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1. Introduction

By Newton’s second law of motion, the motion of a particle can be described by
the differential equation

d

dt
(mv) = F,

where v and m are the velocity and the mass of the particle, and F is the vector
sum of all forces exerted on the particle. In most cases, m is constant, and the
equation reduces to

ma = mr̈ = F,

where r̈ = a is the acceleration of the particle.

The Hamilton principle of least action says that the solution r = r(t) of Newton’s
equation minimizes the action functional

I(r) =

∫ t1

t0

L(r(t), ṙ(t), t) dt,

where the Lagrangian L = T − V is the difference of the kinetic and the potential
energy.

This is really a truth with modification. What the principle says is that a solution
of Newton’s equation is a critical point of the action functional. This critical point
may be a local maximum, a local minimum or a saddle point (although it is often a
minimum in practice). Thus, critical point theory concerns the study of all types
of critical points, in contrast to the calculus of variations, which only handles
minimum points.

When studying differential equations, a basic question is whether there exists a
solution to the given equation, and if the answer is yes, is this solution unique?
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For ordinary differential equations a famous theorem of Picard states that if f is
a reasonably smooth function, the initial value problem

ẋ(t) = f(x, t)

x(t0) = x0

has a unique solution.

For partial differential equations, there is no general theorem of this kind, which
means that we more or less need to consider each equation separately. For some
equations, it is possible to translate the problem into a problem of critical point
theory, i.e. to find a functional whose set of critical points coincides with the set
of solutions of our differential equation. By studying this functional, we may be
able to show that it has a critical point, and thus that the corresponding equation
has a solution.

If the functional ϕ is bounded from below (or from above), it might have an
absolute minimum (or maximum) point. Such a point is a critical point, and
hence a solution of the corresponding differential equation. See Struwe [11], for
an introduction to the direct method of the calculus of variations, which handles
these matters.

In many cases, the functional is indefinite, i.e. it is neither bounded from above nor
from below. In these cases, there does not exist a global minimum or maximum of
the functional. Then a minimax principle might be useful. The minimax theorem
which is most well known is probably the mountain pass theorem. Let ϕ be a C1

functional defined on a Banach space X which satisfies

(i) ϕ(0) = 0,
(ii) there exists u1 ∈ X such that ϕ(u1) ≤ 0,
(iii) there exists 0 < ρ < ‖u1‖ and c0 > 0 such that inf‖u‖=ρ ϕ(u) ≥ c0.

The value

c = inf
γ∈Γ

max
t∈[0,1]

ϕ(γ(t))

is a candidate for a critical value of ϕ, where

Γ = {γ ∈ C([0, 1], X); γ(0) = 0, γ(1) = u1}.

Think of ϕ(u) as representing the height of land at a point u. Then 0 is a point in
a valley bounded by a mountain range ‖u‖ = ρ. The point u1 is a point in another
valley outside the mountain range. The set Γ consists of all continuous paths from
0 to u1 (over the mountain range). For a path γ ∈ Γ, the number maxt∈[0,1] ϕ(γ(t))
is the maximum height on that path, and so the value c is the smallest possible of
all those maximal heights. If a smallest value exists, then it should be intuitively
clear that c is a critical value of ϕ.

However, there does not always exist a smallest value of maxt∈[0,1] ϕ(γ(t)). Con-
sider the following example in R2 ∼= C: Let ϕ ∈ C1(R2, R) be given by

ϕ(x, y) = ϕ(z) = |ez − 1|2 = e2x − 2ex cos y + 1.

It is easy to check that ϕ(0) = ϕ(2πi) = 0. Moreover, for |z| = π, it can be shown
that ϕ(z) ≥ c0 for some c0 > 0. Thus, we have the situation described above.
Nevertheless, 0 is the only critical value of ϕ.
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Even if we cannot find a smallest maximum height, we can always pick a sequence
uj ∈ X such that

ϕ(uj) → c

ϕ′(uj) → 0,

Such a sequence uj is called a (P–S)c sequence (shorthand for Palais–Smale se-
quence at level c). A value c such that there exists a (P–S)c sequence is called a
Palais–Smale value. If we knew that every (P–S)c sequence had a convergent sub-
sequence, then by continuity, this subsequence would converge to a critical point.
The functional ϕ is said to satisfy the (P–S)c condition if every (P–S)c sequence
has a convergent subsequence.

The mountain pass theorem states that if ϕ ∈ C1(X, R) satisfies (P–S)c and con-
ditions (i), (ii) and (iii), then c is a critical value for ϕ.

The proof that a (P–S)c sequence exists rests upon a deformation lemma. This is
a central idea in the theory of critical points, and we state a deformation lemma
in its simplest form here:

Lemma 1. Suppose that c is not a Palais–Smale value for ϕ. Then there exist
ε > 0 and a 1-parameter family of homeomorphisms η(·, τ) of X, 0 ≤ τ < ∞ such
that

(i) η(u, τ) = u if τ = 0 or if |ϕ(u)− c| > 2ε,
(ii) ϕ(η(u, τ)) is non-increasing in τ for every u ∈ X,
(iii) ϕ(η(u, 1)) ≤ c− ε if ϕ(u) ≤ c + ε.

Sketch of proof. We consider the case when X is a Hilbert space and ϕ ∈ C2(X, R),
so that the gradient is a C1 mapping. The deformation is then the flow in the
direction opposite to the gradient of ϕ, which is the direction where ϕ decreases
most rapidly.

By a cutoff function χ(u), which is 0 outside ϕ−1[c − 2ε, c + 2ε] and 1 inside
ϕ−1[c−ε, c+ε], we can assure that the deformation takes place in ϕ−1[c−2ε, c+2ε],
and by choosing ε small, we can make sure that ‖ϕ′(u)‖ is bounded away from
zero when ϕ(u) ∈ [c− 2ε, c + 2ε]. Then the deformation η(u, τ) is the solution of
the initial value problem

d

dτ
η(u, τ) = −βχ(η(u, τ))∇ϕ(η(u, τ))

η(u, 0) = u,

where β is a properly chosen positive constant.

In the general case when X is a Banach space and ϕ is only C1, the result follows
by replacing the gradient by a pseudogradient vector field (see e.g. [11]). �

The use of this deformation theorem in the proof of the mountain pass theorem is
made in the following way: We argue by contradiction, and suppose that c is not
a Palais–Smale value for ϕ. Starting with a path γ1 ∈ Γ such that

max
t∈[0,1]

ϕ(γ1(t)) ≤ c + ε,

by Lemma 1, we can find a new path γ2(t) = η(γ(t), 1) such that

max
t∈[0,1]

ϕ(γ2(t)) < c− ε.

But since γ2 ∈ Γ, this contradicts the definition of c (we have found a path γ2 ∈ Γ
whose maximal height is below the smallest of all such heights).
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For our applications to semilinear elliptic problems on Ω ⊂ RN (or on Ω ⊂ HN),
the Palais–Smale condition is satisfied when Ω is a bounded domain, whence it is
a consequence of the compactness of the embedding of the Sobolev space H1

0 (Ω) =
W 1,2

0 (Ω) into Lp(Ω). Paper I contains an abstract result, which has applications
for semilinear elliptic equations on bounded subsets of RN . A discussion of this
paper and its relation of previous results in the field is made in section 2.

In papers II – IV, we are working on unbounded domains, and we cannot use
compactness of an embedding to show that the (P–S)c condition is satisfied. Our
approach is instead a concentration–compactness argument. In section 3, we dis-
cuss paper II and semilinear elliptic equations on subsets of RN . Section 4 contains
a discussion of papers III and IV which both concern semilinear hypoelliptic equa-
tions on the Heisenberg group.

In all of our papers we study existence of solutions of certain differential equations.
In fact, all the papers contains multiplicity theorems, i.e. we show that certain
boundary value problems have several (in fact, infinitely many) solutions.

2. Nonlinear eigenvalue problems

In 1930, Ljusternik [7] showed that if g ∈ C1(RN , R) is an even function, then
g|SN−1 possesses at least N distinct pairs of critical points. (Here, SN−1 is the unit
sphere in RN .) In other words, this means that g′(u) = λu and λ = (g′(u), u).

This theorem serves as a prototype for more general theorems. For instance,
similar ideas can be applied when H is an infinite dimensional Hilbert space. Let
S denote the unit sphere in H, and let g ∈ C1(H, R) be an even functional such
that g|S satisfies the Palais–Smale condition and is bounded from below. Then g|S
possesses infinitely many distinct pairs of critical points. There are many results
in this direction, and we present one approach below. A good introduction is given
in [10] (see also [11]).

In [8], Krasnoselskii introduced the genus of a closed set. We present here an
equivalent definition due to Coffman [2]. Let A ⊂ H be a closed set such that
A = −A. The Krasnoselskii genus γ(A) is then defined by

γ(A) = min{k ≥ 1; there exists an odd continuous mapping h : A → Rk \ {0}}.
If such a mapping does not exist for any k > 0, we set γ(A) = +∞.

Note that every subset A containing 0 satisfies γ(A) = +∞. Note also that if A is
a subset which consists of finitely many pairs of points, then γ(A) = 1. A typical
example of a set of genus k, is a set which is homeomorphic to a (k−1)-dimensional
sphere via an odd map.

We let
Γk = {A ⊂ S; A = −A, A is closed, and γ(A) ≥ k}.

Then the number
ck = sup

A∈Γk

min
u∈A

g(u)

is a critical value of g restricted to S. In other words, there exists λ > 0 and u ∈ S
such that

g′(u) = λu.

The proof is essentially the same as the proof for the mountain pass theorem
presented above. The difference is that the deformation now takes place in the
manifold S, and that we have to study flows which are odd in u, to guarantee that
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the deformation preserves the family Γk. Also, we use flows in which direction
the value of g increases instead of decreases. By using a slightly more general
deformation theorem as the one stated in section 1, it can be shown that if ck =
ck+1 for some k, then ϕ has infinitely many critical points u such that ϕ(u) = ck

(see e.g. [11]). Thus, in any case the functional g possesses infinitely many critical
points restricted to S.

This theorem has implications on semilinear elliptic equations. Let N ≥ 3 and let
Ω ⊂ RN be a bounded domain. Consider the differential equation

−∆Hu = |u|p−2u,

u ∈ H1
0 (Ω),

where p ∈ [1, p− 2). We look for critical points of the functional

g(u) =
1

p

∫
Ω

|u|p

restricted the sphere S. By the homogeneity of g, we may rescale v = λ1/(p−2)u,
and obtain

g′(v) = v,

Translated to the language of the differential equation,

−∆Hv = |v|p−2v,

and in fact, there are infinitely many solutions of this equation.

The setting in paper I, is a Hilbert space H, and a functional g ∈ C1(H, R) with a
completely continuous derivative. It is also required that g is even, that g(0) = 0
and that g′(u) = 0 only if u = 0. Let Bt be the closed ball centered at 0 with
radius

√
2t, i.e.

Bt = {u ∈ H;
1

2
‖u‖2 ≤ t},

and let St = ∂Bt. Under some additional assumptions, our main theorem asserts
that the numbers σk(t)

σk(t) = sup
A∈Φk

t

min
u∈A

g(t),

where

Φk
t = {A ⊂ Bt; A = −A, A is compact, and γ(A) ≥ k}

are critical values of g|St , and that the curves σk(t) have right and left derivatives
σ′k+(t) and σk−(t).

Note that we now work in the whole ball Bt, and not only on its boundary St.
We make use of a deformation lemma by Schechter and Tintarev to make sure
that the deformed set A ∈ Φk

t stays in the same ball Bt and that the value of g
increases in the direction of the flow.

The idea of the proof is borrowed from a paper by Tintarev [12], where a similar
curve for the mountain pass value is studied. However, a gap in the proof of a
lemma of that paper leaves its main assertion unverified. In paper I, a nondegen-
eracy condition on σk(t) is imposed to make the proof work. Since this condition
is difficult to verify in examples, it would be valuable if this condition could be
eliminated or replaced by another condition which is easier to check.

The last section of the paper contains applications to semilinear problems on
bounded subsets of RN , including the differential equation mentioned above.
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3. Semilinear elliptic equations on unbounded subsets of RN

Consider the boundary value problem

(3.1)
−∆u + u = |u|p−2u in Ω,

u = 0 on ∂Ω,

where p ∈ (2, 2N/(N − 2)). Introducing the spaces H1
0 (Ω) as the completion of

C∞
0 (Ω) in the norm

‖u‖H1 =

(∫
Ω

u2 + |∇u|2
)1/2

,

we interpret the solutions of (3.1) as the critical points of the functional

ϕ(u) =

∫
Ω

(
|∇u|2 + u2

)
+

∫
Ω

|u|p.

As mentioned in Section 1, the crucial step in the proof of the existence of a
critical point on a bounded domain makes use of the (P–S)c condition. When Ω is
bounded, this condition follows from the compactness of the embedding of H1

0 (Ω)
into Lp(Ω) for p < 2N/(N − 2). For an unbounded Ω the condition does not hold
in general. But in paper II we find a condition of Ω which guarantees that ϕ
satisfies the (P–S)c condition for every c > 0.

In several papers (see e.g. [4], [13]), the problem of finding one solution of (3.1)
has been studied. This can be done without the (P–S)c condition, by use of the
concentration–compactness principle. One way to do this is to start with a (P–S)c

sequence uj (which exists by e.g. the mountain pass theorem). Then by showing
that there exists w ∈ H1

0 (Ω) and a sequence αj ∈ RN such that uj(· + αj) → w
weakly, this weak limit w is a critical point of ϕ. It might happen, that ϕ(w) 6= c,
as will be seen in the following example.

Let Ω = RN , and imagine that we have found one solution w of equation (3.1).

Let n ≥ 2, and let α
(m)
j , 1 ≤ m ≤ n, be sequences such that |α(m)

j − α
(l)
j | → ∞ as

j →∞. Then the sequence

uj =
n∑

m=1

w(· − α
(n)
j )

is a (P–S)c sequence for ϕ, where c = nϕ(w). However, uj does not possess a
convergent subsequence, and so ϕ does not need to have other critical points than
0 and w.

In paper II, we look for infinitely many solutions of the given equation, and then
the above method fails; even if we can find infinitely many Palais–Smale values,
there might only be one nontrivial critical point.

However, we are able to prove that there are domains Ω which are far from
bounded, and for which the functional ϕ satisfies the (P–S)c condition for every
c > 0. The simplest example is a tube

Ω = {(x, y) ∈ Rl × RN−l; |y| < g(x)},

where g ∈ C(Rl, R) is positive and such that there exists g∞ ≥ 0 such that

lim
|x|→∞

g(x) → g∞

and g(x) > g∞ for all x ∈ Rl.
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By using a known theorem which implies the existence of infinitely many positive
Palais–Smale values, we are able to prove that ϕ has infinitely many critical points.
The proof is based on a concentration–compactness technique and the maximum
principle.

4. Semilinear problems on the Heisenberg group

The Heisenberg group is RN × RN × R with the group operation

(α, β, τ) ◦ (x, y, t) = (x + α, y + β, t + τ + 2(x · β − y · α)) .

This makes HN into a Lie group, and a basis for the left invariant vector fields is

Xj =
∂

∂xj

− 2yj
∂

∂t
,

Yj =
∂

∂yj

+ 2xj
∂

∂t
,

T =
∂

∂t
.

On HN , we define the Heisenberg Laplacian

∆H =
N∑

j=1

(X2
j + Y 2

j ).

This operator is not elliptic, but by the commutation relations

[Xi, Yj] = −4δijT

[Xi, Xj] = [Yi, Yj] = [Xj, T ] = [Yj, T ] = 0,

the vector fields X1,. . . , XN , Y1, . . . , YN , generate the Lie algebra of left invariant
vector fields, so that Xj, Yj satisfy the Hörmander condition of order one (see [6],
[1]). This fact implies that there is an elliptic theory for ∆H. In particular, the
strong maximum principle holds for the Heisenberg Laplacian (see [1]).

A paper by Folland and Stein [5] is important for the study of analysis on the

Heisenberg group. In that paper, spaces Sp
k(HN) and

◦

Sp
k(Ω) which are counterparts

of the Sobolev spaces W k,p(RN) and W k,p
0 (Ω) are introduced. Among other things,

it is shown that there exists an analogue of the Sobolev embedding theorem in
HN . This is important for our work, since we wish to study similar problems as
in paper II but with the classical Laplacian replaced by the Heisenberg Laplacian
∆H.

Let Ω ⊂ HN be a domain, and consider the problem

(4.1) −∆Hu + u = f(x, u),

for a continuous function f , which is odd in u and subject to a subcritical growth
condition.

Paper III studies equation (4.1) on a subset Ω, and it uses the same methods as
paper II. The main difference between the two papers is the condition on Ω which
guarantees the existence of infinitely many critical points of ϕ. It turns out, that
this condition is much easier to fulfill in the Heisenberg group than in RN .

Recall that a typical example of a domain in RN for which the (P–S)c condition
holds is a tube, which shrinks to a cylinder at infinity. In HN , we have two main
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examples of domains for which the condition holds. The first type is tube domains
with the cylinder in the t-direction. For example the domain

Ω = {(x, y, t); |x|2 + |y|2 < g(t)},
where g : R → R is continuous and the limit

g∞ = lim
|t|→∞

g(t)

exists and is such that g(t) > g∞ for all t ∈ R.

The second example is a domain such that there exist constants C > 0 and r < 1
such that

Ω ⊂ {(x, y, t) ∈ HN ; |t| ≤ C(1 + |x|r + |y|r)}.
The first of these examples satisfies the condition even in RN , but the second does
not in general. By similar methods as in paper II, we show that for domains of
this type, the given equation has infinitely many weak solutions.

Paper IV connects to a paper by Coti Zelati and Rabinowitz [3], concerning a
semilinear problem on RN . It turns out that similar methods can be used for the
Heisenberg Laplacian. We study the boundary value problem

(4.2)
−∆Hu + u = f(x, u),

u ∈ S2
1(RN),

where for each s ∈ R, the function f(·, s) is supposed to be invariant under the
subgroup of HN which consists of points with integer coordinates. Moreover, we
assume that f ∈ C2(HN × R, R) and that it satisfies some subcritical growth
conditions. In contrast to the other papers in the thesis f is not supposed to be
odd in u.

Let HN
Z denote the subgroup of H consisting of points with integer coordinates.

Note that if w is a solution to (4.2), then for each α ∈ HN
Z ,

ταw = w(· − α)

is another solution. This defines an equivalence relation on the set of solutions of
(4.2). If two solutions are not equivalent under this relation, we will say that they
are geometrically distinct.

The main result of the paper says that the equation has infinitely many geomet-
rically distinct critical points. The proof is quite technical, and makes use of the
minimax principle, a concentration–compactness technique, and an approximation
argument. We cannot draw the conclusion that the corresponding functional

ϕ(u) =

∫
HN

(
u2 +

N∑
i=1

(
|Xiu|2 + |Yiu|2

))
−
∫

HN

F (η, u) dη

has infinitely many critical values. Indeed, we are either in the case that ϕ has an
unbounded sequence of critical values, or that there exists a constant M > 0 such
that there are infinitely many geometrically distinct critical points u for which
ϕ(u) ≤ M .
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mention Barbara Filié, Hans Frimmel, Björn Ivarsson, Jenny Olander, Åsa Selmer
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