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Abstract

Sensitivity analysis in high-dimensional space

Shuyi Qin

Calculating the atomic charge is one of the challenging parts in the 
molecular simulation process which is an important goal in computational 
chemistry. In this thesis, we used the Alexandria Charge Model to 
generate charges. The calculation was achieved by the Simulated annealing 
algorithm while the Markov Chain Monte Carlo method was implemented to 
investigate the uncertainty of model parameters. We presented different 
convergence criterions, with the convergence information, the influence 
of temperature and annealing start time on the calculation results were 
analyzed. For the high-dimensional parameter set in the atomic charge 
model, we proposed a process to extract highly sensitive and uncorrelated 
parameter sets. The correlation between the parameters were measured by 
different correlation coefficients. We introduced a variety of methods to 
analyze the sensitivity around the local minimum point of the parameters 
and the whole parameter space. A variance-based approach was introduced 
to estimate global sensitivity indices for the charge model, which also 
considered the interactions between parameters. According to the 
experiment results, the methods are shown to be efficient.
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1 Introduction

1.1 Background

Predicting the different chemical properties and all their physical phases of compounds
with a single model is the long-term and far-reaching goals of computational chemists.
In the Van der Spoel research group, a project named Alexandria is developed to design
physical models that simulate molecular processes. The purpose of Project Alexandria is
to build a model that can be used to study complex physical processes in the gas and
condensed phases. The Alexandria project provides a platform consists of reference data
based on heterogeneous data from both experiments and high-level quantum chemistry,
free and open source software and accurate potential energy function.

In order to get the accurate potential energy functions, the atomic charge is one of the
crucial parameters needed to be generated. Project Alexandria uses computational science
and mathematics for simulation and analysis to improve physical and chemical models.
To obtain the atomic charge, Monte Carlo algorithm is used to simulate/optimize in the
parameter space to reproduce the known data. The concept of the algorithm is simple, but
due to the large high-dimensional parameter space, the calculations will consume a lot. In
order to reproduce the known data, the square difference between the model and the refer-
ence data on the grid points around each molecule is used to calculate the deviation, and
this square difference is marked as our target function. In the high-dimensional parameter
space, Monte Carlo method is used to simulate the parameter value, and then obtain the
trajectory in the parameter space containing many iterations. Each iteration corresponds
to a target function value.

The global optimization method is used to examine the deviation of the model compared
with the reference data. It considers the deviation between the model and the reference
data by searching the minimum value of the target function. So how to get better sim-
ulation and optimization results becomes one of the goals to be studied in the project.
Through multiple experiments, it is possible to find parameter clusters that produce low
deviation values. But because the parameters are highly correlated, for a specific physical
model, different parameter sets may result in similar simulation results.[42] At the same
time, because the monitoring data of the model has uncertainty due to errors and measure-
ment accuracy issues, the structure of the model can only be close to the real molecular
processes but cannot replicate its existing uncertainty. Therefore, it is meaningless to sim-
ply search for the parameters that optimize the target function values in some cases.

The uncertainty of the model is related to the reliability of the model. The uncertainty
analysis of the system can improve the cognition of the simulation results and obtain the
reliability of the simulation results. By analyzing the sources of uncertainty, the uncer-
tainty of the model can be reduced in a targeted manner, which can enhance the reliability
of the use of the model and avoid judgment mistakes. [2] This provides a more solid foun-
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dation for the application of the model. It can be considered that the uncertainty of model
parameters and the uncertainty of model structure are negatively correlated. The more
complex the model, the higher the dimension of the model parameter space, the smaller
the uncertainty of the model structure, and the greater the uncertainty of the model pa-
rameters.[17] [28] The uncertainty of the parameters can be understood as the opposite of
the certainty of the physical model structure.

The main sources of uncertainties are:

1. The uncertainty of the input data;

2. The uncertainty of the model structure;

3. The uncertainty of the model solving process;

4. The uncertainty of the model parameters

For high-dimensional parameter models, the parametrization brings the biggest impact for
the uncertainty than the others.At present, there is no systematic research on the technical
methods of high-dimensional parameter uncertainty analysis. The simulation process of a
high-dimensional parameter model is usually long, while the searching process is usually
complicated due to its high parameter space dimension. And there also may be many local
optimal points, which brings many challenges to the parameter uncertainty research. To
investigate the uncertainty of model parameters, the most important step is to find the
acceptance range of the parameter set, that is, the distribution of model parameters. After
obtaining the posterior distribution of the parameters, the peak value of the posterior dis-
tribution can be recorded to analyze the identifiability and uncertainty of the parameters.
Therefore, in order to obtain the distribution of the parameter sets, parameter values of the
model develop from searching for a set of optimal parameters corresponding to acceptable
target function values. With this background, how to obtain the posterior distribution
becomes the problem that needs to be solved. [3]

In order to calculate the posterior distribution of the parameters, the prior distribution
of the parameters is crucial. Some prior knowledge can prevent the simulation process
from falling into a local minimum. At the same time, it is also necessary to reduce the
spatial dimension of high-dimensional parameters. Instead of constructing a new param-
eter space, screening methods are more appropriate. The dimensionality can be reduced
by analyzing the correlation between the parameters. It is also possible to screen out com-
pletely insensitive parameters in the model using parameter sensitivity analysis, including
local sensitivity analysis and global sensitivity analysis. Local sensitivity analysis is easy
to understand. It can investigate the parameter sensitivity near a certain point of inter-
est, such as judging the parameter sensitivity near the convergence value. However, the
local sensitivity analysis depends on a fixed point, and it is difficult to describe the model
parameters sensitivity in the whole value space. And it is also difficult to describe the
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interaction between parameters, so global sensitivity analysis is also needed.

In this thesis, we use the potential energy analysis of alcohol dataset from the Alexan-
dria library as the practical application case to calculate the atomic charge. Markov chain
Monte Carlo (MCMC) and simulated annealing (SA) methods were implemented to calcu-
late atomic charges and investigate the uncertainty at different temperatures. The influence
of temperature and annealing start time on the calculation result of atomic charge was an-
alyzed. For the parameters in the atomic charge model, this project used different methods
to measure the correlation between the parameters. The local sensitivity and global sen-
sitivity of the parameters are also analyzed by a variety of methods. Using the analysis
results, highly sensitive and uncorrelated parameter sets are extracted. The operation cost
of the stochastic simulation method was reduced while the accuracy of the atomic charge
calculation was not affected.

1.2 Outline

The report is organised in the following manner:

• Section 2: Proposes the technical background of the application case in this project,
giving a detailed description of the target function and its chemical background. A
brief introduction of the project Alexandria developed by the Van der Spoel research
group is also proposed.

• Section 3: Introduces the background theory regarding the main approaches of the
simulation and the optimization methods that are used in investigating the optimal
values and distributions of the parameters influencing the target chemical results
on alcohol dataset, as well as their error estimation and the stop rules. Different
correlation analysis and sensitivity analysis methods are introduced too.

• Section 4: Presents the results of the simulation experiments and the analysis algo-
rithms as well as presenting a discussion.

• Section 5: Offers a conclusion with a proposed plan for future work.
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2 Technical background

2.1 Molecular models

In classical mechanics, the motion of objects follows the force exerted on them by other
atoms. Newton’s second law directly links the force on the atoms to their acceleration, so
as long as we know the force exerted on the object, we can calculate its motion trail. The
force is the gradient of an energy which is usually used to describe the force field, such
as the electric field force is the gradient of the electrostatic potential energy. The energy
description is simpler than the force description, since energy is a scalar quantity, only one
value needs to be used to describe each point in space, while force is a vector quantity and
three component values need to be used to describe each point in space.

From the macro to the micro, it is difficult to give the specific force situation of molecules
directly as in the macro field, but can only infer the interaction between molecules accord-
ing to the basic principles of physics. The field that describes the interaction of molecules
at the microscopic level is called the molecular force field. This kind of force field has no
fundamentally different from the concept of gravitational field or electric field, but more
complicated than these two fields, because the interactions between molecules are more
complicated. If the molecular force field and the equations that the molecules follow are
known, then the trajectories of the molecules can be found, and that’s the essence of
molecular dynamics. Based on molecular trajectories, many macroscopic observables of
e.g. liquids can be predicted.

The classical molecular force field model should determine:

1. Potential energy function
The potential energy of the force field can be roughly divided into covalent terms
and noncovalent terms. Among them, the computational cost of noncovalent terms
is very high, including electrostatic terms and van der Waals terms. Since Molecular
mechanics is an empirical calculation method and the potential energy functions
can take a variety of forms, different molecular mechanics methods will use different
potential energy functions.

2. The parameters of the potential function
Even if the same form of potential energy functions is taken, the parameters of these
functions may be different, and lead to the different force fields.

Generally speaking, the more simple the force field is, the faster the calculation will be
and the larger the system can be dealt with.

In order to use a single model to predict the state of compounds with different chemical
properties and all their physical phases, while making the model applicable to systems of
any size, several molecular models have been proposed. Theory-driven molecular models
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are approximations of their domains of application. The approximations range from quan-
tum mechanics (QM) to molecular mechanics (MM).

Molecular mechanics is an empirical method in which the force field is generated on the
basis of a large number of experimental data or quantum-chemicals. Molecular mechanics
is suitable for conformational analysis of macromolecules, study of organic reaction mecha-
nism, reactivity, the relationship between conformation and activity of bioactive molecules
which are closely related to the distance between macromolecule and the bioactive com-
pound, for instance a drug molecule. However, this method should not be used when the
object of study is far from the molecular set on which the parameterization of the molecu-
lar mechanics is based, or new types of molecules that people are interested in but do not
have enough experimental data.

Since MM is a classical model, it considers atoms as ”particles” and moves according
to classical mechanics. In molecular mechanics, there is a specific interaction potential
function between each pair of atoms. If the atoms are different or the atoms are the same
but in different environments, the potential function is different.

For the study of electronic structure, spectral properties and reaction ability of com-
pounds involving electron motion, the method of quantum chemical calculation should be
used. Quantum chemistry mainly deals with electrons, whose motion obeys the laws of
quantum mechanics. In quantum chemistry, the interactions between electrons or nuclei
are governed by Coulomb’s law and the Pauli principle.

QM is a branch of physics that uses wave functions to study the motion laws of micro-
scopic particles. It is based on the delocalization of electrons in molecules, and the behavior
of all electrons is expressed by its wave function. The wave function is a function describing
the state of a microscopic system in QM. The state of the macroscopic particle is described
by the position and momentum (or velocity) of the particle in classical mechanics. This is
the classical description, which highlights the particle nature of the particle. But the clas-
sical description of the state of a particle is not suitable for the microscopic particles due
to their wave-particle duality. According to Heisenberg’s Uncertainty Principle illustrating
the position and momentum of the particle cannot determine at the same time, quantum
mechanics can calculate the probability of the occurrence of electrons in an orbital, which
is proportional to the square of the absolute value of the wave function. To obtain the
wave function of electrons, we need to solve the Schrodinger equation.[10]

2.2 Alexandria Charge Model

Atomic charge is one of the most intuitive ways to describe distribution of electron density
in a molecule. Since the electrostatic terms in the potential function is difficult to obtain,
the atomic charge provides a effective way to compute the electrostatic interactions be-
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tween molecules using Coulomb’s law.

The trade-off between the degree of approximation and the cost of computing makes it
challenging to design a single model that can effectively predict the structure and proper-
ties of molecules. The partial charge table used in the biomolecular field only considers the
average effect of the local chemical environment on atomic charge. For small organic com-
pounds, quantum chemical calculations have so far been required to obtain a reasonable
charge. The QM model with high theoretical level is more accurate than the MM model,
but the calculation cost increases. Even for small proteins, generating an electric charge
through quantum chemical calculations is very expensive. This limits their applicability
to small and medium-sized systems. Therefore, the MM model is increasingly used in the
atomic view of the dynamics and thermodynamics of large systems (such as liquids and
biological macromolecules).

The purpose of Project Alexandria is to provide a platform to systematically advance
the MM model. The platform consists of high quality reference data, free and open source
software and accurate potential energy function.

To parameterize the accurate potential energy functions used in the Alexandria force
field, the generation of atomic charge is one of the bottlenecks. Atomic charge is not an
observable measurement, the definition of an atom in a molecule is vague and there is no
objective and unique definition of the atomic charge. Although with molecular models,
some experimental data can be indirectly investigation atomic charge, such as by molec-
ular multipole moment, infrared spectrum intensity and frequency, the ligand field can
split, nuclear magnetic resonance (NMR) displacement, etc., the relationship between the
obtained data and the atomic charge is very empirical.[18] The development of computa-
tional chemistry may make it possible to obtain the atomic charge easily and reliably.[4]

Methods to determine atomic charge based on the equilibrium of chemical potential
of all atoms within a molecule are attractive because their high computational efficiency
makes the calculation of atomic charge applicable not only to large chemical databases but
also to biological macromolecules such as proteins.[21]

Gilson et al. demonstrated that quantum calculations in the form of alternate resonance
can be more accurately reproduced if the effective electronegativity of an atom is defined
in terms of single, double, triple, and aromatic bonds of chemical bonds in a molecule,
which makes sense chemically, because the electronegativity increases as the B property of
the hybrid orbital increases, or the electronegativity of the f orbital is greater than the
electronegativity of the c orbital. [7] [11] [12] Nistor et al. proposed a method that directly
introduces the properties of the chemical bonds into charge generation, the Split Charge
Balance (SQE) method. Verstraelen and colleagues improved and re-parameterized it as
the basis for Alexandria Charge Model.[24] [41]
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On the basis of SQE method, the Van der Spoel research group proposed a new ap-
proach: the Alexandria Charge Model (ACM), which is somewhat similar to the Polarized
Charge Balance Model (PQEQ).[23] The Alexandria force field uses the classical Drude
model (DM) to explicitly consider electron polarization. In this model, the atom is repre-
sented as a two-particle system composed of core particles connected to the Drude particles
by harmonic springs. The ACM parameters are optimized for high quality density func-
tional theory calculations of the Alexandria library which is designed to parameterize the
potential functions used in the Alexandrian force field.[5] The Alexandria library is an
open database that uses quantum chemistry calculations to obtain optimized geometric
and physico-chemical properties of molecules. The Alexandria Charge Model model op-
timizes parameters to reproduce the electrostatic potentials of about 2,000 organic and
inorganic compounds.

ACM has comparable performance to more computationally expensive methods such as
CM5 and AM1-BCC. At the same time, the high efficiency ACM allows the generation of
charges for biomolecules with relatively high polarized atoms. This provides a substantial
improvement over current state-of-the-art charge generation algorithms. In addition, the
method allows the same method to generate charges for both biomolecules and ligands.

2.2.1 Target function

In this project we are not going to take into account polarizable shell or drude particles.
The derivation details of the model are not included in the research scope of this project,
so the final target function is directly given here.

The target function which needs to be optimized is defined as:

b2 =

#<>;∑
9=1

lΦ
#4B?∑
8=1

(
Φ��"
8 −Φ��)

8

)2
+ lU

3∑
8=1

(
a��"8,8 − a��)8,8

)2 (1)

where 088 indicate the diagonal elements of the molecular polarizability tensor from density
functional theory (DFT) or ACM. The Φ are the electrostatic potentials (ESP) at the
grid points that are defined by the Gaussian electrostatic potential points, note the atoms
themselves are excluded in the calculation. The l are used as weighting factors. And #<>;
is the number of molecules while #4B? is about 1000 - 2000, depending on the size of the
molecules.

The electrostatic potentials are calculated by

Φ =
1

4cY0

&

A
(2)

where & indicates a point charge. The parameter A is the distance between the grid
point and the atom, while Y0 is the permittivity of vacuum.
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According to the DFT, electronegativity is the negative value of the chemical potential
of the system, which gives a precise definition and physical explanation to the electroneg-
ativity, that is, the chemical potential is the whole property of the system, which is equal
everywhere in the system. This provides a profound theoretical basis for the electronega-
tivity equilibrium principle.

On the basis of density functional theory, electronegativity equilibrium is precisely
defined and expressed. Mortier and Nalewajski et al. recognized the importance and su-
periority of the electronegativity equalization principle, elaborated and defined the overall
electronegativity of molecules and the electronegativity of atoms in molecules in a precise
and specific way, and proposed the electronegativity equalization method (EEM) based on
atoms in molecules, which can be used in this project to directly calculate the charge dis-
tribution in each region of the system, and then generate the electrostatic potential.[20] [22]

The electronegativity equalization method (EEM) is a second order expansion of the
molecular energy ���" in terms of the partial charges @8:

���" (@1, @2, . . . , @# ) =
#∑
8=1

[
j8@8 +

1

2
[8@

2
8 +

1

2

#∑
;≠8

@8@;�8;

]
(3)

where # is the number of atoms, the atomic parameter j8 is the electronegativity of the
atom, and [8 is the atomic hardness[27]. �8; indicates the Coulomb interaction between
atom 8 and any other atoms ; ≠ 8, which can be obtained from the following equation:

�8 9 =
1

4cn0A8 9
erf

(
V8 9A8 9

)
(4)

with one parameter V8 introduced per atom, we got

V8 9 =
V8V 9√
V2
8
+ V2

9

(5)

At equilibrium state, each atom has the same chemical potential j4@. Then we can the
derivative of @8 and make its partial derivative equal to zero to achieve EEM:

0 =
m���"

m@8
= j4@ = j8 + @8[8 +

1

2

#∑
;≠8

@;�8; (6)

In this way, # + 1 equations are generated, which are linear equations with @8 as the
unknown variable. After deriving @8, the coefficient matrix can be obtained. Write it in
the form of �G = 1:

[1 �12 �13 . . . �1# −1
�21 [2 �23 . . . �2# −1
. . . . . . . . . . . . . . . . . .

�#1 �#2 �#3 . . . [# −1
1 1 1 . . . 1 0



@1
@2
. . .

@#
j4@


=


−j1
−j2
. . .

−j#
@C>C


(7)
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The atomic charge can then be solved using linear algebra methods. Note that the last
column of the coefficient matrix is to ensure that the electronegativity of all atoms is the
same (j4@), and the last row ensures that the total charge @C>C remains constant.

For polarizability cases, the EEM shows divergent behavior for the polarizability, while
the SQE shows the correct trends and can obtain the correct size dependence of the molec-
ular polarizability. The SQE model was proved that it shows better performance than the
EEM in all benchmark assessments.[41] Although this project didn’t take the polarizability
into account, SQE model is implemented to make the model applicable to a wider range.
The split charge equilibration (SQE) method introduces the property of chemical bonds,
which assumes that a partial charge @8 on an atom can only be generated by the transfer
of charge ?8 9 between the bonded atoms 8 and 9 .

@8 =
@C>C

#
+
1>=3B∑
8, 9

?8 9 (8)

where @C>C is the net charge of the compound, ?8 9 = −? 98. Note that although it is easy to
determine the partial charge @8 from charge transfer ?8 9 , it is not necessarily the other way
around. Sometimes using @8 for ?8 9 does not guarantee that the charge transfer through
space is zero.

A variant of the molecular energy which also consider the charge transfer over bonds is
developed by Verstraelen et al.:

�(&� = ���" +
"∑
8, 9

(
1

2
Z8 9 ?

2
8 9 + Δj8 9

(
@8 − @ 9

) )
(9)

where " is the number of bonds. Z8 9 is the bond hardness, while Δj8 9 indicates the
electronegativity correction. Then we can consider the parameter summation over atom
pairs instead of bonds, which also guarantee only ?8 9 for chemical bonds are non-zero.[41]
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#
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)
+ 1

2
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;≠=

[
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#
+

";∑
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?;<

]
�=;

)]
+

"∑
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1

2
Z8 9 ?

2
8 9 + Δj8 9

©«
[
@C>C

#
+

"8∑
<=1

?8<

]
−


@C>C

#
+

" 9∑
<=1

? 9<

ª®¬


(10)
where "8 indicates the total number of bonds for a specific atom 8. We need to find the ?8 9
that minimize �(&� . Similar with EEM, we calculate the derivation but take the derivative
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of ?8 9 this time:

0 =
m�(&�

m?8 9
=

©«j8 − j 9 + @C>C#
(
[8 − [ 9

)
+

"8∑
:=1

Δj8: −
" 9∑
:=1

Δj 9 :
ª®¬+

1

2

(
#∑
;=1

�8;

(
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#
+

";∑
<=1

?;<

)
−

#∑
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�;8

(
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#
+

"8∑
:=1

?8:

))
+ ?8 9 Z8 9

(11)

The first term of eqn.11 is the electronegativity difference between atom 8 and 9 plus
the electronegativity correction, the second term is the electrostatic potential difference of
8 and 9 , and the third term is the product of interaction between atoms and the charge
transfer. Since the diagonal elements of the �GH matrix describe the hardness of atoms, so
replace �88 with [8. According to the the identity of the Coulomb-matrix elements, �8 9 = � 98.

Same as the EEM, the solution process is written in the form of linear equations with
coefficient matrix and constant term.

MP = ' (12)

We can see that from eqn.10 that summations are all about atoms i, j, k, l,

"8 9 ,:; = �8: − �8; − � 9 : + � 9 ; (13)

for the off-diagonal elements of the matrix. Diagonal elements need to add the bonding
hardness Z8 9 . The right side is given by the electronegativity term:

'8 9 = j 9 − j8 +
" 9∑
:=1

Δj 9 : −
"8∑
:=1

Δj8: +
@C>C

#

(
#∑
;=1

� 9 ; −
#∑
;=1

�8;

)
. (14)

Thus using the SQE, & in eqn.2 is determined, with charge distribution width V, elec-
tronegativity j, atom hardness [, bond-hardness Z and the electronegativity corrections
Δj are the parameters need to be tuned in the experiments, then we get the potential Φ
on grid points around the molecules. As mentioned above for fields, adding scalars from
an energy point of view is much easier than adding vectors.The potential of a point charge
system is equal to the sum of the potentials of each point charge. Then we can calculate
the target function eqn.1.

2.3 Atom types

The parameterization of some other term like bond lengths, bond angles in the potential
energy function can be determined by atom type. This project uses the atomic construc-
tion of the GAFF force field. GAFF Force Field (General AMBER Force Field) generalizes
organic small molecule Force Field with the same functional form as the AMBER Field,
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fully compatible with the AMBER Field.

We have 9 atom types used in the experiment 23, 20, 2D, ℎ1, ℎ0, ℎ2, ℎ?, >ℎ, >B, detailed
descriptions are listed in the following tables:

Atom type Description
c3 sp3 C
ca sp2 C, aromatic
ha H on aromatic C
hc H on aliphatic C
hp H on P
oh sp3 O in hydroxyl group
os sp3 O in ether and ester
cu sp2 C in three-memberred rings
h1 H on aliphatic C with 1 electron-withdraw group

Table 1
Atom Types in GAFF

With 5 variables in the target function, we have 55 parameters (input variables) in
total. The correlation and interaction would be analyzed in Chapter 4.

2.4 Alexandria Chemistry Toolkit

The Alexander Chemistry Toolkit (ACT) is a free open source software for parameteriza-
tion of force fields. The toolkit is developed to derive parameters of the Alexandria force
field from quantum-chemistry and experimental data.
One ACT programs were used in this project for optimization of the force field parameters:
CD=4 44<. It reproduces molecular electrostatic potentials and electric moments using the
Alexandria charge model. And it uses the Markov Chain Monte Carlo (MCMC)/Simulated
Annealing (SA) simulation to optimize atomic electronegativity, atomic absolute hardness,
and the exponent of the spherical Gaussian and =B − (;0C4A density functions.[6]

CD=4 44< will read a series of molecules, their corresponding experimental dipole mo-
ments and ESP on grid points around each molecule from the file and adjust the parame-
ters in an algorithm until the charge generation algorithm AX implemented in the gentop
program reproduces the experimental dipole moments or the ESP. The minimum and max-
imum values of the parameters can be set, these boundaries are strictly enforced and are
penalized with a harmonic function for which the force constant can be explicitly set.
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3 Methods

Look back to our target function Eqn.1, which describes the deviation between the ESP
generated by ACM and the ESP calculated by DFT. The deviation directly depends on
the atomic charge, but the atomic charge generated using the chemical potential equaliza-
tion method depends on the atomic electronegativity, atomic hardness etc. Combine with
Eqn.2 and Eqn.11 , in theory we could compute the deviation using partial derivative, and

the derivative mb2

mj
etc. can be computed to get the optimal values using the chain rule.

However, such equations would be incredibly complicated. Therefore, a stochastic method
can be applied as well to describe the above process.

In the mid-1940s, with the improvement of computing hardware and software capabil-
ities, the Monte Carlo method was proposed as an independent method. Its basic idea is
not novel, people have implemented it in production and scientific experiments.

3.1 Monte Carlo method

Monte Carlo method is also called random sampling technique or statistical test method.
This method is a calculation method, which is distinguished from other general numerical
calculation methods. The Monte Carlo method which based on probability and statistics
theory is aimed at the problem to be sought, according to the statistical law of the physical
phenomenon itself, or artificially constructs a suitable probability model that depends on
random variables, so that the statistics of some random variables are used as the solution to
the problem. Usually, the solution of the problem can be obtained through the arithmetic
average of several specific observations of the random variable. [15]

In order to obtain an approximate solution for a certain degree of accuracy, the number
of required trials is massive, and it is quite difficult or even impossible to conduct a large
number of experiments by manual methods. Therefore, although the basic idea of Monte
Carlo method has been put forward by people, it was rarely used before the 1940s. Due
to the emergence of electronic computers, people now can simulate the process of random
experiments through electronic computers, and hand over a huge number of random exper-
iments to computers to complete, making the Monte Carlo method widely used in modern
science.[19]

The Monte Carlo method is mainly applied in three main aspects:

• Numerical integration.

• Optimization.

• Sampling from a probability distribution.
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These three applications are involved in this thesis project and will be introduced in the
following subsections.

3.1.1 Theory

The basic idea of the Monte Carlo method is to estimate the probability through a large
number of repeated experiments and use statistical frequency to solve the problem. If
the relationship between input and output is expressed as a function, our target function
can be expressed as 5 (x), where x = (G1, G2, · · · , G<), < indicates the number of input
parameters. Generally speaking, Monte Carlo method revolves around ”sampling”, so we
denote the input and output values under multiple experiment steps as x1, x2, · · · , xn and
5 1, 5 2, · · · , 5 =, where = is the number of steps and 5 9 = 5 (x j). The earliest Monte Carlo
method is used for calculating some summation or integration problems that are not easy
to solve.

� (x) =
∫

5 (x)3G (15)

In layman’s terms, the Monte Carlo method is to calculate the integral by random ex-
periment, the integral to be calculated is regarded as the mathematical expectation of a
random variable. Without loss of generality, assume 5 (G) is a univariate function, G is the
input variable instead of a vector. Then the integral can be represented as 5 (G)/?(G), ?(G)
is the probability density function that G obeys.

� (G) =
∫

5 (G)3G =
∫

5 (G)
?(G) ?(G)3G (16)

Then through a certain experiment, = observation values G1, G2, · · · , G= are obtained, and
calculate the corresponding values of = random variables 5 (G1), 5 (G2), · · · , 5 (G=). G1, G2, ..., G=
are mutually independent samples and obey the same distribution, and the integral of the
function can be estimated as:

�̄= =
1

=

=∑
9=1

5
(
G 9

)
?(G 9 ) (17)

This is the general formula of Monte Carlo integration. The �̄= is an unbiased estimator.

The convergence of the Monte Carlo method is based on the Wiener-Khinchin law of
large Numbers.

Theorem 1 (Wiener-Khinchin law of large Numbers) G1, G2, · · · , G=, · · · is a random vari-
able sequence set, independent and identically distributed, and their mathematical expecta-
tion values exist: � (G=) = 0, then for any Y > 0:
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lim
=→∞

?


������1= =∑

9=1

G 9 − 0

������ < Y
 = 1 (18)

That is, the arithmetic mean Ḡ= = 1
=

∑=
9=1 G

9 of the simple sub-sample of the random vari-
able G=, when the number of sub-samples is sufficiently large, it converges to its expected
value � (G=) = 0 with probability 1.

The problem of the error between the approximate value and the true value of the
Monte Carlo method, the Central Limit Theorem of probability theory gives the answer.
The theorem states that if the random variable sequence G1, G2, · · · , G= is independent and
identically distributed, ?(G) is the probability density function of G and has a finite non-zero
variance f2, that is

0 ≠ f2 =

∫
(G − � (G))2?(G)3G < ∞ (19)

Theorem 2 (Central Limit Theorem) G1, G2, · · · , G=, · · · is a set of random variable se-
quences, independent and identically distributed, and their mathematical expectation values
� (G) exist: � (G=) = 0, their variance values � (G) exist: � (G=) = f2, when =→∞:

%

{
1
=

∑=
9=1 G

9 − 0
f√
=

< -U

}
→ 1
√

2c

∫ -U

−∞
4−(C2/2)3C (20)

According to this,

%


������1= =∑

9=1

G 9 − 0

������ < -Uf√
=

 ≈ 1 − U (21)

Among them, U is usually called the confidence coefficient, and 1 − U is called the
confidence level. -U is the number such that %(−-U ≤ G ≤ -U) = 1 − U. Then we can get
the confidence interval of estimated expectation Ḡ= under the confidence level 1 − U.

(Ḡ= − -Uf√
=
, Ḡ= + -Uf√

=
) (22)

The Central Limit Theorem shows that the inequality |Ḡ=−� (G=) | < -Uf√
=

holds approx-

imately with probability 1 − U, and the order of the error convergence rate is $ (=−1/2). It
can be seen that the arithmetic mean converges to the order =−1/2 expected by the mathe-
matics, with the low convergence order of the Monte Carlo method, the convergence speed
is slow, and the error is determined by f and =.[26]

It can be seen from the definition that, given the confidence level, the convergence rate
of the Monte Carlo method is $ (=−1/2), which is only depended on the number of exper-
iments and irrelevant with the dimension of the problem (the number of variables of the
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target function 5 (G1, G2, · · · , G<)). The change of the dimension only causes the change of
the sampling time and the calculation time of the estimator in each trial, and theoretically
does not affect the error. For a certain accuracy, the total number of samples = extracted
has nothing to do with the dimension <. This characteristic determines that the Monte
Carlo method is appropriate for solving multi-dimensional problems. For numerical meth-
ods, such as the calculation of definite integrals, the calculation time will increase with
the power of the dimension. Moreover, it would occupy enormous computer memory. So
compared with traditional numerical methods, Monte Carlo method is more efficient to
overcome the limitation when calculating high-dimensional integration.

But there is still a key issue needs to be solved, that is, how to obtain the sample set
x1, x2, · · · , xn of certain probability distribution. Markov chain is a good helper to help
find the corresponding sample set of complex probability distribution.

3.2 Parameter selection

Before introducing the specific simulation algorithm, we must first analyze the data. All
parameters in the experiment are highly correlated, if all these parameters are kept, the
dimensionality will be too high. On the one hand, it increases the cost of optimization, on
the other hand, in order to ensure the same precision and accuracy of the results, and the
data in the high-dimensional space is inherently sparse, the required data is also greatly
increased.

However, unlike many classification models in machine learning field, these models try
to reduce the dimensionality of the data through dimensionality reduction algorithms, re-
move redundant parts, and map the prominent information in the data to the new feature
space to be effective reduce the calculation cost, while indirectly affecting the classifica-
tion accuracy. In chemical simulation experiments, each parameter has its specific physical
meaning, and each step of optimization in the experiment is the adjustment of these param-
eters. Therefore, dimensionality reduction methods such as principal component analysis
(PCA) that will destroy the original structure of the data and extract the main features
of the data will no longer be applicable, which will not achieve the purpose of reducing
computational consumption.

Therefore, this project conducts correlation analysis on the data, and selects the pa-
rameters of the data according to certain rules to achieve the purpose of dimensionality
reduction. The correlation analysis method mainly considers the correlation between the
two sets of data, and uses an indicator to determine which attributes in the data have
strong correlations, so as to make a trade-off on the parameters.

Here are a few general relevance indicators for measuring the correlation between pa-
rameters.
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3.2.1 Pearson correlation coefficient

The Pearson correlation coefficient is used to measure the linear correlation between two
variables G81 and G82, 81, 82 ∈ (1, 2, · · · , <). It has a value between +1 and −1, where 1 is
the total positive linear correlation, 0 is no correlation, and −1 is the total negative linear
correlation.

dG81G82 =
cov(G81, G82)
fG81fG82

=
�

(
G81 − `G81

) (
G82 − `G82

)
fG81fG82

(23)

where cov(G81, G82) is the covariance of variable G81 and . , `G81 and `. are the expec-
tations. fG81 and fG82 indicate the standard deviation of variable G81 and G82. The above
equation defines the overall correlation coefficient. With Eqn. 23, we use Monte Carlo
method to sample, calculate the covariance and standard deviation, and obtain the sample
correlation coefficient:

¯dG81G82 =

∑=
9=1

(
G
9

81 − Ḡ81
) (
G
9

82 − Ḡ82
)

√∑=
8=1

(
G
9

81 − Ḡ81
)2√∑=

9=1

(
G
9

82 − Ḡ82
)2 (24)

The correlation coefficient is used in linear correlation situations. For more complicated
situations, the correlation coefficient cannot indicate the strength of the correlation. Sec-
ond, some outliers may have a great impact on the correlation coefficient.[1] Third, the
Pearson correlation coefficient requires the corresponding G and H variables to be bivariate
joint normal distribution. Among the above requirements, the first two have the most
stringent requirements, and the third one is relatively loose, the results of the coefficients
are relatively robust when they do not conform to the joint normal distribution.[34]

3.2.2 Spearman correlation coefficient

The data using Pearson’s linear correlation coefficient should be obtained in pairs from a
normal distribution, and the data must be equidistant. If these conditions are not met,
one possibility is to use Spearman’s rank correlation coefficient instead of Pearson’s linear
correlation coefficient.

The Spearman rank correlation coefficient is a non-parametric (independent of distribu-
tion) rank statistical parameter. It is a correlation coefficient used to measure the strength
of the monotonic relationship between two continuous variables. The value range of the
coefficient is also [−1, 1] . In the case where there is no duplication of data, the Spearman
rank correlation coefficient equals 1 or −1 when one variable is a strictly monotonic func-
tion of another variable, which means they are completely correlated.
In practical applications, the link between variables is irrelevant, so the correlation coeffi-
cient can be calculated by simple steps. Let 3 be the difference between the ranks of the
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two variables being observed, then the correlation coefficient with different rank is:

dG81G82 = 1 −
6
∑
32
8

=
(
=2 − 1

) (25)

If the same rank exists, use Eqn.24 to calculate the linear correlation coefficient between
ranks.

3.3 Markov Chain Monte Carlo

After selecting the parameter set, the experiment process can be simulated by the ran-
dom simulation method. Similar experimental procedures bring two different simulation
requirements. One is to investigate the uncertainty of model parameters, which means to
obtain the posterior distribution of the parameters. Then, the approximate optimal value
of the statistical characteristic solution of the relevant parameters can be obtained through
the sampling test of the model (or process), which can be extended to the study of molec-
ular structure and liquid/solution equilibrium properties. The other is to use the global
optimization method to find the minimum value of the objective function. The former is
implemented by the Markov chain Monte Carlo method, and provides simulation support
for the global optimization method: simulated annealing algorithm.

The Markov Chain Monte Carlo method (MCMC) provides an effective method for
sampling the posterior distribution of parameters. It is based on a sampling method based
on Markov chain, which can improve the sampling efficiency.[39] The Markov chain was
proposed by the mathematician Markov in 1907. Its basic idea can be understood as
follows: the probability to reach the next state is independent of past states. For a set of
random variables {-# }#≥0 in the probability space with a one-dimensional countable set
as its index set. If the values of the random variables are all in a countable set, while the
conditional probability of the random variable satisfies the following equation:

%
(
-=+1 = y | -1 = x1, -2 = x2, · · · , -= = xn

)
= % (-=+1 = y | -= = xn) (26)

then {-# }#≥0 is a Markov chain. The probability of the system from the state of step =

to the state of step = + 1 is only related to the state of =, and has nothing to do with the
other previous state.

Marked s = {B1, B2, · · · , BA} as the state space, each state represents a set of possible
values for input variables x. Therefore, we define the transition probability to indicate the
probability of the system from the state B8 in step = to the state B 9 in step = + 1.

%(8 → 9) = %
(
-=+1 = B 9 | -= = B8

)
(27)

In discrete conditions, if we define the value of %8 9 at a certain position of a matrix V
as the transition probability %(8 → 9) that is the probability of transition from state B8 to
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state B 9 , then V is called the transition matrix of the Markov chain model. The probability
that the Markov chain under the state B8 at step = is defined as c= (8). Then the probability
of having the state B 9 at step = + 1 is

c=+1 ( 9) = %
(
-=+1 = B 9

)
=

∑
8 %

(
-=+1 = B 9 | -= = B8

)
· % (-= = B8)

=
∑
8 %(8 → 9) · c= (8)

(28)

A transition matrix is irreducible when any two states can always lead to each other.
The only closed set for an irreducible transition matrix is itself. For any state B8, 3 is
the greatest common divisor of the set

{
=|= ≥ 1, %=

88
> 0

}
. If 3 = 1, the state is aperiodic.

For an aperiodic Markov chain (the state transition of Markov chain is aperiodic) with a
irreducible transition matrix V, and any two states of it are connected, any one of them
can be reached in a finite number of steps, without the condition that has the constant 0
conditional probability, then lim=→∞ %8 9 does not correlate with 8:[25]

lim
=→∞

%
(=)
8 9
= c( 9) (29)

where %(=)
8 9

is the transition probability %(8 → 9) after the = step of Markov chain state
transition.

c( 9) =
∑
8∈(

c(8)%8 9 (30)

Define the stationary distribution c of the Markov chain as the only non-negative solution
of the equation cV = c, where c = [c(1), c(2), . . . , c( 9), . . .],∑∞8=0 c(8) = 1.

Here we need to introduce a sufficient condition for converging to the stationary distri-
bution, for all 9 ∈ (, the stationarity condition could have the property:∑

8∈(
c(8)%8 9 = c( 9) =

∑
8∈(

c( 9)% 98 (31)

Then we have:
c(8)%8 9 = c( 9) = c( 9)% 98 8, 9 ∈ ( (32)

The Eqn.32 is a sufficient condition called the detailed balance condition. It illustrates
that the probability from 9 to any other state are equal.

Assume the initial probability distribution is c0(s), the probability distribution after
the 8 step of Markov chain state transition is c8 (s). Suppose that after = step, the Markov
chain converges to the stationary distribution c(s):

c= (s) = c=+1(s) = c=+2(s) = · · · = c(s) (33)

for each distribution,

c8 (s) = c8−1(s)% = c8−2(s)%2 = · · · = c0(s)%8 (34)
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The states of a Markov chain can be finite or infinite. So it can be used for discrete
probability distribution and also continuous probability distribution. Assume {-# }#≥0 is a
Markov chain on the continuous state space s, the continuous simulation of the transition
probability %8 9 is the transition density, expressed as ?C (8, 9), which is not the probability
of state 8 moving to state 9 , but the probability density function in 9 . The density function
describes a curve, and the area under the curve represents the probability while 8 can be
considered as a parameter of this density function.

The stationary distribution c of {-# } on s is defined as a probability density function
with transition density ?(8, 9) and satisfies:[29]

c( 9) =
∫
(

c(8)?C (8, 9)38 (35)

Note that this definition is analogous to a discrete state space stationary equation. For

a continuous state Markov chain transition densities after n step ?
(=)
C (8, 9), suppose that

the following limit exists and is independent of 8:

lim
=→∞

? (=) (8, 9) = c( 9) (36)

By establishing a Markov chain whose stationary distribution is the target distribution,
the posterior distribution sampling can be achieved. Its basic steps are as follows:

1. Determine the stable distribution c(x), and set an arbitrary Markov chain state
transition matrix &.

2. Sample from any simple probability distribution to get the initial state value x0.

3. Sample x∗ from the conditional probability distribution &(x |xn), xn that indicates
the value of x at step = is the state of this step.

4. Sampling from a uniform distribution D ∼ uniform[0,1].

5. If D < U(xn, x∗) = c(x∗)&(x |xn), then accept the transition xn → x∗, xn+1 = x∗,
Otherwise, the transfer is not accepted, xn+1 = xn

6. Repeat 3-5 until enough samples are generated.

However, this sampling algorithm is more difficult to apply in practice. Since U(xn, x∗)
may be very small, most of the sampled values will be rejected and transferred, and the
sampling efficiency is very low. The = required for samples keeps increasing. So the
Metropolis sampling algorithm is cited. Similar to the Markov chain Monte Carlo method,
the basic idea of Metropolis sampling is to sample from a known, simpler distribution,
and accept this sample as an approximate sample of the target distribution with a certain
probability. For a candidate sample, the acceptance probability of the Metropolis algorithm
is defined as:[8]
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U = min

(
1,
c(x∗)
c (xn)

)
(37)

when a randomly generated probability value is less than the specified probability, the
candidate sample is accepted, that is, xn+1 = x∗, otherwise the candidate sample is rejected
and xn+1 = xn.

The Metropolis sampling algorithm is similar to the previous algorithm, except that
the acceptance probability a in step 5 is replaced with Eqn.37.

Constructing a Markov kernel (transition probability) & that can make the sample con-
verge in a high probability density region is the most important part of using the MCMC
method. For computational chemistry research, the final posterior probability distribution
which is the goal of using Monte Carlo method is usually unknown. But we can directly
simulate this process, considering the target function eqn.1. This optimization-like prob-
lem provides a probability model itself.

Consider our optimization parameters x = {G1, G2, · · · , G<}, we optimize all the param-
eters in one MCMC simulation as follows:

1. Take a random parameter G8 and change it by a random amount with 1% of the
actual value, x∗ = G=1, G

=
2, · · · , G

∗
8
, · · · , G=<, 8 ∈ (1, 2, · · · , <).

2. Compute the target function value with the new parameters, 5 (x∗).

3. If the new function value smaller than the old value 5 (x∗) < 5 (x=), accept the new
parameter, x=+1 = x∗ Or sampling from a uniform distribution D ∼ uniform[0,1].
For a fixed temperature ) , if exp(−( 5 (x∗) − 5 (x=))/)) > D accept the parameter.
Otherwise reset the parameter to the old value, x=+1 = x=

4. Repeat 2-4 until enough samples are generated.

Compared with Eqn.37, the above simulation defines a probability distribution,

%) (x) = exp(− 5 (x)/)) (38)

where 5 (x) = b2(x) is the target function, and ) is the given temperature. In other words,
when MCMC tends to a stable distribution, the overall conformity to the target distribu-
tion equals %) (x).

3.4 Simulated annealing

As one of the most important algorithms in the sampling world, the Markov Chain Monte
Carlo method makes it possible to sample from a high-dimensional distribution. The
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MCMC method will eventually use %) as the probability distribution and continue sam-
pling. Reflected in the target function, its value constantly fluctuates near the minimum
value. In this project, we mentioned a goal of minimization about the target function.
In fact, it can also be regarded as random sampling from this minimization goal. To
understand its idea, consider our distribution:

%) (x) = exp(− 5 (x)/)) = exp(−b2(x)/)) (39)

which defines a probability distribution, where x represents the state of the system (val-
ues of input variables), %) (x) represents the probability of the system taking the G state,
b2(x) represents the error between the system in the G state and the reference data, and
) represents the temperature. In actual situations, the definition of b2 depends on the
difference between our simulation and the real experimental data. For optimization, we
need to virtualize a system with the b2(x) as our optimization goal. The smaller the b2(x),
the larger the %) (x); vice versa. In this way, the original optimization problem becomes
to find the state x with the largest probability under the %) distribution. And obviously,
the distribution %) (x) is related to temperature ) . When ) increases, the %) distribution
becomes more uniform, and when ) decreases, %) becomes sharper.[40]

Now sample on the given distribution %) (x). When ) = 0, %) (x) degenerates to a
one-hot distribution. Since only the optimal x∗ satisfies %) (x∗) = 1, the rest of the values
of x make %) (x) = 0. So as long as the sample collected at ) = 0 satisfies the distribution
of %) (x), then the value of x∗ at this time must be the wanted value, and the sampling
process on the given distribution %) (x) is completed with the MCMC method.

If %) (x)is relatively uniform, according to the metropolis criterion, the new x∗ is easily
accepted at this time, and it is relatively easier to obtain qualified samples. But as men-
tioned in the previous section, the target function value will fluctuate around the global
minimum. If the target distribution %) (x) is too ”steep”, according to the rejection cri-
terion, it can be seen that such new x is almost always rejected. So the convergence rate
of the process will become extremely slow, it takes a lot of state transitions to collect a
qualified sample, while the whole experiment fall into the local optimum easily.

How to determine the temperature becomes a key factor in the optimization process.
The method of simulated annealing is to start sampling from high temperature, making
the algorithm search extensively, then slowly lower the temperature, sample at the new
temperature, and repeat the process...until the temperature 0 is reached, the sample at
this time is the global optimal solution. Usually the rate of temperature reduction is pre-
specified, also known as the annealing rate. This experiment did not explicitly set the
annealing rate, but set the start time of the annealing process. From this point in time,
the temperature gradually decreases linearly to 0.

It should be noted that, in fact, the global optimal solution is basically impossible to
achieve, because the required annealing rate is very small. In the third part of the thesis,
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many experiments on the annealing algorithm are carried out, and the better annealing
mode is obtained for the experiment.[14]

3.5 Stopping rules

A problem cannot be iterated forever. There must be a stopping criterion. For the two
types of simulation mentioned in the first two modules, two different types of discrimination
methods are proposed. One is aimed at Markov chains and sees whether the simulation
process converges to a stable distribution. Another criterion is aimed at the optimization
method to see whether the numerical algorithm converges to the required accuracy.

However, it is very difficult to evaluate the convergence of high-dimensional Markov
chains, and some existing evaluation algorithms are only suitable for univariate Markov
chains. So we can only simply use the sample moments to make judgments. The method
of judging the convergence of the distribution usually includes: comparing the variance or
mean before and after convergence, and if these sample moments are stable, it is considered
as convergent. Or use different initial values to experiment to see if their sample moments
are consistent.

Considering the optimization method, the purpose of the iterative method is to make
the value of the target function closest to the target value through the calculation method.
When and how to stop a Monte Carlo experiment is one of the crucial questions to be
answered. Here are some common stopping rules of numerical iteration methods:

1. Set the maximum number of iterations as the stopping rule, such as 1000 times, no
matter whether the program calculates the desired result or not, it will end within
1000 times.

2. Set the difference to the specific value as the stopping rule, which is generally used
when knowing the specific value and seeking the value of the independent variable.

| | 5 ∗ − 5 = | | < Y (40)

3. Set the change trend as the stopping rule, determined according to the error value
of the two iterations before and after. For example, set the iteration stop condition
to stop the iteration when

| | 5 = − 5 =+1 | | < Y (41)

where 5 = is the target function value when the iteration reaches = step. Similarly, Y
can also be set according to the actual situation.

4. Set the error of simulation as the stopping rule.
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For the common calculation method, it is not easy to give the error between the calculation
result and the true value, so usually the first 3 types of stopping rules are implemented,
but the Monte Carlo method is different. According to the error formula of the Monte
Carlo method, the error can be calculated while calculating the required variables. It is
also easy to determine the error of a very complicated Monte Carlo calculation problem.

Generally, the error Y of the Monte Carlo method is defined as[26]

Y =
-Uf√
=

(42)

In the equation, there is a one-to-one correspondence between -U and the confidence co-
efficient U. After the confidence level is determined according to the requirements of the
problem, -U can be determined by checking the results of standard normal distribution.
About the error of the Monte Carlo method, it needs to be noticed that:

1. First, since the error of the Monte Carlo method is estimated under a certain con-
fidence level, the error of the Monte Carlo method is a probability error, which is
different from other numerical calculation methods.

2. Second, the standard deviation f in eqn.42 is unknown, so we can only use its
estimated value, where Ḡ= =

∑=
9=1 G

9 .

f̂ =

√√√
1

= − 1

=∑
9=1

(G 9 − Ḡ=)2 (43)

3.6 Sensitivity analysis

In many fields of science and technology, such as finance, chemistry, engineering, biology,
etc., a type of model is usually encountered: its variable of interest, called the output
variable, is determined by a series of other variables, called the input variable. And the
number of input variables is often greater than five, that is, the model is high-dimensional.
For such a model, practical workers usually care about the following issues:

1. Which input variables have the greatest impact on output variables? Which comes
next? How does each input variable contribute to the output variable? Furthermore,
how can the fluctuation of the output variable be controlled?

2. Which input variables have no effect on the output variables and can then be removed
from the model?

3. Is the fluctuation of the output variable caused only by the input variable? Does the
interaction between input variables affect the fluctuation of output variables? If so,
what are the interactions between the input variables?
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4. Can the model be approximated by a relatively simple model? How to measure the
error after approximation?

5. Within the domain of the input variable, which area can make the target value of
the output variable reach the optimization goal?

In order to solve these problems, sensitivity analysis is used as an independent anal-
ysis tool.[9] It mainly examines what kind of manifestation the output variable will have
when the input variable fluctuates within the respective overall domain of definition. Its
purpose can be summarized in one sentence: how the objective function output variable is
determined by the input variable.

3.6.1 Local sensitivity

Local sensitivity analysis is based on (partial) derivative analysis and belongs to a category
of single factor analysis methods. Sensitivity is usually calculated when one factor changes
while all other factors remain the same. Compared with global sensitivity analysis, it is
very simple, easy to apply and explain, and usually requires fewer simulation runs. How-
ever, this method only explores a simplified space around the basic case input factors.

A representative model of local sensitivity analysis method One-at-a-time (OAT) is one
of the simplest and most common analysis approaches, that is, at a certain point in the
parameter space, give a small change to a single parameter, and the other parameters are
fixed, and the relative change of the variable is obtained. The calculation formula is as
follows:[31]

($�) =
Δ 5 (x)/ 5 (x)
ΔG8/G8

(44)

where H is the value of output function value, and Δ 5 (x)/ 5 (x) is the change ratio of 5 (x).
G8 is the value of the 8th parameter value, and ΔG8/G8 is the change ratio of G8. Since all
variables are adjusted separately from the same output baseline value, this method is more
comparable.

In addition, the disturbance around the baseline value can be directly investigated and
the local derivative can be used to find the partial derivative of the output 5 (x) with
respect to the input factors. This method only checks for small disturbances, usually one
variable at a time, so it does not fully explore the input space. Considering that the target
problem is searching for the global optimum, the experiment selects the baseline value as
the optimum obtained by the simulated annealing method, perturbing the input parame-
ters.

For local sensitivity, we can also move the parameters of this point to the left and right
within its value range, and fit these three points with a quadratic function. The quadratic
term of the quadratic function represents the gentleness of the curve and can also be used
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as a local sensitivity index. The larger the quadratic coefficient, the narrower the parabola,
and the more sensitive the parameter is.

3.6.2 Global sensitivity

The local sensitivity methods only explore the parameter sensitivity near a certain output,
which is of reference significance for parameter adjustment in a stable distribution state.
However, the local sensitivity methods do not take into account the rest of the variation
range of the parameter space. These methods are also not very effective for nonlinear
models.

At the same time, because the local sensitivity only changes a single variable each time,
the interaction between multiple variables is not considered. This method does not have
self-verification, while most global sensitivity analysis can be used to explain how many
changes in output are caused by input factors.[30]

Linear models We denote the output variable of interest as 5 (x), and the input vari-
able as G = (G1, ..., G<), where < is the number of variables. Each G8 is independent of
each other, and 5 (x) in this project is a univariate variable. The model is expressed as
5 (x) = 5 (G1, ..., G<). Regression analysis and correlation analysis methods measure the
relationship between G and 5 (x). First, the real model is expressed as a linear function.[9]

5̂ = \0 + \1G1 + · · · + \<G< (45)

Where \0, \1, · · · , \< represents the linear regression least squares estimated value obtained
from the sample. Then use the Pearson Correlation Coefficient to measure the importance
of G8 to 5 (x). The larger the coefficient value of G8, the greater its influence on 5 (x).
The degree of influence of each G8 on 5 (x) can be sorted by the absolute value of the
corresponding coefficient.

d 5 ,G8 =
cov( 5 , G8)
f 5fG8

=
�

(
5 − ` 5

) (
G8 − `G8

)
f 5fG8

(46)

The measure has better results when the real model is linear or the model’s fitting coeffi-
cient is close to 1. Note that when the real model is nonlinear, the linear function cannot
reflect the real situation, the above measures are naturally not applicable.

Non-linear models The global sensitivity method approximating the real model with a
linear function is not suitable for complex realistic situations. In order to solve the nonlinear
problem, the method of rank transformation to measure the relationship between G and
5 (x) is proposed.[32] The specific ideas are as follows:
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1. Take a set of sample points ^ = (x1, · · · , x=), where = is the number of experiments.
Each vector G

9

8
, 8 = 1, 2, · · · , <. 9 = 1, 2, · · · , = is a sample from the probability density

function of x8. And values of 5 (x) are gained through calculation.

2. Replace the values of 5 (x) with their rank X( 5 ):
' ( 5 A) = 1 if 5 A = Max

(
5 9 | 9 = 1, 2, . . . , =

)
· · ·
'

(
5 C
)
= = if 5 C = Min

(
5 9 | 9 = 1, 2, . . . , =

) (47)

3. The model is transformed to

X( 5 ) = 5 ∗ (G1, . . . , G<) (48)

Calculate the Pearson correlation coefficients for the new model. Determine the
degree of correlation between x8 and 5 . If there are two of the same rank, calculate
their Pearson correlation coefficient directly.

The transformed model is also a function of samples, but one single rank output X( 5 9 )
obtained actually depends on the entire sample matrix ^, instead of a single sample G

9

8
, 9 =

1 · · · , =. Sometime the input variables would also be transformed, compared with the
aforementioned method, this method has a certain robustness, and has a good effect on
monotonous nonlinear models. But it also has some drawbacks:

• The rank transformation method requires the model to be monotonic. When the
model is non-monotonic, this metric is not applicable.

• After implementing the rank transformation, the observations of the new output
variables are regarded as independent, but they are actually related.

• There is no effective standard for how to measure the difference between the trans-
formed model X( 5 ) = 5 ∗ (G1, . . . , G<) and the real model 5 (G) = 5 (G1, ..., G<).

In practical applications, the model is usually complex, the functional relationship be-
tween the output variable and the input variable is usually non-linear, non-monotonic, and
non-additive. Therefore, it is necessary to propose a measurement method that is irrele-
vant with the form of the model. In actual situations, due to the influence of some random
factors, input G will fluctuate randomly within its range. Therefore, G can be regarded as
random variables, and their randomness can be described by the density function. Since
we have already screened the correlated variables, we also assumed that G8 is independent
of each other. 5 (G) as a function of G, is also a random variable. In order to measure the
sensitivity without modeling the function, we are going to introduce a generation of the
variance based sensitivity indices.
Under the assumption that G8 is independent of each other and 5 (G) is integrable, the
objective function 5 (G8, · · · , G<) can be decomposed into the sum of several functions of
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different dimensions:[35]

5 (G1, · · · , G<) = 50 +
∑
8

58 (G8) +
∑
81<82

58182
(
G81 , G82

)
+ · · · + 512···< (G1, G2, · · · , G<) (49)

the 50 in the decomposition equals to expectation � ( 5 (x)) and the first order term 58 (G8)
equals to �x∼8 ( 5 | G8), represents the conditional expectation of 5 (x) with respect to G8,
where x8 is the 8th input variable and x∼8 denotes the input vector of all variables but x8.
Similarly, the second order term is 58182 (G81 , G82) = �x∼8182

(
5 | G81 , G82

)
− 581(G81) − 582(G82) − 50,

and same for the higher order terms. Note that the total number of summands is 2=. Sobol
et al. proves that this decomposition is unique, when∫

581,··· ,8B
(
G81 · · · G8B

)
? (G: ) 3G: = 0, : = 81, · · · , 8B (50)

where 1 ≤ 81 < · · · < 8B ≤ <. In this condition, the decomposition is called Analysis Of
Variance (ANOVA)-representaion of 5 (G).[37] The total variance � of the model output
can be decomposed to a sum of terms of increasing dimensionality, the terms describe that
581,··· ,8B

(
G81 . . . G8B

)
are the random variables with variances �81···8B .

� =

=∑
B=1

=∑
81<···<8B

�81···8B =
=∑
8=1

�8 +
=∑

81=1

=∑
82=1
82≠81

�8182 + · · · (51)

The first order terms describing the contribution to the total variance by single parameter,
the second order terms describing the interact contribution by two parameters, etc. Now
consider the arbitrary set of input variables {x }, x = (G81 , G82 , · · · , G8B ), 1 ≤ B < <, and its
complementary set is x! = (G81 , G82 , · · · , G8<−B ). Note  , ! = 81, 82, · · · , 8B ⊆ {1, 2, · · · , <} =
Ω. Then similarly with eqn.51 the variance of subset x can be defined as

� =

<∑
B=1

∑
(81<···<8B)∈ 

�81···8B (52)

The variance of subset x! can be defined in the same way, since the union set of x and
x! is the total input variables, then the total variance corresponding to the subset x is

�C>C
 = � − �! (53)

The partial variance can be expanded as:

� = � ( 5 (x )) = �x (�x! ( 5 (x , x!))) (54)

The conditional expectation �x! ( 5 (x , x!)) is the expectation of variable 5 with fixed x ,
�x! (·) means all the input variables except x are changing in their range while calculating
the 5 . The �x (·) means the x can be taken all values in their range. In contrast,

�C>C
 = � − �x! (�x ( 5 (x , x!))) = �x! (�x ( 5 (x , x!))) (55)
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Define the algebraic fraction of total variance and the partial variances as sensitivity mea-
sure indices:

(81···8B =
�81···8B
�

(56)

where (81···8B > 0, and
<∑
B=1

<∑
81<···<8B

(81···8B = 1 (57)

Then we have

( =
� 

�
, (tot =

�tot
 

�
(58)

Usually when  only contains one variable, the first index is called the first-order sensitiv-
ity index, the second is called the total-effect index. It is easy to prove that (C>C

 
= 1 − (!.

The first-order sensitivity index uses only a single input to measure the contribution to
the output variance. The total-effect index measures the contribution of the model input
to the output variance, including its first-order effect (individual input changes) and all
high-order interactions. The high-order indices indicate the interaction between more than
one random variables, such as the second-order index measuring the contribution of the
interaction of two inputs to the output variance.

It can be seen from the above introduction that the indices are all proposed based
on the orthogonal decomposition of the model. Compared with other types of sensitivity
measures, this type of indices has the following advantages:

1. They can have a quantitative measure of the impact of each input variable on the
output variable, and can rank the importance of each input variable.

2. They can identify whether a set of input variables have interactive effects on output
variables, and if they exist, they can also give a quantitative measure.

3. They have no restrictions on the specific form of the model. The model can be
non-linear, non-monotonic, and non-additive.

The question is how to compute the partial variances. In the existing algorithms for
estimating global sensitivity indices, methods such as FAST and RBD can only estimate
the first-order sensitivity index or the total effect index, while incapable for the estimation
of second-order or higher order indices. In contrast, the Monte Carlo and the pseudo Monte
Carlo algorithm can get the estimation of the sensitivity index of any order. In order to
use the Monte Carlo method to calculate the indices, we expand the conditional variances
and expectations as their integral form definition:[36][16]

�x! ( 5 (x , x!)) =
∫
Ω<−B

5 (x , x!)?(x! | x )3x! (59)

� = �x (�x! ( 5 (x , x!))) =
∫
ΩB

[
�x! ( 5 (x , x!))

]2
?(x )3x − 5 20 (60)
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Similarly, for the total effect variance �C>C
 

:

�x ( 5 (x , x!)) =
∫
ΩB
5 (x , x!)?(x | x!)3x (61)

�C>C
 = � − �x! (�x ( 5 (x , x!))) = � −

[∫
Ω=−B

[
�x ( 5 (x , x!))

]2
?(x!)3x! − 5 20

]
(62)

Note that the ?(x ) is the marginal distribution density function and ?(x! | x ) is
the conditional distribution density function, since the variables are uncorrelated, the con-
ditional distribution function reduce to the marginal distribution density function ?(x!).
Then we have:

( =
1

�

[∫
ΩB

[
�x! ( 5 (x , x!))

]2
?(x )3x − 5 20

]
=

1

�

[∫
ΩB
?(x )3x 

[∫
Ω<−B

5 (x , x!)?(x!)3x!
]2
− 5 20

] (63)

However when � << 5 20 , the computation of � will suffer a serious loss of accu-
racy.[38] So a modified integral form of 5 20 is proposed

5 20 = [� ( 5 (x))]
2

=

[∫
Ω<

5 (x , x!)?(x , x!)3x 3x!
]2

=

[∫
Ω<

5 (x , x!)?(x , x!)3x 3x!
∫
Ω<

5
(
x′ , x

′
!

)
?

(
x′ , x

′
!

)
3x′ 3x

′
!

] (64)

Here (x′
 
, x′

!
) is another random vector identically distributed with (x , x!). This

form provides another estimation for the Monte Carlo process, despite the statistical er-
ror increases, it would reduce the loss of accuracy when computing the partial variance.
Substitute the new form into eqn.63:

( =
1

�

[∫
ΩB
?(x )3x 

[∫
Ω<−B

5 (x , x!)?(x!)3x!
∫
Ω<−B

5
(
x , x

′
!

)
?

(
x′!

)
3x′!

]
−

[∫
Ω<

5 (x , x!)?(x , x!)3x 3x!
∫
Ω<

5
(
x′ , x

′
!

)
?

(
x′ , x

′
!

)
3x′ 3x

′
!

] ]
=

1

�

[ [∫
Ω<−B

5
(
x , x

′
!

)
?

(
x′!

)
3x′! −

∫
Ω<

5
(
x′ , x

′
!

)
?

(
x′ , x

′
!

)
3x′ 3x

′
!

]
·
∫
Ω<

5 (x , x!)?(x , x!)3x 3x!
]

(65)
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As for the total effect index, the partial variance can be expressed in the same way.
First rewrite the total variance.

� = � ( [ 5 (x , x!)]2) − 5 20
=

1

2

∫
Ω<
[ 5 (x , x!)]2 ?(x , x!)3x 3x! +

1

2

∫
Ω<

[
5 (x′ , x!)

]2
?(x′ , x!)3x′ 3x! − 5 20

(66)
Then the total effect index can also be refined to a modified form which can make the

Monte Carlo process easier to be implemented.

(C>C =
1

�

[ [
1

2

∫
Ω<
[ 5 (x , x!)]2 ?(x , x!)3x 3x!

+ 1

2

∫
Ω<

[
5 (x′ , x!)

]2
?(x′ , x!)3x′ 3x! − 5 20

]
−

∫
Ω<−B

?(x!)3x!
[∫
Ω<−B

5 (x! , x )?(x!)3x!
∫
ΩB
5
(
x′ , x!

)
?

(
x′ 

)
3x′ − 5 20

] ]
=

1

2�

∫
Ω<+B

[
5 (x , x!) − 5 (x′ , x!)

]2
?(x , x!)?(x′ )3x 3x′ 3x!

(67)

Although the integration dimension increases after introduce another pair of the random
vectors, the new equations show less sensitive to accuracy loss and have a better perfor-
mance in the Monte Carlo experiments, which can reduce the experiments number.

Then we need to consider how to sample. In order to sample conditional expectations,
randomly generate 2= samples {x1, · · · , x2=} with Alexandria simulation (converged experi-
ments), where x = (G1, G2, · · · , G<). Let (x , x!) = (x1, · · · , x=), (x′ , x′!) = (x=+1, · · · , x2=).
 , ! stands for segmenting the vectors into different parts. In most experiment cases,  
contains only a single index, and its complement ! contains the remaining < − 1 param-
eters.[13] For simplicity, we mark all the (x , x!) together as matrix A<×=, (x′

 
, x′

!
) as

matrix B<×=. Build further < × = matrices B
9

A
and A

9

B
, for 9 = 1, 2, ..., <, B

9

A
means that

the 9th column of B
9

A
is equal to the 9th column of A, and the remaining columns are

from B, vice versa. Since the set  is a singleton, then the esimator of first-order index
and total-effect index can be defined as

(8 =
1

= · �

=∑
9=1

5 (A) 9
(
5

(
B(8)
A

)
9
− 5 (B) 9

)
, 8 = (1, 2, · · · , <) (68)

(C>C8 =
1

2= · �

=∑
9=1

(
5 (A) 9 − 5

(
A(8)

B

)
9

)2
, 8 = (1, 2, · · · , <) (69)

where 5 (A) 9 and 5 (B) 9 are 5 (x 9 ) and 5 (x=+ 9 ) respectively. Use the alternative formula

A(8)
B

in eqn.68 is better distributed than the original one B(8)
A

, which can also reduce the
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number of function evaluations. The rationality of this change can easily be proven.[33]
Then we have

(8 =
1

= · �

=∑
9=1

5 (B) 9
(
5

(
A(8)

B

)
9
− 5 (A) 9

)
, 8 = (1, 2, · · · , <) (70)

(C>C8 =
1

2= · �

=∑
9=1

(
5 (A) 9 − 5

(
A(8)

B

)
9

)2
, 8 = (1, 2, · · · , <) (71)

The main steps of the calculation are as follows:

1. Draw 2= samples conforms to their distribution, and divide them into two groups, A
and B.

2. Replace the 8th column in B with the 8th column in A, 8 = 1, 2, . . . , <, to generate
matrix AB(8) .

3. Calculate the corresponding function values, 5 (A), 5 (B), 5 (AB).

4. Calculate the variance of [ 5 (A), 5 (B)] as total variance �. Note that [ 5 (A), 5 (B)]
is the accumulation of two vectors, not summation.

5. For all 8 = 1, 2, ..., <, calculate the first-order and total-effect indices

(8 =
1

= · �

=∑
9=1

5 (B) 9
(
5

(
A(8)

B

)
9
− 5 (A) 9

)
, 8 = (1, 2, · · · , <) (72)

(C>C8 =
1

2= · �

=∑
9=1

(
5 (A) 9 − 5

(
A(8)

B

)
9

)2
, 8 = (1, 2, · · · , <) (73)

31



4 Experiments and evaluations

4.1 Parameter selection

In the experiment, we have a total of 55 parameters that need to be adjusted, they are:
Charge distribution width of c3, ca, cu, h1, ha, hc, hp, oh, os;
Electronegativity of c3, ca, cu, h1, ha, hc, hp, oh;
Hardness of c3, ca, cu, h1, ha, hc, hp, oh, os;
Bond-hardness of c3-c3, c3-oh, c3-os, ca-c3, ca-ca, ca-ca2, cu-c3, cu-cu, cu-oh, cu-os,
h1-c3, h1-cu, ha-ca, hc-c3, hc-cu, hp-oh;
Electronegativity correction of c3-oh, c3-os, ca-c3, cu-c3, cu-oh, cu-os, h1-c3, h1-cu,
ha-ca, hc-c3, hc-cu, hp-oh;

For a long-term experiment, the experimental process can be divided into 20 groups,
the first group is taken as the prior distribution, and the last group is taken as the posterior
distribution. Analyse the frequency distribution histogram and take the electronegativity,
charge distribution width and hardness of atom type ”hp” and Bond-hardness, Electroneg-
ativity correction of atom pair ”hp-oh” as an example. Figure 1 shows that the posterior
distribution gradually converges to a relatively narrow normal distribution.

The width of the distribution is also related to the sensitivity of the parameter. For
simplicity, we add flags behind the atom types to distinguish different parameters: charge
distribution width V (:Beta) electronegativity j (:Chi), hardness [ (:Jaa), bond-hardness
Z (:Zeta), electronegativity corrections Δj (:dChi).

All parameters have similar graphical properties. Because the experiment has stochas-
ticity, multiple correlation analyses were performed on the data and 16 sets of experi-
ments were carried out, each containing 50,000 runs. The Pearson correlation coefficient
and Spearman correlation coefficient were calculated respectively, and then the parameter
pairs that are relevant in at least 8 sets of experiments were extracted, which are marked as
”corr-num”. The correlation threshold is set to 0.4, which is defined as medium correlation
in many documents. The results are listed in Table 2 and 3.
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Figure 1: The prior distribution and posterior distribution of atom hp

Pearson correlation coefficient Spearman correlation coefficient
Parameter 1 Parameter 2 Corr-num Parameter 1 Parameter 2 Corr-num

c3:Chi hc:c3:dChi 10 c3:Chi hc-c3:dChi 11
h1:Chi hc:Chi 14 h1:Chi hc:Chi 13
hp:Jaa c3:oh:Zeta 9 hp:Jaa c3-oh:Zeta 9
ca:Chi ha-ca:dChi 13 ca-c3:Zeta h1-cu:dChi 8
cu:Chi h1-cu:dChi 8 ca:Chi ha-ca:dChi 14
h1:Jaa ha:Jaa 9 hp:Jaa cu-oh:dChi 8
ha:Jaa h1-cu:dChi 8 ca-c3:dChi ha-ca:dChi 8
hp:Jaa cu-oh:dChi 8
os:Chi c3-os:dChi 8

ca-c3:dChi ha-ca:dChi 8

Table 2
Positive correlation coefficient
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Pearson correlation coefficient Spearman correlation coefficient
Parameter 1 Parameter 2 Corr-num Parameter 1 Parameter 2 Corr-num

cu:Chi c3:Jaa 8 c3:Chi ca-c3:Zeta 8
ha:Chi ha-ca:dChi 10 ha:Chi ha-ca:dChi 9
hc:Chi hc-c3:dChi 8 cu-os:Zeta cu-os:dChi 9
hp:Chi hpoh:dChi 8 h1:Chi h1-c3:dChi 9
ca:Jaa ca-c3:Zeta 8 c3-oh:Zeta c3-oh:dChi 10

cu-os:Zeta cu-os:dChi 9
hc-c3:Zeta h1-cu:dChi 8

h1:Chi c3-oh:dChi 8
h1:Chi h1-c3:dChi 9
ha:Jaa ha-ca:dChi 8
os:Jaa h1-cu:dChi 8

c3-oh:Zeta c3-oh:dChi 8

Table 3
Negative correlation coefficient

Obviously there are some parameters that are related in most experiments. At the
same time, the coincidence of the results of the two correlation coefficients is also very
high, which further proves the reliability of the analysis. We set the threshold of the corre-
lation coefficient experiment to be greater than 8 of 16 MCMC experiments. For example,
Table 2 shows that the electronegativity of ”h1” and the electronegativity of ”hc” have a
positive correlation trend in 14 experiments.

After analysis, we finally decide to exclude parameter:
c3:Chi: The electronegativity of atom c3;
h1:Chi: The electronegativity of atom h1;
ha:Chi: The electronegativity of atom ha;
hp:Chi: The electronegativity of atom hp;
os:Chi: The electronegativity of atom os;
ca:Jaa: The hardness of atom ca;
hp:Jaa: The hardness of atom hp;
cu-os:Zeta: The bond-hardness of atoms cu and os.
This choice combines the results of subsequent sensitivity analysis and selects parameters
that have a high degree of correlation with other parameters and are not sensitive to the
target function. These excluded parameters will be set to a fixed value, which is obtained
by averaging the results of several annealing experiments to ensure that the convergence
speed is not affected.
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Parameter name Fixed value
c3:Chi 2.3
h1:Chi 3.5
ha:Chi 3.0
os:Chi 3.2
ca:Jaa 10.1
hp:Jaa 12.4

cu-os:Zeta 7.0

Table 4
Parameters with fixed values

By selection, we get new parameter pairs in Table 4 that can be regarded as inde-
pendent of each other. Note that according to dimensionality reduction requirements, the
thresholds can be changed. The lower the number of experiments and the correlation co-
efficient thresholds, the more parameters can be eliminated.

As mentioned earlier, due to the correlation between many parameters, the value re-
quired by the target function is often a linear combination of several parameters during
optimization. In this case, different sets of parameters may result in similar target function
value, the parameter values would be unstable. 10 groups of Monte Carlo experiments were
performed, 5 groups corresponding to the case with fixed parameter values, and the other
5 groups were unfixed control groups. Each group of experiments contained 55,000 steps
(1,000 maximum iterations), and started annealing after 10% of the MC experiment. The
average value of 5 experiments were taken respectively, use parameters ”ca-oh:Zeta” as an
example, and draw the variation curve of different parameters.
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Figure 2: Variation trend of parameter value before and after selection. The parameter
c3-oh:Zeta is positively correlated with a fixed parameter hp:Chi. The range of parameter
values may be influenced by the stochastic simulation, but the curve becomes more smooth
and shows a more significant convergence trend.

Figure 2 shows the difference in the variation curve of some parameters before and
after screening. Figure 2(a) shows the values of parameter ”c3-oh:Zeta” before screening,
and Figure 2(b) shows the values after screening. It can be seen that after the correlation
between some parameters is eliminated, the change of the parameter value is more stable,
which is conducive to the subsequent analysis.

4.2 Convergence of the simulation

4.2.1 Distribution convergence

Due to the high dimensionality, the convergence of the distribution is not easy to describe.
Generally speaking, the analysis methods of convergence can be divided into qualitative
analysis and quantitative analysis. In qualitative analysis, the most intuitive method is
to draw a trajectory diagram of the Markov chain, and visually analyze whether the pa-
rameter values have changed significantly from the trajectory diagram. Here we perform
80 different Monte Carlo experiments, each experiment contains 55,000 steps (1,000 max-
imum iterations). Take the parameters ”hc:Chi”, ”ha:Jaa”,”ca:Beta”,”ha-ca:Zeta” and
”cu-c3:dChi” as examples, and realize their last 10,000 steps.
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Figure 3: Trajectory diagram of different MCMC Chains. The trajectory of each param-
eter did not show an obvious trend of change.

It can be seen intuitively in Figure 3 that during the sampling process, the value of the
parameter did not show an obvious trend of change.

In order to analyze the convergence of the distribution in a quantitative way, we con-
ducted multiple sets of long-term experiments at a fixed temperature 40. The number of
steps in each experiment is 275,000 steps (5,000 maximum iterations). 20,000 steps were
taken from the beginning and the end of the experiment. The standard deviations of the
last 2,000 steps in 7 different runs are listed below, each standard deviation corresponds
to 2000 steps. The standard deviation of parameters is stable at 0.1-0.15 after 6,000 steps.
The results of many experiments are very consistent, the mean value of the parameter set
in each block and the mean value of the target function both converge to the same interval
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No. run1 run2 run3 run4 run5 run6 run7
std 0.019 0.008 0.01 0.013 0.012 0.014 0.02

Table 5
Standard deviation of the whole parameter set in each block

4.2.2 Optimization convergence

In the last section, we analyzed several different numerical convergence criterions. Among
them, the method of examining the distance (norm) between current experiment result
and a given value or the distance between current experiment result and last step result
can be easily implemented. So we mainly analyze the error of Monte Carlo simulation.

We conduct 10 sets of experiments, each containing 55,000 steps (1,000 maximum iter-
ations). First draw the change trend of the target function value, and set the convergence
threshold to 45. The Figure 4(a) shows the variation trend of function value, and the
Figure 4(b) zooms in the part of 2,000-15,000 steps.

Figure 4: Variation trend of target function value under temperature 40 for 10 different
runs. All experiments show a clear trend of convergence.

Then consider the error of Monte Carlo method. According to eqn.42, there is a one-to-
one correspondence between a given confidence coefficient U and -U that can be determined
by checking the results of standard normal distribution.

U 0.5 0.005 0.001
-U 0.6745 1.96 3.3

Table 6
Commonly used confidence quantiles
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Figure 5: The Monte Carlo method error estimation. The error curve first increases to a
peak and then slowly drops. This trend is more clearly reflected in the slope figure. The
slope value suddenly decreases to zero from a large positive value, continues to decrease to
a negative value, and then slowly increases approaching 0.

Table 6 shows some commonly used confidence levels and their corresponding -U values.
We choose confidence level (1 - 0.005), then -U equals 1.96. The result shows in Figure 5(a).

Note that the error increases rapidly at first, and then gradually decreases after reaching
a peak. This is reasonable, because in the non-convergent interval, the function searches
for the minimum value globally, the error will become larger and larger as the sample
size increases. Then it will slowly decrease and get closer to the true value. We set the
error threshold of convergence to 1 and the function value threshold to 45, recording the
indices when the target functions first reach the thresholds. Then we have the indices of
convergence for each run, the results are listed in Table 7.

Criterion run 1 run 2 run 3 run 4 run 5
Function value 16250 12679 10443 12331 16275

Error estimation 43733 12671 14584 35981 19282

Criterion run 6 run 7 run 8 run 9 run 10
Function value 12894 16672 14873 11598 14233

Error estimation 28061 27068 19302 19270 23320

Table 7
Step index of convergence. Run 3 has the best performance for converging to the function

value threshold while the run 2 converges to the error estimation threshold earliest.

And we can also calculate the slope of the error estimation to see when the MCMC
experiments start to converge. The results are shown in Figure 5(b) while the coordinates
corresponding to the beginning of convergence are listed below in Table 8.
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Experi. run 1 run 2 run 3 run 4 run 5 run 6 run 7 run 8 run 9 run 10
Index 4466 4762 4531 4285 4956 4607 4736 4015 4509 4905

Table 8
Step index of convergence. All the experiments start converging around 4000 - 5000 steps

(corresponding to 73 - 90 iterations), run 8 starts converging first.

The results provide a simple and stable method to determine whether an experiment
has converged at a certain point. The criterion can be selected according to different
requirements. For example, for annealing experiments with reference data, the target
function value threshold can be set. But for non-annealing experiments and experiments
without reference standards, it is obviously more appropriate to judge the convergence
based on the error of the Monte Carlo experiment.

4.3 Temperature and annealing

Then we are going to analyze the influence of temperature and annealing time on the
experimental results.

4.3.1 Annealing

As we discussed in the last Chapter, we control the annealing speed by adjusting the ratio of
the experiment which indicates when the annealing will start. First we fix the temperature
to 40 and test the cases with 13,750 steps, which corresponds to 250 maximum iterations.
Different annealing values indicate when the experiment began to anneal, that is, when
the temperature began to drop. Five independent experiments were conducted for each
value, and then the average values were taken. The figures of target function values are
listed below, with the right figure zooms in the part 10,000-13,740 steps of the left figure.
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Figure 6: Variation trend of target function value with different annealing value. The
simulations start annealing process at different iterate points, but all of them show the
convergence trend. Typically, the earlier the annealing start, the better converge perfor-
mance the simulation has. Although all the experiments converged below 45, it is obvious
that the optimal value found in the experiments that start annealing from 90% and 80%
are not as good as other experiments.

In Figure 6, it can be seen that all the curves converge gradually after the annealing
process starts. Note that the unannealed experiment will reach the equilibrium at this time.

Analyze the convergence in the same way with section 4.2.2. We draw the figure of
the probability error for each annealing ratio. And in order to represent the boundary of
convergence, the slopes of probability error are also displayed in Figure 7.

According to the slope image, we get the indices when the slope is 0, which indicate
when the annealing experiment steps into convergence. The result is listed in Table 9.

Annealing 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
index 4658 3948 4901 3025 4204 4688 4317 4540 4546 4868

Table 9
Step index of convergence. Run 3 starts converging firstly while run 2 spends more time

on finding the range of global minimum.
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Figure 7: Variation trend of probability error and its slope with different annealing value.
It can be seen that the experiment of annealing from 30% converges much faster than other
experiments. 0.3 is indeed a better value, but it is also because of the randomness of the
simulation.

Criterion 0 0.1 0.2 0.3 0.4
Function value 10123 10495 10027 9596 10401

Error estimation 10881 11756 12624 5940 11014

Criterion 0.5 0.6 0.7 0.8 0.9
Function value 10920 11017 11594 12328 13234

Error estimation 12467 12914 12364 13031 9350

Table 10
Step index of convergence. Because the number of iterations in this experiment is not

enough, the error threshold is set to 2.7, which can be adjusted according to the actual
situation.

Table 10 shows the convergence index with the threshold set to 45 and 2.7 respectively.
We can see that starting annealing simulation from 30% of the process would converge
earlier based on the error estimation, while for function value threshold, setting annealing
ratio to 0.3 may also be the best idea. But notice that SA method should be regarded as
an optimization method here, so we are more concerned about the final results.

Annealing 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Value 40.3 40.3 40.0 40.2 40.5 40.9 40.9 41.2 42.2 43.3

Table 11
Final target function value. The best results are obtained when the experiment starts

from 20% annealing, and the difference between the first five groups of experiments is not
very significant.
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Table 11 shows the final results of SA experiments with different annealing start time.
Starting annealing after 20% of the MC can be regarded as the recommended ratio. But
this 13,740 steps (250 maximum iterations) experimental scale obviously are not big enough
for the results that meet a more rigid requirement.

We also carried out a long-run experiment, the number of experiment steps is set to
55,000 (1,000 maximum iterations). The results are shown in Figure 8.

Figure 8: Variation trend of target function value with different annealing value. All the
experiments converged below 45, it is obvious that the optimal value found in the experi-
ments that start annealing from 90%, 80% and 70% are not as good as other experiments

Then we checked the convergence indices and respectively examined the coordinates
that start to converge according to probability error, the coordinates that reach the thresh-
old of probability error 1, and the coordinates that reach the threshold of the target function
value 45.
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Figure 9: Variation trend of probability error and its slope with different annealing value.
According to the probability error, all the experiments tend to converge, the experiment
that starts annealing from 70% converges slower than other experiments.

Criterion 0 0.1 0.2 0.3 0.4
Convergence outset 4585 4437 3392 4580 4673

Probability error 20677 22827 18862 20191 24596
Target function value 18124 22620 17081 18901 22514

Criterion 0.5 0.6 0.7 0.8 0.9
Convergence outset 4545 3948 5639 4626 4101

Probability error 20544 18775 29693 20812 21762
Target function value 28161 33514 31343 24578 39238

Table 12
Step index of convergence. For probability error, the experiment that starts annealing
from 70% converges slower than other experiments, while starting annealing from 20%
and 60% acts good. For the target function value, the experiment annealing from 20%

has the best performance.

According to Table 12, it is easy to determine whether the experiment at a certain
point has converged. And compare the final results of the SA method in Table 13.

Annealing 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Value 37.6 37.5 37.7 37.9 37.6 38.0 37.6 38.4 38.3 38.5

Table 13
Final target function value. The overall results have some fluctuations, but the results of

the experiments that started annealing later are not as good as the experiments that
started earlier. Starting annealing from 10% gets the best optimization result.
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The recommended annealing begin time for 55,000 steps (1,000 maximum iterations)
is starting at 10% iterations. As the number of experiments increases, the sooner the an-
nealing starts the better. Because for experiments with a small number of steps, a global
search is required firstly, otherwise it is easy to fall into a local minimum. In other words,
if the annealing is performed too early, the MCMC process does not converge, and the
sample collected at this time will not be qualified. But we can also see from Table 11 and
Table 13, for the same temperature, when the number of experimental steps is long enough,
the effect of different annealing simulations on the final result is not significant, since the
optimization experiments also have stochastic factors. This is because when the annealing
is starting relatively early, the overall temperature change is relatively flat. At this time,
the acceptance rate is high, and the experiment has enough time steps to search for the
minimum value globally. On the other hand, when the annealing is starting relatively late,
as long as the Markov chain is stable before the annealing starts, the annealing experiment
only needs to search for the global optimum within a small range. This is not difficult
because the temperature would drop dramatically, which pushes the target function values
to fall into the minimum. Therefore, achieving the SA method by splitting the experi-
ment can make the result more stable, and not influenced by when the annealing starts
too much. Compared to the annealing, the temperature has a bigger impact on the results.

Checking Figure 3, it is obvious that the convergence states of the trajectories are
different, which is caused by the difference in temperature. Then we need to explore the
influence of temperature differences on the experimental results.

4.3.2 Temperature

First consider the experiment without annealing. Investigate MCMC experiments at dif-
ferent temperatures without annealing. Perform 5 experiments at each temperature and
find their average. Each group of experiments contains 55,000 steps (1,000 maximum
iterations), the target function value change trend of the last 20,000 steps is displayed.
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Figure 10: Variation trend of target function value under different temperature

At this time, each curve fluctuates within a certain range and there is no obvious trend
of each line, which shows that the Markov chain reaches a stable state. According to
Figure 10, it can be seen that the trajectory of each chain is different depending on the
temperature. Compared with the high-temperature chain, the chain with low temperature
fluctuates in a narrower range and the function value of convergence is lower. This is
reasonable according to the analysis in the previous section. Low temperature means a
narrower probability distribution, and at the same time the acceptance rate will decrease,
which means that the downward trend of the target function is more strictly controlled.
Table 14 shows the ranges of target function values in stable state under different temper-
atures.

Temperature 40 60 80 100 120 140 160 180
Upper bound 46.07 49.50 54.47 56.62 65.56 59.23 66.00 63.48
Lower bound 44.13 46.46 49.64 51.36 56.66 51.73 54.15 56.28

Table 14
Range of stationary distribution under different temperatures. The lower the

temperature, the smaller the range and the lower the value.

Same as the analysis for annealing simulation, the convergence indices according to
probability error are also calculated. Since the experiments are not annealed and their
value ranges have been listed in Table 14, we are not concerned about the target function
threshold. The beginning of convergence and the coordinates corresponding to the cases
when error equals to 1 are listed in Table 15.
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Temperature 40 60 80 100 120 140 160 180
Convergence outset 4466 4762 4531 4285 4956 5008 4711 4696

Probability error 22894 26672 24873 21598 24233 20197 26860 24659

Table 15
Step index of convergence. According to the indices, the rate of convergence is

independent of temperature.

It can be seen that the temperature may have a greater effect on the results than when
the annealing starts. Before verifying this conjecture, we first examine the effect of tem-
perature on the annealing experiment.

We investigated 8 different temperatures. For each temperature, we also conducted
5 sets of experiments, each with 55,000 steps (1,000 maximum iterations) and they start
annealing from the 10% of the whole process. Take the average of the 5 runs of experimental
data, and then draw the function value variation curve.

Figure 11: Variation trend of target function value under different temperatures. The
experimental results can clearly see that the lower the temperature, the better the conver-
gence.

It can be clearly seen from Figure 11 that the convergence rate and the convergence
result are inversely proportional to the temperature. In order to show the results more
clearly, similar to the analysis of when the annealing starts, the convergence coordinates
and the final target function value at different temperatures are also calculated.
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Criterion 40 60 80 100 120 140 160 180
Convergence outset 4114 4207 4060 4607 5069 4953 4505 4705

Probability error 21293 23937 19480 24566 21440 26272 21461 27287
Target function value 16243 28183 32680 38768 45104 42950 47272 51294

Table 16
Step index of convergence. In annealing experiments, experiments with lower

temperatures will converge faster. However, due to some stochastic factors, the
convergence is the fastest at 80 degrees.

Temperature 40 60 80 100 120 140 160 180
Value 38.05 38.11 38.56 38.32 40.00 39.70 40.43 41.52

Table 17
Final target function value. The experimental results show that the lower the

temperature, the better the optimization.

It shows that for the number of experimental steps that can reach a steady state before
annealing, the lower the temperature, the better the convergence of the final experimental
results.

In general, if we want to get a more stable and narrower distribution, the simulation
should choose a lower temperature. At the same time, for the simulated annealing algo-
rithm, the best results can be obtained by directly starting annealing after MCMC reaches
the stationary state.

4.4 Sensitivity analysis

4.4.1 Local sensitivity

We first use the One-at-a-time method to calculate the local sensitivity of the parameters.
In order to ensure that the measured interval has converged, 50 sets of experimental data
were taken out from the results of a set of annealing experiments with 275,000 steps (5,000
maximum iterations), the experiment started annealing at step 137,500. Randomly per-
turb one of the parameters each time, and calculate its OAT sensitivity using Eqn. 44.
The average value and standard deviation of 50 experiment groups are also Calculated,
and the results are listed in Table 18.

It can be seen that the sensitivity of different parameters has obvious differences, but
at the same time the standard deviation of the sensitivity of some parameters is very large,
which shows that the local sensitivity analysis based on a point has a great relationship
with the point itself.
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parameter c3:Chi ca:Chi cu:Chi h1:Chi ha:Chi
mean value 0.155 0.489 0.59 0.215 0.774
std value 0.154 0.377 0.656 0.223 0.736

parameter hc:Chi hp:Chi oh:Chi os:Chi c3:Jaa
mean value 0.387 0.503 0.582 0.543 1.018
std value 0.252 0.496 0.476 0.436 0.731

parameter ca:Jaa cu:Jaa h1:Jaa ha:Jaa hc:Jaa
mean value 0.936 1.355 0.591 2.399 0.988
std value 0.962 0.947 0.583 1.872 0.699

parameter hp:Jaa oh:Jaa os:Jaa c3:Beta ca:Beta
mean value 1.308 0.4 1.278 0.771 0.653
std value 0.887 0.357 1.009 0.529 0.449

parameter cu:Beta h1:Beta ha:Beta hc:Beta hp:Beta
mean value 2.121 0.645 0.592 0.652 0.078
std value 1.535 0.496 0.554 0.53 0.111

parameter oh:Beta os:Beta c3-c3:Zeta c3-oh:Zeta c3-os:Zeta
mean value 0.302 0.499 0.724 1.536 3.139
std value 0.286 0.455 0.542 1.424 2.444

parameter ca-c3:Zeta ca-ca:Zeta ca-ca2:Zeta cu-c3:Zeta cu-cu:Zeta
mean value 3.556 3.684 6.07 5.361 5.225
std value 3.551 3.745 4.359 4.261 4.632

parameter cu-oh:Zeta cu-os:Zeta h1-c3:Zeta h1-cu:Zeta ha-ca:Zeta
mean value 3.142 3.182 0.64 4.537 5.682
std value 2.006 2.847 0.66 3.411 4.254

parameter hc-c3:Zeta hc-cu:Zeta hp-oh:Zeta c3-oh:dChi c3-os:dChi
mean value 0.874 6.735 1.498 0.314 0.357
std value 0.874 6.287 1.043 0.287 0.229

parameter ca-c3:dChi cu-c3:dChi cu-oh:dChi cu-os:dChi h1-c3:dChi
mean value 0.732 1.249 0.585 0.576 0.241
std value 0.601 0.914 0.469 0.418 0.214

parameter h1-cu:dChi ha-ca:dChi hc-c3:dChi hc-cu:dChi hp-oh:dChi
mean value 0.529 0.342 0.161 0.875 0.438
std value 0.426 0.249 0.113 0.761 0.304

Table 18
OAT local senstivity of parameters. Parameters

”c3:Jaa”,”cu:Jaa”,”ha:Jaa”,”hp:Jaa”,”c3-os:Zeta”,”ca-c3:Zeta”,”ca-ca:Zeta”,”ca-
ca2:Zeta”,”cu-c3:Zeta”,”cu-cu:Zeta”,”cu-oh:Zeta”,”cu-os:Zeta”,”h1-cu:Zeta”,”ha-

ca:Zeta”,”hc-cu:Zeta”,”hp-oh:Zeta”,”cu-c3:dChi” look more sensitivity to the target
function values.
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Because the Alexandria chemistry toolkit provides a way to calculate the root mean
square error of the fitting results between the Alexandia model calculation and the DFT
model calculation, so in addition, we can use the regression method to investigate the
local sensitivity of this error. But limited by the function of the Alexandia toolkit, only
single-atom parameters can be analyzed temporarily.

For a convergence experiment, we will increase the parameter by 1% each time or
decrease it by 1%. Three sets of corresponding fitting root mean squares (RMSD) are
obtained respectively. It can be regarded as three sets of coordinates, fitting these three
sets of coordinates to a quadratic function, and taking the value of the quadratic term of
the quadratic function as the sensitivity index.

Figure 12: Local sensitivity fitting result of the electronegativity values. It can be seen
that in the annealing experiment, the experiment generally reached a local minimum.
Therefore, when adjusting the electronegativity, the quadratic terms of the fitted quadratic
function are all positive.
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atom Chi Jaa Beta atom Chi Jaa Beta atom Chi Jaa Beta
c3 1.21 0.10 0.07 ca 1.27 0.01 0.12 cu 0.06 0.00 -0.01

h1 8.8 0.02 0.04 ha 1.05 0.01 0.07 hc 14.00 0.01 0.02

hp 4.0 0.76 0.42 oh 4.62 2.10 0.47 os 0.43 0.14 0.05

Table 19
Local sensitivity under temperature 40. The electronegativity shows much more

sensitivity than the hardness and the charge distribution width.

4.4.2 Global sensitivity

First, use the linear model to analyze, randomly select 2,000 points within the range of 55
parameters, and get the corresponding target function value. These 2,000 points will also
be used as input for the variance based method. The analyzed results are listed in Table
20, only the parameters with high sensitivity are shown.

Parameter hp-oh:dChi c3-oh:dChi h1-c3:dChi ha-ca:dChi oh:Chi hp:Chi
Sensitivity 0.92 0.89 0.85 0.84 0.82 0.81

Parameter oh:Jaa c3-os:dChi hp-oh:Zeta hc:Chi hp:Jaa h1:Chi
Sensitivity 0.76 0.76 0.68 0.64 0.61 0.61

Parameter cu-os:dChi ca:Chi c3-c3:Zeta ha:Chi
Sensitivity 0.60 0.57 0.53 0.52

Table 20
Global senstivity of parameters with Linear model

It can be seen that there are many differences between the global sensitivity analysis
results and the local sensitivity analysis results, which indicates that only one sensitivity
analysis is not enough.

Simply replace the target function values in the linear model analysis with its rank
using Eqn.48, then we get the results of a transformed model for non-linear function, listed
in Table 21

Parameter hp-oh:dChi c3-oh:dChi oh:Chi hp:Chi h1-c3:dChi ha-ca:dChi
Sensitivity 0.95 0.90 0.86 0.86 0.83 0.82

Parameter oh:Jaa c3-os:dChi hp-oh:Zeta hc:Chi hp:Jaa cu-os:dChi
Sensitivity 0.80 0.77 0.71 0.67 0.65 0.62

Parameter ca:Chi c3-c3:Zeta h1:Chi c3:Beta
Sensitivity 0.57 0.56 0.56 0.52

Table 21
Global senstivity of parameters with Linear model
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Then analyze the global sensitivity with variance based methods, for a group of inputs,
change one of the parameters, and use the eqn.72 and eqn.71 to calculate the sensitivity of
the whole domain. 55,000 sets of experiments have been done in total, and the final results
are shown below in Table 22 and Table 23. Only the parameters with obvious sensitivity
are listed. Arranged in descending order of sensitivity.

Atom type First order index Atom type First order index
hp-oh:dChi 0.293 c3-oh:dChi 0.145

hp:Chi 0.109 hp-oh:Zeta 0.08
oh:Jaa 0.04 oh:Chi 0.037

ha-ca:dChi 0.036 hp:Jaa 0.029
c3-os:dChi 0.022 c3-oh:Zeta 0.022

hc:Chi 0.018 c3-c3:Zeta 0.009
cu-os:dChi 0.007 h1-c3:dChi 0.006
hc-c3:dChi 0.006 c3:Chi 0.005
h1-c3:Zeta 0.003 ca:Chi 0.002

ha:Chi 0.001 hp:Beta 0.001
h1-cu:dChi 0.001 os:Chi 0.001

Table 22
The first order sensitivity index

At the same time there is a global sensitivity index

Atom type Total order index Atom type Total order index
hp-oh:dChi 0.14 c3-oh:dChi 0.045

oh:Chi 0.014 h1-c3:dChi 0.007
hp:Chi 0.007 hp-oh:Zeta 0.004

ha-ca:dChi 0.003 oh:Jaa 0.001
h1:Chi 0.001 c3-oh:Zeta 0.001

cu-os:Zeta 0.001 hp:Jaa 0.001
c3-os:dChi 0.001

Table 23
The total order sensitivity index

This result is reasonable, since the data set contains alcohol compounds, and the target
function is to reproduce the electrostatic potential, it is the oh and hp parameters that are
most important. Subtract the first-order sensitivity index from 1, we can find that that
0.168 of the change is caused by the interaction between variables.
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4.5 Results and discussions

Through the previous analysis and calculation, we have obtained the parameters with high
global sensitivity and the parameters with high sensitivity near the convergence value.
The ideal situation is to select parameters with high sensitivity in both analysis results,
but overall the two types of analysis results do not overlap very well. So we retain the
parameters with higher sensitivity in each type of results and the parameters with higher
coincidence degree in the analysis, and combine the results of correlation analysis to choose
the parameters.

Finally, 31 parameters were eliminated, and the remaining parameters are shown in the
following Table 24:
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Bounded atom Fixed atom Fixed value
ca:Chi c3:Chi 2.30
hc:Chi cu:Chi 3.06
oh:Jaa h1:Chi 3.50
c3:Beta ha:Chi 3.61
hp:Beta hp:Chi 2.79
os:Beta oh:Chi 3.52

c3-oh:Zeta os:Chi 3.25
ca-c3:Zeta c3:Jaa 10.18
ca-ca:Zeta ca:Jaa 10.1
ca-ca2:Zeta cu:Jaa 9.71
cu-c3:Zeta h1:Jaa 11.2
cu-cu:Zeta ha:Jaa 15.63
h1-cu:Zeta hc:Jaa 15.63
ha-ca:Zeta hp:Jaa 12.4
hc-c3:Zeta os:Jaa 8.82
hc-cu:Zeta ca:Beta 5.56
hp-oh:Zeta cu:Beta 5.25
c3-oh:dChi h1:Beta 8.00
c3-os:dChi ha:Beta 8.00
cu-os:dChi hc:Beta 8.00
h1-c3:dChi oh:Beta 8.00
ha-ca:dChi c3-c3:Zeta 1.54
hc-c3:dChi c3-os:Zeta 0.31
hp-oh:dChi cu-oh:Zeta -1.88

cu-os:Zeta 7.00
h1-c3:Zeta -2.0
ca-c3:dChi 0.40
cu-oh:dChi -0.65
cu-c3:dChi 0.92
h1-cu:dChi -1.53
hc-cu:dChi -1.11

Table 24
The final screening of parameters

The Bounded parameters are those that can be adjusted in the simulation process, with
the fixed atom types now acting as a constant in the target function. We examined the
simulation results with the new parameter set.
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Figure 13: Variation trend of target function value under temperature 40. The steps for
a specific number of iteration decreases, since the size of the parameter set decreases. The
convergence trend of the trajectory is significant.

Then check the convergence. Respectively examine the coordinates that start to con-
verge according to probability error, the coordinates that reach the threshold of probability
error 1, and the coordinates that reach the threshold of the target function value 45.

Figure 14: Variation trend of probability error and its slope under temperature 40

Then we analyse the bound of target function values, to see whether the stable distri-
bution converge.

Run 1 2 3 4 5
Upper bound 44.85 47.42 46.19 45.26 44.06
Lower bound 40.32 40.55 41.02 40.56 40.46

Table 25
Range of stationary distribution under temperature 40
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Compared with Table 25 and Table 14, the final results are good enough and even
optimized. And the convergence indices according to probability error are also calculated.
The beginning of convergence and the coordinates corresponding to the cases when error
equals to 1 are listed in Table 26.

Run 1 2 3 4 5
Convergence outset 1770 1793 1571 1821 1284

Probability error 22187 nan 15317 22800 16826
Target function value 1922 3485 1730 1811 4370

Table 26
Step index of convergence.

Compared with Table 7 and Table 26, the converge indices of the new parameter set
are much smaller, which means that the new parameter set can improve the computational
efficiency of the simulation process. According to the convergence indices, we choose the
last 500 iterations to analyze the posterior distribution, which corresponds to 23,500 steps
in the original experiments and 12,000 steps in the new parameter set experiments. The
Markov chains converge to stationary states, meaning the final distribution is converged.

Figure 15: Posterior distribution of target function and parameter hc-c3:dChi

The posterior distribution of each parameter has the statistical moment listed in Table
27. We use ”O mean” and ”O variance” to indicate the results calculated by the original
parameter set, while ”S mean” and ”S variance” to represent the statistical results for the
selected parameter set.The mean and variance refer to sample mean and sample variance.
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Parameter ca:Chi hc:Chi oh:Jaa c3:Beta hp:Beta os:Beta
O mean 3.61 3.22 8.74 7.49 7.99 7.89

O variance 0.13 0.09 0.16 0.22 0.02 0.12
S mean 3.61 3.4 9.03 7.48 7.94 7.57

S variance 0.16 0.09 0.28 0.28 0.08 0.24

Parameter c3-oh:Zeta ca-c3:Zeta ca-ca:Zeta ca-ca2:Zeta cu-c3:Zeta cu-cu:Zeta
O mean 1.73 4.44 1.27 2.11 1.69 0.37

O variance 0.43 0.72 1.05 1.4 0.95 0.81
S mean 1.12 4.69 0.22 0.46 1.48 2.56

S variance 0.55 0.95 0.94 1.01 0.92 1.09

Parameter h1-cu:Zeta ha-ca:Zeta hc-c3:Zeta hc-cu:Zeta hp-oh:Zeta c3-oh:dChi
O mean 0.83 3.79 -1.21 2.09 -0.88 -1.591

O variance 0.76 0.95 0.7 1.11 0.4 0.14
S mean 3.04 3.54 -0.65 -1.27 -0.22 -1.63

S variance 1.04 0.97 0.65 0.6 0.47 0.17

Parameter c3-os:dChi cu-os:dChi h1-c3:dChi ha-ca:dChi hc-c3:dChi hp-oh:dChi
O mean -1.63 -1.72 -0.25 -1.12 -0.27 -1.4

O variance 0.11 0.12 0.07 0.1 0.04 0.1
S mean -1.36 -1.53 -0.26 -1.17 -0.33 -1.675

S variance 0.1 0.19 0.09 0.14 0.07 0.14

Table 27
Statistical moment of new parameter set. The calculated results on the new parameter set
are basically the same as the experimental results before the parameters are determined.
Some individual parameters show different statistical results, because these parameters
generally have high local sensitivity, so they are easily affected by the randomness of
sampling. At the same time, due to the high correlation, multiple experiments in the
original experiment are likely to get different results, which will affect the mean value.

After analysis, it can be seen that the method of dimensionality reduction and determi-
nation of posterior distribution proposed in this project is reliable. And the error analysis
method and stopping rules using the nature of numerical algorithms and Monte Carlo
method are provided. At the same time, for algorithm control factors such as temperature
and annealing start time, the project analyzes their impact on the results and provides
factor setting suggestions.
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5 Conclusions

5.1 Conclusion

The Markov chain Monte Carlo method is used to simulate the posterior distribution of the
parameters. Simultaneously, the simulated annealing method is used to tune parameters
to minimize the objective function value. Moreover, the stationary state is described qual-
itatively through the trajectory graph, and the convergence determination methods based
on the threshold and the error estimation are proposed. According to experiment results,
the convergence determination method can be well applied to MCMC and SA methods.
If a reliable error estimate is needed, we calculate the error of the stationary distribution
from the convergence part separately.

For the simulated annealing method, we analyzed the two most important control fac-
tors: the influence of temperature and annealing start time on the results and convergence
speed. When other parameters remain unchanged, the lower the temperature, the better
the convergence performance related to the threshold, that is, the stationary distribution
and the optimal value will converge to a lower range. The best annealing time is when
the error analysis method just be judged to converge. Because it has entered the global
optimal range at this time, direct annealing can make the algorithm find the optimal value
faster and better. It should be noted that if the experiment lacks prior knowledge, it is not
recommended to set the temperature too low or start simulated annealing too early. Be-
cause in the absence of prior knowledge, the parameter space would be too large to find the
global minimum, it is easy to fall into the local optimum. Low temperature and annealing
will lower the acceptance rate of MCMC process, which is not conducive to searching for
the global optimum.

The redundancy of parameters is handled by correlation analysis and sensitivity analy-
sis. Through the correlation analysis of the parameters, the strongly correlated parameter
groups are screened. This makes the remaining parameter correlation can be ignored,
which is conducive to subsequent analysis. We applied local sensitivity analysis and global
sensitivity analysis, respectively considering the sensitivity of the parameters in the value
domain and the point near the global optimum. Keep the sensitive parameters separately
and verify the new parameter group. The results show that the new parameter group does
not affect performance, and at the same time avoids the problem of different parameter val-
ues corresponding to the same target function value. At the same time, due to the reduced
parameters, the number of experiments and the efficiency are greatly improved. Finally,
we calculated the statistics of the parameters to approximate the posterior distribution.

5.2 Future work

Since we have an accurate expression of the target function, some parameter correlations
can be obtained directly from the functional formula. It may become another way of
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thinking to directly express a linear combination of a set of related parameters as a new
parameter.

At the same time, sensitivity analysis based on variance can consider the synergy be-
tween parameters. If this factor can also be taken into account, the results will be more
reliable. The sensitivity analysis based on variance is limited by the toolkit function, which
makes the calculation loss quite large, but this problem is not difficult to solve. If the pro-
cess is optimized subsequently, the sensitivity analysis based on variance will become a fast
and reliable analysis method.
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