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To My Family

♦
Scien-

tific progress
has often been com-

pared to a mounting tide;
applied to the evolution of phys-

ical theories, this comparison seems to
us very appropriate, and it may be pursued

in further detail. Whoever casts a brief glance at
the waves striking a beach does not see the tide mount;

he sees a wave rise, run, uncurl itself, and cover a narrow strip
of sand, then withdraw by leaving dry the terrain which it had seemed

to conquer, a new wave follows, sometimes going a little farther than the
preceding one, but also sometimes not even reaching the sea shell made wet by
the former wave. But under this superficial to-and-fro motion, another movement

is produced, deeper, slower, imperceptible to the casual observer; it is a
progressive movement continuing steadily in the same direction and by

virtue of it the sea constantly rises. The going and coming of the
waves is the faithful image of those attempts at explana-

tion which arise only to be crumbled, which advance
only to retreat; underneath there continues

the slow and constant progress whose
flow steadily conquers new lands,

and guarantees to physical
doctrines the conti-

nuity of a tra-
dition.

♦

Pierre Duhem

The Aim and Structure of Physical Theory





Preface

THIS WORK has been carried out during the years 1999–2002 at
the Division of Solid State Physics, partly in collaboration with
the Division of Galenic Pharmacy, both at Uppsala University.

The thesis is based on the following articles:

I. Li conduction in sputtered amorphous Ta2O5.
G. Frenning, F. Engelmark, G. A. Niklasson, and M. Strømme.
J. Electrochem. Soc. 148, A418–A421 (2001).

II. Dielectric and Li transport properties of electron con-
ducting and non-conducting sputtered amorphous Ta2O5

films.
G. Frenning, M. Nilsson, J. Westlinder, G. A. Niklasson, and
M. Strømme Mattsson.
Electrochim. Acta 46, 2041–2046 (2001).

III. Dielectric study of thin films of Ta2O5 and ZrO2.
A. K. Jonsson, G. Frenning, M. Nilsson, M. Strømme Mattsson,
and G. A. Niklasson.
IEEE Trans. Dielectrics Electrical Insulation 8, 648–651 (2001).

IV. The dielectric response function determined by regular-
singular-point analysis.
G. Frenning
Submitted to Phys. Rev. B.

v



vi Preface

V. Theoretical derivation of the isothermal transient ionic
current in an ion conductor: Migration, diffusion, and
space-charge effects.
G. Frenning and M. Strømme.
J. Appl. Phys. 90, 5570–5575 (2001).

VI. Characterization of solid-state ion-shuttling devices by
isothermal transient ionic current measurements.
G. Frenning, A.K. Jonsson, A. L. Larsson, and M. Strømme.
Submitted to Phys. Rev. B.

VII. A new method for characterizing the release of drugs
from tablets in low liquid surroundings.
G. Frenning, R. Ek, and M. Strømme.
J. Pharm. Sci. 91, 776–784 (2002).

VIII. Drug release from tablets modeled by dissolution, dif-
fusion, and immobilization caused by adsorption of the
drug to the tablet constituents.
G. Frenning and M. Strømme.
Submitted to J. Pharm. Sci.

The appended papers are reprinted with permission from the publishers.

Comments on my contribution to the papers listed above:

I have manufactured tablets, but have otherwise not been involved in
any sample preparation. I have performed all experiments, analyses,
and theoretical calculations and have been primarily responsible for the
writing, with the exceptions listed below:

I. I was not involved in the RBS measurements.

II. I was not involved in the RBS measurements, and was only partly
involved in the dielectric measurements on the nc-Ta2O5 film.

III. I did not perform the dielectric measurements on the ZrO2 film,
and was only partly involved in writing the manuscript.

VI. I did not perform the ITIC measurements.

VII. I did not perform the ESEM imaging.



Contents

Preface v

List of Figures xi

List of Tables xiii

Chapter 1: Introduction 1
1.1 Summary Outline . . . . . . . . . . . . . . . . . . . . . . . 3

Chapter 2: An Electrodynamics Primer 5
2.1 Fundamental Equations . . . . . . . . . . . . . . . . . . . 5

2.1.1 The Maxwell Equations . . . . . . . . . . . . . . . 5
2.1.2 Constitutive Relations . . . . . . . . . . . . . . . . 6
2.1.3 Potentials . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.4 The Continuity Equation . . . . . . . . . . . . . . 7

2.2 Planar Systems . . . . . . . . . . . . . . . . . . . . . . . . 7

Chapter 3: Experimental Methods 9
3.1 DC Methods . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.1.1 ITIC Measurements . . . . . . . . . . . . . . . . . 10
3.2 AC Methods . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.2.1 Impedance Spectroscopy . . . . . . . . . . . . . . . 11
3.2.2 AIC Measurements . . . . . . . . . . . . . . . . . 12

3.3 Electrochemical Methods . . . . . . . . . . . . . . . . . . 13

vii



viii Contents

3.3.1 The Electrochemical Setup . . . . . . . . . . . . . 13
3.3.2 Intercalation/GITT . . . . . . . . . . . . . . . . . 14

Chapter 4: Systems 17
4.1 Capacitive Systems . . . . . . . . . . . . . . . . . . . . . 17

4.1.1 Tantalum Oxide . . . . . . . . . . . . . . . . . . . 18
4.1.2 Zirconium Oxide . . . . . . . . . . . . . . . . . . . 18

4.2 Ion-Shuttling Devices . . . . . . . . . . . . . . . . . . . . . 18
4.3 Drug-Delivery Systems . . . . . . . . . . . . . . . . . . . . 20

4.3.1 Immediate Release Tablets . . . . . . . . . . . . . 20
4.3.2 Tablet Manufacturing . . . . . . . . . . . . . . . . 21
4.3.3 Tablet Testing . . . . . . . . . . . . . . . . . . . . 22

Chapter 5: General Transport Theory 25
5.1 Conservation Laws and Constitutive Relations . . . . . . 26

5.1.1 Conservation Laws . . . . . . . . . . . . . . . . . . 26
5.1.2 Constitutive Relations . . . . . . . . . . . . . . . . 27
5.1.3 Generalizations . . . . . . . . . . . . . . . . . . . . 28

5.2 Time- and Frequency-Domain Response . . . . . . . . . . 30
5.2.1 Time-Domain Response . . . . . . . . . . . . . . . 30
5.2.2 Frequency-Domain Response . . . . . . . . . . . . 32

5.3 Correlations and Response Functions . . . . . . . . . . . . 32
5.3.1 Conduction: The Linear Response Theory . . . . . 34
5.3.2 Diffusion . . . . . . . . . . . . . . . . . . . . . . . 35

5.4 Origins of the Memory Effect . . . . . . . . . . . . . . . . 37
5.4.1 Fundamental Statistical-Mechanics . . . . . . . . . 37
5.4.2 Generalized Master Equations . . . . . . . . . . . . 38
5.4.3 Generalized Langevin Equations . . . . . . . . . . 39

Chapter 6: Transport in Ionic and Mixed Conductors 41
6.1 Mixed Conductors: The General Case . . . . . . . . . . . 41
6.2 Chemical Diffusion . . . . . . . . . . . . . . . . . . . . . . 44
6.3 Transient Currents . . . . . . . . . . . . . . . . . . . . . . 45

6.3.1 An Expression for the External Current . . . . . . 45
6.3.2 Diffusion, Migration, and Space-Charge Effects . . 47
6.3.3 Generalizations . . . . . . . . . . . . . . . . . . . . 48

Chapter 7: Dielectric Response 51
7.1 Time-Domain Response . . . . . . . . . . . . . . . . . . . 51
7.2 Frequency-Domain Response . . . . . . . . . . . . . . . . 52
7.3 Polarization Mechanisms . . . . . . . . . . . . . . . . . . 53



Contents ix

7.3.1 The ‘Universal’ Response . . . . . . . . . . . . . . 54
7.4 The Memory Effect . . . . . . . . . . . . . . . . . . . . . . 55
7.5 Theoretical Descriptions of the Dielectric Response . . . . 56

7.5.1 The Dissado-Hill Model . . . . . . . . . . . . . . . 56
7.5.2 Fractal Description . . . . . . . . . . . . . . . . . 57
7.5.3 Regular-Singular-Point Analysis . . . . . . . . . . 57

7.6 The Master Plot Technique . . . . . . . . . . . . . . . . . 58

Chapter 8: Results and Discussion 59
8.1 Ion Conductors, Mixed Conductors, and Ion-Shuttling

Devices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
8.1.1 Ion Conductors . . . . . . . . . . . . . . . . . . . . 59
8.1.2 Mixed Conductors and Ion-Shuttling Devices . . . 60

8.2 Dielectric Response: Tantalum Oxide . . . . . . . . . . . . 61
8.2.1 Room-Temperature Dielectric Properties . . . . . . 62
8.2.2 Temperature-Dependent Dielectric Properties . . 63

8.3 Pharmaceutical Systems . . . . . . . . . . . . . . . . . . . 65

Chapter 9: Conclusions and Outlook 67

Acknowledgments 69

References 71





List of Figures

2.1 Schematic view of a planar system. . . . . . . . . . . . . . 8

3.1 Experimental setup for thin films. . . . . . . . . . . . . . . 10
3.2 Experimental setup for pharmaceutical materials. . . . . . 11
3.3 The three-electrode electrochemical setup. . . . . . . . . . 13
3.4 Illustration of one GITT step. . . . . . . . . . . . . . . . . 15

4.1 The structure of an electrochromic device. . . . . . . . . . 19
4.2 Scheme for tablet disintegration and drug release. . . . . . 21

5.1 Illustration of the linear response. . . . . . . . . . . . . . . 31

6.1 The fields within a planar ion conductor. . . . . . . . . . . 46

8.1 Contour plot of the half-life τ1/2. . . . . . . . . . . . . . . 60
8.2 The ITIC in an electrochromic device. . . . . . . . . . . . 61
8.3 Dielectric permittivity of Ta2O5 thin films. . . . . . . . . 62
8.4 Master plot of the dielectric susceptibility of nc-Ta2O5. . . 64
8.5 Cumulative amounts of released drug. . . . . . . . . . . . 66

xi





List of Tables

4.1 The biopharmaceutical classification scheme. . . . . . . . 22

xiii





CHAPTER 1

Introduction

THIS THESIS treats charged particle transport, mostly in solid
materials but also, to some extent, in aqueous media. Three
major types of materials have been investigated; dielectric ma-

terials, ion conductors, and drug-delivery systems. The studied materi-
als all have scientific as well as technological interest. High-permittivity
dielectric materials find important applications in the electronic indus-
try.1,2 Ion conductors are used as solid electrolytes in both rechargeable
lithium ion batteries3,4 and electrochromic devices.5,6 Virtually all com-
mercial tabletted medicines contain, in addition to the drug substance
itself, various constituents, which are crucial for an optimal tablet per-
formance.7

Dielectric materials are characterized by their ability to redistribute
more or less firmly bound electric charges within the material in response
to an externally applied electric field. The dielectric permittivity is a
measure of the magnitude of this charge displacement. If the response
of dielectric materials to sinusoidal electric fields of different frequency
is determined, it is with few exceptions found that the dielectric permit-
tivity is strongly frequency dependent. From this frequency dependence
much information about the charged particle transport within the mate-
rial can be extracted. In this work frequency-dependent dielectric prop-
erties of sputtered amorphous thin film tantalum oxide (Ta2O5) have
been investigated.

1



2 Introduction Chap. 1

Interestingly, the dielectric spectrum of most solid materials exhibits
for comparatively low frequencies (lower than the microwave frequency
region) universal features. Most often both the low and high frequency
parts of the spectrum are characterized by certain power-laws,8,9 i.e.,
the dielectric permittivity is a power function of the frequency of the
applied electric field. These power-laws may be interpreted in terms of
regular singular points (RSPs) of the underlying rate equation for the
corresponding polarization-current response function. By using the RSP
concept, a new interpolation formula for the dielectric permittivity has
been derived, that interpolates between the two power-law regions at
low and high frequencies. This formula was found to provide a good de-
scription of the dielectric response of the experimentally studied Ta2O5.

Ion conductors are materials that predominantly conduct ions, not
electrons. In this thesis, transient ionic currents, caused by the appli-
cation of a constant potential across a material containing mobile ions,
have been used to extract information about the ionic motion. The
ion conduction process has, furthermore, been analyzed theoretically,
and expressions for transient ionic currents derived, both for single ion
conducting layers and for three-layered structures of ion conductors.

Electrical measurement techniques have also been applied to phar-
maceutical systems. The release, in aqueous media, of charged drug
substance from pharmaceutical dosage forms (tables etc.) may be de-
termined by monitoring the conductance of the liquid surrounding the
dosage form as a function of time. In this work, tablets made of agglom-
erated micronized cellulose have been investigated, and sodium chloride
has been used as a model drug. An attempt has also been made to
describe the combined drug dissolution and drug release processes in
mathematical terms.

Despite the dissimilarities between the studied materials, it is possi-
ble to describe their charged particle transport in a unified manner, at
least in the linear regime. Basically, two processes contribute to the flux
of charged particles within a material; migration and diffusion. When
there is only one particle flux, or when the interactions between the
various fluxes may be neglected, the charged particle transport may,
therefore, be described by a combination of the well-known Ohm’s and
Fick’s laws. When many fluxes coexist, they influence one another, and
the description has to be modified to take this mutual interaction into
account. The famous Onsager cross-coefficients10,11 represent one such
modification. In some experimental situations, if the time resolution is
good enough, it is found that the particle flux lags behind its driving
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force. This is particularly true for dielectric materials, and the relation
between the polarization current and applied electric field becomes non-
local in time. These systems exhibit a memory of the previous driving
forces, and in order to obtain the flux at a certain time it is necessary
to take the previous history into account. Non-equilibrium statistical
mechanics12–16 provides a general description of this causal behavior.

1.1 Summary Outline

The outline of this summary is the following: Chapter 2 summarizes
the basic concepts used in classical electrodynamics, since these form a
prerequisite for the following discussion of charged particle transport.
Chapter 3 describes the experimental methods used in this work to ex-
tract information about the investigated systems and materials. Chap-
ter 4 provides background information about these systems and materi-
als, as well as their technological applications. Chapter 5 is intended to
give a deeper understanding of the charged-particle transport process,
and discusses generalizations of the usual Ohm’s and Fick’s laws, valid
in the linear regime for single-component systems without appreciable
memory, to multi-component systems with memory. Chapter 6 treats
transport in ionic and mixed ionic/electronic conductors, and may be
considered an application of the general theory outlined in Chap. 5 to
multi-component systems for which memory effects can by neglected.
Chapter 7 describes the dielectric response, and is complementary to
Chap. 6 in the sense that only a single charged particle species is consid-
ered but memory effects are retained. Chapter 8 discusses some illustra-
tive results for each of the major areas of investigation. The summary
is concluded by some suggestions for future work in Chap. 9.





CHAPTER 2

An Electrodynamics Primer

CLASSICAL ELECTRODYNAMICS is a natural starting point
for a treatment of charged particle transport. Even though most
readers certainly are familiar with this subject, I will in this

chapter summarize its basic concepts. My purpose is twofold. Firstly, it
will be convenient to state the fundamental equations for future refer-
ence. Secondly, several of the materials parameters investigated in this
thesis, such as the conductivity and dielectric permittivity, are most nat-
urally introduced through their electrodynamic definitions. This chapter
contains material that can bee found in most textbooks on classical elec-
trodynamics (see, e.g., Refs. 17–20).

2.1 Fundamental Equations

2.1.1 The Maxwell Equations

As is well-known, the electric and magnetic fields E and B are caused
by electric charges, either at rest or in motion. The relation between the
fields and their sources, the charge and current densities, is embodied in
the Maxwell equations. These equations may be written in two slightly
different forms. The microscopic Maxwell equations, which are the most
fundamental, relate the E and B fields to the total charge and current
densities. For material media, the macroscopic Maxwell equations are

5



6 An Electrodynamics Primer Chap. 2

often used. These equations make use of the derived D and H fields,
which are called the displacement and the magnetizing field, respectively,
and relate the fields to the ‘true’ or ‘free’ charge and current densities
ρ and J:

∇ · D = ρ , (2.1a)
∇ · B = 0 , (2.1b)

∇ × E = −∂B
∂t

, (2.1c)

∇ × H = J +
∂D
∂t

. (2.1d)

The derived D and H fields are related to the primary E and B fields
and the polarization P and magnetization M in the medium by

D = ε0E + P , (2.2a)

H =
B
µ0

− M , (2.2b)

where ε0 and µ0 are the permittivity and permeability of free space.
Contrary to the microscopic Maxwell equations, the macroscopic equa-
tions (2.1) provide only an approximate, although often excellent, de-
scription of reality.

2.1.2 Constitutive Relations

In the most general case, the polarization P, magnetization M, and cur-
rent density J are related to the primary fields E and B by complicated
nonlinear and nonlocal functionals. For sufficiently low field strengths
it is, however, often a good approximation to neglect nonlinear effects.
Furthermore, if nonlocal effects may be neglected, and the material is
isotropic, we may write the constitutive relations as

D = ε0εrE , (2.3a)
B = µ0µrH , (2.3b)
J = σE , (2.3c)

where εr, µr, and σ are the relative dielectric permittivity, relative per-
meability, and conductivity of the material, respectively. All materials
investigated in this thesis are nonmagnetic, i.e., M = 0 or, equivalently,
µr = 1. The dielectric permittivity and conductivity, on the other hand,
will be discussed extensively, particularly in Chaps. 5–7.
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2.1.3 Potentials

Since the magnetic field is divergence free [cf. Eq. (2.1b)] this field can be
written as the curl of a vector quantity,21 the magnetic vector potential
A, i.e.,

B = ∇ × A . (2.4)

Insertion of Eq. (2.4) into Eq. (2.1c) shows that the quantity E+∂A/∂t
is irrotational, and hence can be written as the gradient of a scalar
quantity.21 It is customary to introduce the electric scalar potential φ
and to write

E = −∇φ − ∂A
∂t

. (2.5)

The vector and scalar potentials A and φ are often easier to calculate
than the fields themselves. The vector potential is calculated from the
current density J, and the scalar potential from the charge density ρ.

2.1.4 The Continuity Equation

We conclude this section by noting that conservation of charge is implicit
in the Maxwell equations. Since the divergence of a curl vanishes, we
find by taking the divergence of Eq. (2.1d), and by using Eq. (2.1a),
that the charge and current densities ρ and J satisfy the equation of
continuity

∂ρ

∂t
+ ∇ · J = 0 . (2.6)

Equation (2.6) may be considered a prototype for conservations laws in
physics. Related continuity equations will be discussed in Chap. 5.

2.2 Planar Systems

Most systems investigated in this thesis have a planar geometry. When
end-effects may be neglected, this geometry leads to a considerable sim-
plification in the equations describing the system. To be specific, let us
consider the planar system displayed in Fig. 2.1 on the following page,
which normal is in the x direction. The material under study occupies a
certain region of the x axis and is confined by plane electrodes on both
sides. When end-effects are neglected, it follows from symmetry that all
quantities are independent of the y and z coordinates and that all vec-
tor quantities have an x component only. Specifically, the electric field
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FIG. 2.1: Schematic view of a planar system, which normal is in the x direc-
tion.

may be written as E = E(x)x̂, where x̂ is a unit vector in the x direc-
tion. This electric field is irrotational and the magnetic field, therefore,
vanishes, i.e.,

∇ × E = 0 , (2.7a)
B = 0 , (2.7b)

according to Eq. (2.1c) (we assume that there is no externally applied
time-independent magnetic field). Hence, for a planar system, the vector
potential A vanishes, and the electric field is calculated by using the
scalar potential only:

E = −∇φ . (2.8)

For planar systems, the electric field E is, therefore, conservative.



CHAPTER 3

Experimental Methods

THE EXPERIMENTAL METHODS employed in this work are all
related. Most often an electric potential has been applied across
the sample and the current response monitored. The applied

potential has been either constant (i.e., time-independent) or sinusoidal
(i.e., time-harmonic).

When a constant potential is applied, the only option is to monitor
the resulting current as a function of time. For a sinusoidal potential
there are two possibilities. For stationary systems the frequency of the
applied potential may be varied, and the frequency-dependent properties
of the system determined. This is the working principle of impedance
spectroscopy. For time-dependent phenomena a potential with constant
frequency may be used, and the properties of the system determined as
a function of time.

As is clear from above, most of the experimental methods employed
in this work can be conveniently divided into direct-current (DC) and
alternating-current (AC) methods, depending on whether the applied
potential has been constant or sinusoidal. To this classification must be
added the electrochemical methods that have been used to determine
ion storage properties and chemical diffusion coefficients. These meth-
ods may, in general, use both constant and sinusoidal potentials and
currents. Furthermore, the three-electrode electrochemical setup differs
from the two-electrode setup used for the other measurements. I, there-

9



10 Experimental Methods Chap. 3

FIG. 3.1: Schematic picture of a the experimental setup used for thin film
measurements, showing the sample and the electrodes.

fore, choose to present the electrochemical methods under a separate
heading.

3.1 DC Methods

In this section I will describe the isothermal transient ionic current
(ITIC) technique, which is a DC method used in this work to extract
information about the ionic motion within thin-film materials. A re-
cent application of the ITIC technique to pharmaceutical systems is
also briefly covered.

3.1.1 ITIC Measurements

Thin Films

The experimental thin film setup is illustrated in Fig. 3.1. The sample
is confined by two plane electrodes, the lateral dimensions of which are
much larger than the sample thickness. End-effects may, consequently,
be neglected, and the system may be considered planar, as discussed in
section 2.2 on page 7.

Conduction parameters for solid materials containing mobile ions
can be determined by using the ITIC technique.22–24 At time t = 0 the
potential across the sample is stepped from 0 V to a constant value U ,
and the resulting current I(t) is determined as a function of time. For a
material with low electronic conductivity, this current is mainly caused
by the ionic motion within the sample, and since the ions are blocked
by the electrodes, the current is transient.
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FIG. 3.2: Schematic picture of the measuring cell used for measurements on
pharmaceutical materials, showing the liquid container and the electrodes.

Pharmaceutical Materials

Recently, the ITIC technique has been used to determine instantaneous
water absorption properties of pharmaceutical excipients.25,26 The ex-
perimental setup used for these measurements is illustrated in Fig. 3.2.
The measuring cell consists of a cubic liquid container, with silver elec-
trodes mounted on two of its sides. The liquid container is filled with an
aqueous solution containing mobile ions. When the excipient is intro-
duced into the salty solution, it rapidly absorbs some of the liquid, and
the number of charge carriers in the surrounding liquid is diminished.
Hence, the measured current decreases, and from the magnitude and
rate of the current decrease the absorption capacity and absorption rate
of the excipient can be determined.25

3.2 AC Methods

I have used AC methods in both dry and liquid surroundings. Here
I describe impedance spectroscopy, which has been used to determine
frequency-dependent dielectric properties of Ta2O5 thin films, and the
alternating ionic current technique, used to determine NaCl release from
drug-delivery systems in aqueous media.

3.2.1 Impedance Spectroscopy

Impedance spectroscopy is a method for determining frequency-depen-
dent conduction properties of materials. These properties are usually
expressed in terms of a frequency-dependent relative permittivity ε(ω)
or, equivalently, a frequency-dependent conductivity σ(ω).8,27 The fre-



12 Experimental Methods Chap. 3

quency-dependent relative permittivity and conductivity will be dis-
cussed thoroughly in Chap. 7.

The same thin film experimental setup as for the ITIC measurements,
illustrated in Fig. 3.1 on page 10, is used, i.e., the sample is located
between two plane electrodes, and functions as the capacitive medium of
a capacitor. A sinusoidal electric field of well-defined angular frequency
ω and amplitude E0,

E(t) = E0e
iωt , (3.1)

is applied across the sample, and the resulting alternating current is
determined. This current is, in general, composed of two parts; the
displacement current ∂D/∂t and a DC contribution.8 Accordingly, the
total current density Jtot may be expressed as

Jtot =
∂D

∂t
+ σdcE , (3.2)

σdc being the DC conductivity. By using the constitutive relation (2.3a)
on page 6, with a frequency-dependent relative dielectric permittivity
εr, we find that the total current density can be written

Jtot(ω) = iωD + σdcE = iωε0

[
εr(ω) +

σdc

iωε0

]
E(ω) , (3.3)

for the sinusoidal time-dependence expressed by Eq. (3.1). Hence, the
experimentally accessible relative permittivity ε(ω) also includes the DC
contribution:

ε(ω) = εr(ω) +
σdc

iωε0
. (3.4)

For a material with a nonzero DC conductivity, the relative permittivity,
therefore, has a simple pole at ω = 0.

3.2.2 AIC Measurements

The alternating ionic current (AIC) technique is developed in one of the
appended papers (paper VII) as a tool for determining the release of
electrically charged drug substances from pharmaceutical dosage forms
for extended periods of time. The setup used is the same as for ITIC
measurements on pharmaceutical materials, illustrated in Fig. 3.2 on the
preceding page. The measuring cell is filled with distilled water, and the
dosage form under study is put in the liquid. An alternating potential
is applied across the measuring cell and the alternating ionic current is
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FIG. 3.3: Schematic view of the three-electrode electrochemical setup con-
sisting of a counter (C), a reference (R), and a working (W) electrode, all
immersed into an electrolyte. As indicated in the figure, the current I is mea-
sured (or controlled) between the C and W electrodes, while the potential U
of the W electrode is determined relative to the R electrode.

determined as a function of time. The drug release increases the num-
ber of charge carriers in the liquid surrounding the dosage form, which
results in an increase in the measured ionic current. Provided a suffi-
ciently high frequency is used for the applied potential (� 1 kHz) most of
the electrode polarization can be avoided28 and, therefore, the measured
ionic current becomes a direct measure of the amount of released drug.

3.3 Electrochemical Methods

In this section the three-electrode electrochemical setup is described,
which in this work has been used for intercalation/GITT experiments.
Intercalation is the process whereby ions are inserted into an ionic or
mixed ionic/elelctronic conductor. The galvanostatic intermittent titra-
tion technique (GITT) is a method that allows ions to be intercalated in
a controlled way, and the motion of the inserted ions to be determined.

3.3.1 The Electrochemical Setup

Electrochemical experiments have been performed by using the standard
three-electrode arrangement displayed in Fig. 3.3, which consists of a
counter (C), a reference (R), and a working (W) electrode, all immersed
into an electrolyte. As indicated in the figure, the current is measured
(or controlled) between the C and W electrodes, while the potential of
the W electrode is determined relative to the R electrode.
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In this work the electrolyte consisted of lithium perchlorate (LiClO4)
dissolved in propylene carbonate. The mobile cation in this electrolyte is
Li+ and, therefore, the C and R electrodes were made of metallic lithium.
Lithium is a very reactive metal and cannot be exposed to humid air.
The measurements were, therefore, performed in a non-oxidizing argon
atmosphere containing less than 5 ppm of water (dew point less than
−66 ◦C), by using an ECO Chemie Autolab/GPES interface.

3.3.2 Intercalation/GITT

GITT29,30 provides a means of determining the equilibrium potential
of the sample and the chemical diffusion coefficient of inserted ions, as
functions of composition, i.e., ion concentration.

For the setup used, with metallic lithium as counter and reference
electrodes, the equilibrium potential U eq is a measure of the chemical
potential∗ µ of intercalated lithium relative to that of metallic lithium
(µ0),31 i.e.,

−qU eq = µ − µ0 , (3.5)

where q is the ion charge. Thermodynamics requires that µ increases
when ions are inserted; for positive ions U eq, therefore, decreases with
increasing ion concentration.

The GITT technique makes use of intermittent current pulses, be-
tween which the sample is allowed to reach an equilibrium state. One
GITT step is shown schematically in Fig. 3.4 on the facing page. The
material under study is the W electrode in the three-electrode arrange-
ment shown in Fig. 3.3 on the page before, and the ions to be inserted are
initially located in the electrolyte. Starting with a sample of known ho-
mogeneous ion content, corresponding to an equilibrium potential U eq

0 ,
a current I0 is applied at time t0. When the current is applied, ions mi-
grate into the sample, producing a constant ion concentration gradient
at the interface. Since the surface ion concentration increases, the cell
potential decreases with time during the current step. After a certain
period of time ∆t, the current is switched off, and the ion concentra-
tion within the sample is allowed to equilibrate. Thus, ions move away
from the interface by diffusion, which decreases the surface ion concen-
tration and the potential increases to a new equilibrium value U eq

1 . As
a result of the current flux through the electrolyte and interface, the
potential exhibits an IR drop, R being the resistance of the electrolyte
and interface, during each current pulse.

∗The chemical potential is discussed in Chap. 5.
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FIG. 3.4: Schematic illustration of one GITT step. A current pulse of mag-
nitude I0 and duration ∆t is applied at time t0, which causes the cell voltage
to decrease. When the current is turned off and the sample is allowed to
equilibrate the voltage again increases.

Whereas the equilibrium potential is obtained immediately from the
measurements, some calculations are needed to compute the chemical
diffusion coefficient D̃. In the simplest case D̃ can be calculated accord-
ing to29

D̃ =
4L2

π∆t

(
∆U s

∆U t

)2

, (3.6)

where L denotes the sample thickness, and ∆U s and ∆U t are defined in
Fig. 3.4. For Eq. (3.6) to be valid, it is required that ∆t � L2/D̃.29





CHAPTER 4

Systems

THE SYSTEMS investigated in this work may be classified as
capacitive systems, ion-shuttling devices, and drug-delivery sys-
tems. This chapter provides background information about these

systems, and the materials investigated in this work are introduced
through their applications. Whereas the drug-delivery systems consti-
tute one entity of their own, there is a considerable overlap between
dielectric materials used in capacitors and ion conductors used in ion-
shuttling devices.

4.1 Capacitive Systems

A fundamental aspect of silicon technology is the fact that silicon can
be oxidized in a controlled manner to form the insulator silicon dioxide
(SiO2). For many years SiO2 has, therefore, been the capacitor dielec-
tric used for information storage in dynamic random-access memories
(DRAMs) and the transistor gate dielectric in complementary metal-
oxide semiconductor (CMOS) field-effect transistors (FETs).1 Today,
industry’s demand for greater integrated circuit performance at lower
costs has resulted in larger circuit densities, which means that the re-
quired capacitance per unit circuit area is increasing beyond the limit
of the present SiO2 dielectric.2

17
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4.1.1 Tantalum Oxide

One of the possible high-permittivity materials that has attracted much
interest as a replacement for the conventional SiO2 is tantalum oxide
(Ta2O5) (see, e.g., Refs. 32 and 33 and references therein). Ta2O5 is a
structurally complex material that exists in many metastable phases.34

The equilibrium phase has a large unit cell containing 22 Ta atoms and
55 O atoms, which contains the octahedra TaO6 and the pentagonal
bipyramids TaO7.35 The dielectric properties of one of its phases, β-
Ta2O5, made by chemical vapor deposition, has recently been studied
in detail.36 Moreover, in many situations, including all in this thesis,
Ta2O5 has an amorphous structure.

The experimentally determined band gap of Ta2O5 thin films typi-
cally is 4–5 eV, depending on deposition technique and structural char-
acteristics of the films.37 One would, therefore, expect Ta2O5 to be a
good insulator. Nevertheless, most Ta2O5 films exhibit a rather large
leakage current. The leakage current has been attributed to the presence
of a local oxygen deficiency around each Ta atom38 which induces a lo-
calized state in the band gap.39 In order to reduce the magnitude of the
leakage current, layered structures of SiO2/Ta2O5

40 and niobium oxide
(Nb2O5)/Ta2O5

41 have been suggested. Furthermore, films composed
of (Ta1−xNbx)2O5 have been investigated.42

Room-temperature dielectric properties of Ta2O5 are investigated
in two of the appended papers (papers I and II) and, furthermore,
temperature-dependent dielectric properties of Ta2O5 are studied in a
third (paper IV).

4.1.2 Zirconium Oxide

Ziconium oxide (ZrO2) is another high-permittivity dielectric material
that has been suggested for electronic applications.43,44 One interesting
property of ZrO2 is that fresh, i.e., newly-deposited samples have differ-
ent dielectric properties than aged ones.45 Room-temperature dielectric
properties of Ta2O5 thin films are compared to those of ZrO2 in one of
the appended papers (paper III).

4.2 Ion-Shuttling Devices

Ion-shuttling devices, such as electrochromic devices5,6 and lithium ion
batteries,3,4 share a common structure; two electrodes, the working and
counter electrodes, are separated from each other by an electrolyte, the
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FIG. 4.1: The basic structure of an electrochromic device. Redrawn from
Ref. 5.

ion conductor. In a battery, the counter and working electrodes con-
stitute the anode and cathode, whereas in an electrochromic device the
counter electrode is made of an ion storage material and the working
electrode of an electrochromic material. In a battery the charge storage
properties of the cathode material and the voltage difference between
the two electrodes are key parameters.3 For an electrochromic device it
is the reversible coloration of the electrochromic material — induced by
shuttling small positive ions between the electrodes through the ion con-
ductor and charge compensating electrons through the outer circuit —
that plays the important role.5 The basic structure of an electrochromic
device is shown in Fig. 4.1.

Tungsten oxide (WO3) is the most widely used electrochromic mate-
rial in electrochromic device applications.5,46,47 WO3 is a cathodically
colored electrochromic material, i.e., it is reversibly colored when small
positive ions like H+ and Li+ are inserted.

The ion storage material should either be fully transparent irrespec-
tive of its ionic content, or exhibit optical properties complementary to
those of WO3, i.e., be anodically colored. One example of an optically
passive counter electrode is cesium oxide48 (CeO2), whereas one anod-
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ically colored electrochromic material that has attracted much interest
is nickel oxide [Ni(OH)2].49,50

The ion conducting layer is of crucial importance for an optimal de-
vice performance, both for batteries and electrochromic devices. Ideally,
the ionic conductivity should be high, the electronic conductivity neg-
ligible, and, furthermore, the material should not be an intercalation
compound in the potential region used.

Interestingly, Ta2O5 and ZrO2, described in section 4.1 as possible
replacement materials for SiO2 in electronic applications, have both been
shown to exhibit ion conducting properties. Ta2O5 has been shown to
work as a H+ ion conductor24,51,52 and has been suggested as proton con-
ductor in electrochromic device applications.52,53 Recently, Ta2O5 has
been used as Li+ ion conductor in infrared electrochromic devices.54,55

Lithium conduction in sputtered amorphous Ta2O5 has been inves-
tigated in two of the appended papers (papers I and II). An all-solid-
state electrochromic device with WO3 as working electrode, Ni(OH)2 as
counter electrode, and ZrO2 as proton conductor has been investigated
in a third (paper VI).

4.3 Drug-Delivery Systems

4.3.1 Immediate Release Tablets

We will in this section confine ourselves to immediate release tablets,
which is the most common solid dosage form.7 This type of tablet in-
cludes ‘conventional’ or ‘plain’ peroral tablets, which are swallowed, and
also sublingual and buccal tablets, which are used for drug release in the
oral cavity. Sublingual tablets are placed under the tongue and buccal
tablets in the side of the cheek. Sublingual or buccal administration is
sometimes useful when a rapid response is required, particularly when
the drug is either unstable at gastric pH or rapidly metabolized by the
liver.56

Most of the immediate release tablets are of disintegration type,
which in contact with water breaks up into smaller tablet fragments.
These smaller fragments promote faster drug release. For spherical par-
ticles, if drug dissolution is not rate limiting, the cumulative amount of
released drug can be expressed in terms of the non-dimensional quantity
D̃t/r2, where D̃ is the (chemical) diffusion coefficient of the drug inside
the particle, r is the particle radius, and t is the time.58 Therefore, the
smaller the radius of the tablet fragment is, the faster is the drug release.
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FIG. 4.2: Mechanistic scheme for tablet disintegration and drug release. Re-
drawn from Ref. 57.

Furthermore, for poorly water soluble drugs, like digoxin, drug dissolu-
tion is expected to take place principally by dissolution of the primary
drug particles, and for such drugs the generated surface area of the drug
is, therefore, of crucial importance for optimal tablet performance.59

The disintegration of a tablet is a two-step process; first the liq-
uid wets the solid and penetrates the pores of the tablet, and then the
tablet breaks into smaller fragments. Moreover, the fragmentation of
the tablet may also occur in steps, i.e., the tablet initially disintegrates
into smaller aggregates, which subsequently deaggregate into primary
particles.7,57 The tablet disintegration/deaggregation and drug dissolu-
tion/release processes are illustrated in Fig. 4.2.

4.3.2 Tablet Manufacturing

The standard way of making tablets is by compression of a powder held
within a confined space. Together with the drug substance, the powder
generally contains a number of excipients, which are added in order to
give the powder and the final tablets the desired properties. The excip-
ients may be classified according to their functions into various classes
such as fillers, disintegrants, binders, glidants, lubricants, and antiad-
herents. However, one single substance may serve different purposes.
Cellulose (or its derivatives) may, for instance, be used as filler, disinte-
grant, binder, and antiadherant.7

In order to keep the tablet system under study as simple as pos-
sible, all tablets investigated in this thesis contained only one single
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TABLE 4.1: The biopharmaceutical classification scheme, which divides drug
substances into four groups according to their solubility and permeability.
From Ref. 62.

Class Solubility Permeability
I High High

II Low High
III High Low
IV Low Low

constituent, agglomerated micronized cellulose (AMC), which was made
from microcrystalline cellulose by grinding and spray-drying.

4.3.3 Tablet Testing

In order to ensure an optimal tablet performance a number of tests are
usually performed, both in the preformulation and production stages.
These include conformity of weight and drug content, disintegration,
dissolution, and mechanical strength tests.7 We will in what follows
focus on the dissolution testing, since it is the only of the aforementioned
test methods that seek to establish an in vitro–in vivo correlation.

The bioavailabilty of a drug∗ is a measure of the fraction of an ad-
ministered dose of the drug that reaches the systemic circulation in an
unchanged form, and the rate at which this occurs.60 There are in princi-
ple four key pharmaceutical properties that influence the bioavailability
of a drug given by the peroral route: (i) the release from its dosage
form into solution at the absorption site, (ii) its stability in physiologi-
cal fluids, (iii) its permeability across the mucosa of the gastrointestinal
tract, and (iv) its susceptibility to presystemic clearance.61 Two of these
four factors are included in the biopharmaceutical classification scheme
(BCS),62 which divides drug substances into four groups according to
their solubility and permeability, as shown in Table 4.1.

The ultimate goal of dissolution testing is to establish reliable cor-
relations between in vitro test results and in vivo bioavaiolability.63

The existing dissolution test methods may be divided into stirred-vessel
methods and continuous-flow methods.64 Stirred-vessel methods utilize
a rather large beaker containing a well-defined volume of dissolution

∗Even though it is customary to speak of the bioavailability of a drug it would be
more appropriate to relate the bioavailability to the tablet formulation.
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medium. The formulation to be studied is put in the liquid, which is ag-
itated by either a small basket or a paddle, and samples from the liquid
are collected at regular time intervals. In continuous-flow methods the
dissolution medium is pumped through a small chamber containing the
formulation under study, and the drug concentration in the liquid that
has passed the tablet is determined. Details of the various dissolution-
test methods can be found in the European65 and American66 pharma-
copeias.





CHAPTER 5

General Transport Theory

THE THEORY OF TRANSPORT properties may be developed
along different lines. One commonly used approach is based
on the Boltzmann equation.67 Even though this equation was

initially formulated for gases, it provides a reasonable description of
transport in other systems, including solids (see, e.g., Ref. 68, Chap. 7).
Since the collision or scattering term in the Boltzmann equation is com-
plicated, the Boltzmann description is particularly useful when collisions
may be neglected. This is the case for, e.g., sufficiently hot plasmas, and
the collisionless Boltzmann or Vlasov equation is, therefore, of funda-
mental importance in plasma physics.69

An alternative approach uses the findings of non-equilibrium statis-
tical mechanics, developed during the last century by, among others,
Prigogine,12–14 Kubo,15 and Zwanzig.16 There is, in general, an in-
teresting connection between transport, which is a non-equilibrium phe-
nomenon, and fluctuations present in the system in thermal equilibrium.
This connection makes possible the derivation of general, although ad-
mittedly abstract, expressions for various transport coefficients in terms
of integrals of certain correlation functions. Furthermore, this treat-
ment provides a general description of the memory effects observed in,
e.g., dielectric materials. It could be argued, however, that the abstract
formulas provided by non-equilibrium statistical mechanics are hard to
apply to real systems. This may certainly be true, but, nevertheless,

25
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some very important insights emerge from the theory. Furthermore,
with the increasing computer capacity, the general formulas are, in fact,
also useful for calculating transport coefficients from molecular dynamics
simulations.70

I will in this chapter outline this second approach, since it is general
enough to cover all situations studied in this thesis. Throughout the
chapter I will assume that the material in which the charged particle
transport occurs is isotropic, so the transport properties are indepen-
dent of direction. I will also assume that magnetic-field effects may be
neglected. As shown in Chap. 2, this is certainly true for planar geome-
tries, like the one shown in Fig. 2.1 on page 8.

5.1 Conservation Laws and Constitutive Re-

lations

5.1.1 Conservation Laws

In most areas of physics, conservations laws play important parts. As
is well-known, for isolated systems, the energy, as well as both the lin-
ear and angular momentum, are conserved quantities.71 As shown in
Chap. 2 the conservation of charge, expressed by the continuity equa-
tion for charge and current density, is implicit in the Maxwell equations
[cf. Eq. (2.6) on page 7].

If the system under study contains different kinds of charged species
(ions or electrons) each species satisfies a similar continuity equation.
However, in general, charged species may be generated from neutral
complexes, or may combine to form neutral complexes. Examples of
these phenomena are ionization, where the removal of one or more elec-
trons from a neutral atom transforms it into an ion, and recombination,
which is the reverse process. Furthermore, the dissolution of salts in
aqueous media results in the liberation of charged ions from the neutral
solid phase. In order to describe these phenomena, a source density is
introduced into the continuity equation. For the kth charged species,
the continuity equation thus reads72

∂nk

∂t
+ ∇ · jk = Rk , (5.1)

where nk denotes the number density, jk the flux, and Rk the source
density of charged species k.
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5.1.2 Constitutive Relations

Whereas the conservation law (5.1) has very general validity, the re-
lation between the particle flux and the driving forces (activity gradi-
ents or electric fields) is less fundamental. This relation is, therefore,
called a constitutive relation, or, sometimes, a phenomenological rela-
tion. For charged particles one particularly useful constitutive relation
is the Nernst-Planck flux equation73 that relates the flux to the gradient
in the electrochemical potential µ̃k:

jk = −nkuk

qk
∇µ̃k , (5.2)

where uk is the mobility and qk the charge of particle species k. The
electrochemical potential is given by a combination of the electric scalar
potential φ and the chemical potential µk, i.e.,

µ̃k = µk + qkφ . (5.3)

The chemical potential is, in turn, expressed as

µk = µ0
k + kBT ln(ak) , (5.4)

where µ0
k is the standard chemical potential and ak the activity of species

k, kB is the Boltzmann constant and T the absolute temperature. The
activity is often written as the product of the activity coefficient γk and
the concentration nk, i.e.,

ak = γknk . (5.5)

The activity coefficient is a measure of the deviation from non-ideal
behavior, and approaches for ideal solutions a value of unity, so that the
activity equals the concentration.

By combining Eqs. (5.2)–(5.5) we find that the particle flux can be
expressed as

jk = −Dk∇nk + uknkE . (5.6)

In Eq. (5.6) we have introduce the electric field E by using Eq. (2.8) on
page 8 (thus neglecting magnetic-field effects). The ‘effective’ diffusion
coefficient Dk is given by

Dk = WDk , (5.7)
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where Dk is the component diffusion coefficient and W is a thermo-
dynamic factor. The component diffusion coefficient is related to the
mobility by the Einstein relation74

Dk =
kBT

qk
uk (5.8)

and the thermodynamic factor W can be expressed as

W = 1 +
∂ ln γk

∂ lnnk
. (5.9)

The diffusion coefficient Dk has been called the Fickian diffusion coef-
ficient by Heyne,75 and we shall in the following adopt this convention.
The presence of the thermodynamic factor causes the Fickian diffusion
coefficient Dk to have a different value than the component diffusion
coefficient Dk. Only when the variation in the activity coefficient is in-
significant over the concentration difference that produces diffusion, i.e.,
when

∂ ln γk

∂ lnnk
� 1 , (5.10)

the two diffusion coefficients agree.
As seen in Eq. (5.6), there are two contributions to the particle flux.

If the electric field is negligible (or if the species is uncharged) the flux
is caused by diffusion, which is described by Fick’s first law

jk = −Dk∇nk . (5.11)

If, on the other hand, the concentration is uniform, we instead have

jk = uknkE , (5.12)

which is Ohm’s law. Multiplication of both sides of the equation with
the particle charge qk transforms Eq. (5.12) to the usual form for the
electric current [cf. Eq. (2.3c) on page 6].

5.1.3 Generalizations

Whereas the linear constitutive relation (5.6) provides a satisfactory
description in most cases, it needs to be somewhat modified in order to
describe some experimental situations. In order to be able to describe
these modifications in general terms, let us introduce the notation Jk for
the generalized flux of particle species k, and let us call the corresponding
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driving force Fk. For our purposes, the generalized flux Jk may be either
the particle flux jk or, for charged particles, the current density Jk. As
seen from Eq. (5.6), the driving force Fk is an activity, or chemical-
potential, gradient in the case of diffusion, and an electric field in the
case of conduction. When these two processes coexist, the driving force
is the gradient of the electrochemical potential (5.3).

The first modification is caused by a reciprocal interaction between
the various fluxes in a system. When many fluxes coexist, the flux of
particle species k, Jk, is in general related not only to its own driving
force Fk, but also to the driving forces Fl of the other fluxes. Therefore,
the relation between driving forces and fluxes is generalized to10,11

Jk(x, t) =
∑

l

LklFl(x, t) , (5.13)

where the transport coefficients Lkl, in the absence of magnetic fields,∗

satisfy the Onsager reciprocal relations10,11

Lkl = Llk . (5.14)

For k �= l, the transport coefficients Lkl are often referred to as the
Onsager cross-coefficients.

The next modification is an effect of a causal behavior, where the
effect, in general, lags behind its cause. The reason for this will be
discussed in some detail in section 5.4. Here we only note that this causal
behavior turns the constitutive relation (5.13) into the non-Markovian†

form15

Jk(x, t) =
∑

l

χ∞
kl Fl(x, t) +

∫ t

−∞
dt′

∑
l

Φkl(t − t′)Fl(x, t′) . (5.15)

In Eq. (5.15) the generalized high-frequency admittance χ∞
kl represents

the immediate response (on the time-scale of the measurement) while
the after-effect function‡ Φkl(t − t′) represents the delayed response.

∗In the presence of a magnetic field B the transport coefficients may be functions
of B and symmetry relations read Lkl(B) = Llk(−B).

†An equation is called Markovian if it relates physical quantities at a single time,
and non-Markovian otherwise.

‡In the linear response theory, to be discussed in section 5.3.1, the after-effect
function is often called the response function. However, the after-effect function
introduced here is more general, since the linear response theory cannot be used to
describe diffusion.
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The Markovian constitutive relation (5.13) may be regained from
Eq. (5.15) by a so-called coarse-graining procedure.15,76 If we change
variable to s = t − t′ in the integral, Eq. (5.15) becomes

Jk(x, t) =
∑

l

χ∞
kl Fl(x, t) +

∫ ∞

0
ds

∑
l

Φkl(s)Fl(x, t − s) . (5.16)

In general, the after-effect function Φkl(s) → 0 when s → ∞, which
means that the major contribution to the integral comes from a certain
interval 0 < s < s′. If the driving force changes slowly with time it is,
therefore, possible to replace Fl(x, t − s) with Fl(x, t), which results in
Eq. (5.13), with the transport coefficients

Lkl = χ∞
kl +

∫ ∞

0
dsΦkl(s) . (5.17)

5.2 Time- and Frequency-Domain Response

5.2.1 Time-Domain Response

In the time domain, experiments can essentially be performed in two
complementary ways; either a force, e.g. an electric field, is applied at a
certain time t = 0 and the resulting flux is determined as a function of
time, or, conversely, a force, that has been applied for sufficiently long
time that the flux has been stabilized, is removed at a certain time t = 0
and the decline of the flux is determined. This second possibility is often
referred to as a relaxation experiment.

To be specific, let us determine the response of the system to a step-
function force of the form

Fm(x, t) =

{
0 if t < 0
F 0

m(x) if t > 0 ,
(5.18)

all other forces being zero all the time. Inserting the force (5.18) into
the constitutive relation (5.16) we find that

Jk(x, t) = [χ∞
km + Θkm(t)]F 0

m(x) ; t > 0 , (5.19)

where we have introduced the shorthand notation

Θkm(t) =
∫ t

0
dsΦkm(s) (5.20)
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FIG. 5.1: Illustration of the response of the system to the application (left
panels) and removal (right panels) of a constant force F 0

m at time t = 0.

for the integral of the response function Φkm. Thus, the delayed response
to a step-function excitation is given by the integral of Φkm. If instead
a delta-function excitation is used, the delayed response is given by the
response function itself.15 We note that

Jk(x, t) → LkmF 0
m(x) when t → ∞ , (5.21)

according to Eq. (5.17) and, therefore, the Markovian constitutive rela-
tion (5.13) is regained for sufficiently long times.

In order to determine the response of the system caused by the sud-
den removal of a force, we consider the force

Fm(x, t) =

{
F 0

m(x) if t < 0
0 if t > 0 ,

(5.22)

all other forces being zero all the time. Inserting the force (5.22) into
the constitutive relation (5.16) we find that

Jk(x, t) = Ψkm(t)F 0
m(x) ; t > 0 , (5.23)

where the relaxation function Ψkm(t) is defined by15,77

Ψkm(t) =
∫ ∞

t
dsΦkm(s) . (5.24)
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From their definitions, it is evident that the functions Θkm(t) and Ψkm(t)
add to a constant:

Θkm(t) + Ψkm(t) = Lkm − χ∞
km , (5.25)

according to Eq. (5.17). Therefore, in the linear regime, the responses
of a system to the application and removal of a constant force carry
exactly the same information. This feature is illustrated in Fig. 5.1 on
the preceding page.

5.2.2 Frequency-Domain Response

Since the generalized constitutive relation (5.15) is a convolution, it is
often more convenient to work in the frequency than in the time do-
main. The time- and frequency-domain forces are related by the Fourier
transform pair

Fl(x, t) =
1
2π

∫ ∞

−∞
dω Fl,ω(x)eiωt , (5.26a)

Fl,ω(x) =
∫ ∞

−∞
dt Fl(x, t)e−iωt . (5.26b)

Analogous expressions relate the time- and frequency-domain fluxes,
Jk(x, t) and Jk,ω(x), respectively. Transforming the constitutive re-
lation (5.15) to the frequency-domain we obtain15,77

Jk,ω =
∑

l

χkl(ω)Fl,ω , (5.27)

where the frequency-dependent generalized susceptibility χkl(ω) is given
by a Fourier-Laplace transform15,77

χkl(ω) − χ∞
kl = lim

ε→0+

∫ ∞

0
Φkl(t)e−(iω+ε)t dt ≡ Liω [Φkl(t)] . (5.28)

The small negative real part −εt in the exponential is introduced in order
to ensure integral convergence, and the equivalence defines the operator
Liω [ ] as a shorthand notation for the Fourier-Laplace transform.

5.3 Correlations and Response Functions

The Einstein relation (5.8) is a particular example of a fluctuation-
dissipation (FD) theorem, which relates the systematic and random
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parts of a microscopic force.78 FD theorems are of importance since
they provide a link between the microscopic random fluctuations in a
system in equilibrium and the ordered transport caused by an external
force, either mechanical or thermal (see below). Another well-known FD
theorem is that of Nyquist79 for the thermal noise in a resistor, which
has very general validity, since it expresses the noise solely in terms of
the resistance and temperature.

It is in general necessary to distinguish between mechanical and ther-
mal forces (cf. Ref. 15, p. 110). A mechanical force can be expresses
as an additional term in the Hamiltonian of the system. The force on
charge particles caused by externally applied electric or magnetic fields
belongs to this category. Thermal forces are due to temperature and/or
concentration gradients within the system, and cannot be described in
this way.

Whereas some connections between fluctuations and transport prop-
erties had been established by Einstein,74 Nyquist,79 and Onsager,10,11

the more systematic development started with the pioneering papers of
Green,80,81 which showed that transport coefficients, in general, could
be expressed as integrated correlations of relevant physical quantities.
In the linear response theory Kubo has given a general treatment of the
response of systems to mechanical forces.15,77,82 Somewhat later, it was
shown that the response of systems to thermal forces could be treated
in a similar manner.83–85

In the classical case, the correlation between two quantities X and Y
is defined simply as 〈XY 〉, where the brackets denote the average over
the canonical (i.e., constant temperature) ensemble. In the quantum-
mechanical case, the definition becomes more intricate. The so-called
canonical correlation, introduce by Kubo,77 is the most convenient one
to use. The canonical correlation between two quantum-mechanical op-
erators X̂ and Ŷ is defined by15,77

〈X̂; Ŷ 〉 = kBT

∫ 1/kBT

0
dλ 〈exp(λ�̂0)X̂ exp(−λ�̂0)Ŷ 〉 , (5.29)

where �̂0 is the (equilibrium) Hamiltonian of the system. Again, the
brackets denote the average over the canonical ensemble (hence the name
canonical). In the classical limit, when all operators commute, it is seen
that the canonical correlation reduces to the classical one.

In order to keep the presentation as transparent as possible, I will
in this section assume that there is only one type of particles present in
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the system. Consequently, I will drop the index k labelling the particle
species.

5.3.1 Conduction: The Linear Response Theory

The linear response theory15,77,82 provides general expressions for me-
chanical transport coefficients in terms of the fluctuations present in
the system in thermal equilibrium, in the absence of any externally ap-
plied force. The equilibrium state of the system is characterized by a
Hamiltonian �̂0, and the dynamical equilibrium motion of the system
determined by �̂0 is called its ‘natural motion’. The purpose of the
theory is to express the response of the system to an externally applied
mechanical force in terms of this ‘natural motion’.

Since the theory deals with mechanical forces, it assumes that the
effect of the applied force can be represented by an additional term in
the Hamiltonian. To be specific, let us consider the case where a time-
dependent electric field∗ E(t) is applied. In this case the perturbation
energy, to be added to the equilibrium Hamiltonian �̂0, is

�̂1(t) = −P̂E(t) , (5.30)

where P̂ is the quantum-mechanical operator corresponding to the polar-
ization introduced in Chap. 2. Using perturbation theory, Kubo showed
that the current response function ΦJ(t) may be expressed as

ΦJ(t) =
1

kBT
〈Ĵ ; Ĵ(t)〉V , (5.31)

where 〈Ĵ ; Ĵ(t)〉V is the canonical current autocorrelation function (5.29)
per unit volume, as indicated by the subscript.

Inserting the response function (5.31) into (5.28) we obtain the ex-
pression

σdc ≡ σ(0) =
1

kBT

∫ ∞

0
dt 〈Ĵ ; Ĵ(t)〉V , (5.32)

for the static, or DC, conductivity σ(0). The expression (5.32) is often
referred to as the Kubo, or Green-Kubo formula, after its discoverers.

∗Since we have assumed the system to be isotropic, we may represent the electric
field by as scalar quantity.
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5.3.2 Diffusion

As mentioned, the driving force for diffusion, being a concentration gra-
dient, cannot be represented by an additional term in the Hamiltonian.
Therefore, linear response theory cannot be applied. It is, neverthe-
less, possible to express the (static) diffusion coefficient as an integrated
correlation, in analogy with Eq. (5.32) for the static conductivity.

In order to make contact with the theory developed in section 5.1
we shall develop a statistical-mechanical expression for the diffusion co-
efficient in terms of the velocity autocorrelation function, essentially
following the method outlined in Ref. 16. We will for simplicity consider
one-dimensional∗ (1D) diffusion of one type of independently moving
particles† and assume that the concentration gradient is in the x direc-
tion. Assuming that there are no sources in the system, we obtain by
using Fick’s law (5.11) in the continuity equation (5.1) the 1D diffusion
equation

∂n

∂t
= D∂2n

∂x2
. (5.33)

The causal Green’s function for the 1D diffusion equation, defined as
the solution of Eq. (5.33) that fulfills the initial condition

n(x, t = 0) = δ(x) , (5.34)

is given by86

G(x, t; 0, 0) =
exp

(
−x2/4Dt

)
√

4πDt
. (5.35)

This function describes how the concentration changes with time when
a unit amount of particles is located at the origin initially. Therefore,
G(x, t; 0, 0) can be interpreted as the conditional probability of finding
a particle at location x at time t, that was at the origin at time zero.
Thus the average squared distance travelled by a particle is

〈|x(t) − x(0)|2〉 =
∫ ∞

−∞
dx x2G(x, t; 0, 0) = 2Dt , (5.36)

which, in fact, is the Einstein-Smoluchowski equation (cf. Ref. 73,
p. 306). We can express this quantity in a second way. Obviously,

x(t) − x(0) =
∫ t

0
dt′ v(t′) , (5.37)

∗Since the system is assumed to be isotropic, this is really no limitation.
†This assumption means that the particles should be neutral, since otherwise they

would experience mutual Coulombic interactions.
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where v(t) is the velocity of the particle. Combining two similar terms
and taking the average we obtain

〈|x(t) − x(0)|2〉 =
∫ t

0
dt′

∫ t

0
dt′′ 〈v(t′)v(t′′)〉 . (5.38)

The velocity autocorrelation function 〈v(t′)v(t′′)〉 is an equilibrium prop-
erty of the system that only depends on the difference between t′ and
t′′.16 Thus, changing variables to s′ = t′−t′′ and s′′ = t′+t′′, one integral
can be immediately performed, to yield the result

〈|x(t) − x(0)|2〉 = 2t

∫ t

0
ds′ 〈v(0)v(s′)〉 . (5.39)

Finally, by comparison of Eqs. (5.36) and (5.39) we obtain the expression

D(0) =
∫ ∞

0
ds′ 〈v(0)v(s′)〉 (5.40)

for the (static) diffusion coefficient. In the integral in Eq. (5.40) we have
let the upper limit tend to infinity, since the diffusion equation ignores
any non-Markovian character of the process.

This result may be generalized. In fact, it has been shown that the
diffusion after-effect function Φj(t) can be expressed as85

Φj(t) =
1

kBT
〈ĵ; ĵ(t)〉V , (5.41)

in complete analogy to the conduction response function (5.31), where
〈ĵ; ĵ(t)〉V is the canonical flux autocorrelation function per unit volume.
However, since the diffusion coefficient is defined for a concentration, and
not a chemical-potential gradient, the expression for the static diffusion
coefficient is more complicated than the corresponding formula for the
static conductivity:

D(0) =
1

kBT

(
∂µ

∂n

)
T

∫ ∞

0
dt 〈ĵ; ĵ(t)〉V . (5.42)

For a system of independently moving particles, the flux autocorrela-
tion function per unit volume is related to the velocity autocorrela-
tion function by 〈ĵ; ĵ(t)〉V = n〈v̂; v̂(t)〉.77 Furthermore, for indepen-
dently moving particles the activity coefficient equals unity, and from
the definition (5.4) of the chemical potential we, therefore, find that
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(∂µ/∂n)T = kBT/n. Accordingly, Eq. (5.42) reduces to (5.40) in the
classical limit.

Finally, by comparison of (5.32) and (5.42) we obtain the most gen-
eral relation between the static diffusion coefficient and conductivity:

D(0) =
(

∂µ

∂n

)
T

σ(0)
q2

. (5.43)

This relation is in fact nothing but the Einstein relation (5.8), written
in a slightly different form. The Einstein relation is, strictly speaking,
only valid in the absence of magnetic fields, which was first noted by
Nakajima.85

5.4 Origins of the Memory Effect

In this section my aim is to indicate the reason why the constitutive re-
lation in general has a non-Markovian character. This may seem some-
what unexpected, since it is a well-established fact that the fundamental
statistical-mechanical equations, in fact, are Markovian. Important in-
sights, however, come from the derivation of generalized master and
Langevin equations, which are non-Markovian equations obeyed by the
system probabilities and a subset of its dynamical variables, respectively.
Let us first review the fundamental concepts in statistical-mechanics.

5.4.1 Fundamental Statistical-Mechanics

In classical statistical mechanics the fundamental quantity is the phase-
space distribution function f that obeys the Liouville equation87

∂f

∂t
= [� , f ]P ≡ � f , (5.44)

where � is the classical Hamiltonian, [ , ]P is the Poisson bracket,71

and where the equivalence defines the classical Liouville operator � .
In quantum statistical mechanics, the classical distribution function is
replaced by a density operator88 �̂, which satisfies the von Neumann
equation87,88

i�
∂�̂

∂t
= [�̂ , �̂]Q ≡ �̂ �̂ , (5.45)

where �̂ is the quantum-mechanical Hamiltonian, [ , ]Q the commuta-
tor, and �̂ the quantum-mechanical Liouville operator. The similarity
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between the classical and quantum-mechanical descriptions is an imme-
diate consequence of the correspondence principle,71 which states that
the transition from classical to quantum mechanics is accomplished by
the substitution [ , ]P → [ , ]Q/i�.

5.4.2 Generalized Master Equations

There are many derivations of generalized master equations to be found
in the literature, by, among others, Prigogine, Résibois,89–91 and Zwan-
zig.92,93 Among the various methods, the procedure of Zwanzig distin-
guishes itself by its elegance and economy of effort.

The starting point is the von Neumann equation (5.45). The sys-
tem Hamiltonian �̂ is decomposed into an unperturbed part �̂0 and a
perturbation �̂1, i.e.,

�̂ = �̂0 + �̂1 , (5.46)

which corresponds to an analogous decomposition of the Liouville opera-
tor �̂ into an unperturbed part �̂0 and a perturbation �̂1. Zwanzig uses
a projection operator P̂ to separate the density operator into ‘relevant’
and ‘irrelevant’ parts. Choosing the representation of �̂0 eigenstates,
the ‘relevant’ part is defined as the diagonal elements of the density op-
erator �̂; these elements represent the probability of occupation of the
various eigenstates of the unperturbed Hamiltonian �̂0. The projection
operator P̂ is used to separate the von Neumann equation (5.45) into
two parts. From these, the ‘irrelevant’ part is eliminated as much as
possible, to yield the final generalized master equation93

d�kk(t)
dt

=
∫ t

0
dt′

∑
l �=k

Kkl(t′)
[
�ll(t − t′) − �kk(t − t′)

]
+ Ik(t) . (5.47)

The memory kernel Kkl(t) in Eq. (5.47) is a tetradic

Kkl(t) = −{�̂1 exp[−it(1 − P̂)�̂ ](1 − P̂)�̂1}kkll (5.48)

and the function Ik(t) represents the effect of any initial non-diagonal
part

Ik(t) = −i{P̂�̂ exp[−it(1 − P̂)�̂ ](1 − P̂)�̂(0)}kk . (5.49)

In most applications of the master equation, the density operator is
diagonal initially, i.e.,

(1 − P̂)�̂(0) = 0 , (5.50)
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which is referred to as the assumption of initial random phases.93 When
this condition applies, Ik(t) ≡ 0, and the master equation makes no
reference to the ‘irrelevant’ non-diagonal part of the density matrix.

5.4.3 Generalized Langevin Equations

As described in the previous section, the projection operator technique
was used by Zwanzig to derive generalized master equations. Mori94,95

has used a similar method to derive generalized Langevin equations, ful-
filled by dynamical variables. A Langevin equation is a stochastic differ-
ential equation for the one or more dynamical variables, which contains
a random force F (t). If this differential equation has a non-Markovian
character it is called ‘generalized’. In the Mori case, the projection op-
erator is defined in the Hilbert space of all dynamical variables.

Let us for simplicity consider a single time-dependent dynamical vari-
able a(t). Starting with the Liouville equation (or von Neumann equa-
tion in the quantum-mechanical case) for the dynamical variable a(t),
and by using a projection operator to project a(t) onto the subspace
spanned by a(0), Mori obtained the result

da(t)
dt

− iΩa(t) +
∫ t

0
dt′ ϕ(t − t′)a(t′) = F (t) . (5.51)

In Eq. (5.51) Ω is a frequency (matrix) that determines the collective
oscillations of a(t), and ϕ(t) is the damping or memory function.

One interesting feature of Eq. (5.51) is that the random force F (t) is
orthogonal to a(0), i.e., 〈a(0)F (t)〉 = 0.94 Therefore, Eq. (5.51) yields a
linear closed equation for the autocorrelation function 〈a(0)a(t)〉:

d
dt

〈a(0)a(t)〉 = iΩ〈a(0)a(t)〉 −
∫ t

0
dt′ ϕ(t − t′)〈a(0)a(t′)〉 . (5.52)

In the quantum-mechanical case the canonical auto-correlation function
〈â(0); â(t)〉 fulfills an exactly analogous equation.





CHAPTER 6

Transport in Ionic and Mixed
Conductors

IONIC CONDUCTORS predominantly conduct ions, not electrons.
Mixed ionic/electronic conductors conduct both ions and electrons.
As is evident from the general treatment given in Chap. 5, the ionic

and electronic fluxes, in general, influence one another. We will in this
chapter outline the implications of this interrelation but will, for sim-
plicity, not consider any memory effects.

6.1 Mixed Conductors: The General Case

Let us consider a mixed ionic/electronic conductor containing mobile
ions and either electrons or holes, moving though a lattice which is con-
sidered the fixed frame of reference. In order to obtain a self-consistent
treatment of the transport process it is necessary to include not only
the ions and electrons (or holes) but also the lattice in the description.
Considering these three constituents, the constitutive relation (5.13) on
page 29, including cross coefficients, takes the form

j1 = L11∇µ̃1 + L12∇µ̃2 + L13∇µ̃3 (6.1a)
j2 = L21∇µ̃1 + L22∇µ̃2 + L23∇µ̃3 (6.1b)
j3 = L31∇µ̃1 + L32∇µ̃2 + L33∇µ̃3 . (6.1c)

41
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The ions constitute species 1, the electrons or holes species 2, and the
fixed framework is identified with species 3, as suggested by by Dudley
and Steele.96 To be specific, we may, e.g., consider lithium insertion into
Ta2O5, in which case the compound under study is LixTa2O5, where x
is the Li/Ta2O5 ratio. Assuming that each formula unit of Ta2O5 on
average contributes y electrons to the system, the three components are
xLi+, (x + y)e−, and (Ta2O5)y+.

Since the third component is identified with the immobile frame of
reference, we put j3 = 0 in Eq. (6.1c). Since the electrochemical poten-
tials of the three species are related by the Gibbs-Duhem relation97

n1∇µ̃1 + n2∇µ̃2 + n3∇µ̃3 = 0 (6.2)

we then obtain(
L31 −

n1L33

n3

)
∇µ̃1 +

(
L32 −

n2L33

n3

)
∇µ̃2 = 0 . (6.3)

If the requirement of local charge conservation is not considered, any
two of the three electrochemical potentials may be considered indepen-
dent.96 Furthermore, since the third component is the frame of reference
it is reasonable to assume that L33 = 0, and therefore L31 = L32 = 0,
according to Eq. (6.3). Thus Eqs. (6.1) reduce to the more familiar form

j1 = L11∇µ̃1 + L12∇µ̃2 (6.4a)
j2 = L12∇µ̃1 + L22∇µ̃2 , (6.4b)

where use has been made of the Onsager reciprocal relations (5.14) on
page 29. Equations (6.4) constitute the usual starting point for the
discussion of transport in mixed conductors. The crucial thing to note
is that the electrochemical potentials µ̃1 and µ̃2 are independent, since
the Gibbs-Duham relation (6.2) already has been used. If only the ions
and electrons (or holes), and not the lattice, are included in the analysis,
inconsistencies result, except in the case of zero fluxes.97

It is advantageous to convert the transport coefficients to experimen-
tally accessible conductivities, which is accomplished by defining96

σkl = −Lklqkql , (6.5)

where qk is the charge of particle species k. If we convert the fluxes to
current densities, by multiplication by the particle charges, in order to
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make the similarity with the usual Ohm’s law more apparent, Eqs. (6.4)
take the form

J1 ≡ q1j1 = −σ11

q1
(∇µ1 + q1∇φ) − σ12

q2
(∇µ2 + q2∇φ) (6.6a)

J2 ≡ q2j2 = −σ12

q1
(∇µ1 + q1∇φ) − σ22

q2
(∇µ2 + q2∇φ) . (6.6b)

From Eqs. (6.6) a number of interesting quantities may be immediately
deduced. The total conductivity σtot, defined as the ratio between the
total current magnitude Jtot ≡ |J1 + J2| and the electric field strength
E ≡ |∇φ|, for a system without any density gradients, is98,99

σtot ≡
(

Jtot

E

)
�µ1=�µ2=0

= σ11 + σ22 + 2σ12 . (6.7)

Similarly, we obtain the transference numbers for the ions and electrons,
T1 and T2, as

T1 ≡
(

J1

Jtot

)
�µ1=�µ2=0

=
σ11 + σ12

σtot
(6.8a)

T2 ≡
(

J2

Jtot

)
�µ1=�µ2=0

=
σ22 + σ12

σtot
, (6.8b)

where J1 ≡ |J1| and J2 ≡ |J2|.
If ion-blocking electrodes are used, it is possible to measure the elec-

tronic conductivity with suppressed transfer of ions. Putting J1 = 0 in
Eq. (6.6), we can express the electronic current solely in terms of the
electronic electrochemical potential:

J2 = − 1
q2

(
σ22 −

σ2
12

σ11

)
∇µ̃2 . (6.9)

This equation is identical in form with the one-component Nernst-Planck
flux equation (5.2) on page 27, and the quantity within parenthesis is
the electron partial conductivity, denoted by σ′

2 by Wagner,98 i.e.,

σ′
2 = σ22 −

σ2
12

σ11
. (6.10a)

Similarly, the ion partial conductivity σ′
1 is given by

σ′
1 = σ11 −

σ2
12

σ22
. (6.10b)

It should be realized that the various conductivities can be considered
constant only as long as the applied electric field is weak enough to cause
negligibly small concentration changes within the sample.
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6.2 Chemical Diffusion

In mixed conductors, the mutual Coulomb attraction between the op-
positely charged mobile species tends to ensure a high degree of charge
neutrality. When no external electric field is applied it is, therefore, of-
ten a good approximation to assume that local charge neutrality holds.
This condition implies that a current of one charged species must be
balanced by an opposite current of another species. Consequently, if the
system contains two mobile species, it is possible to define a common
‘chemical’ or ‘ambipolar’ diffusion coefficient D̃.

For a pure diffusion process, charge neutrality requires that

q1n1 + q2n2 = 0 , (6.11a)
J1 + J2 = 0 , (6.11b)

and eliminating the electric field between Eqs. (6.6) and (6.11b) we ob-
tain the equation

J1 = −J2 = −σ11σ22 − σ2
12

σtot

(
1
q1

∇µ1 −
1
q2

∇µ2

)
. (6.12)

The ion chemical potential is in general a function of both the ion and
electron concentrations. Similarly, the electron chemical potential is a
function of both concentrations. Because of the local charge-neutrality
condition (6.11), it is nevertheless possible to write the derivatives as
perfect differentials,96 i.e.,

∇µk = kBT
d ln ak

dnk
∇nk ; k = 1, 2 . (6.13)

By combining Eqs. (6.11a), (6.12), and (6.13), and expressing the result
as a flux, we find that

jk = −D̃∇nk ; k = 1, 2 , (6.14)

where the chemical diffusion coefficient D̃ is given by

D̃ =
(σ11σ22 − σ2

12)
σtot

kBT

(
1

q2
1n1

d ln a1

d lnn1
+

1
q2
2n2

d ln a2

d lnn2

)
. (6.15)

This expression for the chemical diffusion coefficient was first derived by
Wagner98 and Kimbell.99

Weppner and Huggins have treated chemical diffusion in mixed con-
ductors containing one or more mobile ionic species,29,30 and derived



Sec. 6.3 Transient Currents 45

expressions for the chemical diffusion coefficient. Since their analysis
included more than one ionic species, their result is in this respect more
general than the one presented here. However, these authors assumed
that the Onsager cross-coefficients were zero.

If we neglect the cross-coefficients, i.e., put σ12 = 0, we obtain from
Eq. (6.8b) that the electron transference number T2 = σ22/σtot. Fur-
thermore, σ11 = q1n1u1, and by using the Einstein relation (5.8) on
page 28, we have that kBTσ11 = D1q

2
1n1. Finally, by using the charge

neutrality condition (6.11a), we find that Eq. (6.15) reduces to

W ≡ D̃
D1

= T2

(
d ln a1

d ln n1
− q1

q2

d ln a2

d lnn1

)
, (6.16)

which is Eq. (21) in Ref. 29 for the thermodynamic enhancement factor
W (note that −q1/q2 ≡ z1 is the valence of the ionic species, since q2 is
the electron charge).

We finally mention that the thermodynamic enhancement factor W
in general is different from the thermodynamic factor W introduced in
Chap. 5 [cf. Eq. (5.7) on page 27] and, hence, in general, D̃ �= D.
Parts of this discrepancy may be traced back to the simplistic analysis
in in Chap. 5, which neglected the Onsager cross-coefficients. The main
reason is, however, that the diffusion coefficient D only accounts for
parts of the charged-particle motion, since there is a remaining electric
field in the expression (5.6) for the particle flux. Only when this electric
field may be neglected, as is the case for ionic motion in a predominantly
electronic conductor,29 the two diffusion coefficients agree.

6.3 Transient Currents

As seen in the previous section, chemical diffusion does not involve any
redistribution of charge, since positively charged ions and negatively
charged electrons move together. Therefore, chemical diffusion mainly
occurs at galvanostatic conditions, when no current is allowed to flow.
On the other hand, when a constant potential is applied across the
sample, current will in general flow, both within the sample and in the
outer circuit.

6.3.1 An Expression for the External Current

Let us consider the planar system depicted in Fig. 6.1 on the following
page. We can derive a rather general expression relating the current
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FIG. 6.1: Illustration of the displacement and electric fields inside a planar
ion conductor.

within the sample, following the application of a constant potential be-
tween the electrodes, to the measured current in the outer circuit, if we
assume that the sample, on average, remains neutral at all times. It
is convenient to define the ‘external’ current density as the ratio of the
current I(t) flowing through the outer circuit to the area A of the pla-
nar system, i.e., Jext(t) ≡ I(t)/A. Our purpose is to relate the current
density Jext(t) to the current density J int(x, t) flowing within the planar
system.

Since the sample is assumed to remain neutral, any current measured
in the external circuit either passes through the sample or results in the
generation of surface charge densities ±ρs(t) at the electrodes. The total
external current may, therefore, be written

Jext(t) =
dρs(t)

dt
+ J int(0, t) . (6.17)

The displacement and electric fields within the sample have two con-
tributions. The surface charge density ρs(t) gives rise to the displace-
ment field Dext(t) = ρs(t), which, by definition, has the same value
everywhere in the sample. Ion movements within the sample give rise
to a space-charge density ρ(x, t). Since the sample is neutral on average
at all times, we find by using the Gauss law (2.1a) on page 6 that the
displacement field Dint(x, t) generated by this space-charge density can
be expressed as

Dint(x, t) =
∫ x

0
dx′ ρ(x′, t) . (6.18)
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The total displacement field within the sample may therefore by written
as the sum D(x, t) = Dext(x, t) + Dint(x, t). By using the constitutive
relation (2.3a) on page 6, we find that the corresponding electric field is

E(x, t) =
Dext(t)
ε0εr(x)

+
Dint(x, t)
ε0εr(x)

, (6.19)

where ε0 is the permittivity of free space and the relative permittivity εr

in general is a function of the x coordinate. Integrating the total electric
field across the sample, and noting that the potential difference between
the electrodes is kept constant, we find that

Dext(t)
ε0

∫ L

0

dx

εr(x)
+

1
ε0

∫ L

0

dx

εr(x)

∫ x

0
dx′ ρ(x′, t) = const . (6.20)

The continuity equation (2.6) on page 7 for the charge and current den-
sities reads for our planar system

∂ρ

∂t
+

∂J int

∂x
= 0 . (6.21)

If we differentiating Eq. (6.20) with respect to time we can use Eq. (6.17)
to rewrite the first term, and Eq. (6.21) to rewrite the second, the final
result being

Jext(t) =

∫ L

0
dx

J int(x, t)
εr(x)∫ L

0

dx

εr(x)

. (6.22)

Eq. (6.22) is the desired result, which shows that the external current
is an average of the internal current, weighted by 1/εr(x). If the rela-
tive dielectric permittivity assumes one and the same value everywhere,
Eq. (6.22) reduces to the more familiar form

Jext(t) =
1
L

∫ L

0
dxJ int(x, t) . (6.23)

This equation can also be derived by using the method of images,100

which is applicable since the electrodes are held at constant potentials.

6.3.2 Diffusion, Migration, and Space-Charge Effects

Let us for simplicity initially consider a perfect ion conductor which in
equilibrium contains positively charge mobile ions of uniform concentra-
tion. The ion conductor is assumed to be planar and to be confined by
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ion-blocking electrodes, as illustrated in Fig. 6.1 on page 46. A perfect
ion conductor contains no freely mobile electrons and, therefore, only
one mobile charged species. If a constant potential is applied across the
ion conductor, the ions start to migrate, and a transient current (an
ITIC) is observed. This current continues until a new equilibrium situ-
ation is reached, in which the electrochemical potential [cf. Eq. (5.3) on
page 27] is constant throughout the sample. From the definition of the
electrochemical potential it is realized that there are, in principle, two
different mechanisms that oppose the ion motion caused by the applied
potential; diffusion and the buildup of space charges within the sample.

In order to investigate the relative importance of diffusion and space-
charge effects as current limiters we have in one of the appended papers
(paper V) made a theoretical determination of the ITIC. The analysis is
based on the continuity equation (5.1) on page 26 (with zero source den-
sity), the constitutive relation (5.6) (with a constant Fickian diffusion
coefficient), the Gauss law (2.1a) on page 6 [together with the constitu-
tive relation (2.3a)], and the expression (6.23) for the external current.
When nonlinear contributions to the ionic motion were neglected, it was
found that the ion flux j(x, t) satisfied a partial differential equation
which was of the diffusion type, i.e., first order in time and second order
in space. This equation was solved by the Laplace transform/Green’s
function technique, to yield an analytic expression for the ITIC, in terms
of an inverse Laplace transform. This transform was evaluated numer-
ically, by using the algorithm described in Ref. 101. The result of this
analysis is discussed in Chap. 8.

6.3.3 Generalizations

From the discussion in section 6.1 it is evident that the theoretical de-
termination of transient currents caused by the application of constant
potentials across mixed conductors, in general, is rather involved. How-
ever, in many situations of practical interest, including most intercala-
tion systems,102 electrons are much more mobile than the intercalated
ions and are present in higher concentrations. Consequently, the ionic
motion is rate-limiting, and the electrons essentially follow the ions, in
order to ensure a high degree of charge neutrality. Under these circum-
stances, it is a good approximation to set ∇µ̃2 = 0 in Eq. (6.4a). The ion
flux is, therefore, proportional to the ion electrochemical gradient only.
Furthermore, the neutralizing effect of the electrons may be described
in terms of a large ‘effective’ relative permittivity. For these systems we
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may, accordingly, retain a comparatively simple effective one component
description of the charged particle transport. This enables the determi-
nation of the ITIC in a perfect ion conductor, described in the previous
section, to be generalized to mixed ionic/electronic conductors. In one
of the appended papers (paper VI) we have made a theoretical deter-
mination of the ITIC caused by the application of a constant potential
across a three-layered ion-shuttling device. This model was used to ex-
tract conduction parameters of the individual layers of an already-made
electrochromic device, as discussed in Chap. 8.





CHAPTER 7

Dielectric Response

THE DIELECTRIC RESPONSE of material media is most nat-
urally described by using the general statistical-mechanical for-
malism outlined in Chap. 5. We shall assume that the material

fills the space between two plane electrodes, as shown in Fig. 3.1 on
page 10, and that the lateral size of the electrodes is much larger than
the thickness of the sample, so that end-effects safely may be neglected.
With these assumptions, all vector quantities can be represented by
scalars. We will, furthermore, assume that the electric field has the
same value everywhere in the sample and, therefore, is a function of
time only.

7.1 Time-Domain Response

There are two equivalent ways of describing the response of a dielectric
material to an applied time-dependent electric field E(t); either in terms
of a time-dependent polarization-current density J(t) or a time-depen-
dent polarization P (t); the distinction between dielectrics and conduc-
tors is, therefore, to a large extent an artificial one, at least for time-
varying electric fields (cf. Ref. 18, p. 288).

The polarization-current density is described by the current response
function ΦJ(t) introduced earlier [cf. Eq. (5.31) on page 34]. In a similar
manner, the polarization is usually described by yet another response
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function, the dielectric response function ΦP (t). In analogy with the
general case described in section 5.1.3 on page 28 the time-dependent
current J(t) and polarization P (t) are related to these response functions
by8,15,77

J(t) =
∫ ∞

0
ΦJ(t′)E(t − t′) dt′ , (7.1a)

P (t) = ε0

∫ ∞

0
ΦP (t′)E(t − t′) dt′ . (7.1b)

The polarization-current density is, in general, calculated as the time
derivative of the polarization,18 i.e.,

J(t) =
dP (t)

dt
. (7.2)

If we consider the response of the material to a constant electric field E0

applied at time t = 0 and use Eq. (7.2) we find that the dielectric and
(polarization) current response functions are related to each other by

ε0ΦP (t) =
∫ t

0
ΦJ(t′) dt′ (7.3a)

or
ΦJ(t) = ε0

dΦP (t)
dt

. (7.3b)

If we let t → ∞ in Eq. (7.3a) we find that ΦP (t) → σdc/ε0, according
to the Kubo formula for the DC conductivity (5.32) on page 34. Hence,
contrary to the conduction and diffusion after-effect functions studied
previously, the dielectric response function tends to a nonzero value if
the material under study exhibits a nonzero DC conductivity.

7.2 Frequency-Domain Response

Also in the frequency domain exist two dual descriptions of the dielectric
response, either in terms of a frequency-dependent conductivity σ(ω) =
σ′(ω) − iσ′′(ω) or a frequency-dependent permittivity ε(ω) = ε′(ω) −
iε′′(ω). These quantities are related to the response functions ΦJ(t) and
ΦP (t) by equations analogous to Eq. (5.28) on page 32:

σ(ω) − iωε0 = Liω [ΦJ(t)] , (7.4a)
ε(ω) − 1 = Liω [ΦP (t)] . (7.4b)
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In Eqs. (7.4a) and (7.4b) we have subtracted the free-space contribu-
tions to the conductivity and permittivity, since these are considered
instantaneous and, therefore, are not described by the response func-
tions. Eq. (7.2) in the time domain corresponds to the usual relation

σ(ω) = iωε0ε(ω) (7.5)

in the frequency domain.
For a conducting material the dielectric response function ΦP (t) →

σdc/ε0 when t → ∞. From the Fourier-Laplace transform (7.4b) it
follows, therefore, that the permittivity ε(ω) has a simple pole at ω = 0,
as already mention in Chap. 3 [cf. Eq. (3.4) on page 12]. This result
is also evident from Eq. (7.5), since σ(ω) → σdc when ω → 0. The
asymptotic behavior of ε(ω) − 1 for large ω is related to the behavior
of the dielectric response function ΦP (t) for small t. In fact, by Taylor
expanding ΦP (t) around t = 0 it is found that (cf. Ref. 18, p. 309)

ε′(ω) − 1 � O
(

1
ω2

)
, (7.6a)

ε′′(ω) � O
(

1
ω3

)
(7.6b)

for sufficiently large ω.

7.3 Polarization Mechanisms

There are a number of different polarization mechanisms that contribute
to the permittivity of a material. Electronic and ionic polarization
result in resonance absorption18,103 at more or less well-defined reso-
nance frequencies, typically in the ultraviolet and infrared ranges, re-
spectively,104,105 and contribute with a constant to the permittivity at
lower frequencies. If we restrict ourselves to frequencies much lower than
the lowest resonance frequency it is, therefore, often possible to define
a frequency-independent high-frequency permittivity ε∞. When such a
high-frequency permittivity can be defined it is convenient to use the
dielectric susceptibility χ(ω) = χ′(ω) − iχ′′(ω), defined by8

χ(ω) ≡ ε(ω) − ε∞ − σdc

iωε0
, (7.7)

to describe the dielectric response.
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We will in what follows restrict ourselves to the microwave frequency
region or lower. One polarization mechanism that gives rise to dispersion
in this region is orientational polarization, which is caused by the align-
ment of dipoles within a material to an applied electric field.105 This
mechanism is the basis of the well-known Debye model106 of dielectric
polarization.

7.3.1 The ‘Universal’ Response

The Debye model represents an idealized response that virtually never
agrees with the observed dielectric response of solid materials. Instead
it has been found8,9 that power-laws, both in the frequency and time
domain, are a common feature of the dielectric response of most mate-
rials.

Frequency-Domain

Let us first consider the frequency-domain response, which is most conve-
niently described in terms of the frequency-dependent dielectric suscep-
tibility χ(ω). Basically, there are two different, but related, power-law
responses. Firstly, for a dipolar material, containing bound charges, the
dielectric spectrum exhibits a relaxation peak of the general shape8,9

χ′(ω) ∝ χ′′(ω) ∝ ωα−1 ; ωp � ω � ωr , (7.8a)

χ(0) − χ′(ω) ∝ χ′′(ω) ∝ ωβ−1 ; ω � ωp , (7.8b)

where χ(0) is the static susceptibility, ωp is the frequency of maximal
loss, ωr is the lowest of the resonance frequencies mentioned above, and
the exponents 0 < α < 1 and 1 < β < 2 are constants.

Secondly, for a carrier-dominated dielectric, low-frequency dispersion
(LFD) is observed. This response, which was first identified experimen-
tally by Jonscher,107 is generally given by8,9

χ′(ω) ∝ χ′′(ω) ∝ ωα−1 ; ωc � ω � ωr , (7.9a)

χ′(ω) ∝ χ′′(ω) ∝ ωβ−1 ; ω � ωc , (7.9b)

where ωc is the cross-over frequency between the power-law processes at
high and low frequencies and the exponents 0 < α, β < 1.
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Time-Domain

If we transform the two responses (7.8) and (7.9) to the time domain,
we find that the time-domain dielectric response of most materials may
be summarized as

ΦP (t) ∝ t−α ; ξ ≤ t � τ , (7.10a)

ΦP (t) − σdc/ε0 ∝ t−β ; t � τ , (7.10b)

where ξ is a cut-off time sufficiently larger than 1/ωr that resonance
absorption is no longer important and τ = 1/ωp or 1/ωc is a cross-over
time between the two power-law processes at short and long times. Rela-
tion (7.10a) is the well-known Curie-von Schweidler law.108,109 By using
Eq. (7.3b) we find that the experimentally determined current response
function in general, both for materials with or without a nonzero DC
conductivity, fulfills the relations

ΦJ(t) ∝ t−(α+1) ; ξ ≤ t � τ , (7.11a)

ΦJ(t) ∝ t−(β+1) ; t � τ . (7.11b)

Whereas relation (7.11a) is an immediate consequence of the empirical
Curie-von Schweidler law, the relation (7.11b) appears to be related to
the so-called long-time tails of the autocorrelation function.110–113

7.4 The Memory Effect

As is evident from the previous discussion, a memory effect is incorpo-
rated in the dielectric response by the dielectric or, equivalently, current
response function. According to the linear response theory, described
in section 5.3.1, the current response function essentially equals the
canonical current autocorrelation function per unit volume 〈Ĵ ; Ĵ(t)〉V
[cf. Eq. (5.31) on page 34]. Furthermore, from the Mori treatment we
know that autocorrelation functions in general fulfill linear equations
like (5.52) on page 39. Moreover, in the dielectric case we can put
Ω ≡ 0,114 to obtain

dΦJ(t)
dt

+
∫ t

0
dt′ ϕ(t − t′)ΦJ(t′) = 0 . (7.12)

This equation admits an immediate solution by means of Laplace or
Fourier-Laplace transforms, the result being

Liω [ΦJ(t)] =
ΦJ(0)

iω + Liω [ϕ(t)]
. (7.13)
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The current response function is, therefore, completely specified by its
initial value ΦJ(0) and the memory function ϕ(t). This fact suggests an
alternative and, in fact, equivalent description of the current response
function in terms of a first order ordinary differential equation of the
form

dΦJ(t)
dt

+ ψ(t)ΦJ(t) = 0 , (7.14)

where the function ψ(t) contains the same information as the memory
function ϕ(t).114 Equation (7.14) is readily solved by the method of
integrating factor, to yield the solution

ΦJ(t) = ΦJ(0) exp
(
−

∫ t

0
dt′ ψ(t′)

)
, (7.15)

and by comparison of Eqs. (7.13) and (7.15) we find that ϕ(t) and ψ(t)
are related by

Liω

[
exp

(
−

∫ t

0
dt′ ψ(t′)

)]
=

1
iω + Liω [ϕ(t)]

. (7.16)

Equation (7.16) clearly shows that one of the functions ϕ(t) and ψ(t)
may be determined from the knowledge of the other.

7.5 Theoretical Descriptions of the Dielec-

tric Response

Quite a number of different theoretical models have been put forward
to describe the observed dielectric response of solid materials. However,
whereas most dielectric theories predict a power-law at high frequencies,
only few are able to describe LFD.

7.5.1 The Dissado-Hill Model

Dissado and Hill (DH) have developed a general cluster model of the di-
electric response. The model was initially given for the dipolar case,115

and later extended to include LFD.116 A macroscopic sample is assumed
to contain a large number of microscopic subunits, and a ‘cluster’ is de-
fined as a spatially limited region containing many microscopic subunits
over which a microscopic structure is maintained. The DH theory con-
siders two coupled processes each described by an equation essentially
of the form of Eq. (7.14), which together give rise to a second-order
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differential equation for the dielectric response function ΦP (t).117 Re-
cently, the DH theory has been the starting point for the development
of a general fractal model used to describe LFD in strongly correlated
superconductors.118

7.5.2 Fractal Description

It has been shown that LFD can be modelled by considering a combi-
nation of a fractal time process and a fractal structure.119 Furthermore,
a combination of two fractal processes yields the generalized Davidson-
Cole (GDC) expression,120 which also predicts a second power-law at
low frequencies. It has also been realized that the DH cluster model
response functions, in fact, exhibit a fractal nature.121

7.5.3 Regular-Singular-Point Analysis

From a theoretical point of view we expect the current response function
ΦJ(t) to fulfill a linear differential equation of the form of Eq. (7.14). Fur-
thermore, from experiments we know that the current response function,
in general, is characterized by two power-laws, valid at short and long
times, as shown by relations (7.11). Taken together, these facts clearly
indicate that the concept of regular singular points122,123 (RSPs) of the
differential equation (7.14) could play an important role in the descrip-
tion of the dielectric response. From the theory of ordinary differential
equations it is known122,123 that a RSP of Eq. (7.14) automatically gives
rise to a power-law behavior in time in the neighborhood of the singular
point.

In one of the appended papers (paper IV) we have used the RSP
concept to derive an expression for the current and dielectric response
functions. When these are transformed to the frequency domain, ac-
cording to Eqs. (7.4), the following expression for the susceptibility is
obtained:

χ(ω) =
A

α

Γ(1 − α)
iωτ

[
Ψ(−α; 1 − β; iωτ) − Γ(β)

Γ(β − α)

]
; ω � 1/ξ ,

(7.17)
where A is a normalization constant, Γ( ) is the gamma function and
Ψ( ; ; ) is a confluent hypergeometric∗ function.124,125

∗An alternative notation for the confluent hypergeometric function Ψ( ; ; ) which
is found in the literature is U( , , ).
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7.6 The Master Plot Technique

Until now we have assumed that the dielectric susceptibility is a function
of frequency only, which certainly is true if all other variables are held
constant. However, a general feature of many physical and chemical
processes is that their rate increases with increasing temperature.126

This is also true for the dielectric response, and the susceptibility is, in
general, a function of frequency ω and temperature T .

Quite often it is possible to determine a characteristic time of the
conduction process, such as the cross-over time τ introduced earlier,
which, in general, is temperature-dependent, i.e., τ = τ(T ). For a
thermally activated conduction process the temperature dependence is
of the Arrhenius form,8,126 i.e.,

τ(T ) = τ0 exp
( Ea

kBT

)
, (7.18)

where τ0 is a normalization constant and Ea denotes the activation en-
ergy.

If one and the same conduction mechanism dominates the dielectric
response, spectra obtained at different temperatures have a similar shape
when displayed on logarithmic scales, but are laterally, and sometimes
also vertically, displaced. When this occurs, it is possible to describe
all spectra by a universal shape function of the normalized frequency
ωτ(T ), multiplied by either a temperature-independent or temperature-
dependent normalization constant.

These observations constitute the basis of the master plot technique,
whereby data obtained at different temperatures are shifted along the
frequency axis, and sometimes along the susceptibility axis as well, in
order to superimpose on a single curve.8,127 An example of the use of
the master plot technique is discussed in Chap. 8.



CHAPTER 8

Results and Discussion

SOME RESULTS, both experimental and theoretical, are presented
and discussed in this chapter. All three major areas investigated,
i.e., ion conductors, dielectric materials, and drug-delivery sys-

tems, are briefly covered.

8.1 Ion Conductors, Mixed Conductors, and

Ion-Shuttling Devices

8.1.1 Ion Conductors

Let us start by discussing the theoretical determination of the ITIC con-
ducted through a single ion-conducting layer, performed in one of the
appended papers (paper V) and described briefly in section 6.3.2. One
of the purposes of the analysis was to determine the relative impor-
tance of diffusion and space-charge effects as current limiters. From the
analysis it was found that the ITIC (apart from normalization) could
be expressed as a function of three non-dimensional quantities; a non-
dimensional time and two parameters, which, for a certain host at a
certain temperature, are measures of the applied voltage and ion con-
centration. For specificity we considered a 1µm thick SiO2 film (rela-
tive permittivity 4.48128) at room temperature (T = 298 K), containing
singly charged positive mobile ions, such as e.g. H+, Li+, or Na+.
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FIG. 8.1: Contour plot of the half-life τ1/2 as a function of the average ion
concentration and applied voltage. In the figure, the regions where diffusion
and space-charge effects dominate the decrease in the ITIC are indicated.

As a measure of the decrease of the ITIC the half-life τ1/2 was used,
defined as that value of the non-dimensional time for which the ITIC
had decreased to half its initial value. Figure 8.1 shows a contour plot of
τ1/2 as a function of ion concentration and applied voltage. For low ion
concentrations and/or high voltages it was found that the electric field
generated by the space charges within the sample could be neglected
in comparison with the initially applied electric field; consequently dif-
fusion dominates the decrease in this region. Conversely, for high ion
concentrations and/or low voltages the decrease is dominated by space-
charge effects. As seen in the figure, the ion concentration need not be
larger than ∼ 1016 cm−3 before space-charge effects begin to dominate
the decrease for applied voltages ∼ 1V.

8.1.2 Mixed Conductors and Ion-Shuttling Devices

As described briefly in section 6.3.3 the determination of the ITIC in
a single layer presented above was generalized to a three-layered ion-
shutting device in one of the appended papers (paper VI). In this case
each layer can be considered to be a mixed conductor, but, provided
the ion motion is rate-limiting, an ‘effective’ one-component description
may be retained, as described in section 6.3.3. However, due to the
presence of freely mobile electrons, space-charge effects have much less
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FIG. 8.2: Comparison between experimental (circles) and calculated ITIC
(solid line) in an electrochromic device.

importance than in a perfect ion conductor.
The developed model was used to determine conduction parameters

for an all-solid-state electrochromic device employing WO3 as working
electrode, Ni(OH)2 as counter electrode, and ZrO2 as ion conductor.
The experimentally determined ITIC, directed from the Ni(OH)2 to the
WO3 layer, is shown in Fig. 8.2. In the figure, a fit of the theoretical
model to the experimental data is also shown. The ITIC exhibits a rather
interesting behavior; a rapid decrease is followed by an increase and a
slow decrease. This behavior could be explained by the ion mobility
being lower in the ZrO2 than in the other two layers. Consequently,
when the ions leave the Ni(OH)2 and enter the ZrO2 they slow down,
and when they leave the ZrO2 and enter the WO3 they gain speed again.
The final decrease is caused by the ions being blocked at the electrode.

8.2 Dielectric Response: Tantalum Oxide

As mentioned in section 4.1.1, Ta2O5 is a structurally complex material
which exists in many metastable phases. Furthermore, even in samples
with similar long-range order, the local environment around each tanta-
lum atom may be different. As a consequence of the earlier mentioned
oxygen vacancy and accompanying band-gap state (cf. section 4.1.1)
this may result in samples with markedly different conducting proper-
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FIG. 8.3: ε′ − ε∞ (a) and ε′′ (b) for the as-deposited conducting and non-
conducting Ta2O5 films as functions of the frequency of the applied sinusoidal volt-
age.

ties.

8.2.1 Room-Temperature Dielectric Properties

The room-temperature dielectric properties of two different X-ray amor-
phous thin film Ta2O5 samples were investigated in two of the appended
papers (papers I and II). One of the samples was electron conduction
(ec-Ta2O5) and the other non-conducting (nc-Ta2O5), the DC conduc-
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tivity being ∼ 2 × 10−14 S/cm and � 1 × 10−17 S/cm,∗ respectively.
The room-temperature dielectric spectra of these two samples are

displayed in Fig. 8.3 on the facing page. The high-frequency permittivity
ε∞ (cf. section 7.3) subtracted from the real part was determined to
equal 23.6 and 22.7 for the ec-Ta2O5 and nc-Ta2O5 films, respectively.
As seen in Fig. 8.3, the nc-Ta2O5 exhibited a nice power-law behavior
in a wide frequency range (over more than 6 orders of magnitude). For
the ec-Ta2O5, on the other hand, a loss peak centered at ∼ 1 kHz may
be seen. Furthermore, over almost the entire frequency range, both the
real and imaginary parts of the permittivity were more than one order
of magnitude larger for the ec-Ta2O5 than for the nc-Ta2O5. Thus the
ec-Ta2O5 not only contained more freely mobile charge carriers (cf. the
much larger σdc) but also contained more partially mobile charges, which
resulted in a larger permittivity.

It is interesting to note that the difference between the two samples
decreased with increasing frequency. The high-frequency permittivity
values obtained, 23.6 for the ec-Ta2O5 film and 22.7 for the nc-Ta2O5

film, were of comparable magnitude. These values are, furthermore,
rather close to the value of 25.84 reported for β-Ta2O5.36 Thus the
high-frequency dielectric properties (resonance frequencies etc., cf. sec-
tion 7.3) are likely similar for all three samples.

8.2.2 Temperature-Dependent Dielectric Properties

Temperature-dependent dielectric properties of the nc-Ta2O5 sample
were investigated further in another of the appended papers (paper IV).
Dielectric spectra were recorded at 6 different temperatures between 24
and 120 ◦C. By using the master plot technique, described in section 7.6,
it was found that all these spectra could be reduced to a single master
curve, thus showing that the same conduction mechanism was operat-
ing in the whole frequency range. The resulting master plot is shown
in Fig. 8.4 on the next page. From the frequency translations, shown
in Fig. 8.4 by the location of the 1.38 mHz mark in the original plot, it
was found that the activation energy of the process giving rise to the
dielectric response was 0.92 eV [cf. Eq. (7.18) on page 58]. The power-
law that extended over almost the whole room-temperature spectrum is
seen to correspond to the high-frequency part of the master plot. For
low frequencies, both the real and imaginary parts of the susceptibility

∗This value was, in fact, estimated by using the master plot technique, cf. sec-
tion 8.2.2 below.
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FIG. 8.4: Temperature reduced plots of the real (a) and imaginary (b) parts
of the experimental dielectric susceptibility of nc-Ta2O5 thin films. The fre-
quency axis is correct for 24◦C and the temperature shifts are shown by the
location of the 1.38mHz mark in the original plot. The solid lines show the
best fit of the RSP expression (7.17) to the data points displayed in the figure.

obey the power-law expressed by relation (7.9b), which is a characteristic
feature of LFD.

Since the master plot extends over almost 12 orders of magnitude
in frequency, and exhibits the expected power-law behavior at low and
high frequencies, it is ideal for comparisons with theoretically calculated
susceptibilities. The solid lines in Fig. 8.4 show the best fit of the RSP



Sec. 8.3 Pharmaceutical Systems 65

expression (7.17) on page 57 to the data displayed in the figure. The
fit was obtained for the the parameters values α = 0.896, β = 0.464,
τ = 11.8, and A = 0.282. The confluent hypergeometric function was
evaluated according to the algorithm described in Ref. 129. It is ap-
parent from the figure that the agreement between the theoretically
calculated and experimentally measured susceptibility is good. Similar
fits of the DH model and GDC expression (cf. sections 7.5.1 and 7.5.2)
showed that these models also provided a rather good description of the
experimental data. The deviations were, however, somewhat larger than
that for the RSP expression (7.17).

8.3 Pharmaceutical Systems

By using the AIC technique, developed in one of the appended papers
(paper VII) and described briefly in section 3.2.2, it is possible to study
the release of electrically charged drug substances for extended periods
of time. The AIC technique can also be used to determine liquid ab-
sorption properties of pharmaceutical excipients. The results presented
here were obtained for NaCl containing (30 wt.%) AMC tablets (cf. sec-
tion 4.3.2). The measurements were performed in 10ml distilled water,
and a 5mm magnet was used to mix the liquid surrounding the tablet.
The cumulative amount of released drug is shown as a function of time in
Fig. 8.5 (a) on the following page. The values shown are the averages of
5 repeated measurements, and the error bars indicate the standard devi-
ations. The initial release, shown in Fig. 8.5 (b), is seen to be somewhat
delayed.

A model of the drug release process was developed in one of the
appended papers (paper VIII). The starting point was the three-dimen-
sional diffusion equation, obtained by using Fick’s law (5.11) on page 28
in the continuity equation (5.1) on page 26. Drug dissolution, described
by the Noyes-Whitney equation,130 was included as a source term in this
equation. In order to account for some of the experimentally observed
features (the initial delay and the incomplete release) it was, further-
more, assumed that some of the dissolved drug could be adsorbed by the
tablet constituent and, hence, become immobilized. The adsorption was
described by a Langmuir-Freundlich adsorption isotherm,131–133 and was
included as a (negative) source term in the diffusion equation. Because of
these source terms, the diffusion equation became highly nonlinear and
was, therefore, solved numerically, by using finite differences.134 The
solid line in Fig. 8.5 shows the result of the model calculation. As can
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FIG. 8.5: Comparison between experimental (circles) and calculated cumu-
lative amounts of released drug (solid line). The experimental values shown
are the averages of 5 repeated measurements, and the error bars indicate the
standard deviations.

be seen in the figure, the model yielded release characteristics in good
agreement with those observed experimentally. Still, other explanations
may exist for the observed delay; the proposed adsorption mechanism,
therefore, needs further investigation.



CHAPTER 9

Conclusions and Outlook

LET ME CONCLUDE the thesis by summarizing the most impor-
tant findings, and by making some suggestions for future work.
Let me again discuss the three major areas of investigation in

sequence, starting with ion conductors and ITICs.
The theoretical ITIC calculations given in papers V and VI are valid

for one-component systems and for systems for which an effective one-
component description of the charged particle transport may be re-
tained. It would be of interest to extend the calculations to systems
containing more than one ionic species. For multi-component systems,
one would obtain not a single partial differential equation but, rather,
a system of partial differential equations, one for each charged species.
In the linear regime, it ought to be possible to decouple these equations
by, e.g., a suitably chosen diagonalization procedure. Accordingly, it
should be possible to obtain analytic expressions for the ITIC for these
systems.

The regular-singular-point analysis presented in paper IV provided
an expression for the dielectric susceptibility [cf. Eq. (7.17) on page 57]
which described the experimental data obtained for nc-Ta2O5 very well.
This expression is able to describe not only LFD, exhibited by the nc-
Ta2O5 sample, but also relaxation peaks. It would, therefore, be of inter-
est to make further comparisons between the RSP expression (7.17) and
experimental data. Furthermore, even if the RSP expression provides a
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good description of the experimental data, its physical basis needs fur-
ther investigation. An intriguing question is the physical reason for the
occurrence of RSPs in the differential equation for the current response
function [cf. Eq. (7.14) on page 56].

As already mentioned, the AIC technique developed in paper VII
provides a means of determining drug release and liquid absorption. One
particularly interesting application of the technique would be to measure
the drug released from one single granule. In this way one would obtain
not an averaged release rate from many granules but information about
a single release process.

The drug-release model developed in paper VIII combines drug dis-
solution, diffusion and immobilization caused by adsorption of the drug
to the tablet constituents. Even though the model resulted in release
characteristics in good agreement with those observed experimentally, it
is our belief that the adsorption process needs further investigation. Fur-
thermore, numerical solution of partial differential equations is always
rather time consuming. It would, therefore, be of interest to obtain an
analytical description of the combined drug dissolution and drug release
processes, at least in some limiting cases.
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