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Preface

The central issue in this thesis is the detailed investigation of size and shape
of polymers and polymer aggregates. A large part of the work is concerned
with computational studies of grafted polymers under confinement (Paper
I-III), with the aim of a better understanding of the behaviour of chains with
varying interaction potential and stiffness. The results can then serve as a
test for more approximative theories, as well as preliminary predictions of
what to expect from experiments probing the detailed polymeric structure.
To understand the effect of the physical properties on chain entanglement
complexity, we have looked at a single chain polymer mushroom in some de-
tail. These studies were then extended to aggregating polymer systems, both
confined to a spherical surface (Paper V) and in solution (Paper VII).

We have also developed methods which can serve as convenient tools for
extracting detailed information from simulation data (paper IV and VI). By
carefully characterizing the detailed shape, our intension is two-fold: i) to
test the validity of simplified models for confined polymer systems, and ii)
quantify property-to-structure relationships, which can be useful for design
and interpretation for polymers at surfaces. The first issue is addressed in
paper I and II whereas the latter objective is central in paper III. Next, we
discuss aggregation of diblock copolymers on a sphere, and the thesis ends
with a characterization of inclusion complexes with static and dynamic light
scattering.

A note to the reader
This summary contains both references and footnotes. The information in
the footnote is purely additional, and one will not loose the main idea if
skipping all the footnotes. The references are given between square brackets
(e.g., [32]), whereas the footnotes are given by just a number (e.g., 1).

Tomas Edvinsson
Uppsala, March, 2002

1This is a footnote.
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1 Introduction

”What is wanted is not the will to believe, but the will to find out,
which is the exact opposite.”

Bertrand Russell2

The interfacial behaviour of polymers is important in a variety of areas such
as adhesives [1], lubrication [2], chromatography [3], and a wide area of bio-
technical applications [3-5]. When polymers at interfaces are confined, as in
many of the applications above, their configurational space is restricted and
their properties will be different compared to unconfined polymers [6-14].
The study of the behavior of polymers, both at surfaces and in solution, has
evolved to a significant branch of the diverse discipline called physical chem-
istry. As for many topics in physical chemistry, the study of such systems
requires that concepts from neighbouring disciplines are brought in. In the
present thesis we will touch upon areas in computer science, mathematics and
physics, as well as the main discipline of chemistry. Our main task will be
that to some extent understand what controls the structure of grafted poly-
mers, by doing a thorough characterization of the shape of such molecules.
The precise structure of these objects and the detailed information obtained
are studied by computational methods. The model parameters are changed
to investigate a broad range of physical situations. Understanding the inter-
relation between confinement and molecular shape is a key issue towards a
microscopic theory for polymers at surfaces. In this work we mainly investi-
gate the behaviour in the limit of low grafting density.

In many applications, such as e.g. polymer chains used for protection on
drug carriers [3] as e.g. sterically stabilized vesicles [4], short polymer chains
are often used for surface protection. In a mean field model of adsorption
of lysozyme on a surface protected by grafted PEO chains, the adsorption
isotherms of lysozyme has been predicted to be independent on the chain
length for chains with more than 50 ethylene oxide units [15]. For these
short to medium-sized polymers, scaling arguments are rigorously not ap-

2Skeptical Essays, 1928.
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plicable, and moreover, polymer size alone does not capture all the changes
in molecular shape features [16-18]. In particular, the occurrence of chain
entanglement is a key feature behind a number of properties in polymer sys-
tems, including the nature of polymer shape transitions, chain response under
compression, and possible hysteresis. Chain entanglement is also central for
a number of other polymer properties, including flow, viscosity, and swelling
of polymeric networks [7,19]. Physically, entanglements arise from the inabil-
ity of chains to cross through one another under conditions that preserve the
main chain bonds (i.e. the chain connectivity). For open polymer chains,
the geometrical entanglements are transient, in the sense that they can be
removed over time by loop diffusion (within a single chain) or chain diffusion
(in a melt) [7]. Characterizing the intra- and inter-chain entanglements is
thus an important issue for establishing correlations between structural and
physical properties.

The design and construction of self-assembly materials has also been of great
interest for many years. One promising approach to construct nanoscale
material in solution is the use of specific interaction between two polymers.
Cyclodextrins are well known in supramolecular chemistry as highly specific
molecular hosts for guest molecules [20-22]. In this thesis we investigate a
system with an adamantane end-capped star polymer. The use of a star
polymer with specific groups at the ends, can potentially lead to a plurality
of intermolecular links compared to the linear analogue. In the present work,
we also investigate another type of aggregation, where we model diblock
copolymers on a spherical surface. Here we are particulary interested in
how a clustering of the anchoring end-blocks will affect the properties of the
polymer brush.
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2 Polymers

Polymers are molecules which consist of repeating subunits, linked together
with covalent bonds. They form a huge class of materials with a large di-
versity in properties. In nature, they are essential for all living organisms;
cellulose and starch in trees and plants, proteins, and polynucleotides (DNA,
RNA) that store and transfer genetic information. Apart from their abun-
dance in living organisms they also appear as a basis for materials all around
us such as textile fibers, plastics, rubber, paint, and not the least, as addi-
tives in many medical and technical products. So it is not difficult to imagine
that it is hard to exaggerate the value of a profound understanding of these
materials. The diversity in properties is huge, spanning from silk sheets to
bulletproof vests, to moist absorbers in dipers to surface coverage of space
shuttles. The modern understanding of polymers is to a large extent based on
the pioneering work of Flory, who applied statistical mechanics to a system
of connected units [23-24]. Other important contribution to polymer science
are also due to e.g., I.M. Lifshitz, S.F. Edwards, and P.G. deGennes.

The size of a polymer can range from a some ten nanometers up to a me-
ter (DNA) and the relaxation behaviour from 10−14 s (bond vibration) up
to milliseconds, seconds, days or even months depending on the length and
the environment of the molecule. The number of units, n, in a polymer
chain is called the degree of polymerization, where each single unit is called
a monomer. Monomers which are bifunctional, can only form linear chains,
whereas if polyfunctional monomer units are present during polymerization,
star and branched polymers can also be formed. Chemical and optical prop-
erties of the polymer chains are determined locally, whereas their unique
mechanical and physical properties are to a large extent related to their geo-
metric properties. Describing the polymers by a chemical structural formula
as e.g.,

−[O − CH2 − CH2]n−
for polyethyleneoxide (PEO) accurately gives the pattern of chemical bonds
and the atom connectivity. However, due to the usually large degree of poly-
merization and to the difference in relative orientation for different monomers,
the number of conformations that a chain can obtain is enormous. Assuming
for example a polymer with n = 100, having only three different rotation
angles available for each monomer bond, we obtain 3100 = 5 · 1047 different
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conformations possible. It turns out that many generic properties of the poly-
mers can be understood by applying statistical methods where the precise
chemical details of the polymer chain is omitted. In the next section we will
introduce some of the notions used in this field.

2.1 Polymer Conformation

What is the shape of a polymer chain? From the chemical formula one would
be tempted to suggest a more or less straight line with a zigg-zagg pattern.
The polymer, however, usually attains the conformation of a random, three-
dimensional coil as in Figure 1b.

(a) Electron
clouds for
C3H8.

(b) Modelling of the ”effective” electron cloud by a
monomer, and a small random coil.

Figure 1: Schematic illustration of monomer modelling.

The coil size is a result of the polymer flexibility which fundamentally derives
from the properties of the monomers. The size of the coil also depends on
the selectivity of the solvent. Despite the ”randomness” of the coil, there are
certain preferred conformations which can be described by statistical meth-
ods. In biopolymers such as DNA with 4 different monomers, and proteins
with up to 20 different monomers, the nature of the monomers renders a
more specific interaction so that their conformations are also more specific
compared to many synthetic polymers. In the latter case we can simplify
the interaction model, yet keeping the essential information for a successful
description of the conformation which in turn is a key factor for many me-
chanical and physical properties.

For the simplest polymer model, the freely jointed chain, we omit any inter-
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actions and represent the polymer by a random walk.3

For the present purposes, a polymer can be described by n monomers and
N = n− 1 rigid segments of length b as depicted in Figure 2.

n

1

2

n-1

b

Ree

3

Figure 2: Schematic chain with N = n− 1 segments. |Ree| is the end-to-end
distance introduced in the text.

To characterize the chain conformation, one often introduces, the end-to-end
distance, Ree, and the radius of gyration, Rg, defined by [24]

R2
ee =

N∑

i=1

(ri+1 − ri)2 (2)

R2
g =

1
n

n∑

i=1

|ri − rcm|2 =
1
2n

n∑

i=1

n∑

j=1

|rj − ri|2 (3)

where ri denotes the position of the i-th unit, and rcm = 1
n

∑n
i=1 ri is the

centre of mass. Let us now define a ”bond vector” bi = ri+1−ri and consider
3Pearson introduced the term ”random walk” as the walk by a drunkard in a letter to

Nature (77,294,1905) where he described the spatial evolution of mosquitos invading the
cleared jungle regions. All people with experience with mosquitos would protest, since the
mosquitos never seems to follow a random walk towards you. Pearson stated the problem
and asked what the probability Pn(x) was for finding a mosquito at a region r + δr after n
steps. Lord Rayleigh replied one week later with the answer to Pearson’s problem, which he
had solved 1880 [25] while investigating the wave fields of constant amplitude and random
phase

Pn(x)dx ∼ 2

n
e

r2
n rdr (1)

which is a Gaussian function. Rayleigh also found a solution for a 1-D random walk with

unit step length, pn(x)dx = 1√
2πn

e−x2/2ndx
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the mean square end-to-end vector 〈R2
ee〉 for an ideal chain with freely jointed

bonds as in Figure 3.

Figure 3: The definition of bond angles, θi.

〈R2
ee〉 =

〈(
N∑

i=1

bi

)2〉
=

N∑

i=1

〈b2
i 〉+ 2

N−1∑

i=1

N∑

j=i+1

〈bi · bj〉 (4)

The rotations of the segments in this model are not correlated which results
in equal probability for all possible orientation around the joint of the bond.
We thus have 〈bibj〉 = b2〈cosϕij〉 = 0 and also by definition, 〈b2

i 〉 = b2, since
we have a fixed bond length. Eq. (4) can now be expressed as 〈R2

ee〉 = Nb2

which gives the end-to-end distance

〈R2
ee〉 = bN1/2 (5)

By considering a freely jointed chain we thus obtain a mean size of bN1/2

which is considerably less than the contour length bN . Equation (5) has the
well-known form for a random walk with number of segments instead of time.
For large enough molecules with N >> 1, the radius of gyration is related to
the mean end to end distance by 〈R2

g〉 = 〈R2
ee〉/6 = Nb2/6.

The chain end probability distribution P (r, N) describes the probability to
find the end of a chain with N segments at position r and is, for large N ,
given by [24,26]

P (r, N) =
(

3
2πNb2

)3/2

e−
3r2

2Nb2 (6)

where we see that the probability distribution is Gaussian with the spread-
ing about the mean value b

√
2N/3. For a chain model differing from a freely
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jointed chain model, we expect 〈bibj〉 6= 0 in Eq. (4) from correlations be-
tween bond vectors that are close by in the polymer backbone. Here we
introduce a factor, cos θ(s), describing the angle between two segments sep-
arated by the length s. If the separation is sufficiently long (∼ 4 Å in PEO
and ∼ 500− 1000 Å in DNA), this function shows multiplicativity for many
polymer chain models, which means that it is possible to separate it into two
factors [27]. Consider two sections with lengths s and s′ respectively, the
cosines function can be expressed

〈cos θ(s + s′)〉 = 〈cos θ(s)〉〈cos θ(s′)〉 (7)

A function having this property must decay exponentially with s [27] and we
can thus write

〈cos θ(s)〉 = e−s/P (8)

where P is a characteristic decay length, called the persistence length. It
describes the stiffness and is a constant for a given polymer. The persistence
length is determined by the local bond angles, which in turn depends on the
local potential energy. A chain segment with a distance s < P , the angle cor-
relations are still present and 〈cos θ(s)〉 6= 0 in Eq. 8 above, whereas s >> P
gives 〈cos θ(s)〉 = 0. The exponential decay of the bond angle correlations
(the ”memory” of chain direction) goes in both directions along the chain.
In order to define a ”statistical independent” chain segment, we would thus
require twice the length of P . A polymer chain can be considered to consist
of Neff ”effective” segments of length l = 2P . The segment l is called the
kuhn length and the number of effective Kuhn length segments is naturally
determined by the contour length by Neff = Nb/l. By ”rescaling” the poly-
mer segments in Kuhn lengths, Eq. (5) is still valid with the substitution of
b = l and N = Neff .

The freely jointed model/random flight model does not take any short range
interactions into account when describing the polymer. For a more realistic
model, we have to represent the monomers by ”beads”, connected by bond
vectors. The models discussed above allows overlapping beads and ”phan-
tom” crossings, in which the bonds are allowed to pass through each other.
If we introduce an excluded volume around each bead, we reach a more real-
istic situation, where two monomers can not occupy the same volume at the
same time. This is the simplest model for a non-ideal chain, and is referred
to as an excluded volume chain, and the corresponding statistical behaviour
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is called self avoiding walks (SAWs) in contrast to random walks for ideal
chains. In the excluded volume chain, there are a number of compact ideal
chain conformations which are not allowed due to overlapping beads and this
results in more swollen conformations. For large N one obtain a size of a
chain size which scales as

Rg ∼ bNν (9)

where the molecular size exponent is known to be [7] ν ≈ 0.588. This way
of representing the mean size asymptotics with a scaling for very long chains
also describes the collapsed state of a polymer with ν = 1/3, and the ideal
chain which has ν = 1/2 [24].

2.2 Grafted polymers

Here we will briefly outline the salient features of polymers grafted to an
impenetrable surface. By attaching polymers by one end to a surface or
interface, one obtains a diffuse layer of polymer chains [28-30]. A central
feature for these systems is the notion of an unperturbed grafted polymer, a
mushroom, in which the interaction with other polymers can be neglected due
to a low grafting density. Successively higher grafting densities will eventually
lead to a more extended polymers, which are denoted brushes, see Figure 4.

(a) Mushrooms (b) Brushes

Figure 4: The left part shows grafted polymers which are essentially un-
perturbed, mushrooms, whereas the right part depicts a surface with higher
grafting density, resulting in polymer brushes.

Perturbations of polymer conformation depend on the geometry of the sur-
face, as well as the self-interaction and interaction with the other polymers
and with the surface. In principle, there are three ways to attach polymers
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onto a surface by one end [30]; i) adsorption, ii) grafting to the surface, and
iii) grafting from the surface. The first one is accomplished when one block
of a block copolymer has a strongly attractive interaction with the surface,
whereas the other blocks show no specific interaction. The two latter meth-
ods result in chemically/covalently bonded polymers on the surface. The
adsorption approach (also referred to as physisorption) results in a system
with desorption-adsorption processes and possible diffusion along the surface.
By grafting to the surface, polymers with end-functionalized groups chemi-
cally bind to appropriate groups at the surface and form a grafted layer. For
the grafting from technique, monomers in the solution binds to initiators on
the surface, and successively ”grow” the polymer from the surface. This lat-
ter approach is especially useful when preparing polymer layers with a high
grafting density.

Alexander [31] and de Gennes [32,33] were the first to make a theoretical
analysis of the properties of polymer brushes. They balanced the configura-
tional entropy of the chains with the excluded volume interaction between
the monomers. Assuming a step function monomer density distribution with
the chain ends located in the outermost layer, they arrived at an expres-
sion for the average brush height, h ∼ N(wσl2)1/3 where Nl is the chain
contour length, w the excluded volume, and σ is the grafting density. The
characteristic feature here is the linear dependence on the number of effec-
tive monomers N , in contrast to a free chain in a theta or good solvent (see
below) that scales as R ∼ N1/2 and R ∼ N3/5 respectively. Constructing a
model which allows the chain ends to be at any distance from the surface one
can calculate a monomer density profile. For a planar interface with polymer
brushes, both scaling analysis [32,33] and self-consistent field (SCF) meth-
ods [34-38] predict a parabolic density profile with no depletion zone for the
end-density close to the surface. The same results are obtained by computer
simulations of similar systems [39,40].

For spherical substrates with small a radius, the curved surface decreases
the lateral excluded volume and results in a monotonic exponential decrease
of the chain density [41,42]. Milner, Witten, and Cates [35-37] developed
a self-consistent field (SCF) theory for polymer brushes on spherical parti-
cles, which predicts a parabolic density profile for the brushes for the largest
particles and thus approaches the behaviour for planar surfaces. This SCF
approach also predicts a ”depletion layer” of ends close to the grafting sur-
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face. The theory of polymer brushes is not only used for grafted polymers,
but also extensively used for many other polymer systems such as block
copolymer micelles, copolymers at interfaces of emulsions and vesicles, as
well as at other types of interfaces (e.g. liquid-gas). Any general conclusion
or theoretical consideration for any of these systems, irrespectively of their
subfield, will in many regards be applicable also in other systems using the
polymer brush approach.

Another issue of technical importance for polymer systems is the behaviour
at confinement into a constrained geometrical environment. The restriction
in available configurational space can dramatically affect the structural and
dynamical properties of a polymer chain [43-45]. Characterizing the effect of
geometrical confinement on mean polymer shape is thus an important step to-
wards understanding and controlling molecular behaviour at interfaces. This
is one of the issues addressed in this thesis, where we perform a detailed
analysis of the conformations in confined polymers grafted to a surface.

2.3 Self-Assembly and Clustering

The understanding of self-assembly on the nano- and micrometer scale has
increased substantially during recent years. The self-association of hydropho-
bically modified water-soluble polymers in aqueous solution has been of par-
ticular interest, not only due to their relevance in biological systems but also
because of their applicability in a vast area of biotechnical and technical prod-
ucts. In this section we will briefly sketch the mechanism for self-assembly
and select examples of self-assembly which are relevant for the present work.

In everyday life we see examples of self-assembly all the time. At an oil/water
interface, for example, we observe the incompatibility between two liquids.
This is an effect which fundamentally derives from the different electronic
properties of water and oil. The presence of a permanent dipole and the
resistance of the electron clouds to oscillate in a field, the so called polar-
izability, determines the van der Waals (vdW) interactions between atoms.
There are three contributions to the vdW interaction; Keesom interactions
(permanent dipole-permanent dipole), Debye interaction (permanent dipole-
induced dipole), and London interaction (induced dipole-induced dipole).
Apart from the special interaction with hydrogen and electron dense atoms
(the H-bond) and charged systems, these are the only non-bonded interac-
tions present. The van der Waals force between atoms in vacuum is always
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attractive, but can be effectively repulsive when the substances are immersed
in a medium. One of the forces, the London force4, is always present. Apart
from the attraction, atoms also experience repulsion if they come too close.
This effect arises physically from repulsion between electron clouds. We can
arrive at an expression for the interaction potential with classical electrody-
namics for dipoles or induced dipoles and integrating over all orientations.
One can also start from quantum mechanics by taking the energy difference
between fixed or coupled oscillators from the Schrödinger equation. In either
case one obtains a 1/r6 net attraction for all vdW interactions, where r is
the distance between the interacting monomers. A commonly used expres-
sion for the vdW interaction together with the repulsion is the Lennard-Jones
potential

ULJ(r) = 4ε

(
σ12

r12
− σ6

r6

)
(10)

where ε is the depth of the potential surface, σ is the diameter of the atom,
and r is the interparticle distance (see Figure 5).

Figure 5: The functional form for a Lennard-Jones potential.

For any real polymer, there are different atoms in the chain, all with different
electron properties. At the level of modelling considered here, we treat the
contribution from one monomer as one effective moiety for vdW interaction.
The interaction between a monomer and the solvent is thus fundamentally an
effect of the collected electron properties of the different atoms in the poly-

4Also denoted dispersion force

17



mer chain and the solvent, but is more conveniently referred to as solubility.5

Polymers containing different types of monomers, collected in sequences, is
called block copolymers. In a situation where the different monomers in the
blocks have different solubility, the solvent is called selective. When the sol-
vent selectivity is low for one of the blocks, the system obtains a driving force
for structural reorganization commonly denoted self-assembly. In principle
the system is prepared with a high free energy (mainly from high energetic
states/entalphy of the polymer and low entropy for the solvent molecules)
which then allows the polymers to attain structures with lower entropy while
the full system still lowers the free energy. A regular solution theory for
polymers on a lattice, the Flory-Huggins theory [46], is often used to classify
the effective solvent-polymer interactions. A dimensionless interaction pa-
rameter, χ, called the chi parameter or Flory Huggins parameter is defined
as

χ ≡ z

2kT
(εpp + εss − 2εps) (11)

where z is the coordination number of the lattice, k is Boltzmann’s constant,
T is the temperature, ε is the interaction energy in kT with subscripts pp for
polymer-polymer interaction, ss for solvent-solvent interaction, and ps for
polymer-solvent interaction. For χ = 1/2, polymer self interaction and sol-
vent contribution to the interaction balance, and we obtain a so called theta
condition, in which the polymer behaves as a random coil with Rg ∼ N1/2.
For χ < 0 we have a good solvent and for χ > 0 a poor solvent. Although a
convenient classification, it should be remembered that the interpretation is
hampered by the same approximations as the regular solution theory.

In the case of block copolymers with one block adsorbed onto a solid surface,
the solvent incompatible blocks can self-assemble on the surface, either by
direct clustering or by possible surface diffusion. These effects are, of course,
also dependent on the extent of the attraction to the surface and the solvent
selectivity. One can also imagining clustering when block copolymers are
situated at a liquid-liquid interface such as in a vesicle or at an emulsion
droplet. For block copolymers in solution, a wide range of self-assembly
behaviour can occur. Here we will not go further into the phenomenology
of self-assembly but just mention an example relevant for this work. By
synthesizing polymers with very short end-groups, typically one or a few

5The conceptual distance from a quantum mechanical picture of the electrons to the
notion of solubility is thus rather short, as long as we do not have to calculate the properties!
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monomers, one obtain end-capped polymers. The interaction between the
end-caps can potentially lead to self-assembled structures. One promising
approach to achieve self assembled clusters in solution is the use of specific
interactions between the end-groups and receptors. Then we obtain a so
called guest and host mechanism, also referred to as an inclusion mechanism
[47]. These system exhibits many interesting new features and can be seen
as a model system for molecular docking.

19



3 Computer simulations

”Although this may seem a paradox, all exact science is dominated by the
idea of approximation.

Bertrand Russell6

3.1 A General Overview

The portion of the world that we choose to investigate, we call a system.
Whether it is an experimental or theoretical system does not really matter,
the crucial thing is that we have chosen a way of asking questions given a set
of controlled circumstances. The system may be composed of any number of
parts and also with specific conditions for each part and, more importantly,
for the system as a whole. The parts together with specified conditions de-
termine the state of the system. A model is a simplified description of an
actual system, which also in part determines what states one considers. For
example, to this thesis we can ascribe two states: open or closed.7 To describe
the system we need ways to quantify the state or functions of the state. The
system state can be altered by the environment through interactions. For ex-
ample, one can readily change the state of this thesis by a swift movement of
the hand, or more specifically, by exerting a force on the system. In this case
we can directly observe the (macroscopic) state of the system as it changes
from open to closed. At a molecular scale, however, we cannot usually study
a system by directly observing the detailed state of each atom. Instead we
probe the state of the system by indirect methods in which we manipulate the
system and analyze the response. The response is then interpreted with help
of the model and the microscopic state of the system can then be quantified,
which in turn can give an ”explanation” of the macroscopic behaviour.

How can we then theoretically obtain relevant information for polymers?
First, we have to construct a model, and secondly we have to find means to
calculate the properties of interest from the given model. An important tool

6Quoted in W H Auden and L Kronenberger, The Viking Book of Aphorisms (New York
1966).

7We have deliberately used a model which does not include states such as good or bad !

20



for this is computer simulations which allows you to solve a model ”exactly”.
The solution is , of course, exact only to the extent of round-off errors from
the finite digit representation. The same limitation, however, is also encoun-
tered analytical calculations. As soon as one has to quantify symbols such as
π or

√
2 in terms of real numbers, one has to cut off the digits somewhere.8

Instead of writing up extremely large numbers in the calculations, we manip-
ulate with symbols and, fortunately, revert to a numerical estimation of the
value of interest only at the end of the calculation. The same manipulation in
symbols is formally possibly to the same extent in a computer, although, the
mathematical programs today are hampered by our inability to rationalize
the way we manipulate symbols.

By the possibility to use less simplified models, we can potentially get a more
detailed description of complex systems which is complementary to experi-
ments and traditional approaches of theory. It is important to remember
that computer simulations are not meaningful per se, but only to the extent
of the applied model. Computer simulations can provide essentially exact
solutions for given models, and can in this sense be used to test the valid-
ity of theories which often are based on additional approximations. On the
other hand, given an essentially exact solution for a model, we can compare
with experimental data, and thus also test the applicability of a model. If
the model is appropriate, the results from the simulations can then be used
to assist in the interpretation of the experimental results. A schematic di-
agram in Figure 6 illustrates the interplay between experiments, computer
simulations, and theory.

8Ok, let us define a symbol
√

2 which can be attributed to e.g. the length of the diagonal
in a unit square. But maybe we mean 1.41421356 in our almost perfect square. Then again,
maybe not, since we suppose the square is perfect (a legacy from Plato). Eureka! (another
legacy) We let the computer evaluate the number and then we can blame the computer!
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Figure 6: A flow cart of the interplay between experiments, simulations, and
theory.

A simulation can also give reliable predictions of a model when experiments
are not possible or very difficult. For example: What is the equation of state
for hydrogen at 10Mbar? What is the detailed conformation of polymers or
aggregates under different conditions? Given this powerful method of calcu-
lations, it is often interesting to study more complicated models (compared to
the analytically solvable) to gain insight into the limitations of approximate
theories and to aim for a more detailed picture of e.g. the structural be-
haviour. Part of this thesis addresses this issue for confined polymers mush-
rooms: Under what types of circumstances is an excluded volume model
valid? To what extent is the stiffness of a polymer essential? The main
advantage in simulations compared to pure theory can be summarized as;
essentially exact solutions to less simplified models.
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3.2 The Potential Energy Model

In the present work we consider a bead-spring model of a polymer with
n subunits each of radius a. The subunits are connected by a harmonic
potential

Us =
ks

2

n−1∑

i=1

(bi − 2a)2 (12)

where the force constant, ks, is calculated by setting the second moment of
the bond-length equal to a2/25 which gives the chain some flexibility, but is
large enough to keep the contour length essentially constant. For those cases
where we have introduced a stiffness, it is determined by the persistence
length P , introduced through a bending potential. Let θi the angle between
bond vectors bi and bi+1 as in Figure 3. If we denote by θ0 the angle
corresponding to the minimum in potential energy, we have used:

Ub =
kb

2

n−1∑

i=1

(cos θi − cos θ0)2 (13)

The force constant kb in Eq. (13) can be computed from a persistence length,
P using [48]

P = 〈|b|〉1− 〈cos θ〉n−1

1− 〈cos θ〉 (14)

where 〈|b|〉 and 〈cos θ〉 denote the chain-averaged bond length and bond angle
cosine, respectively. In the present work, we use a predefined value for P in
Eq. (14) and compute kb self-consistently using Eqs. (13) and (14) [49].

The effect of the solvent selectivity on the polymer units is incorporated by
a non-bonded pair interactions, represented by a Lennard-Jones potential9

ULJ = 4ε
n−1∑

i=1

n∑

j=i+1

[(
σ

rij

)12

−
(

σ

rij

)6
]

(15)

where σ = 2a is the diameter of the beads, ε is the potential depth in kT ,
and rij is the distance between the i-th and j-th beads.

9See also Equation (10) and Figure 5.
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In some of the work we have for comparison used only an excluded volume
interaction, which is implemented as a simple rejection in the Monte Carlo
Scheme explained in the next section.
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3.3 Statistical Mechanics and Metropolis Monte-Carlo

”The underlying physical laws necessary for the mathematical theory
of a large part of physics and the whole of chemistry

are thus completely known, and the difficulty is only that
the application of these laws leads to equations

much too complicated to be soluble.”

Paul A.M. Dirac10

Thermodynamics has proven to be a valuable tool to inter-relate e.g.
energies, volumes and pressures long before the existence of an atom was
accepted. In the light after Boltzmann’s revolutionizing work on the ki-
netic theory of heat, statistical mechanics was rapidly developed. Many
macroscopic physical phenomena could now be explained by a microscopic
interpretation of molecular interactions. In this approach, the macroscopic
behaviour is interpreted as the statistical outcome, the average value, of the
microscopic behaviour of particles and their interactions. In statistical me-
chanics, the connection between the molecular level and the macroscopic
level is the partitition function. In the canonical ensemble11 , the classical
partitition function, Q, is [50]

Q(N, V, T ) =
1

N ! h3N

∫ ∫
. . .

∫
e−H/kT dr1dr2 . . . drNdp1dp2 . . . dpN

(16)
for N indistinguishable particles at positions {rN} = {r1, r2, . . . , rN} with
linear momenta {pN} = {p1,p2, . . . ,pN}, h is Planck’s constant, and H =
H(rN ,pN ); is the Hamiltonian (the total energy of the system). If the po-
tential energy, U , does not dependent on the momenta, then H(rN ,pN ) =
U(rN ) + K(pN ) where K is the kinetic potential energy. The partitition
function in Eq. (16) can be rewritten as

10Proc. Roy. Soc., London, 123:714 (1929)
11Considering systems with constant (N, V, T ) where N is the number of particles, V the

volume, and T the temperature.

25



Q(N, V, T ) =
1

N ! h3N
ZN

∫ ∫
. . .

∫
e−K(pN )/kT dpN (17)

where the last multi-integral is the momentum integral and ZN is the con-
figurational integral

ZN =
∫ ∫

. . .

∫
e−U(rN )/kT drN (18)

this is the classical configurational integral. The momentum integral, can
be easily solved by assuming that the total kinetic energy is the sum of the
kinetic energy for each particle12

Q(N, V, T ) =
1

N !Λ3
ZN (20)

where Λ = h/(2πmkT )1/2 is the de Broglie wavelength, and we see that the
contribution from the momentum integral has been reduced to a constant.
The configuration integral, ZN , contains all relevant information about the
intermolecular forces which in turn depends on the relative distance between
molecules. Thermodynamic properties can now formally be calculated from
Q [50], for example, the pressure p = kT (∂ ln Q/∂V )N,T and the chemical
potential µ = −kT (∂ ln Q/∂N)V,T , where all non trivial changes in the system
is accounted for by ZN . The average value of any observed property, A, is
given by

〈 A 〉 =
∫

A P (A)dA∫
P (A)dA

(21)

where P (A) is the probability to obtain A. In classical statistical mechanics,
the probability for a given state is proportional to exp(−H(rN ,pN )/kT ).
Since we have integrated out the kinetic contribution, the probability is pro-
portional to exp(−U(rN )/kT ). The average value of a property, A, in the
canonical ensemble is then

〈 A 〉NV T =
∫ ∫

. . .
∫

A(rN ) e−U(rN )/kT drN

ZN
(22)

12Letting K(pi) = |pi|2/2mi for each particle, i, we obtain

IK =

�Z ∞

−∞
exp

�
− |pi|2

2mikT

�
dpi

�N

= (2πmikT )3N/2 (19)
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This is an extremely difficult integral to solve analytically. In practice, it is
impossible to solve it for almost all systems with many particles.13 Trying
to solve it with ordinary numerical techniques, is futile. Let us for example
imagine a system with 50 particles where each particle can be at c = 10
coordinate positions along the axes of a cube, i.e. x, y, z = [1, 2, . . . , 10].
The number of points where to evaluate the integrand in three dimensions,
c3N , then becomes 10150, which is a tremendously large number.14 How-
ever, when e.g. evaluating the Boltzmann factor for a dense liquid with 50
hard spheres at the freezing point, the Boltzmann factor would be zero for
all 10150 configurations but one [51]. So luckily, we are not interested in
solving the integrals per se, but to evaluate the average in Eq. (22), i.e. we
wish to obtain the ratio between two integrals with a suitable weigh function.

In 1945, von Neumann and Ulam presented a way to solve integrals by evalu-
ating their probabilistic analogue with stochastic sampling [52]. The methods
solving integrals by stochastic sampling are referred to as Monte Carlo meth-
ods. For a given integral, I, with limits a and b over a function f(x), a
sampling with uniform random numbers in [a, b] can estimate the integral
according to [53]

I =
∫ b

a
f(x)dx ≈ (b− a)︸ ︷︷ ︸

width

1
M

M∑

i=1

f(xi)

︸ ︷︷ ︸
Unweighted average

(23)

where M is the number of random numbers generated in the interval [a, b].
Instead of uniformly sampling the integral in the interval, one can use impor-
tance sampling. The Metropolis Monte-Carlo importance sampling algorithm
was introduced 1953, and is still used today in the same form. The key idea
for importance sampling is to choose random numbers from a distribution
P (A), which give relevant contributions to the integral. If we now choose the
Boltzmann factor as the probability distribution we write the average in Eq.
(22) as [55]

13Except for U(rN ) = 0 , which ZN reduces to V N .
14A course grain estimation of the number of atoms in the universe can be used for

comparison. Mass of hydrogen atom ∼ 10−27 kg, sun mass ∼ 2 ·1030 kg, stars in Milky way
∼ 1011, galaxies in universe ∼ 1011, where we have assumed the same number of galaxies
in the universe as stars in the Milky way. The number of atoms in universe is thus ∼ 1079.
So even if each atom in the universe was calculating one billion billions points a second,
from the ”beginning” of universe to today, they wouldn’t even have come halfway when
this thesis is supposed to go to print.
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〈 A 〉NV T ≈
∑M

i=1 Ai(rN )e−Ui(r
N )/kT

∑M
i=1 e−Ui(rN )/kT

(24)

where M is the number of random configurations. By using important sam-
pling techniques, we only include configurations which give important con-
tributions to the integral. That is, we only accept configurations {rN} which
are probable according to the Boltzmann distribution and obtain a represen-
tative average using a manageable number of configurations. The evolution
of the system in Metropolis Monte Carlo is not necessary physical but fol-
lows from a random sampling of the energetically available phase space with a
weight function which is represented by the Boltzmann distribution function.

The Metropolis Monte Carlo scheme can be summarized as follows:

1. Define a potential energy function U(rN ) (the model).

2. Generate a random starting configuration for N particles within a sim-
ulation volume.

3. Calculate the total potential energy of the system U(rN ).

4. Make a trial move by a random displacement r′ = r+∆r, and calculate
the new system energy U ′(rN ).

5. If U ′(rN ) ≤ U(rN ), accept the move and goto 3.

If U ′(rN ) > U(rN ), generate a new random number ξ ∈ [0, 1] and
accept if e−U ′(rN )/kT < ξ · e−U(rN )/kT otherwise the new configuration
is rejected. In the latter case, we again count the old configuration as
a contribution to the sampled average. Goto 3.

A monte carlo step is the sequence 3 − 5 and each generated configuration
corresponds to a point in phase space. The steps 3-5 are repeated until
convergence of energy and other average properties are reached [51,55,56].
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4 Shape description

For many polymers in solution, change in temperature, or solvent quality, is
well known to result in a collapse transition for a single homopolymer.[7,57]
Similar phenomena can also occur in heteropolymer systems, where com-
pact cores provides a tentative model for the initial step of protein folding.
[58-60] Here we are mainly concerned with homopolymers grafted on a sur-
face, although the same analysis can be used for protein folding [61-64]. A
detailed description of the collapsed region is thus of crucial importance in
several fields, to be able to understand the features controlling the evolution
of shape.

Let us start with an example. Depending on the nature of the polymer, a
collapse can follow two different sequences of conformations. Either i) homo-
geneously, in which the polymer attains a more compact conformation by an
overall compaction, or ii) by a ”pearling”, where the chain initially attains
regions that are only locally compact [65] , which then can be followed by a
compaction of these regions. A measure of average size such as < R2

g >1/2 is
not sufficient to determine whether a chain is changing its conformation ac-
cording to i) or ii). The situation can be further complicated by considering
chains under geometric confinement, e.g., where the configurational space is
restricted by a large hard object [66-69]. Here, an analysis of molecular size
alone may not distinguish between an unconfined chain in good solvent, and
a chain in poor solvent which has been flattened by high confinement.

For many polymeric systems we thus need a more detailed criterion to
quantify the degree of compactness and conformation of a chain in order to
understand key factors for structure to property relationships. In the follow-
ing section, we briefly defines a standard shape descriptor, the asphericity,
and in section 4.2, measures of chain complexity is introduced.

4.1 Asphericity

A convenient measure of size is the radius of gyration, introduced in section
2.1. By measuring the distance to the centre of mass in different directions
we can additionally obtain a descriptor sensitive to the shape of a molecule.
The radius of gyration tensor for a polymer with n units can be constructed
by sampling the Cartesian distances from the centre of mass
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R11 =
1
n

n∑

i=1

(xi − xcm)2

R12 =
1
n

n∑

i=1

(xi − xcm)(xi − xcm)

R13 =
1
n

n∑

i=1

(xi − xcm)(xi − xcm)

...

(25)

Constructing the corresponding matrix, Rij = rij , and diagonalizing, we
obtain the radius of gyration tensor [70-72]

R2
g =




λ1 0 0
0 λ2 0
0 0 λ3


 (26)

where λi are the eigenvalues in the principle directions.15 The eigenvalues
characterize the size of the polymer in the principal directions. By combining
the information in the eigenvalues, we can arrive at a measure of asphericity
[72],

Ω =
(λ1 − λ2)2 + (λ1 − λ3)2 + (λ2 − λ3)2

2(λ1 + λ2 + λ3)2
(27)

where the asphericity, or anisotropy, Ω describes the ”deviation” from a
sphere. When all eigenvalues are equal, we have a sphere and thus Ω = 0,
whereas a very elongated conformation have Ω ≈ 1/4. For a random walk
with 50 beads and a constant bond length, Ω ≈ 0.104 [73]. Assuming equal
mass of the particles or monomers, the eigenvalues can be rewritten in the
principal moment of inertia {Ii}, which then only is a change in denotation.

4.2 Chain Complexity

The topology, such as the degree of knotting, plays a crucial role in many
polymeric systems and for biopolymers. For this reason, mathematical knot

15The transformation to a diagonal matrix is in effect a rotation of the polymer coor-
dinates, so that the average distances from the mass centre can be expressed in only one
x,y,z-coordinate along respectively cartesian axis.
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theory can be a convenient tool for studying these phenomena [74]. Circular
DNA, for example, is known to be knotted differently under the action of
topoisomerase enzymes [75-76]. The complexity of these knots can be cap-
tured by a descriptor such as the mean overcrossing number (see definition
below), which correlates well with the migration speed in gel electrophoresis
[77-79]. From a structural viewpoint, there are two different entanglements:
topological entanglements, and geometrical entanglements. The first ones are
permanent in the sense that they cannot be removed by any chain reorga-
nization unless chemical bonds are broken. In contrast, geometrical entan-
glements can be removed over time by loop diffusion (within a single chain)
or chain diffusion (in a melt). The topological entanglements in polymers
have their chemical equivalent in mathematical knots [80]. In open chain
polymers, however, we do not have mathematical knots (defined below). Al-
though not strictly objects with mathematical knots, it is quite clear that
their entanglement behaviour can strongly affect their physical properties.
Below we will briefly clarify the difference between a mathematical knot and
entanglement (i.e. between topological entanglements and geometrical en-
tanglements), after which we introduce a descriptor of chain complexity, the
mean overcrossing number.

A mathematical knot is defined as a closed non-self-intersecting curve em-
bedded in three dimensions [80]. In Figure 7, we can see the simplest knot,
the trefoil, and a closed curve not representing a knot. The latter is referred
to as the trivial knot or the unknot. The concept of a knot is only meaningful
in 3-dimensions (3-D). In 2-D, all closed curves are either the unknot or a
self-intersecting curve, whereas all knots in 3-D, are unknots in 4-D [82].16

16Note that this does not imply that it doesn’t exist knots in 4-D.
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(a) The trefoil,
Nmin = 3.

(b) The unknot,
Nmin = 0.

Figure 7: The left picture a) depicts the simplest nontrivial knot, the trefoil,
with Nmin = 3. To the right in b) we see one configuration of the unknot.

For geometrical entanglement however, the essential feature is temporary ob-
stacles. Given a perturbation, for example, an entangled chain can only
respond with respect to the geometrical constraints at that moment. Poly-
mers can thus act as ”effectively” knotted, or entangled, over a short period
of time.17 This is similar to the everyday notion of a knot, which is con-
ceptually closer to entanglement than to a mathematical knot (see Figure 8
below). We can, for instance, imagine an ordinary knot on a rope or a tight
tangle in a fishing line. These systems do not represent mathematical knots,
since they represent open curves, but can still be very hard to untie.

(a) Mathemati-
cal knot.

(b) Entangled
polymer or
ordinary knot.

Figure 8: Mathematical knot and entanglement.
17This time can also be very long as in systems with liquid crystals for example.
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Knots are characterized by the minimum of crossings present when looking
at different 2-D projections, performed for all topologically possible confor-
mations. This minimum in crossing number, Nmin, is a weak knot invariant.
That is, this entity almost always assigns the same value to equivalent knots,
whereas it can be degenerated for knot types with around Nmin = 11. [81]
Knot invariants are the main tools for discriminating between knots, which is
one of the principal areas in knot theory. The trefoil in Figure 7 will, for ex-
ample, give 3 crossings no matter in which direction we project the knot, and
thus Nmin = 3. The unknot in the same figure, however, has a topologically
possible conformation giving Nmin = 0. So despite the apparent crossing
number in a tangle, one has to untangle the curve to be able to determine
the minimum crossing number. This is one of the main problems in knot
theory: How do we attain the so called minimal representation, for which the
minimum crossing number can be calculated. That is, given a complicated
knot, how do we know it is not the unknot? For curiosity we can mention
that in 1926, Reidermeister showed that only three different moves, so-called
Reidermeister moves, are needed to untangle any knot into a minimal repre-
sentation (see for example ref [81]).

In this work, we are interested in the tools used for knot discrimination ap-
plied to model polymers. One way of classify the knot conformation is to ap-
ply a knot energy to the curve [84,85]. The knot energies are functions which
guarantee the same topology within the set of transformations performed for
closed curves, while giving a measure of energy which then can be minimized
for a certain configuration of the knot. The knot structure which minimizes
this energy function is then (possibly) the minimal representation. The knot
energy can also be seen as a measure of complexity, since minimization would
render the structure with least complexity and thus the minimal represen-
tation. The polymer chains discussed in this thesis are not closed curves,
which means that the minimum crossing number is by definition zero. In our
systems, we have a given potential model with given parameters and, the
polymer conformations are naturally bound by this constraint. We have a
physical/chemical correspondence to a minimal representation since we have
a minimum in the potential model imposed. Here we will use mean overcross-
ing number, N , to characterize the complexity of intra-chain entanglements.
This measure is simply the number of overcrossings, given a projection, av-
eraged over all possible projections in space.
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For our present purposes, a polymer can be described by a parameterized
space curve. Let us consider n identical monomers, each defined by a position
vector ri with i = 1, 2, ..., n. In the most general case, these monomers are
connected by curved segments of the polymer chain. Each segment γi can in
turn be parameterized over the unit interval s ∈ [0, 1], as shown in figure 9a:

γi : s → R3, γi(0) = ri γi(1) = ri+1 (28)

with continuous parametric derivatives γ̇i(s) = δγi(s)/δs, ∀s ∈ [0, 1]. An
overcrossing is a bond-bond crossing within a chain at a given projection.
The mean overcrossing number, denoted N , is the number of projected cross-
ings N , averaged over all orthogonal projections [14,18,28-30]. For a general
n-polygon, the number N can be expressed analytically as a sum of contri-
butions by the crossings between pairs of non-consecutive bonds [86]:

N = 2
n−3∑

i=1

n−1∑

j=i+2

Nij

=
1
2π

n−3∑

i=1

n−1∑

j=i+2

∫ 1

0

∫ 1

0

|(γ̇i(s)× γ̇j(t)) · (γi(s)− γj(t))|
‖γi(s)− γj(t)‖3

dsdt

(29)

This integral “picks” out the overcrossings in pairwise curve segments
with both s ∈ [0, 1] and t ∈ [0, 1]. The integral can easier be understood by
looking in Figure 9b, where we can see two parameterized paths γi(s) and
γj(t).

γi(s)   s∈ [0,1]

ri= γi(0) 

ri+1 = γi(1) 

(a) A parameterized curve segment.

γj(t)- γi(s)

p

γi(s)

γj(t)

(b) The crossing vector.

Figure 9: Graphical representation of the measure of crossing number.
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The only contributions to the integral is the projections resulting in double
points in the interval. When ”viewing” along the vector γj(t)− γi(s) we will
see a double point, and thus a crossing. A mathematical projection along
p will in the same manner also result in a crossing. In lattice systems, this
integral can be solved analytically [87]. In an off-lattice polymer system,
the evaluation of this integral becomes computationally quite demanding.
We approach the problem as follows [88,89]. First we enclose the polymer
by the smallest sphere centered around the geometrical center. Then we
generate a random number on the sphere and project the chain coordinates
to the corresponding tangent plane. The number of bond-bond crossings is
calculated on this 2-D surface. This procedure is repeated for a large number
of random points, m, on the sphere until convergence is reached. In our
systems, convergence is reached after 10000 random points. A schematic
representation of the procedure can be seen in Figure 10.

N = 2
Crossing number

Tangent plane
Tangent plane

Projection

Figure 10: The sampling of N by random projections.

In our case we calculate N from a histogram after sampling m projection,
and the mean overcrossing number becomes [90,91]

N = lim
m→∞

Nmax∑

N=0

N
mN

m
(30)

where mN is the number of projections giving N overcrossings, and mN/m
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is thus the fraction of projections that yield N overcrossings.
Since 〈N〉 gives the number of crossing chain segments, it gives an ”ef-

fective” measure of the entanglement. The physical interpretation relates
to the polymers ability to reorganize, a high value of N signals many chain
entanglements when averaging over all directions, which in turn correlates
with the response to external perturbations.
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5 Experimental Techniques

5.1 Light Scattering

Light scattering appears in phenomena such as a blue sky, a red sunset or
a stripe of dust along a sun beam entering your room or just the colour of
milk. We speak of ”scattering” since the particles interact with the light and
deflects it from its original direction. In the case of a blue sky we see short
wavelengths scattered by the air molecules, whereas the larger dust parti-
cles or emulsion droplets in milk scatter all wavelengths resulting in white
light. Further analysis of the scattered light shows that the scattered inten-
sity depends on the optical properties of the scattering particles, the size and
shape of the scatterers, and on the wavelength of the incident light as well as
on the angle of observation. Controlling the angle of observation in a light
scattering experiment, useful information about the scattering particles can
be deduced from the measured intensity. The underlying theory can at first
sight look cumbersome but a closer study expose an even more cumbersome
theory. Nevertheless, utilizing the light scattering properties of a material, we
have a powerful method to obtain molecular information. The same angular
dependence also holds for other measurements which use radiation sources,
e.g. x-ray or neutron scattering, although the precise mechanism depends on
the type of radiation.

Light scattering can be classified as static or dynamic light scattering. Static
light scattering (SLS) measures the time-averaged total intensity and gives in-
formation about the weight-averaged molecular weight Mw, the second virial
coefficient A2, and the radius of gyration, Rg. Dynamic light scattering
(DLS) measures the variation in intensity with time and from this the dif-
fusion constant D, and thus the hydrodynamic radius Rh, and the particle
size distribution in terms of different relaxation times can be obtained. In
the next section we will briefly discuss the physical background for the elas-
tic light scattering process. This outline will give readers not in the field of
scattering a possibility to get the main ideas about the physical background
of the operating equations in the light scattering measurements.
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5.1.1 Interaction of light with matter

Light can classically be described by an electromagnetic wave, oscillating in
time and space.18 A plane-polarized, monochromatic wave can be expressed
as [92]

E(r, t) = E0e
i (k·r−ω t) (31)

where E0 is the magnitude of the oscillation at position r from the source at
time t. The wave vector k = (2π/λ)k̂ defines the travelling direction where
λ = λ0/n is the wavelength in the medium with refractive index n, and λ0

is the incident wavelength in vacuum. The angular frequency ω is kc/n or
equivalently 2πc/λ0 where c is the speed of light in vacuum. Only the real
part has any physical significance and we can for the present purposes leave
the convenient complex representation and use the real part

E(r, t) = E0 cos(k · r− ωt) (32)

It can now be instructive to consider a plane wave travelling in the x-
direction, r = (x, 0, 0), where the electric field is perpendicular to the axis of
propagation. At a given point in space, the wave will thus vary sinusoidally
from −E0 to +E0 with an angular frequency ω = 2πν, or alternatively, at a
given time there will be a distance λ between the maxima. The field from
a radiation source distorts the electronic density of the scattering atoms.
When the field acts on the cloud of electrons, it will cause it to vibrate, and
the electron cloud and the nucleus form an oscillating dipole, µ. When the
electron cloud is driven to oscillate by the electric field, it starts to emit ra-
diation at the same frequency as the incident field.19 The re-radiated field
is proportional to the acceleration of the moving charges and thus to the ac-
celeration of the induced dipole (dµ2/dt2). What we are interested in here is
the amplitude and phase of the motion of the electrons relative to the electric

18Readers not interested in the specific mechanism of light scattering can just follow this
fast track, and then go to Eq. 37 in the next section. The electric field of the incoming
light induces oscillating dipoles in the material which re-emit the radiation owing to the
accelerated charges. The intensity of the scattered light Is is determined by the properties
of the incident light, the molecular properties of the material and the position of observation
(r, Θ). The ratio between the scattered intensity and the incident intensity I0 can expressed
as Is/I0 ∝ α2 sin2 Θ/r2λ4 where α is the polarizability which is a measure of the resistance
of inducing a dipole.

19The apparent violation of this phenomenon at certain frequencies, leads to quantum
mechanics. Here we are only concerned with off-resonance frequencies and will focus on
the classical result in which the electrons oscillate in the field and emits radiation.
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field driving the oscillations. The dipole induced by the electric field E, is
given by

µ = αE (33)

where the tensor α is the polarizability describing the resistance to oscillation
in the field E. For atoms, the polarizability is a scalar only depending on
frequency, α = α(ω). What is needed now is to relate the radiation field
from the source, E, to the re-radiated field, ER, at the detector at position
(r, Φ). The radiation emitted by an oscillating dipole can be expressed [92]

ER =
q(dµ2/dt2) sin Φz

4πε0c2r
(34)

where ε0 is the permittivity in vacuum, q is the charge, and r and Φz defines
the position at which this radiation is evaluated (i.e. at the detector in our
case). Recalling that we consider a plane wave travelling in the x-direction,
sinΦz picks out the components perpendicular to the line of sight. By con-
sidering the charge separation in an oscillating dipole, one can identify the
charge as q = αE0 where E0 is the maximum amplitude of the field E in
Eq. (32). The separation of these charges with time is then described by
cos(−ωt). We now consider only the time dependent re-radiated field. Sub-
stituting Eq. (32) into Eq. (33) and taking the second derivative w r t time
and collect into (34), we obtain

ER = −E0
αω2 cos(ωt) sin ΦZ

4πε0c2r
(35)

We can now include the space dependence by remembering that each max-
imum in space at a given time is separated by λ. This can be incorporated
by the factor r/λ and by the amplitude of the wave vector k = 2π/λ and we
obtain

ER = E0
αω2 cos(k · r− ωt) sinΦZ

4πε0c2r
(36)

This equation now describes the scattered field at position (r, ΦZ) with re-
spect to the dipole induced by a plane-polarized wave.
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5.1.2 Static light scattering

Static light scattering is also referred to as classical, or time-averaged light
scattering. Consider the time-averaged intensity of incident and scattered
light, denoted I0 and Is, respectively. Using Eq. (32) and (36), the excess
scattering can be expressed as

Is

I0
=

E2
R

E2
=

2π2α2 sin2 ΦZ

λ4ε2
0c

4r2
(37)

which is the Rayleigh expression for the excess scattering of a single parti-
cle.20 Here we see that Is/I0 is inversely proportional to λ4 and thus that
shorter wavelengths will give a strongly increased scattering, explaining (giv-
ing a mathematical formula describing) the appearance of a blue sky. From
this equation another important key feature comes to light. Apart from the
geometric factors and the incident electromagnetic field, the scattering in
any angle other than the forward direction derives from the polarizability α,
which determines the ability to induce a dipole in the material.

A reduced quantity, the Rayleigh ratio RΘ, can be introduced in order to
eliminate the geometrical factors [93]

RΘ =
r2

sin2 ΦZ

Is

I0
=

π2α2

λ4ε2
0c

4
(38)

The assumption that molecules do not interact in a liquid clearly can not
hold, still we observe scattering. In this case, however, it is not the individual
molecules that are the origin of the scattering, but their contribution to the
fluctuations in the liquid. For a binary solution, the fluctuations can be
divided into three categories; concentration fluctuations, density fluctuations,
and temperature fluctuations

dα(t) =
δα

δC
dC(t) +

δα

δρ
dρ(t) +

δα

δT
dT (t) (39)

The temperature fluctuations are generally negligible [94] and the density
fluctuation for the solvent can be taken into account by measuring the time-
averaged scattered intensity for the pure solvent. The remaining part is the
concentration fluctuation which is related to the excess polarizability com-
pared to the solvent. For a system with N identical particles, αex = α−α0 =

20This expression was first derived by Lord Rayleigh in 1871.
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(n2−n2
0)/(4πN) [93] where α0 and n0 are the polarizability and refractive in-

dex of pure solvent. Assuming a dilute solutions, we can approximate (n+n0)
with 2n0, and introduce the mass per particle C/N = Mw/NA where Mw is
the molar weight, and NA is Avogadro’s number. We thus obtain

αex =
n0

2π

(
n− n0

C

)
Mw

N
(40)

In the same limit (C → 0) we can represent (n − n0)/C by (dn/dC).21 We
can thus evaluate the excess polarizability in terms of the refractive index
increment by

αex =
n0(dn/dc)Mw

2πNA
(41)

substituting Eq. (41) into Eq. (38) and converting to SI-units,22 we obtain

RΘ =
4π2n2

0(dn/dc)2

λ4NA
MwC (42)

which is usually expressed

KC

RΘ
=

1
Mw

(43)

where

K =
4π2n2

0(dn/dc)2

λ4NA
(44)

is an optical constant, independent on the geometry of the measurement.
To be able to describe the scattering behaviour also for non-ideal scatter-
ers, we have to incorporate the change in chemical potential as the con-
centration fluctuates. Using a virial expansion for the chemical potential,
µ ≈ −RTV0(1/Mw + A2C

2 + . . .) where V0 is the solvent molar volume, R
the gas constant, and A2 is the second virial coefficient, and thus ( δπosm

δc ) =
1
V0

( δµ
δc ) ≈ −RT (1/Mw + 2A2C + . . .) at equilibrium and we obtain23

21Here we have assumed that n depends only on C at these circumstances, which is
not strictly true. Rigorously, (dn/dc) has to be replaced by (δn/δc)T,µ where T is the
temperature and µ is the chemical potential.

22αSI = 4πε0αCGS
23The strict derivation is quite involved and here we have elucidated only the central

part.
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KC

RΘ
=

1
Mw

+ 2A2C (45)

This equation requires that the scattering particles are small compared to the
wavelength.24 If the scattering particles are larger than ∼ λ/20 the phase of
the incident radiation will differ in the different parts of the molecule. The
scattered field at the detector will then have the complication of destructive
interference when light scattered from different scattering centers in the par-
ticle reaches the detector with different phase. This situation is referred to as
intraparticle interference of the scattered light. To correct for such effects one
can derive25 a form factor P (Θ) (or intraparticle structure factor) defined as
the reduction in intensity (IΘ/IΘ,0) due to the interference at a given angle.
To illustrate the angular dependence on the form factor, it is convenient to
introduce the scattering vector q = ki − k′i (see Figure 11)

E0|ki>

kj´

ki´

ki

q=ki-ki´

Θ/2

Θ/2
E0|kj>

rij

i

j

Figure 11: Schematic picture of two scattering centra.

Writing the square of the scattering vector q2 = |ki−k′i|2 we can for quasi elas-
tic light scattering utilize |ki| ≈ |k′i| and q2 = 2k2

i−2k2
i cosΘ = 16π2n2

λ2
0

sin2 Θ
2 ,

which gives

q =
4πn

λ0
sin

Θ
2

(46)

24The classical limit is molecules not exceeding λ/20 although λ/10 sometimes occurs.
The physical reason for this limit is the assumption of a constant phase of the incident field
within a scatterer

25One did, Debye by name. He derived an expression for a form factor describing the
diffraction by x-rays in molecules (Nobel Price 1936).
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The light scattered from position i and j in Figure 11 will have equal am-
plitude and only differ in phase. The difference in the optical path length
between the scatterers, is −r(k′i−ki) and the corresponding phase difference
∆ϕ = −(2π/λ)r ·(k′i−ki). The resulting field at the detector will be a sum of
the scattered fields at i and j. The phase difference for the incoming light at
the different scattering points is then ϕ = −q · r, where r denotes the vector
between the scattering points. Since q · r extracts the r component in the
q direction, it gives the phase shift, whereas all scattering points in a plane
perpendicular to q will have the same phase.26 To obtain the total amplitude
of the scattered field one can sum the phase factors e−iq·r (or equivalently
− cos(q · r) in real numbers) and averaging over all directions of r

〈e−iq·r〉 =
sin(qr)

qr
(47)

For a system with N scattering units

P (Θ) ≡ IΘ

IΘ,0
=

1
N2

∑

i

∑

j

sin(qrij)
qrij

(48)

where rij is the distance between the ith and the jth scattering unit, and
IΘ,0 is the intensity without interference at angle Θ.27 For small angles Θ/2,
the sum in Eq. (48) can be Taylor expanded and limiting ourself only to
qr << 1, the structure factor becomes

P (Θ) ≈ 1
N2

∑

i

∑

j

1− qr2
ij

6
= 1− q2

6N2

∑

i

∑

j

rij (49)

Here we can identify Rg = 1
2N2

∑
i

∑
j r2

ij from Eq. (3) and
expanding 1/(1− x) to obtain

1
P (Θ)

= 1 +
1
3
q2R2

g (50)

The Rayleigh equation, Equation (45), can now be adjusted to
26Diffraction in e.g. crystallography can thus be regarded as ”reflection” by a set of

planes perpendicular to the scattering vector q.
27The assumption that the phase difference between re-radiated fields only depends on

their spatial distribution and is independent of the material is only valid for small angles
or small particles in the limit qRg(n− 1) << 1.
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KC

RΘ
=

(
1

Mw
+ 2A2C

)(
1 +

1
3
q2R2

g

)
(51)

This is the classical Zimm equation for which the molecular weight, second
virial coefficient, and the radius of gyration can be determined by measuring
KC/RΘ as a function on C and q. The second parenthesis accounts for the
interference effects and in the limit q → 0, Eq. (51) is reduced to the Rayleigh
equation, Eq. (45).

5.1.3 Dynamic light scattering

In the previous sections, we have focused on the mechanism for light scat-
tering and the average intensity analyzed with static light scattering. The
instantaneous magnitude of the scattered intensity, however, depends on the
polarization fluctuations in the medium, and thus on the instantaneous po-
sition of the scatterers [94,95]. The variation of intensity with time therefore
contains information on the random motion of the particles. The rate at
which the intensity correlation decays to the average value, the co-called re-
laxation time, is determined by the dynamical properties of the particles. For
two different times t and t + τ the autocorrelation function of a property A
is defined by [94]

〈A(0)A(τ)〉 = lim
T→∞

1
T

∫ T

0
A(t)A(t + τ)dt (52)

or, if we consider a situation where we have a discrete sampling of the different
times

〈A(0)A(τ)〉 ∼= lim
T→∞

1
N

N∑

j=1

AjAj+n (53)

where AjAj+n = A(t)A(t + ∆t) and T = N∆t. In dynamic light scatter-
ing we analyze the autocorrelation function of photo counting fluctuations
〈n(0)n(t)〉, which is proportional to the intensity autocorrelation function
〈I(0)I(t)〉

〈n(0)n(t)〉 = (Qeff∆t)2〈I(0)I(t)〉 (54)

where Qeff is the quantum efficiency of the photomultiplier and ∆t is the
sampling interval. A schematic picture of intensity fluctuations in a light
scattering experiment can be seen in Figure 12.
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Figure 12: Schematic picture of the intensity fluctuations in a light scattering
experiment.

The intensity autocorrelation function and the electric field correlation
function are related by [95]

〈I(t0)I(t0 + t)〉 = 〈E(t0)E(t0)〉2 + 〈E(t0)E(t0 + t)〉2 (55)

or in terms of the intensity correlation function G2(t) and field correlation
function G1

G2(t) = 〈E(t0)E(t0)〉2 + |G1(t)|2 (56)

The movement of the scattering units are not directly related to the intensity
fluctuations but instead to those by the electric field. It can now be conve-
nient to introduce the normalized correlation functions for the electric field
and the intensity as

g1(t) =
〈E(t0)E(t0 + t)〉2
〈E(t0)E(t0)〉 (57)

and

g2(t) =
〈I(t0)I(t0 + t)〉
〈E(t0)E(t0)〉2 (58)

Assuming a system were the scatterers follow Gaussian statistics28

28That is, the mathematical treatment leading to the Siegert relation assumes that, δα
is a Gaussian stochastic variable [94]. In non-Greek, the polarizability fluctuations depend
on e.g., the concentration fluctuations (c.f. Eq. (39)), so the length scale over which

45



g2(t) = 1 + β|g1(t)|2 (59)

where β is a correction factor which takes non-ideal correlations into account,
e.g fluctuations of the scattering volume. For monodisperse particles with
small dimensions compared to the wavelength of light (i.e. qRg << 1), the
field correlation function g1(t) can be described by a single-exponential decay
[95]

g1(t) = e−t/τ = e−Dq2t (60)

where τ is the relaxation time, and D is the translational diffusion constant.
Thus, by measuring the relaxation rate of the normalized electric field correla-
tion function in Eq. (56), we can via the Siegert relation obtain the intensity
correlation function and thus obtain the diffusion constant via Eq. 60. For
a polydisperse sample, where there is N decay rates present we represent the
intensity correlation function by a sum

g1(t) =
N∑

i=1

Aie
−t/τ (61)

where Ai is the amplitude for the i-th relaxation. For many decay rates
Γ = 1/τ we can replace the sum by an integral

g1(t) =
∫

A(τ)e−t/τdτ =
∫

τA(τ)e−t/τd(ln τ) (62)

where the amplitudes in the summation has been replaced by the continuous
distribution of decay times A(τ). The second integral represents an equal
area form, compared to the first integral. The area under the curves (the
intensity) in a plot with the log τ versus τA(τ), thus have the same area
as in a plot with τ versus A(τ).29 To obtain the relaxation times one can
now either analyze the relaxation times via a non-linear fitting procedure or
perform an inverse Laplace transform (ILT) for the continuous distribution
in Eq. (62). The diffusion component for the different components in the
spectrum can then be calculated using [95]

concentration fluctuations are correlated needs to be smaller than the scattering volume,
so that sufficiently many independent subvolumes results in Gaussian intensity fluctuations.
Examples where the Gaussian approximation is not valid, is when the number of particles in
the scattering unit is too small, or when there are interactions in the range of the scattering
volume, in e.g., critical fluids.

29Neglecting the conversion factor ln 10.
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D =
Γ
q2

=
1

τq2
(63)

The diffusion constant can also be expressed as [94,95]

D =
(1− φ)C

NAf

(
∂µ

∂C

)

T,P

=
(1− φ)2

NAf

(
∂π

∂C

)

T,P

(64)

where φ is the volume fraction solute, µ is the chemical potential, and π is
the osmotic pressure. One factor (1− φ) comes from the estimated backflow
of solvent and the other has a thermodynamic origin[97]. From this equation
we can see that the diffusion is not only depending on particle size via the
friction in hydrodynamics, but also the interaction, as accounted for by the
osmotic compressibility (∂π/∂C)T,P .

5.1.4 Light Scattering Apparatus

Figure 13 shows a schematic representation of the light scattering appara-
tus. A frequency-stabilized Coherent Innova Ar ion laser was used as a light
source, emitting vertically polarized light at 488nm.

Figure 13: The light scattering apparatus.

The laser beam is focused at the center of the scattering cell by entrance
optics. The symbol L refers to lenses and A to the analyzer optics, which
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consisted of a 4µm monomodal optical fiber, transferring the signal to the
photomultiplier (PM). A pulse amplifier discriminator converts the electron
output from the PM into a pulse of proper amplitude and duration and
rejects pulses not originating from the scattered light. The signal output is
then analyzed by an autocorrelator which gives the time-dependent intensity
correlation function, g2(t). The ki and ks refer to the incident and scattered
wave vector, respectively.

5.2 Cryo-TEM

This section will briefly describe the Cryo-Transmission Electron Microscopy
(cryo-TEM) technique with the aim to highlight only the central ideas, whereas
the details of the technique has been described elsewhere [98-100]. The main
advantage of the technique is the possibility to study samples in solution by
the use of vitrified specimens. One of the limitations is the demand for vit-
rified solvents. Fortunately, water is well behaved in this respect, resulting
in a transparent glass film. Due to the vacuum in the microscope and the
low vapour pressure of the frozen film, the electrons can penetrate the thin
film (10-500nm), and if the aggregates residing in the film has high enough
electron density compared to water, they may be visualized. In the present
work, vitrification of the sample was achieved by rapidly plunging the sam-
ple in to liquid ethane held at ∼ 100 K (just above the freezing point). The
procedure to rapidly plunge the sample in a cold liquid with relatively high
heat capacity, ensures good probabilities for creating a vitreous ice compared
to the crystalline ice formed when cooling water slowly. The occurrence of a
vitrified film suggests that the cooling is rapid enough to prevent the water
molecules to form crystalline ice. We can therefore assert that any reorgani-
zation of large aggregates is highly unlikely.

An important issue for the interpretation of the electron micrographs is the
awareness of possible artifacts, perturbations of the sample when prepar-
ing the solution on the electron microscopy-grid (EM-grid), and the repre-
sentability of bulk-structures when visualizing them in thin films. There is
also a natural enhancement of the apparent density, arising from the two-
dimensional projection of three-dimensional aggregates. For all micrographs
in this thesis, the measurements was performed with a Zeiss 9002 and the
sample films were prepared under controlled environmental conditions as de-
scribed in paper VII.
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6 Results and Discussion

We will below present the most important findings of papers I-VII collected
at the end of this thesis. The interested reader can consult the papers for
full details.

6.1 Polymer mushrooms under confinement

In this section, we are primarily interested in the detailed characterization
of molecular shape when the configurational space is successively more re-
stricted. A schematic picture of the model used in the first set of simulations
is shown in Figure 14, together with a snapshot of a chain configuration. For
(Rg)L→∞ we have an unperturbed mushroom with respect to the confining
upper surface. In the simulations here, L=100 Å corresponds to 3−5〈R2

g〉1/2

in the range of persistence length of P = 4 Å to P = 24 Å. So for all practi-
cal purposes, L=100 Å can be considered as the limit (Rg)L→∞. In the first
section below, we study the effect of a variable intramolecular pair potential.
In the following section, chain stiffness is taken into account, and we end this
part with a discussion on the criterion for the on-set of compaction.

(0,0,0)x

y

z

L

Figure 14: Visualization of the grafted polymer, confined by un upper impen-
etrable surface. The surface separation, L, is varied between L=100 Å and
L=10 Å, where the latter confinement corresponds to 2.5 times the average
bond length.
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6.1.1 Variable intramolecular pair potential

We have used a chain with n = 50 spherical subunits each of radius 2.0Å,
with the first unit grafted to an impenetrable surface. The intramolecular
interaction was modelled with a Lennard-Jones potential (see Eq. (15)) The
configurationally-averaged properties were calculated by using 50 indepen-
dent MC simulations for each set of parameter values. The symbol < . . . >
denotes the configurational average of the property inside. The total poten-
tial energy of the system, Utot, would be positive or negative depending on
whether the net interactions are repulsive or attractive, respectively. For ε
slightly below 0.5 kT , Utot becomes negative, and we can thus anticipate that
we would enter a regime of collapsed polymers. Increasing ε even further,
the mean molecular size in terms of 〈R2

g〉1/2 is virtually constant. This can
be contrasted to the measure of chain entanglement complexity, 〈N〉, which
exhibits a maximum at ε ≈ 2 kT . We may thus deduce that the although
the mean molecular size is virtually unchanged for ε > 0.75 kT , higher inter-
action leads to a more ”effective” internal loop organization. For high ε, the
polymer will thus attain certain preferred structures with a more overall com-
paction and internal loop arrangement, not conveyed by average molecular
size. These results suggest that the simultaneous use of size and chain entan-
glement complexity can give a more complete picture of the conformational
changes when trying to elucidate the key features determining the structure.
When gradually confining the polymers according to Figure 14, we see dif-
ferent behaviour depending on the intramolecular potential. For ε below
∼ kT , the polymers show a decrease in 〈R2

g〉1/2 until L= 30 Å after which
the chains undergo a ”flattening” transition signaled by a marked increase
of 〈R2

g〉1/2. In Figure 15 we can see the resulting shape-transition map with
chain entanglement versus molecular size.
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Figure 15: Entanglement versus size for the confinement of a chain with
ε = 0.25 kT . The arrows indicate the direction of compression.

We can also note that the minimum in 〈R2
g〉1/2 is not at the same level of

confinement as the maximum in 〈N〉. Using this analysis we can thus see an
increase in the entanglement complexity as the size decreases, until both pa-
rameters show a flattening transition. For ε > 0.75 kT , we observe a different
situation. Recalling that we are in the collapse regime, the distinct feature
is a fairly compact polymer which eventually is flattened by the approaching
surface. The shifted extremum points between 〈R2

g〉1/2 and 〈N〉 showing a
difference in the shape and ”internal response” is now absent. This suggests
that polymers with a strongly attractive intramolecular potential show less
internal reorganization during confinement. In this latter case we can speak
of hard mushrooms which are too compact to attain any further degree of
loop entanglement. These molecules will thus have a shorter range of ”re-
sistance” for compression on the one hand, but a stronger resistance at this
range on the other hand (compared to the soft mushrooms at ε < kT ).
The main results can be summarized in Figure 16, showing the ”〈N〉” surface
as a function of 〈R2

g〉1/2 and ε.
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Figure 16: Schematic representation of chain entanglements as a function
of molecular size and monomer-monomer interaction. The surface has a
bifurcation point (denoted by B), marking the shape transition from a soft
mushroom to a hard mushroom.

For weak interactions, we find a two-sheet surface associated with the be-
haviour of soft mushrooms. In this case, the compaction of free mushrooms
corresponds to paths on the lower surface, whereas the transition to flat
polymers takes place on the upper surface. The direction of compression is
indicated by an arrow in the drawing. For strong interactions, we find only
a one-sheet surface associated with the behaviour of hard mushrooms. On
this surface, polymer shape is not affected by weak confinement, but strong
confinement leads directly into flat polymers. The letters ”a” and ”b” denote
the limits of low and high compression, L = 100 Å and L = 10 Å, respec-
tively, and B denotes the border value of ε ∼ kT between the soft and hard
mushroom regime.

6.1.2 Variable stiffness

In addition to attractive-repulsive interactions treated in Paper I, we will
here consider a wormlike polymer model which incorporates chain stiffness.
We have investigated the effect of varying both the persistence length using
Eq. (13), and the intramolecular pair potential for successively more con-
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fined polymers. Let us start by discussing some characteristic patterns for
the changes in mean size for a semi-flexible molecule. For P = 2b (8 Å) where
b is the average bond length, there is an almost two-fold increase in the ra-
dius of gyration going from ε = 0.5kT to ε = 0.1kT . Further increasing the
stiffness to P = 6b, we see even more pronounced differences. For high val-
ues of ε, however, the difference in chain configuration will be considerably
smaller between small and high P . From this we can infer that a modest
chain stiffness does not significantly influence the mean size of the chain, for
a poor solvent (ε > 0.5kT ).

Turning now to the properties of confined wormlike chains, figure 17a shows
the relation between mean size and chain entanglement during the compres-
sion of molecules with P = 2b and ε = 0.1kT . The two snapshots indicate
a ”free” mushroom (L = 100 Å) and a highly confined chain (L = 10 Å)
with the arrow indicating the direction for compression. Note that the mini-
mum in the size does not mean a distinct maximum in entanglement, and at
L ≈ 20 Å, the chain is flattened by the confining upper surface.

(a) (b)

Figure 17: a) < N > versus < R2
g >1/2 for compressed flexible chains in a)

the good-solvent regime, and b) the poor-solvent regime.

The overall response for various stiffnesses in other molecules (not shown)
with low ε is similar to that in Figure 17a. The behaviour can be contrasted
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with that in Figure 17b, where a chain with the same stiffness but with high
non-bonded interaction (ε = 1.0kT ) is compressed. Molecules in this regime
of strong attraction appear to ”resist” the effect of compression until the pres-
sure is high enough to direct flatten the chain. The ”poor-solvent” condition
produces chains that are rather compact. As a result, the polymer cannot
be confined much further before it undergoes the flattening transition. This
condition can be ”undone” by introducing the competing swelling effect due
to a large persistence length. We are also in this case led to the conclusion
that the only deformations possible for these hard mushrooms is a flattening
transition. The effect of an increased stiffness is by increasing the mean size
and thus the level of compression needed to flatten the chain.

In figure 18 we have collected the data for all P, ε, and L values (P =
4, 8, 16, 24 Å, and ε = 0.1, 0.25, 0.5, 0.75, 1.0kT ). Despite strong variations in
accessible conformations for different values of P and ε, the diagram indicates
a rather narrow range of molecular sizes and chain entanglements.
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Figure 18: This plots collects all data for < N > versus < R2
g >1/2 for chains

under various compressions, stiffness, and solvent qualities. The symbols
correspond to the following interval separations L: (¨) 100 Å; (¤) 50 Å; (M)
30 Å; (◦) 20 Å; (+) 15 Å; (×) 10 Å.

Note that the curve in Figure 18 include the points from the most compact
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to the most elongated conformations. Nevertheless, this collection of data
has physical implications. The curve give us the possibility to classify chains
under various (P, ε, L)-conditions in equivalent states in terms of shape. A
chain with high stiffness with intermediate confinement, for example, will
resemble the chains with less stiffness and higher confinement, in terms of
both entanglement and size. For a more detailed analysis, however, one has
to revert to an analysis as in Fig. 17a and 17b.

Having the tools for detailed shape characterization, it would be of interest
to investigate the criterion for the onset of collapse. Rigorously, the collapsed
polymer regime for very long chains can be determined by the scaling of the
mean size by 〈R2

g〉1/2 ∼ nν where the molecular size exponent is known to be
ν ≈ 0.588 for a swollen chain and ν = 1/3 for a collapsed chain [7]. Above
we have seen that the mean size alone is insufficient to capture all the shape
characteristics in collapsed polymers. Using an additional shape descriptor
provides a more clear analysis of the onset of collapse, and we have used
the mean overcrossing number, N , which gives a supplementary measure of
the polymer configuration. The benefits of this approach is twofold, i) it
can serve as a detailed criterion for the onset of collapse, and ii) it can also
be used for short and medium-sized chains where scaling arguments are not
applicable. We have seen above that a chain with no stiffness and small ε
have a similar behaviour compared to a SAW chain which is the limiting case
for our models with small P and small ε. Furthermore, the shape properties
of SAW are well understood in terms of confinement [90,91,101], and would
serve as a suitable reference system to establish the onset of collapse. In
the wormlike chain model with intramolecular interactions above, there is
a balance between the persistence length and the Lennerd-Jones (LJ) pair
interaction. A “good solvent” corresponds to the regime of small ε and large
P values, whereas large ε and small P values corresponds to“poor” solvent
with compact conformations.

A weak intramolecular interaction in terms of Eq. (15) can be anticipated
to mainly give a strong repulsion from the steep 1/r12 term, whereas the
effect of the attraction would be modest. In Figure 19a, we have collected
simulation results for a number of values of P and ε for strong confinement
(L = 10Å). As expected, we find the mean shape of a chain with ε = 0.1kT
in the vicinity of point (a) in Figure 19a, corresponding to a polymer with
only excluded volume interaction.
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Fig. 3 Relation between chain entanglement and mean chain size for
polymer models in the regime of strongly-conÐned mushrooms
(L \ 10 The symbols used and (P, e) values are the same as thoseA� ).
in Fig. 2. Note that conÐnement increases the entanglement complex-
ity for the chains with small mean size. However, compaction takes
place at roughly the same values of P and e.

since conÐned SAWs with small excluded volume are more
entangled than the chains in the free mushroom regime. Yet,
the overall behaviour is similar to that in Fig. 2. Points (a) and
(b), corresponding to chains with and without LJ-repulsion
respectively, coincide well with limit cases of the SAWs. For
large P values (cf. black circles in Fig. 3), the chains resemble
also SAWs, although their mean sizes are larger than those for
unconÐned chains. As in Fig. 2, wormlike chains with persist-
ence length are described by a single molecular shape curve
that follows the behaviour of the SAWs up to a certain point.
Eventually, though, the behaviour for wormlike chains with
LJ-potential separates from that of SAWs for large values of e.
Consistently with the qualitative behaviour in Fig. 1, we
observe the onset of the collapse transition even in strongly
conÐned chains. Interestingly, the mean molecular shapes for
the separation of the curves are very similar to the values in
Fig. 2. The results indicate that, despite obvious di†erences in
anisometry between a free mushroom and a Ñattened chain,
the ““compaction transitionÏÏ takes place at roughly the same
mean size and level of entanglement, regardless of the level of
compression.

4. Concluding remarks

The analysis presented in this work provides a criterion to
decide whether a chain is collapsed or not. As discussed
before, the location of this conÐgurational transition depends
on the P and e values. In practical terms, the curve separa-
tions in Fig. 2 and 3 can be used to construct the equivalent to
a conÐgurational ““phase ÏÏ diagram for short wormlike chains.

This idea is illustrated in Fig. 4, that shows the range of (e,
P/b) values for which the curve bifurcation takes place (shaded
band). With the accuracy, the ““ transitions ÏÏ at L \ 100present

and L \ 10 fall within the indicated region. Pairs of (e,A� A�
P/b) values to the left correspond to chains dominated by
repulsive interactions (due to the swelling e†ect of the persist-
ence length). In contrast, (e, P/b) values to the right deÐne
chains with dominant attractive interaction (due to the pres-
ence of the LJ-potential). These two regions correspond to
chains in good and poor solvents, respectively. For instance,
the pair P/b \ 6 and e/kT \ 0.5 deÐnes a point located in the

Fig. 4 ConÐgurational ““phase ÏÏ diagram for wormlike chains, in
terms of persistence length (P) and Lennard-Jones interaction (e). Per-
sistence length is measured in units of the bond length for the SAWs.
The critical P and e values for the onset of chain ““collapse ÏÏ depend
little on the level of conÐnement, and fall within the indicated shaded
region. The snapshots correspond to polymer conformations obtained
under strong conÐnement (cf. Fig. 1).

swollen-chain conÐgurational ““phase, ÏÏ consistently with the
examples illustrated in Fig. 1 (left). In turn, the point P/b \ 4
and e/kT \ 1.0 is placed in the collapsed-chain conÐgu-
rational ““phase, ÏÏ also in agreement with the conformers dis-
played in Fig. 1 (right).

In conclusion, we have presented an approach that pro-
duces a tentative ““conÐgurational phase diagramÏÏ for the
equivalent to a collapse transition in realistic, medium-size
polymers. The chain lengths considered here are representa-
tive of an important family of systems that cannot easily be
analyzed by using common scaling techniques. Our method
classiÐes a chain as collapsed, based on a reference model (the
SAWs) and two independent shape descriptors. Note that a
single descriptor does not appear to be enough to decide on
compaction. Chains with the same length can have the same
mean size whether they are controlled by repulsive or attrac-
tive interactions. Yet, we have shown that they do not neces-
sarily have the same size and level of chain entanglement.
These two descriptors take di†erent values when the domi-
nant interaction is attractive instead of repulsive. It remains to
be studied, however, whether a similar phenomenon takes
place in sufficiently long polymers at indeed the location of
the ““conventional ÏÏ collapse transition point.

The present method can easily be extended to deal with
other polymer models. In particular, it could be a useful tool
to study, in an unbiased manner, how various potential inter-
actions and external factors a†ect molecular shape.
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(b) Configurational ”phase” diagram.

Figure 19: a) Relation between the chain entanglement and mean chain size.
The dashed curves indicate the error bars for the SAWs with variable ex-
cluded volume. The points denotes simulations with different P and ε values
in the range P = 4 to P = 32 Å and ε = 0.1 to 2.0kT . The size of the plot-
ting symbols represents the error bars. b) Configurational ”phase” diagram
in terms of P and ε. The critical P and ε values for the onset of collapse
depend little on the level of confinement, and their variance is shown within
the shaded region. The snapshots correspond to L = 10 Å

The points in Figure 19a represent models of wormlike chains with variable P
and ε values. The (a) and (b) points correspond to ”trivial” wormlike chains
(P = b) with and without a Lennard-Jones pair potential, respectively. As ε
increases, the entanglement complexity increases smoothly. Comparing with
the behaviour of SAW chains, however, we can see the precise deviation from
chains with purely repulsive interactions. All our data with variable P and ε
falls on the same generic curve, and we can clearly see where the shape of the
chain moves away from the SAW. At this point, the attractive part of the
LJ-potential becomes dominant, and the chain starts to form more compact
conformations compared to those from the SAWs. Since all our data falls
on the same generic curve, we can identify a single critical molecular shape
associated with the onset of chain compaction. For a free mushroom with 50
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monomers this shape corresponds to 〈N〉 ∼ 9 and 〈R2
g〉1/2 ∼ 4b.

The point of curve separation in Figure 19a, can thus be used to construct
configurational ”phase” diagrams for short to medium-sized polymers with
non-bonded interactions and/or stiffness. In Figure 19b, we have illustrated
the ”phase” diagram for our present data, with the left part showing the
swollen chains, where the repulsive interaction dominates (due to small ε).
To the right, we see the collapsed region, where the attractive interactions
are dominating. Note that a single descriptor does not appear to capture
the critical shape for the onset of compaction. The present method can also
be used for other types models with short chains, such as e.g., models with
electrostatic interactions, and would then be a useful tool for investigating
the effect on molecular shape for different interaction models.

6.2 Path-space ratio as a molecular shape descriptor

In previous sections, we have seen how a description in terms of both mean
molecular size and chain entanglement complexity results in a detailed pic-
ture of the polymer behaviour under confinement. The analysis, however, is
CPU-intensive. For example, for analyzing 50 trajectories with 200 coordi-
nate dumps each, for a polymer with n = 50, requires about seven hours for a
rigorous calculation of 〈N〉.30 For lattice polymers, there are analytical meth-
ods to solve the integral in Eq. (29) [87], which renders fast computations.
In an off-lattice system, however, the evaluation of the mean overcrossing
number or other shape descriptors such as the writhe [81], is still out of
reach for large polymers. In this section, we will discuss a new geometrical
descriptor of polymer shape, termed the path-space ratio ζ, aimed at quanti-
fying essential features of chain entanglement, but at a lower computational
cost. This descriptor includes information on the chain connectivity and re-
sults in a very simple closed expression which can readily be calculated. For
the example above, the path-space ratio is calculated in a few seconds. The
path-space ratio is built by using two key ideas: (a) a dimensionless measure
of length along the backbone of the polymer, and (b) the behaviour of topo-
logical ”knot energies”. The full motivation for ζ can be found in Paper IV,
here we will only give its definition and show its main features in terms of
shape discrimination.

30An averaging over 10000 projections is performed in the simulations presented in this
thesis.
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Using the same notation for a parameterized chain as in section 4.2, we define
the path-space ratio relative to a reference point α,

ζα ≡ 1
n− 1

n−1∑

i=1

∑i
j=α

∫ 1
0 ‖γ̇j(s)‖ds

‖γα(0)− γi+1(0)‖ , α 6= i + 1 (65)

where α can be chosen by considering the symmetry of the space curve. For
i > α, the sum in the numerator should be replaced by

∑α
j=i. By using

distances through space and along a path, the path-space ratio is able to
give a measure of global shape from variations of local arclength and chain
curvature over different scales. The same type of geometrical information is
incorporated in descriptors of entanglement complexity and folding features,
such as the mean overcrossing number, which was the motivation for the
proposed form of the equation.
For a polymer model where the n − 1 segments are represented by straight
lines (bond vectors), the the path-space ratio for α = 1 becomes

ζ1 =
1

n− 1

n−1∑

i=1

l1i

‖r1 − ri+1‖ (66)

where l1i =
∑i

j=2 ‖rj − rj−1‖ is the length along the path to the i :th bond
(i.e. the i + 1 unit). This is the equation used below when showing the
performance of ζα. Recalling the features of < N > and < R2

g >1/2 in the
previous sections, we can construct a corresponding “shape-transition” map
with ζα. A natural choice for α is the grafting unit. In Figure 20, we can
see the behaviour of the path-space ratio < ζ1 > versus < R2

g >1/2 for a
grafted polymer with ε = 0.25kT and P = 8 Å. The lower branch (L > 20 Å)
corresponds to the change in shape as a free mushroom is compressed. The
upper branched (L < 20 Å) corresponds to the ”strong confinement” regime.
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Figure 20: The performance of < ζ1 > for polymers with different model
parameters.

Figure 20a shows two characteristic behaviours. The chains first reach a mini-
mum in < R2

g >1/2 but further confinement results in an increase of molecular
size. This behaviour can be contrasted with that for < ζ1 >, which does not
have its extremum at the minimum of < R2

g >1/2, which is analogous to the
behaviour of < N >. In Figure 20b we see the normalized radius of gyration
as a function of the Lennard-Jones parameter ε, for unconfined grafted poly-
mers with P = 16 Å. For the values ε = 0.1kT to 0.75kT , the figure reveals a
clear correlation between the path-space ratio and the radius of gyration. In
this regard the path-space ratio could be motivated as a descriptor of mean
molecular size, as such. However, < ζ1 > also detects other subtler effects
not conveyed by descriptors of mean molecular size. When the effective in-
teraction between the beads is increased from ε = 0.75kT to ε = 1.0kT , we
see that the size is essentially constant but < ζ1 > shows a further increase
in entanglement. This behaviour is analogous to the behavior of the mean
overcrossing number (see paper VI). In summary, < ζ1 > contains sufficient
information to serve as an interesting alternative to more complex descriptors
of molecular shape such as < N >.
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6.3 Aggregating Diblock Copolymers On Spherical Particles.

Having looked at polymers on surfaces in the low density limit, we will now
turn our attention to the regime of polymer brushes. For planar surfaces or
a large spherical particle, one finds a parabolic density profile, whereas for
small particles, the decreased lateral pressure leads to a monotonic decay of
the density. To extend these studies, we have looked at the behaviour in
diblock copolymers for which the solvent incompatible block is grafted to a
spherical surface. Here we will do a preliminary study of the trends in the
system when varying the solvent quality, and in particular, we are interested
in how possible aggregate formation will affect the chain density and end-to-
end distribution, as well as the properties of the individual molecules.
We have used the same polymer model as in previous simulations, except
that only the first two or five subunits are interacting via a Lennard-Jones
potential. The first unit is also restricted to move along the surface of the
particle during the simulation. To quantify the clustering behaviour, we
define a cluster distance, δ, and monomers in the first block being within
this distance are considered to belong to the same cluster. The value of δ has
been chosen as the distance for which the pair potential energy is less than
a given value, and we have chosen the distance corresponding to ε > 0.5kT .
For the cluster analysis, we have used the recursive algorithm described in
Paper IV.
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Figure 21: The density profile.

In Figure 21 we can see a monotonic decrease in the chain density, for all
values of ε considered. This can be contrasted with Figure 22 below, showing
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two snapshots of the equilibrated systems with ε = 0.5kT and ε = 1.25kT . A
stronger interaction clearly results in patches of a more open surface, which
also an analysis of the average free surface area, φ, shows.

(a) Polymers on a 2nm sphere
with σ = 10% and ε = 0.50kT .

(b) Polymers on a 2nm sphere
with σ = 10% and ε = 1.25kT .

Figure 22: Two snapshots of grafted polymers on a sphere.

From a cluster analysis, we see an increase in cluster size with increasing
ε in Figure 23a. We can also see small contributions from temporary clusters
with 20 or more polymers.
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Figure 23: The cluster distribution and the chain-end density.

Looking at Figure 23b, we can find tentative explanation for the insensitivity
of the density profile in Figure 21. The chain end-density at the surface
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increases as the interaction between the anchoring blocks increases. That is,
given small “islands” of clusters which increases the average free surface area,
one can imagine that the ends of the outermost polymers in the clusters can
more easily reach closer to the surface.
The present work is a preliminary investigation for small particles, and fur-
ther investigations are needed to see how this behaviour evolves for other
systems. In particular, it would be interesting to see how this effect varies
with different grafting density and size of the host particle.

6.4 Light Scattering Studies of Complexation between Star-
PEO-Ad and β-Cyclodextrin Polymers

In this section we will look at the structure and dynamics of a star polymer in
aqueous solution, and further, the diffusional behaviour in a mixture together
with a β-cyclodextrin (β-CD, Mw = 3.5 · 104 g mol−1) polymer. The star
polymer used is an adamantane end-capped 4-arm star PEO polymer (star-
PEO-Ad, Mw = 2 · 104 g mol−1), which potentially can yield a plurality of
intermolecular links compared to the linear analogue [102]. Cyclodextrins are
well known in supramolecular chemistry as highly specific molecular hosts for
guest molecules [103-105]. Much work has been performed in recent years on
supramolecular complexes stabilized through inclusion of various molecules
into such cavities [105-112] β-CD is a cyclic oligosacharide with seven glu-
copyranose units, resembling a hollow truncated cone with a hydrophobic
cavity with a well-defined geometry. The end-caps on the star polymer used
in this thesis are tricyclic moieties each consisting of three cyclohexane rings.
The unique feature is the precise fit of the adamantane group into the apolar
β-CD cavity, having an internal diameter of 6.0-6.4 Å [110] and a depth of
7.9 Å. In aqueous solution, the β-CD cavity is occupied by energetically un-
stable water molecules that can be substituted by a less polar guest molecule
with the correct dimensions. The matching in geometry and hydrophobicity
of adamantane leads to a highly specific inclusion interaction [114].
In the following section, we characterize the structural and diffusional be-
haviour of star-PEO-Ad with light scattering and cryo-TEM, and in the next
section we characterize the supramolecular inclusion complexes formed when
adding a β-CD polymer, and in the end the results are rationalized with a
conceptual mechanism for the aggregation behaviour.
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6.4.1 Star polymer self-assembly

From DLS measurements, we find a fast mode corresponding to unassoci-
ated star polymers and a slow mode due to large aggregates. The presence
of aggregates was demonstrated by increased scattering intensity and longer
relaxation times with increasing concentration. The slow mode also showed
a strong angular dependence, which is a typical feature for large aggregates
[95]. The corresponding increase in viscosity was moderate, only 3.5 · 10−3

Pas for 7.5% star-PEO-Ad at 20˚C. In Table I, we have summarized the
hydrodynamic radii for star-PEO-Ad for the fast and slow mode for different
temperatures as determined from the mean relaxation time obtained from an
inverse Laplace procedure, REPES [115,116]. Both the fast and slow modes
have almost constant hydrodynamic radii in the interval 20-55˚C.

Table I. The temperature dependence of Rh for the fast and slow modes of
star-PEO-Ad.

Temp (◦C) Rh (nm) (fast mode) Rh (nm) (slow mode)
20 3.6 72
25 4.1 76
35 4.0 78
45 4.0 75
55 4.2 73

The temperature independence of the slow mode leads us to the conclusion
that the association is primarily not due to hydrogen bonding between the
peptide groups anchoring the adamantane ends, but is probably due to hy-
drophobic interaction between the adamantane groups themselves. Associa-
tion with mainly hydrogen bonds would also be hard in water with 55M H2O
competing with the peptide groups, and would at most be a weak stabilizing
contribution for other interactions. Further experiments, however, are needed
to elucidate the precise association mechanism. Using the time-averaged in-
tensity, we obtain Rg = 61 nm and Mw = 5.1 · 104 g mol−1. Comparing this
size with Rh at 20˚C in Table I, we obtain Rg/Rh = 0.85 which indicates
fairly compact aggregates at low concentrations.31. In Figure 24, however,
we see a fairly porous aggregate for high concentration (7.5%) star-PEO-Ad
in a cryo-TEM micrograph.

31This can be compared to Rg/Rh = 0.68 for a hard sphere and 1.8 for a coil [95].

63



Figure 24: A cryo-TEM micrograph of an aggregate in 7.5% star-PEO-Ad
solution. The arrow in the micrograph denotes a nanosized ice crystal on
the surface of the film with a characteristic white border arising from the
contrast.

Such a structure is further supported by an estimated fractal dimension from
the slow mode of df = 2.1, from the q-dependent intensity, which also indi-
cates a porous structure.
In the lower left corner of the micrograph, one can see white dots, which is de-
graded material. It appears that the adamantane groups are highly sensitive
to the electron radiation in cryo-TEM, since measurements on underivatised
poly[ethylene oxide] and also on the β-CD polymer, showed no sign of ma-
terial degradation. This behavior makes it difficult to obtain high resolution
images of star-PEO-Ad, but on the other hand makes it possible to view
areas of high adamantane density. We will return to this point below, when
discussing the properties of mixtures of star-PEO-Ad and β-CD.

6.4.2 Star and β-cyclodextrin Inclusion Complexes

Here we discuss the main features for a mixture between 1% β-CD poly-
mer and varying Star-PEO-Ad concentration, Cstar. The Star-PEO-Ad and
β-CD polymers show associative phase separation [117] when both species
are at low-to-medium concentrations. To circumvent phase separation, we
chose to work in the star-PEO-Ad rich region at a constant concentration
of the β-CD polymer of 1w%. We successively add star-PEO-Ad, starting
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from a star-PEO-Ad concentration of 5 w%. In this concentration domain a
very viscous, almost gel-like system is formed. Concentrations are expressed
throughout as weight percentage.

Measurements of the angular-dependent relaxation rate show that the main
modes are q2-dependent, i.e. are diffusive in character. For a mixture with
1% β-CD polymer and Cstar = 7.5% we see an pronounced increase in viscos-
ity from 1.1·10−3 to 250·10−3 Pas at 20˚C with respect to the pure 1% β-CD
polymer.32 Estimates of the apparent hydrodynamic radius strongly support
the presence of large aggregates, in contrast to a short correlation length ex-
pected for a continuous network. An evaluation of the hydrodynamic radius
using an extrapolation to infinite dilution is not possible for the mixtures
examined here due to phase separation. To provide a more quantitative ap-
praisal of the data, we have chosen to use apparent radii estimated by the
Stoke-Einstein equation D0 = kT/6πη0Rh, only to illustrate the changes in
the system, although the apparent radii will contain a contribution from the
interaction term which cannot be readily estimated. The scattering intensity
for the mixture is also much higher compared to the corresponding values
for either pure β-CD polymer or star-PEO-Ad. We thus conclude that the
main component of the mixture corresponds to the complex formed between
the β-CD polymer and star-PEO-Ad. This conclusion is further supported
by the viscometry results below.

We have earlier established that the adamantane group is very sensitive to
the electron radiation in cryo-TEM. In the micrographs from the mixture,
there is an almost isotropic degradation with white dots appearing after a
sequence of exposures. The white spots growing at each exposure thus in-
dicating a fairly isotropic distribution of local adamantane-dense regions.
Intriguing questions regarding the fine details of possible networks, however,
cannot be resolved from the electron micrographs. From the pronounced en-
hancement in viscosity and the diffusional behaviour discussed below, we can
anticipate the presence of contiguous, highly porous, network-like structures
interspersed with local areas of dense material. The main characteristics from
DLS measurements is a pronounced shift towards slowed diffusion between
Cstar = 6.5 % and Cstar = 7.5 %. Below we have collected the diffusion
constants for two concentrations at each side of the shift as a function of
temperature.

32A pronounced increase also compared with pure 7.5% star-PEO-Ad with 3.5·10−3 Pas.

65



0

0.5

1

1.5

2

2.5

10 20 30 40 50 60

T (°C)

lo
g(

D
·1

013
/m

2 s-1
)

Figure 25: A plot collecting the diffusion coefficients as a function of tem-
perature and Cstar in the mixture with 1% β-CD. The squares and triangles
denotes 5% and 6.5% star-PEO-Ad, and the diamonds and circles denotes
7.5% and 10% star-PEO-Ad, respectively. Here we can see a shift in the diffu-
sion between 6.5% and 7.5% star in the mixture, a feature which is prevailed
in the whole temperature interval.

Looking at the molar ratios of adamantane groups and β-CD cups, we find
that for 7.5% star-PEO-Ad and 1% β-CD, the stoichiometry of adamantane/β-
CD is 4.2. Thus, there are 4.2 adamantane groups per β-CD moiety on aver-
age (corresponding to more than one 4-arm star-PEO-Ad molecule, assuming
that all β-CD cups are available for the adamantane groups). At Cstar >∼ 7
%, we can thus anticipate fully “saturated” β-CD polymers. As there are
excess star-PEO-Ad polymers, these may in turn contribute to the complex
growth by forming loose “links” between the fully saturated β-CD and star-
PEO-Ad complexes. Looking at the viscosity data in Figure 26 below, we
see a decrease in viscosity with increasing star-PEO-Ad concentration. Con-
sider for example 20˚C, here the viscosity decreases with increasing Cstar

and shows a drastic drop between Cstar = 7.5 % and Cstar = 10 %. For
the temperature dependence, we see the approach to an apparent plateau at
∼ 50 · 10−3 Pas as T → 50˚C.
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Figure 26: The specific viscosity for star-PEO-Ad and β-CD polymer mix-
tures. For a fixed low temperature, we see a gradual decrease in viscosity
with increasing Cstar and 1% β-CD polymer. Here we also see the approach
to an apparent plateau at ∼ 50 · 10−3 Pas as T → 50oC and Cstar → 10%.

We also observe almost the same picture for Cstar → 10% and T → 50˚C. Re-
calling that the slow mode diffusion of the pure star-PEO-Ad was essentially
constant, this suggests a lability of the star-PEO-Ad inclusion links between
β-CD polymers at 50˚C. The mixtures also showed shear rate independence
for the shear rate interval 0.05−30 s−1. From the overall pattern of diffusion
and rheology behaviour, the following physical picture emerges. These is an
interplay between the progressive growth of the supramolecular complexes
with increased Cstar in terms of “decoration” of star-PEO-Ad, and the suc-
cessive decrease of the probability to form direct inclusion-to-inclusion links
between the β-CD polymers as they become more “saturated”. The mech-
anism is shown schematically in Figure 27, and would serve to explain the
combined diffusional and rheological behavior.
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1% ββββ-CD 10% Star-PEO-Ad

Figure 27: Schematic illustration of the proposed association mechanism.

For clarity, we have assumed that only three β-CD cups are available on
each β-CD polymer, represented by grey spheres. In the upper part, we have
fewer star polymers than β-CD cups and thus have the possibility to form
inclusion links between the β-CD polymers. In the lower part we see the
situation with excess star polymers, which can form links between fully sat-
urated β-CD polymers. This results in a distinct decrease in the diffusion
coefficient since. Since the self-association interaction (marked with a square
in the lower part of Figure 27) of the star-PEO-Ad polymers appears to be
weaker compared to the inclusion bond between adamantane and β-CD cups
(marked with a square in top part of Figure 27), we can understand the
observed decrease in the macroscopic viscosity. On the one hand, dynamic
light scattering measures the growth of the complexes to form loose aggre-
gates, whereas on the other hand, the weak interaction between adamantane
end-capped groups reduces the viscosity compared to the decreasing number
of inclusion links between the β-CD polymers.

It seems that the stoichiometry between the guest and host moieties de-
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termines a crossover from a system with a large number of inclusion links
between the β-CD polymers at low star-PEO-Ad concentration, to a system
with fully “saturated” β-CD polymers interlinked by star polymers, and no
significant amount of inclusion-interlinks. In the latter case, the supramolec-
ular complexes are stabilized by weak association between the adamantane
groups of the star-PEO-Ad. From DLS we seem to observe the preliminary
stage of this effect, where the viscosity is sensitive to some still remaining
inclusion-interlinks. The temperature dependence of both diffusion (see Pa-
per VII) and the viscosity, furthermore suggest a lability of inclusion links
between the complexes at 50˚C.

7 Concluding Remarks

The main part of this thesis concerns the detailed characterization of shape
changes in confined grafted polymers. Using a model with both non-bonded
pair interaction and stiffness for a wide range of parameters, we have seen two
regions of behaviour, i) soft mushrooms, and ii) hard mushrooms, with qual-
itatively different behaviour under confinement. The soft mushrooms show
an increase in chain entanglement as being compressed, until they undergo
a flattening under strong confinement. The hard mushrooms, being fairly
compact from the beginning, show no sign of increased chain entanglement
under compression, which indicates a harder ”resistance” for confinement.
In this work we have quantified the limits, and the extend of this behaviour
with the simultaneous use of mean molecular size and chain entanglement
complexity.

We have also looked at the self-assembly at spherical surfaces for grafted
polymers. In particular, we find quite different surface properties in terms of
free surface area and “islands” of clusters, but no indication for this is seen
in the density profile for the grafted polymers. However, further simulations
with a broad set of parameters is needed to define the limits of this behaviour.

For a more detailed and also more efficient analysis of simulation data, both
for this work and in general, parts of this thesis has also concerned the de-
velopment methods for cluster and percolation analysis. We have also intro-
duced a new descriptor of shape, the path-space ratio, designed to quantify
essential features of folding complexity at a low computational effort.
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