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Abstract

Exploring properties and limitations of Graph Neural
Networks (GNNs) in Software Verification

Kexin Xu

This study analyzes how applicable Graph Neural Networks (GNNs) can be used for
learning the labels of Horn graphs that are generated from Constrained Horn 
Clauses (CHCs) using Eldarica. To answer this question, 121 mono-direction edge
layer graphs and hyper-edge graphs are prepared to be trained and validated 
and tested, weights per 10 epochs and losses are collected and visualized in 6
scenarios. From the experiments, we can observe that GNNs can learn particular 
features to classify the labels of nodes but the learning process still gets stuck and
causes the divergence of the losses. Also, increasing the number of the 
message passing layers and number of the graphs can cause significant challenges for
the learning process. With the strong representational learning capacity, 
Graph Neural Networks (GNNs) can be explored for even more uses in the future.
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Chapter 1

Introduction

1.1 Motivation

Software, compared to the rest of the computer system, has the most direct interaction with users,
which makes its correctness extremely important. Many researchers focused on the testing of the
software as a guarantee to achieve the ‘total correctness’ of a design [1], but ensuring the absence
of all bugs in a design can be very expensive. On the other hand, in software verification, by
using the appropriate method, specific flaws can be avoided and the quality of the software can be
improved [1]. The software verification tool used in this paper is mainly checking whether or not
a software system satisfies certain specifications. The code to be verified can be transformed to
Constrained Horn Clauses (CHCs) [2], by solving CHCs, the intended purpose described by the
specifications can be checked. To facilitate the solving process, CHCs can also be expressed as
graphs which implicitly include semantic information and then be learned. To read the graph,
Graph Neural Network (GNN) [3] is used as a feature extractor.

Meanwhile, to explore further the properties and limitations of the Graph Neural Networks in
extracting features of the graphs, some machine learning tasks can be used to evaluate the
performance of the Graph Neural Network. For example in this thesis, the binary classification
task is used to try to classify the specific nodes in the graphs. Moreover, the implementation of
the Graph neural Network is not limited to node classification but also the edge prediction and the
graph classification.

1.2 Why Graph Neural Network (GNNs)

Graph neural network (GNNs) is a way of analysing complex problems by portraying them with
compositions and interactions between the entities [3]. By structuring and reasoning about the
relations, the connectivity of the entities was introduced and utilized in this train of thought. In
this way, by aligning the relational structure, we can make deduction of one entity based on the
correlated knowledge about the others. GNN as a structured approach helped to enhance the
comprehensiveness of the model and since improved the compatibility while learning.

Recently, GNNs such as graph convolutional network (GCN) [3], graph attention network (GAT)
[26] and gated graph neural network (GGNN) [4] have been successfully deployed in various
fields such as drug design [8], image and video classification [5], and knowledge graph reasoning
[6].
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Meanwhile, many researchers in the computer science field also make use of the graph neural
network to solve the traditional problems such as combinatorial optimization [6], boolean
satisfiability [7] and program representation and verification [4].

1.3 Goal

The goal of this thesis is to explore the training properties when using GNN to learn the labels of
the graph drawn by Constrained Horn Clauses (CHCs). After training, our model will predict the
labels of the templated nodes as needed. The behavior of the GNN when training on the Horn
graphs with the binary classification task is the main interest. Various kinds of performance
metrics such as weights and losses are collected and compared in different scenarios in order to
observe the comprehensive behavior of GNN. Hyper Parameters such as number of the message
passing layers, learning rate and drop out rate are used as controlled variables for hyperparameter
tuning. However, the aim of this thesis is not to improve the training results but to explore the
possible results.

1.4 Overview

There are six scenarios in total that are designed for the experiments, and four kinds of
performance metrics that are collected. The scenarios are listed below in table 1.1 and the metrics
are embedded weights, regression weights, dense weights and losses (eg. train, valid and test
losses). The weights will be visualized by pixel graphs, and by observing the value changes
(color changes) of the graphs, the learning process can be monitored. There are two kinds of
graphs used for experiments. In mono-direction edge layer graphs one edge can only connect two
nodes, and in hyper-edge graphs graphs one edge can connect multiple nodes. While training,
validating and testing on one and multiple graphs, the expectation is that the test losses will
converge to zero and three weights will show significant changes while learning. However the
test losses do not always converge and hyper-edge graphs tend to be easier to converge than
mono-direction edge layer graphs, also the weight changes can be easily affected by the number
of the passage passing layers, the higher the number of the layers the less obvious the change will
be. The properties of the cross-validation method are similar to the rest of the scenarios.
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Training, Validation and
Testing one Graph

Training, Validation
and Testing multiple
Graphs

Cross-Validation
Method for multiple
Graphs

Mono-direction
Edge Layer Graphs

1A 2A 3A

Hyper-edge Graph 1B 2B 3B

Table 1.1 Scenarios in the Experiment

1.5 Structure of the Report

The rest of the report will be structured in four sections.

The first section will be the explanation of the background knowledge of the experiment. It will
cover the comprehensive description of both the theoretical and practical background to
understand the model used in this thesis. It will also include the basic introduction of machine
learning and graph networks and more importantly the conceptualization of how a basic “graph”
is built, and how the computation is circulating inside the graph. Additionally, detailed
explanation of the software verification will follow.

In the second section, which is the method and implementation section, the complete steps and
the progress during the experiment will be explained. The implementation part will include the
rudimentary environment set up for the experiment and flowchart of the software framework of
graph neural network. In addition, the proceeding fine-tuning of the hyper-parameters and weight
changing while the training of the model.

The third section contains the discussion of the results and comparisons of the hyper-parameter
fine-tuning and data collected from the experiment. While the number of the layers changes and
training progresses, the tendency of the loss and the weights of the node vary. Differences of the
training results between hyper-edge graphs and mono-direction edge layer graphs will be
included in this section as well.

Results of the exploring graph neural network in software verification will be presented in section
four. An in-depth interpretation of the graph properties and limitations is stated in this section.
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Chapter 2

Background

2.1 Machine learning

2.1.1 Supervised Machine learning

Machine learning is essentially, as its name suggests, using the machine to learn from the data
that was given. As Tom Mitchell mentioned in his book machine learning[12] “A computer
program is said to learn from  experience  E  with  respect  to  some  class  of  tasks  T  and
performance  measure P if its performance at tasks in T, as measured by P, improves with
experience E.”  Supervised machine learning in this case provides a model that takes the input
data to predict the output data as shown in Fig 2.1.

Figure 2.1 Supervised Machine learning mechanism

2.1.2 Loss Function

In supervised machine learning, one of the most important components that needs to be
optimized is the cost function [17] that is usually ideally could be minimized. In this thesis we
calculate the loss by implementing the binary cross entropy which is commonly used in the
binary classification tasks. In binary cross entropy, the cross entropy loss is computed between
true labels and predicted labels as shown in equation (1.1), where N is the number of the output

size of the model, stands for the label of target i-th value and ) is probability predicted for𝑦
𝑖

𝑝(𝑦
𝑖

the -th target value for the model output.𝑖

(1.1)𝐿𝑜𝑠𝑠 =  −  1
𝑁 (

𝑖=1

𝑁

∑ 𝑦
𝑖

· 𝑙𝑜𝑔(𝑝(𝑦
𝑖
)) +  (1 − 𝑦

𝑖
) · 𝑙𝑜𝑔(1 − 𝑝(𝑦

𝑖
))
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2.1.3 Gradient Descent

Gradient stands for the direction that produces the steepest increase or decrease in that point. In
machine learning, gradient descent helped to converge to a best-fit approximation to the target
concept [12] from minimizing the loss function in the training set [13]. The process starts from
initializing a random weight vector, then gradually changes the weight vector to the direction that
generates the steepest drop along the loss curve and continues until the minimum loss is reached.

2.1.4 Overfitting and Underfitting

Overfitting and underfitting are both the possible scenarios when constructing the models. While
building the model, overfitting could occur when the “production of an analysis that corresponds
too closely or exactly to a particular set of data, and may therefore fail to fit additional data or
predict future observations reliably [14]. On the contrary, underfitting refers to the situation that
when production of the analysis cannot sufficiently represent the given set of data, then the
additional data is nearly impossible to fit into the model. An example comparison between two
conditions are shown below in Fig 2.2. From the underfitting model on the left, the light blue
line, which is the model, is too simple for the true functions and on the right when the model is
overfitting, the model is too close to the samples of the training dataset.

Figure 2.2 Examples of Underfitting and Overfitting
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2.2 Graph Neural Network

2.2.1 Graph Network (GN) block and Notation

Graph neural networks operate on the graphs and structure their computation accordingly [15], a
graph as shown below in Fig 2.3 is formed by nodes and edges. Usually the nodes are denoted as

, edges are denoted as and as a graph-level attribute represents global attribute, so𝑉
𝑖

𝑒
𝑘

𝑢

generally a graph is defined as a 3 tuple G = (u, V, E).

Figure 2.3 Simple Graph Network Notation

2.2.2 Message Passing Neural Network

Message passing neural networks (MPNNs) can be viewed as a frame that allows the continuous
neighborhood aggregation, and enables the message to be passed to not only the local
neighborhood but also other not directly connected neighborhoods.

To understand the basic mechanism inside a GN block, we assume that in a graph G = (V, E),  the

initial node feature vector specifies the detailed information about the nodes in the graph and𝑥
𝑖

edge feature specifies the edge that connects v and w. A GN block contains normally three𝑒
𝑣𝑤

“update” functions denoted by , and three “aggregate” functions denoted by as shownϕ ρ
below[15] in equation 2.1 to 2.6. Meanwhile, takes a set as input and projects the whole set to aρ
single element that represents aggregation information. Aggregation function is alwaysρ
invariant to the order of the input, and produces the same result for the different permutations of
the inputs. In this case aggregation function can be for example element wise summation, mean
or maximum [3].
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(2.1)𝑒
𝑘
' = ϕ𝑒 (𝑒

𝑘
,  𝑣

𝑟𝑘 
,   𝑣

𝑠𝑘 
,  𝑢)

(2.2)ē
𝑖
' =  ρ𝑒 → 𝑣 (𝐸

𝑖
')

(2.3)𝑣
𝑖
' = ϕ𝑣 (ē

𝑖
',  𝑣

𝑖 
,   𝑢)

(2.4)ē'  =  ρ𝑒 → 𝑢 (𝐸' )

) (2.5)Ṽ' = ρ𝑣 → 𝑢 (𝑉'

(2.6)𝑢' = ϕ𝑢 (ē ' , Ṽ ',   𝑢)

Within the GN block, in equation 2.1, it computes which denotes updated edge attribute,𝑒
𝑘
' ϕ𝑒

denoted the update function of per edge update, where is the edge attribute, and𝑒𝑘  𝑣
𝑟𝑘

 𝑣
𝑠𝑘 

represents the node s and node r that are connected by edge k, u is the global attribute. And in

equation 2.2, is the update for per-node update and is the setϕ𝑣 𝐸' =
𝑖

⋃ 𝐸
𝑖
' = {(𝑒

𝑘
' ,  𝑟

𝑘
,  𝑠

𝑘
)}

 𝑘=1:𝑁𝑒

of edge outputs.

In equation 2.2, aggregates edge attributes per node that project to vertex i to , where ρ𝑒 → 𝑣 ē
𝑖
'

Then in equation 2.3, denotes the updated node attribute, and𝐸
𝑖
' = {(𝑒

𝑘
' ,  𝑟

𝑘
,  𝑠

𝑘
)}

𝑟
𝑘
 = 𝑖 , 𝑘=1:𝑁𝑒. 𝑣

𝑖
'

is the update function of per node update. is part of the resulting per-node updated and canϕ𝑣 𝑣
𝑖
'

be denoted by . In equation 2.4, aggregates edge attributes globally intoṼ' = {𝑣
𝑖
' }

𝑖 =1:𝑁𝑣  ρ𝑒 → 𝑢 ē'

which can be used in the later global update. In equation 2.5, aggregates node updates ρ𝑣 → 𝑢

globally into which can be used in the later global update as well. In equation 2.6,Ṽ' ϕ𝑢

computes the update for the glocal attribute and return to , all the elements used were explained𝑢'

in the former steps.
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There are usually two phases for MPNNs, which are message passing phase and readout phase.

The message function M and vertex update function together with the time step v can define𝑈
𝑡

the message passing phase [18]. Meanwhile, hidden states at each node in the graph areℎ
𝑣
𝑡

updated based on messages [18] The union of the denoted the neighbors of the𝑚 𝑡+1 𝑤 ∈ 𝑁(𝑣)

node v in the graph. By combining the equation (2.7) and (2.8), the node representation of the

t-th layer MPNN can be observed as in equation (2.9).  Then, in the readout phase, the featureℎ
𝑣
𝑡

factor for the whole graph will be computed using the readout function R which is in equation
(2.10).

(2.7)𝑚
𝑣
𝑡+1  =

𝑤∈𝑁(𝑣)
∑ 𝑀

𝑡
(ℎ

𝑣
𝑡 ,  ℎ

𝑤
𝑡 , 𝑒

𝑣𝑤
) 

(2.8)ℎ
𝑣
𝑡+1 =  𝑈

𝑡
(ℎ

𝑤
𝑡 , 𝑚

𝑣
𝑡+1 )

 

(2.9)        ℎ
𝑣
𝑡+1 =  𝑈

𝑡
(ℎ

𝑤
𝑡 ,

𝑤∈𝑁(𝑣)
∑ 𝑀

𝑡
(ℎ

𝑣
𝑡 ,  ℎ

𝑤
𝑡 , 𝑒

𝑣𝑤
)

 

(2.10)𝑦 =  𝑅 ({ℎ
𝑣 
𝑡 | 𝑣 ∈  𝐺})

In the MPNN that is used in this thesis, the message function embodies the role of and𝑀
𝑡

ϕ𝑒

meanwhile does not take the u in the input. Then the aggregation from edge to node is element

wise summation, and the update function embodies the role of . In the end the readout𝑈
𝑡

ϕ𝑣

function R embodies the role of and does not take the input u and so that the is notϕ𝑢 𝐸' ρ𝑒→𝑢

required. Then the abstraction of the MPNN in the message passing phase can be viewed as
equation (11) and the readout phase can be viewed as equation (12).

, (11)            ℎ
𝑣
'  = ϕ𝑣( ℎ

𝑣
𝑡 ρ𝑒 → 𝑣 ({  ρ𝑒(ℎ

𝑣
,  ℎ

𝑤 
, 𝑒

𝑣𝑤
)| 𝑢 ∈ 𝑁

𝑣
}))

( ) (12)   𝑦 =  ϕ𝑢 {ℎ
𝑣 
𝑡 | 𝑣 ∈  𝐺}
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Moreover, the composition of the GNN can be designed and configured in different ways using
different combinations of updates and aggregate functions to accentuate and facilitate various
kinds of attributes.

2.3 Eldarica SMT based software verification

2.3.1 Eldarica

The tool that is used for solving Horn clauses is an open source model checker called Eldarica
which is a “state-of-the-art” solver for Horn clauses [9]. Eldarica has the combined
functionalities of both Predicate Abstraction [10] and Counter-example-Guided Abstraction
Refinement (CEGAR) [11], it can automatically check whether a given set of Horn clauses is
satisfiable [9]. And in this thesis, the modified version of Eldarica is used so that it can output the
Horn Clauses in the form of graphs. Both graphs are designed to catch semantics for the
programs. In the layered graph, every edge connects two nodes and in hyper-edge graphs, an
edge can join any number of vertices. For example, a C program in Fig 2.4a can be transformed
into Horn clauses in Fig 2.4b, then produce the corresponding hyper-edge graph as Fig 2.4c.

Figure 2.4a Example C program
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Figure 2.4b Horn clauses and the corresponding data and control flow transformed from Figure
2.4a

Fig 2.4c Hyperedge Horn graph constructed from Horn clauses in Figure 2.4b

2.3.2 Graph Neural Networks in TensorFlow2

The implementation of the graph neural network in this thesis is an open source framework called
tensorflow-2 graph neural network(tf2-gnn)1. It provides the implementation and training scripts
of several kinds of graph neural networks based on TensorFlow 2.0 [19].

1 [19] Microsoft, “microsoft/tf2-gnn,” GitHub. [Online]. Available:
https://github.com/microsoft/tf2-gnn. [Accessed: 04-Jun-2021].
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2.3.3 Benchmarks

Benchmarks and datasets that are used in this thesis are from the Constrained Horn Clauses
Competition website (CHC-COMP) [21]. Constrained Horn Clause is a part of the First Order
Logic(FOL) which can be used for various purposes such as verification, inference, and synthesis
problems [21]. Nowadays, numerous Program Verification and Synthesis problems can be
presented and modeled directly using this sort of Horn clauses [22]. The CHC-COMP website
provides publicly available benchmarks which are very valuable for exploring software
verification in this thesis.
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Chapter 3

Method and implementation

3.1 Environment Setting Up

The rudimentary environment needed for this experiment is Python3, and the installation of the
tf2-gnn frame. With those preparations, a simple single layer graph can be constructed. For this
thesis, Eldarica is needed to transform CHCs to Horn graphs which are the inputs of GNNs.
Since Eldarica [16] was implemented in Scala, another tool called sbt [24] is used for building it.
Sbt is an open source build tool for Scala and it provides reliable support for compiling, testing
and deployment [24]. Sbt also provides a special interactive mode, which helps to accelerate the
building process of Scala [25].

3.2 Software Frame

3.2.1  Tf2-gnn

This experiment as mentioned in last section is based on the tf2-gnn framework, this framework
contains implementations and example training scripts of various kinds of graph neural networks
in TensorFlow 2.0 [19]. The tf2_gnn.layers.GNN in this framework is used to initialize the graph
with the given hyperparameters, and stacking several layers of message passing [19]. In this
layer, the number of the message passing layer is specified, and the tf2_gnn.layers message
passing type can be chosen while configuring the  “message_calculating_call” parameter. In this
thesis, the message passing layer was specified as RGCN which is the Relational Graph
Convolutional Networks [3]. RGCN is developed specifically for representing and learning
highly multi-relational data [3] which makes it easier to represent and learn different types of
edges. RGCN also provides the node representation for the node classification task, this task
assigns the properties or type to the node, and establishes the foundation of the predicates
selection task which will be explained in section 3.4.3.

3.2.2 Data Preprocessing

The dataset used in this experiment contains 121 SMT-LIB files, which can be all transformed to
different Constrained Horn Clauses (CHC) files. From those CHC files, we can draw Horn graphs
and generate initial predicates. The GNN input is a json file that contains essential elements (e.g.
nodes and edges information) for the subsequent training of GNN. An example of the Horn
clause graph that was generated is shown below in Fig 3.1.
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Figure 3.1 Horn Clauses Graph Example
Enlarged version link https://ibb.co/Rh8hPV6

Once the graphs for training are acquired, the next step would be loading the detailed information
of the graph structure. The elements that are used in this experiment are nodeIds,
nodeSymbolList, templateIndices, templateRelevanceLabel and binaryAdjacentList and other
edge lists. For example as shown in Fig 3.1, there are 85 nodes in total, so that the nodeIds would
be a list that contains 85 numbers in total from 0 to 84 and nodeSymbolList is also a list that
stores the corresponding 85 symbols for each node. TemplateIndices is a list that holds the
template nodeIds, in addition templateRelevanceLabel is the same length list as TemplateIndices
but only consists of “0” (useless) and “1” (useful). The red nodes in the graph are represented as
“0” and the green nodes will be represented by “1”. The prediction task of the model in this
thesis is to predict the labels of the template nodes. Last but not the least, “binary adjencylist” is a
list of vectors, each vector contains two node ids and it represents a connection between those
two nodes.

After reading the inputs from the json files, these raw inputs still need more adjustments so that
they can be shaped into appropriate sizes for feeding into the algorithm. The detailed steps are
shown below in Fig 3.2. Firstly, the build_vocabulary function uses the graph node symbols to
build the vocabulary set and token map.

In the vocabulary set, the build_vocabulary function eliminates the repetitive node symbols and
adds in a default set of “unknown symbols”. In the token map, it is a dictionary that contains the
map of the node symbols and a unique number. Then, the variables will go through the
form_GNN_inputs and labels function which uses the token map to obtain the
tokenized_node_label_ids. Tokenized_node_label_ids is the list of the numbers that represents
the node symbols according to the token map. After this stage, the data will be collected in a
dictionary called for later use.

15



Figure 3.2 Flowchart of data preprocessing

3.2.3 Node Binary Classification Task

After the data preprocessing, it is the time to train the model. The main task used in this section is
called node binary classification task. This kind of entity classification is a common use for
RGCN as mentioned in 3.4.1. In this thesis, the prediction task would be predicting the labels of
the template nodes.  To show the entire training process and the relationship of the input and
output data, a flowchart is shown in Fig 3.3 below.
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Figure 3.3 Flowchart of Training Process

3.2.3.1 Embedding Layer

As shown in Fig 3.3, there are several layers stacked in the node binary classification task for
processing the data, the first layer is the embedding layer. Normally machine learning models
take vector as input instead of string, therefore the node features need to be vectorized [20]. And
in this thesis in order to represent the words as numerical values, the word embedding method is
used. In this method, the length of each vector that specifies each word can be customized.
Additionally, the dense representation of the words are trainable values,  which are also the
weights learnt during the training [20]. As shown in Fig 3.4 below, the embedding will have a
matrix of size vocabulary_size by number of the dimension of output. In this experiment, the
dimension is set as 64 and the number of the vocabulary varies from different graphs.

17



Figure 3.4 Example of a 64 dimensional word embedding

3.2.3.2 GNN Layer

Next layer stacked in the predicates selection task is the GNN layer. This prebuilt layer is
included in the tf2-gnn frame. The GNN layer takes four inputs which are node features,
adjacency list, node to graph map and number of the graphs. When calling for the GNN layer in
the task, the embedded node label from the previous embedding layer will be fed into the node
feature. Meanwhile, the adjacency list and node to graph map from inputs will be taken as the
GNN input as well. Number of the graphs implies the number of the graphs in the current batch.

Inside the GNN layer there are also several layers such as message passing layer, global exchange
layer and dense layer.  In the message passing layer, for implementing the message passing
neural network mentioned in 2.2.3. This layer will provide the frame for continuous
neighborhood aggregation by calculating the messages passed from a source node to target node.
In this layer an extended version of the RGCN model is implemented. This model utilizes the
multi-layer perceptrons(MLP) to learn aggregation and updates. The updates node representation

of model is shown in the equation (3.1), where can be a learnable parameter or a fixed scalar.ϵ𝑡

(3.1)ℎ
𝑣
𝑡   =  𝑀𝐿𝑃𝑡 ( (1 +  ϵ𝑡) · ℎ

𝑣
𝑡−1 +

𝑢ϵ𝑁
𝑣

∑ (ℎ
𝑢
𝑡−1) ) 
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Message passing layer takes two inputs which are node embeddings and adjacency list. When
calling for this layer, it first computes the input for update function by concatenating all
connected nodes and then calculates one result per involved node using a separate function for
each hyperedge endpoint. The MLP layer is applied at each layer and updated.

In the readout phase, node embedding can be crucial for the binary node classification task, as it
gives more rectified and universal results as more interactions progress. In this stage the message
and the message targets will be concatenated and all the node features from the same iteration
will be summed up. The summing function used is tf.math.unsorted_segment_sum, this function
performs the computation between the source and target node. In the end the Rectified linear
unit(ReLu) is used for rectifying the final values.

3.2.3.3.Regression layers

When finished with the GNN layer, the graph representation will be gathered and sent to MLPs to
perform the binary classification task. In the compute_task_output method, it implements the
regression layer that is formed by dense layers which are simple multilayer perceptrons (MLP).
These regression layers are used to perform binary classification task on gathered nodes

3.2.4 Train

One of the methods used to evaluate the general performance of the built model in this thesis is
the classic cross-validation [17]. As shown in Figure 3.5, the original dataset of the 121 graphs
will be divided into two parts first which are the 109 graphs in train set and 12 graphs in test set,
then the train set will be seperated into the 92 graphs in train set and 17 graphs in valid set. Train
set will be used for the training of the model and the valid set will help to select and evaluate the
optimal value of the hyperparameter, in the end the test set will assess the final performance of
the model. One of the limitations of this method is that the final performance of the test set can be
highly sensitive to the distribution of the graphs in the different sets. While evaluating the model
for the several categories of the graph, if the graphs were not shuffled then the model trained from
the training set will not apply on the validation set and test set and thus the performance of the
whole training process will be affected. In addition the number of the graphs assigned to each set
can affect the final evaluation of the model too.
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Figure 3.5 Cross-validation method pipeline [17]

When it comes to the actual implementation of the training, the flow chart of the train function is
shown below in Figure 3.6. Train function will take the model, dataset, maximum epoch as inputs
and pass them to train_loop function. Then the run_one_epoch function will loop through all the
epochs and gather the crucial metrics and weights. The loss is collected using the
get_weighted_binary_crossentropy method that is utilized in the compute_task_metrics method
and then being called in the fast_run_run_step function. While looping in each epoch, the
average loss per graph and batch will be calculated for both train, validation and test set and used
for visualization later.
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Figure 3.6 Training process inside train function

3.3 Experiment Metrics

In order to explore the properties of GNN, both the loss and weights are visualized at the end of
the experiment. Firstly, loss of the train set, validation set and test set are represented in a line
chart with the x-axis as epoch and y-axis as the loss. Meanwhile, three kinds of weights are
recorded and drawn at observing epochs. To visualize the weights, each value in the matrix is
represented by a color so that the trend of the weight change can be easily observed. There are
three kinds of the weights that this thesis is focused on which are embedded weights, regression
weights and dense weights. Embedded weights are weights shown in the figure 3.4 that reflects
the learning result for the word embedding layer, and regression weights are the weights of the
regression layer mentioned in 3.2.3.3. Moreover, dense weights are the weights of the dense layer
of the hidden layers in the message passing layer.

Epochs collected Number of Layer Form

Embedded Weights 0, 10, 20, 40, 50, 80, 90 1, 2, 4, 8, 16 Pixel Diagram

Regression Weights 0, 10, 20, 40, 50, 80, 90 1, 2, 4, 8, 16 Pixel Diagram

Dense Weights 0, 10, 20, 40, 50, 80, 90 1, 2, 4, 8, 16 Pixel Diagram

Losses (train, valid
and test)

0 ~ 100 (continuously) 1, 2, 4, 8, 16 Line Chart

Table 3.1 Experiment Metrics
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Chapter 4

Results

This experiment compares the properties of GNN in three scenarios which are 1) providing one
single graph in the train, valid and test set and 2) providing 121 graphs in the train valid and test
set, in the end by 3) providing whole 121 graphs using cross-validation method which was
mentioned in 3.2.4.1. Each scenario is conducted with the number of message passing layers as
1, 2, 4, 8 and 16.

Both hyper-edge graphs and mono-direction edge layer graphs are generated for one single
SMT-LIB file, and used for the comparison of the results. For the hyper-edge graphs as shown in
Fig 3.1, it has 85 nodes, 43 node indices, 39 symbols and 189 edges. And for the mono-direction
edge layer graphs, it has 211 nodes, 43 node indices, 60 symbols and 227 edges.

Scenario 1A: Training, Validation and Testing one Mono-direction Edge Layer Graph

In scenario 1A, where only one graph is used for the training, validation and testing, the weight
changes pixel graphs are shown in the Fig 4.1 below. This table shows the changes of the
embedded weights between epoch 0, 50 and 90 from up to down. The line chart at the bottom
shows the changes of maximum and minimum of global nodes and two randomly selected nodes.
The number of the layer is 1 is shown for the first column and 8 is shown for the second column.
As the training progresses, when the number of the layer is 1, it is visible that vocabularies that
are arounds 0~10 and 30~40 have the weights diverging to either higher value(deeper red) or
smaller value(deeper blue), and the line chart has shown the growth of the global maximum and
decline of global minimum. When the number of layers is 8, the changes of color are harder to
observe. And as the line chart in the last row shows, the maximum and minimum of both global
nodes and sample nodes are fluctuating as training progresses.

As for the Regression weights and dense weights shown in the Fig 4.2 and Fig 4.3, the line charts
show the same tendency as the embedded weight, which is the maximum value of the global
nodes and sample nodes increases along the training and minimum value of the global node and
sample nodes decreases along the training. Even though the color changes are hard to perceive,
the tendencies of the values are consistent with the embedded weights.
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Figure 4.1 The first three rows are embedded weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of embedded

weights when the number of layer is 1 (first column) and 8 (second column) in scenario 1A
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Figure 4.2 The first three rows are regression weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of regression
weights when the number of layer is 1 (first column) and 8 (second column) in scenario 1A
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Figure 4.3 The first three rows are dense weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of dense

weights when the number of layer is 1 (first column) and 8 (second column) in scenario 1A
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Meanwhile the train, valid and test losses are also collected for this graph. Even though the mean
loss does not appear in the graph, as the number of the layers increase, both train and valid losses
occur in a more see-sawing fashion. This situation could also be caused by too many message
passing layers passing too much redundant information that makes the model unable to
differentiate certain nodes anymore. For example, the node can be inside a closed circle which is
formed by a few nodes. As the number of the layer increases and aggregation continues, all the
nodes get the aggregated information and it will be hard to locate the node that was wanted. One
peculiar feature of the test loss is that it stops converging to 0 since the number of layers reaches
8 and continues to increase as the number of layers increases. Since the same graph is used for
both train, valid and test, this feature is beyond expectation and will be discussed in the open
question section at the end of the chapter.

Figure 4.4  Train, valid and test loss of one mono-direction edge layer graphs
with the number of layer set as 1, 2, 4, 8 ,16  in scenario 1A

Scenario 1B: Training, Validation and Testing one Hyper-edge Graph

The pixel graphs of hyper-edge graphs show relatively similar properties with mono-direction
edge layerr graphs. The tables of comparison are attached as Fig A.1, A.2, A.3 in the appendix.
In this case the differentiation of the performance of the task could also depend on the different
content of the mono-direction edge layer and hyper-edge graphs. Usually, hyper-edge graphs
represent Horn clauses with a higher portion of semantic content and mono-direction edge layer
graphs would contain a higher portion of syntax content.

However, one significant contrast between the hyper-edge and mono-direction edge layer graph
is that the test loss of the hyper-edge graph always converges to 0 regardless of the increase of the
number of the layer. This is because in this particular hyper-edge graph there are no closed circles
connected to the nodes that we are interested in so that the nodes can be distinguished regardless
of the number of the layers.
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Figure 4.5  Train, valid and test loss of one hyper-edge graph
with the number of layer set as 1, 2, 4, 8 ,16 in scenario 1B

Scenario 2A: Training, Validation and Testing 121 Mono-Direction Edge Layers Graphs

In scenario 2A, as shown in Fig 4.6, when the number of the graphs increases, the number of the
vocabularies increases in the embedded weights pixel graphs as well. When the number of layers
is equal to 1, as training progresses, the words numbered around 600 start to diverge in colors.
However, different from the maximum and minimum line chart in scenario 1A, the global
maxima and minima do not show fluctuation as the number of layers increases. Both regression
weights and dense weights show the same properties as embedded weights and the pixel graphs
are attached in the appendix as Fig A.4 and A.5.

27



Figure 4.6  The first three rows are embedded weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of embedded
weights when the number of layer is 1 (first column) and 8 (second column) in scenario 2A

（The y-axis represents the number of the vocabulary and the x-axis means the weights’ dimensions）.

The comparison of loss functions of scenario 2A as the number of the layers increases is attached
in Fig 4.7 below. Different from scenario 1A and 1B, with more graphs used, test loss does not
converge to 0 regardless of the number of the layers and keeps increasing when the number of
layers increases. The reason for the divergence will be discussed in the open question section.

Figure 4.7  Train, valid and test loss of 121 mono-direction edge layer graphs
with the number of layer set as 1, 2, 4, 8 ,16 in scenario 2A
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Scenario 2B: Training, Validation and Testing 121 Hyper-edge Graphs

When changing the 121 mono-direction edge layer graphs to 121 hyper-edge graphs, the number
of the vocabularies in the embedded layer changes as well. As shown in Fig 4.8, divergence of
the color is easier to observe both for one layer and eight layers of the message passing. When
the number of layers is equal to 1, words numbered around 40~60 show noticeable color changes
and when the number of layers is equal to 8, words numbered around 60 show color separations
with the initial weights as training progresses. Compared to scenario 2A, hyper-edge graphs show
better learning abilities than the mono-direction edge layer graphs. Meanwhile, the regression
and dense weights display very subtle color divergence but the tendency of maxima and minima
remain the same as 2A, the table of comparison is attached in the appendix as Fig A.6 and A.7.
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Figure 4.8 The first three rows are embedded weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of embedded

weights when the number of layer is 1 (first column) and 8 (second column) in scenario 2B

In addition, compared to scenario 2A, loss functions of test loss shown in Fig 4.9 display slighter
lower losses when the number of the layer is equal to 2, 4, 8 and similar values when number of
layers is equal to 1 and 16.

Figure 4.9  Train, valid and test loss of 121 hyper-edge graphs
with the number of layer set as 1, 2, 4, 8 ,16 in scenario 2B
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Scenario 3A: Cross-Validation Method for 121 Mono-direction Edge Layer Graphs

While changing the allocation method to cross-validation method, embedded weights still show
the obvious color divergence when number of the layers is equal to 1. However, different from
scenario 1A and 2A, with the higher number of the layers, maxima and minima of the global
nodes and sample nodes tend to have more stable value while training progresses. This could
mean that the convergence problem is mitigated in the cross-validation method. The comparison
tables are shown in Fig 4.10, 4.11 and 4.12.
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Figure 4.10 The first three rows are embedded weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of embedded

weights when the number of layer is 1 (first column) and 8 (second column) in scenario 2B
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Figure 4.11 The first three rows are regression weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of regression
weights when the number of layer is 1 (first column) and 8 (second column) in scenario 1A
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Figure 4.12 The first three rows are dense weights of one graph at epoch 0, 50, 90 and
the last row is tendency line chart shows the global maximum and minimum of dense

weights when the number of layer is 1 (first column) and 8 (second column) in scenario 1A

As shown in Fig 4.13, loss functions in scenario 3A have the highest value when number of the
layers is equal to 2, which is contrary to scenario 2A and 2B. Also according to the loss function
graphs in all the scenarios within scenario 3, it’s visible that train loss has similar value to the
validation loss and test loss has much higher value than validation loss. This situation could be
caused by the uneven distribution of the validation set and test set, which means the validation set
can be “easier” than the test set or less challenging. Moreover, the drop out rate might have been
set not consistently for the test set and validation set, which means the regulation of the dataset is
not consistent.
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Figure 4.13  Train, valid and test loss of 121 mono-direction edge layer graphs
with the number of layer set as 1, 2, 4, 8 ,16 in scenario 3A

Scenario 3B: Cross-Validation Method for 121 Hyper-edge Graphs

When changing the mono-direction edge layer graphs to hyper-edge graphs, pixel diagrams of
the weights display similar properties with scenario 3A and the table of comparison is attached in
the appendix as Fig A.8, A.9 and A.10.

Meanwhile, the test loss of in scenario 3B shows the same trend as scenario 3A, but slightly
lower loss when number of the layer is equal to 2. This difference of the performance could also
be explained by the fact that hyper-edge graphs contain more semantic content.

Figure 4.14  Train, valid and test loss of 121 hyper-edge graphs
with the number of layer set as 1, 2, 4, 8 ,16 in scenario 3B
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Chapter 5

Discussion

Open Question: Factors affecting Convergence

According to the experiments in the six scenarios above, we can find that firstly when training
either one or multiple graphs, GNN can learn the features of the nodes, and the color divergence
is most obvious in embedded weights graphs and less obvious in regression and dense weights
graphs. Secondly, when training only one graph, the test loss is easiest to converge compared to
the scenarios for training multiple graphs. With more graphs fed to the model, more variances of
the loss function can occur. Meanwhile when using different graphs for training, validation and
test, it can be more challenging for the model to predict the labels of the nodes.

Many test losses were collected during the experiment, and more loss curves were attached in the
appendix for scenario 1A and 1B to compare the convergence of the test losses. There are several
reasons that are possibly causing the deviation of the test loss.

Firstly, as Fig 4.4 and 4.5 show, hyper-edge graphs show higher accuracy and performance in
training. The reason behind this could be that hyper-edge graphs are represented with more
semantic details rather than syntactic, and semantic contents are more related to the
corresponding node classification task. So that hyper-edge graphs would have a higher accuracy
on the corresponding node classification task.

Secondly, a few hyperparameters inside the GNN layer could affect the learning result too. For
example the dropout rate was set as 0.1 in the dropout layer, this dropout layer was set to prevent
overfitting by randomly setting the input unit to 0 with a frequency of the dropout rate. However,
the loss value could be stuck in a certain input unit and affects the representational power of the
layers and inputs. Also one of the hyperparameters called learning rate was specified for the
optimizer which uses Adam algorithm. The Adam optimizer in the graph task model helps to
implement the gradient descent with adaptive learning rate, and learning rate refers to the step
size of the change of the weights during training. With too little of the learning rate, the training
process might get longer and possibly get stuck, and with too large of the learning rate, the
training process might get shorter but possibly converge too early and produce unreliable models.
To validate the hypothesis of influence of the dropout rate and learning rate, some experiments
were conducted. Compared to the default set up of the hyperparameters, setting dropout rate to 0
and adjusting learning rate could help to decrease the test loss but are not enough to induce the

36



convergence. An example of the fine-tuning of learning rate and dropout rate is shown below in
Fig 4.15.

Figure 4.15 Comparison of the test loss in scenario 1B
with dropout rate equals to 0.1 and learning rate equals to 0.001(left)
and dropout rate equals 0 and learning rate equals to 0.001(middle)
and dropout rate equals 0 and learning rate equals to 0.003(right)

Finally, the initial weights of the input layers are set randomly in the beginning of training, this
could also affect the training process and cause the stuck at the local minima. However the
weights initialization can be tricky when it comes to the implementation on different kinds of
data.  Another method called all-zeros initiation which sets all the initial weights to zero could be
used to eliminate randomness or few non-deterministics elements to help to analyse the
divergence problem.
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Chapter 6

Conclusion

To conclude, GNN shows its features in the implementation of learning different versions of
Horn clause graphs, such as mono-direction edge layer graphs and hyper-edge graphs. From the
experiments above, we can observe that GNN can learn particular features to classify the labels
of nodes. However, it still gets stuck during the process and there could be many reasons behind
it. Whether the stuck point is at the local minimum or global minimum is still unknown.
Meanwhile, prediction accuracy of the model relies on various factors such as number of the
message passing layers, number of the graphs that were provided for training and also the
allocation of the train, valid and test set.

Weights and losses functions that were collected for different scenarios and hyperparameters
show the properties of the GNN. As the number of the message passing layer increases the
divergence of the weights can be less obvious because the nodes’ presentations become similar to
each other, in this case differentiating the nodes becomes a harder task as well. Losses of the
models can increase with more graphs that were fed since there are more inputs and variances of
the models. In the result section, hyper-edge graphs show comparatively better training results
compared to mono-direction edge layer graphs in all the scenarios.

This experiment can be extended in several ways. For example, to further explore the factors that
are affecting the convergence, hyperparameter fine-tuning could be conducted in a more
systematic and complete way. Also more middle results of the weights can be collected in
different scenarios to support the conclusion.
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1. Appendix

1.1 Loss curves for Senario 1A and 1B

File name
/num_layer

1 2 4 8 16

04.c_000.smt2
(Mono-directio
n Edge Layer)

04.c_000.smt2
(Hyper-edge)

chc-lia-lin-002
1_000.smt2
(Mono-directio
n Edge Layer
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chc-lia-lin-002
1_000.smt2
(Hyper-edge)

02.c_000.smt2
(Mono-directio
n Edge Layer

02.c_000.smt2
(Hyper-edge)

015b-horn_00
0.smt2
(Mono-directio
n Edge Layer

015b-horn_00
0.smt2
(Hyper-edge)

1.2 Weights Pixel Graphs
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Figure A.1 The first three rows are embedded weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of embedded weights when the number of
layer is 1 (first column) and 8 (second column) in scenario 1B
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Figure A.2 The first three rows are regression weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of regression weights when the number of
layer is 1 (first column) and 8 (second column) in scenario 1B
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Figure A.3 The first three rows are dense weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of dense weights when the number of layer
is 1 (first column) and 8 (second column)in scenario 1B
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Figure A.4 The first three rows are regression weights of one graph at epoch 0, 50, 90 and the last
columrown is tendency line chart shows the global maximum and minimum of regression weights when
the number of layer is 1 (first column) and 8 (second column) in scenario 2A
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Figure A.5 The first three rows are dense weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of dense weights when the number of layer
is 1 (first column) and 8 (second column) in scenario 2A
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Figure A.6 The first three rows are regression weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of regression weights when the number of
layer is 1 (first column) and 8 (second column) in scenario 2B
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Figure A.7 The first three rows are dense weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of dense weights when the number of layer
is 1 (first column) and 8 (second column) in scenario 2B
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Figure A.8 The first three rows are embedded weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of embedded weights when the number of
layer is 1 (first column) and 8 (second column) in scenario 3B
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Figure A.9 The first three rows are regression Weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of regression weights when the number of
layer is 1 (first column) and 8 (second column) in scenario 3B
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Figure A.10 The first three rows are dense weights of one graph at epoch 0, 50, 90 and the last row is
tendency line chart shows the global maximum and minimum of dense weights when the number of layer
is 1 (first column) and 8 (second column) in scenario 3B
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