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Front page illustration:

Band structure of the Fe/ZnSe(100)
interface, for a k-point mesh along the
diagonal of the two dimensional square
Brillouin zone. The much debated uniaxial
in-plane magnetic anisotropy of this
interface is studied in paper XI.
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R. Lizárraga, L. Nordström, E. Sjöstedt and O. Eriksson
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Introduction

During the first quarter of the 20th century, the new theories of
quantum mechanics shook the confidence of the the whole scien-
tific community. Until then, the matter in our universe had been
considered to consist of particles that could be fully described
by the intuitive mechanics of Newton. Today, the quantum me-

chanical theories constitute the foundation in material science. In particular,
quantum mechanical ab initio calculations provide a unique reference system to
the real world. We can for example simulate iron, and then not only something
that looks like iron, but our virtual material will ideally have all the properties
of the element.

The quantum mechanical calculations presented in this work are based on
density functional theory. To perform the calculations, these theories must be
represented by some method. A good method should, within the limits of the
theory, produce correct results for a preferably wide range of systems. On the
other hand, it should not be computationally very demanding, as this limits
the ability of the method to treat really large or complex samples. One of the
central subjects of this thesis is the augmented planewave method, which is a
powerful method for studying the electronic structure of a general system of
atoms.

The last chapters are devoted to one of the most fascinating consequences
of quantum mechanics – magnetism. Today, we are so familiar with magnets,
that we do not find it strange when a material that behaves perfectly “nor-
mally” in proximity to a wooden table or a stone wall, suddenly clings onto
the refrigerator door. The theory behind magnetism is very complex, involving
the quantum mechanical interactions between the two spin degrees of freedom
of the electrons.1

1The electron spin can be visualized by a spinning top, which can spin in either a clockwise
or a counterclockwise direction. In the case of electrons, the two states are often referred to
as “spin-up” and “spin-down”.
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With today’s relentless shrinking of electronic devices, we will soon have
reached the limit where quantum mechanics prohibits a precise control of the
electron charge. The technology industry is fully aware of this fact and is now
focusing on the new field called spintronics (=spin electronics). With the in-
formation represented by a magnetic spin signal, the new devices can be made
both smaller and less energy consuming. There are already memory storage
spintronic devices on the market, exploiting the giant magnetoresistivity of a
sandwich structure, consisting of alternating ferromagnetic and non-magnetic
materials. While the resistivity is high when neighboring ferromagnetic layers
have anti-parallel magnetization directions, it drops drastically when the mag-
netizations are aligned by a small magnetic field. The next goal is to replace
such metal-based spin-valves by semiconductor materials to achieve a spin-valve
with the possibility of amplifying a spin signal. The major challenge lies in an
efficient spin injection and spin transport within the semiconductor. Towards
this goal, the present thesis includes a study of the magnetic anisotropy at an
interface between a semiconductor and a ferromagnet.

As the experimental techniques become more and more sophisticated they
require the detailed explanations at an atomic level provided by quantum me-
chanical calculations. The methods of calculation are continuously improved,
and along with the rapid development of microprocessors, fueled by the fruitful
collaboration between theory and experiments, we are only seeing the beginning
of the computational condensed matter theory era.

To get some perspective on the enormous progress in material science since
the formulation of quantum mechanics, I would like to end this introduction
with a few lines from a book owned by my great grandfather Fabian Sjöstedt,
Uppfinningarnas bok, printed in Stockholm 1873: [1]
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Chapter 1

Density functional theory

All the information about the complex system consisting of N inter-
acting particles can be elegantly condensed into a four character
equation,

ĤΨ = EΨ. (1.1)

This is the well-known time independent Schrödinger equation, where the inter-
actions are described by the Hamiltonian operator Ĥ acting on the N -particle
wavefunction Ψ(1, 2, ..., i, ..., N), while E is the total energy of the system.
Here i denotes the coordinates of the i:th particle, including spin. The non-
relativistic Hamiltonian can be decomposed into more specific constituents,

Ĥ = T̂n + Ĥnn + T̂ + Ĥee + Ĥne, (1.2)

where T̂n and T̂ are the kinetic energy of the nuclei and the electrons, respec-
tively. The remaining terms denote the nucleus-nucleus (nn), electron-electron
(ee) and nucleus-electron (ne) Coulombic interactions. For simpler systems,
such as single atoms and smaller molecules, the desired information can be
retrieved by solving Eqn. (1.1). However, this approach becomes impracticable
when turning to the macroscopic solids treated in the present thesis, involving
an order of 1023 strongly interacting electrons and nuclei.

There are several means to reduce the size of the many-particle problem
described above. The majority of all material properties originate from the
electronic structure, which in turn is affected by the positive potential from the
nuclei. Further, the electrons are far lighter and faster then the nuclei, which is
why the latter can be considered to be stationary in the reference frame of the
electrons. This is called the Born-Oppenheimer approximation, and it allows
us to separate out the first two terms from Eqn. (1.2), leaving only those terms
involving electrons. Hereafter N will denote the number of electrons included
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1.1. The total energy functional

in the system, while the nuclei only enter through a fixed external potential,
vext. A further reduction in complexity can be achieved using the theories of
periodic potentials and symmetry groupings. Still, to extract information from
a macroscopic system, we need an alternative strategy to solving the many
body Schrödinger equation.

The theories of Hohenberg and Kohn [2], together with the work by Kohn
and Sham [3], represent a new way of viewing the total energy of interacting
particles in general, and of electrons in particular. Their method has had big
impact on computational physics as well as chemistry, and in 1998 Walter Kohn
was awarded the Nobel prize in chemistry for the development of the density
functional theory.

1.1 The total energy functional

The electronic properties of a system are completely defined once the number
of electrons and the external potential coming from the stationary nuclear
frame are fixed. In their pioneering work on density functional theory (DFT)
from 1964 [2], Hohenberg and Kohn showed that both these quantities can be
replaced by the ground state electron density, and thereby any ground state
property of an electron system can be determined from the distribution of
electrons. This section will be delimited to spin-degenerate systems, where the
electron density is equivalent to the charge density n. Nevertheless, the final
outcome of the theories are valid for a general spin polarized system [4].

While the relation between the number of electrons and the density is trivial,
N =

∫
n(r)dr, the uniqueness of the external potential for a particular density

requires a theorem [5],

Theorem I
The external potential vext is determined, within a trivial additive
constant, by the electron ground state density n(r).

The reader is recommended to look up the neat proof of this theorem [2], being
a compelling example of simple but powerful logics.

Given that n governs all electronic ground state properties of the system, it
also defines the total energy from Eqn. (1.1). Within the Born-Oppenheimer
approximation this yields,

E[n] ≡ T [n] + Eee[n] +
∫

vext(r)n(r)dr. (1.3)

The energy terms on the right hand side of Eqn. (1.3) correspond, in order, to
the energies of the three last operators in Eqn. (1.2). The explicit forms of the
functionals T [n] and Eee[n] are still unknown.

The second theorem of Hohenberg and Kohn provides a tool to find the
total energy from the functional in Eqn. (1.3), stating that:

Theorem II
For a trial density ñ(r), such that ñ(r) ≥ 0 and

∫
ñ(r)dr = N ,

E ≤ Evext [ñ] ≡ T [ñ] + Eee[ñ] +
∫

vext(r)ñ(r)dr.
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1.2. Single particle equations in a spin polarized system

Thus, the total energy functional corresponding to an external potential vext, is
minimized by the correct ground state density n. Note that each trial density
ñ is in turn associated with an external potential ṽext

1, and will minimize the
corresponding functional Eṽext [ñ].

In conclusion, the enormous number of individual electron coordinates is,
without approximations, replaced by the single valued electron density. Fur-
thermore, if we find the explicit form of the functional,

F [n] ≡ T [n] + Eee[n], (1.4)

for any system, the problem is solved for all systems. Since F [n] is defined
independently of vext, it is a universal functional and will look the same for
any electronic system, being any solid, molecule or atom.

1.2 Single particle equations in a spin polarized
system

A year after the first landmark paper [2] on DFT, Kohn and Sham [3] formu-
lated an unexpected way around the problem with the unknown functional in
Eqn. (1.4). Some years later, the theory was generalized to a spin polarized
system by von Barth and Hedin [4].

Since the majority of the DFT applications in the present thesis concern
magnetic systems, the electronic charge density will in the following be com-
plemented by the magnetization density m(r). This is done by replacing n by
a generalized density [4],

ρ(r) ≡ n(r)
2
I +

m(r)
2

· σ, (1.5)

everywhere. Here I is the 2×2 unit matrix and σ = (σx, σy, σz) are the Pauli
spin matrices. The external potential from the previous section will be replaced
by a 2×2 spin dependent potential matrix, wext.

Returning to the functional F [ρ], Kohn and Sham write,

F [ρ] ≡ T0[ρ] + EC[ρ] + Exc[ρ], (1.6)

using the kinetic energy functional T0 of a non-interacting electron gas, and the
classical Coulomb energy EC. The difference in kinetic energy between the non-
interacting electron gas and the true system, along with the non-classical part
of Eee, are collected into the presumably small exchange-correlation functional,

Exc[ρ] ≡ T [ρ]− T0[ρ] + Eee[ρ]− EC[ρ]. (1.7)

1Here we assume only v-representable electron densities, that is densities coming from a
ground state wavefunction obtained for any external potential ṽext. Yet, a self consistent
process for finding the true ground state density might happen to involve trial densities, for
which the variational principle does not apply.
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1.2. Single particle equations in a spin polarized system

The innovative introduction of T0[ρ] offers a mapping of the original prob-
lem, to find the exact ground state density for interacting electrons in an ex-
ternal potential wext(r), onto the corresponding exact formulation for non-
interacting electrons moving in an effective 2×2 potential,

Veff(r) =
δEC[ρ]
δρ(r)

+
δExc[ρ]
δρ(r)

+ wext(r). (1.8)

We have now reached a stage, where our struggle to get around the many-
particle Schrödinger equation, Eqn. (1.1), has lead to a problem which can be
solved through the single-particle Schrödinger equations,

(T̂I + Veff)ψµ = εµψµ. (1.9)

Here, T̂ = −∇2 in Rydberg atomic units2, and ψµ are normalized single elec-
tron wavefunctions with eigenenergies εµ. Since the general Hamiltonian in
Eqn. (1.9) operates also in spin-space, the wavefunctions will have the form of
spinors,

ψµ(r) =

 αµ(r)

βµ(r)


 , (1.10)

where αµ and βµ are the two spin projections. Once we have found the N
lowest eigenfunctions of the Hamiltonian, we can identify the desired densities
as,

n(r) =
N∑

µ=1

|ψµ(r)|2, and m(r) =
N∑

µ=1

ψ†µσψµ. (1.11)

Inserted into Eqn. (1.5), the explicit form of the density matrix becomes,

ρ(r) =
N∑

µ=1




|αµ(r)|2 [α∗µ(r)βµ(r)]∗

α∗µ(r)βµ(r) |βµ(r)|2


 . (1.12)

The Kohn-Sham scheme, completed by Eqns. (1.9) and (1.11), leads natu-
rally to an iterative procedure, where a starting guess for the electronic density
is refined through the self consistent cycle shown in Fig. 1.1. For a more stable
convergence, the input and output densities are usually mixed according to
some mixing scheme.

In the special case of a collinear system, where the magnetization density
is either parallel or anti-parallel to some global direction, the basis set can be
chosen so that the Hamiltonian operator is represented by a diagonal matrix,
with different potentials for the two spin projections. The corresponding eigen-
spinors will be of either αµ or βµ character, and so the problem can be divided
into two separate tasks, one for majority and one for minority spin, each with
a set of scalar single electron functions. With the global magnetization axis
chosen in the z-direction, the diagonal density matrix will be completely de-
scribed by the two quantities n = n↑+n↓ and mz = (n↑−n↓), and can thus be

2Rydberg atomic units defines ~h= 1, e2 = 2, and me = 1/2, where e and me are the
charge and the mass of the electron, respectively. The unit for energy will then be Ry.
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1.2. Single particle equations in a spin polarized system

Figure 1.1: Self consistent cycle in density functional theory.

replaced by the scalar charge density n↑(↓) in the majority (minority) spin self
consistent cycle. In most systems, the global energy minimum is found for the
non-magnetic solution, which makes the situation even simpler as illustrated
by the rightmost representation of the Hamiltonian operator below.




H11 H21

H12 H22




Non− collinear system




H11 0

0 H22




Collinear system




H11 0

0 H11




Non−magnetic system

With degenerate spin projections, the two separate systems of the collinear
case will be identical, hence it is sufficient to find the solutions to one of them,
and simply assign two electrons to each electron scalar wavefunction, e.g. αµ.
The density matrix will then be reduced to,

nm=0(r) = 2
N∑

µ=1

|αµ(r)|2. (1.13)

The solutions to the single electron equations, Eqn. (1.9), will not only
yield the desired densities, but also the value of the kinetic energy functional
through,

T0[ρ] =
N∑

µ=1

〈ψµ| − ∇2I|ψµ〉 =
N∑

µ=1

〈ψµ|εµ − Veff |ψµ〉 (1.14)

=
N∑

µ=1

(
εµ − 〈ψµ|wext|ψµ〉 − 〈ψµ|wxc|ψµ〉

)
− 2EC[ρ],
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1.3. Local density approximations

where the 2×2 exchange-correlation potential

wxc(r) ≡ δExc[ρ]
δρ(r)

= vxc(r)I − b(r) · σ. (1.15)

The non-magnetic part vxc comes from variation with respect to the charge
density, while the magnetic contribution b, is the variation with respect to the
magnetization density.

With the above expression for T0[ρ] inserted in the total energy functional,
Eqn. (1.3) with the definitions from Eqns. (1.6) and (1.7), some terms will
cancel, so that the final energy expression becomes

E[ρ] =
N∑

µ=1

(
εµ − 〈ψµ|wxc|ψµ〉

)
− EC[ρ] + Exc[ρ]. (1.16)

At this point, if only we knew a way to express the exact contributions
coming from the exchange-correlation functional, the theory would be complete,
and more over, it would be exact. However, still today the functional must be
approximated, which will be the topic of the next section.

In the following, the effective potential will be denoted simply by V .

1.3 Local density approximations

The exchange-correlation functional, defined in Eqn. (1.7), involves non-local
interactions, which currently prevents the usage of the exact density functional
theories described in the preceding sections. However, there are viable approx-
imations to Exc[ρ], such as the local spin density approximation (LSDA) and
its extensions into generalized gradient approximations (GGA).

It should be stressed, that the variational theorem in DFT is only valid
for the exact energy functional. Hence, there is no proof that the LSDA and
GGA energy functionals are minimized by the true ground state density, rather
than by some other distribution of the electrons. In spite of this, the system
properties predicted by an LSDA or GGA minimizing density, are found to
correlate well with experimental findings.

1.3.1 The local density approximation

The local density approximation was suggested already in the first paper by
Hohenberg and Kohn [2], and presented in a working scheme by Kohn and
Sham [3]. This approximation was later extended to a spin polarized version
(LSDA) by von Barth and Hedin [4].

The exchange-correlation functional can be calculated for an interacting
homogeneous electron gas. Evaluated for a number of combinations of constant
charge densities n, and magnetization density magnitudes m, the exchange-
correlation energy of a homogeneous system can be parametrized into a function

8



1.4. The variational principle

εxc(n,m) [4, 6, 7]. This parametrized energy is then used to approximate the
functional for a slowly varying density,

Exc[ρ] =
∫

n(r)ερ(r)
xc (n,m)dr. (1.17)

The superscript on ε
ρ(r)
xc indicates that the function should be evaluated for

n = n(r) and m = |m(r)| corresponding to the generalized density ρ(r) in Eqn.
(1.5).

With the local density approximation of the exchange-correlation energy,
the two potentials in Eqn. (1.15) becomes,

vxc(r) =
δ
[
n(r)ερ(r)

xc (n,m)
]

δn(r)
and b(r) = −m̂(r)

δ
[
n(r)ερ(r)

xc (n,m)
]

δm(r)
.

(1.18)
The magnetic potential in LSDA will thereby locally point in the same direction
as the magnetization density. In a collinear system, with global magnetization
taken along the z-direction, the magnetic potential term will therefore equal
the diagonal matrix −bzσz. Thus, again the collinear system can be divided
into two separate subsystems, each with a scalar exchange-correlation potential,
v↑xc = (vxc − bz) and v↓xc = (vxc + bz), respectively.

The goal is now reached, since the LSDA provides a final step to solve the
many body particle problem in Eqn. (1.1), using the DFT picture. Although
developed for systems of nearly constant density, the LSDA has proven to work
amazingly well for a much wider range of systems.

1.3.2 Generalized gradient approximations

It is well-known that the LSDA overestimates electronic bonding, for exam-
ple the energy minimizing lattice constant from an LSDA calculation is often
around 3% smaller than the experimental value. The situation can be improved
through a generalized gradient correction, where some of the most widely used
versions are found in Refs. [8–10].

As indicated by the name, the parametrized exchange-correlation energy in
the GGA is a function of not only the local densities, but also of their gradi-
ents. A general formulation of the GGA would involve three gradients for the
magnetization density. However, all present versions of the GGA were devel-
oped for a collinear system, which is why they involve only one gradient of the
magnetization density. For a non-collinear system, this gradient can be chosen
either as ∇|m| or m̂(∇m) =

∑
i m̂i∇mi, both giving similar results [11]. The

GGA calculations presented in papers VII and VIII were performed using
the latter choice for the gradient. Further, due to the collinear inheritance, the
present GGA assumes b(r)||m(r) for all r.

In many cases the GGA provides an improvement over the LSDA, and
in particular when describing properties that are dependent on details in the
local densities, such as magnetic systems, or on a very accurate description of
electronic bonding.
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1.4. The variational principle

1.4 The variational principle

The single-particle wavefunctions of the Schrödinger like Kohn-Sham equation,
Eqn. (1.9), can either be found by solving the differential equation, or through
the minimization technique of functionals described in this section. This section
will only cover some important outcomes of the theories, while a thorough
review of the calculus of variations can be found in Refs. [12–14]. To simplify
the formulas, we will here return to the special case of a spin-degenerate system.

If we want to minimize (or maximize) the value of a functional,

J [y] =
∫ x1

x0

f(y, y′, x) dx. (1.19)

over the interval [x0, x1], we must look for a function y such that the variation of
f equals zero for any small change in y(x). Here y is a sufficiently well behaved
function and y′ is its derivative with respect to x. The vanishing variation of
f can through the calculus of variation be expressed as a differential equation
of second order, referred to as the Euler-Lagrange equation of J ,

δf

δy
≡ ∂f

∂y
− d

dx

(
∂f

∂y′

)
= 0. (1.20)

The above relation can be used the other way around as well. Starting from
the Kohn-Sam equations, we see that Eqn. (1.9) and its complex conjugate can
be regarded as the Euler-Lagrange equations of a variational expression,

JKS[ψµ] =
∫

Ω

[∇ψ∗µ ·∇ψµ + ψ∗µ(V − εµ)ψµ

]
dr, (1.21)

with ψµ and V being the scalar equivalences to the spiral wavefunction and the
2×2 potential in Eqn. (1.9), and εµ is the eigenenergy. The integral is generally
taken over the whole space, while Ω represents the unit cell in the case of a
crystal.

In practical calculations, the wavefunction ψµ is expressed as a variation
function, expanded by a complete set of linearly independent basis functions
Xi,

ψµ =
∑

i

Cµ
i Xi. (1.22)

The variable quantities are now the expansion coefficients Cµ
i , and inserting

Eqn. (1.22) into Eqn. (1.21) yields,

JKS[Cµ
i ] =

∫

Ω

∑

ij

Cµ∗
i Cµ

j

[∇X ∗i ·∇Xj + X ∗i (V − εµ)Xj

]
dr. (1.23)

Our task is now to find the expansion coefficients Cµ
i , which minimize JKS

for a given finite set of basis functions Xi. Thus, we look at the variation of the
integrand f(Cµ

i ) in Eqn. (1.23), yielding a new set of Euler-Lagrange equations,

δf

δCµ∗
i

=
∑

j

Cµ
j

[
T̃ij + Vij − εµOij

]
= 0. (1.24)
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1.4. The variational principle

Note that f does not involve any derivatives of Cµ
i , why δf

δy = ∂f
∂y . In Eqn.

(1.24), we have used the definition,

T̃ij ≡
∫

Ω

∇X ∗i ·∇Xj dr, (1.25)

which should not be confused with the matrix elements of the ordinary kinetic
energy operator T̂ = −∇2. The difference between the two will become clear
in section 2.3. Furthermore, Vij =

∫
Ω
X ∗i V Xj dr and Oij is the overlap of the

two basis functions Xi and Xj . The corresponding matrices yield the secular
equation,

det
[
T̃ + V − εµO

]
= 0. (1.26)
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Chapter 2

The augmented planewave
method

There are two things to strive for when choosing a basis set. First
of all the basis functions should be as mathematically simple as
possible, in order to simplify the setup of matrix elements. The
other important feature, which often seems to be incompatible
with the first, is to have basis functions that are well suited to

describe the system of interest. This will minimize the basis set size, and
thereby the dimension of the secular equation, Eqn. (1.26). Hence, there is a
trade off between either solving a large number of fairly simple equations, or
fewer but more complicated ones.

In 1937 Slater [15, 16] found a solution to this conflict of interests. Using
the so-called muffin-tin approximation as a starting point, he constructed a set
of basis functions, called augmented planewaves. They consist of planewaves
in regions of slowly varying potential, but transform into atomic orbital like
functions, as soon as the potential demands a description of faster varying
wavefunctions.

2.1 Basis functions in a muffin-tin potential

The potential in a solid crystal varies continuously throughout space, but still
two major regions can be perceived. In the muffin-tin approximation the crys-
tal is divided into the muffin-tin (MT) region, consisting of non-overlapping
spheres centered around each atomic site, and the surrounding space called
the interstitial (I). While the potential is almost spherically symmetric in the
muffin-tin region, it will be fairly flat in the interstitial. The muffin-tin approx-
imation to the true crystal potential is therefore defined as,

VMT(r) ≡
{

constant r ∈ I
V (rα) r ∈ MTα,

(2.1)

12



2.1. Basis functions in a muffin-tin potential

MT I

r

r

τα α

α

Figure 2.1: The muffin-tin potential approximation, used in the augmentation of the
planewaves.

where α enumerates the muffin-tin spheres, and rα is the length of the local
position vector rα = r − τα, pointing from the sphere center τα as shown in
Fig. 2.1.

To start with, let us look at the extreme case of a non-interacting elec-
tron gas in an otherwise empty Bravais lattice. The solutions describing this
system of non-interacting particles in a constant external potential are the
mathematically simple planewaves, eik·r. As we start to insert nuclei into the
crystal structure, the constant potential will be repeatedly broken by muffin-tin
spheres with a spherical potential. However, very conveniently, the planewaves
satisfy the Bloch condition and can therefore still serve as basis functions in
this new periodic potential. Consequently, Slater [15] chose planewaves as basis
functions in the interstitial region.

Inside the muffin-tin spheres, an eigenstate is better described by the solu-
tions to a spherical potential,

ul(rα, E)Y m
l (r̂α), (2.2)

where Y m
l is the spherical harmonic function of angular momentum quantum

numbers l and m, and r̂α is the angular part of the local vector rα. The function
ul satisfies the radial Schrödinger equation,

− 1
r2

d

dr

(
r2 dul

dr

)
+

[ l(l + 1)
r2

+ V (r)
]
ul = Eul, (2.3)

with the spherical potential V from Eqn. (2.1). The only boundary condition
to Eqn. (2.3), for a fixed energy E, is that ul(r) should be well defined at
r = 0. Each planewave is now augmented inside the muffin-tin spheres, by a
linear combination of the solutions described by Eqn. (2.2). The resulting APW
basis functions are thus hybrids, constituted by the solutions of two different
Schrödinger equations,

XAPW
i =

{
Ω−1/2eiki·r r ∈ I∑

Lα aiα
L ul(rα, E)Y m

l (r̂α) r ∈ MTα.
(2.4)

13



2.1. Basis functions in a muffin-tin potential

The sum in the muffin-tin representation is taken over the condensed angular
momentum index L = {l, m}, and over all spheres α. Each basis function
is connected to a particular k-point and a reciprocal lattice vector Gi, via
ki = k + Gi. The unit cell volume is denoted by Ω.

1.0 2.0 3.0
r (a.u.)

−0.10

−0.05

0.00

0.05

0.10

APW s
APW p
APW d
APW f

MT   I                

rMT

Figure 2.2: The radial solutions ul are matched in value to the radial part of a Bessel
function expansion of the planewave at rMTα . While us is evaluated for E = 0.3 Ry, the
other orbitals are calculated for an energy of 0.5 Ry. Here k = 2π

a
(0.101, 0.208, 0.107)

and G = 2π
a

(1, 1, 1), with a = 9.05 a.u.

A planewave can be expanded into Bessel functions jl, according to,

eiki·r = eiki·(τ α+rα) (2.5)

= eiki·τ α4π
∑

L

ilY m∗
l (k̂i)jl(kirα)Y m

l (r̂α),

where k̂i and r̂α are the angular parts of corresponding vectors. The coefficients
aiα
L in Eqn. (2.4), can thereby be fixed by matching the augmentation to a Bessel

function expansion at rMT, yielding,

aiα
L = Ω−1/2eiki·τ α4πilY m∗

l (k̂i)
jl(kirMTα)
ul(rMTα , E)

. (2.6)

Note that there is no matching of the derivatives at the sphere boundary, and
so an APW basis function will in general have a kink at rMTα , see Fig. 2.2.

For more transparent formulas, the sphere index α, of aiα
L and rMTα will be

suppressed in the following.
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2.3. A surface contribution in the kinetic energy

2.2 The full crystal potential

All the results presented in this work come from full-potential (FP) calculations,
i.e. the muffin-tin potential has been complemented by a non-spherical part
in the muffin-tin region and, more important, a non-constant potential in the
interstitial region. These potential corrections are referred to as the non-muffin-
tin corrections.

While the non-muffin-tin corrections do not effect the choice of basis func-
tions in the interstitial, the functions ul defined by Eqn. (2.3) no longer rep-
resent the exact solutions inside the spheres. A way to solve the full potential
APW problem would be to evaluate the augmentation functions ul using the
true crystal potential of the muffin-tin region. The gain in exactness is how-
ever expected to be very small, compared to using the muffin-tin basis functions
variationally in the FP calculations.

In the linearized forms of APW, see chapter 3, the basis functions are al-
ready used in a variational way, to describe solutions over some energy region
around the linearization energy. These basis functions are flexible enough to
describe both eigenstates in the muffin-tin potential and those that are shifted
by the non-muffin-tin corrections.

2.3 A surface contribution in the kinetic energy

We now want to apply the variational principle discussed in section 1.4, to a
wavefunction ψµ expanded by the APW basis set as defined in Eqn. (2.4),

ψµ =
∑

i

Cµ
i XAPW

i . (2.7)

The summation is taken over reciprocal lattice vectors Gi, and Cµ
i are the

variational coefficients. The k-point dependency of ψµ and Xi is left out for
transparency. Due to the kink in the basis functions, discussed in section 2.1,
we need to be extra careful with the kinetic energy contribution from Eqn.
(1.23).

Our unit cell involves two separate regions, both bounded by the unit cell
boundary SΩ and the muffin-tin sphere SMT. Using Green’s formula the volume
integration over these two regions in Eqn. (1.25), can then be rewritten as,

∫

Ω

∇X ∗i ·∇Xj dr =
∫

MT

XMT∗
i (−∇2)XMT

j dr +
∫

I

X I∗
i (−∇2)X I

j dr

+
∮

SΩ

[
XMT∗

i ∇XMT
j + X I∗

i ∇X I
j

]
· dSΩ (2.8)

+
∮

SMT

[
XMT∗

i ∇XMT
j −X I∗

i ∇X I
j

]
· dSMT,

where dSΩ is taken to point out from the unit cell while dSMT points out from
the muffin-tin region. Note that the integration over SMT from the interstitial
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2.3. A surface contribution in the kinetic energy

region is performed for a surface element dSI = −dSMT. The different repre-
sentations of the APW basis function in the two regions are denoted by XMT

i

and X I
i .

The surface integral over SΩ vanishes, since to each point on the boundary
there is a conjugate point separated from the first by one lattice vector, where
the normal points in the opposite direction. The unit cell is translationally
symmetric, and so the integration over all conjugate points will cancel.

Using that X I
i = XMT

i at the muffin-tin boundary, the surface integral over
SMT equals,

Sij =
∮

SMT

XMT∗
i

[∇XMT
j −∇X I

j

] · dSMT. (2.9)

This integral will not vanish, since the APW basis functions in general have
discontinuous derivatives at the sphere boundary.

There are now two equivalent ways of writing the secular equation, either

det
[
T̃ + V − εµO

]
= 0, (2.10)

with the definition of T̃ from Eqn. (1.25), or, using the kinetic energy operator
T̂ = −∇2 with the additional surface term,

det
[
T + S + V − εµO

]
= 0. (2.11)

The two formulations can be used independently in the different potential re-
gions. In the interstitial, we make use of the simple relation ∇X I∗

i · ∇X I
j =

ki · kjX I∗
i X I

j by choosing the former formulation, Eqn. (2.10), while for spher-
ical coordinates the use of T̂ is a better choice. The secular determinant is
therefore expressed as,

det
[
T + SMT + V − εµO

]
= 0, (2.12)

with
SMT

ij ≡
∮

SMT

XMT∗
i ∇XMT

j · n̂MTdS, (2.13)

in the muffin-tin region. The explicit form of the matrix elements SMT
ij are

found in appendix 6.2.
Here it should be stressed, that the surface contribution in Eqn. (2.12)

is not an additional term due to the kinks in the APW basis functions, but
enters naturally from the variational expression, Eqn. (1.23). On the contrary,
the contributions from the two regions cancel as soon as the basis functions
are smooth everywhere. The more fundamental nature of T̃ , as compared to
T , is also seen from the fact that while T̃ij is Hermitian by construction, the
integrand of Tij must be forced into a Hermitian form, writing 1

2

[X ∗i (−∇2)Xj +
X ∗j (−∇2)Xi

]
.
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2.4. The APW eigenvalues

2.4 The APW eigenvalues

There is a free choice of energy in Eqn. (2.3), so that each augmenting function
ul(r, E) corresponds to the exact muffin-tin potential eigenstate of eigenenergy
E. This function can also be efficiently used in a variational description of
the corresponding full potential state, as discussed in section 2.2. However,
any eigenstate of different eigenenergy will be poorly described by ul(r, E).
Thus, in order to keep a manageable basis set size, the basis functions must
be re-evaluated for each new energy examined. This makes the APW basis
functions energy dependent. The matrix representations in such a basis set
will, of course, also be energy dependent, hence the APW secular equation,
Eqn. (1.26), is non-linear in energy,

det
[
T̃ (E) + V (E)− EO(E)

]
= 0. (2.14)

The traditional search for APW eigenvalues, solving Eqn. (2.14), becomes very
time consuming, since the determinant is recalculated for a number of energies
in order to localize the roots, as illustrated in Fig. 2.3.
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Figure 2.3: The APW determinant det
� eT (E) + V (E)− EO(E)

�
, must be evaluated

for a number of energies E, in order to find the solutions to the secular equation in Eqn.
(2.14). The circles indicate the eigenenergies of the valence electrons in niobium, at
k = 2π

a
(0.5, 0.25, 0.33), for a = 6.236 a.u.

Although the linearized versions of the APW method, such as the LAPW
and APW+lo methods discussed in Chapter 3, solve most of the problems
connected to the energy dependent APW basis set, they do have limitations.
The most severe limitation is that the basis functions of the linearized methods
are not fully energy independent, but only flexible enough to cover a larger
energy region around their linearization energy. Very wide energy regions must
therefore be divided into a number of sub regions, so called energy windows,
each one having its own “energy independent“ basis set. Such calculations will
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2.4. The APW eigenvalues

yield an incorrect description of the hybridization between eigenstates in the
overlap regions of different windows, a problem that does not occur using the
energy dependent APW method.

In paper I, we present a way to retrieve the exact APW eigenvalues, using
a short-cut to save computational effort. The basic idea is to use the extra
information coming from the eigenvalues of the secular matrix M≡ [

T̃ + V −
EO]

, on the left hand side of Eqn. (2.14). These eigenvalues can be regarded
as the meta-eigenvalues of the original problem, and are found by solving the
eigenvalue problem,

[M−mνO
]

= 0 ⇐⇒ [M′ −mνI
]

= 0. (2.15)

Here mν are the meta-eigenvalues, O is the overlap of the APW basis functions,
I the unit matrix, and M′ ≡ O−1/2MO−1/2. The desired value of the secular
determinant will now be related to the meta-eigenvalues through,

∏
ν

mν = det [M′] = det
[O−1/2MO−1/2

]
=

det
[M]

det
[O] . (2.16)

The meta-eigenvalues, as well as all the matrices in Eqn. (2.16), are functions
of energy, and each energy that solves the secular equation, det

[M(E)
]

= 0,
will through Eqn. (2.16) correspond to at least one meta-eigenvalue equaling
zero, mν(E) = 0.

0.2 0.4 0.6 0.8 1 1.2 1.4
E (Ry)

0
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m
ν 

(R
y)

 mν

 APWEf

Figure 2.4: The meta-eigenvalues mν of niobium at k = 2π
a

(0.5, 0.25, 0.33). The
meta-eigenvalues are evaluated for a fine energy grid of step length 0.001 Ry, indicated
by (·), while the filled circles (•) are the meta-eigenvalues evaluated at every 0.1 Ry.
Open circles indicate the APW eigenenergies. At this k-point, an asymptotic energy is
found close to 1.4 Ry.

Moreover, the meta-eigenvalues are found to be well behaving functions
of energy, and can be accurately described by simple polynomials. Thus, the
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2.4. The APW eigenvalues

cumbersome energy dependent APW eigenvalue problem, has now been trans-
formed into a standard search for the real roots of a polynomial.

Unfortunately, not all mν = 0 corresponds to an APW eigenvalue. At a
limited number of energies, meta-eigenvalues passing through zero will instead
coincide with an infinite overlap matrix. This asymptotic behavior of the APW
basis functions is discussed in section 2.4.1. However, at such false solutions
(see the example close to 1.4 Ry in Fig. 2.4), the meta-eigenvalues have positive
first derivatives, while for the energies corresponding to APW eigenvalues, all
first derivatives are negative. The APW scheme in paper I will also warn as
soon as ul(rMTα

, E) becomes very small or changes sign.

2.4.1 An asymptote problem

The task of finding the APW eigenvalues becomes somewhat more troublesome,
due to the asymptote problem:

The energy dependent APW basis functions must be re-evaluated for a
large number of energies, and sometimes one might hit an energy for which
ul(rMT, E) is very small or even equals zero at the muffin-tin sphere boundary.
Inserted in the evaluation of the APW matching constants, Eqn. (2.6), this will
yield very large, or infinite coefficients ai

L, which decouples the basis set at the
muffin-tin boundary.

However, this asymptotic behavior of the matching constants is neither
very common, nor something that occurs at random. The value of the radial
function varies with energy, from the bonding to the anti-bonding state for each
principal quantum number n, as shown in Fig. 2.5. Whenever the principal

0 1 2 3
rα (a.u.)

−1

−0.5

0

0.5

uα d(
r α,

E
)

0.60 Ry
1.00 Ry
1.40 Ry
1.80 Ry

rMT

Figure 2.5: A new node is added to the radial d-function of niobium, ud(rα, E), as
the principal quantum number n is changed from four to five. The radial function will
then come across an energy (just below 1.4 Ry) for which ud(rMTα , E) = 0.

quantum number is changed, another node is added to ul and the elements of
the overlap matrix will go to infinity,

det
[O(E)

] →∞ as ul(rMTα , E) → 0. (2.17)
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Chapter 3

Linearized forms of the APW
method

For a completely energy independent basis set, the secular equation
becomes linear in energy,

det
[
T̃ + V − εµO

]
= 0. (3.1)

It is then an easy task to find all the eigenvalues, by simply diagonalizing the
secular matrix on the left hand side of Eqn. (3.1) once. On the other hand, since
the oscillations of the physical wavefunctions can vary strongly with energy, a
completely energy independent basis set must be made very large to describe
all eigenstates over a wider energy region.

A solution to this problem is a compromise, in which the augmented planewaves
are made energy independent within a certain energy region. This will make
the secular equation linear within this region, which is why such methods are
referred to as linearized versions of the APW method.

This chapter presents two different ways of linearizing the APW method.
The first method alters the augmentation of the basis functions in the muffin-
tin region, while in the second method the energy dependency is mitigated
by introducing a complementary basis set. It is concluded that the latter
linearization is the more efficient, since it preserves a smaller basis set size.

3.1 The traditional linearization: LAPW

The first linearized APW method, LAPW, was developed by O. K. Andersen
[17] in the beginning of the 1970s. A detailed account of the LAPW method
can be found in Ref. [18], while only a short draft of the method will be given
here.
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3.1. The traditional linearization: LAPW

The LAPW basis functions are on the same form as the APW basis functions
in Eqn. (2.4), but with a different augmentation in the muffin-tin region,

XLAPW
i =

{
Ω−1/2eiki·r r ∈ I∑

Lα

[
ai
Lul(rα, E1) + bi

Lu̇l(rα, E1)
]
Y m

l (r̂α) r ∈ MT.
(3.2)

Thus, the APW augmentation has been replaced by a linear combination of
the function ul and its energy derivative, u̇l ≡ ∂ul/∂E, evaluated at a fixed
linearization energy E1. The new augmentation resembles a first order Taylor
expansion,

ul(rα, E) = ul(rα, E1) + u̇l(rα, E1)(E − E1), (3.3)

and yields a basis set that is flexible enough to represent all eigenstates in a
region around E1.
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Figure 3.1: Parts of the radial l-composition of an LAPW basis function for Ce, for
the same k-point, G-vector and linearization energies as in Fig. 2.2.

However, the matching coefficients ai
L and bi

L in Eqn. (3.2), are not fixed
through a Taylor expansion (which would re-introduce the energy dependence),
but by matching the linear combinations to a planewave at rMT, in both value
and slope. This will have two important implications. To start with, the addi-
tional matching in slope will yield smooth basis functions, and so the surface
term S defined in Eqn. (2.9), will be identically zero in all LAPW calcula-
tions. Secondly, since these matching criteria are strictly mathematical, the
shape of the resulting linear combination will in general differ from the shape
of the physical solution ul. This can be seen by comparing Fig. 2.2 and Fig.
3.1, where, respectively, parts of the APW and the LAPW augmentation of
the same planewave is shown. Hence, the LAPW basis set is liberated from
its energy dependence, but at a cost of loosing the optimal shape inside the
muffin-tin spheres. Or, put in other words, the LAPW basis functions have a
broader field of vision, but their focus at E1 is lost.

In conclusion, the size of the LAPW basis set must be increased as compared
to that of APW, due to the less physical shape of the augmenting functions,
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3.2. A new linearization: APW+lo

yielding a larger secular matrix. This slower convergence of LAPW, with re-
spect to the number of basis functions, has been well-known since the very first
applications of the method [19]. Still there is no doubt that the LAPW method
is a great improvement over the energy dependent APW method, since, in most
practical calculations, this larger matrix is only diagonalized once.

3.1.1 Local orbitals

Local orbitals [18,20] were introduced into the LAPW method in order to treat
semi-core states.

While each augmented planewave is connected to a vector ki and has an
augmenting part summed over atoms and L-characters, a local orbital is inde-
pendent of k and Gi. It belongs only to one atom and has a specific L-character.
The local orbitals of the LAPW method involves an additional radial function,
evaluated at a new linearization energy E2.

X lo
i =

{
0 r ∈ I[
ai
Lul(rα, E1) + bi

Lu̇l(rα, E1) + ci
Lul(rα, E2)

]
Y m

l (r̂α) r ∈ MT.
(3.4)

By choosing E2 to lie in the semi-core energy region, the resulting LAPW+lo
basis set can be used to describe both the localized electrons in a semi-core
state, and those in the valence band having the same L-character but a different
principal quantum number. With E2 in the valence energy region, local orbitals
can also improve the description of valence band states.

The local orbitals are local in the sense that they are identically zero outside
the muffin-tin spheres, and two of the matching coefficients in Eqn. (3.4) are
set to match the value and the first derivative to zero at rMT. Through a third
matching criterion, the local orbital can be associated to a fictive planewave,
eiki·r, (see section 5.9.2 in reference [18]). By choosing, for example,

ai
L = Ω−1/24πeiki·τ αilY m∗

l (k̂i), (3.5)

the local orbital will behave just like the augmented planewaves under inversion
symmetry.

3.2 A new linearization: APW+lo

In general, the smooth behavior of the wavefunctions in the interstitial region
can be described by a relatively small set of planewaves. Hence, it is most often
the representations of wavefunctions in the muffin-tin region that determines
the number of augmented planewaves needed in the basis set. Thus, the more
efficient the augmentation, the smaller basis set sizes can be used. The LAPW
method undermines the APW augmentation, by replacing the exact solutions
ul of the muffin-tin potential, by linear combinations of ul and u̇l, matched to
the planewaves in value and slope at rMT, as discussed in section 3.1. Therefore
the LAPW basis set size must be increased as compared to that of the original
APW method.
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3.2. A new linearization: APW+lo

In paper II, an alternative way of linearizing the APW method is pre-
sented, this time without changing the shape of the original augmenting func-
tions. As indicated by the name, the basis functions of the APW+lo method
belong to two complementary basis sets. The principal basis set consists of the
original APW basis functions, Eqn. (2.4), with the physical solutions ul evalu-
ated at the linearization energy E1. We know from section 2.4, that this basis
set alone can only describe eigenstates having eigenenergies in the immediate
vicinity of E1. Therefore, the extra flexibility is added through a set of local
orbitals (see section 3.1.1), of the form,

X lo1
i =

{
0 r ∈ I[
ai
Lul(rα, E1) + bi

Lu̇l(rα, E1)
]
Y m

l (r̂α) r ∈ MT.
(3.6)

Each local orbital is matched to zero value at the muffin-tin boundary, yielding
the matching criterion,

bi
L

ai
L

= −ul(rMT, E1)
u̇l(rMT, E1)

. (3.7)

Hence, there is no restriction on the derivative at rMT, which is why the surface
term in the kinetic energy, described in section 2.3, must be taken into account.
The undetermined matching coefficient is used to connect the local orbital to
a fictive planewave, as discussed in section 3.1.1.

We have chosen to evaluate the local orbitals at the same linearization
energy as the principal APW basis functions. This will limit the number of
energy parameters to one E1 per l-quantum number. Besides, the results of
a linearized method should not depend on the exact choice of linearization
energies, as long as they are reasonable.

The APW+lo basis set {Xi} can now be defined, for some integer number
NAPW, as

Xi =
{ XAPW

i i ≤ NAPW

X lo1
i i > NAPW.

(3.8)

At a first glance, since the APW+lo and the LAPW augmentations contain
the same radial functions, it might seem like the two methods become identical
if both include ul and u̇l up to the same l-quantum number. However, this
is not the case. The APW method expands the wavefunctions by ulY

m
l and

the additional linear combinations (ul + bu̇l)Y m
l inside the muffin-tin spheres.

In the LAPW method the situation is different. Here, the wavefunctions are
expanded by linear combinations of the form (aul + bu̇l)Y m

l , where a and b
are fixed by the matching conditions in section 3.1. Thus, a wavefunction that
is well described by the atomic orbital ulY

m
l can not be described by a single

LAPW augmentation, unless either b or u̇l equals zero.

3.2.1 Semi-core states in the APW+lo method

The semi-core states discussed in section 3.1.1, can be treated within the
APW+lo method by adding a second set of local orbitals to the basis set,

X lo2
i =

{
0 r ∈ I[
ai
Lul(rα, E1) + ci

Lul(rα, E2)
]
Y m

l (r̂α) r ∈ MT.
(3.9)
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3.2. A new linearization: APW+lo

These local orbitals include the second radial function, with a linearization
energy E2 that can be chosen to lie in the semi-core energy region. Like all other
basis functions in the APW+lo method, the X lo2

i from the muffin-tin region
are matched to zero value at rMT, with no condition on the first derivative.

It should be stressed that the two kinds of local orbitals, X lo1
i and X lo2

i , serve
two different purposes. While the former is added to improve the description
of valence states over a wider energy region, the latter is primarily introduced
in systems where a special treatment of high lying semi-core states is needed.

3.2.2 A smaller basis set size

The two basis sets, APW+lo and LAPW, can be compared by the differences
in total energy for self consistent, full potential calculations, see paper II.

Test calculations for the close-packed structures of fcc copper and fcc cerium
show how the APW+lo method reaches the final total energy (within 1 mRy)
for a smaller basis set size than the LAPW method. The APW basis set is
complemented by local orbitals for the physically important l-quantum num-
bers, spd in the case of copper, and spdf for cerium. Both methods uses four
local orbitals to treat the 5s and 5p semi-core states in cerium, Eqns. (3.4) and
(3.9) for respective method.
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Figure 3.2: The eigenvalues of copper versus the number of planewaves in the APW+lo
and LAPW basis sets, at a random k-point (0.403, 0.173, 0.173)a.u.−1. The APW+lo
method uses nine additional local orbitals in the basis set.

The separate eigenvalues also converge to the same values for the two meth-
ods, which indicates that the kink in the APW+lo basis functions will not affect
the wavefunctions for a converged basis set, see Fig. 3.2. The planewave cut-off
in Fig. 3.2 is fixed by the dimensionless product of rMT and the magnitude of
the largest reciprocal lattice vector Gmax allowed in the basis set1. The exact

1In a calculation involving different muffin-tin radii, rMTGmax is defined for the smallest
rMT.
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3.2. A new linearization: APW+lo

number of (L)APW basis functions corresponding to a value of rMTGmax is
k-point dependent.

It should be remembered that the fcc structure is closed-packed, i.e. the
over determined interstitial region constitute a smaller proportion of the total
unit cell. Turning to an open structure, such as the oxygen molecule, the
advantage of using the APW+lo basis set becomes even more substantial.

The oxygen molecule vibrates about its equilibrium bond length Re, with
a vibrational frequency νe ∝ (d2E/dR2)|Re

. The bond length and correspond-
ing vibrational frequency obtained from the LAPW and APW+lo methods
respectively, are shown as functions of increasing basis set size in Fig. 3.3. The
calculations are spin polarized to allow for the triplet ground state, and the
APW+lo basis set includes local orbitals for l = s and l = p, i.e. four ex-
tra basis functions per atom and spin. For a more detailed description of the
calculations, see paper II.
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Figure 3.3: Convergence in vibrational frequency and equilibrium bond length for the
O2 molecule, with respect to the number of basis functions. The APW+lo method uses
eight extra basis functions per spin.

As seen from the figure, APW+lo converges faster and yields a bond length
within 1.1% of the final result already for 685 augmented planewaves and 8
local orbitals per spin. The LAPW method, on the other hand, demands at
least 1773 basis functions per spin for the same accuracy. The vibrational
frequency converges slower for both methods, but APW+lo again approaches
the final result much faster than LAPW.

For the oxygen molecule, the number of complementary local orbitals intro-
duced in the APW+lo basis set is small compared to the number of additional
linearized augmented planewaves demanded by LAPW.

Thus, the new APW+lo basis set has proven to combine the LAPW abil-
ity of examine a larger energy range with the smaller basis set size of APW.
It does not only converge faster with respect to basis set size, but also repro-
duces all LAPW eigenvalues in an energy region around its linearization energy.
Moreover, as seen in Fig. 3.3, the APW+lo method converges towards its fi-
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3.3. Mixed augmentations

nal values in a more systematic way than the LAPW method. Thereby, even
a crude APW+lo calculation gives a good estimation of the final converged
values.

Especially for open structures, the APW+lo method offers a substantial
reduction in computational time. For example, the time used in a standard
diagonalization routine of the LAPW and APW codes, scales with the cube of
the number of basis functions. The memory cost scales with the square of the
basis set size.

3.3 Mixed augmentations

The APW+lo calculations in section 3.2.2, uses complementary local orbitals
(X lo1

i ) for the physically significant l-quantum numbers, i.e. the l values present
in the atomic configuration of respective element. The total energies of APW+lo
and LAPW converge to the same values, within 0.05 mRy for fcc Cu and 0.1
mRy for fcc Ce.

However, in paper III, the converged total energy of Cu2O is found to
differ by as much as 4 mRy. The agreement is recovered by the inclusion of
local orbitals for the next higher l-quantum number in the APW+lo basis set.
This quantum number will be referred to as the first polarization quantum
number, and corresponds to l = 3 for Cu, and l = 2 for O. The same trend
is seen for other compounds (see paper III), all having lower symmetry than
the fcc structure. Hence, in order to perform highly accurate calculations for
such systems, the first polarization quantum number should be included in the
complementary set of local orbitals.

The gain from using an APW+lo basis set will lessen for each l added in
the complementary basis set of local orbitals. Especially higher l values adds
(2l+1) extra basis functions per atom. For an open structure, this will be over-
shadowed by the much greater reduction in number of augmented planewaves.
In combination with a close-packed structure, however, represented by a large
number of atoms, the inclusion of higher l values might reverse the situation,
and make the APW+lo basis set more expensive than that of LAPW.

Thus, for some systems a better alternative is to use a basis set of mixed
augmentations. While the radial functions of physically significant l-characters
describes the behavior of a wavefunction close to the atomic site, the first polar-
ization function mainly imitates the tails coming from wavefunctions centered
around other atoms. The description of the latter is not particularly served by
the exact shape of the atomic orbitals ul, and can therefore equally well be ex-
panded in LAPW basis functions. One suggestion is therefore to describe the
physically important l-quantum numbers by APW+lo augmentations, while
the first polarization l-quantum number is augmented using the LAPW linear
combination of ul and u̇l. Higher l are found to be sufficiently described by the
bare APW basis functions, for all systems in paper III.
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Chapter 4

Material properties from
ab initio calculations

ONCE we have a valid theory, in our case the density functional
theory discussed in chapter 1, and an accurate method such as
the full-potential (L)APW method from chapters 2 and 3, we can
start to collect information about the electronic system. The
fundamental input to a density functional calculation are the

number of particles and their individual charges. Additional information about
their relative positions can be regarded as input needed to give a stable starting
guess. The output from the self consistent cycle are the three key quantities of
spin polarized density functional theory, namely the total energy of the ground
state along with the corresponding charge and magnetization densities. This
chapter will give some examples of material properties that can be retrieved
from the two former quantities. The various magnetic properties are treated
in chapters 5 and 6.

4.1 Total energy and forces

The most stable configuration of a system can be singled out through com-
parison of the total energies between different crystal structures, volumes and
atomic positions.

In particular, the relaxation of atomic positions is a very time consuming
procedure, and the complexity of the problem increases with the number of
atoms in positions that are not fixed by symmetry. However, the structure
optimization can be made considerably more efficient by the introduction of
atomic forces. The forces provide information, not only about the stability of
the present structure, but also on how to move each individual atom in order to
lower the total energy. The force on atom α, due to a infinitesimal displacement
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4.2. Charge density and chemical bonds

δτα is defined as,

Fα ≡ − δE

δτα
. (4.1)

Within LDA, the total energy is given by Eqn. (1.6), which yields,

Fα
LDA = − δT0

δτα
− δEC

δτα
− δExc

δτα
. (4.2)

There are two alternative but equivalent force expressions for the LAPW method
in the literature [21,22]. With special care taken in the variation of the kinetic
energy, both these expressions can be used also for the APW (or APW+lo)
basis set, as discussed in paper IV. It is found that the force expression in
Ref. [21] is particularly simple to adjust for basis functions with non-continuous
first derivative.

In paper IV we also show that the forces calculated within the APW+lo
method are in perfect agreement with the total energy derivative, even for a
very crude basis set. The LAPW method, on the other hand, requires a larger
number of basis functions in order to calculate the correct forces.

The force Fα will point out the direction of steepest descent towards an
energy minimum for atom α, under the condition that all other atomic positions
are kept fixed. Thus, even with the aid of forces, the relaxation of seven atomic
positions, of which six are of low symmetry, in paper paper VI is a non-trivial
task.

4.2 Charge density and chemical bonds

The converged charge density reveals information about electronic bonding in a
material. An illustrative example is given in paper V, where the difference in
the valence charge density as compared to the superimposed atomic densities
is shown for two compounds. The results are reproduced in Fig. 4.1. While
the bonds in η’-Cu6Sn5 (upper panel in the figure) have a metallic character,
Li2CuSn (lower panel) show mainly ionic bonding. The charge density in a
narrow energy interval, corresponding to one electron orbital, can give even
more detailed information about electronic bonding in a system. In paper XI
such orbital densities show a directional dependency of the bonding between
the first Fe layer and the underlying semiconductor at the metal/semiconductor
interface.

Other interesting material properties that can be obtained from the charge
density are the contact charge density [23] and the electric field gradient [23,24].
They are closely related to the isomer shift and quadrupole moment splitting,
respectively, measured in Mössbauer experiments. While the experimental sig-
nals are dependent on a non-spherical charge distribution of the Mössbauer
nucleus, our electron density calculations use one-dimensional point charges to
represent the nuclei. Hence, the calculated quantities provide a mean to resolve
the Mössbauer information into one part coming from the nucleus and another
part dependent on the surrounding electron density. In the case where there
are several Mössbauer nuclei situated at different symmetry positions in the
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4.2. Charge density and chemical bonds

Figure 4.1: Difference in valence charge density as compared to the superimposed
atomic densities, for (upper panel) the monoclinic (102) plane of η’-Cu6Sn5 and (lower
panel) the cubic (110) plane of Li2CuSn. Dark (light) grey areas indicate an increase
(loss) in electron density.

crystal, the theoretical information can also be used to resolve their different
contributions to the experimental signal.

In paper V the two battery materials η’-Cu6Sn5 and Li2CuSn are inves-
tigated through a combination of electron density calculations and Mössbauer
experiments using the 119Sn isotope. The contact charge density n(0) is es-
timated by the charge within a sphere centered around the nucleus, with the
radius rA = 1.2A1/3 fm. Here A = 119 is the mass number of the Sn Mössbauer
nucleus. The difference in contact charge density between the sample and a
reference material (nref(0)) used in the Mössbauer setup, is proportional to the
measured isomer shift,

δEIS = αSn[n(0)− nref(0)]. (4.3)

The nuclei specific constant αSn is found from a linear fit of theoretical and
experimental values.

Using the same principle, the quadrupole moment Q of the nucleus can
be derived from the relation between the calculated electric field gradient Vzz

and the corresponding asymmetry parameter η on one hand, and the measured
quadrupole splitting on the other,

∆ =
1
2
|eQVzz|

(
1 +

1
3
η2

)1/2

, (4.4)

where e is the electron charge. In paper VI the electric field gradient and
asymmetry parameter are presented for η’-Cu6Sn5 using both theoretically re-
laxed and experimental atomic positions.
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Chapter 5

Non-collinear magnetism

Only four elements in the periodic table, Fe, Co, Ni and Gd, out
of more than one hundred, posses a global magnetic moment
different from zero at room temperature. At lower temperatures,
four more elements are added to the group of ferromagnets, in
order of decreasing Curie temperatures they are, Tb, Dy, Ho

and Er. Including anti-ferromagnetism and even more intricate non-collinear
orderings, nearly one fourth of all elements has a magnetic structure in some
temperature interval. In addition, there are a number of magnetic compounds,
some involving magnetic elements and others where magnetism springs from a
combination of non-magnetic elements.

As opposite to an intuitive picture, the principal mechanism behind mag-
netic ordering is not interactions between magnetic moments, but the pure
electrostatic electron-electron interaction. Magnetic dipole interactions as well
as the coupling between spin- and orbital moments do contribute to the to-
tal energy (see chapter 6), but both these terms are typically on the order of
10−4 eV ( ∼ 1 K) for the transition metals and could never preserve magnetic
moments at room temperature.

This thesis conserns systems showing itinerant magnetism, where the mag-
netic moments are mediated by conduction electrons. Hence the magnetic
interactions in a weakly interacting electron gas are discussed in section 5.1. A
full account of these theories are found in Ref. [25], and for the more advanced
reader in Ref. [26]. Section 5.2 describes the concept of non-collinear spin spiral
magnetic orderings, while sections 5.3 and 5.4 present means to find the energy
minimizing structure. A scalar relativistic approximation, i.e. a neglection of
spin-orbit coupling, is assumed throughout this chapter.
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5.1. The origin of itinerant magnetism

5.1 The origin of itinerant magnetism

There is a large variety of magnetic systems, of which many are of essentially
different natures, hence it seems impossible to find one unifying theory to de-
scribe them all.

An often used modeling system is the ionic crystal with the electrons of
each ion forming a localized moment according to Hund’s rules. In short, the
first two rules state that the individual (non-relativistic) electrons will form
the largest total spin moment S consistent with the Pauli exclusion principle.
The total orbital moment L will then be maximized, in consistency with this
spin moment. Hund’s third rule concerns the coupling between the two total
moments in the ground state, and will be discussed in chapter 6. The localized
moments of each ion, will in turn interact with the moments on neighboring
ions. Some examples of models using localized moments, are the well-known
Heisenberg and Ising models.

In the majority of cases, the electrons responsible for the magnetization
move about in the crystal, causing an itinerant magnetization density. In such
systems, the local magnetic moment on a particular atom is found through
integration of the magnetization density over a volume representing the atom,

Mα =
∫

Ωα

m(r) dr. (5.1)

A more adequate start for modeling itinerant magnetic systems is the uni-
form electron gas, which will be discussed in section 5.1.1. Although the uni-
form electron gas theory is by far insufficient to give a full account of the
magnetic interactions in a real metal with correlated electron motions, it offers
at least some starting point. Moreover, the uniform electron gas provides a
useful help in understanding the concept of itinerant exchange.

We will restrict the discussion to stationary magnetic moments, although
the theories of itinerant magnetism can be extended to describe spin dynamics,
as demonstrated in paper IX.

5.1.1 Spin-polarization from direct exchange

In this section we chose to work in the second-quantization formalism, since the
magnetic interactions that are to be described are of purely quantum mechani-
cal origin [27]. The creation and annihilation operators, a†µ and aµ respectively,
will elegantly ensure us that the system obeys Fermi-Dirac statistics, through
the anticommutation relations,

[a†µ, a†ν ]+ = [aµ, aν ]+ = 0 (5.2)

[a†µ, aν ]+ = δµν .

Starting from the non-interacting electron gas, where the ions are reduced to
a positive average background potential, the spinor eigenstates can be written
as the Fermi field operators,

ψ̂σ(r) =
∑

k

akσeik·r. (5.3)
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5.1. The origin of itinerant magnetism

The operator ψ̂†σ(r) will create an electron at r, of spin-composition σ = (α, β),
while ψ̂σ(r) is the corresponding annihilation operator. The summation is
taken over wavevectors k. The energy of the non-interacting electron gas is
simply found as the expectation value of,

T̂0 =
∑

k

εka†kσakσ =
∑

k

εknkσ. (5.4)

Here nkσ = a†kσakσ are the occupation number operators of the free electron
states, and εk the corresponding energies.

We will now introduce the electrostatic interactions between electrons as
a first order perturbation term to the energy, acting on the non-perturbed
electron states of Eqn. (5.3),

Êee =
1
2

∫ ∫
ψ̂∗iσψ̂∗jσ′

e2

|ri − rj | ψ̂jσ′ ψ̂iσdridrj (5.5)

=
1
Ω

∑

q 6=0

2πe2

q2

∑

kikj

a†(ki+q)σa†(kj−q)σ′akjσ′akiσ,

where e is the electronic charge. The classical Coulomb term, corresponding
to q = 0, is omitted due to cancellation with the positive ionic background.
Restricting our consideration to the diagonal elements of Eqn. (5.5), the only
non-vanishing terms for q 6= 0, come from pairs of annihilation-creation oper-
ators that fulfill kj = ki + q and have aligned spins σ′ = σ. Thus, the state
kj = ki +q replaces the ki state, and vice versa. Since a change in the mutual
order of creation and annihilation operators, must be performed in accordance
with the anticommutation rules of Eqn. (5.2),

a†kjσa†kiσ
akjσakiσ = −a†kjσakjσa†kiσ

akiσ = −nkjσnkiσ, (5.6)

these operator pairs will give a negative contribution to the total energy.
Thus, this exchange energy, named from the exchange of the two particle

states ki and kj , will lower the total energy of electrons with equal spin. The
usual procedure to obtain a value for the exchange energy, is to use the mean-
field approximation, nkjσ = 〈nkσ〉+ (nkσ − 〈nkσ〉), where 〈nkσ〉 is the average
value of the operator. Neglecting the square of the deviations from this mean
value as well as constant contributions, the direct exchange term from Eqn.
(5.5) can finally be written as,

Ex = − 1
Ω

∑

kikj

2πe2

|kj − ki|2
[
〈nkjσ〉nkiσ + 〈nkiσ〉nkjσ

]
. (5.7)

If we consider only two electrons, the difference in exchange energy between
the parallel and the anti-parallel spin configuration is,

E↑↑
x − E↑↓

x = − 2
Ω

∑

kikj

2πe2

|kj − ki|2 . (5.8)
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5.1. The origin of itinerant magnetism

As seen from Eqn. (5.8), the itinerant exchange interaction strives to align the
spins of the conduction electrons.

An electron that changes its spin, as an effect of the direct exchange in-
teraction, must leave the double occupied state inside the Fermi sphere of the
non-interacting electron gas, and find a new state of higher k-vector. This will
lead to an enlarged Fermi sphere of the favored spin direction, and an increase
in kinetic energy. Thus, there will be a competition between the exchange en-
ergy, wanting to order the spins ferromagnetically, and the kinetic energy term
favoring a non-magnetic solution. The turning point, after which a system no
longer gain energy by aligning its spins, is found for a Fermi vector

kF =
5

2πa0

1
(21/3 + 1)

, (5.9)

with a0 being the Bohr radius. Using the radius of the spherical volume per
conduction electron, rs, this condition reads,

rs ≡
(9π

4

)1/3 1
kF

> 5.45 a0. (5.10)

Hence, according to the uniform electron gas theory, only systems of low den-
sities will gain energy by aligning spins. In reality, such low densities are only
found in very few systems (for metals 1.5 a0 < rs < 6 a0), and not even all of
these systems are ferromagnetic.

In the early 1960s, Overhauser showed [28], that a stationary spin density
wave yields a better compromise to the two conflicting energy terms than the
non-magnetic solution. The spin density terms satisfy a short range parallel
alignment of the spins, giving energy lowering contributions from the exchange
term, but does not cost as much in kinetic energy as a ferromagnetic spin
polarization. The spin density wave was also found to be more stable than
some ferromagnetic solutions, lowering the critical density for ferromagnetism
even further.

5.1.2 Correlation effects

A more realistic treatment of the magnetic interactions in in a narrow-band
system, is given by the tight-binding approach. The first order perturbation
term, i.e. the direct exchange energy described in the previous chapter, is then
written,

E↑↑
x − E↑↓

x = − U

NAT

. (5.11)

Here NAT is the number of atoms and the the constant U is referred to as the
Coulomb integral, which is a measure of the strength of the direct exchange
interaction.

Higher order perturbation terms will reduce the effective exchange interac-
tion. A rough estimation of such correlation effects can be made by introducing
a damping factor,

1
(1 + UW−1)

, (5.12)
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5.2. Spin spiral structures

which is to be multiplied with the direct exchange in Eqn. (5.11). Here W is
the mean bandwidth of the electron bands responsible for the magnetization
(the 3d-bands in the case of Fe, Co and Ni). Thus, in the correlated system
the effective exchange interaction will be limited by the bandwidth,

lim
U→∞

− U

NAT

1
(1 + UW−1)

= − W

NAT

(5.13)

Hence, the narrower the bands, the larger is the screening of direct exchange
due to correlation.

5.2 Spin spiral structures

The non-collinear magnetization density lacks a global magnetization direction
present in the case of a collinear system. Instead, it might follow some periodic
structure, changing both in value and direction throughout the crystal. A
useful concept when describing such spin spiral (SS) densities is the magnetic
wavevector, or ordering vector q. It is the inverse of the magnetic ordering
wavelength, times a factor 2π, and will thus correspond to a point in reciprocal
space.

Figure 5.1: Two degenerate SS structures with 0 < θ < π
2
, where the axis of rotation

n̂, is parallel (upper spiral) and perpendicular (lower spiral) to the ordering vector q,
respectively.

Moving along the direction of the ordering vector, the moments of the SS
will rotate around some axis n̂ in spin-space. In the scalar relativistic approx-
imation the mutual direction of n̂ and q is arbitrary, hence we can let both
vectors point in the z-direction without any loss in generality, see Fig. 5.2. The
magnetization density will then have the Cartesian coordinates,

m(r) = m(r)




sin θ cos φ
sin θ sin φ
cos θ


 . (5.14)

Here φ = q · r+φ0 where φ0 is some constant angle, and θ is the angle between
the local magnetic moment and its rotation axis. For 0 < θ < π

2 the spin spiral
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5.2. Spin spiral structures

will have the form of a conical helix, while θ = π
2 yields a planar helix. The

Kohn-Sham Hamiltonian having a spiral solution as an eigenstate, will be of
the form

Ĥ = T̂I + V (r) (5.15)
= [T̂ + v(r)]I − b(r) · σ,

where v(r) includes the classical Coulomb potential and the non-magnetic part
of the exchange-correlation potential, as well as a spin-independent external
potential. The magnetic part of the exchange-correlation potential, b(r) from
Eqn. (1.15), will have the same symmetry as the moments in Eqn. (5.14).

The ferromagnetic (FM) structure can be viewed as a trivial case of a SS.
Either it can be defined through θ = 0, in which case the ordering vector q is
arbitrary, or it can be described as a planar spiral of infinite wavelength. In
the latter definition the ordering vector q = Γ. In the fcc lattice, a type-I anti-
ferromagnetic (AF) structure has a wavelength equal to the lattice parameter
a, and we obtain q = 2π

a (0, 0, 1) = X. The FM and AF orderings can also be
mixed into a double layered AF structure, where pairs of FM atomic layers are
connected anti-ferromagnetically to each other. In the fcc structure, this will
correspond to an ordering vector q = 2π

a (0, 0, 0.5), and the procedure can be
extended to yield any number of FM layers.

A spin spiral can always be imposed on a system in the form of a spin
wave excitation, in analogy with atomic positions being moved by a phonon.
However, in some systems the ground state corresponds to a spin spiral, thus
a stable spin density wave is formed.

5.2.1 Incommensurate spin spirals

The amplitude of the magnetic moment, m(r), will for natural reasons have the
same translational symmetry as the underlying lattice of ions. However, this
is not true for the magnetic moment as a whole, since its direction will only
have a translation symmetry compatible with that of the lattice for the special
case where the ordering vector equals a reciprocal lattice point. In this section,
we will generalize the theories for spirals structures to include incommensurate
spin spirals.

For a general spin spiral, Tm(r) = m(r + R) = Rφm(r), where R is any
lattice vector and Rφ is a spin rotation by φ = q ·R around the spiral axis n̂.
From the theories developed by Herring and Sandratskii [29,30] the symmetry
of the chemical unit cell can be restored through a generalized Bloch theorem,
including the rotation,

Tφm(r) ≡ R−1
φ Tm(r) = m(r). (5.16)

This new symmetry operation commutes with the spiral Hamiltonian matrix,
Eqn. (5.15), which has an important implication. The symmetry operation then
belongs to the group of generalized spin-space symmetry operations [31,32], re-
flecting the underlying symmetry of the system described by this Hamiltonian.
A detailed review of these theories is found in Ref. [33].
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5.2. Spin spiral structures

The eigenstates diagonalizing this Hamiltonian, are the generalized Bloch
spinors,

ψµk(r,q) =

 αµk(r)ei(k− q

2 )·r

βµk(r)ei(k+ q
2 )·r


 . (5.17)

Inserted into Eqn. (1.11), these one electron wavefunctions will give the same
charge density as the ordinary spinors, and a magnetization density described
by Eqn. (5.14), with

θ = arctan
[ |αβ|2
|α|2 − |β|2

]
. (5.18)

A spin spiral of ordering vector q, will thus bring together the α projection
of a collinear or non-magnetic state ψµ(k+q/2)(r), and the β projection of the
corresponding state ψµ(k−q/2)(r), to hybridize at the point k in the Brillouin-
zone. The effects of such hybridizations will be explored further in section
5.3.3.

The generalization of the symmetry group, where the new translation op-
erator “unwinds” the spiral structure, allows us to treat the system within the
ordinary chemical unit cell. Still, one problem remains, since a full-potential
method with planewaves describing the interstitial region is dependent on fast
Fourier transforms, while the real space functions b(r) and m(r) are not peri-
odic over the unit cell. Luckily, this problem has an elegant solution developed
by Nordström [34], which is presented in detail in paper VII. In brief, the
components perpendicular to the spiral axis n̂ (here chosen parallel to ẑ), are
replaced by the complex entities,

h(r) = e−iq·r [bx(r) + iby(r)] and u(r) = e−iq·r [mx(r) + imy(r)] . (5.19)

These entities will have the same periodicity as the lattice, T h(r) = h(r) and
T u(r) = u(r). The term b · σ in the Hamiltonian, Eqn. (5.15), can now be
replaced by, [

eiq·rh(r)σ− + h.c.
]
+ bz(r)σz, (5.20)

using σ− = 1
2 (σx − iσy). The x and y components of m are calculated from u

through, {
mx(r) = Re{eiq·ru(r)}
my(r) = Im{eiq·ru(r)}. (5.21)

5.2.2 Non-collinear AF orderings

A combination of collinear AF ordering vectors can result in a non-collinear
AF structure. We will here restrict the description to concern two specific
non-collinear orderings in an fcc lattice. As discussed in section 5.2, the AF
ordering vectors in an fcc lattice will correspond to one of the symmetry points
X.

In the first structure to be described, the direction of mx varies with the
AF ordering vector qx = 2π

a (1, 0, 0), while my changes directions according to
qy = 2π

a (0, 1, 0).
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5.3. Generalized magnetic susceptibility

Figure 5.2: Two atomic layers seen from the top of the conventional fcc cell. The
black arrows show the directions of the magnetic moments in the 2k (left picture) and
3k (right picture). The grey and white arrows show the x and y components of the
moments, respectively.

With mz kept constant, the resulting structure is referred to as a 2k-
structure. The notation comes from the number of independent AF ordering
vectors involved. For simplicity we let mz = 0. In each layer of constant z,
the integrated moments on each atom will then point to each other pairwise,
as shown in the leftmost picture in Fig. 5.2.

The corresponding 3k structure has a third AF ordering vector, so that
m̂z = cos (qz · r)ẑ with qz = 2π

a (0, 0, 1). This will tilt the moments of altering
z-planes downwards or upwards by an angle close to π

5 , as illustrated in the
right hand side picture of Fig. 5.2.

5.3 Generalized magnetic susceptibility

The magnetic susceptibility can be generalized to describe spin spiral systems.
In this section, we will examine the q-dependency of this generalized suscepti-
bility, and how it can be used in the search for the energy minimizing magnetic
structure. The magnetic susceptibility will be treated in a local coordinate
system, for static magnetic fields parallel to the magnetization density at each
point.

The (enhanced) magnetic susceptibility χ(q) is defined as the response of the
system to an applied magnetic field. There is also the unenhanced susceptibility,
χ0(q), which describes the instantly induced (non-interacting) magnetization
density when a small magnetic field h is applied, mi(q) = χ0(q) h(q).

Once a non-zero magnetization density is induced, it will effect the exchange-
correlation potential in such a way that the effective field experienced by
the electrons is increased. The total magnetic field can then be written as
[h(q) + I(q)mi(q)], where I is called the Stoner or exchange parameter. As a
reaction to this field, a new magnetization density is induced, according to

mi+1(q) = χ0(q)[h(q) + I(q) mi(q)]. (5.22)
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5.3. Generalized magnetic susceptibility

The self consistent solution to Eqn. (5.22) will finally yield the enhanced sus-
ceptibility,

χ(q) ≡ ∂m(q)
∂h(q)

=
χ0(q)

1− I(q)χ0(q)
. (5.23)

In practical calculations [35], the unenhanced susceptibility can be found
as the change in magnetization density after one iteration with h 6= 0, starting
from a self consistent density converged at zero field. The enhanced suscepti-
bility can be calculated once self consistency is obtained for the non-zero field.

5.3.1 The generalized Stoner criterion

We now return to Eqn. (5.22), starting from a non-magnetic density. This
time, the external field is turned off as soon as the small perturbation mi 6= 0
is established, so that

mi+1(q) = χ0(q)I(q) mi(q). (5.24)

If the new magnetization density, on the left hand side of Eqn. (5.24), is larger
than the initial density mi, the induction will continue and the non-magnetic
solution is proved to be unstable. This is true for systems where

χ0(q) I(q) > 1 , (5.25)

which is known as the Stoner criterion for magnetic ordering [36]. In particular,
for q = 0 the unenhanced susceptibility is connected to the non-magnetic
density of electron states (DoS) at the Fermi energy. Thus, a non-magnetic
system with high DoS at the Fermi level will gain energy through the formation
of ferromagnetic moments (which is also a solution for q = 0).

Through the relation,

I(q) =
1

χ0(q)
− 1

χ(q)
, (5.26)

also derived from the self consistent solution of Eqn. (5.22), the calculated
exchange parameter is found to have a very weak q-dependency [35]. Hence in
many cases it can be treated as an atomic specific constant.

5.3.2 Stationary points in the total energy

The total energy can be pictured as a function of two variables, E = E(M,q),
where M is the integrated moment per atom from Eqn. (5.1), and q is the or-
dering vector of the magnetization density. Here, the discussion will be limited
to a planar helix with an ordering vector pointing in some fixed direction q̂,
hence only the magnitudes of the two vectors need to be specified.

Let (M0, q0) be a stationary point in the total energy. We can then examine
the shape of the total energy surface around this point, through the Taylor
expansion,

E(M, q0) = E(M0, q0) +
1
2
χ(q0)−1[M −M0]2, (5.27)
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5.3. Generalized magnetic susceptibility

where q0 is kept fixed, and higher order terms are neglected. The first derivative
of E with respect to M is naturally zero, since we are looking at a stationary
point, while the second derivative is represented by the inverse of the suscepti-
bility. Although the physical concept of a susceptibility is only meaningful in
the vicinity of stable solutions, we will here use it in the wider mathematical
sense defined by Eqn. (5.27). From the sign of the inverse susceptibility at q0,
we can then decide whether E(M0, q0) is a local maximum or minimum of the
energy. In particular, all non-magnetic solutions are stationary points of the
total energy, and this continuum of q-vectors can reveal very useful information
about the energy surface, also for M 6= 0.

Figure 5.3: (a) Schematic picture of a fictional energy surface E(M, q), with two
stationary points in addition to the M = 0 solutions. The global minimum is located
at (M0, q0). (b) The corresponding non-magnetic susceptibility and (c) its inverse, are
drawn as functions of q.

Fig. 5.3(a) shows a fictional energy surface, with the non-magnetic solutions
along the vertical axis where M = 0. The corresponding susceptibility and
its inverse are drawn as functions of q in Fig. 5.3(b) and (c), respectively.
Again, the inverse susceptibility is extended to equal the second derivative of
the energy surface. At the inflection point, where the curvature of E(0, q)
changes signs, the susceptibility diverges (and χ−1 = 0). While the Stoner
criterion just tells us that the non-magnetic solution of this system will be
unstable for such high values of q, the inverse susceptibility contains more
information. The steepest descent of the energy surface for M = 0 is found at
the minimum of χ−1, and the corresponding q will therefore serve as a qualified
starting guess in the search for a stable magnetic ordering. It is also clear from
the example in Fig. (5.3) that the minimum of the inverse susceptibility only
provides an indication of where to find a (local) energy minimum.

In the case of a structure with more than one ordering vector, see section
5.2.2, the global minimum is found by combining the separate solutions of each
individual q-vector.
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5.3. Generalized magnetic susceptibility

5.3.3 Fermi surface nesting

We will now look closer at the reason why certain ordering vectors are favored
by a particular system. The exchange parameter I from Eqn. (5.22) will be
taken as a constant.

In connection to the previous section, it is noticed that the minimum value
of the inverse susceptibility is bounded by −I, according to

lim
χ0→∞

χ−1 = lim
χ0→∞

1− Iχ0(q)
χ0(q)

= −I. (5.28)

Thus, the largest instability of the non-magnetic structure will correspond to an
increase in the unenhanced susceptibility. In the nearly free electron limit, the
unenhanced susceptibility can be expressed using the Lindhard formula [37,38],

χ0(q) = − 1
Ω

∑

nn′K

∫
f(εnk)[1− f(εn′k+q+K)]

εnk − εn′k+q+K
dk. (5.29)

Here f(ε) is the Fermi function and εnk is the energy of the Bloch state defined
by k and a band index n including spin. The integration is performed over the
first Brillouin zone, with K chosen so that q will always lie within this region
in k-space.

From the above formula we see that, at zero temperature, the only ordering
vectors contributing to the susceptibility are those connecting one occupied
(f(ε) = 1) and one unoccupied (f(ε) = 0) state. Further, due to the denom-
inator in the sum, the largest contributions will come from areas in k-space
where the two states have nearly equal energies. Both the conditions are only
fulfilled close to the Fermi surface.

Figure 5.4: A shift by the ordering vector q0 connects extreme points of the two Fermi
surfaces.

As discussed in section 5.2.1, an ordering vector applied to a collinear spinor
will shift the two spin projections in k-space by ± 1

2q, respectively. As a result,
the two Fermi surfaces corresponding to the different spin projections will be
separated from each other by the vector q. Here it is interesting to note that
while a ferromagnetic system can have completely filled majority bands, both
spin projections must be represented at the Fermi energy in order to stabilize
a spin spiral structure. It is well-known that while pressure will broaden the
density of states of a system, an expansion of the crystal will make the same
states more localized. Thus, it can be speculated that when compressing a
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5.4. Self-consistent search for minima

saturated ferromagnetic crystal, the density of states of the minority spin will
eventually reach the Fermi energy, and make a spin spiral structure possible.
Conversely, the stretching of a spin spiral system will at some point result in
a completely filled minority spin channel, and the non-collinear structure will
disappear. One example to support this is the change of the magnetic structure
in γ-Fe, from ferromagnetic at large volumes to a more complex non-collinear
structure at small volumes, as discussed in paper VII.

Within the stationary phase approximation, it is shown [39, 40] that χ0(q)
will have sharp peaks whenever the two Fermi surfaces are shifted so that two
extreme points coincide, see Fig. 5.4. This is called Fermi surface nesting,
and the ordering vectors corresponding to such shifts are referred to as nesting
vectors.

A hybridization between two bands will lower their total energy if one of the
resulting band is unoccupied. A nesting vector will allow for a large number
of such hybridizations at the Fermi energy, and if the resulting energy gain of
the system is larger than the cost of the band shifts, this ordering vector will
form a spontaneous spin density wave at zero external field.

5.4 Self-consistent search for minima

The search for stable magnetic structures, i.e. minima in the total energy sur-
face E(M, q), can also be performed through self consistent calculations of
symmetrically constrained systems. The total energies presented in paper
VII and paper VIII, are derived by imposing a fixed symmetry on the mag-
netization density, while the magnitude of the moments per Fe atom is free to
vary,

M =
∫

ΩMT

m(r) dr. (5.30)

The lower panel in Fig. 5.5 shows the total energies corresponding to dif-
ferent constrained spiral symmetries. Combining each energy with the corre-
sponding self consistent magnetic moment in the upper panel of the same figure,
yields, for each volume, a winding path through energy minimizing moments
of the total energy surface E(M, q).

As seen in Fig. 5.5, there are two solutions of nearly equivalent energy for
small wave vectors at the lattice constant a = 6.78. This indicates a change
between two different minima of the energy surface, from one of high moments
at large volumes, to one of low moments when the volume is decreased, as seen
in the upper panel.
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Figure 5.5: The self consistent magnetic moments (upper panel) and corresponding
total energies (lower panel) per atom in γ-Fe, for magnetization density symmetries
constrained by the ordering vector q. The calculations are performed for a number of
different lattice parameters, using the GGA of the exchange-correlation energy.
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Chapter 6

Magnetic anisotropy

Up to this point, the magnetic energy was assumed to be perfectly
isotropic, that is independent of any rigid rotation of the mag-
netization in real space. In reality, there are energy differences
for magnetizations along different crystallographic directions, al-
though they are in general very small, on the order of 10−6 to

10−3 eV. The magnetic anisotropy proves that there is a coupling between
spin-space and real space. The magnetic anisotropy energy is defined as the
energy increase in a configuration where the magnetization is forced to point in
an energetically unfavorable (hard) direction, as compared to a configuration
where the moments lay in one of the preferred (easy) directions,

E(hard)− E(easy). (6.1)

We will here restrict the discussion to the anisotropy energy of collinear spin
configurations, and a zero external field. An exhaustive review on the subject
of magnetic anisotropy is found in Ref. [41].

There are two types of interactions that are normally discussed in the con-
text of magnetic anisotropy. One is the magnetic dipole-dipole interaction,
which yields the so called shape anisotropy. The other interaction, between spin
and orbital moments, gives rise to the magnetocrystalline anisotropy (MCA),
on which this chapter will focus.

The coupling of spin and orbital moments is described by Hund’s third rule.
The first two rules describe the formation of the ground state total spin and
orbital moments, S and L respectively. According to the third rule, the two
moments couple to form a total angular momentum J, where J = L− S for a
less than half filled electron shell, while J = L + S when the shell is more than
half filled. (The total orbital moment L = 0 for the half filled shell.)

Hund’s rules are formulated for the ground state configuration of atoms,
but the physical origins of the interactions between momenta are the same in
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6.1. Spin-orbit coupling

an itinerant magnetic system. Apart from an observed reduction of the orbital
moments in a crystal, Hund’s rules gives a good description also of the coupling
between itinerant magnetic moments. However, as is shown in paper X, there
are a few cases where Hund’s third rule breaks down. Although the 3d band of
the V atom is less than half filled, the spin and orbital magnetic moments are
found to be parallel at the V site of the VAu4 crystal. This is due to a strong
hybridization with electron states from the heavy Au ligand, in combination
with a large spin-orbit coupling at the Au atom.

6.1 Spin-orbit coupling

Spin-orbit interactions enter naturally in the fully relativistic description of
the electron wavefunction, provided by the Dirac equation [42]. However, in
the low energy limit the relativistic four-component wavefunction is almost
completely described by a two-component spinor, and the Dirac equation can
be approximated by

Eψ = Ĥsrψ +
1
2
ξ(σ · `)ψ. (6.2)

Here Ĥsr is the scalar relativistic Hamiltonian, including the relativistic cor-
rections for mass-enhancement and the Darwin shift. The additional term on
the right hand side of Eqn. (6.2), describes the spin-orbit coupling (SOC) for a
spherically symmetric potential. Here ` is the orbital angular momentum and
ξ is called the spin-orbit parameter. The SOC is particularly important in the
description of core electrons close to heavy atomic nucleus. In the study of
valence electrons however, it is often sufficient to add the interaction in a final
variational step, as discussed below.

In order to determine the hard and easy axes, to be able to calculate the
(crystalline) magnetic anisotropy energy, the self consistent solution of Eqn.
(6.2) must be found for a number of different magnetization directions, M̂.
These calculations are very demanding. The SOC term will for natural reasons
operate in both spin-space and real space, hence the full spinor wavefunctions
must be used even for systems with perfectly aligned local moments. Further,
to resolve the small energy differences between different magnetization orien-
tations, the Brillouin zone must be represented by a large number of k-points.

The force theorem [43,44], offers a way to calculate these energy differences
with a reduced computational effort. In a calculation using the force theorem,
the SOC is introduced in the last variational step of a scalar relativistic cal-
culation, and the energy difference between two magnetization directions M̂1

and M̂2 is found as the differences in the eigenvalue sums,

E(M̂1)− E(M̂2) ≈
N∑

µ=1

εµ(M̂1)−
N∑

ν=1

εν(M̂2). (6.3)

In the non-trivial proof of this theorem, see for example Ref. [45], it is found
that the change due to the perturbation, cancels for all the other terms in
Eqn. (1.16). Thus, the self consistent density can be achieved for the strictly
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6.2. Surface contributions to the MCA

collinear system, with a secular matrix of half the size as compared to the non-
collinear problem, with the magnetization pointing in any arbitrary direction.
The converged total energies of Eqn. (6.2) are no longer needed, but can be
replaced by the sum of the eigenvalues from the first iteration including the
SOC. This single iteration will start from the same scalar relativistic density
for all the different magnetization orientations. It should be stressed that the
approximation in Eqn. (6.3) is not valid for the self consistent eigenvalues of
the Hamiltonian in Eqn. (6.2).

The force theorem has proved to give a good estimation of the MCA energy
[46], and is used to evaluate the MCA energies in paper XI.

6.2 Surface contributions to the MCA

Due to the time reversal symmetry of the Hamiltonian, the anisotropy energy
must be invariant under a rotation of the magnetization from M̂ to −M̂. An
expansion of the MCA energy in spherical harmonics1, will therefore only in-
clude terms that fulfill this condition,

EMCA(M̂) =
∑

l=even

m=l∑

m=−l

κm
l Y m

l (M̂), (6.4)

where Y m
l are the spherical harmonics and κm

l are the expansion constants.
As the name indicates, the MCA energy will also depend on the crystalline

structure. For example, in a perfect cubic environment, magnetization orien-
tations along any of the three cubic axes must be degenerate in energy. Thus,
the second lowest order term in Eqn. (6.4), with l = 2, must equal zero.

However, if the symmetry is reduced, for example at surfaces or in an in-
terface layer, these “forbidden” terms may re-enter into the sum, where they
dominate the MCA energy [47]. Such surface contributions to the MCA energy
should not be confused with the earlier mentioned shape anisotropy, where the
latter is a bulk contribution to the total anisotropy energy. While the surface
MCA can favor moments either pointing in or out from the surface plane, the
shape anisotropy will always strive towards an in-plane magnetization.

In paper XI, the in-plane MCA is calculated for the Fe/ZnSe(001) inter-
face. With the magnetization restricted to lie in the plane of the interface,
the coordinate system can be chosen so that the expansion from Eqn. (6.4)
is reduced to a summation over eimφ for even m. Further, since the MCA is
found to be symmetric around [11̄0] the energy can be expanded as,

Ein
MCA(φ) = a0 + a1cos2φ + a2cos4φ, (6.5)

where higher order terms are neglected, and the angle φ is taken from the [11̄0]
axis.

1The MCA energy can also be expanded in powers of the components of M̂, see for
example Ref. [41]. Although this form of expansion is the one established by tradition, it
is less transparent as compared to an expansion in spherical harmonics, and will not be
discussed further here.
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Experimentally, the interface is found to have a strong uniaxial in-plane
MCA, see for example the results for a c(2×2) Zn-terminated interface in paper
XII. A widely accepted explanation to this unexpected uniaxial MCA is a
dimerization of the semiconductor surface caused by the unsaturated sp3-bonds
at the surface, and leading to a lower structural symmetry at the interface.
However, in paper XI we show that also the ideal interface, with a perfect
four-folded structural symmetry, possesses an uniaxial MCA. The uniaxiality
is thereby attributed to the sp3-bonds from the semiconductor to the metal
layers. Further, the calculated direction of the easy axis is in agreement with
the experimental findings for all the systems investigated in paper XI.

A puzzling shift of the easy axis by 30◦ from [110] is found for one of the
samples in paper XII. One plausible explanation to this shift is an increased
four-folded symmetry term, that shifts the uniaxial easy axis away from the
symmetry direction [48]. This can be understood as follows. The extreme
points of the in-plane MCA energy in Eqn. (6.5) is found for

δEin
MCA

δφ
= −2a1sin2φ− 4a2sin4φ (6.6)

= −2sin2φ[a1 + 4a2cos2φ] = 0.

The trivial solution of Eqn. (6.6) is an angle φ1 = nπ
2 , where n is some integer

number. To simplify the discussion, we assume that all constants ai > 0, and
so an even n will always yield a maximum of the energy. An odd integer n
gives the second derivative,

δ2Ein
MCA

δφ2
= 4(a1 − 4a2), (6.7)

and thus corresponds to an energy minimum when a2 ≤ a1/4. If a2 is increased
above this value, φ1 will correspond to a (local) maximum of the energy for all
n. Instead, a new solution to Eqn. (6.6) will emerge, where

φ2 =
1
2
arccos

(
− a1/4a2

)
. (6.8)

This angle will gradually be shifted from φ2 = π
2 , corresponding to [110],

towards φ2 = π
4 , for an increasing a2. The latter value of the angle corresponds

to an easy axis of the in-plane MCA along one of the 〈100〉 azimuths, favored
by a four-folded symmetry term.
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The surface contribution term

This appendix contains the explicit form of the matrix elements
discussed in section 2.3.

SMT
ij ≡

∮

SMT

XMT∗
i ∇XMT

j · n̂MTdS. (9)

where the integration is taken over all muffin-tin sphere boundaries, and n̂MT

points outwards from the muffin-tin spheres. XMT
i is the muffin-tin represen-

tations of the APW+lo basis function described in section 3.2,

Xi =
{ XAPW

i i ≤ NAPW

X lo1
i i > NAPW.

(10)

For a pure APW basis set, the integer NAPW is set to equal the total number
of basis functions.

Inside the muffin-tin spheres, the basis functions have the general form

XMT
i =

∑

Lα

[
aiα
L ul(rα, E) + biα

L u̇l(rα, E)
]
Y m

l (r̂α), (11)

where biα
L ≡ 0 for i ≤ NAPW. For lighter formulas, we will from here on write

u′l = ∂ul/∂rα and u̇′l = ∂u̇l/∂rα, as well as leave out the energy dependence
of the radial functions. Further, we will look at the contribution coming from
one muffin-tin sphere α only.
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Substituting Eqn. (11) into Eqn. (9) yields the contribution,

SMT
ij =

∮

SMT

XMT∗
i

∂XMT
j

∂rα
dS (12)

= r2
MT

∑

LL′
δLL′

[
aiα
L ul(rMT) + biα

L u̇l(rMT)
]∗[

ajα
L′ u

′
l′(rMT) + bjα

L′ u̇
′
l′(rMT)

]

= r2
MT

∑

L

[
aiα∗
L ajα

L u∗l (rMT)u′l(rMT) + aiα∗
L bjα

L u∗l (rMT)u′l(rMT) +

biα∗
L ajα

L u̇∗l (rMT)u′l(rMT) + biα∗
L bjα

L u̇∗l (rMT)u̇′l(rMT)
]
.

Here δLL′ comes from integration over the spherical harmonics. Now, with M
basis functions in total, different regions of the matrix will involve different
types of basis functions,

±°
²j̄ ±°

²j̄

±°
²j̄ ±°

²j̄

SMT =




SMT
11 SMT

12 . . . SMT
1M

. . . . . . . . . . . .

. . . 1 . . . 2

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

. . . 3 . . . 4
SMT

M1 . . . . . . SMT
MM




.

±°
²j̄Region 1 :

In the first region, both Xi and Xj are APW basis functions, with aiα
L defined

by Eqn. (2.6) in section 2.1. The surface contribution is then,

SMT
ij = r2

MT

∑

L

aiα∗
L ajα

L u∗l (rMT)u′l(rMT) (13)

=
4π

Ω
r2
MTei(Gj−Gi)·τ α

∑

l

[
(2l + 1)Pl(k̂i · k̂j)jl(kirMT)jl(kjrMT)

]u′l(rMT)
ul(rMT)

.

As pointed out earlier, ei(kj−ki)·τ α = ei(Gj−Gi)·τ α , and jl are Bessel functions.
The Legendre polynomials Pl enters through the addition theorem [50],

l∑

m=−l

Y m∗
l (k̂i)Y m

l (k̂i) =
2l + 1

4π
Pl(k̂i · k̂j). (14)
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±°
²j̄Region 2 :

Here Xi = XAPW
i and Xj = X lo

j . For local orbitals having coefficients aiα
L and

biα
L as in Eqn. (3.5) of section 3.1.1, the contribution becomes,

SMT
ij = r2

MT

∑

L

[
aiα∗
L ajα

L u∗l (rMT)u′l(rMT) + aiα∗
L bjα

L u∗l (rMT)u̇′l(rMT)
]

=
4π

Ω
r2
MTei(Gj−Gi)·τ α

∑

l

(2l + 1)Pl(k̂i · k̂j)jl(kirMT) (15)

[
u′l(rMT)− ul(rMT)

u̇l(rMT)
u̇′l(rMT)

]
.

±°
²j̄Regions 3 and ±°

²j̄4 :

The matrix elements SMT
ij = 0 whenever Xi is a local orbital as the value of X lo

i

is zero at the muffin-tin sphere. Thus, the matrix SMT will be non-symmetric
to compensate for the non-symmetric treatment of the kinetic energy using T̂ .

In some implementations the programmer has chosen to work with hermi-
tian matrices everywhere. Then each contribution from regions two and three
should be set to

1
2
(SMT

ij + SMT∗
ji ), (16)

where one of the two terms will equal zero.
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Uppsala, 19th of March 2002.

51



Bibliography
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