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Gaussian structures and
orthogonal polynomials

Lars Larsson-Cohn

1 Introduction

1.1 The normal distribution

When asked to mention one statistical distribution, most people would probably
come up with the normal distribution, also known as the Gaussian distribution
after the legendary German mathematician Carl Friedrich Gauß (1777–1855). A
large number of objects in life are usually considered normally distributed, for
example the IQ of adult humans, the error made when measuring the mass of
a protein, or, at least in the old days, the school marks of Swedish pupils. The
reason for this is probably twofold. Firstly, the central limit theorem, perhaps
the most fundamental result in probability theory, says that when adding random
quantities, the sum tends to be more and more normally distributed. Since things
that are measured can often be viewed as such sums (in the protein example, we
might regard the total error of measurement as the sum of several smaller errors,
due to different parts of the measurement equipment), it is natural to assume their
distribution to be more or less normal. Secondly, the normal distribution is simple
to deal with, and has some outstanding mathematical properties, making it a very
interesting distribution in its own right.

The present thesis consists of the following four papers from different areas
in mathematics, but with one thing in common: They are all, in one way or the
other, related to the normal distribution.

I. On the constants in the Meyer inequality.

II. Lp-norms of Hermite polynomials and an extremal problem on Wiener chaos.
To appear in Arkiv för matematik 40 (1).

III. Lp-norms and information entropies of Charlier polynomials. To appear in
Journal of Approximation Theory.

IV. Finite difference equations and convergence rates in the central limit theo-
rem.

Reprint of Papers II and III is made with permission from the publishers.

1.2 Special properties of the normal distribution

As mentioned, the normal distribution has some remarkable properties. We shall
discuss two of these here. Firstly, if X1, . . . , Xn are independent and identically
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Figure 1: The standard normal density ϕ(x) = 1√
2π

e−x2/2.

distributed (i.i.d.) standard normal random variables, then the density of the
random vector X = (X1, . . . , Xn) in Rn is

∏n
i=1

1√
2π

e−x2
i /2 = (2π)−n/2e−|x|2/2. In

other words, the density depends only on the distance to the origin, a property
known as isotropy. This has a number of interesting consequences. Consider, for
example, the statistical theory of point estimation. In a linear model Y = Aβ + ε,
the observation Y ∈ Rn is regarded as the sum of an unknown point Aβ in the
column space C(A) of the (known) matrix A, and a random error ε, a vector of
centered i.i.d. normal variables. As an example of such a model, we mention simple
linear regression y = kx + m + ε, in which case

y1

...

yn

 =


x1 1
...

...

xn 1


 k

m

+


ε1

...

εn

 .

What is the maximum likelihood estimation of the parameters β, or, equivalently,
the point EY ∈ C(A)? Since the error is isotropic, we should choose the point in
C(A) closest to the observation Y in Euclidean distance. This is to say that the
maximum likelihood estimation coincides with the least squares estimation, and
can be found as the orthogonal projection of Y onto the linear subspace C(A) of
Rn, a nice geometric interpretation of a statistical problem. We refer to the book
[34] for more material on such matters.

A second important property of the normal distribution is the possibility to
form linear spaces of random variables. It is well-known that if {Xk}∞k=1 is a
sequence of independent standard normal variables, then any finite linear com-
bination

∑n
k=1 λkXk is also normally distributed. Since convergence in L2 im-

plies convergence in distribution, the same is true for infinite sums, provided that∑∞
k=1 λ2

k < ∞. Thus, the completion in L2 of the linear span of {Xk} is a Hilbert
space, each element of which is a centered normal variable, a so-called Gaussian
Hilbert space, see [20].

It is worth noting that the normal distribution is the unique distribution with
any of these two properties, at least if finite variance is imposed. To see this, let
Y, Y1, Y2, . . . be i.i.d. centered random variables with finite variance, and suppose
that any finite linear combination thereof is distributed like Y up to a multiplica-

tive constant. Equating the variances, we see that
∑n

k=1 λkYk
d
= (
∑n

k=1 λ2
k)1/2Y ,
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so that, with λk = 1/
√

n,

1√
n

n∑
k=1

Yk
d
= Y.

But the left hand side converges in distribution to a normal distribution as n → ∞
by the central limit theorem, and so the common distribution was actually normal.
This also shows that the two properties discussed are more or less the same; they

both depend on the fact that λX + µY
d
= (λ2 + µ2)1/2X for independent standard

normal variables X and Y .
This uniqueness gives additional good reasons to regard certain quantities as

normally distributed (see also Section 4.1 below); we present two examples bor-
rowed from the book [21] by E.T. Jaynes. Consider first an astronomer determining
the position of a star. It is then natural to imagine that the error of measurement
is isotropic, and that the horizontal error is independent of the vertical one. By
the above, the error must then follow a two-dimensional normal distribution. A
second example is provided by electrical noise. Experience has shown that the
noise in electrical circuits has the same statistical structure, regardless of its ori-
gin. Mathematically, this amounts to saying that if we add the noise from two
independent sources, the distribution is unchanged up to a constant factor. Again,
this singles out the normal distribution as the only possibility.

2 The Malliavin calculus and Paper I

2.1 Malliavin calculus

As we saw in Section 1.2, the normal distribution admits formation of linear spaces.
These are just as natural in infinite dimension, since infinite sequences of random
variables are as natural as finite ones. This fact opens the door to an analysis
in infinitely many variables, known as the stochastic calculus of variation or the
Malliavin calculus. It was introduced in 1978 by Paul Malliavin [24], who used
it to give a probabilistic proof of Lars Hörmander’s “sum of squares” theorem on
hypoelliptic differential operators [19]. We shall review the basic constructions of
this calculus. For more information we refer to the books [20] and [29].

Let ξ1, ξ2, . . . be a finite or infinite sequence of i.i.d. standard normal random
variables on a probability space (Ω,F , P ), and let H be the Gaussian Hilbert space
that they span. Thus, H is a closed subspace of L2(Ω,F , P ), in fact the closure
of the linear span of the ξ:s. For simplicity, let us assume that the σ-algebra F
is generated by H. An important special case is when H has finite dimension d.
As a probability space, we can the take Rd equipped with the Gaussian measure
dγd(x) = (2π)−d/2e−|x|2/2 dx, cf. Section 1.2. The coordinate mappings ξi = xi

may then be regarded as independent standard normal random variables. This
example illustrates that we may choose to regard H either as a set of random
variables, or as a coordinate space, carrying various functions. These functions
may in turn be regarded as random variables, measurable with respect to F , or as
functions f(ξ1, ξ2, . . .) of the coordinates ξi. We remark that although the finite
dimensional case is interesting in its own right, the Malliavin calculus was designed
to study stochastic differential equations. In this case, H is typically spanned by
a Brownian motion, and thus infinite-dimensional.
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Let us make a brief remark on symmetries. The main virtue of Lebesgue
measure on Rd is that it is both translation and rotation invariant. Since Lebesgue
measure does not extend to infinite dimension, something has to be sacrificed. The
Gaussian measure is about the best we can do, retaining at least the invariance
under rotation about the origin. As a consequence, the fundamental operators will
in general only be rotation (and not translation) invariant, see e.g. (2.3) below.

To do analysis on such a structure, we need a notion of differentiability. In
other words, we must specify what is to be meant by the derivative of a random
variable, preferably viewed as a function on the coordinate space H. One way is
to start with particularly simple variables of the type X = f(ξ1, . . . , ξn), where f
is a suitable smooth function in n variables. The gradient, or Malliavin derivative
of X is defined as

∇X =
n∑

i=1

∂f

∂xi

(ξ1, . . . , ξn) ⊗ ξi,

where the tensor product is to be understood as follows: If Y is a real-valued
random variable and ξ ∈ H, then Y ⊗ ξ is the mapping given by ω �→ Y (ω)ξ.
Thus, ∇X is a Hilbert space valued random variable, taking values in H. (This
may be a little confusing; in an expression like f(ξ1)⊗ ξ2, ξ1 should be thought of
as a random variable, but ξ2 as a constant vector in H.) Note that this coincides
with the usual gradient in the finite dimensional example above. Denote by S the
set of all X as above. Introducing the norm

‖X‖1,p = (E|X|p + E‖∇X‖p
H)1/p ,

with the usual interpretation if p = ∞, we define the Gaussian Sobolev space D1,p

as the completion of S under this norm, and extend ∇ by continuity; we refer to
[29] for the details.

Having defined a derivative, the next step is to construct a counterpart to
Fourier analysis, i.e. an orthogonal decomposition of L2 that behaves well with
respect to differentiation. As building blocks we cannot take the classical ex-
ponentials, since these are not orthogonal in this Gaussian setting. Instead, we
use polynomials, orthogonalizing these by a Gram–Schmidt procedure. Letting
Pn be the closure in L2 of the polynomials of degree at most n, we thus define

the homogeneous Wiener chaos as H :n: = Pn ∩ P⊥
n−1. (This somewhat peculiar

term goes back to Norbert Wiener 1927 [46], and seems to be the earliest use of
the word “chaos” in mathematics. What Wiener had in mind was probably the
chaotic thermal motion of molecules that gives rise to the Brownian motion, a
Gaussian stochastic process which is intimately related to the Wiener chaos itself,
cf. Section 3 below.) The space L2 is then decomposed as the orthogonal sum

L2 =
∞⊕

n=0

H :n:.

In particular, H :0: consists of the constants and H :1: = H.
An important special case is when dim H = 1. Then, each H :n: is one-

dimensional too, in fact spanned by hn(ξ), where {hn}∞n=0 are the Hermite poly-
nomials, monic and orthogonal with respect to the Gaussian measure dγ(x) =
(2π)−1/2e−x2/2 dx. Note that hn(x) oscillates quickly if n is large, in parallel with
classical Fourier analysis, cf. (3.5) below. Expanding X ∈ L2 in the “Fourier
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series” X =
∑∞

n=0 Xn, with Xn ∈ H :n:, one may therefore anticipate that high
regularity of X corresponds to a rapid decrease of the high-order components.
This is indeed the case, at least roughly, see (2.1) below.

A fact of fundamental importance in classical Fourier analysis is that differen-
tiation corresponds to multiplication with the transform variable. This cannot be
true in the current setting, since the Hermite polynomials are not eigenfunctions
with respect to differentiation, instead h′

n = nhn−1. Recalling that ‖hn‖2 =
√

n!,
this shows that

‖h′
n‖2 = ‖√nhn‖2 = ‖N 1/2hn‖2,

where we have introduced the Ornstein–Uhlenbeck operator (known as the number
operator in quantum physics). This operator multiplies each Hermite polynomial
by its degree; more generally, NX = nX if X ∈ H :n:. By orthogonality, ‖f ′‖2 =
‖N 1/2f‖2 for any function f =

∑
cnhn ∈ D1,2 of one variable. These results

actually extend to arbitrary dimension. In particular, with X =
∑∞

n=0 Xn ∈ L2

as above, we have

X ∈ D1,2 ⇔ N 1/2X ∈ L2 ⇔
∞∑

n=0

n‖Xn‖2
2 < ∞. (2.1)

In addition,
‖∇X‖L2(H) = ‖N 1/2X‖2 (2.2)

for such X; the scalar product in L2(H) being 〈X,Y 〉L2(H) = E〈X,Y 〉H .
One can show that ∇, restricted to D1,2, is a densely defined, closed operator

from L2 to L2(H). As such, it has an adjoint, the divergence operator δ, defined
by the relation

〈δX, Y 〉L2 = 〈X,∇Y 〉L2(H)

for those H-valued variables X such that the mapping Y �→ 〈X,∇Y 〉, suitably
restricted, is continuous on L2. Combining this with the polarization of (2.2), we
see that

〈δ∇X, Y 〉L2 = 〈∇X,∇Y 〉L2(H) = 〈N 1/2X,N 1/2Y 〉L2 = 〈NX, Y 〉L2

whenever everything is well-defined. Thus, δ∇ = N , and so N , being the di-
vergence of the gradient, may be looked upon as the counterpart to the Laplace
operator in a Gaussian setting. In fact, one can show that, in the finite dimensional
example above,

N f(x) = x · ∇f(x) − ∆f(x), (2.3)

where ∆ is the classical Laplace operator.

2.2 Paper I

Having the identity (2.2) for p = 2, it is natural to ask whether something similar
holds for other values of p. This is a much harder question, but P.-A. Meyer [26]
proved in 1984 that for 1 < p < ∞ there are constants Kp and K ′

p, independent
of the dimension of H, such that

1

K ′
p

‖N 1/2X‖p ≤ ‖∇X‖Lp(H) ≤ Kp‖N 1/2X‖p (2.4)
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for X ∈ D1,p. This is known as the Meyer inequality, and plays a basic role in the
Malliavin calculus.

For inequalities of this kind, it is always interesting to ask for the best value
of the constants, although simple, exact answers are rarely found. One famous
exception is the case of conjugate functions on the unit circle T. For a function in
Lp(T), the conjugate function f̃ is essentially defined by reversing the sign of the
Fourier coefficients with negative index, see [47]. A classical result from 1927 due
to Marcel Riesz [37], states that for 1 < p < ∞ there is a constant Ap such that
‖f̃‖Lp(T) ≤ Ap‖f‖Lp(T). It was shown in 1972 by Pichorides [31], that the best
possible constant is

Ap =

 tan π
2p

, 1 < p ≤ 2,

cot π
2p

, 2 ≤ p < ∞.

In particular, Ap = Ap′ , where p′ = p/(p − 1) is the conjugate exponent of p.
Moreover, Ap grows like (p − 1)−1 as p → 1 and like p as p → ∞.

For the Meyer inequality, the best constants are not known. A good start
would therefore be to at least establish their growth rate as p tends to the limiting
values 1 and ∞. Let us immediately point out that a duality argument shows that
K ′

p ≤ 2Kp′ and, in dimension one, Kp ≤ K ′
p′ . As a consequence, we need only

consider two of the four possible limits.
As for upper bounds, Gilles Pisier [32] simplified Meyer’s original proof in

1988, using a so-called transference argument, in fact moving the problem to that
of conjugate functions discussed above. As a by-product, he was able to give the
bounds Kp = O((p − 1)−3/2) as p → 1 and Kp = O(p) as p → ∞. Later proofs
have sharpened this to Kp = O((p− 1)−1) as p → 1 [3], [15]. By duality, the same
bounds are valid for K ′

p.
The object of our Paper I is to say something about lower bounds by simply

inserting a suitable function into (2.4). One then immediately faces the problem
of calculating N 1/2f for a function f on R (say). The action of N 1/2 on a Fourier–
Hermite series is unfortunately of little help. Instead, we apply the following trick:
Factor the operator as N 1/2 = NN−1/2, and use (2.3) together with the identity

N−1/2 =
1√
π

∫ ∞

0

t−1/2Me−t dt, (2.5)

where Me−t = e−N t is known as the Mehler transform, dating back to 1866 [25].
To prove (2.5), simply study the action of the right hand side on a variable in
H :n:, replacing Me−t by e−nt. The Mehler transform acts like a Poisson integral:
Mr

∑
Xn =

∑
rnXn, where Xn ∈ H :n:, and like the classical Poisson integral it

is bounded with norm one on any Lp if |r| ≤ 1 [20]. The one-dimensional Mehler
transform can, in turn, be written as an integral operator. Namely,

Mrf(x) =
1√

2π(1 − r2)

∫ ∞

−∞
exp

(
−(y − rx)2

2(1 − r2)

)
f(y) dy, (2.6)

provided that |r| < 1. In Paper I we choose f as a regularization of the sign
function, and combine (2.3), (2.5), and (2.6) to show that both Kp and K ′

p grow
at least like (p−1)−1 as p → 1. Since this agrees with the upper bounds mentioned
above, we have found the correct growth rate, actually the same as for Ap above.
The results can be summarized as follows.
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Theorem 1. The following holds for the constants in the Meyer inequality (2.4)
as p → 1:

2

π

1

p − 1
(1 + o(1)) ≤ Kp ≤ 2

p − 1
(1 + o(1)),

2

π

1

p − 1
(1 + o(1)) ≤ K ′

p ≤
(

8e

π

)1/2
1

p − 1
(1 + o(1)),

and the following holds as p → ∞:

p

π
(1 + o(1)) ≤ Kp ≤

(
2e

π

)1/2

p(1 + o(1)),

2p

π
(1 + o(1)) ≤ K ′

p ≤ 4p(1 + o(1)).

3 Paper II

Paper II stays in the realm of Wiener chaos. To explain the problem, we must
introduce the notion of a Wick product, see [20] for more details. The motivation
is that if ξ ∈ H, then ξn /∈ H :n: for n > 1. Hence, the usual product is not
well adapted to the Wiener chaos decomposition, and should be “renormalized”.
Recalling that L2 =

⊕∞
n=0 H :n:, we define πn as the orthogonal projection from L2

onto H :n:. The Wick product of ξ1, . . . , ξn ∈ H is then

:ξ1 · · · ξn:= πn(ξ1 · · · ξn) ∈ H :n:.

This product stems from Wick 1950 [44], who used it to simplify some quantum
physical calculations. One can show that this product does not depend on the
Gaussian Hilbert space H. As a consequence, Wick powers can be evaluated in
the one-dimensional setting discussed in Section 2.1. Thus, if ξ is standard normal,
then : ξn := πn(ξn) = hn(ξ), where hn is again the n:th Hermite polynomial, cf.
Section 2.1.

Let us remark here that the Wick product is in fact implicit in the classical
Itô integral. If {Wt; t ≥ 0} is standard Brownian motion in one dimension, it is
well-known that

∫ t

0
Ws dWs = 1

2
(W 2

t − t), rather that 1
2
W 2

t , as might be guessed.
But the right-hand side is actually the Wick square 1

2
:W 2

t :. As a general rule,∫ t

0
:W n

s : dWs = 1
n+1

:W n+1
t :. Thus, Wick powers are to the Itô integral what

ordinary powers are to the Riemann integral.

Let us now turn to the problem of Paper II, namely that of Lp-norms on Wiener
chaos. On probability spaces, such norms can be large only if the function attains
large values. But H :n: essentially consists of polynomials of bounded degree, blow-
ing up only at infinity, where the Gaussian weight decreases very rapidly. It is
therefore not too surprising that all Lp-norms, 0 < p < ∞, are equivalent on H :n:

[20, Theorem 3.50]. In other words, given p, q and n, there is a constant C = Cp,q,n

such that ‖X‖p ≤ C‖X‖q for all X in H :n:. Just like for the Meyer inequality
in Paper I, this leads to the question of best constants, and for which variables
X this extremal is (almost) attained. It turns out, that the latter question has
a remarkably simple answer if q = 2 and p = 4, 6, 8, . . .. Namely, Svante Janson
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[20, Remark 7.37] proved, using multiplicative properties of the Skorohod integral,
that  If p is an even integer, then ‖X‖p/‖X‖2 is maximized

for X ∈ H :n: by letting X be a Wick power :ξn: .
(3.1)

He also asks what happens for other values of p.
The second half of Paper II shows that this is typically false when p < 2. More

precisely,

Theorem 2. Let 0 < p < 2, and suppose that H is infinite-dimensional. Then
(3.1) fails for all sufficiently large n.

The result is perhaps not too surprising, but has some interest, not least be-
cause it stimulates the investigation of the Hermite polynomials below.

The proof of Theorem 2 is probabilistic, and goes as follows. Suppose that
(3.1) holds for some n and p < 2. Let ξ, ξ1, ξ2, . . . be independent standard
normal variables in H, and put Xk =

∑k
i=1 :ξn

i :. Then, by (3.1),

‖Xk‖p

‖Xk‖2

≤ ‖ :ξn: ‖p

‖ :ξn: ‖2

. (3.2)

But Xk/‖X‖2 converges in distribution and with all moments to ξ by the central
limit theorem. Thus, the left hand side of (3.2) tends to ‖ξ‖p as k → ∞. Moreover,
‖ : ξn : ‖p = ‖hn‖p, the latter norm taken with respect to the Gaussian measure
dγ(x) = (2π)−1/2e−x2/2 dx. We find that

‖hn‖p ≥ ‖ξ‖p‖hn‖2. (3.3)

This will lead to a contradiction if we can only show that ‖hn‖p = o(‖hn‖2) as
n → ∞, a reasonable guess in view of Lyapounov’s inequality: ‖hn‖p ≤ ‖hn‖2 for
p < 2. In fact, it is just as natural to conjecture that

‖hn‖p = o(‖hn‖q) as n → ∞ whenever 0 < p < q < ∞. (3.4)

A little surprisingly, the latter turns out to be false.
We are thus lead to consider Lp-norms of the Hermite polynomials. Although

these polynomials have been thoroughly studied since the 19:th century, this nat-
ural question seems not to have been addressed until just recently, when Svante
Janson gave a combinatorial derivation of asymptotic inequalities for ‖hn‖p with p
fixed. These are particularly satisfactory for p ≥ 4, but fail to answer our question
concerning (3.3).

The first half of Paper II is devoted to a computation of precise asymptotics
for these norms. The rather direct proof is based on an asymptotic formula for
the Hermite polynomials from 1929 due to Plancherel and Rotach [33]. As an
example, we give the asymptotics in the oscillating region |x| <

√
4n + 2. With

x =
√

4n + 2 sin ϕ, we have, as n → ∞,

e−x2/4hn(x) =

(
2

π

)1/4
n−1/4

√
n!√

cos ϕ

×
(

sin

(
2n + 1

4
(2ϕ + sin 2ϕ) − (n − 1)π

2

)
+ O

(
1

n cos3 ϕ

))
(3.5)
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uniformly in |ϕ| < π
2
. Similar formulae exist for other intervals. In particular, hn

oscillates with a frequency of the order n1/2, which gives another explanation for
the operator N 1/2 in the Meyer inequality (2.4).

Simply inserting these approximations into the integral for ‖hn‖p, and using
a few classical results from asymptotic analysis, we are able to improve Janson’s
results. It turns out that for p < 2, the oscillating region is dominating, and we
can use a modification of the Fejér–Bernstein lemma. The latter states, in its
classical form, that if f ∈ L1(R) and g is bounded and periodic with period T ,
then

lim
ω→∞

∫
R

f(x)g(ωx) dx =

∫
R

f(x) dx × 1

T

∫ T

0

g(x) dx. (3.6)

In other words, rapid oscillations tend to average out. For p > 2, the situation
is quite different. The mass of the integral is then concentrated in two narrow,
Gaussian-shaped peaks centered at x = ± p√

p−1

√
n, which can be treated by the

saddle point method. We obtain the following result, where the case p = 2 is
included for comparison.

Theorem 3. The following holds as n → ∞:

(a) If 0 < p < 2 then

‖hn‖p = c(p)n−1/4
√

n!(1 + O(n−1)).

(b) ‖hn‖2 =
√

n!.

(c) If 2 < p < ∞ then

‖hn‖p = c(p)n−1/4
√

n!(p − 1)n/2(1 + O(n−1)).

The formulae can be sharpened to asymptotic expansions. In Paper II we give
the first correction term, as well as the constants c(p), in closed form.

In particular, ‖hn‖p = o(‖hn‖2) if p < 2, which completes the proof of The-
orem 2 above. Note, however, that the generalization (3.4) is false. In fact,
‖hn‖p = o(‖hn‖q) if and only if p < q and q ≥ 2.

As a second application of the Plancherel–Rotach asymptotic expansion, we
prove a weak limit result for Wick powers. Namely, (3.5) shows that hn(x) is
approximately the product of ex2/4 and a rapidly oscillating function. It is then
intuitively reasonable that :ξn:= hn(ξ) is distributed like eξ2/4 multiplied by some-
thing asymptotically independent of ξ. This is indeed the case, and it may be
proved using the probabilistic concept of Rényi mixing [35], which is in this case
a probabilistic counterpart to (3.6). The result is as follows:

Theorem 4. Let ξ be standard Gaussian. Then, as n → ∞,

:ξn:

n−1/4
√

n!

d→
(

2

π

)1/4

eξ2/4 sin U,

where U uniformly distributed on [0, 2π] and independent of ξ.

By convergence of moments, this gives a new, probabilistic, proof of Theo-
rem 3 (a).
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4 Charlier polynomials, entropies and Paper III

Theorem 3 reveals unexpected beauty and symmetry of the Lp-norms of Hermite
polynomials. Particularly conspicuous is the threshold value p = 2, where the
growth of the norms, as well as the contributing regions, undergo a sudden change.
From an earlier investigation [2] it is known that the Jacobi polynomials (see [40])
behave similarly. The threshold can then, depending on the parameters, take any
value 2 < p < ∞ or be absent. Out of curiosity, if nothing else, it would be
interesting to see what happens for other orthogonal polynomials.

The purpose of Paper III is to investigate the Charlier polynomials, orthog-
onal with respect to a Poisson distribution. These were introduced in 1906 by
the Swedish astronomer Carl Vilhelm Ludvig Charlier, who was also one of the
founders of mathematical statistics in Lund [9]. Apart from their Lp-norms, we
discuss a quantity known as information entropy. Although this is only a minor
part of the paper, we shall make a small detour and discuss entropies in general,
touching upon the historical context in which our work fits.

4.1 Information entropy

The concept of entropy has its origin in thermodynamics and statistical mechanics
as a measure of the amount of “disorder” in a physical system. This idea has later
been adopted by information theory, mathematics, and statistics, where it has
come to play a vital role. We shall briefly review the basic ideas and definitions.

Modern information theory was founded by Claude Shannon in a paper from
1948 [38], still a quite readable introduction. Shannon was interested in commu-
nication, and in the time needed to transmit a message. This depends of course
on how much “information” the message contains. Shannon’s novel point of view
was to regard the message as randomly chosen by a source from a set of possible
messages. The less we know about which message is to be chosen, the more infor-
mation we obtain when receiving it. In other words, information is reduction of
uncertainty. Shannon calls this uncertainty the entropy of the source.

How should entropy be defined quantitatively? Consider a random choice with
n possible outcomes, having probabilities p1 through pn. Shannon showed that
the only reasonably measure of the entropy produced by such a choice is

S = −
n∑

i=1

pi log pi, (4.1)

at least if we want it to behave additively, so that two books contain twice the
information of one. The choice of logarithm in (4.1) decides the unit. Typically,
one uses base two, in which case the entropy in measured in binary units or bits ;
a word that was mounted by Shannon. For a mathematician it is more convenient
to use the natural logarithm, giving “natural units” or nits.

Suppose that we wish to transmit the output of a source producing entropy
S (bits per symbol) through a noiseless channel of finite capacity C (bits per
second). Shannon’s fundamental theorem asserts that by using a clever encoding
procedure, it is possible to transmit the message at a rate arbitrarily close to, but
not exceeding, C/S (symbols per second). This nicely justifies the interpretation
of S as the amount of “information” produced by the source.
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Let us also say a few words about the connection to statistical mechanics;
much more information can be found in [43]. Consider a gas consisting of iden-
tical molecules contained in a vessel. Since we cannot measure the position and
velocity of each of the perhaps 1023 particles, we describe the state of the gas sta-
tistically. To this end we introduce the density function f(x, v) with the property
that dn = f(x, v) dx dv is the number of molecules having position and velocity
in the element dx dv in phase space. The Austrian physicist Ludwig Boltzmann
defined the quantity

H =

∫
f(x, v) log f(x, v) dx dv, (4.2)

and showed in his famous “H-theorem” from 1872 that thermal collisions will
have the effect that dH/dt ≤ 0 on average. Since it may be shown that the
thermodynamical entropy of the system is S = −kH, where k is Boltzmann’s
constant, this is a statistical formulation of the second law of thermodynamics: The
entropy of an isolated system increases with time. Another famous relation is S =
k log W , where W is “thermodynamic probability”, i.e. the number of microstates
that are consistent with the given macrostate. This justifies the interpretation of
thermodynamical entropy as a measure of our uncertainty (or ignorance) as to the
exact state of the system.

Such interpretations, as well as the formal similarities between (4.1) and (4.2),
link Boltzmann’s and Shannon’s entropy definitions. In fact, if X is a ran-
dom variable with probability function {pi} or density ρ(x), then the expres-
sions −∑i pi log pi and − ∫ ρ(x) log ρ(x) dx respectively are referred to as the
Boltzmann–Shannon entropy of X.

This concept is the key to yet another argument in favour of the use of normal
distributions in stochastic modeling, see also Section 1.2. The entropy of a random
variable measures how uncertain we are of its outcome. The distribution with
maximum entropy on a finite interval or point set is the uniform distribution,
saying that we have no idea whatsoever of what will happen. Suppose now that
we are to model some kind of noise by a random variable X. It is known that the
noise is centered and has a certain standard deviation (or RMS) σ, but that is all
we know about it. This ignorance is best expressed by letting X be as uniform as
possible. In other words, we should assign to X the distribution with maximum
entropy, subject to the restrictions EX = 0 and Var X = σ2. But this distribution
is no other than the normal distribution N(0, σ2) [21].

In quantum mechanics, the position of a particle is regarded as a random
variable with density ρ(x) = |Ψ(x)|2, where Ψ is the wave function. The same

can be said about momentum, whose density if γ(p) = |Ψ̂(p)|2, where Ψ̂ is
the Fourier transform of Ψ. We may then consider the spatial entropy Sρ =
− ∫ ρ(x) log ρ(x) dx, and similarly for Sγ. Now, the famous Heisenberg uncer-
tainty principle says that highly localized position corresponds to poorly localized
momentum. More precisely, ∆x∆px ≥ 1

2
h̄, where ∆ denotes standard deviation.

Given the interpretation of information entropies as uncertainties, it is natural to
ask for a similar entropic inequality. This was provided in 1975, when Bia�lynicki-
Birula and Mycielski [6] proved the following: Let Ψ ∈ L2(Rd) have unit norm,

and Fourier transform Ψ̂(ξ) = (2π)−d/2
∫
Rd Ψ(x)e−iξ·x dx, and define ρ = |Ψ|2 and

γ = |Ψ̂|2 as above. Then,

Sρ + Sγ ≥ d(1 + log π). (4.3)
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The bound is sharp; equality holds if Ψ is Gaussian (just like for Heisenberg’s
inequality above). Thus, certainty in space implies uncertainty in momentum,
also when measured in terms of entropies.

For many important quantum mechanical systems, the wave function Ψ is
given in terms of orthogonal polynomials. For example, the n:th eigenstate of
the one-dimensional harmonic oscillator has, in suitable units, the wave func-
tion Ψn(x) = cnhn(x)e−x2/4, where cn is normalizing constant, and {hn} are
the Hermite polynomials of Section 2.1. The expression for Sρ then splits into
three terms, two of which are simple to handle. The tricky one that remains is∫
R

hn(x)2 log hn(x) × e−x2/2 dx.
Inspired by cases like this and the inequality (4.3), Dehesa, Van Assche, and

Yáñez [11] initiated a project of computing information entropies of orthogonal
polynomials in 1994. They defined the entropy of a family of polynomials P =
{Pn}, orthonormal with respect to a measure µ as

Sn(P ) =

∫
P 2

n log P 2
n dµ, (4.4)

and evaluated this exactly for Chebyshev polynomials. In general, there does
not seem to exist any simple formulas, and the research has largely dealt with
asymptotics as n → ∞, typically relying on some asymptotic formula for the
polynomials, rather like we used the Plancherel–Rotach expansion in Paper II.
For a survey of this vital and ongoing project, see [10].

4.2 Paper III

The purpose of Paper III is to carry out the above project for the Charlier poly-
nomials, and to compute their Lp-norms in analogy with Paper II. The Charlier
polynomials Cn(x) = Cn(x; a) are orthogonal with respect to a Poisson distribu-
tion with parameter a > 0, i.e. with respect to the inner product

〈f, g〉 =
∞∑

x=0

f(x)g(x)w(x),

where w(x) = axe−a/x!. Taking them to monic, they have the L2-norm ‖Cn‖2 =√
ann!. Our computations make heavy use of a recent asymptotic expansion of

the polynomials due to T.M. Dunster [12], which we localize and modify to suit
our needs.

The first problem when trying to compute the norm

‖Cn‖p =

( ∞∑
x=0

|Cn(x)|pw(x)

)1/p

is that we face a sum rather than an integral. This is an unpleasant fact, since most
asymptotic methods (like the saddle point method) deal with integrals. Luckily,
the complication is minor, and can be overcome by Euler–Maclaurin summation.
Changing units to β = x/n, this results in an integral with integrand g(β)e−F (β),
where F has a sharp minimum at a point β = β0. As usual in such contexts,
the contribution comes almost exclusively from a small neighbourhood of β0, in
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which an approximation of F with a parabola is feasible. The second, and more
serious, difficulty is now that a simple expression for β0 seems to be out of reach,
except in the case p = 1. We overcome this problem by an iterative method: The
equation F ′(β) = 0 is solved implicitly so that increasingly improved expressions
of β0 can be obtained by fixed point iteration combined with Taylor expansions.
Unfortunately, this procedure leads to rather involved calculations. In the end, a
lot of cancellations occur, making it likely that a simpler solution is possible.

In spite of these simplifications, the final formulae are not exactly transparent.
Instead of quoting the result, for which we refer to Paper III, we only mention a
few qualitative aspects. First of all, there are two thresholds, p = 1 and p = 2.
The first one has many of the typical properties, including a rapid change of
contributing regions. Thus, letting p increase over p = 1, the dominating region
changes from small neighbourhoods of β = 0 over β = 1

2
(when p = 1) to β = 1.

As a contrast, things are largely, although not completely, the same for 1 < p < 2
and p > 2. For example, the important interval is in the former case a left
neighbourhood of β = 1, rather than a right neighbourhood as is the latter one.
A peculiar fact is that some, but not all, of these symmetries can be viewed
as passing from p to the conjugate exponent p′ = p/(p − 1). A difference when
compared to Hermite or Jacobi polynomials is that the growth rate is not constant
for p below the “strong” threshold p = 1. Instead, ‖Cn‖p = o(‖Cn‖q) as n → ∞
whenever 0 < p < q < ∞. This odd behaviour with two thresholds seems to
be a new phenomenon, not previously observed for orthogonal polynomials. It
would therefore be very interesting to work through similar computations for other
polynomials.

The second part of Paper III deals with the information entropies discussed in
Section 4.1. The polynomials should then be orthonormalized to Ĉn = Cn/

√
ann!.

Following (4.4), we study the functionals

Sn(Ĉ) =
∞∑

x=0

Ĉn(x)2 log Ĉn(x)2w(x). (4.5)

This is closely related to the Lp-norms, since Sn(Ĉ) = 1
4

d
dp
‖Ĉn‖p evaluated at

p = 2. Unfortunately, as was seen above, p = 2 is a threshold, and we cannot
differentiate the results of the first part. Instead, we use a procedure introduced
by Aptekarev et. al. in 1994 [2]. Defining

Nn(p) =
∞∑

x=0

(
Ĉn(x)2w(x)

)p

,

it is easily seen that

N ′
n(1) =

∑
Ĉn(x)2 log Ĉn(x)2w(x) +

∑
Ĉn(x)2w(x) log w(x)

=: Sn(Ĉ) + Tn(Ĉ),

where Tn(Ĉ) is easy to deal with. The quantity N ′
n(1) is then computed by formal

differentiation (justified by Montel’s theorem from complex analysis) of an ap-
proximation of Nn(p), obtained using a mixture of classical techniques. To make
a long story short, an approximation of the polynomials in the central region x
close to n due to Goh [14] is combined with a Fourier series expansion, Poisson’s
summation formula and the method of stationary phase. The results is as follows
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Theorem 5. Let Ĉn be the orthonormal Charlier polynomials. Then, with the
notation (4.5),

Sn(Ĉ) = (n + a) log
n

ae
+ 3a + 1 − 1

2
log 2πa + o(1)

as n → ∞.

We close the section by recalling that Paper III belongs to a larger project,
which has so far spent most of its effort on information entropies of orthogonal
polynomials. We find the issue interesting, but suggest that more attention be
paid to the exciting question about Lp-norms as well.

5 Paper IV

In the final paper we return to the main theme of the thesis, the normal dis-
tribution. The idea is to benefit from theoretical numerical analysis to obtain
information on the central limit theorem. Our starting point is the well-known
fact that the solution of the heat equation can be expressed in terms of the normal
distribution. More precisely, consider the initial value problem ∂u

∂t
= 1

2
∆u, t > 0, x ∈ Rd,

u = g, t = 0,
(5.1)

where ∆ is the Laplace operator. This problem has a multitude of solutions, but
under some natural extra conditions, the only acceptable one is

u(t, x) = Eg(x + Wt), (5.2)

where W is standard Brownian motion in Rd, starting at the origin [22], [45].
This should not come as a complete surprise if we recall the isotropy properties of
the normal distribution discussed in Section 1.2. The heat equation describes the
flow of heat in a homogeneous medium. Since no direction is preferred, we expect
the solution to arise through an isotropic operation on the initial data g, which
suggests that the normal distribution has something to do with it.

The representation (5.2) is very elegant, but of little use for an engineer, say.
She is probably more interested in actual values of u, at least approximately, which
would require the computation of an expectation (an integral) for each point if
(5.2) were to be used. A better idea is to use a numerical method, for exam-
ple by replacing the derivatives by finite differences. Thus, we might substitute
(v(t + k, x)− v(t, x))/k for ∂u/∂t. Such a discretization leads to a finite difference
equation.

Since the differential equation itself can be solved by Brownian motion, it seems
reasonable that the finite difference equation can be solved by a random walk, the
discrete analogue of Brownian motion. However, this is the case only in rather
special situations. Namely, a discretization of (5.1) typically leads to an equation

v(t + k, x) =
∑
τ∈Zd

bτv(t, x + hτ) (5.3)



Gaussian structures and orthogonal polynomials 19

FDE RW

PDE BM

� �

Figure 2: Brownian motion (BM) solves a partial differential equation (PDE). Its
discretized finite difference equation (FDE) is solved by a random walk (RW). The
lower level should converge to the upper one.

for some constants bτ , where v is the discrete approximation of u, and k and h are
the step lengths in time and space respectively. Inserting v ≡ 1 shows that we can
expect

∑
bτ = 1, which opens the door to a probabilistic interpretation if only

the bτ were non-negative. Unfortunately, the latter is not true in typical examples
such as the Crank–Nicolson scheme [36]. When we impose the condition bτ ≥ 0, we
must therefore be aware that this is very restrictive, ruling out the most interesting
schemes. Doing so all the same, we can let X, X1, X2, . . . be i.i.d. random vectors
with the distribution P (X = τ) = bτ , and put SN =

∑N
j=1 Xj. The equation (5.3)

then takes the form v(t + k, x) = Ev(t, x + hX). Since v(0, ·) = g, a conditioning
argument shows that

v(Nk, x) = Eg(x + hSN). (5.4)

We thus have the following situation: The partial differential equation (5.1) is
solved by Brownian motion, and its discretization (5.3) is solved by a random walk.
This is illustrated in Figure 2, where the lower level can be expected to converge to
the upper one in some sense, corresponding to convergence of a numerical method,
or to the central limit theorem.

Before proceeding, let us make a few remarks. First of all, the random variable
X introduced above had a lattice distribution. This was a consequence of the
space discretization, but is by no means essential to the analysis. We may in fact
let X have any distribution, limited only by the accuracy assumptions below, and
define v by (5.4) for all x ∈ Rd. In other words, we abandon the finite differences
in space, retaining those in time. Of course, this takes us even further away from
numerical analysis; if X is Gaussian, we even recover the exact solution.

Secondly, if the distribution of X is to be independent of k, the latter must
be proportional to h2, say k = h2. Then, t = Nk = Nh2 so that h =

√
t/N

and v(Nk, x) = Eg(x +
√

tSN/
√

N), which looks well suited for the central limit
theorem. In fact, we see from (5.2) that SN/

√
N should converge to a standard

normal vector N (recall that Wt
d
=

√
tN ), and so X has zero mean and identity

covariance matrix.
The time dependence is better expressed by introducing the following random

processes: Put n = k−1, let Z
(n)
t = Snt/

√
n for t ∈ Th = {0, k, 2k, . . .}, and fill the

gaps between these time points by linear interpolation. It is then well-known that
Z(n) converges weakly to standard Brownian motion W in the space of continuous
functions on [0,∞); in fact this is one way to construct Wiener measure [7], [22].
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Since
√

tSN/
√

N = Z
(n)
t , we can summarize our learnings so far as follows: u(t, x) = Eg(x + Wt), t ≥ 0, x ∈ Rd,

v(t, x) = Eg(x + Z
(n)
t ), t ∈ Th, x ∈ Rd.

(5.5)

Note how this neatly reflects the rows and columns of Figure 2. For future use,

we put S∗
n = Z

(n)
1 = Sn/

√
n

d→ N .
The equations (5.5) allow us to “translate” any convergence result for numer-

ical schemes into a theorem on the central limit theorem, and conversely. As it
happens, the most fruitful direction is the former, making probability out of nu-
merics. One reason for this is that we could only treat very special numerical
methods anyway, due to the positivity assumption in (5.3). Another, more im-
portant one is that several papers appearing between 1967 and 1974 studied the
convergence of finite difference equations very precisely.

How should such convergence me measured? For fixed t we are dealing with
functions on Rd. A natural way to compare these is to use Lp-norms (we write p as
a subscript here, which is convenient when working with Besov spaces). In other
words, we ask under what circumstances and at what rate ‖v(t, x)− u(t, x)‖Lp(dx)

tends to zero. The most definite result was given by Jörgen Löfström in 1970 [23].
He proved that for a stable difference approximation of accuracy order exactly µ,
initial data g ∈ Lp, and 0 < s ≤ µ, we have ‖v(t, x) − u(t, x)‖Lp(dx) ≤ Chs if and
only if g belongs to the Besov space Bs,∞

p (see below).
Let us try to translate this into a probabilistic result. The statement involves

two concepts peculiar to numerical analysis: stability and accuracy. What do they
correspond to in terms of random variables? Stability of a numerical scheme could
also be called uniform boundedness of the solution operators. In other words, a
finite difference equation is stable on Lp if there is a constant C such that

‖v(t, x)‖Lp(dx) ≤ C‖g‖p (5.6)

uniformly in t. In our case, this is trivial, since the positivity assumption in
(5.3) gives (5.6) with C = 1 by Jensen’s inequality. (This gives an indication of
how restrictive this assumption really is.) Accuracy, on the other hand, can be
expressed in several ways, one of which is in terms of the symbol of the difference
operator. Since this is essentially a Fourier transform, it translates into conditions
on the characteristic function φ of X. Loosely speaking, X should be close to
normal, i.e. φ(ξ) should resemble e−|ξ|2/2. This can, in turn, be expressed by nearly
equivalent moment conditions. We defer an exact formulation until Proposition 7
below. For now, we remark only that two notions of accuracy will come into play,
to be called the strong sense and the standard sense. The random variable X is to
be called approximately normal of (in) a certain order (sense) if the corresponding
numerical method is accurate in the same way. Since Löfström’s result uses the
strong sense, its main half can be formulated as follows, taking t = 1 in (5.5):

Theorem 6. Suppose that X is approximately normal in the strong sense of order
µ > 0. Then,

‖Eg(x + S∗
n) − Eg(x + N )‖Lp(dx) ≤ C‖g‖Bs,∞

p
n−s/2

for 0 < s ≤ µ and g ∈ Bs,∞
p .
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Before proceeding, let us say something about Besov spaces, see the books [5]
or [30] for much more information. These may be defined in terms of smoothness
in Lp. Thus, if 0 < s < 1, then Bs,∞

p consists of those g ∈ Lp such that ‖g(x +
h) − g(x)‖Lp(dx) ≤ Chs. If 1 < s < 2, a similar bound should hold for the
first order derivatives and so on. If s is integral, this Lipschitz bound should
be replaced by a Zygmund condition. For example, if s = 1 we require that
‖g(x + h) − 2g(x) + g(x − h)‖Lp(dx) ≤ Ch.

Theorem 6 is well suited for cancellations. For example, if the conclusion holds
for a function g, then it holds just as well for g + c, where c is any constant, and
so it seems unnecessary to require that g ∈ Lp. If this condition is dropped in
the definition of above, the resulting space is called a homogeneous Besov space,
denoted Ḃs,∞

p . It is implicit in Löfström’s proof that Theorem 6 remains valid

under the weaker assumption g ∈ Ḃs,∞
p . This is important for the application to

distribution functions below, since the Heaviside function does not belong to Lp

for any finite p.
Proofs of results like Theorem 6 are usually Fourier analytic, and have at their

heart an estimate on Fourier multipliers. By definition, ϕ(ξ) is a Fourier multiplier
from Lq to Lp, written ϕ ∈ Mp

q , if an inequality ‖F−1[ϕĝ]‖p ≤ C‖g‖q holds for all
g ∈ Lq, where F [g] = ĝ is the Fourier transform. We therefore need manageable
sufficient conditions for this to hold. In Theorem 6 one has p = q, and Löfström’s
proof is based on a famous multiplier theorem by Michlin and Hörmander [18],
[27]. The essence of the latter is that if the first L > d/2 derivatives of ϕ behave
properly, then ϕ ∈ Mp

p . As a consequence, the results tend to be more restrictive
in high dimension.

Michlin’s theorem accounts for the extra hypothesis needed for the strong sense
in the following moment condition for normality. As for the notation, if x ∈ Rd

and α = (α1, . . . , αd) is a multiindex, then xα =
∏

xαi
i and |α| =

∑
αi.

Proposition 7. Let L be the smallest integer > d/2, and take µ > 0. Suppose
that E|X|2+µ < ∞ and that EXα = EN α for all multiindices α with |α| < 2 + µ.
Then, X is approximately normal of the order µ in the standard sense. If, in
addition, E|X|L < ∞, then the same holds in the strong sense.

Now, Mp
q is a very rich space if q ≤ p, but essentially empty when q > p [18].

For example, it follows from the inequalities of Hausdorff–Young and Hölder that
Lr ⊂ Mp

q if q ≤ 2 ≤ p and 1/r = 1/q − 1/p. It is therefore reasonable to ask for
bounds similar to those in Theorem 6 but with g ∈ Bs,∞

q , q ≤ p. Such were in fact
given, in a more restrictive setting, for q = 1 and p = ∞ in 1974 by Vidar Thomée
and Lars Wahlbin [42]. In Paper IV, we extend Theorem 6 to the general situation
that smoothness of g in Lq implies convergence in Lp whenever q ≤ p. This is done
in two steps. First, the case q ≤ 2 ≤ p is handled directly, utilizing the inclusion
above. This part of the proof uses ideas of [42] together with a crucial lemma on
characteristic functions due to Peter Hall [16]. The general case is then handled
by interpolating (in the sense of interpolation of Banach spaces [5]) between this
case and Theorem 6, see Figure 3.

It turns out that the emerging results work well only if s > ρd, where ρ =
1/q−1/p ≥ 0. To handle small values of s, it seems necessary to impose additional
hypotheses on the distribution of X. A sufficient one is that S∗

n has a bounded
density for some, and hence all large, n. We call such X eventually smooth. This
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Figure 3: The region accurring in Theorem 8. We treat the filled square directly,
and then interpolate between this and the diagonal, i.e. Theorem 6.

condition is essentially what is needed for s = 0. The remaining values are again
taken care of by interpolation, this time between s = 0 and s = ρd. The main
result of Paper IV can then be formulated as follows.

Theorem 8. Let 1 ≤ q ≤ p ≤ ∞, put ρ = 1/q − 1/p, and take s > 0. Suppose
that X is approximately normal in the strong sense of order µ ≥ max{s, ρd}. If
s ≤ ρd, then suppose that X is eventually smooth, and if s = ρd, suppose, in
addition, that µ > ρd. Then, for g in Ḃs,∞

q ,

‖Eg(x + S∗
n) − Eg(x + N )‖Lp(dx) ≤ C‖g‖Ḃs,∞

q
n−s/2. (5.7)

If q ≤ 2 ≤ p, it suffices to have accuracy in the standard sense.

The conclusions of Theorems 6 and 8 may seem a bit exotic at first sight. On
the other hand, they are very general, since both the exponents p and q, and the
function g can be varied. We shall see that two classical topics appear as special
cases.

Firstly, if p = ∞, the norm is a supremum, and the bound holds in particular
for x = 0. We then get results of the type Eg(S∗

n) = Eg(N ) + O(n−s/2), as
studied e.g. by Andrew Barbour 1986 [4]. Secondly, we can choose g as the one-
dimensional Heaviside function, with the consequence that the expectations turn
into distribution functions. We then find bounds on

∫∞
−∞ |Fn(x) − Φ(x)|p dx or

supx |Fn(x) − Φ(x)|, where Fn and Φ are the distribution functions of S∗
n and N

respectively. Such quantities have been studied in great detail since the 1940’s, let
us only mention Carl-Gustav Essen’s classical paper from 1945 [13].

So how does Theorem 8 match these old results? Since distribution functions
have been extremely well studied, we can hardly hope to reveal anything new.
Indeed, we recover large portions of, but not all, existing results. As for the case
p = ∞, Barbour’s setting is more general than ours in some respects, allowing for
example non-identical distributions. If we restrict everything to the case where
our hypotheses coincide (this is d = 1 and p = q = ∞ in Theorem 8), we find that
the results are nearly identical, ours being a little sharper. This improvement is



Gaussian structures and orthogonal polynomials 23

not the main point however. Rather, we would like to emphasize the fact that
our formulation is general enough to bring these two seemingly unrelated topics
under a common roof. Further refinements and improvements of Theorem 8 would
therefore be of great interest.

Theorem 8 gives sufficient conditions for a certain convergence rate. This
automatically raises the question about necessity. In Paper IV we discuss a few
converse results for the case p = q, showing that the conditions are at least close
to necessary. One of these results is contained in Löfström’s own theorem, quoted
before Theorem 6. In a probabilistic language, it asserts that if, under suitable
conditions, ‖Eg(x + Z

(n)
t )−Eg(x + Wt)‖Lp(dx) ≤ Cn−s/2 uniformly in t ∈ Th, then

g ∈ Bs,∞
p . Another striking result is the following, essentially due to Hedstrom

[17].

Theorem 9. Given s > 0, there exists a function g ∈ ∩1≤p≤∞Bs,∞
p (R) such if

X is one-dimensional, integer valued, and approximately normal of order s in the
standard sense, then

lim sup
n→∞

ns/2‖Eg(x + S∗
n) − Eg(x + N )‖Lp(dx) > 0

for any p. If p = ∞, the assertion can be sharpened to

lim sup
n→∞

ns/2|Eg(S∗
n) − Eg(N )| > 0,

possibly replacing g by a translate.

It is amusing to see how this result from 1968 improves a much more recent
paper [8].

Paper IV concludes with an extension to signed probability theory. As we saw,
the assumption about positive coefficients in (5.3) opened the door to probabilistic
interpretations. However, this is by no means necessary for the convergence results,
at least not if p = q. Thus, Löfström’s quoted result contains a central limit
theorem for signed distributions too.

Signed probability theory can be set up in more or less complete analogy with
the classical theory. Thus, let P be a finite signed measure on a measurable space
(Ω,F) such that P (Ω) = 1, and introduce the notion of random variables, indepen-
dence and so on in the usual way. The distribution of a one-dimensional random
variable X is then a signed measure ν on R, and we define the characteristic
function as

φ(ξ) = EeiξX =

∫
Ω

eiξX dP =

∫
R

eiξx dν(x)

as usual.
In spite of the formal similarities, there are some major differences between this

signed probability theory and the classical one. For example, infinite sequences
of i.i.d. random variables do not exist in general, since this would require infinite
products of measures with total mass exceeding one. This, for example, rules out
the strong law of large numbers. On the other hand, finite sequences of any length
are available, and so weak limit results, such as the central limit theorem, are still
meaningful. Another difference is of course that there is no obvious interpretation
of negative probabilities, although there are attempts to lend them philosophical
or physical meaning [1], [28].
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Now, signed probability theory admits higher-order versions of the central limit
theorem. Namely, it is now quite possible for a random variable X to satisfy
EX = EX2 = EX3 = 0 but EX4 = −1. Let X1, X2, . . . be i.i.d., distributed
like this X, and normalize their sum to S∗

n = n−1/4
∑n

j=1 Xj. It turns out that S∗
n

might now converge to N4, a fourth-order analogue of the normal distribution with
characteristic function e−ξ4/24. This no longer corresponds to the heat equation,
but rather to the higher-order PDE

∂u

∂t
+

1

24

∂4u

∂x4
= 0.

Since this equation belongs to the class considered by Löfström [23], Theorem 6
extends without problems, as long as the stability condition (5.6) is met.

The latter is of course not trivial any more, but requires extra care. For
example, if p = 2, then stability holds if and only if |φ(ξ)| ≤ 1 for all ξ. The
general situation is more complicated, but reasonable stability conditions in Lp

have been given Strang [39] and Thomée [41].
As for the extension of Theorem 6, suppose that, for some s > 0, the absolute

moment |E||X|4+s :=
∫ |X|4+s |dP | is finite, that EXk = EN k

4 for all k < 4 + s,
and that stability holds. Then,

‖Eg(x + S∗
n) − Eg(x + N4)‖Lp(dx) ≤ C‖g‖Ḃs,∞

p
n−s/4.

This fourth-order example extends, in the obvious way, to any even order, including
the classical case of order two, and also to higher dimension.
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