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1. Introduction

1.1 Survival analysis

The term “survival data” has been used in a broad sense for data involving time
to the occurrence of a certain event. This event may be death, the appearance of
a tumor, the development of some disease, recurrence of a disease, conception,
cessation of smoking, and so forth. In the past decades, applications of the
statistical methods for survival data analysis have been extended beyond
biomedical and reliability research to other fields, for example, lifetime of
electronic devices, components or systems (reliability engineering), felons’
time to parole (criminology), duration of first marriage (sociology), length of
newspaper or magazine subscription (marketing), workmen’s compensation
claims (insurance), health insurance practice, business and economics. The
study of survival data has previously focused on predicting the probability of
response, survival, or mean lifetime, and comparing the survival distributions
of experimental animals or of human patients. In recent years, the identification
of risk and/or prognostic factors related to response, survival, and the
development of a disease has become equally important (see e.g. Lee (1992)
Ch. 1). 

The analysis of survival data is complicated by issues of censoring and
truncation. Censored data arises when an individual’s life length only is known
to occur in a certain period of time. Possible types of censoring are right
censoring, where all that is known is that the individual is still alive at a given
time, left censoring is when all that is known is that the individual experienced
the event of interest prior to the start of the study, or interval censoring, where
the only information is that the event occurs within some interval of time. One
type of right censoring that is very common is Type I censoring, where the
event is observed only if it occurs prior to some prespecified time, e.g. at the
closing of a study. A second type of right censoring is Type II censoring in
which the study continues until the failure of the first r individuals, where r is
some predetermined integer. Experiments involving Type II censoring are often
used in testing of equipment life. Most methods used in survival analysis are
proper for right censored data. 

Truncation is a condition which screens certain subjects so that the investigator
will not be aware of their existence, only individuals who meet some condition
are observed. Types of truncation are (1) left truncation, where only individuals
who survive a certain time before the study starts are included and (2) right
truncation, where only individuals who have experienced the event by a certain
time are included in the study.
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A central quantity in survival analysis is the hazard function, or the hazard rate.
It is defined by 

[ ]
t
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t  

| lim)( 
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λ          (1.1)

Thus, tt  )( ∆λ  can be seen as the conditional probability that the event of
interest occurs in the interval [ )ttt    , ∆+ , given that it has not occurred before
time t. This function is particularly useful in determining the appropriate failure
distributions utilizing qualitative information about the mechanism of failure
and for describing the way in which the chance of experiencing the event
changes with time. There are many general shapes for the hazard rate. The only
restriction on )( tλ  is that it be nonnegative, i.e. )( tλ  ≥ 0. Models with
increasing hazard rates may arise when there is natural aging or wear.
Decreasing hazard functions are much less common but find occasional use
when there is a very early likelihood of failure, such as in certain types of
electronic devices or in patients experiencing certain types of transplants. Most
often, a bathtub-shaped hazard is appropriate in populations followed from
birth. During an early period deaths result, primarily, from infant diseases, after
which the death rate stabilizes, followed by an increasing hazard rate due to the
natural aging process. Finally, if the hazard rate is increasing early and
eventually begins declining, then, the hazard is termed hump-shaped. This type
of hazard rate is often used in modelling survival after successful surgery
where there is an initial increase in risk due to infection or other complications
just after the procedure, followed by a steady decline in risk as the patient
recovers (see e.g. Klein and Moeschberger (1997) pp. 27-28). 

A quantity related to the hazard rate is the probability of an individual
surviving beyond time t, the survival function. The survival function, )(tS , is
the exponential of the negative of the cumulative hazard function, i.e.

[ ] [ ]∫−=−=
 t

0 
)( exp)(exp)( dsstHtS λ          (1.2)

where H(t) is the cumulative hazard function. Equivalently, the hazard function

can be expressed in terms of the survival function, ( ))(ln)( tS
dt
dt −=λ .

Many types of survival curves can be shown but the important point to note is
that they all have the same basic properties. They are monotone, nonincreasing
functions equal to one at time zero and equal to zero as the time approaches
infinity. Their rate of decline, of course, varies according to the risk of
experiencing the event at time t but it is difficult to determine the essence of a
failure pattern by simply looking at the survival curve. The hazard function is
usually more informative about the underlying mechanism of failure than the
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survival function. Nevertheless, this quantity continues to be a popular
description of survival in the applied literature and can be very useful in
comparing two or more mortality patterns (Klein and Moeschberger (1997)
p. 23). 

The standard estimator of the survival function is the Kaplan-Meier product
limit estimate (Kaplan and Meier (1958)). Assume that we have a sample of n
independent observations denoted (tj, δj), j = 1, … , n where tj is the time on
study for the jth individual, and δj is the event indicator (δj = 1 if the event has
occurred and δj = 0 if the lifetime is censored). Assume that among the n

observations there are D ≤ n recorded times of failure, D =∑
=

n

j
j

1
δ . Denote the

rank-ordered failure times as t1 < t2 < … < tD. Let the number at risk at time ti
be denoted Yi (the number of individuals who are alive at ti  or experience the
event of interest at ti) and let the observed number of events at time ti be
denoted di, di =∑

it
jδ . The quantity di /Yi provides an estimate of the conditional

probability that an individual who survives to just prior to time ti experiences
the event at time ti. The Kaplan-Meier estimator of the survival function at time
t in the range where there is data is obtained from the equation
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Intervals defined by censored observations are not considered, the formula
(1.3) only uses the points at which the value of the estimator changes. Thus, the
Kaplan-Meier estimator is a step function with jumps at the observed event
times. The size of these jumps depends not only on the number of events
observed at each event time ti, but also on the pattern of the censored
observations prior to ti. Figure 1 shows an example of a Kaplan-Meier survival
curve for patients with a certain type of blood cancer called CML, chronic
myeloid leukemia. A more detailed description of the study can be found in
Paper 3. The survival is plotted for two groups of patients who received
different treatments called Busulphane (Bu) and Hydroxyurea (Hu).
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Figure 1

Another quantity of interest in survival analysis is the mean residual life at time
t. For individuals of age t, this parameter measures their expected remaining
lifetime and is for a continuous random variable defined as 
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and the mean lifetime, µ = mrl(0), is the total area under the survival curve, 

∫∫
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0 
 )( )( )(  dxxSdxxfxtEµ .          (1.5)

The estimator of the mean lifetime, µ̂ , is obtained by using the Kaplan-Meier
estimator (1.3) as an estimator of the survival function S(x) in (1.5). The
estimator does not use the information on survival available in times larger than
the largest survival time. If those observations that are long and censored had
actually been observed survival times, then the estimated mean survival time
would have been increased substantially. In such circumstances it is more
appropriate to use the median lifetime. If T is a continuous random variable
then the pth quantile is found by solving the equation S(tp) = 1 - p. The median
lifetime is the value t0.5 so that S(t0.5) = 0.5. 
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1.2 The Cox proportional hazards model

The most common approach to model covariate effects on survival is the Cox
proportional hazards model by Cox (1972), which takes into account the effect
of censored observations. 

The data, based on a sample of size n, consists of (tj, δj, zj), j = 1, … , n where tj
is the time on study for the jth individual, δj is the event indicator (δj = 1 if the
event has occurred and δj = 0 if the lifetime is censored) and zj is the vector of
covariates or risk factors for the jth individual (zj may be a function of time)
which may affect the survival distribution of T, the time to event. 

The relation between the distribution of event time and the covariates or risk
factors z (z is a 1 x p vector) can be described in terms of a model according to
Cox, in which the hazard rate at time t for an individual is

)exp()();( 0 zβz tt λλ =          (1.6)

where λ0(t) is the baseline hazard rate, an unknown (arbitrary) function giving
the hazard function for the standard set of conditions z = 0, and β is a p x 1
vector of unknown parameters. The factor exp(zβ) describes the hazard for an
individual with covariates z relative to the hazard at a standard z = 0. 

Making special assumptions about λ0(t) leads to parametric models, e.g. the
exponential and Weibull distributions. But the advantage of Cox’s model is the
fact that such assumptions can be avoided. His approach is said to be semi-
parametric. 

The Cox model is called a proportional hazards model since the ratio of the
hazard rates of two individuals with covariate values z and z* is

βz-zzz ** )exp()|(/)|( =tt λλ , an expression that does not depend on t. 

Estimates of the unknowns λ0(t) and β are obtained in the following way.
Let t1 < t2 < … < tD denote the ordered distinct event times (suppose there are
no ties) and let z(i)k be the kth covariate associated with the individual whose
failure time is ti, k = 1, … , p. Further, define the risk set at time ti, R(ti), as the
set of all individuals who are still under study at a time just prior to ti. The
partial likelihood according to Cox, based on the hazard function (1.6), is
expressed by
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Even though this is not a likelihood in the traditional sense, it is treated as one,
and inference is carried out by usual means. The partial maximum likelihood
estimates are found by maximizing (1.7) or, equivalently,  the logarithm of
(1.7):
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The efficient score equations are found by taking partial derivatives of (1.8)
with respect to the β ’s as follows. Let Uh(β) = δLL(β)/δβh , h = 1, … , p. Then, 
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The information matrix is the negative of the matrix of second derivatives of
the log likelihood and is given by I(β) = [Igh(β)]p×p with the (g, h)th element
given by 
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The (partial) maximum likelihood estimates are found by solving the set of p
nonlinear equations Uh(β) = 0, h = 1, … , p. It is not possible to perform this
maximization analytically, so, numerical methods must be employed (see e.g.
Klein and Moeschberger (1997) p. 423 ff.). The maximization can be done
using a Newton-Raphson technique (or some other iterative method for
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optimization), with (1.9) and (1.10). Algorithms for the estimation of β are
available in many statistical packages.

When there are ties present between event times, which often occurs in
practice, there are several suggestions of how to modify the model (1.6) to
correct for this (see e.g. Breslow (1974); Efron (1977); Cox (1972)). 

1.3 The assumption of proportional hazards

Since the Cox proportional hazards model relies on the hazards to be
proportional, i.e. that the effect of a given covariate does not change over time,
it is very important to verify that the covariates satisfy the assumption of
proportionality. If this assumption is violated, the simple Cox model is invalid,
and more sophisticated analyses are required. If the interest centers upon a
binary covariate, z1, whose relative risk changes over time, one approach is to
introduce a time-dependent covariate as follows. Let  

z2(t) = z1 × g(t) = g(t)   if the covariate z1 takes on the value 1
        = 0 if the covariate z1 takes on the value 0,

where g(t) is a known function of time. One difficulty with this approach is that
the function g(t) is usually unknown. In such cases, it may be preferable to use
a procedure that would allow the function g(t) to be estimated from the data.
One approach to this problem is to fit a model with an indicator function for
g(t). In the simplest approach, define a time-dependent covariate
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To determine the optimal value of τ, the model including the new covariate
z2(t) is fit for a set of τ  values, and the value of the maximized log partial
likelihood is recorded. The value of τ  which yields the largest log partial
likelihood is the optimal value to use. Proportional hazards can, then, be tested
for each region and if it fails, for t on either side of τ, then this process can be
repeated in that region. 

The assessment of the proportional hazards assumption can be done
numerically or graphically, a great number of procedures have been proposed
over the years. Some of the procedures require partitioning of failure time,
some require categorization of covariates, some include a spline function, and
some can be applied to the untransformed dataset. None of the methods, neither
numerical nor graphical, are today known to be better than the others in finding
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out whether the hazards are proportional or not. Some authors recommend
using numerical tests (e.g. Hosmer and Lemeshow (1999)) and others
recommend graphical procedures since they believe that the proportional
hazards assumption only approximates the correct model for a covariate and
that any formal test, based on a large enough sample, will reject the null
hypothesis of proportionality (Klein and Moeschberger (1997) p. 354). Power
studies to compare some numerical tests have been performed, the most recent
ones by Ng’andu (1997), Quantin et al (1996), and Song and Lee (2000), but
none so far of graphical methods or of numerical tests under certain conditions
like measurement error. That is the main reason for the choice of topic in this
thesis, to try to find some better guidelines for the practitioner.

1.4 The need for simulations

The (partial) maximum likelihood estimates of the parameter β or,
equivalently, the hazard ratio exp(zβ) are found by solving a set of nonlinear
equations simultaneously, using a Newton-Raphson technique or some other
iterative method. It is not possible to perform this maximization analytically,
so, numerical methods must be employed. 

In this thesis, a number of tests and graphical methods to assess the
proportional hazards assumption are compared and the primary criterion for
comparison is statistical power. Obtaining power can be done analytically in
simple tests, e.g. the t-test, but that is not feasible in more complex tests such as
the ones used in this research. The standard, universal practice for comparing
power in any but the most simple testing situations is Monte Carlo simulation.
Thus, simulations are performed throughout this thesis.

1.5 The choice of distributions and parameter values for the
generation of survival times

The simplest but still an important distribution in survival studies is the
exponential distribution. Davis (1952) gives a number of examples to describe
the life pattern of electronic systems, including bank statement and ledger
errors, payroll check errors, automatic calculating machine failure, and radar
set component failure, in which the failure data are well described by the
exponential distribution. Epstein and Sobel (1953) report why they select the
exponential distribution over the popular normal distribution and show how to
estimate the parameter when data are singly censored. Epstein (1958) also
discusses in some detail the justification for the assumption of an exponential
distribution.
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The exponential distribution plays a role in lifetime studies analogous to that of
the normal distribution in other areas of statistics. Applications in animal and
human studies of chronic and infectious diseases can be found in Zelen (1966),
Feigl and Zelen (1965), Zippin and Armitage (1966), Byar et al. (1974),
DeWals and Bouckaert (1985), Shulz et al. (1986), Walle et al. (1987), and
Eggermont (1988).

The exponential distribution is often referred to as a purely random failure
pattern (Lee (1992) p. 132). It is famous for its unique “lack of memory”,
which requires that the age of the animal or individual does not affect future
survival, in the following way:

)()|( xTPtTxtTP ≥=≥+≥         (1.11)

The exponential distribution is characterized by a constant hazard rate α, its
only parameter. A large α indicates high risk and short survival while a small α
indicates the opposite. When a survival time T follows the exponential
distribution with a parameter α, the probability density function is defined as
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and the survival function is   )(  tetS α−=  which yields the hazard function
αλ =)( t , a constant, independent of t. 

Although the exponential distribution has been historically very popular, its
constant hazard rate appears too restrictive in both health and industrial
applications (Klein and Moeschberger (1997) p. 38).

The Weibull distribution is a generalization of the exponential distribution,
proposed by Weibull (1939, 1951) for describing the life length of materials.
Unlike the exponential distribution, it does not assume a constant hazard rate
and therefore has broader application. The Weibull distribution has been used,
among other applications, to investigate the fatigue life of deep-groove ball
bearings by Lieblein and Zelen (1956), to describe electron tube failures by
Kao (1958), to analyze carcinogenesis experiments by Pike (1966), Peto et al.
(1972), Peto and Lee (1973), and Williams (1978), to characterize early
radiation response probabilities by Scott and Hahn (1980) and to model human
disease-specific mortality by Juckett and Rosenberg (1990).

The Weibull distribution is characterized by two parameters, γ  and α. The
value of γ determines the shape of the distribution curve and the value of α
determines its scaling. Its probability density function is defined as 
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The survival function is ( ){ }γα   exp)( ttS −=  and the hazard function has the
fairly flexible form 1) ()( −= γααγλ tt . The exponential distribution is a special
case when γ = 1. The relationship between the value of γ  and hazard rate of the
Weibull distribution with scale parameter α = 1 can be seen in Figure 4.
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Like the normal distribution, the lognormal distribution is completely specified
by two parameters µ and σ, the mean and variance of T. Its density function is
expressed by 
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and its survival function is given by 
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cumulative distribution function of a standard normal variable. The hazard rate
of the lognormal distribution is hump-shaped, it increases initially to a
maximum and then decreases (almost as soon as the median is passed) to zero
as time approaches infinity. 

The parameter values, sample sizes and censoring proportions are chosen to
create realistic data sets, different types of hazards alternatives as one is likely
to encounter in practical applications (see e.g. Copelan et al. (1991), Freireich
et al. (1963), Ichida et al. (1993), Sedmak et al. (1989), Nahman et al. (1992),
Kardaun (1983), Tsuang and Woolson (1977), Lagakos et al. (1988), Beadle et
al. (1984a and b), Bonadonna et al. (1976), Frei et al. (1973), Kirk et al. (1980),
Oliver et al. (1988), Kashiwagi et al. (1985), Geller et al. (1989) and Aaby et
al. (1990)). The types of deviations from proportional hazards used in this
thesis are increasing, decreasing, crossing, diverging, converging, and
nonmonotonic hazards.

Besides the survival times, censoring times also need to be generated. Several
authors (e.g. Breslow et al. (1974), Grambsch and Therneau (1994), Quantin et
al (1996), Ng’andu (1997), and Song and Lee(2000)) have generated censoring
times distributed uniformly over [0, T] with the length of the distribution, T,
adjusted to achieve a specific average proportion of censored observations.
That alternative has been considered here as well, but the length of the
distribution would have to be extremely short compared to the survival times to
achieve higher proportions of censoring, leading to situations where all
lifetimes longer than T are censored. Thus, the exponential distribution is used
instead as the distribution of censoring times, creating more realistic datasets.

Random samples of survival times, ts, are generated from the Weibull
distribution in all cases except the nonmonotonic hazards, where the lognormal
distribution is used. Censoring times, tc, are generated from the exponential
distribution with hazard function λ(t) = β, where the value of the parameter β
is adjusted to achieve the desired censoring proportions. The time on study, t, is
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defined as t = ts if ts ≤ tc or t = tc if ts > tc. The event indicator is denoted by d,
d = 1 if the event has occurred and d = 0 if the time is censored.

The number of repetitions used in each simulation is set to a relatively large
number, depending on how extensive the calculations are. Previously, the
number of repetitions in these kinds of studies have typically been 1000 (see
e.g. Grambsch and Therneau (1994), Quantin et al. (1996), Song and Lee
(2000), Breslow et al. (1984), and Ng’andu (1997)). When there are time-
dependent covariates in the Cox model, the calculations are very extensive and
the number of repetitions used in this study is 5000, otherwise it is 10000.

The simulations are done by using the simul procedure in Stata 7.0, with the
initial value for the random-number seed set to be the same for all random
number generations (StataCorp. (1999)).
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2. Summary of the papers

2.1 The Behavior of the Cox Model Hazard Ratio under Violation of
the Proportional Hazards Assumption.

Unfortunately, there are a lot of Cox regression analyses performed without
any model checking, and the proportional hazards assumption may not be
accurate. In many occasions the main interest is to see if a certain covariate or
risk factor affects the survival, i.e. to estimate the hazard ratio for that
covariate. The behavior of the hazard ratio estimated with the Cox model when
the underlying assumption of proportional hazards is false, i.e. when the
hazards are not proportional, is investigated in this paper.

To see what kind of estimates the Cox model provides under nonproportional
hazards, the estimates are compared to an exact calculation of the geometric
average of the hazard ratio θ (W) that can be defined as 
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λθ      (Kalbfleisch and Prentice (1981))                 (2.1)

where λ1(t) and λ2(t) are the hazard functions of two groups and W(t) is a
survivor or weighting function, 

)( )()( 21 tStStW εε=          (2.2)

where S1(t) and S2(t) are the survival functions defined by the distributions of
survival times for the two groups and ε > 0. The value ε = ½ weights the hazard
ratio at time t according to the geometric average of the two survivor functions.

An average hazard ratio is not exactly describing the truth since the hazard
ratio is changing with time when the proportionality assumption is violated, but
it still gives a picture of what kind of estimates the Cox model provides at
situations with nonproportional hazards

The estimates of the hazard ratio are evaluated in a simulation study, under
proportional hazards and five different types of departure from proportional
hazards; increasing hazards, decreasing hazards, crossing hazards, diverging
hazards and converging hazards. The methods are compared only in the two-
sample case, corresponding to two groups with different hazard functions.
Type I censoring is considered along with early and late censoring. Different
sample sizes and censoring proportions are used. Random samples of survival
times, ts, are generated from the Weibull distribution. 
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The results indicate that the hazard ratio estimated from the Cox regression is
fairly close to the exact calculation of the average hazard ratio in most
situations. Generally, increasing the sample size produces estimates closer to
the exact value for constant hazards, but it produces estimates farther from the
exact value for increasing and decreasing hazards. Increasing the censoring
proportion generally leads to estimates farther from the exact value.

2.2 A Comparison of Statistical Tests for Assessing the Proportional
Hazards Assumption for the Cox Model.

There have been several procedures proposed to check the assumption of
proportional hazards, both numerical and graphical, and this paper describes
and compares six of the most common numerical procedures. The tests in this
study have not been compared all at the same time before, even though others
have compared some of the tests in separate studies (Ng’andu (1997), Quantin
et al. (1996), and Song and Lee (2000)). A short summary of the included
procedures follows.

Cox (1972) described a way to test the proportional hazards assumption by
including a time-dependent covariate in the model (1.6). The extended model
becomes

))(''exp()(),( 210 ttt z γ zβz += λλ          (2.3)

where z2j(t) = z1j×gj(t) for the jth covariate and g(t) is a known function of the
time t, e.g. g(t) = log(t). The null hypothesis of proportional hazards, i.e.
H0: γ = 0 is tested by fitting a proportional hazards model to z1 and z2(t) and
obtain estimates of β  and γ  along with the local tests of the null hypothesis.

Grambsch and Therneau (1994) developed a test based on the Schoenfeld
partial residuals (Schoenfeld (1982)), a measure of the difference between the
observed and expected value of the covariate at each time. This is a test which
is relatively easy to apply. All that is needed are the Schoenfeld residuals along
with the estimated coefficients and covariance matrix from a standard time
independent Cox model fit. The residuals are weighted with among other things
a time-function, as in the test by Cox, and the same hypothesis is tested. 

Harrell (1986) also developed a test of the proportional hazards assumption
based on the Schoenfeld partial residuals, a test that is very easy to compute.
The test is based on Fisher’s z-transform of the Pearson correlation between the
partial residuals and the rank order of the failure times and one tests if that
correlation differs from 0. 
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Gill and Schumacher (1987) proposed a test of the proportional hazards
assumption based on a comparison of different generalized rank estimators
of the relative risk. The hypothesis of proportional hazards is
H0: )|(/)|( *zz tt λλ  = θ  for some positive constant θ, where z and z* are the
covariates of two different groups. Two different weight functions are used to
estimate θ, then the difference is calculated and simply tested if it parts from 0. 

Breslow, Edler and Berger (1984) suggested a test also based on the Cox model
with a time-dependent covariate (2.3), where the probability that an event
(death) comes from a certain group is calculated. Then those probabilities are
weighted with either ranks of time or with the cumulative hazard and the same
hypothesis is tested as in the first couple of tests. 

Quantin et al. (1996) proposed a global test of the proportional hazards
assumption based on a semi-parametric generalization of the proportional
hazards regression model. The hazard function corresponding to a covariate
vector z is defined as the extended Cox model (2.3), with the time function
defined as 

{ })( log1)( 0 ttg Λ+=          (2.4)

where )(0 tΛ  is the cumulative baseline hazard function which can be replaced
by Breslow’s maximum likelihood estimator under H0 (Breslow (1974)). The
hypothesis of proportional hazards, H0: γ = 0, is tested by using a score statistic
derived from the partial likelihood.

All the compared tests are fairly easy to use, none of them require partitioning
of the survival time axis or the covariates; such tests are deliberately not
included since the choice of partitioning is rather arbitrary and can lead to
varying results. 

A number of other available tests of the assumption of proportional hazards
that are not used in the comparison are also summarized, tests that either
require partitioning of the survival time axis or the covariates, or tests that have
been investigated by other authors and showed inferior power properties. 

The six test statistics are evaluated under proportional hazards and five
different types of departure from proportional hazards; increasing hazards,
decreasing hazards, crossing hazards, diverging hazards and nonmonotonic
hazards. Only Type I censoring is considered. The tests are compared only in
the two-sample case, corresponding to two groups with different hazard
functions. Different realistic sample sizes and censoring proportions are used.
Random samples of survival times, ts, are generated from the Weibull
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distribution in all cases except for the nonmonotonic hazards, where the
lognormal distribution is used. 

The results indicate that the time-dependent covariate test by Cox (1972) and
the weighted Schoenfeld residual score test by Grambsch and Therneau (1994)
have relatively good power to detect nonproportional hazards in many
situations. The regression survival model by Quantin et al. (1996) has good
power properties in situations with low censoring proportions, and the linear
correlation test by Harrell (1986) as well as the generalized rank estimators by
Gill and Schumacher (1987) are good where the other tests fail, even though
the latter one is oversized. Interestingly, the time-dependent covariate test by
Cox (1972) with squared time as the choice of time function, the weighted
Schoenfeld residual score test by Grambsch and Therneau (1994) with
untransformed time as the time function and the rank test for acceleration by
Breslow, Edler and Berger (1984) using the rank score have extremely bad
power properties in all evaluated situations.

2.3 A Comparison of Graphical Methods for Assessing the
Proportional Hazards Assumption of the Cox Model.

A number of graphical methods to check if the assumption of proportionality of
the hazard rates holds are described and compared in this paper. The methods
included do not require partitioning of the time axis, which is rather arbitrary
and leads to different conclusions depending on the partition used. 

Comparing graphical methods can be somewhat arbitrary since there are no
clear guidelines for how to interpret the plots. The conclusions are highly
dependent on the subjectivity of the viewer. However, to make it possible to
compare the results of the different methods, a new way of comparing
graphical methods is proposed, by using a maximum deviation (Kolmogorov-
Smirnov like) criterion for rejection derived for each procedure. A number of
the graphs are of course also viewed to make sure that the rejection decisions
based on the criteria coincide with the visual conclusions. The criteria are only
used to compare the graphical methods to each other, not to assess the power of
any tests since there are no actual tests. The purpose of this paper is mainly to
investigate if any of the graphical methods is more effective in finding
nonproportionality.

The investigated graphical methods are:
1) a plot of survival curves based on the Cox model and Kaplan-Meier
estimates for each group,
2) a plot of cumulative baseline hazards in different groups (the so-called
Andersen (1982) plot), 
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3) a plot of the difference of the log cumulative baseline hazard versus time, 
4) a smoothed plot of the ratio of log cumulative baseline hazard rates versus
time, 
5) a smoothed plot of scaled Schoenfeld residuals versus time, and 
6) a plot of estimated cumulative hazard versus number of failures (the so-
called Arjas (1988) plot). 

The six graphical methods are evaluated in a simulation study, under
proportional hazards and five different types of departure from proportional
hazards; increasing hazards, decreasing hazards, crossing hazards, diverging
hazards and nonmonotonic hazards. The methods are compared only in the
two-sample case, corresponding to two groups with different hazard functions.
Only Type I censoring is considered. Variations of sample sizes and censoring
proportions are used. Random samples of survival times, ts, are generated from
the Weibull distribution in all cases except for the nonmonotonic hazards,
where the lognormal distribution is used. 

By using a maximum deviation criterion upon which to base comparisons of
different graphical procedures, this simulation study shows that method 6, the
Arjas plot, is generally the most effective at identifying nonproportionality of
hazards, especially for crossing and nonmonotonic hazards, and for decreasing
and diverging hazards where the censoring proportion is high. Also, the Arjas
plot was never the worst among the six procedures. It is also interesting to note
that the effectiveness of the Arjas plot at identifying nonproportionality of
hazards remains relatively constant across the censoring proportions while for
all other methods (except perhaps method 2, the Andersen plot) the proportion
of rejections tends to decrease with the censoring proportion. The so-called
Andersen plot is inferior in practically every situation. When averaged over
sample sizes and censoring proportions, the Andersen plot performs the worst
under decreasing and diverging hazards, and the Arjas plot performs best under
crossing and nonmonotonic hazards.

The six graphical procedures are also applied to the CML 84 study. CML,
chronic myeloid leukemia, is a cancer of the blood cells where the patient has a
high number of white blood cells, granulocytes, in bone marrow and blood.
The treatment of this disease essentially aims to reduce the number of white
blood cells. In 1984 a multicenter study of the disease CML started at the
University Hospital in Uppsala, Sweden. Patients were recruited from all
hospitals in Sweden. All patients older than five years and willing to
participate, diagnosed with CML from January 1st 1984 until December 31st

1988, were included in the study. The patients were randomized to one of two
treatments at the date of diagnosis. All patients younger than approximately 45
years of age with a compatible donor, only full brothers or sisters, were offered
bone marrow transplantation, which today is known to be the only curable



treatment of CML. The last patient was included in the study in May 1988, and
all patients were followed until February 1998. Consequently, the patients were
followed for a period of up to 14 years and two months. A total of 63 patients
50 years and younger were included in the study, 26 of which received bone
marrow transplantation. The transplantation covariate, equal to 1 if the patient
received a transplantation and 0 if not, was believed to be time-dependent and
might therefore not fulfill the assumption of proportional hazards. Figure 1
shows the hazard rates for transplanted and not transplanted patients. 
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2.4 A Comparison of Statistical Tests for Assessing the Proportional
Hazards Assumption of the Cox Model When Covariates Are
Measured with Error.

Many survival studies involve covariates that are measured with error and not
accurately observable. Instead, the covariates z may be observed through an
additive error model w = z + u where the measurement error u is independent
of z for each individual and has mean zero and variance 2

uσ ; i.e. only w is
observed on each subject.

A naive approach to inference in such situations is to use the observed values
of the covariates, w, in the Cox model (1.6) instead of the true values z. This
approach, however, usually produces biased estimates. 

This paper investigates the effects of covariate measurement error on testing
the assumption of proportional hazards. The possible influence of measurement
error on the ability to find nonproportionality has not to the author’s knowledge
been previously investigated. Three tests are evaluated, some of the most
common numerical procedures to check the assumption of proportional hazards
for the Cox model, namely the tests by Cox, Grambsch and Therneau, and
Harrell, are briefly described in section 2.1. 

The tests are evaluated in a simulation study, under proportional hazards and
five different types of departure from proportional hazards; increasing relative
hazards, decreasing relative hazards, diverging hazards, converging/crossing
hazards and nonmonotonic hazards. The methods are compared only in the
one-covariate case. Only Type I censoring is considered. Sample sizes and
censoring proportions are varied. The observed values w are generated by
adding two random variables z and u, where the true values z are generated
from the normal distribution, with mean µ z and variance σz

2, z ~ N (µz = 0, σz
2).

The error variable u is generated from a normal distribution with mean 0 and
variance σu

2, u ~ N (µu = 0, σu
2). Random samples of survival times, ts, given z,

are generated from the Weibull distribution in all cases but the nonmonotonic
hazards where the lognormal distribution is used.

The size or power of each test is considered along with the sensitivity and
concordance. The sensitivity is the percentage of rejections using the naive
approach (w) given that the null hypothesis was rejected using the true
approach (z), and the concordance is the frequency with which the two
methods agree (both reject or both accept). A significance level of 5% is used.

The results indicate that measurement error lowers the ability for the
investigated tests to find nonproportionality. A relatively small measurement
error does not seem to have a very big impact on the power of the tests,
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especially not for increasing, diverging and nonmonotonic hazards. A large
measurement error, however, lowers the power substantially for practically
every kind of departure from proportionality. The size is not influenced at all,
neither by a small nor large error term. The sensitivity and concordance are
very high for the smaller error term, generally 90% or higher, so the naive
approach and the true approach agree very well. For the larger error term,
though, the sensitivity usually is around 40% which means that the naive
approach does not find the nonproportionality in more than 40% of the cases
where the exact approach finds it. The concordance is also lower for the larger
measurement error. 

3. Conclusions

This research provides new information about a number of things; a short
summary of the topics (not previously investigated) follows:

• The Cox model provides a hazard ratio under nonproportional hazards
that is fairly close to the exact calculation of the average hazard ratio
proposed by Kalbfleisch and Prentice (1981). 

• A new way of comparing graphical methods is proposed, by using a
maximum deviation (Kolmogorov-Smirnov like) criterion for rejection
derived for each procedure.    

• The so-called Arjas plot (Arjas (1988)) is generally the most effective at
identifying nonproportionality of hazards, compared to a number of
other graphical methods. 

• Measurement error lowers the ability to find nonproportionality for all
investigated statistical tests except for the nonmonotonic hazards case.

This research also improves on what has been done before on comparing
different test statistics to assess the assumption of proportional hazards; a
higher number of Monte Carlo simulations is used, more tests are included in
the comparison, a wider range of sample sizes and censoring proportions are
used, and a more practical mechanism for simulating the censoring is used
(exponentially instead of uniformly distributed censoring times).
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