–es,
January 1996.

[18] Steven S. Skiena. The Algorithm Design Manual, 2nd Edition. Springer,
2008.

33


