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Om elektrisk ström och

kvantprickar

FÖR DEN SOM INTE haft lyckan att studera fysik ter sig titeln på den här avhan-
dlingen, tillika titeln på föreliggande avsnitt, möjligen något eländig. De
flesta har antagligen en vag uppfattning om vad elektrisk ström är men

vad är en kvantprick? I denna inledning skall vi söka reda ut en del begrepp som
förekommer i de följande kapitlen, vilka lätt kan framstå som en sörja av matema-
tisk rotvälska med symboler och beteckningar som icke-fysiker/matematiker inte
vill kännas vid. Avsikten är att göra det möjligt för fler än fysiker och matem-
atiker att känna sig välkomna till det som tillhandahålls och som ett löfte skall
det inte användas någon matematik i denna inledning.

För oss, som lever i den “moderna” västvärlden, är elektrisk ström något
som tas för givet, vare sig man vill veta vad det handlar om eller inte. Vi trycker

Figure 1: Vid vattenkraftverket (El-kraftverk) genereras en elektrisk ström som förs via
ledningarna till lampan. Lampan tänds/släcks med en strömbrytare i huset.
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Figure 2: Schemastisk bild över den slutna kretsen bestående av kraftverket, led-
ningarna strömbrytaren och lampan.

på strömbrytaren till kökslampan och ljuset tänds. För att en elektrisk ström skall
kunna uppstå måste det finnas ett slutet system, eller en så kalled sluten krets.
I fallet med kökslampan består systemet av elkraftverket, ledningarna till och
från lampan samt lampan själv, jämför Fig. 1 och 2. När vi trycker på ström-
brytaren sluts systemet och laddningar börjar att röra sig i kretsen. I kretsen ut-
görs laddningarna av elektroner, små partiklar som vanligtvis kretsar runt atom-
kärnor. Ibland kan de dock röra sig någorlunda fritt i ett material, vilket är fallet
när de utgör en elektrisk ström. Elektroner bär mängder av, i det närmaste fan-
tasifulla, egenskaper som “synligörs” vid olika tillfällen. De kretsar t.ex. runt
atomkärnorna i stabila banor med bestämda energier. (Jämförelsevis kretsar inte
satelliter runt jorden med samma stabilitet. De tappar hela tiden något av sin en-
ergi och närmar sig långsamt jorden, för att till sist krascha på jordytan. Förhopp-
ningsivs då i ett hav långt bort från alla människor.)

De väl bestämda energierna, energikvantiseringen, som elektronerna har i sina
banor runt atomkärnorna, kan utnyttjas i flera sammanhang. Den stora tillämp-
ning i dagens värld är i första hand inom elektronikindustrin. I TV-apparater,
datorer, mobiltelefoner, bilar, båtar, flygplan, raketer m.m. m.m. finns den elek-
tronik som ständigt drar nytta av elektroners energikvantisering. På 1950-talet
lanserades den s.k. transistorradion och trots att inte så många då brydde sig om
vad en transistor var, har ordet fastnat i svenskan. En transistor är en elektronisk
komponent som byggs av ett halvledarmaterial. Ordet halvledare kommer från att
materialet ibland leder ström och ibland inte, beroende på omgivningen. Lite mer
komplicerat är det att beskriva hur en transistor fungerar. Emellertid, i gränsskik-
tet mellan de delar som kallas kollektor och emitter bildas en två-dimensionell elek-
trongas vilken spelar en väsentlig roll i moderna transistorer, se Fig. 3 på sida
3.1 Den två-dimensionella elektrongasen bildas i en så kallad kvantbrunn i vilken
elektronerna tillåts röra sig fritt i två riktningar men där rörelsen i den tredje
begränsas av energikvantisering i kvantbrunnen. Det innebär i sin tur att de en-
erginivåer som kvantiseringen ger upphov till, bara kan besättas av ett givet antal
elektroner.När de är besatta kan det inte komma in fler elektroner i kvantbrun-
nen. Antag nu att en elektrisk spänning sätts över kollektor/emitter-övergången.

1Beskrivningen avser en MOSFET (Metal Oxide Semiconductor Field Effect Transistor/Metall-
Oxid-Halvledar-Fält-Effekt-Transistor) som är en modernare och energisnålare variant av den ur-
sprungliga transistorn.



3

Figure 3: Schematisk skiss över en MOSFET uppbyggd av en bit kisel (Si) på vilken
ett isolerande kiseldioxid-skikt (SiO2) läggs mellan emittern och kollektorn. På oxid-
skiktet placeras ett kisel-skikt, grinden, till vilken en spänning kopplas. Mellan emittern
och kollektorn finns en två-dimensionell elektrongas (2DEG) med de energinivåer som
strömmen drivs genom.

Då kan man med hjälp av det som kallas grinden, jämför Fig. 3, kontrollera om
det skall gå en ström genom tranistorn eller inte. Transistorn fungerar alltså som
en elektronisk strömbrytare. Storleksordningen på de transistorer som idag an-
vänds kommersiellt ligger på mellan 1-1000 µm.2

I detta sammanhang kan vi komma in på kvantprickar. En skiss över en ex-
perimentell kvantprick kopplad till ledningar återfinns i Fig. 4 på sida 4. Som ett
exempel på storleksordningen kan nämnas att lagret märkt SiO2, Fig. 4, inte är
mer än ungefär 3 nm tjockt.3 Kvantpricken dimensioner är därmed cirka 3×3×3
nm3 (kubiknanometer). Det visar sig nu att om man gör de elektroniska kom-
ponenterna så mycket mindre, i storleksordningar mellan 1-1000 nm, kan de
beräkningsformler och regler som används för transistorer inte längre kan tilläm-
pas. Således har den makroskopiska (stora) världens regler lämnats bakom och
den mikroskopiska (lilla) världens lagar har tagit överhanden. Ofta benämns kom-
ponenterna i denna storleksordning som mesoskopiska, där mesoskopisk förstås
som en luddig gräns mellan det mikro- och makroskopiska. Det är dock inte
bara storleken som skiljer en kvantprick från en vanlig transistor. De vanliga
transistorerna innehåller en två-dimensionell elektrongas och den utnyttjas även
i samband med kvantprickar. Emellertid avskärmas kvantbrunnen som bär elek-
trongasen ytterligare, till att bli noll-dimensionell, d.v.s. att energinivåerna i kvant-
brunnen blir sådana att elektronernas rörelser begränsas i rummets alla tre rikt-
ningar.

21 µm (mikrometer) är en miljondels meter, eller 0,000 001 m.
31 nm (nanometer) är en miljarddels meter, eller 0,000 000 001 m.
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Figure 4: Skiss över en experimentell kvantprick. Emittern och kollektorn är separ-
erade från kvantpricken medelst oxidskiktet som utgör tunnlingsbarriärer.

Kvantprickar erhålles också genom att man skapar t.ex. metallkulor i nanome-
terstorlek. Detta exempel visar tydligt vad som är avgörande för om man har att
göra med en kvantprick eller inte. Vi gör en jämförelse. Antag att man inuti en
fotboll har en lös stenkula. Stenkulan kan då röra sig i rummets alla tre rikt-
ningar, d.v.s. åt alla håll inuti bollen. Antag nu att vi drar en tråd genom stenku-
lan, som råkade ha ett hål rakt genom, och knyter fast stenkulan i tråden. Om
vi därefter fäster tråden diametralt i bollen, begränsas stenkulans rörelser till två
riktninar inuti bollen, den kan fritt svänga framåt och bakåt och i sidled men inte
vare sig upp eller ner eftersom stenkulan är fastknuten i tråden, jämför Fig. 5
a). Detta motsvarar i någon mening den två-dimensionella elektrongasen. Om
vi drar ytterligare en tråd genom stenkulan och fäster den, så att trådarna bildar
ett kors i bollen, medför det att stenkulan endast kan svänga i en riktning, Fig.

Figure 5: Stenkulan i fotbollen. I a) är en tråd dragen genom kulan och dess rörelser
begränsas till två riktningar - kan ge upphov till en cirkulär rörelse. När två trådar
dras genom kulan, b), kan kulan endast röra sig i en riktning och med tre trådar, alla
vinkelräta mot varandra, kan kulan inte röra sig i någon riktning. Rummet beskrivs
med de tre riktningar som koordinatsystemet utpekar (längst till vänster).
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Figure 6: Rumslig kvantisering av en elektron. För en elektron som placeras mellan
två oändligt stora plan, a), kvantiseras energierna i en dimension medan dess tillåtna
energier i de två övriga riktningarna är obegränsat många. Om rummet avskärmas i
två riktningar, b), tillåts elektronen fria energier endast i en riktning samtidigt som de
kvantiseras i de två övriga. En elektron som är innesluten i en låda, c), har kvantiser-
ade energier i alla rummets riktningar. För denna typ av kvantisering bör lådan vara i
nanometer-storlek.

5 b). Med hjälp av en tredje tråd genom stenkulan, som fästs vinkelrät mot de
två övriga, kan stenkulan inte röra sig fritt i någon riktning, Fig. 5 c). Stenkulans
rörelser har blivit tre-dimensionellt begränsade, vilket är detsamma som att dess
rörelserymd har blivit noll-dimensionell. Omvandlat till elektroner och kvant-
brunnar, så motsvaras stenkulans rörelserymd av elektronernas energikvantis-
ering. Intuti den nanometerstora metallkulan, kvantpricken, kvantiseras elek-
tronernas tillgängliga energinivåer i alla rummets riktningar. Om det finns en
elektron i kvantpricken, har den en given energi och ingen annan, jämför Fig. 6.

Ett fenomen hos elektroner som är avgörande inom min forskning är deras
möjlighet att gå genom material på ett sätt som synes vara en inbillning. Antag
att vi har ett bollplank och skjuter en boll mot det, se Fig. 7. De enda sätten för
bollen att komma till andra sidan av bollplanket är antingen att skjuta bollen över
planket eller, mer dramatiskt, skjuta bollen så hårt mot planket att det går sönder
och bollen far rakt genom. Den sistnämnda möjligheter är mindre önskvärd, ty
då har bollplanket mist sin funktion för senare bruk. Vi bortser från detta alter-
nativ. För en elektron finns ett alternativ till att skjutas över en potentialbarriär,
vilket är den kvantmekaniska motsvarigheten till bollplanket. Den kan nämligen
gå genom barriären utan att barriären förstörs. Elektronen sägs tunnla genom
barriären. Detta kan tyckas vara tämligen akademiskt men faktum är att dessa
potentialbarriärer finns på många håll i den värld vi befinner oss. I samband
med elektroniska tillämpningar består potentialbarriärerna av gränskikt mellan
olika material, som t.ex. ledningarna till och från kvantprickar. När det går en
elektrisk ström genom kvantpricken, tunnlar en elektron först från ena ledningen
in i kvantpricken. Därefter tunnlar elektronen vidare, från kvantpricken till den
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Figure 7: En boll som skjuts mot en vägg studsar tillbaka. En elektron som skjuts mot
en barriär kan antingen studsa tillbaka (reflekteras) eller gå rakt genom (tunnla).

andra ledningen. Potentialbarriärerna mellan kvantpricken och ledningarna, är
nödvändiga för att kvantpricken skall bibehålla sina egenskaper som kvantprick.

Som alltså nämnts, handlar kvantprickar om mycket små elektronikkompo-
nenter. Eventuellt skall dessa kunna användas för att ge oss mångfaldigt my-
cket snabbare och mer minnesspäckade datorer, mobiltelefoner m.m. Vad man
än kan tycka om tillämpningarna innehåller kvantprickarna en hel del intres-
sant att sysselsätta sig med, som att utveckla teorier för hur de fungerar och för
hur de skall kunna användas. Med hjälp av kvantprickar har en hel rad kvant-
mekaniska fenomen har kunnat renodlas och studeras. Det är åt utvecklingen om
förståelsen av några utav dessa som jag ägnar denna avhandling. De metoder
som jag använt är en del av den teoretiska fysikerns vardag, nämligen att med
matematiska metoder söka beskriva det som observeras i experiment. Trots att
innehållet i Kap. 1 - 5 kan synas vara ett sätt att briljera och visa min förträf-
flighet i att excellera med matematiska beräkningar, handlar det självfallet inte
om det, bara lite;-) Att begå överdrivna excesser i matematiska härledningar av
fysikaliska formler är min stora perversion i livet och kanske ett uttryck för min
önskan att njuta av mitt arbete. Lite förnumstigt skulle man säga att det är vä-
gen och inte målet som är det viktiga, men faktiskt, resultaten skulle inte betyda
någonting om det inte vore för alla de våndor, all ångest över att inte begripa
någonting, de aha-upplevelser som någon gång emellanåt ger sig tillkänna och
allt trasslande med ekvationer, summor och integraler. Det handlar istället om att
det matematiska språket har visat sig vara överlägset för att finna grunden för de
fenomen som söks. Det ger en enkel (tro det eller ej) och, i slutändan, kortfattad
beskrivning av det observerbara.



Introduction

AQUANTUM DOT IS, in a sense, the ultimate limit of what mankind has been
able to manufacture that resembles an atom or a molecule. In fact, in
all those devices called quantum dots, one of the most remarkable fea-

tures is that the energy levels available for electrons, in the quantum dot, are very
clearly discretized in all three spatial directions. One talks about that the quan-
tum dots are quasi zero-dimensional, since the electrons in the dots experience
a three dimensional confinement. Being a result of shrinking the size of a piece
of matter, it is natural that the larger quantum dots can contain more electrons
than the smaller ones. Indeed, the smallest possible quantum dot, which should
be of any technical interest, contains a single electron. Thus, such a device would
be a very nice manifestation of a controllable single spin-moment. In the state of
the art technology of today, it is possible to make quantum dots out of very small
metallic grains with sizes down to 4-5 nm. For such quantum dots, the separation
between the energy levels is sufficiently large that single-electron transistors can
be constructed, where the quantum dot plays the role of the active component in
the device. When the quantum dot is coupled to contact leads, a single level can
be tuned in to become conducting for rather a large bias voltage regime. How-
ever, in order to construct effective single-electron devices one does not have to
have such small quantum dots. On the other hand, these smallest devices illus-
trate the beautiful and attractive possibilities that may be found in nature when
ones mind is not restricted to common sense and rules.

Although quantum dots by themselves display interesting physics, they be-
come even more attractive when two, or more, conducting leads are attached to
them. Because of the energy discretization in the quantum dots, they show a very
distinct onset of the current through the system, as one level becomes conduct-
ing when the source-drain voltage is increased. Such a behaviour is attractive,
for instance, in digital electronics applications, where a clear distinction between
the 0- and 1-state is desirable. However, an even more fascinating prospect the
single-electron devices invite to is the observation of the magnetic moment of
the quantum dot. In the simplest case, the quantum dot with a single available
energy level, the magnetic moment of the quantum dot is zero when it is unoccu-
pied by an electron. When an electron populates the quantum dot, the magnetic
moment becomes one Bohr magneton. The difference of these magnetic moments
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is experimentally observable and therefore also technically applicable.
The opportunity of changing the magnetic moment in the quantum dot by ob-

serving whether an electron occupies the quantum dot or not, is pleasant. How-
ever, suppose that the quantum dot is occupied by an electron and suppose that
its spin state is up. Then, by a magnetic field applied over the quantum dot,
the spin of the electron may be switched to the down state. Then, after termi-
nating the magnetic field, the spin of the electrons remains in the down state,
however, eventually the electron spin will change its character due to spin-lattice
relaxations and exchange correlations in the quantum dot. Nevertheless, without
leading any charge current through the system, one yet has changed the struc-
ture of the system. Talking about digital applications, then the 0- and 1-states
would be represented by the spin projections up and down of the electron. By a
combination of driving a charge current through the system and by manipulating
the spin projection of the electrons in the quantum dot one would, in principle,
be able to construct technical applications far beyond todays single-minded elec-
tronics.

Let us now discuss some scientific hardware. Electronics based on semi-
conductor devices have been around, at least, since the 1950s. Since then, a con-
siderable amount of people have put their efforts into the understanding of the
physics of these devices and the technological implications that may be drawn.
Has not all the details of semi-conductor physics been discovered then? Is there
anything new to be found, even if one developed new theoretical and experiment
techniques that, maybe, puts everything into another shade of light? The answer
is quite simply no. Why? For instance, in 1943 Zener proposed the interband tun-
neling effect [95] but it had to wait until the beginning of the 1950s until the first
diode manifesting the Zener tunneling was constructed. Further years elapsed
and in 1958 Esaki suggested the so-called Esaki resonant tunneling diode [22],
exhibiting negative differential resistance (NDR) due to Zener tunneling between
the conduction and the valence bands in a heavily doped p-n junction diode. In
the beginning of the 1970s Esaki and Tsu predicted that the NDR should also be
found in GaAs/AlxGa1−x double and multiple barrier structures [87, 14], or su-
perlattices. However, it took more than ten years before high quality quantum
well (double barrier) samples exhibiting NDR could be fabricated [85]. Actually,
the first observation of NDR in a superlattice was reported in 1990 [81]. During
this time, the technical improvements in fabricating quantum well structures had
become overwhelming. Actually, it was made possible to confine electrons in also
two and three spatial directions, thus, the ability of making quantum wells had
been improved by also making quantum wires and quantum dots. This is where
we are today.

It is seen that some of the great discoveries were made before the technical
abilities to realize these phenomena were achieved. However, the progress also
takes the other way around, that is, the technical improvements lie far beyond
the theoretical understanding. The size of the fabricated devices had, in the end
of the 1980s, become far smaller than what the usual (macroscopic) theories al-
lowed for a good interpretation and prediction of the inherited effects. Thus,
one had to say goodbye to the classical or semi-classical theories that were previ-
ously used and by adopting (non-equilibrium) quantum mechanics new under-
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standing of the physics in the fabricated devices was achieved. However, the
whole theme started by considering steady-state phenomena, but rather soon
the need for actual non-equilibrium techniques was realized by many. Based
on a microscopic foundation, new theories evolved and are yet evolving. For
example, even though many features concerning tunneling currents, which be-
come important for small devices, are understood, there are several issues that
have to be resolved before calculations of transport without any adjustable pa-
rameters can be performed. Almost all first principles calculations schemes of
today, are based upon equilibrium situations. Thus, since transport by definition
is a non-equilibrium phenomenon, equilibrium methods cannot be satisfactory
in this case. Such methods may be relevant only if the deviations from equilib-
rium are very small. Another issue that has to be solved is how the new devices
respond to very high frequency, in the order of THz or higher, bias and gate volt-
ages. In such regimes, one cannot even find qualitative answers by using equilib-
rium methods or macroscopical approaches. What happens if we apply magnetic
fields to the devices? The spin-degeneracy of the energy levels in a quantum dot
is naturally lifted, at least eventually as the strength of the magnetic field is in-
creased. On the other hand, what happens with the degeneracy of the quantum
dot levels if the couplings between the quantum dot and its attached contacts are
different for the two spin channels? One desired achievement with mesoscopic
physics is to construct highly spin-polarized currents in the systems, something
that may be used for quantum computing, magnetic sensors and memory storage
etc. What is the theoretical limit of a spin-polarized current and how well does
this limit correspond to the realistic devices of today? There are many more open
questions concerning electronics design based upon mesoscopic physics.

The present text is by no means intended to give an answer to all these ques-
tion. However, the questions be themselves open a large area for physicists to
work in and being one of the community, I have chosen certain tasks to investi-
gate. Quantum dots are small objects with rather a small concentration of elec-
tron states, and for this reason effects from strong correlations between the states
should be important in the current flowing through the quantum dot system.
This is actually one of the main issues that motivated to work on transport the-
ory in quantum dots. However, since the macroscopic transport theories are not
satisfactory and the existing quantum mechanical transport theories suffers from
one or another problem, there was yet another motive to investigate the reliabil-
ity and consistency of transport theory, mainly used in connection with strongly
correlated quantum dot states. Finally, the non-equilibrium Green functions tech-
nique used for the present work, is probably one of the best candidates for study-
ing transport phenomena in mesoscopic physics. The framework provides a nat-
ural and simple enough description of the physics considered.





Chapter 1

Electric current

IN GENERAL, electric current can be viewed as a motion of charged particles,
such as electrons and/or ions. With this basic definition of electric current,
it is then a rather simple task to provide a mathematically formulated the-

ory from which further calculations can be performed, although the mathematics
itself does not have to be simple at all.

1.1 General formulation of charge current

For an understanding of the fundamental processes involved, it is preferable to
approach the problem in a field theoretical manner. For instance, by applying
an electric field E(r, t), which depends on the spatial and temporal coordinates
r and t, to a conducting system a net current J(r, t) through the system can be
observed. In contrast, if there is no electric but a magnetic field H(r, t) applied
to the system, there will also be a current as a result. Actually, for the charged
particles flowing in the system there is no real distinction between the fields, a
fact which is resolved by introducing the vector potential A(r, t). This potential
has the property that

∇×E = − ∂

∂t
∇×A

H = ∇×A, (1.1)

where ∇ = (∂/∂x, ∂/∂y, ∂/∂z). In terms of the vector potential, the electric cur-
rent becomes a question of determining the response of the potential’s variation
in a system. Formalizing, let the energy of a system be described by the Hamilto-
nian operator H . Then, the electric current density j(r, t) in this system is given
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by the equation [55]

δH = −1
c

∫
j · δAdV, (1.2)

where c is the speed of light and V is the volume in which the current flows.
Physically, Eq. (1.2) determines the change of the charge and field distributions
in the Hamiltonian system when the vector potential varies.

A simple example is given by considering free charged particles in space with
no outer constraints. Then, the Hamiltonian consists of the kinetic energy opera-
tor of the particles

H =
1

2m

∫
ψ†

(
p− e

c
A

)2

ψdV,

where m and e are the particles mass and charge, respectively, the momentum
operator p = −i~∇ and ψ is a particle-field operator. Effecting the variation
yields

δH =
1

2m

∫
ψ†

[
−e

c
[p · δA + δA · p] +

(
e

c

)2

A · δA
]
ψdV (1.3)

and integration by parts on p · δA results in
∫

ψ∗p · δAψdV = −i~
∫

ψ†∇(δA · ψ)dV = i~
∫

δA · (∇ψ†)ψdV, (1.4)

since the surface integral vanishes. Putting the last expression in Eq. (1.4) into
Eq. (1.3) gives the equation

δH = −i
e~

2mc

∫
δA · [(∇ψ†)ψ − ψ†∇ψ]dV +

e2

mc2

∫
A · δAψ†ψdV

from which we extract the current density operator

j = i
e~
2m

[(∇ψ†)ψ − ψ∗∇ψ]− e2

mc
Aψ†ψ. (1.5)

Here one may worry that this expression is not single valued because of the ex-
plicit appearance of the vector potential, which is defined up to a gauge transfor-
mation

A → A +∇f, φ → φ− 1
c

∂f

∂t
,

where φ is a scalar potential and f = f(r, t) is an arbitrary scalar function. How-
ever, any such gauge transformation has to be accompanied by changing the field
operator

ψ → ψeief/~c,

which therefore makes the current density (1.5) unique.
From Eq. (1.5) one can derive the equation of continuity

∂ρ

∂t
+∇ · j = 0, (1.6)
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where ρ(r, t) ≡ e〈ψ†ψ〉 is the charge density in the system. This equation relates
back to the point where we started in this chapter, namely to regard electric cur-
rent as a motion of charge, and this equation will be the starting point in our
exploration of the transport properties of mesoscopic systems. In words Eq (1.6)
means, the rate of change of the charge density in a unit volume of the system equals the
net out flux (divergence) of the current density per unit volume in the system.

Later on in this thesis we will concentrate very much in electronics devices
on a mesoscopic length scale. Therefore, it is desirable to point out a distinction
between macroscopic, mesoscopic and microscopic views of the electric phenom-
ena. The first problem one encounters is the fact that in todays macroscopic elec-
tronics, the current-voltage (J − V ) relations are, with some exceptions, linear or
Ohmic, whereas the J − V characteristics of molecules are evidently shown to
be non-linear [53], in general. The different behaviour is actually more or less a
matter of size. Indeed, there are three characteristic length scales working as a
boundary between the macro- and microscopics and these are the de Broglie wave
length, the mean free path and the phase relaxation length.

• The de Broglie wave length, or the particles wave length, λ = 2π/k is re-
lated to its wave vector k and sets a lower limit of where macroscopic, or
classical, physics may be used for an accurate description of the physics.
Any system which is smaller than λ requires a quantum mechanical de-
scription. At low temperatures the current is mainly driven by electrons
with energy close to the chemical potential and therefore the relevant length
scale is the Fermi wave length, typically around 35 nm [16].

• The mean free path is defined through the momentum relaxation time τm,
interpreted as the time it takes before the electron has lost its initial momen-
tum. It is not identical with the collision time τc since if at each collision the
electron is scattered only a small angle, then very little of the momentum is
lost. The momentum relaxation time is therefore, in this case, much longer
than the collision time. The mean free path Lm is given by the relation
Lm = vF τm, where vF = ~kF /m and kF are the Fermi velocity and momen-
tum, respectively. The Fermi velocity is typically around 3 · 107 cm/s for
λF ∼ 35 nm. Thus, assuming a momentum relaxation time about 100 ps the
mean free path is around 35 µm [16].

• The phase relaxation length Lφ is defined as the average distance the elec-
tron can move before its phase memory is destroyed. The implications of
this is that if we want to measure interference phenomena, Lφ must be
larger than the size of the system. Phase relaxation, phase randomizing or
phase decoherence, it neither equivalent with elastic nor inelastic scattering,
although there are cases where they appear simultaneously. For example,
electron-electron interaction is an important phase randomizing scattering.
Electrons scatter off other electrons due to Coulomb repulsion. However,
apart from some cases, e.g. Umklapp processes, the mean free path remains
unaffected since there is no loss in the net momentum. Another example of
phase relaxation is scattering on magnetic impurities which has an internal
degree if freedom, the spin, which fluctuates with time. In general it is the
fluctuating scatterers that cause phase relaxation while stationary do not.
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A system which is of the size on the order of atoms is microscopic and whenever
the system is larger than the three length scales described above, it is macroscopic.
A system in the size between these two limit cases is identified as mesoscopic.
One realizes that the definition of the mesoscopic regime is somewhat floating
but on the other hand there is no need of a very precise interpretation of the con-
cept. For those who are keen on numbers one may say that devices ranging from
perhaps tens of Ångströms to 1-2 µm can be classified as mesoscopic. However,
numbers are actually determined by the strength of the scattering processes and
should always be treated with care.

1.2 Tunneling phenomenon

The phenomenon of tunneling can popularly be described as the ability of electrons
to penetrate ‘walls’ which intuitively are non-penetrable. By walls we mean poten-
tial barriers and by intuitively we mean our physical understanding founded on
classical physics. Thus, the walls should be regarded as non-penetrable by clas-
sical particles. Considering electrons as classical particles leads to a contradic-
tion in the statement above, however, electrons can not be described by classical
physics1. The tunneling phenomenon is thoroughly discussed in, for example,
Quantum Theory by D. Bohm [11].

Now, someone may wonder what tunneling has to do with electric current.
The answer, however, is simply that in many electric circuits there are interfaces
between different materials and devices. Interfaces between different materials
can be responsible for creation of potential barriers through which the charge
have to pass. Some electronic devices, such as diodes and transistors, also have
interfaces between different materials and some of their properties are actually
constructed such the tunneling phenomenon plays an essential ingredient in their
function. Thus, the phenomenon of tunneling is a natural concept in connection
with electric current.

1.2.1 Penetration of a barrier

An example which, mathematically, very well describes the tunneling behaviour
of electrons is given by studying the one dimensional potential

V (x) =
{

V0 if x ∈ (0, x0)
0 otherwise,

shown in Fig. 1.1. Assume that an electron is incident from the left with energy
ε < V0. By treating electrons as classical objects the result behaviour in this sys-
tem is that the electron bounces into the barrier and returns to wherever it came
from. However, treating electrons within quantum mechanics their motion have

1Often electrons are described as being both particles and waves depending on the circumstances.
In my opinion though, electrons should be regarded as neither particles nor waves. They show
both particle and wave properties, which is far from being either. Comparison with (semi-) classi-
cal physics only leads to confusions in the interpretation of quantum mechanics
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Figure 1.1: Potential barrier of height V0 and width x0.

to satisfy the time-independent Schrödinger equation

− ~
2

2m
∇2φ(x) + V (x)φ(x) = εφ(x)

where the wave function φ(x) contains all properties about the electron but its
charge. Here ~ is Planck’s constant, m is the effective electron mass and ε is the
energy eigenvalue of the equation. To the left of the barrier the wave function is

φ(x) = Aeikx + A′e−ikx,

with the wave vector k =
√

2mε/~2. The first and second term can be interpreted
as the incident and reflected part, respectively. Proceeding in the same manner we
find the wave function inside the barrier , i.e. in the interval (0, x0), as

φ(x) = Beiκx + B′e−iκx,

where κ =
√

2m(ε− V0)/~2 = i
√

2m(V0 − ε)/~2. Thus, the exponents are real is
this case. The electron was assumed to be incident from the left, hence, the wave
function to the right of the barrier is just

φ(x) = Ceikx.

The wave function should describe the electron in all of the interval (−∞,∞)
which is fulfilled by requiring it to be continuously differentiable everywhere.
From these constraints the constants A,A′, B, B′ can be determined in terms of
C. The reflectance R = |A′/A|2, defined as the probability that the electron is
reflected at the barrier, is then given by

R =
1

1 +
[

2κk
(κ2+k2) sinh κx0

]2

and the transmittance (tunneling) T = |C/A|2, the probability that the electron
passes through the barrier, is

T =
1

1 +
[

κ2+k2

2κk sinh κx0

]2 .
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By conservation of probability T + R = 1, which is easily seen to be satisfied by
the quantities in our case.

The interesting physics is that the transmittance T is not identically zero which
implies that although the electron energy is less than the barrier height, it is able
to penetrate the classically forbidden region. If the barrier is thin enough it also
escapes out to the right of the barrier. The tunneling probability strongly depends
on the barrier’s width and height and we shall not further discuss its dependence
on the potential shape. The wave function typically looks like in Fig. 1.1. Most of
the wave function is reflected, but a small part is transmitted through the barrier.

The α-decay of a radioactive nuclei, such as uranium, is one example of barrier
penetration. The theory is based on the idea that the α-particle is held inside the
nucleus by a large nuclear attraction. This attraction is very short ranged, such
that it is negligible unless the α-particle is inside the nucleus. Both α-particles
and protons are positively charged and, hence, electrically repulsive. Inside the
nucleus the nuclear attraction is dominating, however, outside the nucleus the
electrical repulsion is the only one present. The potential curve of the α-particle

Nuclear attraction

Coulomb repulsion

ε

V

r
0 r1

Figure 1.2: Potential curve of the α-particle as a function of the distance r from
the center of the nucleus.

as a function of the distance r from the center of the nucleus typically looks like in
Fig. 1.2 and is seen to have clear similarities with the potential barrier in Fig. 1.1.
Supposing that the α-particle is inside the nucleus with the energy ε less than the
repulsive Coulomb barrier. Then, classical physics tells that it would be trapped
there forever. But because of the quantum mechanical properties of the α-particle,
there is a small probability for the particle to leak out through the barrier. This is
the origin of radioactivity.

1.2.2 Transmission resonances

In the case of a single barrier the tunneling probability is usually small. The sit-
uation becomes another if instead we look at two succeeding barriers forming a
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potential well in between, see Fig. 1.3 a). Although the transmittance of each bar-
rier is low there are wavelengths for which the double potential barrier structure
is completely or almost completely transparent. Under such conditions the sys-
tem is said to be in a state of resonant tunneling. For a discussion of the resonance
phenomenon itself we will look at the simple system given by the potential

V (x) =
{ −v0 if x ∈ (0, x0)

0 otherwise,

i.e. a potential well, see Fig. 1.3 b).2 The wave vectors are k1 =
√

2mε/~2,

-a1 -b1 b2 a2

x

a) b)

-v0

V0

-v0

x

0 x0

Figure 1.3: a) Double potential barrier structure forming a potential well between
the barriers. Inside the well bound states may appear depending on the height of
the barriers and distance between them. b) Potential well with bound states.

x ∈ (−∞, 0) ∪ (x0,∞) and k2 =
√

2m/~2(ε + v0), x ∈ (0, x0). By the same
argument as in the single barrier case, we find the transmission probability for an
electron incident from the left with energy ε > 0

T =
1

1 + 1
4

(
k1
k2
− k2

k1

)2

sin2 2k2x0
~

.

In this case we see that whenever k1 = k2 the transmission is unity, which is
trivial since the potential is constant in this case. However, even for k1 6= k2 the
transmittance is unity if the equation

sin
2k2x0

~
= 0 ⇔ k2 =

~
2x0

nπ

is satisfied. Here n is an integer. It is the rapid shift3 in the potential at x = 0
and x = x0 that makes this resonance possible. Electrons, reflected at x = x0,
that arrives back at x = −x0 with a phase shift of 2nπ interfere constructively

2Due to its complicated structure of the system in figure 1.3 a) the mathematical treatment becomes
more opaque than what it does in the system in Fig. 1.3 b). However, since there are resonances in
both systems, nothing is lost in principle by doing the analysis in the latter.

3By rapid shift in the potential we mean, for example, that the potential rises from the zero level to
its maximum in a distance much shorter than the dimensions of the system.
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with other electrons incident from the left at x = −x0 and, as a result, the wave
function is reinforced. Thus, for certain energies/wavelengths the transmittance
is unity.



Chapter 2

Transport in mesoscopic

systems

THE PURPOSE OF this thesis is not to give a general account of electric transport
theory but rather to focus on what is going on in the mesoscopic regime.
In addition, we will restrict the considerations to the case of a quantum

dot (QD) weakly coupled to contacts. One of the main targets in our study is to
investigate effects of electron correlations. Such effects are expected to be strong
in small QD with a small number of electrons, the QD being weakly coupled to
external contacts. In contrast, when the coupling is strong, the individual prop-
erties of the QD are lost leading to that the QD can be treated as an ordinary
inhomogenity in metal. In order to straighten out the reason why we have to
develop a new mathematical tool for the description of the transport through
systems with small QD, we give a short account of other approaches.

2.1 Boltzmann equation

To any system that contains electrons, one can associate a distribution function
f with the particles. In the present context we will assume the electrons to be
satisfactory described by a classical distribution f(r,k, t), where r is the spatial
coordinate, k is the wave vector and t is time. The objective here, is to describe
the transport and the electrical resistivity in the simplest possible fashion. There-
fore we consider a homogeneous system except for randomly located impurities,
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as the model of a solid. The electrons are free particles except for occasional scat-
tering at isolated impurities. The impurities are very dilute, thus interference
between successive scatterings can be neglected. A charge current is described
by the motion of particles, and one can find that the time rate of change of the
distribution function f(r,k, t) is governed by the equation

df

dt
=

∂f

∂t
+ v · ∇f +

∂k
∂t

· ∇kf =
(

df

dt

)

collisions
.

The collisions of electrons with impurities is described by the term on the right
hand side of this equation. In a homogeneous system there is no spatial depen-
dence in f(r,k, t). If we restrict ourselves to steady state currents, there will nei-
ther be any time-dependence. This is done by assuming that the system is subject
to a weak external electric field. Hence, the distribution function is only a func-
tion of the wave vector and obeys the equation

∂k
∂t

· ∇kf(k) =
(

df

dt

)

collisions
.

In a solid, the time-derivative of the wave vector is equivalent to an acceleration
which equals the forces acting on the electron [49], that is,

∂k
∂t

= −eE− e

c
v ×H.

By assuming that only a electric field E and no magnetic field H is present, the
transport equation becomes

−eE · ∇kf(k) =
(

df

dt

)

collisions
. (2.1)

In order to solve Eq. 2.1, it is necessary to find out what properties the colli-
sion term carries. The simplest approach then, is to calculate it in the relaxation
time approximation. This assumes that collisions seek to return the system into
equilibrium configuration f0(k), which is the configuration of the system when
the external field is absent. Then, it is assumed that the rate of change of f(k) due
to collisions is proportional to the deviation of f(k) from f0(k), or

(
df

dt

)

collisions
= −f(k)− f0(k)

τ1(k)
.

This is the definition of the relaxation time τ1(k). More details of the derivation
can be found, for instance, in Refs. [2, 61, 96]

We are looking for the conductivity1 σij which can be found if we know the
relaxation time τ1(k). However, we will not concern ourselves by finding an ex-
pression for τ1(k). The interested reader may find more on this subject in Ref.
[62]. Instead, we suppose that the relaxation time is known. For example, by con-
sidering the impurities as being static, fixed objects with a spherically symmetric

1If ji is the i:th component of the current j = −e
P

k kf(k), then ji = σijEj , since j0 =
−e
P

k kf0(k) = 0.
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potential and no internal excitations, so that the electrons scatters elastically, the
relaxation time can be found as

1
τ1(k)

=
4πni

mk

∑

l

l sin2[δl(k)− δl−1(k)], (2.2)

where ni is the concentration of impurities and l is the angular momentum quan-
tum number. When the electric field is small, only a small current flows through
the system - the system is only slightly out of equilibrium. Thus, we may write
the distribution function f(k) = f0(k) + f1(k), where f1(k) is a small deviation
from f0(k). In this case, the equation for the distribution function can be written
as

f(k) = f0(k) + eτ1(k)E · ∇kf(k). (2.3)

Replacing f by f0 on the right hand side of Eq. 2.3, the distribution function can
be evaluated

f(k) = f0(k) + eτ1(k)
E · k
m

∂f0(k)
εk

. (2.4)

The electric current density j is the product of the electron charge −e, the elec-
tron’s density n0 and the average velocity 〈v〉. This is obtained by averaging over
the electron distribution

j = −en0〈v〉 = − en0

8π3

∫
f(k)

~k
m

dk,

1 =
1

8π3

∫
f(k)dk =

1
8π3

∫
f0dk.

The distribution function is normalized to unity. By using Eq. 2.4, the term f0

gives an average 〈v〉 of zero, since there should be any current flow when there
is no electric field. Therefore, the current is proportional to the second term, thus
it is proportional to the electric field E

j = −e2n0

8π3

∫
τ1(k)vk(E · vk)

∂f0(k)
∂εk

dk. (2.5)

In a homogeneous isotropic system the current flows along the direction of the
electric field. The equilibrium distribution function f0(k) is then independent of
the k-direction. The only angular factors are vk(E · vk) and the angular integrals
average to v2

kE/3. The conductivity is the quotient of j to E, which gives the final
formula for the electric conductivity

σ = − e2n0

24π3

∫
v2

kτ1(k)
∂f0(k)
∂εk

dk. (2.6)

The conductivity σ > 0 since the derivative ∂f0(k)/∂εk < 0. It should be noted
that the relaxation time τ1(k) is not simply the time between the scattering events,
which would be found if one considers the inverse time relaxation as the scatter-
ing cross section. Instead, it contains a combination of phase shifts which are
different from that found in the formula for the cross section.
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The Boltzmann equation considered here, applies for classically distributed
electrons in the solid. It is certainly possible to use quantum mechanically dis-
tributed electrons by introducing the Wigner distribution function f(k, ω; r, t).
However, because of the uncertainty principle, it is rather ambiguous to describe
the electrons both by its position and momentum. In principle, such an approach
applies for systems where the disturbances varies on macroscopic distances and,
then, it is possible to specify the momentum of the particle with microscopic ac-
curacy [47]. Another drawback of the Boltzmann equation approach (classical
or quantum mechanical) is that, it is somewhat simple to use whenever the in-
vestigated systems are fairly homogeneous. If we, for example, are to consider
a QD, with strong internal correlations, coupled to external contacts, then the
Boltzmann equation provides a very complicated framework to handle. For more
details on the quantum Boltzmann equation we refer to Refs. [31, 47, 62].

2.2 Kubo formula

Using a statistical mechanics approach to the transport problem one can very
easily derive the Kubo formula [52], as a result of linear response approximation.
The starting point is the application of an external electric field

Eext
α (r, t) = θext

α ei(q·r−ωt), α = x, y, z,

to a system, see Fig. 2.1, where θext
α is a constant, q the wave vector and ω the

frequency of the field. The field induces a current Jα(r, t) in the system and as a
linear response theory one can write

Jα(r, t) =
∑

β

σ′αβ(q, ω)Eext
β (r, t).

Figure 2.1: An external electric field Eext(r, t) applied to a system induces a charge
current J(r, t).
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Now, the induced current gives rise to new electric fields and so forth. Therefore,
it is more appropriate to write the current as a result of the total electric field
Eα(r, t), as

Jα(r, t) =
∑

β

σαβ(q, ω)Eβ(r, t), (2.7)

Eα(r, t) = θαei(q·r−ωt), σαβ(q, ω) ∈ C,

where C is the set of complex numbers. This certainly looks as a very simple task
but the question that arises is how we find the conductance σαβ? This is where
we make use of a result from statistical mechanics, namely, the Fluctuation-
Dissipation theorem. The statement is that there is a simple relationship between
the time-dependent correlations among the fluctuating quantities and the response to
changing a parameter in the Hamiltonian in a time-dependent way. The fluctuations
correspond to correlation functions which means that the conductance σαβ (fluc-
tuations) should be found in the form of a correlation function. Before we answer
the question of what is fluctuating under the influence of the external field, let us
think about what is actually measured in experiments. Consider a system with
N charged particles, see Fig. 2.2, say electrons for convenience. Because of the
external field the ith electron acquires the velocity vi and the net current in the
system is Jα(r, t) = (e/V )

∑
i〈viα〉, where V is the volume of the system. The

Figure 2.2: A system of volume Ω with N charged particles. The external field
induces a motion to each particle ni, i = 1, . . . , N , acquiring the velocity vi which
gives the current evi.
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electron velocity viα = [pi − (e/c)Aα(ri)]/m and, thus,

Jα(r, t) =
e

mV

∑

i

〈pi〉 − e2

mcV

∑

i

〈Aα(ri)〉.

By the substitutions j(r, t) = (e/m)pi and Aα(r, t)/c = −(i/ω)Eα(r, t) we can
rewrite the previous expression as

Jα(r, t) = 〈jα(r, t)〉+ i
n0e

2

mω
Eα(r, t),

where n0 is the equilibrium density of electrons. The last term is of the desired
form and does not need any further consideration. The first term, on the other
hand, needs some extra care for which we find the answer in quantum mechan-
ics. In equilibrium the system is described by the Hamiltonian H0 and the wave
functions |φ〉 whereas in non-equilibrium the system is disturbed by H ′(t) which
results in the wave function |φ′〉. Under influence of H ′(t), then,

〈jα(r, t)〉 ≡ 〈φ′| jα(r, t) |φ′〉 = 〈φ|S†(t,−∞)jα(r, t)S(t,−∞) |φ〉 ,

where S(t,−∞) = 1− i
∫ t

−∞H ′(t′)dt′ in linear response. Substituting this expres-
sion for S into the correlation function results in a term 〈φ| jα(r, t) |φ〉 = 0 since
there cannot be any current in equilibrium. Therefore, the correlation function of
the current operator equals

〈jα(r, t)〉 = −i

∫ t

−∞
〈φ| [jα(r, t),H ′(t′)] |φ〉 dt′.

By writing the disturbance as H ′(t) = (i/ω)jβ(q, t)Eβ(r, t) exp i[q · r + ω(t− t′)],
then

〈jα(r, t)〉 =
1
ω

Eβ(r, t)eiq·r
∫ t

−∞
〈φ| [jα(r, t), jβ(r, t)] |φ〉 eiω(t−t′)dt′,

which is precisely what we want, since then we have obtained the form given in
Eq. (2.7). The Kubo formula for the conductance is then given by, with some extra
polishing of the formula,

σαβ(q, ω) =
1

ωV

∫ t

−∞
〈φ| [j†α(q, t), jβ(q, t′)] |φ〉dt′ + i

n0e
2

mω
δαβ . (2.8)

Now we can see that it is actually the current density operator j(r, t) that fluctu-
ates due to the external field E(r, t). The current density operator is a local quan-
tity in the sense that it varies in time and space. Moreover, the current density
operator describes a creation and annihilation of a particle which is something
that actually cannot be measured. In general one can only measure transitions
from one state to another, which is described by the products j†αjβ and jβj†α.

The Kubo formula given in Eq. (2.8) is correct for both ac and dc currents even
though it was derived for a time-dependent external field. The dc case is given
by first letting q → 0 and then ω → 0. Also temperature can be taken into account
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for in Eq. (2.8), simply by interpreting the |〉 and 〈| as thermal averages. However,
it should be noted that the Kubo formula only holds true in the linear response
regime and the predicted current-voltage characteristics is Ohmic. Thus, this for-
malism cannot provide any non-linear features in the way we may encounter in
a careful investigation of the response in the system to an applied external field.
A thorough analysis of the results along with rigorous derivations of the Kubo
formulas can be found, for example, in [62].

2.3 Landauer formula

By taking a statistical mechanical approach we saw in the previous section how
the Kubo formalism was developed. Another point of view was given by regard-
ing the transport as a scattering problem, by means of the Boltzmann equation,
cf. 2.1. Yet another way of looking at the transport phenomenon, as a scattering
problem, is given by the Landauer formula.

For instance, in semi-conductors the charge fluctuations near the interfaces
between the contacts and the device can substantially affect the potential near the
interfaces. In addition, the current flow may significantly perturb the distribution
of the particles from equilibrium. The spatial inhomogeneities that results from
the current flow around the scattering centers was early recognized by Landauer
[56], who formulated the problem by considering a one-dimensional system in
which a constant current was forced to flow through the structure containing scat-
terers. The question he posed was inhomogeneities influence the current through
the system, in the case of coherent electron motion. The result in one dimension
is now called the Landauer formula, which is briefly derived below taken from
Ref. [24].

Consider a general barrier connected to ideal one-dimensional conductors,
see Fig. 2.3. By ideal conductor we mean that the particles flow without scat-
tering in the extreme quantum limit with only one subband (channel) occupied.
The leads connect the sample to reservoirs to the right and left characterized by
the quasi-chemical potentials µ1 and µ2, respectively. Moreover, the reservoirs
randomize the phase of the injected and absorbed electrons through inelastic pro-
cesses, hence there is no phase relation between the particles. The current injected
from the left and the right can be written as the sum of the flux, that is

J =
2e

2π

(∫ ∞

0

v(k)f1(k)T (E)dk −
∫ ∞

0

v(k′)f2(k′)T (E′)dk′
)

,

where 2e/(2π) is the one-dimensional density of states (DOS) in k-space, v(k) is
the particles velocity, T (E) is the transmission coefficient and f1, f2 are the reser-
voir distribution functions at the quasi-chemical potentials µ1, µ2, respectively.
The integrations over positive k and k′ correspond to the direction of the injected
charge. At low temperature the electrons are injected up to the energy µ1 into the
left reservoir and up to µ2 into the right. Converting the k-space integrations into
energy integration, the current becomes

J =
2e

2π

(∫ µ1

0

T (E)v(k)
dk

dE
dE −

∫ µ2

0

T (E)v(k′)
dk′

dE
dE

)
=

2e

2π~

∫ µ1

µ2

T (E)dE,
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Figure 2.3: A model of a quantum barrier. The barrier, which has transmission
probability T is connected to two reservoirs through ideal leads.

since v(k)dk/dE = 1/~ in one dimension. Further simplification is obtained by
assuming that the applied voltage is small (i.e. in the linear response regime).
Then, the energy dependence of T (E) is negligible and the current becomes sim-
ply

J =
2e

2π~
T (µ1 − µ2). (2.9)

Supposes that the current is measured between the reservoirs. Then, the voltage
drop is eV = µ1 − µ2, hence the conductance for the sample and leads, regarded
as one unity, is

σres =
J

V
=

2e2

2π~
T. (2.10)

However, in real applications one is more interested in the conductance of the
sample itself. As a result of the charge flow there will be a reduction of the charge
density to the left of the sample and a charge pile up to the right. Assuming that
we are still in the linear response regime we can approximate the charge rear-
rangement by an average density in the ideal leads in either side of the sample
characterized by the quasi-chemical potentials µA and µB , see Fig. 2.3 b). The
voltage drop over the sample is thus eVsample = µA − µB < µ1 − µ2. The dif-
ference between the two voltage drops represents the potential drop in the leads.
However, the voltage eVsample has to be found in terms of the current flowing
through the sample. Thus, we look at the one-dimensional density in the ideal
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lead to the left

nA =
2
2π

∫ ∞

−∞
fA(E)dk =

2
2π

∫ ∞

0

(
[2− T ]f1(E) + Tf2(E)

)
dE, (2.11)

where fA is the near equilibrium distribution function on the left lead at the quasi-
chemical potential µA. The first term in the last integral includes both the trans-
mitted and reflected charge injected from the left reservoir (2−T = 1+R) whereas
the second only contains the transmitted charge from the right. The expression
in Eq. (2.11) is an asymptotic form of the charge density in the left lead for which
it is assumed that Friedell oscillations of the charge density around the barrier
damp out sufficiently rapidly. Similarly, the density in the right lead is given by

nB =
2
2π

∫ ∞

−∞
fB(E)dk =

2
2π

∫ ∞

0

(
[2− T ]f2(E) + Tf1(E)

)
dk. (2.12)

For low temperatures Eq. (2.12) can be subtracted from Eq. (2.11), giving

nA − nB = 2
∫ µA

µB

dk

dE
dE =

∫ µA

µB

(
[2− T ]− T

)
dk

dE
dE. (2.13)

Assuming Vsample to be sufficiently small the energy dependence of T and the
velocity v(k) ∼ dE/dk can be neglected. Thus, Eq. (2.13) becomes simply

µA − µB = (1− T )(µ1 − µ2). (2.14)

In the leads, the charge is not Fermi-Dirac distributed, especially not for non-
zero bias voltages. The charge do not populate all the states between µ1 and µ2.
However, if we use the quasi-chemical potential µB only as a counting scheme
for the density of charge in the right lead, it can be defined as the number of
occupied states above this level equal to the number of unoccupied states below
[12]. The number of states above µB transmitted from the left is TD(E)(µ1−µB),
where D(E) is the density of states in energy corresponding to positive k, and the
number of unoccupied state below µB is 2D(E)(µB−µ2)−TD(E)(µB−µ2). The
states below µ2 are completely filled. Equating the two expressions gives

T (µ1 − µB) = (2− T )(µB − µ2).

Analogously, µA is defined from

(2− T )(µ1 − µA) = T (µA − µ2),

where the left expression is the number of occupied states above µA whereas the
right is the number of unoccupied below. Combining these two equations gives
Eq. (2.14). Finally, substituting Eq. (2.14) into Eq. (2.9) yields the current

J =
2e

2π~
T

1− T
(µA − µB), (2.15)

or in terms of the conductance

σ =
J

V
=

2e2

2π~
T

1− T
=

2e2

2π~
T

R
. (2.16)
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This is the celebrated single-channel Landauer formula [56, 57].
First thing to notice is the difference between the Eq. (2.16) and Eq. (2.10),

for instance σ > σres. This difference is actually a matter of how the voltage is
measured. As already stated above, the conductance σres is measured from the
reservoir whereas σ is measured by attaching ideal probes directly to the sample,
where the leads are connected. In the latter case one has a four-terminal mea-
surement whereas in the former one has a two-terminal in which the resistance
of the leads, created by the potential drop and pile up, is taken into account. In
general, the transmission coefficient T is very small and provides the dominating
part of the series resistance. Thus, the two- and four-terminal measurement give
the same results.

We also notice that the conductances are given as a product of the transmis-
sion and reflection quotient at the quasi-chemical potential and the fundamental
conductance 2e2/(2π~) = 7.748·10−5 A/V corresponding to a resistance of 12.907
kΩ. This conductance quanta plays an important role in the physics of meso-
scopic systems, being the conductance associated with a single one-dimensional
channel. The reason is that the conductance properties of mesoscopic systems can
be governed by transport through a few such channels, giving rise to characteris-
tic changes of precisely 2e2/(2π~).

Although the results in this section were given in the linear response regime
and for low temperatures, the Landauer formula can be extended to a wider volt-
age range and higher temperatures. Thus, one can avoid the problems of linear
response. However, in scattering theory it is hard to handle two-particle pro-
cesses (e.g. inelastic scattering) leading to that the Landauer formalism can only
give a reliable interpretation of experiments where strong electron correlations in
the sample are not important. Hence, in order to go beyond the single-particle
picture we need to consider other techniques which offer the desired opportuni-
ties.
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Transfer Hamiltonian

formalism

AS WAS POINTED out in the previous chapter, the Landauer approach runs into
problems whenever inelastic scattering processes are present in the sys-
tem. In the Kubo formalism inelastic scattering processes can be treated,

however, the formalism is based upon linear response argument and is therefore
not considered as sufficient. These problems can be avoided by employing the
transfer Hamiltonian formalism [10, 15] which was developed in the 1960s as a
phenomenological model explanation of the current through tunnel junctions, for
example metal-insulator-metal (MIM) and metal-insulator-superconductor junc-
tions. In this formalism the current and the differential conductance are given
explicit dependences of the densities of electron states in both sides of the tunnel
junction. With this model, then, information about the materials electronic prop-
erties can be obtained from experiments, by measuring the current through the
junction.

In the end of the 1980s, when it had become technically possible to construct
electronics devices on a length scale of 10-1000 of nanometres, the transfer Hamil-
tonian formalism became an interesting and useful tool again. Among many rea-
sons for this, one notes that the formalism provides an intuitive and transparent
picture of the physics in the system. Another reason is that both elastic and inelas-
tic scattering processes along with phase randomizing processes can be handled
within the same approach. Also, time-dependent currents can be treated rather
easily.

The basic idea, for an MIM junction, is to treat the metal on each side of the
insulator as separate systems which interact weakly through the insulating layer.
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Mathematically, this can be expressed as

H =
∑

pσ∈L

εpσ(t)c†pσcpσ +
∑

qσ∈R

εqσ(t)c†qσcqσ +
∑
pqσ

(vpqσ(t)c†pσcqσ + H.c.), (3.1)

where the first and second terms give the energy of the quasi-particles in the left
(L) and right (R) metal, respectively, and the last term describes the transfer of
electrons from one metal into the other.1 In this notation c†kσ (ckσ) creates (an-
nihilates) a quasi-particle, εkσ(t) = ε0

kσ + Φα(t) is the quasi-particle energy in
the metals and vpqσ(t) is the mixing of the metallic states through the insulator.
The time-dependences of the quasi-particle energies and the mixing is imposed
by the time-varying bias voltage Φsd(t) through the quasi-chemical potentials
µα(t) = µ + Φα(t), α = L,R, where µ is the equilibrium chemical potential
and ΦL(t) + ΦR(t) = Φsd(t). Suppose that the population number operator in
the left metal can be written as NL(t) =

∑
p∈L〈c†pσ(t)cpσ(t)〉. By studying the

time-derivative of the left population numbers, the expression

J(t) = −2Re
∑

σ

∫
v∗LRσ(t)ρL

σ (ω)ρR
σ (ω′)

×
∫ t

−∞
vLRσ(t′)[f(ω′)− f(ω)]e−i

R t
t′ [V (s)+ω−ω]dsdt′dω′dω, (3.2)

for the time-dependent tunnel current from the left to the right lead can be de-
rived. Here f(ω) is the Fermi-Dirac distribution function and ρα

σ(ω) is the con-
duction electron density of states (DOS) in the lead α. The general assumption
underlying the derivation of the tunnel current is that the bias voltage Φsd(t)
drops entirely over the scattering region between the leads. This is a common ap-
proach for theoretical studies of the tunnel current between two, or more, leads
and is by no means restricted to the case of tunnel junctions. Physically, this relies
upon a free electron like approximation of the conduction electrons in the leads,
which corresponds well to many realistic situations.

3.1 Generalization of the formalism

The transfer Hamiltonian formalism has shown successful as a description of
transport phenomena. Nevertheless, there are some inconsistencies which are
non-desirable. For example, the transfer (tunneling) of an electron from the left
to the right side of the junction arises due to an overlap of the wave functions in
the two metals. In turn, since a wave function in the left metal extends into the
right, the electron operators cannot be anti-commuting, i.e. {cpσ, c†qσ} 6= 0. How-
ever, for simplicity it is often assumed that the operators do anti-commute. This
assumption can be avoided by making the following consideration. Suppose that
ψ is the exact particle-field operator of the real system H = p2/2+V and let HL,R

be two auxiliary Hamiltonians for single particles in the potentials VL,R. The left
potential may be thought of as a semi-infinite metal to the left of a semi-infinite

1From now, except for a couple of places in the beginning of Chap. 4, on we work with atomic
units (a.u.) in which e = 1, ~ = 1, m = 1, et.c.
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insulator, and analogously for the right potential. To each of these Hamiltoni-
ans corresponds an orthonormal eigensystem {εkσ, φk}k∈L,R, where φk is a wave
function. Define the quasi-particle operators [25, 27, 77]

ckσ(t) =
∑

k′∈L∪R

O−1
kk′

∫
φ∗k′(x)ψ(x, t)dx, (3.3)

whereO−1
kk′ is an element of the inverse of the overlap matrixO defined byOkk′ ≡

〈φk|φk′〉 = O∗k′k. It is a simple task to show that {ckσ, c†k′σ} = O−1
kk′ and thereby

the assumption of anti-commuting quasi-particles is not only avoided, the value
of the anti-commutator is also well-defined. In terms of the operators defined in
Eq. (3.3) the field operator ψL,R(x, t) =

∑
k∈L,R ckσ(t)φk(x) is introduced, where

x = (r, σ). Putting ψ(x, t) = ψL(x, t) + ψR(x, t) + [ψ(x, t) − ψL(x, t) − ψR(x, t)]
and assuming that the term in brackets is negligible in the energy interval un-
der consideration, it is possible to derive a second quantized Hamiltonian which
formally equals Eq. (3.1) [27], starting from H =

∫
ψ†Hψdx. The result is only

formally true since the quasi-particle operators have to be interpreted differently.
Under these, somewhat altered, circumstances the dynamics of the operators
have to be found. From the Heisenberg equation of motion, say for the opera-
tor cpσ, pσ ∈ L, in a Hamiltonian system formally given by Eq. (3.1), one finds
that

i
∂

∂t
cpσ = [cpσ,H] =

∑

p′
O−1

pp′εp′σ(t)cp′σ +
∑

q

Vpqσ(t)cqσ +
∑

p′q

O−1
pp′v

∗
p′qσ(t)cp′σ,

(3.4)
where Vpqσ(t) = O−1

pq εqσ(t)+
∑

p′ O−1
pp′vp′qσ(t). Assuming that scattering between

states in the same lead is negligible, that is puttingO−1
pp′ = δpp′ , simplifies Eq. (3.4)

to (
i
∂

∂t
− εpσ(t)

)
cpσ =

∑
q

Vpqσ(t)cqσ. (3.5)

The tunnel current from the left to the right lead is then derived to [25]

J(t) = −2Re
∑

σ

∫
V ∗

LRσ(t)ρL
σ (ω)ρR

σ (ω′)

×
∫ t

−∞
VLRσ(t′)[f(ω′)− f(ω)]e−i

R t
t′ [V (s)+ω−ω]dsdt′dω′dω, (3.6)

thus, formally the same expression as given in Eq. (3.2), however, the tunnel-
ing coefficient is altered vLRσ(t) → VLRσ(t) = vLRσ(t) + O−1

LRεR(t). In princi-
ple, taking the non-orthogonality into account decreases the tunneling rate since
O−1

pq ∼ −Opq/ detO implying that |Vpqσ(t)|2 ≤ |vpqσ(t)|2, in general. It then fol-
lows that for a given value of the tunneling rate in the two formulations, with
and without the non-orthogonality, the corresponding tunnel barrier is thicker
and/or higher when the non-orthogonality is neglected than when it is not. Fur-
ther details can be found in Papers I and II.

The thus developed extension of the transfer Hamiltonian formalism looks
very well in order from a principle point of view. Nevertheless one may wonder
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Table 3.1: Energy levels ε ≤ V0 in µeV for barrier of width 2 nm and height 0.3 meV.
The left and right leads are 100 nm and 48 nm, respectively. The panels, from
the left to right, show the four energy levels below the barrier height calculated
exactly, without the overlap (OR), and with the overlap (NOR).

Exact OR NOR
21.5 1.55 21.7
73.3 53.7 72.2
150 142 153
273 229 303

whether the inclusion of the overlap has some implications of the physics in the
system, apart from that the magnitude of the calculated current becomes smaller.
Therefore, let us first look at an equilibrium situation. Suppose that the system is
constituted by a hard walled box of length L1 +L2 with an a+b thick and V0 high
scattering potential, see Fig. 3.1. In this system there is no net current but since it
is exactly solvable we can investigate its electronic properties, that is, where the
energy levels are located and what are the corresponding values determined from
the transfer Hamiltonian approach with and without the inclusion of the overlap
O−1

pq . For the particular values of the system given in Table 3.1 the system has
four energy levels below the barrier height. We see from Table 3.1 that the three
lowest energy levels are reproduced with very good agreement when the overlap
is taken into account (NOR), while the fourth is in much better agreement with
the exact than that where the overlap is neglected (OR). Thus, these values give a
hint of the achieved quantitative improvement when the overlap is included.

Going further and looking at the charge distributions of the state correspond-
ing to these energy levels, one can draw the same conclusion from Fig. 3.2. The
figure displays the spatial charge distributions for the four levels below the bar-
rier height calculated exactly (solid), with the overlap (dotted) and without the
overlap (dashed). The figure also shows the corresponding positions of the en-
ergy levels (straight lines). What is noticeable is the extremely bad agreement of

VL VRV

- a - a b b

Figure 3.1: The L1 + L2 wide hard walled box with the a + b wide and V0 high
scattering barrier is displayed in the middle panel, the potential V . The left and
right panels correspond to the potentials VL and VR, respectively.
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Figure 3.2: The charge distributions of the energy levels in Table 3.1 calculated ex-
actly (solid lines), with the overlap (dotted lines) and without the overlap (dashed
lines). The horizontal axes show the spatial coordinates whereas the vertical show
the charge distribution probability amplitude (arb. units).

the charge distribution for the lowest level calculated without the overlap com-
pared to the exact. As the energy increases the agreement is slightly better, how-
ever, never really convincing as a description of the exact distribution.

Having established an improved description in equilibrium the natural ques-
tion that arises is how well this is transferred to the non-equilibrium case. For in
non-equilibrium the wave functions of the electrons are not confined to a finite
space but rather to an infinite one. Therefore we will neither look at the energy
levels nor the charge distributions, but instead look directly at the resulting cur-
rent through the single barrier system. For this reason we make a comparison
with an experimental result where the tunnel current through an MIM junction
is shown in Fig. 3.3 (solid-dotted). In this particular case the barrier height and
width were extracted from a theory developed by Simmons [83, 84], briefly dis-
cussed below. By taking the values thus obtained, the tunnel current is then com-
puted with (solid) and without (dashed) the overlap. The conclusion then, is that
the qualitative behaviour is improved by including the overlap into the picture.
Actually, the higher degree of non-linearity seen in Fig. 3.3 for the case with the
overlap taken into account, can be explained from the fact that the tunneling co-
efficient Vpq = vpq + O−1

pq εqσ is the sum of two quantities of the same order of
magnitude. For low voltages, though, they are of opposite signs.2 As the voltage
increases and passes a threshold value, the mixing vpq becomes the dominating
quantity in this sum and therefore the current grows very rapidly. Increasing the
barrier width by 6% (dash-dotted), the agreement with the experimental curve

2Actually, they are of opposite signs for all voltages but the importance of this fact lies mainly
within the low voltage regime.
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Figure 3.3: The J − V characteristics of a 1.46 nm wide and 1.85 eV high MIM
junction (the height measured from the equilibrium chemical potential). The
experimental results by Haraichi et al.(Ref. [30]) (solid-dotted line) are compared
with the computations within the NOR (solid line), NOR with a 6% increase of
the width (dash-dotted line), OR (dashed line), and the Simmons formula (dotted
line) (Ref. [83, 84]). The equilibrium chemical potential is 1.75 eV and the
conduction band width is 2W = 40 eV.

for positive voltages becomes striking. The asymmetry of the experimental curve
is believed to arise from lattice defects in the experimental system, thus respon-
sible for an offset to the left. The dotted line is computed by using the Simmons
formula [83, 84] with the values given in Ref. [30].

The theory developed by Simmons [83, 84] is based on a semi-classical ap-
proach by calculating the transmission probability in the WKB (Wentzel-Kramers-
Brillouin) approximation. The resulting formula for the tunnel current through a
single barrier system is given by

J ∼ ϕe−A
√

ϕ − (ϕ + eV )e−A
√

ϕ+eV ,

where ϕ is the barrier mean height and A is a constant depending on the bar-
rier width. For low voltages it is shown that this formula reduces to a linear, or
Ohmic, J−V dependence whereas for slightly larger voltages such that eV is less
than the barrier height the current depends on the voltage roughly as V + γV 3,
thus explaining the non-linearity of the current.

The results obtained for the single barrier case is motivation enough to pro-
ceed in the same spirit when we turn our attention to quantum dot systems. In
the systems to be considered then, the charge tunnels from the leads into the
quantum dot and vice versa. Since we now know how the conduction electrons
in the leads and how the tunneling through insulating barriers can be treated, we
can turn our focus on the properties of the quantum dot.
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Current through quantum

dots

DURING THE LAST years of the 1980s the first attempts to understand trans-
port through a QD coupled to external leads, based on the concept of
the transfer Hamiltonian, were made. Thereafter an enormous amount
of reports have been published on the subject. One of the first re-

ported formulas was derived by Larkin and Matveev [59] for low impurity con-
centrations in the channel and short contacts. Just as in the case of single barrier
tunneling, one basic assumption is that the bias voltage drops entirely over the
scattering region, e.g. over the QD and the tunnel barriers. Then, the current is
proportional to the conductance of the scattering region summed up over the in-
terval between the quasi-chemical potentials in the leads. Mathematically, this is
expressed as

J =
4e

π~
∑

i

∫
ΓLΓR

(ε − εi)2 + (ΓL + ΓR)2
(
f(ε − eV/2)− f(ε + eV/2)

)
dε, (4.1)

where the sum over the fraction gives the energy dependent conductance of the
scattering region and f(ε) is the Fermi-Dirac distribution function for the elec-
trons in the leads. The scattering region has an impurity resonance at the energy
εi and is coupled to the left and right leads by the strengths ΓL and ΓR, respec-
tively, cf. Fig. 4.1. If we consider the limit with a single impurity, at the energy ε0,
the sum reduces to a single term and if the couplings to the left and right leads
are equal, then at zero temperature, T = 0, the current is simply

J =
4e

π~

∫ eV/2

−eV/2

ΓLΓR

(ε − ε0)2 + (ΓL + ΓR)2
dε =

2e2

π~
V.
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Thus, the fundamental conductance σ = e2/(π~) is retained. It should be noticed
that Eq. (4.1) only accounts for time-independent, or stationary, currents.

For the derivation of Eq. (4.1) it was assumed that the impurity resonance
energies were known. A formulation of the current that enables further analysis
of the impurity resonances in a systematic way and also taking into account time-
dependent phenomena, requires a more sophisticated mathematical technique.

4.1 Non-equilibrium Green function approach

Consider an interacting region, e.g. a QD, which is tunnel coupled to the exter-
nal leads characterized by the quasi-chemical potentials µL and µR for the left
(L) and the right (R) lead, respectively. A typical model of such a system is il-
lustrated schematically in Fig. 4.1. Denote the energy levels of the isolated QD
by {εn}n∈ QD and the transfer rate (mixing) of an electron between the leads and
the QD by vknσ(t), where σ is the spin-projection of the transferred electron. Fur-
thermore, the single-electron energies of the conduction electrons in the leads
are denoted by εkσ(t) = εkσ + Φα(t), kσ ∈ α = L,R, where Φα(t) imposes a
time-dependent shift to the equilibrium energies through the source-drain (bias)
voltage Φsd(t) = ΦL(t) + ΦR(t). A second quantized formulation of the system

Figure 4.1: A model sketch of a single electron QD system. The QD is located
between the leads and due to its size a distinct level quantization is realized, see
lower panel. The bias voltage drops entirely over the tunnel barriers and the QD.



4.1. Non-equilibrium Green function approch 37

can be written as

H =
∑

kσ∈L,R

εkσ(t)c†kσckσ +
∑

n

εn(t)d†ndn +Hint(t)

+
∑

knσ

(vknσ(t)c†kσdn + H.c.), (4.2)

where c†kσ (ckσ), d†n (dn) creates (annihilates) an electron in the lead α and and
the QD, respectively. The third term accounts for possible interactions between
the states in the QD and knowledge about its specific character is not necessary
here. Thus, the analysis of Hint(t) will be postponed to the succeeding chapter.
The electron operators in the leads and the QD are assumed to anti-commute, i.e.
{ckσ, d†n} = 0. Later on in this chapter we will also include the overlap, between
the states in the leads and the QD, in the electron operators.

We want to express the current flowing through the system in Eq. (4.2), hence
we first have to sort out which quantities we are actually looking for. In Chap. 1
we saw that the current is conserved, the continuity equation Eq. (1.6) is satisfied.
If we consider divergence free currents,∇·j(r, t) = 0, it then follows that the total
current through the system equals the charge rate of change, or equivalently,

J(t) = −∂〈N(t)〉
∂t

= 0, (4.3)

where 〈N(t)〉 is the total population number of the system. Here and in the
following we use atomic units (m, e and ~ = 1). Working within the transfer
Hamiltonian formalism this population number can be separated into the quasi-
population numbers in the leads and the QD in the sense

〈N(t)〉 = 〈NL(t)〉+ 〈NR(t)〉+ 〈ND(t)〉, (4.4)

where 〈ND(t)〉 is the population number in the QD. The total population number
in each part of the system is a sum of the occupied states therein, thus we can
write 〈Nα(t)〉 =

∑
kσ∈α〈nkσ(t)〉, α = L,R and 〈ND(t)〉 =

∑
n〈nn(t)〉, where

nkσ = c†kσckσ and nn = d†ndn. From now on it is clear how to proceed, in principle,
since the dynamics of an operator is governed by the Heisenberg equation of
motion. Let us first look at the dynamics of the population number in the left
lead

∂〈NL(t)〉
∂t

= i〈[NL(t),H]〉 = 2Re
∑

knσ

v∗knσ(t)〈d†n(t)ckσ(t)〉. (4.5)

Thus, it is proportional to the correlators (correlation functions) between the par-
ticles in the lead and the QD. These correlators are given by

〈d†n(t)ckσ(t)〉 = −i

∫ ∞

−∞
vknσ(t)

(
g<

kσ(t, t′)Ga
n′n(t′, t)

+gr
kσ(t, t′)G<

n′n(t′, t)
)

dt′, (4.6)
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where g<
kσ and gr

kσ are the lesser and retarded forms of the conduction band Green
function gkσ(t, t′) = (−i)〈Tckσ(t)c†kσ(t′)〉 and are given by

g<
kσ(t, t′) = if(εkσ − µL)e−i

R t
t′ εkσ(s)ds, (4.7)

gr
kσ(t, t′) = −iθ(t− t′)e−i

R t
t′ εkσ(s)ds. (4.8)

Here θ(t) is the Heaviside step function. The other quantities, Ga
n′n and G<

n′n,
are the advanced and lesser counterparts of the QD GF to be considered in the
succeeding chapter. By defining the couplings between the leads and the QD as

Γα
nn′(ε, t′, t) = 2π

∑
σ

ρα
σ(ε)vnσ(ε, t)v∗n′σ(ε, t′)ei

R t
t′ Φα(s)ds, (4.9)

where ρα
σ(ε) is the conduction band DOS for the spin projection σ, the tunnel

current flowing through the left barrier into the QD is given by the expression
[43, 92]

JL(t) = − 1
π

Im
∫ t

−∞

∫
tr ΓL(ε, t′, t)

×
(
G<(t, t′) + f(ε − µL)Gr(t, t′)

)
eiε(t−t′)dεdt′. (4.10)

The bold face notation indicates that the coupling ΓL and the QD GF G<,r are
matrices in the level indices n, n′. An analogous expression is found for the tunnel
current flowing into the QD through the right barrier. However, because of the
present time-dependence, the left and the right tunnel currents are not equal, in
general.

The tunnel current as expressed in Eq. (4.10) contains the desired target,
namely that it includes the time-dependence and is formulated in terms of lo-
cal properties of the QD. In fact, the current is proportional to the local density of
population ND(t) = ImG<(t, t) and the local DOS ρ(t) = −ImGr(t, t)/π. Thus,
the tunnel current can be interpreted as the sum of the in- and out-tunneling rates.
One should bear in mind, though, that both G< and Gr must be calculated in the
presence of the tunneling which implies that G< depends on the population in
the leads and Gr on the QD occupation.

From the previous discussion we see rather immediately how the dynamics
of the QD population can be extracted from the lesser QD GF, since ND(t) =
ImG<(t). Actually, this gives the displacement current in the QD as a response
to the tunnel current from the left and right leads. We have

JD(t) = −∂〈ND(t)〉
∂t

= −Im
∂

∂t
tr G<(t, t), (4.11)

showing that all information about the current through the system can be calcu-
lated in terms of the local properties of the QD. In the next chapter we will show
that the lesser QD GF can be naturally partitioned into a left and a right contribu-
tion, i.e. G<(t) = G<

L (t) + GR
R(t). The part of the displacement current flowing

through the left barrier can be written

JL
D(t) = −Im

∂

∂t
tr G<

L (t, t) (4.12)
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and similarly for the displacement current flowing through the right barrier. The
importance of including fluctuating charge distribution in the time-dependent
current was first recognized by Anantram and Datta [4] and further emphasized
by Hettler and Schoeller [33] and Jauho [42]. Starting from forming the total cur-
rent through the system, Wang et al. [90] derived the linear dynamic conductance
for mesoscopic systems. Along these lines You et al. [94] made an analysis of the
different contributions to the current for a single level QD in non-linear regimes.
One important feature they found was that the displacement current tends to re-
tard the tunnel current, thus canceling oscillations in the transient behaviour of
the current. The resulting output current then becomes an exponentially grow-
ing/ decaying function of the external field. Such a behaviour, which in a sense
is expected in a double barrier system, resembles the current growth/decay in a
macroscopic capacitor.

From Eqs. (4.10) and (4.11), we obtain the current conservation formula

JL(t) + JL
D(t) = −

(
JR(t) + JR

D(t)
)
.

Thus, we easily see that for time-independent, or stationary, external fields, the
displacement current JD(t) = 0 giving that the current flowing through the left
barrier equals the current flowing through the right. Then, the net current can be
written [64]

J =
i

4π

∫
tr

{(
ΓL(ε)− ΓR(ε)

)
G<(ε)

+
(
f(ε − µL)ΓL(ε)− f(ε − µR)ΓR(ε)

)(
Gr(ε)−Ga(ε)

)}
dε. (4.13)

The stationary current becomes particularly simple if couplings between the
QD and the leads are proportionate, that is, suppose that ΓR(ε) = λΓL(ε), λ ∈
[0, 1].1 Then, the net current J = xJL + (1 − x)JL = xJL − (1 − x)JR, where
x ∈ R is arbitrary, and by choosing x = λ/(1 + λ) = ΓR(ε)[ΓL(ε) + ΓR(ε)]−1 the
stationary current can be written [31, 43, 64]

J =
i

2π

∫ (
f(ε − µL)− f(ε − µR)

)
T (ε)dε,

T (ε) = tr
{
ΓL(ε)ΓR(ε)

(
ΓL(ε) + ΓR(ε)

)−1(
Gr(ε)−Ga(ε)

)}
.

(4.14)

Although this formula appears similar to the Landauer formula , the expression
preceding Eq. (2.16), it is important to bear in mind that there is no immediate
connection between these two formulations. Especially, if inelastic scattering is
present in the interacting region there is no such connection.

Within the formulation presented in this section one may very well introduce
the non-orthogonality, which is straight forward with the technique defined in
Sec. 3.1, and many-body effects into the treatment. However, although the ex-
isting diagram techniques for single-electron GF are well-established and have

1We can assume that ΓL(ε) ≥ ΓR(ε) and let λ ∈ [0, 1], for if not, we can instead put ΓL(ε) =
λΓR(ε) and retain the requirement that λ ∈ [0, 1].
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proven successful for the explanation of lots of effects, it is motivated to express
the physics of the QD in terms of many-body states. For instance, the full mean-
field approximation (MFA) of the QD GF within a many-body approach turns
out to go beyond the standard MFA as obtained within any single-electron the-
ory. Therefore, in the succeeding section, we will do both, that is, introduce the
non-orthogonality between the states in the leads and the QD and, in addition,
express the QD fermion operators in terms of many-body operators.

4.2 Non-orthogonality and many-body states

Including the non-orthogonality into the formalism is straight forward by the
technique discussed in Chap. 3. For clarity, though, we introduce the annihilation
operators for the electrons in the leads and the QD by

ckσ(t) =
∑

m∈L∪D∪R

O−1
kmσ

∫
φ∗m(x)ψ(x, t)dx, k ∈ L, R, (4.15)

dn(t) =
∑

m∈L∪D∪R

O−1
nmσ

∫
φ∗m(x)ψ(x, t)dx, m ∈ D, (4.16)

where ψ(x, t) is the field operator of the exact model system and φk(x), φD(x) are
wave functions in the auxiliary systems α = L, R and D, cf. Fig. 4.2. Here, we
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Figure 4.2: The potential V in the real system (bottom panel) is divided into the
auxiliary left VL, right VR and middle VD potentials. For the auxiliary potentials
the squared modulus of examples of wave functions in each system are plotted.
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put the spin index σ on the overlap matrix element in order to keep track of the
spin projections of the electrons. The creation operators are defined analogously.
Just as in the single barrier case the anti-commutation relations between the elec-
trons on the leads and the QD become {ckσ, dn} = O−1

knσ and {cpσ, c†qσ} = O−1
pqσ ,

p ∈ L and q ∈ R. Now, since the overlap between states in the left and right
leads are exponentially small we replace the latter anti-commutator by zero, thus
neglecting possible direct tunneling between the leads. The model Hamiltonian
remains formally the same as in Eq. (4.2), however, with the new interpretation
and anti-commutation relations of the electron operators.

Consider the system in Fig. 4.1 and Eq. (4.2) and suppose that we want to in-
clude the Coulomb repulsion between the QD states into the picture. For simplic-
ity, we assume that there is only a single QD level taking part in the conduction.
Then, the interaction Hamiltonian Hint contains the Hubbard U term Un↑n↓ for
the electron-electron repulsion between the states |↑〉 and |↓〉. In the QD, the ki-
netic energy and the Hubbard U term can be written HD =

∑
σ εσd†σdσ + Un↑n↓.

In the 1960s, Hubbard [36, 37] introduced the many-body operator Xpp′ ≡ |p〉 〈p′|,
describing the transition from the state |p′〉 to |p〉. By doing this, a diagonalization
of HD is possible since the operator

dσ =
∑

pp′
|p〉 〈p| dσ |p′〉 〈p′| =

∑

pp′
〈p| dσ |p′〉Xpp′

= 〈0| dσ |σ〉X0σ + ησ 〈σ̄| dσ |2〉X σ̄2 = X0σ + ησX σ̄2, (4.17)

where ησ = ±1, for σ =↑, ↓, and where |2〉 denotes the doubly occupied state
|↑↓〉. Then, the products d†σdσ = (Xσ0 + ησX2σ̄)(X0σ + ησX σ̄2) = hσ + h2 and
n↑n↓ = h2, where we have put the diagonal transition hp ≡ Xpp. The equalities
are simple to derive by recalling that 〈p|p′〉 = δpp′ . Thus, the diagonal form ofHD

becomes
HD = E0h

0 + E↑h↑ + E↓h↓ + E2h
2 =

∑
p=0,σ,2

Eph
p, (4.18)

where E0 = 0 is the energy of the unoccupied state, Eσ = εσ and E2 = ε↑+ε↓+U .
Later on we will consider a large Coulomb repulsion between the intra QD states.
Therefore, we let U → ∞ already at this stage, so that the doubly occupied QD
state is excluded in the sequel.

If we let H′int contain all other interactions than the Coulomb repulsion, the
model Hamiltonian can be written

H =
∑

kσ∈L,R

εkσ(t)c†kσckσ +
∑

p=0,σ

Ep(t)hp +H′int(t)

+
∑

kσ

(
vkσ(t)c†kσX0σ + H.c.

)
. (4.19)

This model has certain formal similarities with the model given in Eq. (4.2).
However, in the present case the Coulomb repulsion between the QD state is al-
ready included into the second term. This actually simplifies the treatment of the
physics in the QD, as we will see in the Chap. 5. The prize we have to pay, though,
is that the anti-commutator of the Hubbard operators are not as simple as be-
tween single-particle operators. We have {Xpp′ , Xqq′} = δp′qX

pq′ + δpq′X
qp′ . The
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physical interpretation of the non-zero anti-commutator are known as kinematic
interactions, to be distinguished from dynamic interactions that occur in a Dyson
equation representation of a given quantity. The terminology was introduced by
Dyson [18] in a study of spin-wave interactions by means of the spin-operators
Si, i = x,y,z. These operators satisfy the commutation relations [Si,Sj ] = iεij

k Sk,
where εij

k is the Levi-Cevita density tensor. Further details can be found in, for
instance, Refs. [17, 45, 62, 68].

4.2.1 Commutation relations

By the introduction of the many-body operators we need to know the commuta-
tion relations between a conduction electron in the leads and the different Hub-
bard operator. From the commutation relations between the c- and d-operators
together with the expansion of the d-operators in terms of Hubbard operators we
find that [26, 75, 76]

{ckσ, Xσ′0} = O−1
kσ {X0σ, Xσ′0} = O−1

kσ (δσσ′h
0 + Zσ′σ), (4.20)

where Zσ′σ ≡ Xσ′σ denotes a Bose-like transition (the total number of electrons
is changed by an integer number). Similarly, we have

{ckσ, X0σ′} = 0, (4.21)

since there cannot occur annihilation of a particle in the lead and the QD simul-
taneously. In the Heisenberg equation of motion combinations of the c- and h-
operators will occur as commutators rather than anti-commutators. Thus, we
calculate

[ckσ, hσ′ ] = δσσ′O−1
kσ X0σ, (4.22)

[ckσ, h0] = −O−1
kσ X0σ. (4.23)

4.2.2 Dynamics of the conduction electrons

Now, when the commutation relations between the introduced operators have
been sorted out, we can approach the formulation of the current in the system. As
mentioned in Sec. 4.1, the current can be expressed as the charge rate of change
and therefore the Heisenberg equation of motion comes handy again. The dy-
namics of a conduction electron in the leads is given by [26]

(
i
∂

∂t
− εkσ

)
ckσ = VkDσ(t)X0σ

+
(
O−1

kDσv∗kσ(t)(h0 + hσ)ckσ +O−1
kDσ̄v∗kσ̄(t)Z σ̄σckσ̄

)
, (4.24)

where VkDσ(t) = vkσ(t)+O−1
kDσ∆0

σ0(t) is the new tunneling coefficient and ∆0
σ0(t) =

Eσ(t) − E0(t) is the bare energy for the transition |0〉 → |σ〉. The second term in
VkDσ(t) is a direct consequence of taking the non-orthogonality into account and
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just as for the single barrier case, its magnitude is in the order of vkσ but with
opposite sign. Thus, the resulting current amplitude will become much smaller
than when the non-orthogonality is neglected. In comparison with experiments
then, the two pictures will provide different values for the widths and heights of
the tunnel barriers, since they are directly linked to the strength of the couplings
between the leads and the QD. Actually, the product of the barrier width and
height is always interpreted as being smaller within the non-orthogonal picture
than when the overlap is neglected.

4.3 Current in the non-orthogonal framework

Being interested in the total current in the system it is necessary to find out what
the total population number 〈N(t)〉 is constituted of. By means of the electron
operators introduced in Eqs. (4.15) and (4.16) we expand the field operators ψL,
ψR and ψD for the leads and the QD, respectively, as

ψα(x, t) =
∑

kσα

ckσ(t)φk(x), (4.25)

ψD(x, t) =
∑

σ

dσ(t)φD(x). (4.26)

Here, φk(x), k ∈ L,R is a wave function in the lead subsystem α = L,R, whereas
φD is a wave function in the QD subsystem. By the trivial expansion ψ(x, t) =
ψA(x, t) + [ψ(x, t) − ψA(x, t)], where ψA(x, t) = ψL(x, t) + ψR(x, t) + ψD(x, t),
the exact field operator is approximated by ψA(x, t). The term in brackets can be
made arbitrarily small by including sufficiently many states in the field operators
of the auxiliary system.2 We assume that this is already done and therefore we
can neglect the remainder term in brackets. The total population number in the
system now becomes

〈N(t)〉 =
∫
〈ψ†(x, t)ψ(x, t)〉dx =

∑
α

[〈Nαα(t)〉+ 〈NαD(t)〉] + 〈NDD(t)〉, (4.27)

where Nαα(t) =
∫

ψ†α(x, t)ψα(x, t)dx, NαD(t) = 2Re
∫

ψ†D(x, t)ψα(x, t)dx and
NDD(t) =

∫
ψ†D(x, t)ψD(x, t)dx are the quasi-population numbers in the leads,

the barriers and in the QD, respectively. The quasi-population numbers NαD(t),
being products of creation and annihilation operators of the leads and the QD,
describe electrons in the mixed state. This quasi-population gives a refinement of
the transport theory directly due to the non-orthogonality and is always absent
in the usual transfer Hamiltonian approach. The conclusion is that when the non-
orthogonality is neglected, quantities that may be significant in some situations
are completely lost. The significance of the different contributions, which appear
in our theory and are absent in orthodox theories, is analyzed in Papers III and
IV and further discussed in Secs. 5.3 and 5.4.

2The idea behind this method [75] is similar to the method of linear combinations of atomic (molec-
ular) orbitals LCAO (LCMO), which is well known in quantum chemistry and ab initio electronic
structure calculations.
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The expression for the tunnel current JLL(t) through the left barrier, which is
derived in detail Paper III, reads

JLL(t) = − 1
π

Im
∑

σ

∫ t

−∞

∫
ΓL

σ (ε, t, t′)

(
G<

σ (t, t′) + f(ε − µL)Gr
σ(t, t′)

)
eiε(t−t′)dt′. (4.28)

Formally, this expression is exactly the one shown in Eq. (4.10), apart from that
the coupling and the QD GF are not given as matrices. However, in the present
case the coupling between the leads and the QD is given by

ΓL
σ (ε, t, t′) = 2πVLDσ(t)V ∗

LDσ(t′)ρL
σ (ε)ei

R t
t′ ΦL(s)ds, (4.29)

where VLDσ(t) = vLσ(t)+O−1
LDσ∆0

σ0. Similarly as in Sec. 4.1, the QD displacement
current JDD(t) = −∂/∂t〈NDD(t)〉 is given by

JDD(t) = −Im
∂

∂t

∑
σ

G<
σ (t, t), (4.30)

since 〈NDD(t)〉 =
∑

σ〈Nσ(t)〉 = ImG<
σ (t, t). Just as in the case where the overlap

is neglected, the lesser counterpart of the QD GF can be partitioned into a left and
a right term according to G<

σ (t, t) = G<
Lσ(t, t) + G<

Rσ(t, t). Thus, we can write the
part of the QD displacement current that flows through the left barrier as

JL
DD(t) = −Im

∂

∂t

∑
σ

G<
Lσ(t, t) (4.31)

and similarly for the flow through the right barrier.
In order to completely determine the current through the left barrier, the last

quantity to take care of is the current coming from 〈NLD(t)〉. We note that

〈NLD(t)〉 = 2Re
∑

σ

∑

p∈L

Opσ〈Xσ0(t)cpσσ(t)〉, (4.32)

that is, the quasi-population number describes the correlations between the con-
duction electrons and the localized states in the QD. Hence, the resulting current
will be rate of change of this quantity. The correlation function Re〈Xσ0(t)cpσ(t)〉 =
i∂/∂t〈NLL(t)〉 and is already known from the derivation of the tunnel current
JLL(t), cf. Paper III. The displacement current JLD(t) is given by

JLD(t) = − 1
π

Re
∂

∂t

∑
σ

∫ (
ODLσO−1

LDσρL
σ (ε)Pσ(t)f(ε − µL)

−
∫ t

−∞
γL

σ (ε, t, t′)
[
G<

σ (t, t′) + f(ε − µL)Gr
σ(t, t′)

]
eiε(t−t′), (4.33)

where the overlap ODLσ = O∗LDσ and the end-factor Pσ(t) ≡ 〈{X0σ, Xσ0}(t)〉 =
〈N0(t)〉 + 〈Nσ(t)〉 is the sum of the time-dependent populations of the states |0〉
and |σ〉 in the QD. The coupling

γL
σ (ε, t, t′) = 2πODLσVLDσ(t′)ρL

σ (ε)ei
R t

t′ ΦL(s)ds. (4.34)
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Figure 4.3: The time-dependent current JL(t) (solid line), the tunnel current JLL(t)
(dash-dotted line) and the displacement currents JL

DD(t) (dotted line) and JLD(t)
(dashed line) flowing through the left barrier, cf. Fig. 4.1. The QD is 4 nm
wide and is connected to the leads via 0.5 nm tunnel barriers. The bare many-
body level ∆0

σ0 = 325 meV relative to the equilibrium chemical potential (µ = 0).
The coupling ΓL

σ + ΓR
σ ∼ 350 meV giving the relaxation time τσ ∼ 2 fs. The

conduction band width is 2 eV, the end-factor Pσ ∼ 0.785 and the bias voltage
Φsd(t) = θ(t)− θ(t− t1) V, t1 = 3 fs (a) and 8 fs (b).

Physically, the displacement currents are responsible for a redistribution of
the charge in the system as an effect of the charge rate of change (current flow).
The QD displacement current JL

DD(t) is a response of the charge accumulation in
the QD and tends to retard the tunnel current flowing into the QD through the
left barrier. In contrast, the displacement current JLD(t) is directly connected to
the rate of change of the tunnel current JLL(t) and can either function as to retard
or accelerate the tunnel current, depending on the phase of the input voltage.

Now, we know all the formal details about the current through the QD sys-
tem, as given within the non-orthogonal approach to the transfer Hamiltonian
formalism. We summarize it by concluding that the current conservation law in
the present formulation has the form

JLL(t) + JL
DD(t) + JLD(t) = −

[
JRR(t) + JR

DD(t) + JRD(t)
]
. (4.35)

All terms in this equation are, via the couplings Γα
σ and γα

σ , influenced by the in-
clusion of the overlap. Moreover, the terms JLD(t) and JRD(t) serve as a direct
consequence of taking the non-orthogonality into account. In Fig. 4.3, an example
that also can be found in Paper IV, the net current (solid) flowing through the left
barrier, c.f. Fig. 4.1, is given as a function of time, for two different rectangular
bias voltage pulses Φsd(t) = Φ[θ(t)− θ(t− t1)]. The previously mentioned expo-
nential growth/decay of the net current is readily seen in the plots. The figure
also illustrates the tunnel current JLL(t) (dash-dotted) and the displacement cur-
rents JL

DD(t) (dotted) and JLD(t) (dashed). It is noticeable that the tunnel current
grows, at the onset of the bias voltage pulse (t = 0), to a value that exceeds its
steady state value, cf. Fig. 4.3 (b). For some parameters tunnel current shows
an apparent oscillatory behaviour decaying to the steady state amplitude, as we
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Figure 4.4: The time-dependent current JL(t) (solid line), the tunnel current JLL(t)
(dash-dotted line) and the displacement currents JL

DD(t) (dotted line) and JLD(t)
(dashed line) flowing through the left barrier, c.f. Fig. 4.1. The system is the same
as in Fig. 4.3, now with the bias voltage Φsd(t) = cos (ωt) V for the frequencies
ω = 500 THz a) and 1000 THz b).

will see in Chap. 5. These oscillations, ringing, is an effect of the very rapid
onset of the bias voltage, due to charge pile up at the barrier interfaces. Also
at the termination of the voltage pulse the tunnel current shows a weak ring-
ing. The displacement current JL

DD(t) has the opposite sign of the tunnel current
which, thus, displays that it tends to retard the tunnel current, as a response to
the charge accumulation between the tunnel barriers. As expected, its steady
state value is zero, since then the current rate of change vanishes. The displace-
ment current JLD(t) has the same sign as the tunnel current which corresponds
to the intuitive picture, since when the current grows/decays its rate of change is
positive/negative. However, for a harmonic bias voltage Φsd(t) = Φ cos (ωt), as
is illustrated in Fig. 4.4, c.f. Paper IV, it is readily seen that JLD(t) tends to retard
the tunnel current for some times t whereas at other times the tunnel current is
accelerated. We believe this to be an effect of that the tunnel current is constituted
by a superposition of currents with different phases which rate of change become
dominating at different times in the period. With this interpretation, the intuitive
picture holds even though the observed behaviour of the tunnel current seems to
follow the input bias voltage, although with an altered phase. Actually, in Fig.
4.4 the total current displays some ringing (distortions). It is expected that the
tunnel current shows a higher degree of non-linearity for lower frequencies and
we will see a mathematical explanation of this fact in the next chapter.

In the time-independent case the displacement currents Jα
DD and JαD, α =

L,R vanish and the current through the left barrier equals the current through
the right, as expected. Hence, the net current through the system can be written

J =
i

4π

∑
σ

∫ {(
ΓL

σ (ε)− ΓR
σ (ε)

)
G<

σ (ε)

+
(
f(ε − µL)ΓL

σ (ε)− f(ε − µR)ΓR
σ (ε)

)(
Gr

σ(ε)−Ga
σ(ε)

)}
dε. (4.36)
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Also, this formula can be extensively simplified by considering the case of pro-
portionate couplings ΓR

σ (ε) = λΓL
σ (ε), cf. Sec. 4.1. By the same procedure leading

to Eq. (4.14), we obtain

J =
i

2π

∑
σ

∫ (
f(ε − µL)− f(ε − µR)

)
T̃σdε

T̃σ =
ΓL

σ (ε)ΓR
σ (ε)

ΓL
σ (ε) + ΓR

σ (ε)

(
Gr

σ(ε)−Ga
σ(ε)

)
.

(4.37)

If we consider the trace in the definition of T in Eq. (4.14) to only generate the
sum over the spin degrees of freedom, then Eq. (4.14) is directly generalized by
Eq. (4.37) with respect to the included non-orthogonality in the latter. Thus, the
same observation holds also in this case, that despite the apparent similarity of
Eq. (4.37) to the Landauer formula there is no immediate connection between
them.

An example of both experimental [71] and calculated stationary currents in a
small QD proportionate coupled to external contacts is provided in Fig. 4.5 for
two different temperatures. The QD is constructed by a ∼ 4 nm diameter large
gold cluster and the contacts are put a distance ∼ 3 nm from the QD. Thus, the
tunnel barriers are given by the vacuum between the contacts and the QD. It is
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Figure 4.5: The experimental (dotted lines) and calculated (solid lines) stationary
current through a 4 nm QD (gold cluster) attached to external contacts via 3
nm wide and ∼ 1 eV high (vacuum) tunnel barriers. For the calculations the
conduction band density of states is assumed to be ρα = 1/(2W ), where 2W ∼ 2
eV is the conduction electrons band width.
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expected that the two levels with the lowest energy are found at roughly 10 meV
and 50 meV. The experimental data (dotted) in the upper panel in Fig. 4.5 dis-
plays this fact by the staircase structure. The steps are found at 20 mV and 100
mV, respectively, which correspond to the expected values since the device is bi-
ased by±Φ/2. Taking the experimental information about the QD and the tunnel
barriers (estimating the barrier height to ∼ 1 eV), the current calculated by Eq.
(4.37). The result shown in the upper panel in Fig. 4.5 (solid) displays the quali-
tative behaviour of the current in good agreement. Also, for the higher tempera-
ture (lower panel) the agreement is satisfactory. Actually, for high temperatures
electron-phonon interactions in the QD should be important. In the present case,
though, contributions from such interactions do not seem to be essential.

We conclude this chapter by noting that the transfer Hamiltonian formalism
can be generalized in a straight forward way to include the non-orthogonality
between the leads and the interacting region. The non-orthogonality leads to
altered (anti-) commutation relations between the electron operators in the leads
and the QD. As an effect, the tunneling coefficient is replaced vkσ(t) → VkDσ(t) =
vkσ(t)+O−1

kDσ∆0
σ0. The new tunneling coefficient consists of two terms of the same

order of magnitudes but with opposite signs. The resulting current has one to two
orders of magnitudes smaller amplitude, for certain ranges of the bias voltage,
than the corresponding current given without including the overlap. This fact is
important for an adequate development of the theory and a sound interpretation
of the mathematical formulation.



Chapter 5

Focusing on the quantum

dot

FROM NOW ON we will put our efforts in understanding the properties of the
QD. For simplicity, we will remain with a single level QD with a large
Coulomb repulsion between the states and thereby excluding the double

occupancy of the level. We will disregard all other types of interactions that may
occur in the QD. A sketch of such a system in some different configurations is
illustrated in Fig. 5.1. When the QD is unoccupied, Fig. 5.1 a), an electron, say of
spin ↑, from the lead with the higher potential can tunnel into the QD. Actually,
tunneling of an electron from the lead with the lower potential is physically pos-
sible, however, unlikely. As the QD has an occupied state, Fig. 5.1 b), no second
electron from the leads can tunnel into the QD. The spin ↑ state is already popu-
lated and, hence, by the Pauli principle a second spin ↑ electron is forbidden. Spin
↓ electrons, which are allowed, have a very high energy barrier to overcome, due
to the large intra-dot Coulomb repulsion. On the other hand, if the electron that
populates the QD is pushed out at the same time as an electron from the leads en-
ters, a net charge flow between the leads is created, from the higher to the lower
potential, see Fig. 5.1 c). In this case the entering electron may have any spin
since the occupying spin ↑ electron leaves the QD at the same time.

The system constituted by a QD attached to contacts is roughly characterized
by the ratio of the effective Coulomb repulsion U between electrons in the QD
and the coupling Γ ∼ 2π

∑
α |vα|2ρα between the QD and the leads. Here, vα is

the mixing between states in the lead α and the QD whereas ρα is the DOS in the
lead. If the ratio U/Γ ¿ 1, then one uses the weak-coupling perturbation theory,
where U is treated as the perturbation to the single-particle picture. In the oppo-



50 Chapter 5. Focusing on the quantum dot

Figure 5.1: A mechanism for tunneling. a) An electron in the lead with the higher
potential enters the empty QD. b) A second electron cannot enter already occupied
QD. c) An electron enters the QD combined with a simultaneous exit of the QD
electron.

site case, that is U/Γ À 1, a more appropriate approach would be strong-coupling
perturbation theory. In practice, though, both cases are met. When the contact is
good, usually the coherent current picture works well whereas when the contact
is not very good, the individual features of the QD are preserved. Then, it is
better to consider the diagonal representation of the corresponding isolated QD,
thus treating the couplings Γ through the contacts as a perturbation. Here we are
focusing on the latter case.

First, though, we will discuss the properties as given with a single-particle
operator formulation and thereafter we move on to the many-body picture. As
we will see, the two formulations give rise to different descriptions and, for in-
stance, already the MFA of the system actually give rather different behaviour of
the electronic properties in the QD. In order not to make the discussion too in-
volved we start up in the formulation where the non-orthogonality is neglected
and include it at the very end, in combination with the many-body states in the
QD.

5.1 Single-particle picture

The mathematical formulation of the QD system in terms of single-particle oper-
ators reads

H =
∑

kσ∈L,R

εkσ(t)c†kσckσ +
∑

σ

εσ(t)d†σdσ + Un↑n↓

+
∑

kσ

(vkσ(t)c†kσdk + H.c.). (5.1)

This model is known as the extended Anderson model.1 In the 1960s Anderson
[5] introduced this model for the investigation of magnetic impurities in alloys.

1the word extended calls on the presence of the two conduction bands
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Then, the single conduction band, corresponding to the first term in Eq. (5.1), rep-
resents s-electron orbitals whereas the second and and third terms describes the
localized d-orbitals. The Anderson model has also been used for an understand-
ing of rare earth alloys, magnetic impurities in non-magnetic metals, investiga-
tions of the Kondo effect etc. For a review of the Anderson model in the theory
of magnetic alloys we refer to [88]. Introductory descriptions can also be found
in [34, 93].

The behaviour of a localized QD electron with spin σ can be found by solving
the equation of motion

(
i
∂

∂t
− εσ(t)

)
Gσ(t, t′) = δ(t− t′) +

∑

k

v∗kσ(t)Gkσ(t, t′) + UGσ̄σ(t, t′), (5.2)

where Gσ(t, t′) = (−i)〈Tdσ(t)d†σ(t′)〉 is the single-particle QD GF and Gkσ(t, t′) =
(−i)〈Tckσ(t)d†σ(t′)〉 describes the transfer of an electron through the tunnel barri-
ers. The transfer GF is given by

(
i
∂

∂t
− εkσ(t)

)
Gkσ(t, t′) = vkσ(t)Gσ(t, t′). (5.3)

The GF Gσ̄σ(t, t′) = (−i)〈Tnσ̄(t)dσ(t)d†σ(t′)〉 accounts for the double occupancy
in the QD. Although this state will be excluded in the end, we have to include it
in order not to be within a non-interacting description.

5.1.1 Non-interacting resonant level

Suppose that the doubly populated state is excluded already in the Hamiltonian,
Eq. (5.1). Then, the solution of the QD GF can be written exactly as

Gσ(t, t′) = gσ(t, t′) +
∫ t0−iβ

t0

gσ(t, s)Σσ(s, s′)Gσ(s′, t′)dsds′, (5.4)

where the self-energy

Σσ(t, t′) =
∑

k

v∗kσ(t)vkσ(t′)gkσ(t, t′). (5.5)

Here, gkσ(t, t′) = (−i)〈Tckσ(t)c†kσ(t′)〉 is the conduction electron GF satisfying
(i∂/∂t−εkσ(t))gkσ(t, t′) = δ(t−t′), leading to the retarded and lesser forms given
in Eqs. (4.8) and (4.7), respectively. In the time-independent regime Eq. (5.4) can
be Fourier transformed and its retarded version reads

Gr
σ(ω) =

1
ω − εσ − Λσ(ω) + iΓσ(ω)/2

, (5.6)

where Γσ(ω) = ΓL
σ (ω) + ΓR

σ (ω) and Γα
σ(ω) ≡ 2π

∑
k |vkσ|2δ(ω − εkσ) gives the

level width due to the tunneling. The level shift Λσ(ω) = ReΣr
σ(ω) is usually

very small. It should be noticed that the solution in Eq. (5.6) exactly equals the
one given in Eq. (4.1) and is commonly referred to as a single non-interacting
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resonant level system. Indeed, by starting from the expression for the stationary
current, Eq. (4.13), one can easily derive the formula [31, 43, 92]

J =
1
2π

∑
σ

∫
ΓL

σ (ω)ΓR
σ (ω)

[ω − εσ − Λσ(ω)]2 + [Γσ(ω)/2]2

×
(
f(ω − µL)− f(ω − µR)

)
dω, (5.7)

which exactly equals Eq. (4.1), apart from the coefficients.

5.1.2 Weak-coupling mean-field approximation

Now, let the intra-dot interactions be present, i.e. include the Hubbard U term in
the Hamiltonian, Eq. (5.1). Then, the equation of motion for the QD GF Gσ can-
not be solved exactly and we have to employ an approximation scheme in order
to extract any physics. The simplest approximation that includes the electron-
electron interactions in the QD is the MFA. The localized state |σ〉 is treated in the
mean field U〈nσ̄〉 of the opposite spin state |σ̄〉, thus giving the Hamiltonian

H =
∑

kσ

εkσ(t)c†kσckσ +
∑

σ

(ε(t) + U〈nσ̄〉)d†σdσ +
∑

kσ

(vkσ(t)c†kσdσ + H.c.), (5.8)

which structurally resembles the model of the non-interacting resonant level. The
time-independent solution for this problem is thus given by

Gr
σ(ω) =

1
ω − (εσ + U〈nσ̄〉) + iΓσ(ω)/2

. (5.9)

The mean field experienced by the spin σ state from the opposite spin state, fur-
nishes the state with a non-negligible shift of its energy. The population number
〈nσ〉 = −Im

∫
f(ω)Gr

σ(ω)dω/π has to be calculated self-consistently in the MFA,
for a full account of the interaction.

5.1.3 Further perturbation expansion

Further information about the interactions in the QD can be obtained by inves-
tigating the two-particle GF Gσ̄σ in more detail. For instance, Meir et al.[65, 66]
found that, for a QD in the Kondo regime and letting U →∞ in the solution,

Gr
σ(ω) =

1− 〈nσ̄〉
ω − εσ − Σr

0σ(ω)− Σr
1σ(ω)

, (5.10)

with Σr
0σ(ω) =

∑
k |vkσ|2/(ω − εkσ + iδ) and

Σ1σ(ω) =
∑

k

|vkσ|2
ω − εσ + εσ̄ − εkσ̄ + i/2τσ̄

f(εkσ̄ − µα), (5.11)

where τσ̄ is the intermediate state life-time. A similar result was reported by
Lacroix [54] in an investigation of the DOS for the Anderson model. In this pic-
ture an electron in the QD can experience the transition |σ〉 → |σ̄〉, a spin-flip,



5.1. Single-particle picture 53

−6 −4 −2 0

0.1

0.2

energy, ω

−ℑ
G

r (ω
)

Figure 5.2: A qualitative plot of the equilibrium QD DOS in which the Kondo
contribution to the self-energy, Eq. (5.11), is included. The QD has a level lying
deep in the QD with a large width and a spin-flip resonance at the chemical
potential (µ = 0).

with the resonant energy εσ − εσ̄ which provides a peak, Kondo [51] peak or
Abrikosov-Suhl [1, 86] resonance, in the local DOS at the quasi-chemical poten-
tials of the leads. In Fig. 5.2 this behaviour is qualitatively illustrated by the QD
DOS−Im

∑
σ Gr

σ(ω)/π, where Gr
σ(ω) is given by Eq. (5.10). Although we will not

discuss the Kondo physics in QD and therefore leave this subject here, we remark
that the behaviour of the QD DOS given in Fig. 5.2 can actually be obtained, let
be with reversed order of the peaks, within the many-body approach (presented
in Sec. 5.2 and forward) in an approximation that does not include any spin-flip
scattering. Thus, even though the Kondo contributions are completely neglected,
the system shows a QD DOS that indeed resembles the one given in Fig. 5.2.

5.1.4 Simple model of a Coulomb island

Another approach to the problem of solving the QD GF is to first consider an
isolated QD, that is, not being connected to the conduction bands in the leads.
The Hamiltonian for the QD can be written

HD =
∑

σ

εσ(t)d†σdσ + Un↑n↓, (5.12)

as was discussed in Sec. 4.2. This system is exactly solvable since, for instance in
the time-independent regime,

gσ(iω) =
1 + UGσ̄σ(iω)

iω − εσ
, (5.13)

gσ̄σ(iω) =
〈nσ̄〉

iω − εσ − U
. (5.14)
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By inserting Eq. (5.14) into Eq. (5.13) we obtain the retarded QD GF

gr
σ(ω) =

ω − εσ − (1− 〈nσ̄〉)U
(ω − εσ − U)(ω − εσ)

=
1− 〈nσ̄〉

ω − εσ + iδ
+

〈nσ̄〉
ω − εσ − U + iδ

. (5.15)

Obviously the GF has the two resonances ω = εσ and ω = εσ +U with the spectral
weights 1− 〈nσ̄〉 and 〈nσ̄〉, respectively.

However, Eq. (5.15) only provides information about the QD being decoupled
from the leads in equilibrium. Phenomenologically, by replacing the infinitesimal
δ by the level width Γσ(ω), previously obtained from the case of a non-interacting
resonant level, one can model the couplings to the leads [13, 29], thereby obtain-
ing an expression which can be used in calculations of the current. The retarded
QD GF thus becomes

Gr
σ(ω) =

gr
σ(ω)

1 + igr
σ(ω)Γσ(ω)/2

=
ω − εσ − (1− 〈nσ̄〉)U

(ω − εσ − U)(ω − εσ) + iΓσ[ω − εσ − (1− 〈nσ̄〉)U ]
. (5.16)

In the limit of a very large Coulomb repulsion U the resulting QD GF becomes

Gr
σ(ω) =

1− 〈nσ̄〉
ω − εσ + iΓσ(ω)/2

+
〈nσ̄〉

ω − εσ − U + iΓσ(ω)/2
. (5.17)

The second term in this expression becomes very small for a large Hubbard U .
Nevertheless, structurally Eq. (5.17) resembles Eq. (5.15) but now the tunneling
broadens the resonances εσ and εσ + U .

The result in Eq. (5.17) was also reported by Pals et al. [69] by neglecting simul-
taneous tunneling of the electron of the opposite spin projection σ̄ and decoupling
the higher order GF similarly as in the previous discussion. As the tunneling of
the opposite spin electron is not taken into account, its creation and annihilation
operators are always paired together in the higher order GF. The operators for
both spins do not truly intermingle, which results in the probabilistic expression
for the QD GF.

5.1.5 The retarded and lesser quantum dot Green functions

In this section we have derived the QD GF in the single-particle picture and in
some case provided the complex time-ordered contour integral equation for the
GF. However, in the expressions for the current we need the GF expressed in real
times and thereto, we need the retarded and lesser counterparts of the GF. For
simplicity, consider the expression given in Eq. (5.4), which indeed displays the
general structure of the QD GF in the single-particle picture. The conversion into
the retarded real-time integral equation is simply

Gr
σ(t, t′) = gr

σ(t, t′) +
∫ ∞

−∞
gr

σ(t, s)Σr
σ(s, s′)Gr

σ(s′, t′)dsds′. (5.18)

This equation can in some cases be solved analytically but, in general, it has to be
solved numerically. However, we still have to obtain an expression for the lesser



5.2. Many-body picture 55

GF G<
σ (t, t′). For this, we apply the analytical continuation rules [31, 58], or the

Keldysh technique [48], giving the algebraic equation

G<
σ = g<

σ + gr
σΣr

σG<
σ + gr

σΣ<
σ Ga

σ + g<
σ Σa

σGa
σ.

Collecting the lesser GF G<
σ to the left in this equation, we obtain

gr
σ

[
(gr

σ)−1 − Σr
σ

]
G<

σ = g<
σ (1 + Σa

σGa
σ) + gr

σΣ<
σ Ga

σ.

Noting that [(gr
σ)−1−Σr

σ]−1 = Gr
σ and recalling that (gr

σ)−1g<
σ = 0 identically and

(gr
σ)−1gr

σ = 1, the lesser QD GF can be written

G<
σ (t, t′) =

∫ ∞

−∞
Gr

σ(t, s)Σ<
σ (s, s′)Ga

σ(s′, t′)dsds′. (5.19)

Hence, the lesser QD GF is written solely in terms of the retarded and advanced
QD GF and lesser self-energy. It is usually easier to find an analytical expression
for the lesser self-energy Σ<

σ than it is for the lesser QD GF. Therefore, we will
be satisfied with Eq. (5.19). In particular, for the non-interacting case the lesser
self-energy is given by

Σ<
σ (t, t′) = i

∑

k

v∗kσ(t)vkσ(t′)f(εkσ − µα)e−i
R t

t′ εkσ(s)ds (5.20)

and since [Ga
σ(t′, t)]∗ = Gr

σ(t, t′) we have the lesser QD GF

G<
σ (t, t′) = i

∑

k

f(εkσ − µα)
∫ ∞

−∞

∣∣∣v∗kσ(s)Gr
σ(t, s)

∣∣∣
2

ds. (5.21)

Knowing the retarded QD GF one thus can obtain the time-dependent tunnel
current through the QD system by inserting Eqs. (5.18) and (5.19) into Eq. (4.10).
As we have seen, also the stationary current can be obtained by Eq. (4.13) when
all the details of the QD GF are at hand.

The methods of finding the non-equilibrium GF techniques tacitly used in
this section can be found in Refs. [47, 48, 58]. The mathematical techniques of
finding the perturbation expansions of the QD GF in this section can be found,
for instance, in Refs. [3, 31, 62, 63].

5.2 Many-body picture

The treatment of strongly correlated states in the QD is a complicated and, in
addition, unsolvable story to tell about. We saw in the previous section that the
single-electron picture leads to problems of finding the two-electron GF when
the QD is coupled to the leads. However, we can actually get rid of this problem
by expressing the QD states in terms of many-body operators, e.g. the Hubbard
operators introduced in Sec. 4.2. The problem still remains, however, the matter
is that we are using that U/Γ À 1. Then, by only considering the (large) Coulomb
repulsion between the QD states, the model Hamiltonian can be written

H =
∑

kσ∈L,R

εkσ(t)c†kσckσ +
∑

p=0,σ

Eσ(t)hσ +
∑

kσ

(
vkσ(t)c†kσX0σ + H.c.

)
. (5.22)
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Figure 5.3: A typical model sketch of a QD connected to contacts. In the QD, the
region between the barriers, the energy spectrum is discrete whereas the spectrum
in the leads is continuous.

In this model, the dynamics of the Hubbard operator X0σ is given by
(

i
∂

∂t
−∆0

σ0(t)
)

X0σ =
∑

k

(
v∗kσ(t)(h0 + hσ)ckσ + v∗kσ̄(t)Z σ̄σckσ̄

)
. (5.23)

The first term on the right hand side of this equation, containing the product
〈(h0 + hσ)ckσ〉, would allow for a separation of the mean-field term 〈h0 + hσ〉. Af-
ter this step we would obtain the term v∗kσ〈h0 + hσ〉ckσ , which is similar to the
term responsible for v∗kσ(t)Gkσ(t, t′) in Eq. (5.2), and the two terms (h0 + hσ +
〈h0 + hσ〉ckσ and Z σ̄σckσ̄ for which such decoupling is not allowed. These terms
give rise to the kinematic interactions. As we will see later in this chapter, the
contribution from the former exactly vanishes, which is expected since this con-
tribution describes effective interactions with the transition itself. Thus, only the
term with the spin-flip gives a contribution. As will be shown later, the absence
of the self-interaction leads to an explicit spin-dependence of the kinematic inter-
actions which, in turn, can manifest itself in interesting physical effects. Actually,
such contributions are characteristic for systems with complexes of two or more
bounded particles, e.g. between spins or atoms with open shells, interacting with
conduction electrons [75, 76].

In reality, a QD contains several levels, see Fig. 5.3, but for sufficiently small
devices the level separation is large compared to the relevant energy interval be-
tween the quasi-chemical potentials imposed by the bias voltage. If, in addition,
the band widths of the conduction electrons or filling of the bands in the leads
are small enough, then there will only be one or possibly two levels taking part
in the charge transfer. Therefore, as a first approximation, it is relevant to discuss
the properties of a single-level device.

The Hubbard operator X0σ describes the transition |0〉 → |σ〉 while in order
to understand the physics of the QD we need to look at the QD GF defined by

Gσσ′(t, t′) = (−i)〈TX0σ(t)Xσ′0(t′)〉U ≡ (−i)
〈TSX0σ(t)Xσ′0(t′)〉

〈TS〉 . (5.24)
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The subscript U denotes that the QD GF have to be considered with respect to the
time-dependent disturbance

H′(t) = U0(t)h0 +
∑

σ

(
Uσ(t)hσ + Uσσ̄(t)Zσσ̄

)
, (5.25)

giving the action S = exp (−i
∫ t0−iβ

t0
H′(t)dt). The source fields Uξ(t) are used for

the generation of a perturbation expansion of the QD GF in terms of the func-
tional derivatives δGσσ′/δUξ. Such a method was first introduced by Schwinger
[78] and further developed for quantum statistical mechanics by Kadanoff and
Baym [47]. Recently, Sandalov et al. [75, 76] introduced a similar method for the
study of f-electron systems in terms of Hubbard operators. The very same math-
ematical technique provides a pleasant framework for fruitful investigations of
strongly correlated states in a QD.

5.2.1 Diagram technique in brief

In this subsection we briefly explore some details on the diagrammatic expansion
of the QD GF and may be somewhat technical. An extended version of this sub-
section can be found in Appendix A. In the equation of motion for the QD GF the
quantities

(−i)〈T(h0 + hσ)(t)ckσ(t)Xσ′0(t′)〉U

(−i)〈TZ σ̄σ(t)ckσ̄(t)Xσ′0(t′)〉U

will appear, where there is no summation over the spin-indices. These can be
rewritten in terms of Gσσ′(t, t′) and functional derivatives thereof. By considering
the variation δFkσσ′ of the mixed GF Fkσσ′(t, t′) = (−i)〈Tckσ(t)Xσ′0(t)〉U with
respect to the source field Uξ(t′′), one finds that [75, 76]

(−i)〈TZξ(t′′)ckσXσ′0(t′)〉U =
(
〈TZξ(t′′)〉U + i

δ

δUξ(t′′)

)
Fkσσ′(t, t′). (5.26)

The mixed GF is given by

Fkσσ′(t, t′) =
∫ t0−iβ

t0

vkσ(t)gkσ(t, s)Gσσ′(s, t′)ds. (5.27)

For a shorter notation we introduce Vσ(t, t′) =
∑

k v∗kσ(t)vkσ(t′)gkσ(t, t′) and put
Rσσ′(t) = i[δσσ′δ/δU00(t) + δ/δUσ′σ(t)] (pay attention to the order of the spin-
indices). We also define Pσ(t) ≡ Pσσ(t) and Rσ(t) ≡ Rσσ(t).

The end-factor [41, 39] Pσσ′(t) = 〈T{X0σ, Xσ′0}(t)〉U , already introduced in
Sec. 4.3, is the sum of the population numbers 〈N0(t)〉U and 〈Nσ′σ(t)〉U . For
time-dependent source fields Uξ(t), though, the QD populations are not well-
defined. The reason is that the off-diagonal expectation values 〈TXσσ′(t)〉U are
non-zero, as well. Nevertheless, terminologically we disregard this complication
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of the problem and refer to 〈N0(t)〉U ≡ 〈Th0(t)〉U and 〈Nσσ′(t)〉U ≡ 〈TXσσ′(t)〉U
as the population numbers of the transitions |0〉 → |0〉 and |σ′〉 → |σ〉, respectively.

The exact equation of motion for the QD GF can now be written

(
i
∂

∂t
−∆0

σ0(t)−∆Uσ0(t)
)

Gσσ′(t, t′)− Uσσ̄(t)Gσ̄σ′(t, t′) = δ(t− t′)Pσσ′(t)

+[Pσ(t) + Rσ(t)]
∫ t0−iβ

t0

Vσ(t, s)Gσσ′(s, t′)ds

+[Pσσ̄(t) + Rσσ̄(t)]
∫ t0−iβ

t0

Vσ̄(t, s)Gσ̄σ′(s, t′)ds, (5.28)

completely expressed in terms of the QD GF and functional derivatives thereof.
The source fields ∆Uσ0(t) and Uσσ̄(t) on the left hand side of Eq. (5.28) appears
due to the differentiation i∂TSX0σ(t) = TS[X0σ(t),H+H′(t)] in the QD GF.
Physical information about the QD is obtained from Eq. (5.28) by applying the
functional derivatives up to the desired order in the interactions Vσ and thereafter
letting the source fields, that are not actually applied to the system, Uξ(t) → 0. In
this limit, due to conservation of the total spin Sz by the Hamiltonian, all quan-
tities that do not conserve the longitudinal component of the total spin vanish,
although their functional derivatives may not. Thus, in the final expression of the
QD GF, i.e. when then limit Uξ(t) → 0 has been taken, one can just discard terms
containing locators and cumulants of the transitions |σ〉 → |σ̄〉 and |σ̄〉 → |σ〉.
Also, in this limit 〈N0(t)〉 and 〈Nσ(t)〉 become appropriate time-dependent pop-
ulation numbers of the states |0〉 and |σ〉, respectively.

When applying the functional derivatives on the QD GF it should be no-
ticed that it is composed by the product of its locator Dσσ(t, t′) and the end-
factor Pσσ(t), that is, Gσσ′(t, t′) = Dσσ′′(t, t′)Pσ′′σ′(t′). In addition, not only
the locator is subject to the functional derivative but also the end-factor. Hence,
varying the QD GF yields δGσσ′ = (δDσσ′′)Pσ′′σ′ + Dσσ′′(δPσ′′σ′). The locator
matrix D should satisfy the relation DD−1 = I = D−1D which implies that
δ(DD−1) = (δD)D−1 + D(δD−1) = 0. This results in

Rss′(t′′)Dσσ′(t, t′) = −i

∫ t0−iβ

t0

Dσσ1(t, t1)Γσ1σ2(t1, t2;Rss′(t′′))

×Dσ2σ′(t2, t′)dt1dt2, (5.29)

with the vertex function, cf. Appendix A,

Γσ1σ2(t1, t2; Rss′(t′′)) = Γ0
σ1σ2

(t1, t2; Rss′(t′′))− iRss′(t′′)Sσ1σ2(t1, t2), (5.30)

where the zero vertex

Γ0
σ1σ2

(t1, t2; Rss′(t′′)) = (δσ1σ2δss′ − δσ1s′δσ2s)δ(t1 − t2)δ(t2 − t′′). (5.31)
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and the self-operator

Sσ1σ2(t1, t2) ≡ Pσ1σ2(t1)Vσ2(t1, t2)

−i

∫ t0−iβ

t0

Vσ3(t1, t3)Dσ3σ4(t3, t4)Γσ4σ2(t4, t2; Rσ1σ3(t1))dt3dt4. (5.32)

In Eqs. (5.29) and (5.32) summation over the spin-indices σ1, σ2 and σ3, σ4, re-
spectively, is understood. Resolving the vertex in the self-operator, one comes to
a perturbation series in terms of the interaction Vσ(t), by successively applying
the functional derivatives to the locators and cumulants. However, here we will
not concern ourselves with any perturbation expansion of the QD GF further than
to the first order in the interaction Vσ(t). For the locator, this is actually obtained
by only resolving the zero vertex in the expansion.

The functional derivative of the end-factor Rss′(t′′)Pσσ′(t) generates the cu-
mulant

Rss′(t′′)Pσσ′(t) = 〈T[δss′h
0 + Zs′s](t′′)[δσσ′h

0 + Zσ′σ](t)〉U

−Pss′(t′′)Pσσ′(t) (5.33)

If the two involved quantities would be independent at different times the func-
tional derivative Rss′(t′′)Pσσ′(t) ≡ 0. Indeed, as is seen from Eq. (5.33), the mean-
field decoupling of the first term cancels the whole expression. Therefore, the cu-
mulant Rss′(t′′)Pσσ′(t) describes fluctuations of the population numbers. How-
ever, at coinciding times (t′′ → t+) and vanishing source fields Uξ(t) we obtain
(N0+Nσ)−(N0+Nσ)2 for equal spins and 〈Z σ̄σZσσ̄〉 = Nσ̄ from the spin-flip cor-
relation function. Note that in pure states, when either the QD does not have an
electron (N0 = 1, Nσ = 0) or has one electron (Nσ = 1, N0 = Nσ̄ = 0) the cumu-
lant vanishes.2 In contrast, the transverse functional derivative Rσσ̄(t+)Pσ̄σ(t′) =
iKσ̄σ(t+, t′)− Pσσ̄(t+)Pσ̄σ(t′), where

Kσ̄σ(t+, t′) = (−i)〈TZ σ̄σ(t+)Zσσ̄(t′)〉U ≡ (−i)
〈TSZ σ̄σ(t+)Zσσ̄(t′)〉

〈TS〉 .

The bare Bose-like GF Kσ̄σ(t+, t′) satisfies the equation
(

i
∂

∂t
−∆0

σσ̄(t+)−∆Uσσ̄(t+)
)

Kσ̄σ(t+, t′) = δ(t+ − t′)[Pσ̄(t+)− Pσ(t+)], (5.34)

where ∆0
σσ̄(t) = ∆0

σ0(t) − ∆0
σ̄0(t). In Eq. (5.34), we have discarded propaga-

tors like (−i)〈Thσ(t+)Zσσ̄(t′)〉U since they only give contributions for functional
derivatives that are irrelevant for Kσ̄σ(t+, t′), in our approximation.

2In mathematical terms Eq. (5.33) provides a dependence measure, the covariance, between
the quantities δss′h

0 + Zs′s and δσσ′h
0 + Zσ′σ . It is readily seen that Rσ(t+)Pσ(t′) =

〈T(h0 + hσ)(t+)(h0 + hσ)(t′)〉U − Pσ(t+)Pσ(t′). In this terminology, then, the two quantities are
said to be uncorrelated whenever Rss′ (t

′′)Pσσ′ (t) = 0.
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Before we continue with the discussion of the QD system we are urged to
make some comments on the diagram technique thus introduced and henceforth
employed. The choice of using many-body states for the description of the QD is
motivated by the discussion in the introduction of this chapter. However, there
are alternative approaches in a treatise of many-body states. For instance, Ruck-
enstein and Schmitt-Rink [73] introduced a similar method for strongly correlated
electron systems via functional differentiations with respect to time-dependent
source fields. In their approach the local GF of the isolated QD is not used as the
zero GF. Rather the zero GF includes the mixing with the conduction electrons in
the contacts. One reason for such an approach is that it is then possible to separate
out a zero Hamiltonian H0 which commutes with the remainder part. We want
to include the non-orthogonality between the localized states and the conduction
electrons and, therefore, a separation into a zero Hamiltonian commuting with
the interaction Hamiltonian is not possible. Another technique for Hubbard op-
erator GF was developed by Izyumov et al. [41, 39]. In this technique a hierarchy
is introduced between the operators which then is used in a decoupling scheme.
However, having to choose the hierarchy among the operators for each new prob-
lem gives rise to non-desired complications and is avoided within the technique
employed in the present context. Also, the non-orthogonality introduces separate
problems with the perturbation expansion suggested in Ref. [41, 39].

5.2.2 Hubbard I approximation

The simplest approximation of Eq. (5.28) is given by neglecting all functional
derivatives Rss′(t+). From the above discussion it is realized that we here neglect
the fluctuations of the population numbers and the processes with spin-flips. The
resulting expression for the QD GF then becomes, letting the source fields Uξ(t) →
0,

Gσ(t, t′) = gσ(t, t′) +
∫ t0−iβ

t0

gσ(t, s)Vσ(s, s′)Gσ(s′, t′)dsds′, (5.35)

where gσ(t, t′) is the GF for the isolated QD satisfying (i∂/∂t−∆0
σ0(t))gσ(t, t′) =

δ(t − t′)Pσ(t), in the same limit of the source fields. Here, we have defined
Gσ(t, t′) ≡ Gσσ(t, t′) and gσ(t, t′) ≡ gσσ(t, t′). The interaction Vσ(t, t′) provides
a width of the QD level ∆0

σ0(t). It should be noticed that, since the Coulomb re-
pulsion is already included in the formulation of the QD in terms of many-body
states, this approximation is somewhat similar to the standard MFA within the
single-particle picture. This approximation is the so-called Hubbard I approxi-
mation (HIA) [36, 37, 75, 76]. Graphically, it reads

σ
=

σ
+

σ σ

where the single and double solid lines terminated with a dot refers to the bare
and dressed QD GF, respectively, whereas the wiggles signifies the interaction
Vσ(t, t′). The dots terminating the solid lines denote the end-factor Pσ. This is the
reason for calling Pσ the end-factor. The labels σ denote the spin projection of the
transition. Actually, this approximation does not provide any new information
about the physics in the system and, therefore, we proceed to the next section.
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5.2.3 Loop correction

Now, let us take into account the first functional derivative in the locators, i.e. the
zero vertex. The only non-vanishing term, after taking the limit Uξ(t) → 0, is the
so-called loop correction

Rσσ̄(t+)Dσ̄σ(s, t′) = −i

∫ t0−iβ

t0

Dσ̄(s, t1)Γ0
σ̄σ(t1, t2; Rσσ̄(t+))

×Dσ(t2, t′)dt1dt2 =

= iDσ̄(s, t+)Dσ(t+, t′), (5.36)

where Dσ(t, t′) ≡ Dσσ(t, t′). As explained earlier, this is the first correction from
the kinematic interactions.

Constant population numbers

For a moment, assume that the cumulants are unaffected by the functional dif-
ferentiations and the population numbers given by Nσ = −Im

∫
f(ω)Gr

σ(ω)dω/π
subject to the constraint N0+N↑+N↓ = 1. Then, the resulting equation of motion
for the QD GF can be written, in the limit Uξ(t) → 0,

(
i
∂

∂t
−∆σ0(t)

)
Gσ(t, t′) = δ(t−t′)Pσ(t)+

∫ t0−iβ

t0

Pσ(t+)Vσ(t, s)Gσ(s, t′)ds, (5.37)

where ∆σ0(t) is the dressed many-body level given by the solution of the self-
consistent equation

∆σ0(t)−∆0
σ0(t) = i

∫ t0−iβ

t0

Vσ̄(t, s)Dσ̄(s, t+)ds. (5.38)

The quantity on the right hand side of this equation is real and therefore provides
a shift of the bare level. Being a second order correction, it pushes the dressed
level below the bare one. The graphical equation corresponding to Eq. (5.37)
reads

σ
=

σ
+

σ σ σ σ

σ

σ
+

Note that the loop correction (in the last diagram) depends on the opposite spin
projection σ̄. The kinematic shift of the level is caused by the coupling of this
transition with the continuum of the conduction electrons of spin projections.
However, the contributions for the same spin projection are canceled.

The effect from this mechanism gives the possibility of inducing a spin-splitting
of the localized levels in the QD by spin-polarizing the conduction bands in the
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Figure 5.4: The equilibrium DOS of the interacting region for non-polarized
(dashed lines) and spin-polarized (solid lines) leads. In the spin-polarized case,
there is an amount of 3.5 % of the minority spin in the leads.

leads. The induced spin-splitting can result in a spin-polarization in the output
current which is larger than that suggested by the polarization of the conduction
bands. In Paper V this opportunity was investigated for stationary external fields
applied to a QD in the mixed valence regime (−0.5 ≤ ∆σ0/Γσ ≤ 0). Then, the
dressing of the QD level can be written in the form 3

∆σ0 −∆0
σ0 =

∑

k

|vkσ̄|2 f(εkσ̄)− f(∆σ̄0)
εkσ̄ −∆σ̄0

. (5.39)

Results similar to this equation were previously found by other methods for dif-
ferent models in equilibrium [6, 8, 7, 9, 23, 38, 40, 74, 89]. However, in none
of these studies the explicit spin dependence on the conduction electrons of the
opposite spin projection, which is present in Eq. (5.39), was found.

The equilibrium DOS of the QD can be seen in Fig. 5.4 for two different polar-
izations of the conduction bands in the leads, where the vertical positive/negative
axis corresponds to the spin ↑ / ↓. When the leads are non-polarized (dashed) the
level is degenerate in energy with equal probability. As the conduction bands
are spin-polarized (solid), the leads being ferro-magnetically aligned, the level is
spin-spit. One of the states tends to get closer to the bare level whereas the other
is pushed further below, as expected from Eq. (5.39). If the majority spins in the
contacts is ↑, then the spin ↑ transition becomes less likely (P↑ = 0.39) whereas
the weight of the spin ↓ transition increases (P↓ = 0.69).

The resulting tunnel current through the system, being computed using a
spin-dependent version of Eq. (4.13) for the situation in Fig. 5.4), is displayed in
Fig. 5.5. The current in the non-polarized (dashed) and in the case of completely
spin-polarized (dotted) leads are given as reference to the case when the leads are
incompletely spin-polarized (solid). Thus, it is seen that the current first grows
and after a maximum value has been reached, it decreases down to the current of
completely spin-polarized leads. This feature occurs because the bottom of mi-

3Remark: The sign in front of the sum on the right hand side in Eq. (5.39) was given incorrectly as
“−” in Paper V, Eq. (3). However, the correct result is given here and in an erratum to the article in
Physical Review Letters, see Paper V.
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Figure 5.5: The tunnel current through the interacting region for non-polarized
(dashed line) and spin-polarized leads. For the spin-polarized case, the minority
spin percentage is 3.5 % (sold line) and 0 (dotted line). The inset shows a situation
for very narrow conduction band widths.

nority spin sub-band in the lead with the higher potential eventually exceeds the
corresponding QD level as the bias voltage is increased. One important feature to
notice is the large change in the magneto resistance, up to 150%, as the configu-
ration in the leads is shifted from being non-polarized to spin-polarized. Further
details on the specific parameters used for these calculations can be found in Pa-
per V.

Thinking of applications, we believe that this mechanism for inducing a spin-
splitting of the localized level in the QD can be useful since it is extremely sen-
sitive to changes in the surroundings. In the example, cf. Paper V, where it is
shown how the electronic structure in the QD is changed simply by altering the
spin-polarization in the leads. This very strong effect on the current seen in Fig.
5.5 as the conduction bands in the leads are shifted from a non-polarized to a
strongly spin-polarized character, should be possible to use in magnetic sensor
devices.

Another aspect of the approximation given in Eq. (5.37) is found in the sta-
tionary regime. Namely, it is possible to derive an analytical expression for the
current without assuming proportionate coupled leads, similar to Eq. (4.1). In
the stationary regime, the Fourier transform of the retarded QD GF becomes

Ge
σ(ω) =

Pσ

ω −∆σ0 − Λσ(ω)Pσ + iΓσ(ω)Pσ/2
, (5.40)

where Λσ(ω) = ReΣk|vkσ|2/(ω− εkσ + iδ) and Γσ(ω) = ΓL
σ (ω) + ΓR

σ (ω). The level
width is the sum of the couplings Γα

σ(ω) = 2π
∑

k∈α |vkσ|2δ(ω − εkσ). Using the
methods of finding G<

σ (ω), described in Sec. 5.2.4, and formally following the
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derivation in Ref. [31, 43] leading to Eq. (5.7), one finds the expression

J =
1
2π

∑
σ

∫
ΓL

σ (ω)ΓR
σ (ω)

[ω −∆σ0 − Λσ(ω)Pσ]2 + [Γσ(ω)Pσ/2]2
P 2

σ

×
(
f(ω − µL)− f(ω − µR)

)
dω. (5.41)

We notice that this expression very much resembles the one given for the non-
interacting resonant model in Eq. (5.7). However, in the present case the strong
intra-dot Coulomb repulsion between the states |↑〉 and |↓〉 is included in the
renormalized many-body level ∆σ0. Also, the end-factor Pσ indicates that a
many-body approach has been used in obtaining Eq. (5.41).

Derivative of the end-factors

It was stated in Sec. 5.2.1 that also the cumulants are subject to the functional
derivatives. The question that arises is if we really can draw any conclusions
about the behaviour of the system, in the first order approximation in Vσ , without
considering the perturbation expansion of the cumulants. This is a well-founded
question since a drastical change in the spectral weights of the two transitions
in the QD may provide a completely different behaviour of the tunnel current
through the system. For example, suppose that the probability of the lower tran-
sition becomes very much larger. Then, also its width is increased since the cumu-
lant of the corresponding transition occurs both in the spectral weight and in the
width of the transition. This, in turn, implies that the current through this level
can flow for higher voltages than in the case discussed in the example above. As
a result, the drastic change of the magneto resistance will become smaller and the
possibility of observing the effect experimentally may be substantially reduced.
On the other hand, if the perturbation expansion of the cumulant provide the
upper transition with a larger probability, and thus a large width, then the prob-
ability and width of the lower transition must be decreased by the constraint
N0 +N↑+N↓ = 1. In this case the resulting change in the magneto resistance will
be increased and, thus, the conclusion from the example in the previous para-
graph becomes even more solid.

First, though, we derive the full equation of motion for the QD GF in the
one-loop approximation and in the end we draw the correct conclusion from the
provided picture. To this order, the equation of motion can be written

(
i
∂

∂t
−∆0

σ0(t)−∆Uσ0(t)
)

Gσ(t, t′)− Uσσ̄(t)Gσ̄σ(t, t′) =

= δ(t− t′)Pσ(t) + δPσ(t, t′) +
∫ t0−iβ

t0

Σσ(t, s)Gσ(s, t′)ds, (5.42)
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with the correction to the cumulant

δPσ(t, t′) = 〈T(h0 + hσ)(t+)(h0 + hσ)(t′)〉U
∫ t0−iβ

t0

Vσ(t, s)Dσ(s, t′)ds

−Pσ(t+)
∫ t0−iβ

t0

Vσ(t, s)Gσ(s, t′)ds

+iKσ̄σ(t+, t′)
∫ t0−iβ

t0

Vσ̄(t, s)Dσ̄(s, t′)ds (5.43)

and the self-energy

Σσ(t, s) = Pσ(t)Vσ(t, s) + iδ(t− s)
∫ t0−iβ

t0

Vσ̄(t, s′)Dσ̄(s′, t)ds′. (5.44)

It is clear that the second term of Eq. (5.43) and the first term of Eq. (5.44) cancel
exactly when the two expressions above are inserted into Eq. (5.42). Thus, if the
fluctuation in the first term of Eq. (5.43) is approximated by Pσ(t+)Pσ(t′), the
cumulants at different times are independent, then the width of the transition
|0〉 → |σ〉 includes PσVσ, exactly as in the preceding paragraph. In, contrast, if
the fluctuation is approximated by Pσ(t′), then the level width includes Vσ which
provides a larger width to the transition since the cumulant Pσ ∈ [0, 1].4 The true
value of the fluctuation lies somewhere between the two approximations. For
simplicity, though, we will use the former in the sequel.

In the third term of Eq. (5.43), the kinematic interactions between the localized
states in the QD due to the presence of the tunneling furnishes the spectral weight
of the transition through the loop correction factor i

∫ t0−iβ

t0
Vσ̄(t, s)Dσ̄(s, t′)ds. In

addition, this integral is multiplied with the Bose-like GF Kσ̄σ(t+, t′) describ-
ing spin-flip processes in the QD. The graphical expression corresponding to Eq.
(5.43) within the given approximations reads

= +
σ σ

σ

|σ〉→|σ〉

where the large cross-hatched circle denotes the dressed cumulant Pσ, the dot
signifies the bare cumulant Pσ and the dashed line in the loop corresponds to the
Bose-like GF Kσ̄σ(iω) = (Pσ̄ −Pσ)/(iω−∆σσ̄). We have put the dressed spin-flip
energy ∆σσ̄ ≈ ∆σ0−∆σ̄0 in order not to lose any information from the kinematic
interactions. Actually, this energy should be calculated self-consistently along
with the other quantities involved but for simplicity we have made the approx-
imation which does not lie far from the real value. Here, one notices that the
loop correction (the last diagram) gives a contribution to the cumulant whenever
Pσ 6= Pσ̄, that is, whenever the dressed transition ∆σ0 6= ∆σ̄0. However, since
there are no spin-flip processes taken into account in the self-energy of the QD

4Proof: Suppose that the cumulant P↑ > 1. Then, the constraint 1 = N0 + N↑ + N↓ = P↑ + N↓
requires that N↓ < 0 which is a contradiction since N0,N↑,N↓ ∈ [0, 1]
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GF, the states in the QD will not redistribute because of the dressing of the cumu-
lants. Only their spectral weights and widths will be affected by such processes.
This can also be seen in the Fourier transform of the fully dressed QD GF

Gσ(iω) =
Pσ(iω)

iω −∆σ0 − Pσ(iω)Vσ(iω)
, (5.45)

where the dressed cumulant

Pσ(iω) = Pσ − Pσ̄ − Pσ

iω −∆σ0

∑

k∈L,R

|vkσ̄|2
(

f(εkσ̄)− f(∆σ̄0)
εkσ̄ −∆σ̄0

+
f(εkσ̄)− [1 + nB(∆σσ̄)]

iω −∆σσ̄ − εkσ̄

)
. (5.46)

Referring to the spin-dependent case discussed in the previous paragraph - con-
stant population numbers - the probability of the spin ↑ state was P↑ = 0.39 and
for the spin ↓ state P↓ = 0.69. Then, the dressed cumulant, Eq. 5.46, provides a
larger probability of the spin ↓ state and a smaller for the spin ↑ state, because of
the negative sign in front of the second term. Thus, the conclusion about the spin-
polarized currents becomes slightly weaker when the derivative of the cumulant
is included into the calculations. It is only slightly weaker, though, since the re-
distribution of the spectral weights is rather small, for the given set of parameters,
cf. Paper V.

5.2.4 The retarded and lesser quantum dot Green functions

When the properties of the QD have been found up to the desired accuracy it is
necessary to see what structure the retarded and lesser counterparts have. Af-
ter all, we are not actually interested in the QD GF itself but rather its dynamic
properties as a part of the whole system in which the current flows. Similarly as
in the single-particle description, the retarded real-time integral equation for the
QD GF is given by

Gr
σ(t, t′) =

∫ ∞

−∞
dr

σ(t, s)Pr
σ(s, t′)ds +

∫ ∞

−∞
dr

σ(t, s)Σr
σ(s, s′)Gr

σ(s′, t′)dsds′, (5.47)

where Pσ(t, t′) = δ(t− t′)Pσ(t′)+ δPσ(t, t′). Note that the first term in this expres-
sion now is an integral, cf. Eq. (5.18), which is due to the double time-dependence
of the correction δPσ(t, t′) to the cumulant. Also note that the zero locator instead
of the zero GF is multiplied from the left with the quantities on the right hand
side of the equation. This is a consequence of the applied many-body technique
in which the GF is expressed as the product of its locator and its cumulant.

An expression for the lesser QD GF is, just as in Sec. 5.1.5, easiest found by
first regarding the algebraic structure

G<
σ = dr

σP<
σ + d<

σ Pa
σ + dr

σΣr
σG<

σ + dr
σΣ<

σ Ga
σ + d<

σ Σa
σGa

σ.

Again, using the facts that [(dr
σ)−1−Σr

σ]−1 = Dr
σ, (dr

σ)−1d<
σ = 0 and (dr

σ)−1dr
σ = 1,

we arrive at the simple expression

G<
σ (t, t′) =

∫ ∞

−∞
Dr

σ(t, s)
(
P<

σ (s, s′)δ(s− s′) + Σ<
σ (s, s′)Ga

σ(s′, t′)
)

dsds′. (5.48)
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Hence, in this case the lesser QD GF is completely determined in terms of the
retarded locator, the advanced QD GF, the advanced and lesser cumulants and
the lesser self-energy. This is indeed the best form the lesser QD GF can be given
and the quantities on the right hand side in Eq. (5.48) can be easily extracted
either analytically or numerically.

We conclude the discussion of the non-orthogonal approaches showing the
partitioning of the lesser QD GF which leads to a natural partitioning of the total
current into a left and right contribution. As we saw in the previous chapter, it is
the displacement current JDD(t) = −Im∂/∂tG<

σ (t, t) that has to be divided into
two terms in order to achieve the desired property of the current. The following
analysis also applies to the single-particle formulation with obvious modifica-
tions.

Both the cumulant Pσ(t, t′) and the self-energy Σσ(t, t′) contain sums over the
left and the right leads through the interaction Vσ(t, t′), for instance cf. Eqs. (5.43)
and (5.44). By introducing the left interaction

VLσ(t, t′) =
∑

P∈L

v∗pσ(t)vpσ(t′)gpσ(t, t′)

and similarly for the right, we can define the left cumulant PLσ(t, t′) and self-
energy ΣLσ(t, t′) by the substitution Vσ(t, t′) → VLσ(t, t′) in Eqs. (5.43) and (5.44).
With these definitions then, we can extract the left lesser QD GF

G<
Lσ(t, t′) =

∫ ∞

−∞
Dr

σ(t, s)
(
P<

Lσ(s, s′)δ(s− s′)+ Σ<
Lσ(s, s′)Ga

σ(s′, t′)
)

dsds′. (5.49)

The right lesser QD GF is defined in a similar fashion, thus giving the partitioning

G<
σ (t, t′) = G<

Lσ(t, t′) + G<
Rσ(t, t′). (5.50)

It should be noticed that the partitioning does not depend on the used approx-
imation scheme. It is simply an effect of the presence of two conduction bands
entering the self-energy and, if needed, the cumulant, depending on whether the
single-particle or many-body approach is employed. In contrast, their depen-
dence of the two conduction bands is obvious.

Up to this point we have not included the overlap between the states in the QD
and the leads. This means that the developed theory for the QD states under
influence of the tunneling, that is the HIA [Eq. (5.35)] and the loop correction
[Eq. (5.42)], should be applied to the formulation of the current in Sec. 4.1. How-
ever, the goal is to provide a complete picture of the charge transport through the
system, both taking into account the many-body states in the QD and the non-
orthogonality between the states in the QD and leads. This will be done in the
succeeding section and in the final section of this chapter we make an analysis of
the differences of the alternative descriptions.

5.3 Non-orthogonality in the many-body picture

Already in Sec. 4.2 we introduced the electron operators ckσ [Eq. (4.15)] and
dσ [Eq. (4.16)] for the conduction electrons in the leads and localized states in
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the QD, respectively, in the non-orthogonal framework. We also rewrote the d-
operators in terms of many-body states [Eq. (4.17)] and resolved the commutation
relations between the c- and X-operators [Sec. 4.2.1]. The resulting Hamiltonian
for the QD system was written [Eq. (4.19)] and by only considering the Coulomb
repulsion between the localized states in the intra-dot interaction potential we
arrived at the model

H =
∑

kσ∈L,R

εkσ(t)c†kσckσ +
∑

p=0,σ

Ep(t)hp +
∑

kσ

(
vkσ(t)c†kσX0σ + H.c.

)
. (5.22’)

In order to derive an expression for the current we only had to consider the dy-
namics of the c-operators [Eq. (4.24)]. We observed that also in this formulation
of the current, the unknown quantities was expressed solely in terms of the QD
GF Gσ(t, t′) [cf. Eqs. (4.28), (4.31) and (4.33)]. It turns out that, the diagram-
matic expansion of the QD GF looks very much similar in the case when the non-
orthogonality is taken into account as without. Nevertheless, there appear some
additional contributions, both to the self-energy and to the spectral weight of the
QD GF, and therefore we have to work through the procedure given in Secs. 5.2.1,
5.2.2 and 5.2.3. This will be done, however, in a more compressed version.

Formally, the QD GF is defined exactly as in Sec. 5.2, i.e.

Gσσ′(t, t′) = (−i)〈TX0σ(t)Xσ′0(t′)〉U ≡ (−i)
〈TSX0σ(t)Xσ′0(t′)〉

〈TS〉 (5.24’)

In the same notation as in the previous sections, the general equation of motion
for Gσ(t, t′) now becomes

(
i
∂

∂t
−∆0

σ0(t)−∆Uσ0(t)
)

Gσ(t, t′)− Uσσ̄(t)Gσ̄σ(t, t′) =

=
(
δ(t− t′) + aσ(t, t′)Pσ(t′)

)
Pσ(t) + δPσ(t, t′)

+
∫ t0−iβ

t0

Σσ(t, t1)Gσ(s, t′)dt1, (5.51)

where

δPσ(t, t′) =
∑

s

(
as(t, t′) +

∫ t0−iβ

t0

Vs(t, t1)Ds(t1, t′)dt1

)
Rσs(t+)Psσ(t′) (5.52)

is the correction to the cumulant Pσ(t) whereas the self-energy

Σσ(t, t1) =
∑

k∈L,R

O−1
Dkσv∗kσ(t) + Pσ(t+)Vσ(t, t1)

−i
∑

s

∫ t0−iβ

t0

Vs(t, t2)Ds(t2, t3)Γsσ(t3, t1; Rσs(t+))dt2dt3. (5.53)
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Here, we have introduced the effective interactions

aσ(t, t′) =
∑

k∈L,R

VDkσ(t)gkσ(t, t′)O−1
kDσ (5.54)

Vσ(t, t′) =
∑

k∈L,R

VDkσ(t)gkσ(t, t′)VkDσ(t′), (5.55)

where the coefficients VkDσ(t) = vkσ(t) + O−1
kDσ∆σ0(t) and VDkσ(t) = v∗kσ(t) +

O−1
Dkσεkσ(t). As seen, the coefficients VkDσ(t) and VDkσ(t) are not simply the

complex conjugates of one another, as one may expect. However, in the limit
of zero overlap we have VkDσ(t) = vkσ(t) = V ∗

Dkσ(t) which is desired since the
non-orthogonal approach should be a straight forward extension of the formula-
tion where the overlap is neglected. Note that since we consider the interaction
of fermion (linear) system with an atom-like (non-linear) one, the matrix of fre-
quencies for the matrix GF is always non-Hermitian. It is also obvious that the
interaction vσ(t, t′) → 0 as the overlap O−1

kDσ → 0. From these considerations it
is clear that the difference between Eqs. (5.28) and (5.51) is the presence of the
overlap in the latter.

The HIA is given by neglecting all functional derivatives and in the present
description we have

GHIA
σ (t, t′) = gσ(t, t′) +

∫ t0−iβ

t0

gσ(t, t1)aσ(t1, t′)Pσ(t′)dt1

+
∑

k

∫ t0−iβ

t0

dσ(t, t1)O−1
Dkσv∗kσ(t1)GHIA

σ (t1, t′)dt1

+
∫ t0−iβ

t0

gσ(t, t1)Vσ(t1, t2)GHIA
σ (t2, t′)dt1dt2. (5.56)

Note, that already in this approximation the presence of the overlap introduces
contributions both to the spectral weight and to the self-energy of the QD states,
apart from altering the interpretation of the interaction Vσ . This is very well illus-
trated in the time-independent regime, where the Fourier transform of Eq. (5.56)
can be performed and reads

GHIA
σ (iω) =

1 + aσ(iω)Pσ

iω −∆0
σ0 −

∑
kO−1

Dkσv∗kσ − Vσ(iω)Pσ

Pσ. (5.57)

The spectral weight acquires a frequency dependent redistribution through the
interaction aσ(iω) whereas the many-body transition is additionally shifted by
the quantity

∑
kO−1

Dkσv∗kσ . Usually, both these renormalizations are rather small
compared to the other quantities involved and may be neglected but for some
certain systems they are non-negligible. For example, in Fig. 5.6 a) and c) the
total current for two different systems in the stationary regime are plotted. The
currents have been calculated both by neglecting the renormalizations aσ(iω) and
Σov =

∑
kO−1

Dkσv∗kσ (dashed) by including them (solid). In Fig. 5.6 a) the overlap
is strong because of the narrow barrier width whereas in Fig. 5.6 b), where the
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Figure 5.6: The stationary total current a) and c) and the QD DOS b) and d) with
(solid lines) and without (dashed lines) the renormalizations aσ(iω) and Σov =P

k O−1
Dkσv∗kσ. The system corresponding to the plots in the upper panel has 0.5

nm wide tunnel barriers whereas for the plots in the lower panel the tunnel barriers
are 0.7 nm wide. Note the different scales on the vertical axes in b) and d).

barrier are somewhat wider, the overlap is weaker. Thus, when comparing the re-
sulting currents the renormalizations aσ(iω) and Σov seems to be negligible in the
latter case, however, not in the former. The substantial difference in the currents
given in Fig. 5.6 a) can be explained by looking at the corresponding QD DOS,
c.f. Fig. 5.6 b). By neglecting the tow renormalizations the level is significantly
smeared out providing a slower increase of the current as the bias voltage is in-
creased, compared to the case when the renormalizations are included. A similar
observation can be made for the current in Fig. 5.6 c). However, the small differ-
ence between the solid and the dashed lines is a result of the small level widths,
both when the renormalizations are included and when they are not. Thus, in sit-
uations like this, we conclude that the shift Σov and the additional spectral weight
aσPσ become important when the overlap is large, i.e., when the tunnel barriers
are narrow and/or low. We also observe in Eq. (5.56) that in this approximation,
although the states in the QD are not independent, there is no renormalization of
the spin σ state depending on the properties of the opposite spin σ̄, exactly as in
the case when the overlap is neglected.

By including the first functional derivative we arrive at the loop correction

Gloop
σ (t, t′) = gσ(t, t′) +

∫ t0−iβ

t0

gσ(t, t1)
(

aσ(t1, t′)Pσ(t′) + δP loop
σ (t1, t′)

)
dt1

+
∫ t0−iβ

t0

gσ(t, t1)Σloop
σ (t1, t2)Gσ(t2, t′)dt1dt2, (5.58)



5.3. Non-orthogonality in the many-body picture 71

where the correction to the cumulant reads

δPσ(t1, t′) =
(

aσ(t1, t′) +
∫ t0−iβ

t0

Vσ(t1, t2)Dσ(t2, t′)dt2

)

×
(
〈T(h0 + hσ)(t+1 )(h0 + hσ)(t′)〉U − Pσ(t+1 )Pσ(t′)

)

+i

(
aσ̄(t1, t′) +

∫ t0−iβ

t0

Vσ̄(t1, t2)Dσ̄(t2, t′)dt2

)
Kσ̄σ(t+1 , t′) (5.59)

and the self-energy

Σloop
σ (t1, t2) =

∑

k

O−1
Dkσv∗kσ(t1) +

(
Pσ(t+1 ) + δP loop

σ (t+1 , t2)
)
Vσ(t1, t2)

+iδ(t1 − t2)
∫ t0−iβ

t0

Vσ̄(t1, t3)Dσ̄(t3, t+1 )dt3. (5.60)

Thus, in the loop correction there appear two additional contributions to the
cumulant correction δPσ due to the non-orthogonality, the interactions as(t1, t′)
times the functional derivatives Rσs(t+1 )Psσ(t′). Denoting the total spectral weight
Pσ = Pσ + vσPσ + δPσ by a cross-hatched circle, the graphical expansion of the
loop correction reads

σ
=

σ
+

σ
+

σ

σ

σ

where the first term in Eq. (5.60) is absorbed in the single and double straight
lines for simplicity. Then, although the non-orthogonality is taken into account
in the present formulation, the final expression for the QD GF has a very similar
structure as without the overlap, cf Eq. (5.42) and its corresponding graphical
expression.

5.3.1 The retarded and lesser quantum dot Green functions

As mentioned earlier, when substituting the approximations of the QD GF given
in Eqs. (5.56) and (5.58) into the expression for the current, we need the retarded
and lesser counterparts of Gσ. The former is simply given by the real-time inte-
gral equation

Gr
σ(t, t′) =

∫ ∞

−∞
gr

σ(t, s)Pr
σ(s, t′)ds +

∫ ∞

−∞
gr

σ(t, s)Σr
σ(s, s′)Gr

σ(s′, t′)dsds′, (5.61)

where the dressed cumulant Pσ and the self-energy Σσ denote the corresponding
expressions either in the HIA or in the loop correction.

The lesser QD GF is, once again, easiest found by considering the algebraic
equation Gσ = dσPσ + dσΣσGσ. Then, an application of the analytical continua-
tion rules [31, 58] yields the lesser QD GF, after tidying up the formulas,

G<
σ (t, t′) =

∫ ∞

−∞
Dr

σ(t, s)
(
P<

σ (s, s′)δ(s′ − t′) + Σ<
σ (s, s′)Ga

σ(s′, t′)
)

dsds′ (5.62)
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The GF given in Eqs. (5.62) can be used in the formulas for the current, Eq.
(4.28) and Eq. (4.33), expressing the current in terms of the retarded and advanced
QD GF. Once, we have a suitable expression for the retarded/advanced QD GF,
either analytically or numerically, the current through the system will be known.
However, it was stated that also in the non-orthogonal formulation, the QD dis-
placement current can be partitioned into a left and a right part. In particular
Eq. (4.31) is written in terms of the lesser QD GF depending on the conduction
electrons in the left lead. Below we show, somewhat detailed, how the lesser QD
GF is naturally partitioned into a left and a right term.

We notice that the interactions aσ and Vσ, cf. Eqs. (5.54) and (5.55), are actually
sums over the left and the right conduction bands, i.e. aσ(t, t′) = aLσ(t, t′) +
aRσ(t, t′) and Vσ(t, t′) = VLσ(t, t′) + VRσ(t, t′), where

aLσ(t, t′) =
∑

p∈L

VDpσ(t)gpσ(t, t′)O−1
pDσ, (5.63)

VLσ(t, t′) =
∑

p∈L

VDpσ(t)gpσ(t, t′)VpDσ(t′), (5.64)

and analogously for the right interactions. We introduce the left cumulant PLσ(t, t′)
and self-energy ΣLσ(t, t′), defined by making the replacements aσ(t, t′) → aLσ(t, t′),
Vσ(t, t′) → VLσ(t, t′) and

∑
kO−1

Dkσv∗kσ(t) → ∑
p∈LO−1

Dpσv∗pσ(t) in Eqs. (5.52) and
(5.60). The right cumulant PRσ(t, t′) and self-energy ΣRσ(t, t′) are defined analo-
gously. Therefore, the right hand side of Eq. (5.62) can be naturally partitioned
into a left and a right term according to G<

σ (t, t′) = G<
Lσ(t, t′) + G<

Rσ(t, t′), where

G<
Lσ(t, t′) =

∫ ∞

−∞
Dr

σ(t, s)
(
P<

Lσ(s, s′)δ(s′ − t′) + Σ<
Lσ(s, s′)Ga

σ(s′, t′)
)

dsds′ (5.65)

and similarly for the right. Hence, although the non-orthogonality has been in-
cluded into the description, the formal appearance of the left/right lesser QD GF
is exactly the same as without. One merely has to observe that the interactions be-
tween the QD states and the conduction electrons in the leads are given as sums
over the number of probes involved. Actually, employing a similar scheme for
the current and the analysis of the electronic structure of the QD as in Chap. 4
and the present chapter, this observation is true for any number of probes. The
partitioning of the current into several terms may therefore be regarded as an
universal property of the model, independent of the actual methods used for the
considerations of the transport.

By this, we conclude the presentation of the different approaches in dealing
with transport through mesoscopic interacting system, e.g. QD, coupled to exter-
nal leads. Next, we compare the benefits and drawbacks of the techniques, using
some numerical calculations for the resulting current through the QD system.

5.4 Comparison of the different approaches

One of the simplest ways to make numerical calculations for time-dependent
transport is by employing the so-called wide-band limit (WBL). In this limit, it
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Table 5.1: The approximations corresponding to the WBL for the case with (NOR) and
without the overlap (OR). The last row displays the limit of the single-particle picture
(SE), in which the end-factors equals unity.

OR

level shift Re
∑

k v∗kσ(t)vkσ(t′)gr
kσ(t, t′) → 0

line width ImV r
σ (t, t′) → −iδ(t− t′)Γσ(t)

NOR

Re
∑

k VDkσ(t)VkDσ(t′)gkσ(t, t′) → 0
level shift ∑

kO−1
Dkσv∗kσ(t) → 0

ImV r
σ (t, t′) → −iδ(t− t′)ΓD

σ (t)
line width

Imvr
σ(t, t′) → −iδ(t− t′)γD

σ (t)

SE

end-factor Pσ(t) → 1

is assumed that the small shift of the QD level, caused by the coupling with
the conduction electrons, is negligible. However, in the many-body approach,
the loop correction due to the kinematic interactions should be included, since it
may be large. If the time-dependence only comes from a small bias voltage it may
be approximated by a time-independent constant. In order to be able to obtain
some analytical results, we will make the following simplifications. In the non-
orthogonal picture we also neglect the shift from

∑
kO−1

Dkσv∗kσ(t). It is further
assumed that the energy dependence of the line widths can be discarded because
of its slow variation in the considered voltage regime. Thus, the conduction band
widths can be regarded as infinite. We finally assume that the time-dependence
for the energies in the two leads are the same. In this limit one rather easily can
obtain analytical results for the QD GF which then are inserted into the current
formulas. Furthermore, since the transport is often dominated by states close to
the quasi-chemical potentials and the level shift and width are generally slowly
varying functions of the energy, the WBL for this case is a fair approximation.
The approximation also allows for asymmetric barriers (ΓL

σ 6= ΓR
σ ).

Let us see what happens with the interactions aσ(t, t′) and Vσ(t, t′) in the
WBL. Neglecting the energy dependence in the mixing vkσ(t) and in the overlap
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O−1
kDσ , the imaginary parts of the retarded interactions become

Imar
σ(t, t′) = − 1

2π
θ(t− t′)

∑
α

γDα
σ (t, t′)

∫
eiε(t−t′)dε

= −δ(t− t′)γD
σ (t), (5.66)

ImV r
σ (t, t′) = − 1

2π
θ(t− t′)

∑
α

ΓDα
σ (t, t′)

∫
eiε(t−t′)dε

= −δ(t− t′)ΓD
σ (t). (5.67)

Here, we have introduced the notations γD
σ (t) = γDL

σ (t) + γDR
σ (t) and ΓD

σ (t) =
ΓDL

σ (t) + ΓDR
σ (t), where

γDα
σ (t) = γDα

σ (t, t) ≡ lim
t′→t

2πVDασ(t)O−1
αDσρα

σei
R t

t′ Φα(s)ds, (5.68)

ΓDα
σ (t) = ΓDα

σ (t, t) ≡ lim
t′→t

2πVDασ(t)VαDσ(t′)ρα
σei

R t
t′ Φα(s)ds. (5.69)

The conduction band DOS for the left and right leads are denoted by ρα
σ , α =

L,R. When the overlaps between the states in the QD and in the leads are ne-
glected, the interaction aσ(t, t′) vanishes and the line width ΓD

σ (t) → Γσ(t) =
ΓL

σ (t) + ΓR
σ (t), that is, it equals the sum of the couplings with the left and the

right leads defined in Eq. (4.29) with the overlap neglected. Therefore, the su-
perscript D is dropped in this limit. For clarity, the approximations made are
summarized in Table 5.1. The following analysis will be conducted with the
non-orthogonality taken into account, recalling that all corresponding quantities
when the non-orthogonality is neglected are given in the limit O−1

kDσ → 0.
When the energy dependence of the interactions aσ(t, t′) and Vσ(t, t′) are ne-

glected, the retarded/advanced QD GF can be written in the simple form

Gr,a
σ (t, t′) = ∓iθ(±t∓t′)

(
1∓iγD

σ (t)Pσ(t)
)

Pσ(t)e−i
R t

t′ [∆̃σ0(s)∓iΓD
σ (s)Pσ(s)]ds, (5.70)

where ∆̃σ0(s) equals ∆0
σ0(s) in the HIA and ∆σ0(s) within the loop correction.

For numerical simplicity, we now also neglect the time-dependence in the many-
body states in the QD and in the mixing, giving constant couplings, level widths
and cumulants. Suppose that a step-like bias voltage Φsd(t) = Φ0 + Φ1(t), where
Φ0 provides a constant shift to the conduction electron energies and Φ1(t) =
Φ1[θ(t − t0) − θ(t − t1)] gives a superimposed time-dependence of the conduc-
tion electron energies is applied over the system. Then, the function

Aα
σ(ω, t) =

∫ ∞

−∞
Gr

σ(t, t′)e[iω(t−t′)+i
R t

t′ Φα(s)ds]dt′, (5.71)



5.4. Comparison of the different approaches 75

where Φα(t) = ΦL(t), ΦR(t) and ΦL(t) + ΦR(t) = Φ1(t), becomes for t < t1

Aα
σ(ω, t) =

1− iγD
σ Pσ

ω − ∆̃σ0 + iΓD
σ Pσ

Pσ

×
(

1− 1− ei(ω+Φα−∆̃σ0+iΓD
σ Pσ)(t−t0)

ω + Φα − ∆̃σ0 + iΓD
σ Pσ

θ(t− t0)
)

, (5.72)

where ω = ε + µα and µα is the constant shift of the quasi-chemical potential in
the lead α and Φα is the amplitude of Φα(t). The analytical expression given in
Eq. (5.72) is derived by neglecting the time-dependence in the couplings, that is
γD

σ (t) = γD
σ and ΓD

σ (t) = ΓD
σ . Letting t → ∞ in Eq. (5.72) the limit expression is

Aα
σ(ω, t →∞) = (1−iγD

σ Pσ)Pσ/(ω+Φα−∆̃σ0+iΓD
σ Pσ), that is, the system settles

at its new steady state value as all the transients decay. For t > t1 the formula in
Eq. (5.72) is replaced by

Aα
σ(ω, t) =

1− iγD
σ Pσ

ω − ∆̃σ0 + iΓD
σ Pσ

Pσ

×
(

1 + Φα
1− ei(ω+Φα−∆̃σ0+iΓD

σ Pσ)(t1−t0)

ω + Φα − ∆̃σ0 + iΓD
σ Pσ

ei(ω−∆̃σ0+iΓD
σ Pσ)(t−t1)

)
. (5.73)

Similarly, the limit t → ∞ gives Aα
σ(ω, t → ∞) = (1 − iγD

σ Pσ)Pσ/(ω − ∆̃σ0 +
iΓD

σ Pσ), as expected.
The resulting time-dependent currents for the bias voltage step with and with-

out the non-orthogonality taken into account are presented in Fig 5.7 a) and b),
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Figure 5.7: The time-dependent current for the bias voltage step Φsd(t) = 45 +
5[θ(t− t0)− θ(t− t1)] mV in the formulations with a) and without b) the overlap.
In a) the currents are provided within the HIA (solid line) and with the loop
correction (full line), taking the non-orthogonality into account. The time scale
t1 = 600 ps. In b) the currents are given within single electron theory (dashed
line), within the HIA (solid line) and with the loop correction (full line), without
the non-orthogonality. The time scale t1 = 1 ps.
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respectively. In the former the behaviour of the currents is seen to differ for the
the HIA (solid) and the loop correction (full) around the onset of the voltage step.
In the HIA the current grows exponentially to its saturation value whereas with
the loop correction the current first goes to a peak value and thereafter decays
to its new steady state value. Thus, the transient behaviour of the current is af-
fected by many-body interactions in the QD. As the pulse terminates both the
HIA and the loop correction provides an oscillating decay of the current, as ex-
pected from Eq. (5.73). Fig. 5.7 b) shows the currents provided in the single-
particle picture (dashed), the HIA (solid) and with the loop correction (full) when
the non-orthogonality is neglected. The three schemes display similar qualitative
behaviour with rapidly decaying ringing at the onset and termination of the bias
voltage pulse. As seen, the single-particle picture and the HIA gives essentially
the same net currents whereas within the loop correction the current has a slightly
larger amplitude before and after the voltage pulse, as expected from the station-
ary case (cf. Fig. 5.8).
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Figure 5.8: Characteristic features of the current a) and the population numbers
b), for a 4 nm wide QD connected via 0.5 nm thick and 1 eV high tunnel barriers,
as functions of the bias voltage. The bare level ∆0

σ0 = 20 meV and the conduction
electron DOS ρα

σ = 1/(2W ), where W = 1 eV is the conduction band width.
The plots are made for the single-electron case (dotted lines), within the HIA
with (dash-dotted lines) and without (dashed lines) the overlap and with the loop
correction with (bold solid lines) and without (solid lines) the overlap. In order to
analyze the effects of the overlap we have put O−1

kDσ → λO−1
kDσ, λ ∈ [0, 1].
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Figure 5.9: The time-dependent currents within the HIA with the loop correction
with a) (λ = 1) and without b) (λ = 0) the non-orthogonality taken into account.
Note the very different scales of the times and the amplitudes of the current.

One of largest differences between the currents shown in Figs. 5.9 a) and b)
are the different time scales. As previously discussed, the non-orthogonality de-
creases the couplings ΓL,R

σ and the level width ΓD
σ and, therefore, the relaxation

time τ becomes longer, since τ ∼ 1/(ΓD
σ Pσ). As a result, the time scale of the tun-

neling process is longer within the non-orthogonal picture than in the orthodox
one. A comparison of the net currents with and without the non-orthogonality
within the loop correction is shown in Fig. 5.9 a) and b), respectively, from which
the different time scales are directly seen. In this connection we also stress that
the magnitudes of the two curves are actually very different, where the non-
orthogonal picture results in a current which is approximately one to two orders
of magnitudes less than that of the orthodox. Thus, the interpretation of experi-
mental results give very different values of the couplings and the level width, and
hence the barrier widths and heights, within the two pictures. In Fig. 5.10 the dif-
ferent contributions to the net current in Fig. 5.9 a) are shown and it is readily
seen that the tunnel current gives the main contribution to the current while the
displacement currents tend to retard the tunnel current. However, the displace-
ment current do not cancel out the ringing of the tunnel current completely and
therefore there remains a rapidly decaying ringing in the net current. The contri-
bution from JLD(t) is seen to be small in this example but when the amplitude
of Φ1(t) is increased we have observed that this contribution plays an important
role of the complete picture.

In summary, we have shown how the transfer Hamiltonian formalism can
be generalized by including the non-orthogonality between the subsystems. It
is formally shown that the tunnel current flowing through the left/right barrier
into an interacting region, e.g. QD, can be expressed in a well-known formula-
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Figure 5.10: The different contributions to the net current shown in Fig. 5.9 a).
The plot shows the tunnel current JLL(t) (solid-dotted line) and the displacement
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tion [Eq. (4.28)], however, with an interpretation of the tunneling coefficient that
differs from orthodox theories [vkσ(t) → VkDσ(t) = vkσ(t) +O−1

kDσ∆∗
σ0(t)]. More-

over, we derived expressions for the displacement currents [Eqs. 4.31, 4.33] and
showed that the total current can be partitioned into two contributions, one for
the flow through the left barrier and for the right. The QD was described in terms
of Hubbard operator GF describing many-body interactions within the QD. The
QD GF was given within the HIA [Eq. 5.35] and with the loop correction [Eq.
5.42], thus giving us the opportunity to analyze the significance of the non-Fermi
statistics of the population numbers compared to Fermi statistics on the result-
ing current. The conclusion is that, although the behaviour of the population
numbers of the QD level differ considerably, the behaviour of the current is only
slightly affected. A comparison of the two approximate schemes for the QD GF
gives that the many-body effects given by the loop correction, kinematic interac-
tions, qualitatively alters the output current. Actually, it provides a range of volt-
ages with negative differential resistance. Consequently, many-body effects in the
QD should be considered for an adequate description of the current. However,
the main quantitative differences in the current, in the non-spin-polarized case, is
shown to be given by taking the non-orthogonality into account. Actually, a com-
parison of the amplitudes of the currents with and without the overlap shows
a difference of the order of one to two magnitudes, where the non-orthogonal
representation provides the smaller. This difference can be understood by that
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the coupling between, say, the left contact and the QD is not given by just the
matrix element vLDσ , as within the orthodox transfer Hamiltonian approach, but
by VLDσ = vLDσ + O−1

LDσ∆σ0, where O−1
LDσ ≈ −OLDσ/(1 − |OLDσ|2 − |ORDσ|2)

has the opposite sign of vLDσ and, therefore, decreases the coupling strength. The
comparison of the J-V characteristics for orthogonal and non-orthogonal cases,
given in Fig.1 of Ref. [27], shows that the current starts to grow at much smaller
voltage in the orthogonal case than in the non-orthogonal, whereas for the solu-
tion of quasi-classical wave functions [83, 84] the discrepancy is even more dras-
tical. Thus we conclude that, when interpreting experimental results in terms of
theoretical predictions given within the non-orthogonal representation the effec-
tive widths and/or heights of the tunnel barriers are thinner and/or lower than
without the non-orthogonality.





Chapter 6

Some recent results

THE THREE PRECEDING chapters have very much been devoted to theoretical
techniques. There were discussions about transport theory for mesoscopic
systems and there were some extensive parts on the theoretical treatment

of QD. Some examples have also been provided. Apart from one of the examples,
the character of these was to make evident that the developed theory is relevant
for investigations of transport in QD systems. However, once this is done we
should move on and apply the techniques to new systems. In the present chapter
we briefly discuss a way to produce highly spin dependent currents, alternative
to that presented in Paper V, and some new results on coupled QD.

6.1 Alternative opportunity to induce spin-dependent
transport

There are numbers of examples of how to provide highly spin dependent tunnel
currents [44, 60, 79, 91] and magneto-transport [20, 32, 46, 67, 80, 82] in meso-
scopic systems. In addition, there are many suggestions of spin-filter devices
[19, 21, 28, 50, 70, 72]. In most of these reports, magnetic fields have been used
to provide a spin-current through the devices, applied either directly over the
device or to polarize the leads only. On the contrary, the possibility of creating
a highly spin polarized current without using magnetic fields has, so far, been a
peripheral topic. However, by exploiting a combination of spin-splitting of the
resonant level induced by the Rashba effect and the spin blockade phenomenon,
it was proposed in Ref. [50] that a more than 99.9% spin polarized current can be
achieved in a triple barrier resonant tunneling diode.

Another alternative can actually be found in theory presented in Sec. 5.2.3.
Indeed, the spin dependent renormalization of the QD levels given in Eq. (5.39),
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Figure 6.1: A model of the potential profiles for the two spin-channels.

rewritten here for convenience,

∆σ0 −∆0
σ0 =

∑

k

VDkσ̄VkDσ̄
f(εkσ̄)− f(∆σ̄0)

εkσ̄ −∆σ̄0
(5.39’)

does not only depend on the spin polarization in the contacts, as discussed in
Paper V. Note that we have here also included the overlap between the contacts
and the QD in the tunneling coefficients VDkσ̄ and VkDσ̄. A closer look at Eq.
(5.39’) shows that, if we can manipulate the tunneling coefficients VDkσ, VkDσ̄

to become different for spin ↑ and ↓, then the level ∆↑0 6= ∆↓0. All this with
non-polarized contacts.

One, from theoretical aspects, simple way of making the tunneling coefficients
spin dependent, is to let the tunnel barriers between the contacts and the QD for
the two spin-channels be of different widths and/or heights. Being specific, sup-
pose that the tunnel barriers for the spin ↑-channel are wider than for spin ↓,
see Fig. 6.1. Then, because of the different overlaps for the two spin-channels,
due to the different widths of the barriers, the tunneling probabilities of the spin-
channels become non-equal. Hence, the spin ↓ level in the QD experiences a
larger renormalization than the spin ↑ level does, i.e. ∆↓0 < ∆↑0. Therefore, the
spin ↑-channel acquires the larger contribution to the conductance, since the tun-
neling probability is larger in addition to that the corresponding QD level being
closer to the equilibrium chemical potential µ (assuming the levels lying below
µ). By making the ratio w↓/w↑ sufficiently large, where wσ is the width of the tun-
nel barrier for the spin σ-channel, the contribution from the spin ↓ current can be
made less than 0.05 % of the total current. Thus, a static spin-filter is constructed.
Ideas similar to these are discussed in Paper VI together with first principles cal-
culations on a system (Vac/Fe/Pd/Fe/Vac) which shows a magnetization of the
Pd layers induced by the Fe layers and spin dependent widths of the tunnel bar-



6.2. Cluster approach to transport in nanostructures 83

riers. Moreover, results on the transport properties of the system are provided,
calculated within the non-orthogonal theory developed in Chaps. 4 and 5.

6.2 Cluster approach to transport in nanostructures

It is known from experiments on GaAs-AlxGa1−xAS heterostructures [35] that
the conductance exhibits periodic shifts in the Coulomb blockade oscillations as
a consequence of a tunable coupling to a non-conducting QD, in a system of cou-
pled QD. Thus, on the one hand, the transport properties of one QD can gov-
erned with help of another, which is coupled to the former. On the other hand,
for sufficiently small sizes of the QD, the strong electron correlations become im-
portant. The perturbative treatment of the QD give wrong positions of the levels
and, therefore, provides an unsatisfactory description of the weak coupling be-
tween the QD. Actually, if the system is constituted by one or several interacting
regions, which may or may not have mutual interactions with each other, we
can handle them within the same formalism. What should be done, on the other
hand, is to substitute the system of interacting regions with an equivalent effective
interacting region, call it effective QD. Then, this effective QD is thought of being
attached to one, two or more external contacts. The non-equilibrium techniques
that are described in Chaps. 4 and 5 are not tailor made for systems with a single
QD attached to external contacts. Thus, our method allows to treat the system
of coupled QD as one single entity, or as on artificial molecule. Therefore, our
method should provide a more reliable and detailed picture of the transport in
such systems.

Suppose that we have a number of QD which are interacting with each other.
At first we disconnect this system from the external contacts, thus the system is
isolated from the environment. In order to bring the system into an effective QD,
we have to diagonalize the system of QD. In other words, we have to find the
eigenstates and eigenenergies of the system. In the case with one single level QD,
the states are |0〉 , |↑〉 , |↓〉 and |↑↓〉 and the diagonalization is trivial. With two or
more QD in the system we have an empty state, and several one-, two-, three, · · ·

Figure 6.2: The system of the two coupled QD. a) The two QD interact via hopping t
and inter-dot Coulomb repulsion UAB . One of the QD is coupled to external contacts
with strengths ΓL/R to the left/right contacts. b) In the diagonal representation of the
coupled QD, an equivalent system is provided by an effective QD coupled to external
contacts. In the effective QD the relevant levels are ∆Γ3γi , i = 1,2.
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Table 6.1: The three states of the two coupled QD, where b = 2εA + UA, νΓ =p
[(EΓ1 − b)/2]2 + 2|t|2, uσ

i1 = (Eγiσ − εB)/κ1i, |uσ
i2|2 = 1 − |uσ

i1|2, κ1i =p
(Eγiσ − εB)2 + |t|2, i = 1, 2 and κ3 =

p
(EΓ3 − EΓ2)

2 + 2|t|2. The states
|Φ(2)

S=0) = [|↑〉A |↓〉B − |↓〉A |↑〉B ]/
√

2 and |Φ(2)
ex ) = |↑↓〉A |0〉B .

Ntot state energy

1 |γiσ) = uσ
i1 |σ〉A |0〉B Eγiσ

= 1
2

(
εA + εB

+uσ
i2 |0〉A |σ〉B +(−1)i

√
(εA − εB)2 + |t|2

)
,

i = 1, 2

2 |Γ3) = −t∗
√

2
κ3
|Φ(2)

S=0) EΓ3 = EΓ1+b

2 − νΓ

+ EΓ3−EΓ2
κ3

|Φ(2)
ex )

particle states. Once these states are found, the effective QD can be expressed in
diagonal form in terms of Hubbard operators, i.e. HQD = E0h

0 +
∑

i Eγih
γi +∑

i EΓih
Γi +

∑
i EΛih

Λi + · · · , where γi, Γi and Λi are the one-, two- and three-
particle states, respectively. After the diagonalization, the initial Hamiltonian is
rewritten, exactly, in terms of the new variables.

In Paper VII, we studied an example of two coupled QD which is diagonalized
and expressed according to the procedure described above. In systems with two
coupled QD there are two possible configurations. In one case the QD are put in
series while the QD are in parallel alignment in the second. The latter possibility
is illustrated in Fig. 6.2. Here, as well as in Paper VII, we have chosen to work
with the latter configuration. Such a system is possibly a good candidate to work
as a mesoscopic transistor, where the current through QDA can be altered by
varying the properties of QDB , for example with an external gate voltage.

The two coupled QD interact via hopping of electrons between them and
inter-dot Coulomb repulsion, see Fig. 6.2 a). The strengths of these interactions
are denoted by t and UAB , respectively. The intra-dot interaction we consider is
the Coulomb repulsion. In QDA we let the Coulomb repulsion, denoted by UA,
be finite whereas in QDB it is infinite, UB = ∞, thus excluding double occupan-
cies of the levels in QDB . For simplicity we have chosen UAB sufficiently large, so
that we can consider transitions between the two one-particle states and one spe-
cific two-particle state, see Table 6.1. In the absence of external magnetic fields,
all states are spin-degenerate. Note, however, that the energies of the states ex-
plicitly depend on the hopping strength. In addition, for certain choices of the
energies εA and εB , the one-particle states are quasi-degenerate with respect to
the hopping. Here, εA/B is the single-particle level in QDA/B .

Now, when the eigenstates of the isolated effective QD are known, we attach
the external contacts via the couplings ΓL/R. When no external field is applied,
the system acquires the equilibrium chemical potential µ, c.f. Fig. 6.2 b). By
applying a bias voltage, and assuming that it drops entirely over the effective QD,
the (quasi-) chemical potential µL/R forms in the left/right contact. The energies
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Figure 6.3: The local spectral density (A), the equilibrium conductance (B) and the
J − V characteristics of the coupled QD system as a function of the hopping t/Γ.

of the transitions |γi〉 → |Γ3〉 , i = 1, 2 are denoted by ∆Γ3γi . It is clear that the
system has different regimes depending on the hopping strength, since the one-
particle energies Eγiσ , i = 1, 2 split as the hopping t 6= 0. By investigating its
behaviour through the dimensionless ratio t/Γ, where Γ = ΓL + ΓR, in principle,
is the total width of the transitions due to the couplings with the contacts, we can
distinguish between a weak and a strong coupling regime, i.e. in our case when
t/Γ À 10 and t/Γ ¿ 10, respectively. Indeed, in Fig. 6.3 (A) the local DOS of the
coupled QD is plotted for five different hopping strengths. It becomes evident
that, for a weak hopping [t/Γ ∈ [0, 10)] the transition ∆Γ3γ1 ≈ ∆Γ3γ2 see plots
a)-c) in Fig. 6.3 (A), leading to that only one peak is observed in the local DOS.
As the hopping becomes stronger the level splitting becomes more apparent, plot
d)-e), and in the plot e) one of the levels has become almost localized with a
large life time. Note that plot e) has a very similar structure to that shown in
Fig. 5.2, however, with opposite order of the peaks. In the present case, though,
the analysis is performed within the HIA for the effective QD GF. Hence, there
is no spin-flip scattering process involved, in this case. Here, the strong peak
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corresponds to the fact that the lower level is pushed far below the equilibrium
chemical potential as t/Γ increases. Therefore, its interactions with the contact
become smaller resulting in that the level becomes strongly localized.

The corresponding equilibrium conductances through the two transitions are
shown in Fig. 6.3 (B). At first one notices the main conductance peaks, corre-
sponding to the peaks in the spectral densities. However, in the conductance
plots, it becomes clear that there are two transitions involved, since the main
peaks actually are separated into two sub-peaks. Apart from this fact, one should
also notice that there appear small resonances on each side of the main structures.
These side-peaks arise since the transitions are strongly coupled due to the pres-
ence of the conduction electrons in the contacts. In Fig. 6.3 (C) the correspond-
ing J − V characteristics are provided. In the weak coupling regime the current
growth resembles a single-level behaviour whereas in the strong coupling regime
the separation of the levels creates a staircase structure in the J − V characteris-
tics. Note, however, that the steps in the current are not of equal heights, due to
the many-body aspects of the system. A more detailed analysis of the coupled
QD system can be found in Paper VII.



Summary

SOME QUESTIONS CONCERNING the transport through a QD coupled to external
contacts have been posed and studied within a model theory. One impor-
tant mechanism for tunneling has been explored, namely, the overlap be-

tween the states in the interacting region, i.e. the QD, and the contacts. It is clear
to any reader that, in reality the system is not divided into several subsystems
with their own states that may or may not penetrate into the other. This is simply
a model description, however, it is a model which provides the essential physics
of tunneling and, moreover, a model which supplies us with a simple framework
for calculations of the current. It certainly also gives a comprehensible basis for
the phenomenon itself.

An isolated QD carries a number of states and corresponding wave functions.
If we describe this QD as a box with hard walls (infinitely high potential bar-
riers), the wave functions are completely confined within the QD. There is no
leakage out to the surroundings. Although a hard walled box may serve as good
model description of the isolated QD, it does not correspond to any real situation.
Actually, one should describe the isolated QD as a quantum well with barriers
of finite heights and widths. At the far ends of the barriers we may have put
contacts. Then, the wave functions do leak out, with an exponential decay, into
the surrounding barriers. If the barrier widths are sufficiently large, the leakage
of the wave functions into the contacts is negligible. By decreasing the barrier
widths, hence putting the contacts closer, the leakage into the contacts eventually
becomes large enough that the QD can no longer be treated as being isolated.
Then, since the contacts also carries a number of states with corresponding wave
functions, there arises a finite overlap of the states in the QD and the contacts.
Hence, an electron located inside the QD is able to tunnel through the barriers
into the contacts. By an external field (bias voltage, magnetic field etc.), the elec-
tron is forced to move along the direction imposed by the field, thus, a charge
current is driven through the system.

Formally, the above discussion can be posed in the following sense. Suppose,
at first, that the barrier widths are very large. Then, we can introduce local wave
functions in the QD and the contacts, denoted by ϕn and φk, respectively. Because
the wave functions are not completely confined in their corresponding domains,
there is an overlap 〈ϕn|φk〉 =

∫
ϕ∗nφkdr 6= 0 them. Now, the parts of the wave
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functions inside of the barriers depend directly on the heights and widths of the
barriers. Thus, also the overlap 〈ϕn|φk〉 depends on these properties of the bar-
riers. Therefore, if the potential profile of the system is known, we can calculate
the current through the system, for instance using Eqs. (4.28), (4.31) and (4.33).
On the other hand, if the current through the system is measured in an experi-
ment, then by assuming a specific form of the potential profile (thus assuming a
specific set of wave functions for the QD and the contacts) the effective heights
and widths of the barriers can be calculated, using the same formulas. In a sense,
it is bad that we have to make assumptions about the system in order to calculate
its properties. Nevertheless, this is the best we can do, since we anyway cannot
take a walk in the system and see how it actually looks. The conclusion then is
that we have presented a model theory that can be used both for evaluations of
the transport in a given system and for interpretations of experimental results on
transport.

It should be noticed that the theory is not only valid for transport through
a QD attached to external contacts but, in principle, for any kind of mesoscopic
system. Indeed, any system that may be thought of being constituted of a number
of subsystems, somehow interacting with each other, can be treated within the
formalism provided in Chaps. 3 and 4. Although the examples were directed
towards QD coupled to contacts, there was never made an assumption that one
of the parts has to be a QD. Therefore, a second conclusion is that the presented
theory can be used in nanotransport in general.

Another issue that was included into the formalism was that, the overlaps
(non-orthogonality) between the states in the QD and leads also were reflected in
the (anti-) commutation relations between the electron operators. By construction
of the operators [for instance, as in Eqs. (4.15) and (4.16)], the overlap of the states
in the different subsystems became directly linked to the (anti-) commutators be-
tween them and, therefore, also made contributions to the tunneling coefficients
in the formulas for the currents. These additional contributions serve to include
a higher degree of non-linearity in the bias voltage dependence of the current,
reflecting many experimental situations. Furthermore, by resolving the total cur-
rent into quantities for the tunnel and displacement current, it was readily shown
that the non-orthogonality gave rise to a contribution to the displacement current
which is absent whenever the non-orthogonality is neglected. Thus, a third con-
clusion is that the orthodox transfer Hamiltonian formalism has been generalized
to include more information about the actual system under investigation. In this
respect, we have also taken a further step towards quantitative computations of
the transport, in real systems.

Finally, in Chap. 5 we studied correlations between the states in a QD. By in-
troducing many-body states and thus diagonalizing the Hamiltonian for the QD,
we had the opportunity of investigation the properties of the QD without being
disturbed by the intra-dot Coulomb interactions. Actually, in this formulation
the propagator (GF) of the QD was presented in a diagrammatic expansion solely
in terms of the interactions with the electrons in the contacts. From a practical
point of view, this is a very pleasant situation since all assumptions concerning
the strength of the interactions in the QD can be made in advance and do not have
to be imposed as a final step by taking any limits of any kinds. Because of this,
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we do not have to handle involved expressions in the intermediate derivation
steps. However, one should note that within the used diagrammatic technique,
each diagram may be quite cumbersome to handle. Nevertheless, since the pro-
cedure is straight forward (it is like a machinery), one does not have to make any
decisions on what kinds of decouplings that are relevant in the specific problem
that is considered. Everything is laid out automatically, nothing is lost by chance,
and all that has to be done is to evaluate the importance of each diagram.

We would like to draw the attention to that, since the Hamiltonian describing
the interacting region is put into a diagonal form, it does not matter whether the
effective interacting region consists of one, two or more QD or similar structures.
By the diagonalization, the interacting region is directly expressed in terms of
many-body states. Thus the formal use of Hubbard operators, or other similar
theoretical tools, is reasonable and rather natural. Therefore, we can conclude
that the technique thus presented in Chap. 5 is general and formally appears
exactly in the same form for any diagonal system.

What’s next?

The first thing to discuss concerns the transport theory. In formulating it, we bor-
rowed some ideas from an already existing method. Then, the formalism was
generalized by including the non-orthogonality that, for simplicity, usually is ne-
glected. In principle then, the generalization ought to give a better description
of the transport properties of the system. However, one work for the future is to
establish a parameter domain in which the theory is reliable and in which one can
be certain that the physical properties are not violated. Outside this domain there
should be a complimentary description in order to provide a full understanding
of the intrinsic phenomenon of transport in mesoscopic systems.

The second thing to note concerns the description of the QD. At present, we
have formulated and described strong correlations between the states in the QD.
However, at all times the QD has been assumed to be in the mixed valence regime.
All discussions about many-body effects, such as the Kondo effect, has been sup-
pressed since they seem to be more or less irrelevant in this parameter range. On
the other hand, all details about the Kondo effect are not yet resolved and it would
probably be an rewarding task to try to complete the picture within a many-body
formulation. Actually, we have performed the diagrammatic expansion up to the
order where the Kondo contributions become visible (J. Fransson, unpublished).
On the other hand, in order to provide the community with any deeper under-
standing of the spin-flip scattering processes involved, further rather complicated
and deep calculations have to be carried out.

Lastly, let us discuss spin dependent transport. In Paper V we presented a
spin dependent renormalization of the QD levels which, in turn, can be used for
the construction of magnetic sensor devices. Magnetic sensors may have lots of
applications in the technology that will replace todays electronics. Todays elec-
tronics devices are based upon the motion of electronic charges and has noth-
ing, or very little, to do with the spin degree of freedom that electrons carry.
For a deeper understanding of the mechanisms for spin dependent transport,
it is desirable to work within a many-body approach since within it, and only
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within such an approach, can one be sure of finding new correlation effects not
yet found. This statement is neither very radical nor controversial, since every
physicist knows this fact. However, most theoreticians turn away from it due to
its inherited complications, both in the theoretical framework as well as in the
analysis of the results. Also, in some special cases it is sufficient to work within
the single-particle picture and, for these particular cases, why use a canon to kill
a mosquito? On the contrary, this is a very simplistic view of science. As we have
shown, there are effects that will not be provided within the fly swatter (single-
particle) techniques. In order to find out about these, and others, there simply is
no other choice than to employ more sophisticated (many-body) methods. Na-
ture is complex and therefore its description necessarily is complicated.



Appendix A

Diagram technique

HERE, WE GIVE A more detailed discussion of the diagram technique that was
briefly introduced in Sec. 5.2.1. However, just as in Sec. 5.2.1 we focus on
the particular form of the QD GF that is being used and, for simplicity,

we disregard the non-orthogonality between the states in the leads and the QD.
For further details and a more general account of the diagram technique we refer
to Refs. [75, 76].

The fundamental equation of motion for the QD GF

Gσσ′(t, t′) = (−i)〈TX0σ(t)Xσ′0(t′)〉U ≡ (−i)
〈TSX0σ(t)Xσ′0(t′)〉

〈TS〉 (A.1)

is given by
(

i
∂

∂t
−∆0

σ0(t)−∆Uσ0(t)
)

Gσσ′(t, t′)− Uσσ̄(t)Gσ̄σ′(t, t′) = δ(t− t′)Pσσ′(t)

+
∑

k

v∗kσ(t)(−i)〈T(h0 + hσ)(t)ckσ(t)Xσ′0(t′)〉U

+
∑

k

v∗kσ̄(t)(−i)〈TZ σ̄σ(t)ckσ̄(t)Xσ′0(t′)〉U . (A.2)

The appearance of the source fields ∆Uσ0(t) = Uσ(t) − U0(t) and Uσσ̄(t) in Eq.
(A.2) is due to the temporal derivative i∂/∂tTSX0σ(t) = TS[X0σ,H+H′(t)] in
the QD GF. In the equation of motion for the QD GF the three operator quantities

(−i)〈T(h0 + hσ)(t)ckσ(t)Xσ′0(t′)〉U

(−i)〈TZ σ̄σ(t)ckσ̄(t)Xσ′0(t′)〉U
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appear. These can be rewritten in terms of Gσσ′(t, t′) and functional deriva-
tives thereof. By considering the variation δFkσσ′ of the mixed GF Fkσσ′(t, t′) =
(−i)〈Tckσ(t)Xσ′0(t)〉U with respect to the source field Uξ(t′′), one finds that [75,
76]

(−i)〈TZξ(t′′)ckσXσ′0(t′)〉U =
(
〈TZξ(t′′)〉U + i

δ

δUξ(t′′)

)
Fkσσ′(t, t′). (A.3)

The mixed GF is given by

Fkσσ′(t, t′) =
∫ t0−iβ

t0

vkσ(t)gkσ(t, s)Gσσ′(s, t′)ds. (A.4)

For a shorter notation we introduce Vσ(t, t′) =
∑

k v∗kσ(t)vkσ(t′)gkσ(t, t′) and put
Rσσ′(t) = i[δσσ′δ/δU00(t) + δ/δUσ′σ(t)]. We also define Pσ(t) ≡ Pσσ(t) and
Rσ(t) ≡ Rσσ(t). Thus, the exact equation of motion for the QD GF can be written

(
i
∂

∂t
−∆0

σ0(t)−∆Uσ0(t)
)

Gσσ′(t, t′)− Uσσ̄(t)Gσ̄σ′(t, t′) = δ(t− t′)Pσσ′(t)

+[Pσ(t) + Rσ(t)]
∫ t0−iβ

t0

Vσ(t, s)Gσσ′(s, t′)ds

+[Pσσ̄(t) + Rσσ̄(t)]
∫ t0−iβ

t0

Vσ̄(t, s)Gσ̄σ′(s, t′)ds, (A.5)

completely expressed in terms of the QD GF and functional derivatives thereof.
Physical information about the QD is obtained from Eq. (A.5) by applying the
functional derivatives up to the desired order in the interactions Vσ and thereafter
letting the source fields, that are not actually applied to the system, Uξ(t) → 0. In
this limit, all quantities that do not conserve the longitudinal component of the
total spin vanish, although their functional derivatives may not. Thus, in the final
expression of the QD GF, i.e. when the limit Uξ(t) → 0 has been taken, one can
just discard terms containing locators and cumulants of the transition |σ〉 → |σ̄〉
and its opposite.

When applying the functional derivatives on the QD GF it should be noticed
that it is composed by the product of its locator Dσσ(t, t′) and the cumulant
Pσσ(t), that is, Gσσ′(t, t′) = Dσσ′′(t, t′)Pσ′′σ′(t′). In addition, not only the loca-
tor is subject to the functional derivative but also the end-factor Pσ′′σ′(t′). Hence,
varying the QD GF yields δGσσ′ = (δDσσ′′)Pσ′′σ′ + Dσσ′′(δPσ′′σ′). The locator
matrix D should satisfy the relation DD−1 = I = D−1D which implies that
δ(DD−1) = (δD)D−1 + D(δD−1) = 0. This results in

Rss′(t′′)Dσσ′(t, t′) = −i
∑
σ1σ2

∫ t0−iβ

t0

Dσσ1(t, t1)

×Γσ1σ2(t1, t2; Rss′(t′′))Dσ2σ′(t2, t′)dt1dt2, (A.6)

where we have introduced the vertex function

Γσ1σ2(t1, t2; Rss′(t′′)) ≡
(

δss′
δ

δU00(t′′)
+

δ

δUs′s(t′′)

)
D−1

σ1σ2
(t1, t2). (A.7)
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The general vertex function can be expanded further by introducing the zero ver-
tex

Γ0
σ1σ2

(t1, t2; Rss′(t′′)) ≡
(

δss′
δ

δU00(t′′)
+

δ

δUs′s(t′′)

)
d−1

σ1σ2
(t1, t2), (A.8)

where dσσ′(t, t′) is the locator of the isolated QD, and the self-operator

Sσ1σ2(t1, t2) ≡ Pσ1σ2(t1)Vσ2(t1, t2)

−i

∫ t0−iβ

t0

Vσ3(t1, t3)Dσ3σ4(t3, t4)Γσ4σ2(t4, t2; Rσ3σ1(t1))dt3dt4. (A.9)

In this expression summation over the spin-indices σ3, σ4 is understood. The zero
locator dσσ′(t, t′) satisfies the equation

(
i
∂

∂t
−∆0

σ0 −∆Uσ0(t)
)

dσσ′(t, t′)− Uσσ̄(t)dσ̄σ(t, t′) = δ(t− t′) (A.10)

and it is easy to verify that

Γ0
σ1σ2

(t1, t2; Rss′(t′′)) = (δss′δσ1σ2 − δσ1sδσ2s′)δ(t− t′). (A.11)

Thus

Γσ1σ2(t1, t2; Rss′(t′′)) = (δss′δσ1σ2 − δσ1sδσ2s′)δ(t− t′)

−iRss′(t′′)Sσ1σ2(t1, t2). (A.12)

Resolving the vertex in the self-operator, ones arrives at a perturbation series in
terms of the interaction Vσ(t), by successively applying the functional derivatives
to the locators and cumulants.

The functional derivative of the end-factor Rss′(t′′)Pσσ′(t) is given by

Rss′(t′′)Pσσ′(t) = 〈T[δss′h
0 + Zs′s](t′′)[δσσ′h

0 + Zσ′σ](t)〉U

−Pss′(t′′)Pσσ′(t) (A.13)

It is readily seen that Rσ(t+)Pσ(t′) = 〈T(h0 + hσ)(t)(h0 + hσ)(t′)〉U−Pσ(t+)Pσ(t′).
In contrast, the transverse functional derivative Rσσ̄(t+)Pσ̄σ(t′) = iKσ̄σ(t+, t′) −
Pσσ̄(t+)Pσ̄σ(t′), where

Kσ̄σ(t+, t′) = (−i)〈TZ σ̄σ(t+)Zσσ̄(t′)〉U ≡ (−i)
〈TSZ σ̄σ(t+)Zσσ̄(t′)〉

〈TS〉 .

The bare Bose-like GF Kσ̄σ(t+, t′) satisfies the equation
(

i
∂

∂t
−∆0

σσ̄(t+)−∆Uσσ̄(t+)
)

Kσ̄σ(t+, t′)δ(t+ − t′)[Pσ̄(t+)− Pσ(t+)], (A.14)
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where we have discarded propagators like (−i)〈Thσ(t+)Zσσ̄(t′)〉U since they only
give contributions for functional derivatives that are irrelevant for Kσ̄σ(t+, t′), in
this approximation.

The general structure of the QD GF equation of motion can now be found as
(

i
∂

∂t
−∆0

σ0(t)−∆Uσ0(t)
)

Gσσ′(t, t′)− Uσσ̄(t)Gσ̄σ′(t, t′) = Pσ(t, t′)

+
∫ t0−iβ

t0

Σσ(t, s)Gσσ′(s, t′)ds, (A.15)

where the dressed cumulant

Pσ(t, t′) = δ(t− t′)Pσ(t)

+
∑

s

∫ t0−iβ

t0

Vs(t, t1)Ds(t1, t′)dt1Rσs(t+)Psσ′(t′) (A.16)

and the self-energy

Σσ(t, t′) = Pσ(t+)Vσ(t, t′)

−i
∑

s

∫ t0−iβ

t0

Vs(t, t1)Ds(t1, t2)Γsσ(t2, t′;Rσs(t+))dt1dt2. (A.17)
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