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Abstract
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In the theory of holomorphic functions of one complex variable it is often useful
to study subharmonic functions. The subharmonic functions can be described
using the Laplace operator. When one studies holomorphic functions of several
complex variables one should study the plurisubharmonic functions instead. Here
the complex Monge–Ampère operator has a role similar to that of the Laplace
operator in the theory of subharmonic functions. The complex Monge–Ampère
operator is nonlinear and therefore it is not as well understood as the Laplace
operator. We consider two types of boundary value problems for the complex
Monge–Ampère equation in certain pseudoconvex domains. In this thesis the right-
hand side in the Monge–Ampère equation will always be smooth, strictly positive
and meet a monotonicity condition. The first type of boundary value problem we
consider is a Dirichlet problem where we look for plurisubharmonic solutions which
are zero on the boundary of the domain. We show that this problem has a unique
smooth solution if the domain has a smooth bounded plurisubharmonic exhaustion
function which is globally Lipschitz and has Monge–Ampère mass larger than one
everywhere. We obtain some results on which domains have such a bounded
exhaustion function. The second type of boundary value problem we consider is
a boundary blow-up problem where we look for plurisubharmonic solutions which
tend to infinity at the boundary of the domain. Here we also assume that the right-
hand side in the Monge–Ampère equation satisfies a growth condition. We study
this problem in strongly pseudoconvex domains with smooth boundary and show
that it has solutions which are Hölder continuous with arbitrary Hölder exponent
α, 0 ≤ α < 1. We also show a uniqueness result. A result on the growth of the
solutions is also proved. This result is used to describe the boundary behavior of
the Bergman kernel.
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1. Background

We begin by pointing out some phenomena which occur in the theory of several
complex variables but not in the theory of one complex variable. First we introduce

Date: December 13, 2001.
The author was partially supported by the Royal Swedish Academy of Sciences, Gustaf Sigurd

Magnuson’s fund.
5



6 BJÖRN IVARSSON

some notation. Let (z1, . . . , zn) = (x1 + iy1, . . . , xn + iyn) ∈ Cn,

∂

∂zj

=
1

2

(
∂

∂xj

− i
∂

∂yj

)
,

∂

∂zj

=
1

2

(
∂

∂xj

+ i
∂

∂yj

)
and

dzj = dxj + idyj, dzj = dxj − idyj.

With this notation the Cauchy–Riemann equation in one variable becomes

∂f

∂z
= 0.

A holomorphic function is a C1-function which satisfies the Cauchy–Riemann equa-
tion. In several variables it should satisfy the Cauchy–Riemann equation in each
variable separately. We introduce more notation. A form∑

|α|=p,|β|=q

fαβdzα ∧ dzβ

is said to be a (p, q)-form. Here we have used multiindex notation, that is |α| = p
if α ∈ Zp, dzα = dzα1 ∧ · · · ∧ dzαp and dzβ = dzβ1 ∧ · · · ∧ dzβq . Let Ap,q(Ω) denote
the (p, q)-forms with smooth coefficients on Ω. By smooth we mean C∞-smooth.
We define ∂ : A0,0(Ω) → A1,0(Ω) and ∂ : A0,0(Ω) → A0,1(Ω) by

∂f =
n∑

j=1

∂f

∂zj

dzj and ∂f =
n∑

j=1

∂f

∂zj

dzj.

We now proceed inductively via the formulas

∂(f ∧ dzj) = ∂f ∧ dzj, ∂(f ∧ dzj) = ∂f ∧ dzj

and use linearity to define ∂ : Ap,q(Ω) → Ap+1,q(Ω). The definition of ∂ : Ap,q(Ω) →
Ap,q+1(Ω) is similar. Hence holomorphicity of functions can be expressed as ∂f =
0. We note that for a (p, q)-form, with q ≥ 1, ∂f = 0 does not imply that the
coefficients are holomorphic functions.

Assume that f is holomorphic in Ω and C1 on Ω. Then

f(z) =
1

2πi

∫
∂Ω

f(ζ)

ζ − z
dζ

for z ∈ Ω. This is the Cauchy integral formula. This generalizes to product
domains Ω = Ω1 × · · · × Ωn in Cn. We get

f(z) =

(
1

2πi

)n ∫
∂Ω1

. . .

∫
∂Ωn

f(ζ)∏n
j=1(ζj − zj)

dζ1 . . . dζn.

Note that we do not integrate over the whole boundary ∂Ω. We need only integrate
over the distinguished boundary ∂0Ω = ∂Ω1 × · · · × ∂Ωn. This formula lets us
conclude that a holomorphic function f can be expanded in a power series f(z) =∑

α∈Zn aαz
α which converges locally. Here we use multiorder notation. That is, if

α = (α1, . . . , αn) ∈ Nn then zα =
∏n

j=1 z
αj

j . When one uses multiorder notation

we have |α| =
∑n

j=1 αj.
One might wonder if there is an integral representation of holomorphic functions

on a domain Ω, not necessarily a product domain. The proof of the Cauchy integral
formula, basically Stokes’ Theorem applied to the form f(ζ)(ζ − z)−1 dζ, can be
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modified so that applies to the case of several variables. Let ω(ζ) = dζ1 ∧ · · · ∧dζn
and

η(ζ − z) =
n∑

j=1

(−1)j+1(ζj − zj)dζ1 ∧ · · · ∧ dζj−1 ∧ dζj+1 ∧ · · · ∧ dζn.

If Ω ⊆ Cn with C1-boundary and f is a holomorphic function in Ω which is C1 on
Ω then

f(z) =
(n− 1)!

(−1)n(n−1)/2(2πi)n

∫
∂Ω

f(ζ)η(ζ − z) ∧ ω(ζ)

|ζ − z|2n

for z ∈ Ω. This is the Bochner–Martinelli formula. Notice that the Bochner–
Martinelli kernel

η(ζ − z) ∧ ω(ζ)

|ζ − z|2n

is the Cauchy kernel if n = 1. The Cauchy kernel is holomorphic in ζ when ζ �= z.
This is not true for the Bochner–Martinelli kernel when n ≥ 2. That is, while it
is true that

∂

(
η(ζ − z) ∧ ω(ζ)

|ζ − z|2n

)
= 0

it is not true that the coefficient functions are holomorphic functions in ζ. One
important way of constructing holomorphic functions in the one variable case is to
form convolutions of measures with the Cauchy kernel. If we form convolutions of
measures with the Bochner–Martinelli kernel, in general we do not get a holomor-
phic function. There exists kernels which produces holomorphic functions when
one forms a convolution of a measure with the kernel, but these kernels are often
quite non-explicit; one example is the Bergman kernel. This difficulty makes the
study of the ∂-equation ∂u = f more important in the multidimensional case than
it is in the one dimensional case.

Let f be a (p, q)-form, q ≥ 1. Since d = ∂ + ∂ and d2 = 0 we see that ∂2 = 0,

∂∂ + ∂∂ = 0 and ∂
2

= 0. Thus a necessary condition for solvability of ∂u = f
is ∂f = 0. Now let f ∈ A0,1(C) have compact support. We see that ∂f = 0 is
automatic. A solution of ∂u = f is given by

u(z) = − 1

2πi

∫
C

f(ζ)

ζ − z
dζ ∧ dζ.

This function does not have compact support. We can add any holomorphic
function to u to produce a new solution. One realizes that no nonzero solution
of ∂u = f can have compact support in the one dimensional case. The situation
changes when we consider the same problem in the multidimensional case. Take
f =

∑
j fjdzj ∈ A0,1(Cn) which satisfies ∂f = 0 and has compact support. Then

uj(z) = − 1

2πi

∫
C

fj(z1, . . . , zj−1, ζ, zj+1, . . . , zn)

ζ − zj

dζ ∧ dζ

is a solution of ∂u = f . This solution has compact support. Let U be the
unbounded component of Cn � supp f . Then supp u ⊆ Cn � U . One sees this by
choosing z so that {(z1, . . . , zj−1, ζ, zj+1, . . . , zn); ζ ∈ C} is contained in U . We see
that uj is zero in an open set contained in U and since uj is holomorphic outside
the support of f the identity theorem for holomorphic functions, which holds since
holomorphic functions can be expanded in a power series, implies that uj must

vanish in U . Since the difference between two solutions of ∂u = f is holomorphic,
two solutions with compact support must be identical. Hence uj ≡ uj′ for any j
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and j′ such that 1 ≤ j, j′ ≤ n. We see that there exists a unique solution with
compact support. This gives rise to new and interesting phenomena in the theory
of several complex variables which are not present in classical function theory.
We illustrate this by presenting the Hartogs Phenomenon which is the following.
Given a bounded domain Ω ⊆ Cn, n ≥ 2, a compact set K ⊆ Ω such that Ω �K
is connected, and a holomorphic function f on Ω �K we can find a holomorphic
function F on Ω such that F |Ω�K = f . Let us now see how this can be proved
using the fact that ∂u = f has a compactly supported solution if f has compact
support. Let χ be a smooth function with compact support in Ω which is 1 on an
open neighborhood of K. Let

f̃(z) =

{
(1 − χ(z))f(z) if z ∈ Ω �K

0 if z ∈ K

and put ψ = ∂f̃ . We see that ∂ψ = 0 and ψ has compact support in Ω. Therefore
there is a function u with compact support in Ω that satisfies ∂u = ψ. We see

that F = f̃ − u is holomorphic in Ω and is equal to f near the boundary of Ω.
Hence F |Ω�K = f . This is in contrast to the situation in one variable. In a domain
in the complex plane one can construct a holomorphic function which cannot be
continued across any boundary point of the domain. Therefore it is interesting
to study domains which has holomorphic functions which cannot be continued to
any larger domain. Such a domain is called a domain of holomorphy.

Another interesting consequence of the Hartogs Phenomenon is that the zero-set
of a holomorphic function of several variables cannot be contained in a compact set.
Again this is not true for holomorphic functions of one variable. Good references
for the theory of several complex variables are Hörmander’s book [16] and Krantz’s
book [22].

2. Plurisubharmonic functions

When one studies holomorphic functions of one complex variable a related class
of functions are often useful. This is the class of subharmonic functions. A sub-
harmonic function on Ω ⊆ C is a function u : Ω → [−∞,∞) which is upper
semicontinuous and, for z ∈ Ω, satisfies

u(z) ≤ 1

2π

∫ 2π

0

u(z + reiθ) dθ

for all r > 0 such that Br(z) ⊆ Ω. If u ∈ C2(Ω) then u is subharmonic if and only
if

∆u =
∂2u

∂x2
+
∂2u

∂y2
= 4

∂2u

∂z∂z
≥ 0.

For a general subharmonic function we have ∆u ≥ 0 in the sense of distributions
and if v ∈ L1

loc(Ω) satisfies ∆v ≥ 0 in the sense of distribution then v is equal to a
subharmonic function almost everywhere. If f : Ω → C is holomorphic then log |f |
is subharmonic (if we include u ≡ −∞ among the subharmonic functions.) This
link between function theory and the theory of subharmonic function has proven
fruitful. When one studies function theory in several complex variables the related
class is not the subharmonic functions. This is because a holomorphic function
f : Ω → C, Ω ⊆ Cn, is holomorphic as a function of one variable on every complex
line. Hence log |f | is subharmonic on every complex line. A upper semicontinuous
function u : Ω → [−∞,∞) that is subharmonic on every complex line is said to be
plurisubharmonic. Hence the related class in function theory of several variables
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is the plurisubharmonic functions. We denote this class by PSH. If u ∈ C2(Ω)
and plurisubharmonic then for z ∈ Ω

n∑
j,k=1

∂2u

∂zj∂zk

(z)wjwk ≥ 0

for all w ∈ Cn. If the inequality is strict then u is said to be strictly plurisub-
harmonic. For a plurisubharmonic function u which is not twice differentiable we
have in the sense of distributions

n∑
j,k=1

∂2u

∂zj∂zk

wjwk ≥ 0

for all w ∈ Cn. That is, for any non-negative test function ϕ ∈ C∞
0 (Ω) we have∫

Ω

u(z)
n∑

j,k=1

∂2ϕ

∂zj∂zk

wjwk dλ(z) ≥ 0

for all w ∈ Cn. If v ∈ L1
loc(Ω) satisfies

n∑
j,k=1

∂2v

∂zj∂zk

wjwk ≥ 0

for all w ∈ Cn in the sense of distribution then v is equal to a plurisubharmonic
function almost everywhere. One important result for plurisubharmonic functions
is the main approximation theorem for plurisubharmonic functions which states the
following. For any plurisubharmonic function u and any relatively compact Ω′ of
Ω we can find a decreasing sequence of smooth plurisubharmonic functions (uj)

∞
j=1

defined on Ω′ so that limj→∞ uj(z) = u(z) for z ∈ Ω′. The functions uj are smooth
regularizations of u. Let 0 ≤ χ ∈ C∞

0 (B1(0)) be a radial function which satisfies∫
B1(0)

χ(z) dλ(z) = 1. Here dλ denotes Lebesgue measure. Let χε(z) = ε−nχ(z/ε)

and put uj = u ∗ χ1/j. These functions are smooth plurisubharmonic functions
that has all the properties we need. The main approximation theorem for plurisub-
harmonic functions imply that properties that hold for smooth plurisubharmonic
functions often hold, at least in a generalized sense, for non-smooth plurisubhar-
monic functions. One can also replace plurisubharmonic by subharmonic and get
a main approximation theorem for subharmonic functions.

We shall now describe some ways of constructing new plurisubharmonic func-
tions. If u ∈ PSH(Ω) then cu ∈ PSH(Ω) if 0 ≤ c ∈ R. We have already
mentioned that if f is holomorphic then log |f | is plurisubharmonic. The sum of
two plurisubharmonic functions are plurisubharmonic. If (uj)

∞
j=1 is a decreasing

sequence of plurisubharmonic functions then limj→∞ uj(z) = u(z) is plurisub-
harmonic. If uα, α ∈ A, is a family of plurisubharmonic functions then u(z) =
sup(uα(z);α ∈ A) is plurisubharmonic if it is bounded and upper semicontin-
uous. Consider a function ϕ : R → R which is convex and increasing. Set
ϕ(−∞) = limx→−∞ ϕ(x). Then ϕ ◦ u is plurisubharmonic if u is. Finally let
Ω ⊆ Cn, Ω′ ⊆ Cm and f : Ω → Ω′ be an analytic map. If u ∈ PSH(Ω′) then
u ◦ f ∈ PSH(Ω). This implies that we can define plurisubharmonic functions on
complex manifolds.

We can now give another description of domains of holomorphy. Let Ω be
an open subset of Cn. The set Ω is said to be pseudoconvex if one can find a
continuous plurisubharmonic function u on Ω such that {z ∈ Ω;u(z) < c} � Ω
for every c ∈ R. Let dΩ(z) denote the distance of z to the boundary ∂Ω. One
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can show that if Ω is pseudoconvex then − log dΩ(z) is plurisubharmonic in Ω.
Conversely if − log dΩ(z) is plurisubharmonic in Ω then Ω is pseudoconvex. Also
Ω is pseudoconvex if and only if it is a domain of holomorphy. If Ω have C2-
boundary then one find a C1-function ρ defined in a neighborhood of Ω such that
Ω = {z ∈ Ω; ρ(z) < 0}, limz→z0 ρ(z) = 0 for all z0 ∈ ∂Ω and dρ �= 0 on ∂Ω. Then
Ω is pseudoconvex if ρ satisfies

n∑
j,k=1

∂2ρ

∂zj∂zk

(z)wjwk ≥ 0

for z ∈ ∂Ω and w ∈ Cn such that
n∑

j=1

∂ρ

∂zj

(z)wj = 0.

This condition is called the Levi condition. If the inequality in the Levi condition
is strict then Ω is said to be strongly pseudoconvex.

3. The complex Monge–Ampère operator

When one studies subharmonic functions the equation ∆u = f is important. If one
wants to study plurisubharmonic functions an analogue to the Laplace operator
is desirable. Using d = ∂ + ∂ and introducing the notation dc = i(∂ − ∂) we have

ddcu = 2i
n∑

j,k=1

∂2u

∂zj∂zk

dzj ∧ dzk.

If u ∈ C2(Ω) then one can form (ddcu)2 = ddcu ∧ ddcu, . . . ,

(ddcu)n = (2i)n det

(
∂2u

∂zj∂zk

(z)

)
dz1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn =

= 4nn! det

(
∂2u

∂zj∂zk

(z)

)
dV

where dV = dx1 ∧dy1 ∧ · · ·∧dxn ∧dyn is the volume form. The counterpart of the
Laplace operator when one studies plurisubharmonic functions is the nonlinear
operator (ddcu)n which is called the complex Monge–Ampère operator. So far we
have only described the definition of the complex Monge–Ampère operator when
applied to functions which are twice differentiable. One would like to extend this
definition so that it can be applied to more general plurisubharmonic function.
In the following two subsections we shall describe two extensions. In both these
extensions (ddcu)n is a positive Borel measure. Before we describe these extensions
we point out that is known that a definition of (ddcu)n as a positive Borel measure
for all plurisubharmonic functions u is impossible, see for example Kiselman’s
paper [19]. We also recall some basic material on currents and positivity of forms,
that is elements of the exterior algebra of Cn, differential forms and currents. Let
Dp,q(Ω) denote the differential forms of bidegree (p, q) that have smooth coefficients
with compact support in Ω. We call these differential forms test forms of bidegree
(p, q). We give Dp,q(Ω) a topology in the usual way. Let Ωj, j ∈ N, be a sequence
of relatively compact open subsets of Ω such that Ωj � Ωj+1 and Ω =

⋃
j Ωj. Give

Dp,q(Ωj) the topology that is defined by the countable number of seminorms

‖u‖j,k = sup

(∣∣∣∣∂α+βuJK

∂xα∂yβ
(z)

∣∣∣∣ ; z ∈ Ωj, |J | = p, |K| = q;α, β ∈ N
n, |α| + |β| ≤ k

)
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where u =
∑

|J |=p,|K|=q uJKdz
J ∧dzK and we have used multiorder notation again.

With this topology Dp,q(Ωj) is a Fréchet space. We equip Dp,q(Ω) with a topology
such that uj → u in Dp,q(Ω) if and only if the following holds: (i) there is a
compact subset K ⊂ Ω such that supp uj

JK ⊂ K for all j, J and K; (ii) uj
JK and

all its derivatives converges uniformly to uJK and the corresponding derivatives
on K for all J and K.

The dual space Dn−p,n−q(Ω)′ is the space of currents of bidegree (p, q). We equip
this space with the weak∗-topology. In this topology a sequence Tj of currents
of bidegree (p, q) converges to T if and only if limj→∞ Tj(ϕ) = T (ϕ) for any
ϕ ∈ Dp,q(Ω). A differential form u of bidegree (p, q) defines a current Tu of
bidegree (p, q) via

Tu(ϕ) =

∫
Ω

u ∧ ϕ
for ϕ ∈ Dn−p,n−q(Ω). Informally one can think of currents of bidegree (p, q) as
differential forms of bidegree (p, q) with coefficients that are distributions.

We now describe the notion of positivity that we shall use, first for forms, then
for differential forms and finally for currents. A 2n-form ω is positive if ω = τ dV
where dV is the volume form and τ ≥ 0. We say that a (p, p)-form ω is elementarily
strongly positive if there are p linearly independent C-linear mappings ηj : Cn → C,
j = 1, . . . , p such that

ω =
i

2
η1 ∧ η1 ∧ · · · ∧ i

2
ηp ∧ ηp.

Forms ω that can be written as

ω =
n∑

j=1

λjωj

for some m, some λj > 0 and some elementarily strongly positive forms ωj are said
to be strongly positive. A (p, p)-form ω is positive if for any strongly positive (n−
p, n−p)-form η the form ω∧η is positive. All these concepts extend to differential
forms by requiring that they should hold at all points in Ω. A (p, p)-current T is
positive if for any strongly positive test form ϕ of bidegree (n− p, n− p) we have
T (ϕ) ≥ 0. For more information and details on plurisubharmonic functions and
currents see Klimek’s book [20].

3.1. Bedford’s and Taylor’s definition of the complex Monge–Ampère
operator. We now describe an extension of the complex Monge–Ampère operator
so that it can be applied to plurisubharmonic functions u ∈ L∞

loc(Ω). This extension
was done by Bedford and Taylor in [3]. This extension is accomplished using the
main approximation theorem for plurisubharmonic functions, an integration-by-
parts formula and the Chern–Levine–Nirenberg estimate. The Chern–Levine–
Nirenberg estimate is the following. Let u1, . . . , un ∈ PSH(Ω) ∩ C2(Ω) and K
be a compact subset of Ω. Then there exists a constant C and a compact set
L ⊆ Ω �K such that∫

K

ddcu1 ∧ · · · ∧ ddcun ≤ C
n∏

j=1

sup(|uj(z)|; z ∈ L).

Integration by parts yields∫
Ω

ddcu1 ∧ · · · ∧ ddcuk ∧ χ =

∫
Ω

uk dd
cu1 ∧ · · · ∧ ddcuk−1 ∧ ddcχ
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where χ ∈ Dn−k,n−k(Ω). Using this we can inductively define ddcu1∧· · ·∧ddcuk as
a positive (k, k)-current for 1 ≤ k ≤ n when u1, . . . , un ∈ PSH(Ω)∩L∞

loc(Ω). Note
that since uj is plurisubharmonic then ddcuj is a positive (1, 1)-current. Assume
that ddcu1 ∧ · · · ∧ ddcuk−1 has been defined as a positive (k − 1, k − 1)-current.
A positive current have coefficients which are positive Borel measures. Therefore
the uk ∧ ddcu1 ∧ · · · ∧ ddcuk−1 measure coefficients and we use the integration-by-
parts formula to define ddcu1 ∧ . . . ddcuk as a (k, k)-current. What remains to be
shown is that the current we have just defined is positive. Let χ be a strongly
positive test form of bidegree (n− k, n− k) and Ω′ be a relatively compact subset
of Ω which contains the support of χ. By the main approximation theorem for
plurisubharmonic functions there exists a decreasing sequence (uk,j)j∈N of smooth
plurisubharmonic functions that converges pointwise to uk in Ω′. For each j the
test form ddcuk,j ∧ χ is positive and therefore∫

Ω

ddcu1 ∧ ddcuk−1 ∧ (ddcuk,j ∧ χ) ≥ 0.

Because of the Chern–Levine–Nirenberg estimate the dominated convergence the-
orem can be applied and we get∫

Ω

ddcu1 ∧ · · · ∧ ddcuk ∧ χ =

∫
Ω

ukdd
cu1 ∧ · · · ∧ ddcuk−1 ∧ χ =

= lim
j→∞

∫
Ω

uk,jdd
cu1 ∧ · · · ∧ ddcuk−1 ∧ ddcχ =

= lim
j→∞

∫
Ω

ddcu1 ∧ · · · ∧ ddcuk−1 ∧ ddcuk,j ∧ χ ≥ 0.

Hence ddcu1∧· · ·∧ddcuk is a positive (k, k)-current and therefore its coefficients are
positive Borel measures. This gives us a definition of (ddcu)n for u ∈ PSH(Ω) ∩
L∞

loc(Ω) as a positive Borel measure.

3.2. Cegrell’s definition of the complex Monge–Ampère operator. Often
one wants to study plurisubharmonic functions which are not bounded in Ω. For
such plurisubharmonic functions Bedford’s and Taylor’s definition of the complex
Monge–Ampère operator is not applicable. We shall describe Cegrell’s definition
of the complex Monge–Ampère operator. If we want the operator to have certain
properties Cegrell’s definition has the largest domain of definition possible. We
shall state these properties after we have given the definition. The justification of
the definition consists of the same steps as Bedford’s and Taylor’s definition; an
approximation theorem, integration by parts and a convergence proof. For details
on how to perform these steps see Cegrell’s paper [10]. We begin by describing
the approximation theorem. Let us denote the class of negative plurisubharmonic
functions on Ω by PSH−(Ω). A bounded domain is said to be hyperconvex if
we can find a continuous negative plurisubharmonic function ρ such that {z ∈
Ω; ρ(z) < c} � Ω for all c < 0. Such a function ρ is called a bounded exhaustion
function for Ω.

Theorem 3.1. Suppose that Ω is a hyperconvex domain and assume that u ∈
PSH−(Ω). Then there is a decreasing sequence of functions uj ∈ PSH−(Ω)∩C(Ω)
with uj|∂Ω = 0, for j = 1, 2, 3 . . . , limj→∞ uj(z) = u(z) for all z ∈ Ω and∫

Ω

(ddcuj)
n <∞.
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The proof makes use of a continuous negative plurisubharmonic function v which
satisfies limz→z0 v(z) = 0 for all z0 ∈ ∂Ω and∫

Ω

(ddcv)n <∞.

Let (rj)
∞
j=1 be a decreasing sequence such that

0 < rj < inf

(
dΩ(z); z ∈ Ω, v(z) < − 1

2j2

)
where dΩ(z) is the distance of z to the boundary ∂Ω. Let urj

= u ∗ χrj
be a

smoothing of u which was described in Section 2. The smooth regularizations urj

are defined on {z ∈ Ω; dΩ(z) > rj}. Put

uj = max
j≤m

(
urm − 1

m
,mv

)
.

We see that

max

(
urm − 1

m
,mv

)
is plurisubharmonic on Ω, continuous on Ω and equal to zero on ∂Ω for each m ≥ j.
One shows that the same is true for uj. One also checks that limj→∞ uj(z) = u(z)
and ∫

Ω

(ddcuj)
n < jn

∫
Ω

(ddcv)n <∞.

Now one turns to integration by parts. For this we introduce the class E0(Ω).
This is the convex cone of bounded plurisubharmonic functions u which satisfies
limz→z0 u(z) = 0 for all z0 ∈ ∂Ω and

∫
Ω

(ddcu)n <∞. Cegrell proves the following
result.

Theorem 3.2. Suppose that Ω is a hyperconvex domain, u, v ∈ PSH−(Ω), u is
not identically 0, limz→z0 u(z) = 0 for all z0 ∈ ∂Ω. Assume that T is a positive and
closed current of bidegree (1, 1). Then ddcu ∧ T is a well-defined positive measure
on Ω. Furthermore, if ∫

Ω

v ddcu ∧ T > −∞
then ddcv ∧ T is also a well-defined positive measure on Ω and∫

Ω

v ddcu ∧ T ≤
∫

Ω

u ddcv ∧ T.

As a corollary we get the following integration-by-parts formula.

Corollary 3.3. Suppose that u, v ∈ PSH(Ω) such that limz→z0 u(z) = 0 and
lim z → z0v(z) = 0 for all z0 ∈ ∂Ω and that T is a positive closed current of
bidegree (1, 1). If ∫

Ω

v ddcu ∧ T > −∞
then ∫

Ω

u ddcv ∧ T > −∞
and ∫

Ω

v ddcu ∧ T =

∫
Ω

u ddcv ∧ T.
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One is now almost ready to do the convergence proof. First we define E(Ω). We
say that u ∈ E(Ω) if u ∈ PSH−(Ω) and for every z0 ∈ Ω there is a neighborhood
ω of z0 in Ω and a decreasing sequence hj ∈ E0(Ω) such that limj→∞ hj(z) = u(z)
for all z ∈ ω and

sup

(∫
Ω

(ddchj)
n; j = 1, 2, 3, . . .

)
<∞.

We have

Theorem 3.4. Suppose that u ∈ E(Ω). If gj ∈ E0(Ω) decreases to u, j → ∞, then
(ddcgj)

n is weak∗-convergent and the limit measure is independent of the sequence
gj.

We can now define the complex Monge–Ampère operator on plurisubharmonic
function u ∈ E(Ω).

Definition 3.5. For u ∈ E(Ω) define (ddcu)n as the limit measure obtained in
Theorem 3.4.

Let K(Ω) be a class of negative plurisubharmonic functions which satisfies: (i) If
u ∈ K and v ∈ PSH−(Ω) then max(u, v) ∈ K(Ω). (ii) If u ∈ K(Ω) and (gj)

∞
j=1 is a

decreasing sequence such that gj ∈ PSH−(Ω) ∩ L∞
loc(Ω) and limj→∞ gj(z) = u(z),

then ((ddcgj)
n)∞j=1 is weak∗-convergent. It is possible to show that K(Ω) ⊆ E(Ω) for

any class K(Ω). Also E(Ω) meets (i) and (ii) and in this sense Cegrell’s definition
of the complex Monge–Ampère operator is optimal. The area of mathematics
which is the study of this operator is called pluripotential theory.

4. The Dirichlet problem for the complex Monge–Ampère
operator

Assume that µ is a positive Borel measure on a domain Ω and ϕ some function on
the boundary of Ω. Central to pluripotential theory is the study of the Dirichlet
problem {

(ddcu)n = µ in Ω
u = ϕ on ∂Ω.

In this thesis we shall always have µ = f dV where f is a function. We shall be
considering the question of how regularity of f implies regularity of u.

In potential theory for the Laplace operator the harmonic functions are solu-
tions to the equation ∆u = 0. It is tempting to believe that the pluriharmonic
functions are solutions to the equation (ddcu)n = 0. However, while it is true
that pluriharmonic functions solve this equation, there are functions which solve
(ddcu)n = 0 which are not pluriharmonic. One realizes this by thinking about a
function defined on Cn which depends of n − 1 variables only. One also realizes
that solutions to (ddcu)n = 0 can be very irregular in spite of the regularity of the
right-hand side. The plurisubharmonic solutions of (ddcu)n = 0 can be shown to
be the maximally plurisubharmonic functions. The maximally plurisubharmonic
functions are the plurisubharmonic functions u on Ω ⊆ Cn such that if G � Ω
and v ∈ PSH(G) satisfies lim infz→z0∈∂G(u(z) − v(z)) ≥ 0 then v ≤ u in G. Even
though in general solutions to (ddcu)n = 0 can be irregular if one demands that
the boundary data be continuous then it can be proved in certain domains, as it
was done by Walsh in [26], that the solution is continuous. Put

PBϕ(z) = sup

(
v(z); v ∈ PSH(Ω) and lim sup

z→z0

v(z) ≤ ϕ(z0) for all z0 ∈ ∂Ω

)
.
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It had been observed by Bremermann in [8] that if the problem{
(ddcu)n = 0 in Ω
u = ϕ on ∂Ω

is solvable, the solution is the Perron–Bremermann envelope

(PBϕ)∗(z) = lim sup
ζ→z

PBϕ(ζ).

The result Walsh obtained is the following.

Theorem 4.1. Suppose that Ω is a bounded domain in Cn and ϕ ∈ C(∂Ω).
Assume that

lim inf
z→z0

PBϕ(z) = lim sup
z→z0

PBϕ(z) = ϕ(z0)

for all z0 ∈ ∂Ω. Then PBϕ ∈ C(Ω).

High order regularity is harder for the equation (ddcu)n = 0 because of the
example u(z, w) = (max{|z|2 − 1/2, |w|2 − 1/2, 0})2. This function is not smooth
in B1(0), satisfies (ddcu)n = 0 and u|∂B1(0) ∈ C∞(∂B1(0)). See also Bedford’s and
Fornæss’ paper [2]. They showed that the problem{

(ddcu)n = f(z) in Ω
u = 0 on ∂Ω

does not always have a solution which satisfies u ∈ C∞(Ω). Here f 1/j ∈ C∞(Ω)
for j = 1, 2, 3, . . . , and f ≥ 0. Yet another example was given by Cegrell and
Sadullaev in [11]. They showed that there is a strongly pseudoconvex domain Ω
with real analytic boundary and a real analytic ϕ on ∂Ω such that{

(ddcu)n = 0 in Ω
u = ϕ on ∂Ω

has a solution which is not real analytic. The first result on high order regularity
was obtained in 1985 by Caffarelli, Kohn, Nirenberg and Spruck in [9]. Note that
positivity of f is crucial in view of Bedford’s and Fornæss’ example.

Theorem 4.2. Suppose that Ω is a bounded, strongly pseudoconvex domain in Cn

with smooth boundary. Let f ∈ C∞(Ω×R) be a strictly positive function which is
increasing in the second variable. Suppose that ϕ ∈ C∞(∂Ω). Then the problem

det
(

∂2u
∂zj∂zk

(z)
)

= f(z, u(z)) in Ω

u = ϕ on ∂Ω
u ∈ PSH(Ω) ∩ C2(Ω) ∩ C(Ω)

has a unique solution. Moreover u ∈ C∞(Ω).

Remark 4.3. When we say that a function g : R → R is increasing we mean that
x ≤ x′ implies that g(x) ≤ g(x′). If x < x′ implies that g(x) < g(x′) we say that
g is strictly increasing.

Remark 4.4. Actually Caffarelli, Kohn, Nirenberg and Spruck proved a more gen-
eral result than that stated in Theorem 4.2. One can in fact allow the Monge-
Ampère mass of u to depend on the gradient of u in a certain way. For details on
this see [9].
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Put v∗(z) = lim supw→z v(w). We say that a domain Ω in Cn is B-regular
if it admits a strong plurisubharmonic barrier at every boundary point, that is,
for every z0 ∈ ∂Ω there exists v ∈ PSH(Ω) such that limz→z0 v(z) = 0 and
v∗|Ω�{z0} < 0. These domains were given a nice characterization by Sibony in [25].
He proved the following.

Theorem 4.5. For a bounded domain Ω in Cn the following are equivalent:
i) Ω is B-regular.
ii) In Ω there exists a smooth bounded exhaustion function ρ, that is, a strictly
negative function such that limz→z0∈∂Ω ρ(z) = 0, which in addition satisfies

n∑
j,k=1

∂2ρ

∂zj∂zk

αjαk ≥ |α|2, α ∈ C
n.

iii) For every f ∈ C(∂Ω) there exists v ∈ PSH(Ω) ∩ C(Ω) such that v|∂Ω = f .

In Section 3.2 we described bounded hyperconvex domains. A domain Ω in Cn

is hyperconvex if it admits a weak plurisubharmonic barrier at every boundary
point, that is, for every z0 ∈ ∂Ω there exists v ∈ PSH(Ω) such that v < 0 and
limz→z0 v(z) = 0. Kerzman and Rosay showed in [18] that it is equivalent to say
that there exists a smooth bounded strictly plurisubharmonic exhaustion function
ρ in Ω. This was improved upon by B�locki in [5] so that we can choose a smooth
plurisubharmonic ρ satisfying limz→z0 ρ(z) = 0 for all z0 ∈ ∂Ω and

det

(
∂2ρ

∂zj∂zk

(z)

)
≥ 1.

If we do not demand that the solutions should be smooth we can get the following,
which was proved by B�locki in [4].

Theorem 4.6. Let Ω be a bounded, hyperconvex domain in Cn. Assume that f
is nonnegative, continuous and bounded in Ω. Suppose that ϕ is continuous on
∂Ω and that it can be continuously extended to a plurisubharmonic function on Ω.
Then there exists a unique solution to the following problem

(ddcu)n = f(z) in Ω
u = ϕ on ∂Ω
u ∈ PSH(Ω) ∩ C(Ω).

B�locki has also given a sufficient condition for smooth solution in convex domains
in [6]. This result has also been announced in [7].

Theorem 4.7. Let Ω be a bounded, convex domain in Cn. Assume that f is a
strictly positive, smooth function in Ω such that

sup

(∣∣∣∣∂f 1/n

∂xl

(z)

∣∣∣∣ ; z ∈ Ω

)
<∞.

Then there exists a unique solution to the following problem
det
(

∂2u
∂zj∂zk

(z)
)

= f(z) in Ω

limz→z0 u(z) = 0 for all z0 ∈ ∂Ω
u ∈ PSH(Ω) ∩ C∞(Ω).

In a convex domain we can find a convex function v such that v < 0 and
limz→z0 v(z) = 0 for all boundary points z0. Hence a convex domain is hyperconvex
since convex functions are plurisubharmonic. Also a hyperconvex domain is pseu-
doconvex since ρ̃(z) = − log(−ρ(z)) is plurisubharmonic and limz→z0 ρ̃(z) = ∞.
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4.1. Boundary blow-up problems for the complex Monge–Ampère op-
erator. In [12], Cheng and Yau studied the problem{

det
(

∂2u
∂zj∂zk

(z)
)

= f(z)eKu(z), z ∈ Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

where Ω is a bounded strongly pseudoconvex domain in Cn with smooth boundary,
f is a smooth strictly positive function and K > 0. They showed that there is
a unique smooth plurisubharmonic solution to this problem. We describe their
motivation in Section 5.2. In Paper II and III we study a similar problem, which
we call a boundary blow-up problem, namely{

det
(

∂2u
∂zj∂zk

(z)
)

= f(z, u(z)), z ∈ Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω,

where the right-hand side is a function f ∈ C∞(Ω × R) which is strictly positive,
increasing in the second variable and satisfies the following three conditions:

A: There exist functions h ∈ C∞(Ω) and f1 ∈ C∞(R) and two strictly positive
constants c1 and c2 such that

lim
t→∞

f(z, t)

f1(t)
= h(z)

uniformly in Ω and c1f1(t) ≤ f(z, t) ≤ c2f1(t) for all (z, t) ∈ Ω × R.
B: The function f1 is strictly positive and increasing.
C: The function

Ψn(a) =

∫ ∞

a

((n+ 1)F (y))−
1

n+1 dy

exists for a > 0, where F ′(s) = f1(s) and F (0) = 0.

4.2. Comparison principles. We shall need the following two comparison prin-
ciples, the first of which was proved by Bedford and Taylor in [3].

Lemma 4.8. Suppose that Ω is a bounded domain in Cn and v, w ∈ C(Ω) ∩
PSH(Ω). Assume that (ddcv)n ≥ (ddcw)n. Then

min
(
w(z) − v(z); z ∈ Ω

)
= min (w(z) − v(z); z ∈ ∂Ω) .

The following lemma is sometimes useful.

Lemma 4.9. Let Ω be a bounded domain in Cn. Assume that f ∈ C(Ω × R) is
a nonnegative function which is increasing in the second variable. Suppose that
v, w ∈ C(Ω) ∩ PSH(Ω). Then

(ddcw)n ≤ f(z, w), f(z, v) ≤ (ddcv)n

and v ≤ w on ∂Ω implies that v ≤ w in Ω.

Proof. Put V (z) = v(z) − w(z). We want to show that V ≤ 0 and do this by
contradiction. Therefore assume that there exists z0 ∈ Ω such that V (z0) > 0.

Define Ω̃ = {z ∈ Ω;V (z) > 0}. By assumption Ω̃ is nonempty. Let Ω0 be the

component of Ω̃ that contains z0. In Ω0 we have

(ddcw)n ≤ f(z, w) ≤ f(z, v) ≤ (ddcv)n,

since f is increasing in the second variable. We have v = w on the boundary of
Ω0 and an application of Lemma 4.8 tells us that v = w in Ω0, which contradicts
our assumption. �
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When one studies boundary blow-up problems the following is useful.

Corollary 4.10. Let Ω be a bounded, strongly pseudoconvex domain in Cn with
smooth boundary and assume that ϕ ∈ C∞(∂Ω). Assume that f ∈ C∞(Ω × R) is
a strictly positive function which is increasing in the second variable. Let v be a
plurisubharmonic solution to{

det
(

∂2v
∂zj∂zk

(z)
)

= f(z, v(z)) in Ω

limz→z0 u(z) = ϕ(z0) for all z0 ∈ ∂Ω.

that is smooth on Ω and w be a smooth plurisubharmonic solution to{
det
(

∂2w
∂zj∂zk

(z)
)

= f(z, w(z)) in Ω

limz→z0 w(z) = ∞ for all z0 ∈ ∂Ω.

Then w ≤ u in Ω.

4.3. Regularity theory. When one wants to study the regularity of the solution
of {

(ddcu)n = f dV in Ω
u = ϕ on ∂Ω

or {
(ddcu)n = f dV in Ω
limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

one often proceed in the following way. One begins by constructing a sequence of
plurisubharmonic functions (ul)

∞
l=1 which is monotone, increasing or decreasing.

A candidate for a solution will be u(z) = liml→∞ ul(z). One then investigates
the regularity of u. One does this by the establishing of a priori estimates for
the functions ul. The a priori estimates should imply that the sequence (ul)

∞
l=1 is

bounded in the function space Ck(Ω′) or the space Ck,α(Ω′) for compact Ω′ ⊆ Ω,
k ∈ N and α ∈ (0, 1). The space Ck(Ω′) is a Banach space with the norm

‖u‖k =
k∑

m=0

∑
|β|+|γ|=m

sup

(∣∣∣∣ ∂β+γu

∂xβ∂yγ
(z)

∣∣∣∣ ; z ∈ Ω′
)

and Ck,α(Ω′) a Banach space with the norm

‖u‖k,α = ‖u‖k+

+
∑

|β|+|γ|=k

sup

((
∂β+γu

∂xβ∂yγ
(z) − ∂β+γu

∂xβ∂yγ
(w)

)
|z − w|−α; z, w ∈ Ω′, z �= w

)
.

If the sequence is bounded in Ck(Ω′) then the sequence is equicontinuous in
Ck−1,α′

(Ω′) for α′ ∈ (0, 1). If we apply the Arzela-Ascoli Theorem we see that
u ∈ Ck−1,α′

(Ω′). If the sequence is bounded in Ck,α(Ω′) then it is equicontinuous
in Ck,α′

(Ω′), for α′ ∈ (0, α) and u ∈ Ck,α′
(Ω′). Also note that if such estimates

exists for all Ω′ ⊆ Ω we can conclude that u ∈ Ck(Ω) or u ∈ Ck,α′
(Ω). Hence for

proving regularity we establish a priori estimates. This is often quite technical.
However it turns out that it is only necessary to prove that (ul)

∞
l=1 is bounded in

C2,α(Ω′) in order to prove that u ∈ C∞(Ω′). This is a consequence of Schauder
theory which we shall describe in the next section.
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4.4. Schauder theory. Assume that u ∈ C2,α(Ω) is a solution of

det

(
∂2u

∂zj∂zk

(z)

)
= f(z, u(z)) > 0

where f is smooth. Then u ∈ C∞(Ω) and ‖u‖k < C, k ≥ 3 where C only depend
on ‖u‖2,α. In this section we shall outline how this is proved. First differentiate

det

(
∂2u

∂zj∂zk

(z)

)
= f(z, u(z))

to get
n∑

j,k=1

Mjk(z)
∂2

∂zj∂zk

(
∂u

∂xl

(z)

)
=
∂f

∂xl

(z, u(z)) +
∂u

∂xl

(z)
∂f

∂u
(z, u(z))

where Mjk(z) is the cofactor we get by deleting the jth column and kth row from

det

(
∂2u

∂zj∂zk

(z)

)
.

We see that ∂u/∂xl satisfies a second order linear equation with coefficients that
are Hölder continuous functions with Hölder exponent α. One then uses the theory
for such equations that says that solutions belongs to C2,α. Hence u ∈ C3,α.
Differentiating again yields a new linear equation of second order. We get that
u ∈ C4,α and continuing in this way we see that u ∈ C∞. For a more thorough
discussion of Schauder theory see Beals’, Fefferman’s and Grossman’s paper [1].

5. Applications of pluripotential theory to the theory of several
complex variables

Here we shall give some applications of pluripotential theory. In one complex
variable there is the Riemann Mapping Theorem. The Riemann Mapping The-
orem says that any two simply connected domains Ω and Ω′ in C is biholomor-
phically equivalent. That is, one can find a holomorphic function f : Ω → Ω′

which has holomorphic inverse. In the theory of several complex variables the
Riemann Mapping Theorem is no longer true. In fact the unit ball in Cn and
most ellipsoids are not biholomorphically equivalent. One sees that the Riemann
Mapping Theorem cannot be true in Cn, n ≥ 2, in the following way. Assume
that Ω1 and Ω2 are strongly pseudoconvex domains with smooth boundary. As-
sume that f : Ω1 → Ω2 is a biholomorphic mapping. In [13] Fefferman proved that
f ∈ C∞(Ω1). Let p ∈ ∂Ω1, which we assume is the origin after a translation. After
a rotation we can find a function ρ so that ∂Ω1 = {z ∈ Cn;x1 = ρ(y1, z2, . . . , zn)}.
Let ρN be the Nth order Taylor polynomial. This is a polynomial of degree
Nth in 2n − 1 real variables. Let VN be the vector space of all such poly-
nomials. Now we shall introduce an equivalence relation in VN . We say that
ρN ∼ ρ̃N if there is a biholomorphic change of coordinates w = Φ(z) near the
origin so that the surface {x1 = ρN(y1, z2, . . . , zn)} is mapped into a surface
{Re w1 = ρ̃N(Im w1, w2, . . . , wn) + O(|w|N+1)}. We see that is enough to use
the Nth order Taylor expansion of Φ to check whether ρN and ρ̃N are equivalent.
The Nth order Taylor expansion of Φ is given by n polynomials of degree N in
n complex variables. Put WN = VN/ ∼. Since the dimension of VN is larger, if
n ≥ 2 and N large, than the dimension of the space of Nth order Taylor expan-
sions of holomorphic mappings we see that dimWN > 0. Because of Fefferman’s
result these equivalence classes are biholomorphic invariants. Informally one can
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say that there is no Riemann Mapping Theorem in Cn, n ≥ 2, since there are
many more domains than there are holomorphic maps.

There is a proof of the Riemann Mapping Theorem that uses potential theory
for subharmonic functions, see Ransford’s book [23]. Therefore one could expect
that pluripotential theory should give some information on the biholomorphism
problem, that is which domains are biholomorphically equivalent, in Cn. Kerzman,
Kohn and Nirenberg showed in [17] how that problem is connected to the problem

(ddcu)n = f(z) in Ω
u = 0 on ∂Ω
u ∈ PSH(Ω) ∩ C∞(Ω)

where f ∈ C∞(Ω) satisfies f 1/j ∈ C∞(Ω), j = 1, 2, 3, . . . , and f ≥ 0. Assume that
Ω1 and Ω2 are two strongly pseudoconvex domains with smooth boundary. If the
Dirichlet problem above has a solution in Ω1 for some f then proper holomorhic
mappings between Ω1 and Ω2 extends smoothly to the boundary. A mapping f
is said to be proper if f−1(K) is compact for any compact K in Ω2. Note that
Theorem 4.2 then implies that any proper holomorphic mapping between two
strongly pseudoconvex domains with smooth boundary extends smoothly to the
boundary.

5.1. Boundary behavior of the Bergman kernel. The boundary behavior of
the Bergman kernel is also important for the biholomorphism problem. We begin
by recalling the definition of the Bergman kernel and some basic properties of it.
Let Ω be a domain in Cn and OL2(Ω) = O(Ω) ∩ L2(Ω). One can show that given
a compact K ⊆ Ω and k ∈ N there exist a constant Ck such that

‖f‖Ck(K) ≤ Ck‖f‖L2(Ω).

Therefore OL2(Ω) is a closed subspace of L2(Ω) and hence a Hilbert space. Let
Φz : OL2(Ω) → C be the linear functional Φz(f) = f(z). If we let K = {z}
in the estimate above we see that Φz is a bounded linear functional. The Riesz
Representation Theorem gives that there is a function kz ∈ OL2(Ω) such that

f(z) = Φz(f) =

∫
Ω

f(ζ)kz(ζ) dζ.

The function KΩ(z, ζ) = kz(ζ) is called the Bergman kernel and is holomorphic
in the z-variabel and anti-holomorphic in the ζ-variable. One can show that
KΩ(z, ζ) = KΩ(ζ, z), in other words the Bergman kernel is conjugate symmet-
ric. One can also show that the Bergman kernel is uniquely determined by the
properties that it is an element of OL2(Ω) in z, is conjugate symmetric, and re-
produces OL2(Ω), that is

f(z) =

∫
Ω

KΩ(z, ζ)f(ζ) dζ

for all f ∈ OL2(Ω). One interesting result is that

KΩ(z, z) = sup
(|f(z)|2; f ∈ OL2(Ω), ‖f‖L2(Ω) = 1

)
for Ω � C

n. For the biholomorphism problem the following is important. Let Ω1

and Ω2 be domains in Cn and f : Ω1 → Ω2. Put

JCf(ζ) =
∂(f1, . . . , fn)

∂(ζ1, . . . , ζn)
(ζ).
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It is a fact that det JCf(ζ) �= 0 if f is biholomorphic. We have

det JCf(z)KΩ2(f(z), f(ζ)) det JCf(ζ) = KΩ1(z, ζ)

if f is biholomorphic. For a domain Ω let

hjk(z) =
∂2

∂zj∂zk

logKΩ(z, z)

and put ds2 =
∑n

j,k=1 hjk(z) dzj⊗dzk. This Hermitian metric is called the Bergman
metric. We can use how the Bergman kernel transforms under biholomorphic
mappings to show that biholomorphisms are isometries if we equip Ω1 and Ω2

with the Bergman metric. Because of these properties both the Bergman kernel
and the Bergman metric can provide valuable insights into the biholomorphism
problem. However the Bergman kernel is very hard to calculate explicitly. In 1974
Fefferman [13] described the boundary behavior of the Bergman kernel in strongly
pseudoconvex domains with smooth boundary. This was done by studying the
behavior of geodesics for the Bergman metric near the boundary. One could also
observe, as Fefferman did in [14], that solutions of the problem J(v)(z) = (−1)n det

(
v ∂v

∂zk
∂v
∂zj

∂2v
∂zj∂z̄k

)
= 1 in Ω

limz→z0 v(z) = 0 for all z0 ∈ ∂Ω

transforms like a negative power of KΩ(z, z). Let f : Ω1 → Ω2 be a biholomorphic
mapping and v2 : Ω2 → R satisfy J(v2) = 1 in Ω2 and limζ→ζ0 v2(ζ) = 0 for all
ζ0 ∈ ∂Ω2. Define v1(z) = | det JCf(z)|−2/(n+1)v2(f(z)). Then J(v1) = 1 in Ω1 and
limz→z0 v1(z) = 0 for all z0 ∈ ∂Ω1. Hence solutions of this problem transform like
KΩ(z, z)−1/(n+1). One might therefore suspect that they are identical. This is not
true but it can be shown that the boundary behavior of these functions are the
same. Fefferman developed a method to construct approximate solutions of{

J(v) = 1 in Ω
limz→z0 v(z) = 0 for all z0 ∈ ∂Ω

in [14]. One can also put u = − log v and see that u then satisfies{
det
(

∂2u
∂zj∂z̄k

(z)
)

= e(n+1)u(z) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω.

If we can solve this problem we see that the boundary behavior of e(n+1)u(z) is the
same as KΩ(z, z) since e(n+1)u = e−(n+1) log v ≈ e−(n+1) log(KΩ(z,z)−1/(n+1)) = KΩ(z, z).

5.2. Kähler–Einstein metrics. Let Ω be a bounded strongly pseudoconvex do-
main in Cn with smooth boundary. In [12] Cheng and Yau studied{

det
(

∂2u
∂zj∂z̄k

(z)
)

= k(z)eKu(z) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

where K > 0 is a constant and k(z) a strictly positive smooth function on Ω.
They showed that this type of problem has a unique smooth plurisubharmonic
solution. Their motivation for solving this problem was to construct Kähler-
Einstein metrics. We shall briefly outline how a solution of such a Monge-Ampère
equation implies the existence of a Kähler-Einstein metric. Remember that a
Hermitian metric ds2 =

∑n
j,k=1 hjk(z) dzj ⊗ dzk has an associated form ω =

(i/2)
∑n

j,k=1 hjk(z) dzj ∧ dzk. The metric ds2 is said to be a Kähler metric if
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dω = 0 and ω is said to be a Kähler form. A plurisubharmonic function u gives
rise to a Hermitian metric with ω = ∂∂u. In fact, this is a Kähler metric since
dω = (∂ + ∂)∂∂u = ∂∂∂u = −∂∂∂u = 0. A metric is said to be an Einstein
metric if its Ricci curvature tensor is a constant multiple of the metric tensor.
Curvature tensors are really defined in terms of connections and are in some sense
independent of the metric. However, given a metric there is a choice of connection
so that the connection is said to be compatible with the metric. In the case of a
complex manifold there is also the concept of a connection being compatible with
the complex structure. It is known that on a complex manifold with Hermitian
metric there is a unique connection which is compatible with both the metric and
the complex structure. With this choice of connection the Ricci curvature tensor
is given by

−
n∑

j,k=1

∂2

∂zj∂zk

log

(
det

(
∂2u

∂zj∂zk

(z)

))
dzj ⊗ dzk.

A good reference for this is Kobayashi’s book [21]. We see that a plurisubharmonic
solution of {

det
(

∂2u
∂zj∂z̄k

(z)
)

= eKu(z) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

satisfies

log

(
det

(
∂2u

∂zj∂zk

(z)

))
= Ku(z)

and hence gives rise to a metric which is both Kähler and Einstein, a Kähler-
Einstein metric. Also since u(z) tends to infinity as z tends to boundary points
the metric is complete.

6. The results in the thesis

We now summarize the results in Paper I, II, III and IV. The papers are intended
to be self-contained and therefore there is some overlap in the papers.

6.1. Paper I: Interior regularity of solutions to a complex Monge–Amp-
ère equation. In this paper the author studies the problem{

det
(

∂2u
∂zj∂zk

(z)
)

= f(z, u(z)) in Ω

limz→z0 u(z) = 0 for all z0 ∈ ∂Ω

in a bounded hyperconvex domain Ω with no smoothness assumption on the
boundary. Here f ∈ C∞(Ω × R) is a strictly positive function which is increasing
in the second variable. We construct a solution in the following way. Let (Ωm)∞m=1

be a sequence of strongly pseudoconvex domains which have smooth boundary
such that Ωm � Ωm+1 and Ω =

⋃∞
m=1 Ωm. By Caffarelli’s, Kohn’s, Nirenberg’s

and Spruck’s result, Theorem 4.2 (Theorem 1.2 in Paper I), we know that{
det
(

∂2um

∂zj∂zk
(z)
)

= f(z, um(z)) in Ωm

limz→z0 u(z) = 0 for all z0 ∈ ∂Ωm

has a solution um ∈ C∞(Ωm). The natural candidate for a solution is u(z) =
limm→∞ um(z) and we now study its regularity. This is done by a priori estimates.
It is not hard to establish that um+1(z) ≤ um(z) and that (um)∞m=1 is bounded.
Proving that (um)∞m=1 is bounded in C1(K) for a compact subset K ⊂ Ω is the
next step. This step is the hardest. Once it is taken we can use results by
Schulz [24] (Proposition 5.2 in Paper I) and B�locki [6] (Proposition 5.3 in Paper
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I) to show that (um)∞m=1 is bounded in C2,α(K). One then uses Schauder theory
to conclude that u ∈ C∞(Ω). We therefore need to estimate the C1-norm of
solutions to the Dirichlet problem. First an extension of an estimate of B�locki is
proved (Proposition 3.1 in Paper I). This estimate works in convex domains. We
would like to remove the convexity assumption. When we do this the estimate
changes in a significant way. Now we get a maximum principle for first derivatives
for solutions of the Dirichlet problem (Proposition 4.1 in Paper I). In order to use
this estimate we need to know that the first derivatives of solutions are bounded
near the boundary. Therefore we introduce the following class of hyperconvex
domains.

Definition 6.1. We say that a hyperconvex domain Ω satisfies the non-precipi-
tousness condition, or for short the NP-condition, if we can find a smooth plurisub-
harmonic function ρ satisfying limz→z0∈∂Ω ρ(z) = 0 and

det

(
∂2ρ

∂zj∂zk

(z)

)
≥ 1,

and the condition

sup

(∣∣∣∣ ∂ρ∂xj

(z)

∣∣∣∣ ; z ∈ Ω and j = 1, . . . , 2n

)
<∞.

In this class of domains we can prove the following result (Theorem 5.1 in Paper
I).

Theorem 6.2. Let Ω be a bounded hyperconvex domain in Cn and f ∈ C∞(Ω×R)
be a strictly positive function which is increasing in the second variable. If Ω
satisfies the NP-condition, see Definition 6.1, then the problem{

det
(

∂2u
∂zj∂zk

)
= f(z, u(z)) in Ω

limz→z0 u(z) = 0 for all z0 ∈ ∂Ω

has a unique smooth strictly plurisubharmonic solution u, which moreover satisfies

sup

(∣∣∣∣ ∂u∂xl

(z)

∣∣∣∣ ; z ∈ Ω, l = 1, . . . , 2n

)
<∞.

Conversely, if there is a smooth strictly plurisubharmonic solution u to the problem{
det
(

∂2u
∂zj∂zk

)
= f(z, u(z)) in Ω

limz→z0 u(z) = 0 for all z0 ∈ ∂Ω,

which satisfies

sup

(∣∣∣∣ ∂u∂xl

(z)

∣∣∣∣ ; z ∈ Ω, l = 1, . . . , 2n

)
<∞

then Ω satisfies the NP-condition.

It is not clear which domains satisfy the NP-condition. One can show that
strongly pseudoconvex domains with smooth boundary meets the NP-condition
(Proposition 6.2 in Paper I). Also if Ω1, . . . ,ΩN satisfy the NP-condition then so

does
⋂N

l=1 Ωl (Proposition 6.1 in Paper I). Then we show that the bidisk D2 = {z ∈
C2; |zj| < 1, j = 1, 2} does not satisfy the NP-condition (Example 6.3 in Paper I).
This example indicates that if the boundary is to flat then it might be problematic
to construct bounded plurisubharmonic exhaustion functions of the type required
in Definition 6.1. In Paper IV we give more examples of this phenomenon.
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6.2. Paper II: The blow-up rate of solutions to boundary blow-up prob-
lems for the complex Monge–Ampère operator (joint work with J.
Matero). Here the author in collaboration with Jerk Matero studies the bound-
ary behavior of solutions to boundary blow-up problems of the type{

det
(

∂2u
∂zj∂zk

)
= f(z, u(z)) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω.

Here Ω is a strongly pseudoconvex domain with smooth boundary and f ∈ C∞(Ω×
R) which is strictly positive, increasing in the second variable and satisfies the
following three conditions:

A: There exist functions h ∈ C∞(Ω) and f1 ∈ C∞(R) and two strictly positive
constants c1 and c2 such that

lim
t→∞

f(z, t)

f1(t)
= h(z)

uniformly in Ω and c1f1(t) ≤ f(z, t) ≤ c2f1(t) for all (z, t) ∈ Ω × R.
B: The function f1 is strictly positive and increasing.
C: The function

Ψn(a) =

∫ ∞

a

((n+ 1)F (y))−
1

n+1 dy

exists for a > 0, where F ′(s) = f1(s) and F (0) = 0.
In [12] Cheng and Yau studies this problem with f(z, u(z)) = k(z) exp(Ku(z))
where K > 0 and k is a strictly positive smooth function. In Section 5.2 we de-
scribed how a solution of this problem gives a Kähler-Einstein metric on Ω. They
showed that the boundary blow-up problem has a unique smooth plurisubhar-
monic solution in this case. In Paper II we mainly study how solutions, if they
exist, behave near the boundary. We give one existence and regularity result, see
Proposition 6.3 below (Proposition 2.1 in Paper II). First we quickly describe how
the weak solutions are constructed. Using Theorem 4.2 we know that there are
smooth plurisubharmonic functions uN so that{

det
(

∂2uN

∂zj∂z̄k

)
= f(z, uN(z)) in Ω

limz→z0 uN(z) = N for all z0 ∈ ∂Ω.

The function u(z) = limN→∞ uN(z) is a weak solution of the problem{
det
(

∂2u
∂zj∂zk

)
= f(z, u(z)) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω.

We must then study the regularity of u. In balls in Cn we show

Proposition 6.3. Let R, c1 and c2 be strictly positive real numbers such that c1 ≤
c2. Assume that k : [0, R] → [c1, c2] is a smooth function such that k(2l+1)(0) = 0
for all l ∈ N. Suppose that f1 ∈ C∞(R) satisfies assumptions B and C. Then{

det
(

∂2v
∂zj∂z̄k

)
= k(|z|)f1(v(z)) in BR(0)

lim|z|→R v(z) = ∞
has a smooth solution. Moreover the solution is radial.

Remark 6.4. We require that derivatives of odd order vanishes at 0 because we
want the function k(|z|) to be smooth at the origin.
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In proving this proposition we make use of the rotational symmetry of the
ball, the Monge–Ampère operator and the right-hand side. In general the a priori
estimate needed to study the regularity of u is hard to establish and is not pursued
in Paper II. Some a priori estimates are given in Paper III. In Paper III we also
study another issue that is neglected in Paper II, namely uniqueness. It is clear
that u is the smallest solution but it is not clear whether or not there also could
be larger solutions.

We then study the boundary behavior of the solutions. We give an estimate,
which we call a blow-up estimate below, in terms of Ψn, the distance of z to the
boundary dΩ(z) and the Levi form of ∂Ω. We introduce some notation (Definition
3.7 in Paper II).

Definition 6.5. Assume that Ω = {z ∈ Cn; ρ(z) < 0} where ρ ∈ C∞(Ω). For
z0 ∈ ∂Ω suppose that |∇ρ(z0)| = 1. Then Π(z0) is the product of the eigenvalues
of the form

n∑
j,k=1

∂2ρ

∂zj∂zk

(z0) dzj ∧ dzk

restricted to the vector space {w ∈ Cn;
∑n

j=1
∂ρ
∂zj

(z0)wj = 0}.

We can now state the main result in Paper II (Theorem 3.8 in Paper II).

Theorem 6.6. Let Ω be a bounded, strongly pseudoconvex domain in Cn with
smooth boundary. Let f ∈ C∞(Ω × R) be a strictly positive function which is
increasing in the second variable and satisfies assumptions A, B and C. For
boundary points z0 ∈ ∂Ω let Π(z0) be defined as in Definition 6.5. Then u, any
solution to the problem{

det
(

∂2u
∂zj∂zk

)
= f(z, u(z)) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

meets the estimate

lim
z→z0

Ψn(u(z))

dΩ(z)
= 4

1
n+1h(z0)

1
n+1 Π(z0)

− 1
n+1 ,

where z0 ∈ ∂Ω.

This result is first established in balls. We then pass to general strongly pseu-
doconvex domains by approximation of the domain by balls from the inside and
outside. After a holomorphic coordinate change we can approximate ∂Ω locally
by boundaries of two balls whose radii is almost the same. The comparison prin-
ciples Lemma 4.8, Lemma 4.9 and Corollary 4.10 are global in nature and we
cannot apply them to our local problem directly. This is handled by adding and
subtracting affine functions. The affine function do not change the blow-up rate
of the solutions and this lets us extend the blow-up estimate to general strongly
pseudoconvex domains with smooth boundary.

Paper II ends with an application of Theorem 6.6 to describe the boundary
behavior of the Bergman kernel (Theorem 4.1 in Paper II). This result is well-
known and was proven by Hörmander in [15]. In fact Hörmander’s result also
holds for weighted Bergman kernels.

Theorem 6.7. Let Ω be a bounded strongly pseudoconvex domain with smooth
boundary. Let KΩ(z, w) be the Bergman kernel of Ω. For boundary points z0 let
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Π(z0) be as in Definition 6.5. Then

lim
z→z0

dΩ(z)n+1KΩ(z, z) =
n!

4πn
Π(z0)

for all z0 ∈ ∂Ω.

6.3. Paper III: Regularity and uniqueness of solutions to boundary blow-
up problems for the complex Monge–Ampère operator. In this paper we
study regularity of solutions to boundary blow-up problems in strongly pseudo-
convex domains with smooth boundary of the type studied in Paper II. We also
show a uniqueness result. The regularity result is obtained on the assumption that
the right-hand side is independent of the z-variable, that is f(z, u(z)) = f(u(z)).
We also require that f satisfies the technical condition

n− 1

n+ 1
≤ F (t)f ′(t)

f(t)2

where F ′(t) = f(t) and F (0) = 0. In order for the argument to work we have
modify the construction of the solution a little. We begin by constructing a
plurisubharmonic function which is a subsolution and have the right boundary
behavior. Let us call this function ϕ and put ΩN = {z ∈ Ω;ϕ(z) < N}. Let uN

be the solution of {
det
(

∂2uN

∂zj∂zk
(z)
)

= f(uN(z)) in ΩN

limz→z0 uN(z) = N for all z0 ∈ ∂ΩN .

We have that ϕ ≤ uN in ΩN and can show that uN ≤ uN+1 in ΩN . One can
show that (uN)∞N=1 is bounded from above on compact subset of Ω. Put u(z) =
limN→∞ uN(z). In order to estimate the gradient of uN we study the function
vN(z) = |∇uN(z)|2(g−1)′(uN(z))2. Here

g−1(t) = −Ψn(t) = −
∫ ∞

t

((n+ 1)F (y))−
1

n+1dy.

We see that vN = |∇uN |2(g−1)′(uN)2 ≤ |∇ϕ|2(g−1)′(ϕ)2 on ∂ΩN . One now checks
that |∇ϕ|2(g−1)′(ϕ)2 is bounded on Ω. If we can show that vN does not have
interior maximum points we get as a consequence that |∇uN | ≤ C(g−1)′(uN)−1 on
ΩN . Since uN is uniformly bounded on compact subsets of Ω we see that |∇uN |
also is. In order to show that vN has no interior maximum we assume there is an
interior maximum point. One can show that at a critical point we have

|∇uN |2 < (n+ 1)F (uN)

2f(uN)

n∑
j=1

∂2uN

∂zj∂zj

.

At a maximum the inequality
n∑

j=1

∂2uN

∂zj∂zj

≤ |∇uN |2
(
f(uN)

F (uN)
− f ′(uN)

f(uN)

)
holds and hence

|∇uN |2 < n+ 1

2

F (uN)

f(uN)

n∑
j=1

∂2u

∂zj∂zj

≤ n+ 1

2

(
1 − F (uN)f ′(uN)

f(uN)2

)
|∇uN |2

which gives a contradiction if

n+ 1

2

(
1 − F (uN)f ′(uN)

f(uN)2

)
≤ 1,
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that is if
n− 1

n+ 1
≤ F (uN)f ′(uN)

f(uN)2
.

Using the Arzela-Ascoli Theorem we get (Theorem 3.2 in Paper III)

Theorem 6.8. Let Ω be a bounded strongly pseudoconvex domain in Cn with
smooth boundary. Suppose that f satisfies B, C and

n− 1

n+ 1
≤ f ′(t)F (t)

f(t)2
.

Then the problem {
(ddcu)n = f(u(z)), z ∈ Ω
limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

has a solution u ∈ Cα(Ω) for any α which satisfies 0 ≤ α < 1.

Note that f(t) = eKt, K > 0, satisfies all the conditions in the theorem. Also
note that f(t) = tγ, γ ≥ (n− 1)/2 meets

n− 1

n+ 1
≤ f ′(t)F (t)

f(t)2
.

If we modify this f for t < 1 so that it satisfies B and C we see that the theorem
can be applied to right-hand sides of other growth than exponential growth.

Next we turn to the question of uniqueness. Here we have right-hand sides
that may depend on the z-variable. That is, f ∈ C∞(Ω × R) is a smooth strictly
positive function which is increasing in the second variable and meets A, B and
C. We prove (Proposition 4.1 in Paper III)

Proposition 6.9. Let Ω be a bounded strongly pseudoconvex domain with smooth
boundary and assume that f ∈ C∞(Ω×R) is a strictly positive function, increasing
in the second variable which satisfies A,B and C. Assume also that

Ψn(t)

Ψ′
n(t)

is bounded for large t. If u and v are plurisubharmonic solutions of{
det
(

∂2u
∂zj∂zk

)
= f(z, u(z)) in Ω

limz→z0 u(z) = ∞ for all z0 ∈ ∂Ω

then u ≡ v.

The condition that Ψn(t)/Ψ′
n(t) is for large t is fulfilled when f1 has exponential

growth but not when the growth is only polynomial. We have to impose such a
condition to conclude that the difference u(z) − v(z) tends to zero as z tends to
the boundary. If u > v at some interior point the difference u(z) − v(z) has an
interior maximum. At this point

det

(
∂2u

∂zj∂zk

)
≤ det

(
∂2v

∂zj∂zk

)
which is a contradiction since f is increasing in the second variable.
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6.4. Paper IV: On the behavior of strictly plurisubharmonic functions
near real hypersurfaces. In this paper we prove a result which provides us with
plenty of examples of domains which do not satisfy the NP-condition. The main
result in this paper is formulated for real hypersurfaces rather than domains and
therefore we need to introduce a local version of the NP-condition (Definition 2.1
in Paper IV).

Definition 6.10. Let M be a smooth real hypersurface, p ∈M and ρ be a defining
function for M . Assume that the Levi form is positive semidefinite on TC

q (M) for
all q ∈ M . We say that p ∈ M satisfies the local non-precipitousness condition,
or for short the local NP-condition, if we can find an open neighborhood U of p
and a smooth plurisubharmonic function u defined on M− = {z ∈ U ; ρ(z) < 0}
satisfying limz→z0∈M u(z) = 0 and

det

(
∂2u

∂zj∂zk

)
≥ 1,

and the condition

sup

(∣∣∣∣ ∂u∂xj

(z)

∣∣∣∣ ; z ∈ Ω and j = 1, . . . , 2n

)
<∞.

First we investigate the behavior of first derivatives of defining functions of
ellipsoids. Let a = (a1, . . . , an) ∈ Rn, aj > 0, and put

Ωa =

{
z ∈ C

n;
n∑

j=1

|zj|2/a2
j < 1

}
.

A defining function for Ωa is ρa = (
∑n

j=1 |zj|2/a2
j) − 1. The normalization ρ̃a =(∏n

j=1 a
2/n
j

)
ρa meets

det

(
∂2ρ̃a

∂zj∂zk

)
= 1

and

∂ρ̃a

∂zj

=

∏n
l=1 a

2/n
l

aj

(
zj

aj

)
,

∂ρ̃a

∂zj

=

∏n
l=1 a

2/n
l

aj

(
zj

aj

)
.

In particular we see that

∂ρ̃a

∂z1

(a1, 0, . . . , 0) =
∂ρ̃a

∂z1

(a1, 0, . . . , 0) = a
(2/n)−1
1

n∏
j=2

a
2/n
j .

Thus we see that the normal derivative at this boundary point depends on the
lengths of the semi-axes. This is then used to show that the polydisk Dn in Cn,
n ≥ 3, does not satisfy the NP-condition. We then use the interplay between
a1 and a2, dots, an to describe the behavior of strictly plurisubharmonic functions
near some real hypersurfaces which do not necessarily contain complex lines. A
complex curve is a holomorphic mapping γ from an open neighborhood of 0 ∈ C

to Cn such that ∂γ �= 0. The order of contact between M and γ at p ∈ M is l
if dM(q) ≤ Cd(p, q)l near p and l is the largest such number. Here dM(q) is the
distance of q to M and d(p, q) is the distance between p and q. We then prove the
following theorem (Theorem 2.2 in Paper IV).
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Theorem 6.11. Let M be a hypersurface in Cn which is pseudoconvex at p ∈M .
Assume that there are complex curves γ2, . . . , γn whose order of contact with M is
2l2, . . . , 2ln respectively and that γ′2, . . . , γ

′
n are linearly independent. Suppose that

1

n− 1

n∑
j=2

1

lj
<
n− 2

n− 1
.

Then p ∈M does not satisfy the local NP-condition, see Definition 6.10.

In order to use this theorem it is nice to note that it is not necessary to find
complex curves which have optimal order of contact. One should also note that
the inequality

1

n− 1

n∑
j=2

1

lj
<
n− 2

n− 1

is sufficient but not necessary for the local NP-condition to fail. This is because
the bidisk D2 does not satisfy the NP-condition and in this case the inequality is
not met. In fact the inequality is not met for any hypersurface in C2.

6.5. Discussion. Here we discuss some problems that might be interesting to
consider. First we discuss the blow-up problem treated in Paper II and III. The
blow-up estimates in Paper II gives a description of the boundary behavior which
is good. However if one wants to study the boundary behavior of the Bergman
metric one would need to know the asymptotic behavior of second derivatives of
solutions to the blow-up problem. The result on the regularity of solutions in Paper
III is probably not optimal. However the author has been unable to prove a priori
estimates for second derivatives. On the other hand no counterexample is known
to the author so high order regularity seems open. Establishing the estimates
needed for high order regularity is probably, if at all possible, very technical.

Next let us consider the problem dealt with in Paper I and IV. It would be
nice to have a characterization of the NP-condition. For hyperconvex domains
with smooth boundary the author believes that a domain which satisfies the NP-
condition is strongly pseudoconvex. The author feels that in order to understand
the NP-condition better one needs to gain insight into the situation in C

2. One
might then use this insight to understand what happens when the inequality

1

n− 1

n∑
j=2

1

lj
<
n− 2

n− 1

fails.
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