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Abstract

Perhaps the most fundamental question that combinatorics deals
with is that of “Given a class of objects, how many objects of a given
size are there?”. This thesis deals precisely with solving of the counting
problem for random planar graphs. The problem has a rich history and
multiple participants the final stage of which was the publication of
the paper “Asymptotic enumeration and limit laws of random planar
graphs” that was published in 2009 by Marc Noy and Omar Gimenez.
We first go through the fundamental basics of analytic combinatorics
and then solve counting problems for dissections and series-parallel
graphs, two special cases of planar graphs. We then move forward to
solving the counting problem for random planar graphs. To that end we
review work done on quadrangulations, 3-connected maps, canonical
decomposition of series parallel networks and finally we give a precise
asymptotic estimation for the number of planar graphs on n vertices.
Furthermore, for the graphs studied in this text, we derive that the
number of edges follow a Gaussian law as their size tends to infinity.
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2.2 Combinatorial Classes, Admissible Operations and their
Generating Functions

A combinatorial class is a formalisation of a set of combinatorial objects to-
gether with a mapping from said set into the natural numbers. The mapping
is known as the size function of the combinatorial class. In order to define
a combinatorial class we need a set of combinatorial objects, for example
the set of binary trees, and a size function for said objects, for example the
number of internal nodes. Combinatorial classes are closed under certain
operations. That is, we can combine different combinatorial classes to cre-
ate new ones. A simple example of this was given in the introduction where
we saw that the combinatorial class of binary trees could be expressed as a
root plus an operation involving itself. Namely we said that

B “ ˝ ` B ˆ B
Operations involving combinatorial classes are intimately related to oper-

ations involving their generating functions in a natural way, in this section
we discuss the common operations between combinatorial classes and the
operators they induce in their respective generating functions.

Definition 2.1 (Combinatorial Class). A combinatorial class is a tuple
pC, | ¨ |q where C is a finite or countable set, and | ¨ | is a map | ¨ | : C Ñ Zě0

such that cardp| ¨ |´1pnqq is finite for all n P Zě0.

The map | ¨ | is called the size function of the class pC, | ¨ |q. In case it is
not clear from context we shall distinguish the size functions of two different
combinatorial classes pA, | ¨ |q and pB, | ¨ |q, by sub-indexing them, | ¨ |A, | ¨ |B.
We use the notation Cn to denote t| ¨ |´1pnqu, that is the set of elements of
C of size n.

Note that, as one would expect, the conditions on the above definition
state that all elements of C have non-negative finite size and the number of
elements in C of any given size is finite, i.e., cardpCnq ă 8 for all n P Zě0.

Let cn “ cardpCnq, the sequence pcnqně0 is called the counting sequence
of the combinatorial class pC, |¨|q. The sequence gives the number of elements
in C of size n, for any n. Our objective in this text shall be to find the
counting sequences, or at least some asymptotic approximations, of different
combinatorial classes. Ultimately we give precise asymptotic estimates for
the counting sequence of planar graphs.

Definition 2.2. Two combinatorial classes pA, | ¨ |q, pB, | ¨ |q are said to be
isomorphic if their counting sequences are the same. This is equivalent to
finding a bijection between A and B that preserves size.
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1 Introduction

Random graphs were first introduced in 1959 by Erdös and Rényi, and
independently and contemporaneously by Gilbert. Their properties have
been well studied over the years. In this work we explore some asymptotic
properties of random planar graphs. Planar graphs are graphs that can be
embedded in the plane with no edge crossings, this restriction makes it more
convoluted to approach their study. Random planar graphs are currently
a very active area of research in combinatorics and probability theory. It
enjoys increased attention since Giménez and Noy (2009) [9] derived a pre-
cise asymptotic estimate for the number of planar graphs with n vertices.
The paper includes multiple results, they show that the distribution of the
number of edges is asymptotically normal, as well as that the number of con-
nected components asymptotically follows a Poisson Law. The work done
in [9] crowns decades of research on the area, in particular it directly builds
upon results from Bender, Gao & Wormald [11], Bender & Richmond (1984)
[14] and Mullin & Schellenberg (1968) [12].

Combinatorial structures, in particular random graphs, are often studied
by means of generating functions. A generating function is an analytic
function of the form

ypxq “
ÿ

ně0

ynx
n ,

where the coefficients yn form a sequence we are interested in. For example,
if we want to count the number of possible graphs of a certain size n, yn
would be the number of graphs with n vertices. With this in mind one can
deduce functional equations that these generating functions need to satisfy.
This is done by looking at the combinatorial recursive properties of the
graphs at hand. An accessible example of this philosophy in action can be
seen through counting binary trees. Binary trees are trees such that each
node has either two successors or none. They can be decomposed into a
single node or root plus a left subtree and a right subtree.

This consideration, once the method is formally introduced, will lead us
to the following functional equation for the generating function bpxq of the
number of binary trees with n internal nodes

bpxq “ 1` xbpxq2 ,

which, once solved, leads to the following expression for its coefficients bn
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bn “
1

n` 1

ˆ

2n

n

˙

,

thus solving the counting problem for binary trees. Similar arguments, al-
beit more convoluted, can be made for different classes of planar graphs.
Moreover, one often finds functional equations that are not explicitly solv-
able, thus one needs to come up with ways to approximate the solutions.
This is done through analytic function theory and complex analysis. The
key idea is that one can relate the behaviour of a generating function around
a singularity to the asymptotic growth of its coefficients. These observations
let us derive very precise (asymptotic) estimates for the coefficients yn of our
generation function. Thus, solving the enumeration problem for large n.

Furthermore, one can ask oneself questions such as, what is the number
of vertices with degree k, what is the probability of a random vertex of a
random graph of size n to be of degree k? What is the number of cycles?
What is the number of hamiltonian paths?

Some of these questions can be answered by considering random variables
defined on a certain set of graphs of size n and studying their distribution.
For example one can consider the random variable

Xpkqn “ “(Random) number of vertices of degree k

in a random planar graph of size n ”

This can be solved by means of bivariate generating functions where one
of the variables tracks the number of vertices (size of the graph) and the
other one tracks another variable of interest, in this case, the number of
vertices of degree exactly k.

The first part of this text provides an introduction to analytic combi-
natorics. First we take a look at generating functions and their relation
to combinatorial structures, the theory encompassing these relations is nor-
mally referred to as the symbolic method. Once this is well understood,
we introduce two fundamental theorems regarding coefficient asymptotics,
the standard function scale and the Big-Oh transfer. These are sometimes
referred to in the literature as the “transfer theorems” and they give pre-
cise asymptotic approximations of the coefficients of the generating function
once one knows its dominant singularity and an expansion there. In the next
part we present a series of results aimed at dealing with singularity analysis
of generating functions when one only knows its functional equation.
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In a general sense, the proofs presented in this thesis always follow a sim-
ilar scheme. The aim is to either explicitly get a generating function for the
object of study, or at least derive an asymptotic expression for its coefficients.
This is done mainly in two parts, first via the symbolic method one derives
a functional equation that the generating function needs to satisfy. Then,
one can either solve this functional equation or apply the aforementioned
transfer theorems to get asymptotic expansions for the coefficients. To this
end one needs to locate the dominant singularity and a singular expansion.
This philosophy can be summarised through the following figure:

Symbolic Method

Functional

Equation

Solve Singularity Analysis

Singular Expansion

& Dominant

Singularity

Transfer Theorems

Result
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In the second part we apply the methods of the first part. We take a look
at various counting problems and the edge distribution for three different
classes of planar graphs. We start with outerplanar graphs, then move to
series-parallel graphs and finally we finish with random planar graphs.

2 Symbolic Methods

2.1 Generating Functions

The use of generating functions is one of the most important developments
in discrete mathematics and probability theory. They were first introduced
by Abraham de Moivre in 1703.

The power of generating functions relies
on encoding an infinite sequence as a power
series. Suppose we are interested in the se-
quence corresponding to the number of bi-
nary trees with n vertices. That is we are
interested in the sequence

b0, b1, b2, b3, . . . ,

where bk for k ě 0 is the natural number
given by the number of possible binary trees
with k internal nodes. Then its generating
function is given by

n
ÿ

k“0

bkx
k

Generating functions hence encode information related to counting prob-
lems. This provides a series of benefits for us, namely that, given that the
power series converges, we can now “hunt” for the analytic functions corre-
sponding to the sequences of interest. The coefficients of such series will give
us the sequences we are interested in. Our goal will be to find analytic prop-
erties of a generating function when it satisfies a certain functional equation.
These properties will then translate to asymptotic behaviour in the coeffi-
cients and we will be able to answer questions such as, what is the number
of possible planar graphs with n nodes for large n?
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We note again that one can naturally associate a generating function
to any counting sequence, and thus to any combinatorial class, through a
power series. This is done through the following definitions

Definition 2.3 (Ordinary Generating Function). The OGF (ordinary gen-
erating function) of the combinatorial class pC, | ¨ |q, is the power series

cpxq “
ÿ

ně0

cnx
n ,

where pcnqně0 is the counting sequence of pC, | ¨ |q. Equivalently, the OGF
of pC, | ¨ |q is given by

cpxq “
ÿ

cPC

x|c|

Definition 2.4 (Exponential Generating Function). The EGF (exponential
generating function) of the combinatorial class pC, | ¨ |q, is the power series

cpxq “
ÿ

ně0

cn
n!
xn

where pcnqně0 is the counting sequence of pC, | ¨ |q. Equivalently, the EGF
of pC, | ¨ |q is given by

cpxq “
ÿ

cPC

1

|c|!
x|c|

Remark 2.1. Two combinatorial classes are isomorphic if and only if their
generating functions are equal.

Remark 2.2. The choice between OGF or EGF depends on the problem
at hand. For example if one wants to count labelled structures, such as
labelled trees, one usually uses an EGF. The OGF is reserved for unlabelled
structures. The use of the factorial term has an intuitive justification since
we have n! ways to label an object of size n and the factor 1

n! becomes
necessary for convergence.

Notation 1 (Coefficient Extraction). Let apxq “
ř

n anx
n. The notation

rxnsapxq “ an is used to “extract” the coefficient of xn.

2.2.1 Operations on counting sequences and their corresponding
generating functions

We move to discussing frequent operations on sequences and their coun-
terpart operations involving OGF and EGF. Let a “ panqn, b “ pbnqn be
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two sequences of non-negative integers, let apxq and bpxq be their respective
generating functions.

Sum: Consider a sum of sequences. Consider the sequence cn “ an`bn,
resulting from the sum a and b. It is clear then that cpxq “

ř

n cnx
n “

ř

npan ` bnqx
n “ apxq ` bpxq.

Product: Consider the Cauchy product of sequences tanu and tbnu.
Let tcnu be defined as cn “

řn
kě0 akbn´k. The OGF of pcnqn is given by

ř

n cnx
n “

ř

np
řn
kě0 akbn´kqx

n “ apxqbpxq.

Partial sum: Consider the partial sum of tanu given by cn “
řn
k“0 ak,

the new OGF is then given by

cpxq “
ÿ

n

cnx
n “

ÿ

n

p

n
ÿ

k“0

akqx
n “ bpxqapxq ,

where bpxq “
ř

n x
n. We note that p

ř

n x
nqp1 ´ xq “ 1, hence bpxq “ 1

1´x

for x within its radius of convergence. Thus we obtain cpxq “ 1
1´xapxq.

Another two useful operations that we will use often are marking and
scaling. The size function of a combinatorial class is usually defined in-
volving elements of the combinatorial object it acts on (e.g. vertices or
edges). Given a combinatorial object within a combinatorial class, mark-
ing corresponds to the process of distinguishing one of the elements of the
combinatorial object. For instance, the process of rooting a vertex of an
unrooted tree. The new sequence is given by cn “ nan since we have n
ways of marking an element of an object of size n. Scaling is often used to
normalise the radius of convergence of a given generating function. If we
know that the radius of convergence of apxq is given by R “ ρ “ 1

γ , then the
radius of convergence of cpxq “ apγxq “

ř

n γ
nxn is given by R “ 1. Table 1

summarises our considerations above. Similar considerations lead to results
for EGFs, these are gathered on Table 2.

2.2.2 Combinatorial Constructions and Admissible Operations

Before turning to combinatorial constructions and their effects on generating
functions we discuss some terminology. We say that a combinatorial class
is a neutral class if it contains one element of size zero. The notation 1 or
ε is often used for neutral classes. An atomic class, on the other hand, is a
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Operation Sequence OFG

Sum cn “ an ` bn cpxq “ apxq ` bpxq
Product cn “

řn
k akbn´k cpxq “ apxqbpxq

Partial sum cn “
řn
k ak cpxq “ 1

1´xapxq

Marking cn “ nan cpxq “ xa1pxq
Scaling cn “ γnan cpxq “ apγxq

Table 1: Operations on sequences and their ordinary generating functions

Operation Seq EFG

Sum cn “ an ` bn cpxq “ apxq ` bpxq
Product cn “

řn
k

`

n
k

˘

akbn´k cpxq “ apxqbpxq
Binomial sum cn “

řn
k

`

n
k

˘

ak cpxq “ exapxq
Marking cn “ nan cpxq “ xa1pxq
Scaling cn “ γnan cpxq “ apγxq

Table 2: Operations on sequences and their exponential generating functions

combinatorial class composed of one object of size one, one usually denotes
such classes by Z, ˝, or ˛. We shall often employ atomic classes to describe
core elements of a graph such as a single vertex or a single edge. With this in
mind we can start defining operations between combinatorial classes; the op-
erations defined will be slightly different for labelled and unlabelled classes.
We also want to relate combinatorial constructions to their associated gen-
erating functions. To this end we present a dictionary of basic constructions
and their induced counterpart operations on generating functions.

Remark 2.3. Note that the neutral and atomic classes, ε and ˝, have re-
spectively the following OGFs. The same is clearly true for their EGFs.

εpzq “ 1 apzq “ z

Unlabelled Classes: Ordinary Generating Function

For the rest of the section let A “ pA, | ¨ |Aq, B “ pB, | ¨ |Bq be two combinato-
rial classes of unlabelled objects. Let apxq “

ř

aPA x
|a| and bpxq “

ř

bPB x
|b|

be their corresponding OGF.

1. Sum: Assume, moreover, that the underlying sets A and B are disjoint

13



sets. We set
C :“ A`B “ AYB

For c P C we define the new size function as

|c|C “ |c|A if c P A (1)

|c|C “ |c|B if c P B (2)

The new OGF cpxq is then given by

cpxq “
ÿ

cPC
x|c| “

ÿ

aPA
x|a| `

ÿ

bP

x|b| “ apxq ` bpxq

2. Cartesian product: We set C “ A ˆ B. We set the size function
to be |c|C “ |pa, bq|C “ |a|A ` |b|B. It is clear that C “ pC, | ¨ |Cq forms a
combinatorial class. An element of c P C is given by c “ pa, bq, for a P A
and b P B, thus, the generating function, cpxq, of C is given by

cpxq “
ÿ

cPC

x|c| “
ÿ

a,bPA,B

x|a|`|b| “
ÿ

aPA

x|a|
ÿ

bPB

x|b| “ apxqbpxq

Remark 2.4. Recall that we say that two combinatorial classes are isomor-
phic if their two counting sequences are the same, and equivalently, their
two generating functions. Observe that if ε is a neutral class and A is an
arbitrary combinatorial class we have

A – εˆA – Aˆ ε

It becomes now apparent why a neutral class is called a neutral class.

Remark 2.5 (A General Combinatorial Sum). Let A, B be two combina-
torial classes. We can overcome the difficulty of overlapping underlying sets
A and B by setting

Ã “ ε1 ˆA (3)

B̃ “ ε2 ˆ B (4)

where ε1 and ε2 are two neutral classes. Thus, the combinatorial sum can
always be defined in the general case by setting

A` B “ Ã` B̃.

We can assume w.l.o.g. that the underlying sets of any two com-
binatorial classes are disjoint.
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3. Finite Sequences of A: Suppose A has no element of size 0 then we
set

C :“ A˚ “ tεu `A`AˆA`AˆA ˆA` . . .

C is the combinatorial class of finite sequences of A. We note that the

case discussed above implies that the generating function of

k times
hkkkkkkikkkkkkj

Aˆ ¨ ¨ ¨ ˆA is
given by apxqk. Using the sum construction presented in 1 leads to

cpxq “
ÿ

ně0

apxqn “
1

1´ apxq
.

4. Finite subsets of A. This construction is sometimes referred to as
powerset construction or PsetpAq. The combinatorial class C “ PsetpAq is
now obtained from all possible finite subsets of A. The construction is anal-
ogous to the case above but here, the order of the elements of A appearing
in c P C does not matter. The size of a subset of A, c “ ta1, . . . , ak u is then
given by the sum of the sizes of its elements, one has

|c| “
k
ÿ

i“0

|ai|.

Let us first consider the case where A is finite. The generating function
is thus given by,

cpxq “
ÿ

ně0

ÿ

ta1,...,anuĂA

x|a1|`¨¨¨`|an| “
ź

aPA

p1` x|a|q. (5)

Let us elaborate a bit on the last step. Note that if we expand the
product of elements of the type

śn
i p1 ` biq one ends with a sum whose

terms consist of all possible products of combinations of 0, 1, . . . , n elements
of tb1, . . . , bnu. Indeed, if we look at the case n “ 3, one has the expression

p1` b1qp1` b2qp1` b3q “ r1s ` rb1 ` b2 ` b3s ` rb1b2 ` b2b3 ` b3b1s ` rb1b2b3s.

By considering bi “ xai one derives (5). This expression can be further
refined, we recall that we defined An as the elements of A of size n. We
asked for these sets to be finite, hence we can rearrange our product as

cpxq “
ź

aPA

p1` x|a|q “
ź

ně1

p1` xnqcardpAnq.
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It is instructive to take an exp-log transformation on cpxq,

cpxq “ expplogpcpxqq “ exp
ÿ

ně1

an logpp1` xnqq (6)

where now an denotes rxnsapxq “ cardpAnq. We can now expand logp1` zq

logp1` zq “ z ´
z2

2
`
z3

3
´
z4

4
` . . . ,

thus arriving at the expression

exp
´

ÿ

ně1

an
ÿ

kě1

p´1qk´1x
kn

k

¯

“ exp
´

ÿ

kě1

p´1qk´1apx
kq

k

¯

where in the last step we just exchanged the order of the sums, which is
justified since

ř

ně1

ř

kě1 an
xkn

k ă 8 for some x ą 0. This leads to

cpxq “ eapxq´
apx2q

2
`
apx3q

3
¯.... (7)

Finally, we can extend the above relation to the case where A has an
infinite number of elements. We note that the elements of any Cm are only
related to sets Aj for j ď m. With this in mind we define

Aďm :“
à

měně0

An “
m
ÿ

ně0

An

As well as

Cďm :“ PsetpAďmq.

Since Aďm is finite for every m relation (7) still applies. Let aďmpxq
and apxq be the OGFs of the classes Aďm and A respectively, note that
aďmpxq “

řm
n“0rx

nsapxqxn. Thus, aďmpxq Ñ apxq for mÑ8. By continu-
ity of the functions applied to apxq appearing on the right-hand side of (7),
the relation holds for the infinite case.

5. Finite multisets of A. We set C :“ MsetpAq. Elements of C are
tajii u where the super index indicates that the element ai is taken ji times.

The size function is |tajii u| “
ř

ji|ai|. Recalling some of the above consid-
erations for the power set we find
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cpxq “
ź

a PA

p
ÿ

iě0

xi|a|q,

since the lefthand side gives, as in (5), the sum of all possible products but
this time considering possible repetitions of the elements a P A. By noting
that

ř

iě0 x
i “ 1

1´x , the above expression in turn can be rewritten as

ź

aPA

1

1´ x|a|
“

ź

ně0

p
1

1´ xn
qan .

Applying again an exp-log transformation we have

cpxq “ eapxq`
apx2q

2
`
apx3q

3
`....

Remark 2.6. Consider the set A˚, that is the set of finite sequences of A.
Consider the following equivalence relation „ in A˚, where we say

pa1, . . . , akq „ pb1, . . . , bkq

if and only if there exists a permutation σ P Sk such that aσpiq “ bi for all
i P t1, . . . , k u. We note that

MsetpAq – A˚{ „ .

It is clear that we have PsetpAq Ă MsetpAq, since the power set is
composed of multisets where repetition is not allowed.

6. Composition. Let pA, | ¨ |Aq, pB, | ¨ |Bq be two combinatorial classes.
Suppose that B0 “ H. The composition C “ ApBq is given by

C :“ A0 `A1 ˆB `A2 ˆB ˆB ` . . .

where An “ ta P A : |a| “ n u as usual. Each element of A of size n gets
paired with n copies of B. In this case, we set the size function of c P C to
be

|c| “ |pa, b1, b2, . . . , bnq| “ |b1| ` |b2| ` ¨ ¨ ¨ ` |bn|

where we have ignored the size of a. The interpretation of this construction
is that each element of size n of A is substituted by an n-tuple of elements
of B. This construction shall prove particularly useful when treating more
complex combinatorial structures presented in the second part of the text.
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We note that the generating function of the setsAn is simply
ř

αPAn
x|α| “

ř

αPAn
1 “ cardpAnq “ an. Thus the generating function for C “ ApBq is

given by
cpxq “

ÿ

n

anbpxq
n “ apbpxqq.

Table 3 summarises the above results.

Unlabelled Construction OGF

C “ A` B cpxq “ apxq ` bpxq

C “ Aˆ B cpxq “ apxqbpxq

C “ A˚ cpxq “ 1
1´apxq

C “ PsetpAq cpxq “ eapxq´
1
2
apx2q` 1

3
apx3q ...

C “MsetpAq cpxq “ eapxq`
1
2
apx2q` 1

3
apx3q ...

C “ ApBq cpxq “ apbpxqq

Table 3: Unlabelled combinatorial constructions and their respective operators on
EFG.

Labelled Classes: Exponential Generating Function

One can arrive to very similar results for labelled classes and exponential
generating functions. However, one needs to be careful on how to define
operations in the labelled case.

Let A be a combinatorial class. For each a P A, |a| “ n! one has multi-
ple, possible n!, ways of labelling a, thus obtaining multiple distinguishable
combinatorial objects. We say that a combinatorial object of size n, is well-
labelled if its set of features determining its size bear labels in the complete
integer interval r1, . . . , ns. A labelled class is a combinatorial class comprised
of well-labelled objects.

Even if the word combinatorial object could be taken in a more gen-
eral sense, for our purposes we can restrict ourselves to graphs. Note that
different physical representations of a labelled graph can refer to the same
abstract graph. For example, consider a graph of four vertices that together
with its edges from a square. This object can only be labelled in three dis-
tinct ways, even if on a piece of paper there are 4! “ 24 ways of assigning
the labels r1, . . . , 4s.

Also note that we cannot simply take the cartesian product of two la-
belled objects as we did before since the resulting object would not be well-
labelled (we would have repeated labels, for instance). To circumvent this
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issue we need a relabelling function, and we shall only consider relabelling
functions that are compatible with the original labels in the sense that the
order within the labelling set is preserved. We say that e : r1, . . . , ns Ñ Z is
a relabelling of r1, . . . , ns if e is positive and strictly increasing.

Definition 2.5 (Labelled Product of two objects). We define the labelled
product, denoted by a ˚ b as follows: Let a and b be two labelled objects
of the labelled classes A and B respectively. Let |a| “ k and |b| “ m. We
define

a ˚ b :“ t
`

epaq, fpbq
˘

| Impeq X Impfq, Impeq Y Impfq “ r1, . . . , k `msu

where e and f are two relabelling functions with domain r1, . . . , ks and
r1, . . . ,ms respectively. That is, a ˚ b is the set of compatible well-labelled
pairs pa, bq.

Analogously to the unlabelled case, labelled combinatorial operations
also have a correspondence to operations on their EGF. Let A and B be two
combinatorial classes.

1. Sum. Just as the labelled case, A ` B denotes the disjoint union of A
and B. Let C “ A` B be the resulting combinatorial class. Let c P C, the
size function, as before, be given by |c| “ |c|A if c P A or |c| “ |c|B if c P B.
The exponential generating function is thus given by

cpxq “
ÿ

cPC

x|c|

|c|!
“ apxq ` bpxq.

2. Labelled product C “ A ˚ B.
We set

A ˚ B “
ď

aPA,b PB
a ˚ b

and the size of a ˚ b is given by |a| ` |b|. Let C “ A ˚ B, it follows that the
generating function cpxq of C is given by

cpxq “
ÿ

aPA,b PB

cardpa ˚ bq

p|a| ` |b|q!
x|a|`|b|.

we note that cardpa˚ bq is given by the possible partitions of a set of |a|` |b|
elements into two sets of |a| and |b| elements. Thus,
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cardpa ˚ bq “

ˆ

|a| ` |b|

|a|, |b|

˙

.

This consideration leads to

cpxq “ apxqbpxq

3. Sequences of elements of A. Suppose that A has no object of size 0.
The set of finite labelled sequences of A is given by

A˚ “ tεu `A`A ˚A`A ˚A ˚A` . . . .

By the considerations in the previous section and the fact that C “ A˚B ùñ

cpxq “ apxqbpxq it follows that the EGF is given by

a˚pxq “
1

1´ apxq
.

4. Finite subsets of A. We define the labelled power set of A as

C “ eA “ tεu `A`
1

2!
A ˚A`

1

3!
A ˚A ˚A` . . .

where the notation 1
n! means that we do not care about the order of the

n elements in the construction A ˚ ¨ ¨ ¨ ˚A
looooomooooon

n times

. The corresponding EGF is thus

given by

cpxq “ eapxq.

Indeed, consider the class Bn “ 1
n!

n times
hkkkkkikkkkkj

A ˚ ¨ ¨ ¨ ˚A where we identify the set
a1 ˚ ¨ ¨ ¨ ˚ an with aσp1q ˚ ¨ ¨ ¨ ˚ aσpnq for σ any permutation of n elements,
thus not taking into account the order. Note that each element in Bn is
associated to exactly n! different sequences since all their components are
distinguishable by its labels (say, the smallest label on each element). Thus,
if we denote by bpnqpxq the EGF of Bn then given

bpnqpxq “
1

n!
apxqn

Which leads to
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cpxq “ 1`
ÿ

ně1

1

n!
apxqn,

since we had C “ 1`
ř

ně1 Bn. Note further, that the relevant distinctions
between multiset and powerset constructions in the labelled case are here
beside the point.

5. Composition: Suppose that B has no object of size 0. The composition
ApBq is given then by

C “ ApBq “ A0 `A1 ˚B `A2 ˚B `
1

2!
A2 ˚B ˚B `

1

3!
A3 ˚B ˚B ˚B . . .

Just as in the unlabelled case the size function of C ignores the first
element, i.e. the elements of A. Thus, one arrives to

cpxq “ apbpxqq

Labelled Construction EGF

C “ A`B ĉpxq “ âpxq ` b̂pxq

A ˚B ĉpxq “ âpxqb̂pxq

A˚ ĉpxq “ 1
1´âpxq

C “ eA ĉpxq “ eâpxq

C “ ApBq ĉpxq “ âpb̂pxqq

Table 4: Labelled combinatorial constructions and their corresponding operators
in EGF

2.3 Solving Counting Problems with Generating Functions

In this section we give some examples on how to apply the symbolic method
to derive functional equations, and we also introduce some theory on how to
explicitly solve certain types of functional equations. We note that for our
main objective, that is solving the counting problem of planar graphs, one
does not need most of the techniques introduced in this section. Nonetheless
they serve as a complement to the theory just introduced and exemplify the
power of generating functions and symbolic methods to solve combinatorial
problems. We start by revisiting the example of the binary tree on n internal
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nodes. Then we move to Polya’s theory of counting and discuss some of its
applications, finally we move to the Lagrange inversion formula, a powerful
tool to invert generating functions and solve functional equations of the form

y “ xφpyq (8)

2.3.1 Binary trees with n internal nodes

In this section we solve the counting problem for binary trees. It is partic-
ularly instructive to note the use of combinatorial constructions and their
role in deriving straightforwardly a functional equation for the generating
function.

Theorem 2.1. The number of binary trees with n internal nodes bn is given
by the Catalan number

bn “
1

n` 1

ˆ

2n

n

˙

Proof. Consider the set B of finite binary trees. We can define a size function
on B by counting the number of internal nodes. That is, if b is a binary
tree with n internal nodes we say |b| “ n. Let us denote the combinatorial
class of binary trees with the aforementioned size function by B. We note
that B can be described recursively. Indeed, a binary tree is either a single
leaf or a root with two subtrees that are again binary trees. That is, for any
b P B, we have either b “ ε, where ε is the neutral class corresponding to a
single leaf (we have no internal nodes) or b “ p˝, bL, bRq where ˝ denotes an
atomic class corresponding to the root and bL bR P B denote the left and
right subtrees. Observe that |b| “ |p˝, bL, bRq|.

Figure 1: Recursive description of a binary tree.

“ ` ˆ

This considerations are formally expressed with the relation

B “ ˝` ˝ ˆ B ˆ B (9)

Let now bpxq denote the OGF of B. Recalling the results of the previous
section leads to
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bpxq “ 1` xbpxq2

The above relation can be derived without formal combinatorial argu-
ments, although it is a bit more tedious. Let pbnqn “ prxnsbpxqqn be the
counting sequence of binary trees with n internal nodes. Consider now a
binary tree with n`1 internal nodes. Then the right and left subtrees have,
respectively, k and n´ k internal nodes for some 0 ď k ď n.

Hence, one gets the recursive relation

bn`1 “

n
ÿ

k“0

bkbn´k (10)

which leads to

bpxq “
ÿ

n

bnx
n “ b0 `

ÿ

ně1

p

n´1
ÿ

k“0

bkbn´1´kqx
n “

1`
ÿ

n´1ě0

p

n´1
ÿ

k“0

bkx
kbn´1´kx

n´1´kqx “ 1` xbpxq2.

Thus,

bpxq “ 1` xbpxq2 (11)

The equation can be easily solved for b, and we get

bpxq “
1´

?
1´ 4x

2x

Note that bpxq must have a Taylor expansion around 0 of the form

1` x . . .

and the positive branch of the solution 1`
?

1´4x
2x has a Taylor expansion of

the form 1
xp1 ´ x ` . . . q, thus we must reject it. On the other hand the

negative branch has p1` x` 2x2 . . . q which is in the correct form.
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We are now on a position derive the counting sequence. We have

bn “rx
ns

1´
?

1´ 4x

2x

“rxn`1sp
?

1´ 4xq (Taylor expand)

“
1

2

p1{2qn`1

pn` 1q!
p´4qn`1

“
1

2

ˆ

2

n` 1

˙

p´4qn`1

“
1

n` 1

ˆ

2n

n

˙

2.3.2 Pólya’s Theory of Counting

Pólya’s theory of counting takes care of restricted product constructions of
a given combinatorial class. In particular, Pset and Mset constructions are
specialisations of the theory. The results on this section, albeit not part
of our main goal (that is, the counting of labelled planar graphs), are used
often in tree counting problems, moreover they exemplify in a beautiful way
the symbolic method we just discussed.

Let Gn be the set of permutations of a set D of size n. Let σ P Gn.
We recall that the cycle decomposition of σ is found by writing down all the
distinct orbits given by successive applications of σ. The usual notation is to
enclose said orbits in-between parenthesis. That is, the cycle decomposition
of σ in a general form is given by

px1, σpx1q, . . . , σ
i1px1qqpx2, σpx2q, . . . , σ

i2px2qq . . . pxk, σpxkq . . . , σ
ikpxkqq

where xl P D and for any y P D we have y “ σrpxsq for some 1 ď s ď k,
0 ď r ď ik. Each element xl is new in the sense that it is not in the orbits
of any other xj . In our notation this means xl R txj , σpxjq, . . . , σ

ij pxjqu for
j ‰ l. With this in mind we can introduce the cycle index of a subgroup
G Ă Gn.

Definition 2.6 (Cycle index of G). Let G be a subgroup of Gn. We define
the cycle index of G as

PGpx1, . . . , xnq “
1

|G|

ÿ

πPG

x
λ1pπq
1 x

λ2pπq
2 . . . xλnpπqn (12)
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where λipπq is the number of cycles of size i in the cycle decomposition of
π.

Let us clarify the concept with two examples.

Example 1. The cycle index of the trivial subgroup En “ tidu of Gn is
given by

PEnpx1, . . . , xnq “ xn1 . (13)

This is clear, as the cycle decomposition of id is given by

p1qp2q . . . pnq

Thus, λ1pidq “ n.
Let us now derive the cycle index of Gn. Suppose π is a permutation in

Gn. Let ki denote the number of cycles of length i that appear in the cycle
decomposition of π. We first note that there are exactly

ˆ

n

k1, 2k2 . . . , nkn

˙

“
n!

śn
i pikiq!

ways of distributing n elements into different sets of size iki. Then, we have
exactly

ˆ

iki
i, . . . , i
loomoon

ki times

˙

of distributing the iki elements into the different cycles of length i. Moreover,
we have to take into account that the order in which the cycles appear in
the cyclic representation is irrelevant, thus we have to divide by ki!. Finally,
each set of i elements gives rise to exactly

|Gi|

(length of a cycle)
“ pi´ 1q!

possible cycles. Thus,

PGnpx1, . . . , xnq “ (14)

1

n!

ÿ

k1`2k2`¨¨¨`nkn“n

n!
ś

ipikiq!

˜

n
ź

i

ˆ

iki
i, . . . , i

˙

pi´ 1q!ki

¸

xk11 . . . xknn (15)

“
1

n!

ÿ

řn
i“0 iki“n

n!

k1! . . . kn!1k12k2 . . . nkn
xk11 . . . xknn . (16)
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We note that the would be OGF of cycle indices of Gn has the very nice
representation

ÿ

ně0

PGnpx1, . . . , xnqt
n “

ÿ

ně0

ÿ

ř

ik“n

px1tq
k1

k1!

px2{2t
2qk2

k2!
. . .
pxn{nt

nqkn

kn!
“

“

ˆ

ÿ

k1

px1tq
k1

k1!

˙ˆ

ÿ

k2

px2{2t
2qk2

k2!

˙

. . .

ˆ

ÿ

kn

pxn{nt
nqkn

kn!

˙

“ etx1`
1
2
x2t2`¨¨¨`

1
n
xntn .

We can now introduce Pólya’s enumeration theorem, which was first
introduced by J. Howard Redfield in 1927. In 1937 it was independently
rediscovered by George Pólya who ultimately popularised it by applying
it to multiple counting problems. The original formulation and proof of
the theorem can be found in [1]. In our text we present a specialization
adapted to our notation on combinatorial structures. Let A “ pA, | ¨ |q be
a combinatorial class and let us denote the associated generating function
and its coefficients by apxq and an respectively. Let G be a subgroup of Gk.

Pólyas theorem is useful to work with restricted multi-set constructions.
Let us first introduce some terminology. We define the following equivalence
relation in Ak,

pa1, . . . , akq „G pa
1
1, ¨ ¨ ¨ , a

1
kq ô Dπ P G s.t. aπpiq “ a1i @i P t1, . . . , ku,

and we define a new combinatorial class C as C :“ Ak{ „G. Then the
generating function cpxq of C is given by

Theorem 2.2 (Polya’s theorem of counting). With the objects defined as
above we have

cpxq “
ÿ

cPC

x|c| “ PGpapxq, . . . , apx
kqq (17)

Proof. Refer to [1] or [2].

Let us discuss some examples to clarify its applications.

Example 2 (Multisets of A). Let A be a combinatorial class. Note that

C :“MsetpAq “
ÿ

n

An{ „Gn (18)

Thus, by Pólya’s theorem we have

cpxq “
ÿ

ně0

PGnpapxq, . . . , apx
nqq “ eapxq`

1
2
apx2q`... (19)

and we recover the result we discussed earlier.
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Example 3. Consider the combinatorial class P of planted plane trees
where the size function is given by the number of vertices. A planted plane
tree is a rooted tree where each of its nodes can have an arbitrary number
of successors and the successors have a natural order from left to right. The
concept is similar to binary trees, but we have lifted the restriction on the
number of possible successors for each node. Each successor of the root is
either a single vertice or the root of a planted plane subtree. Thus, we have

P “ ˝ ` ˝ ˆ P ` ˝ ˆ P2 ` ˝ ˆ P3 ` . . .

Which leads to

ppxq “
x

1´ ppxq
(20)

Therefore,

ppxq “
1´

?
1´ 4x

2
“ xbpxq (21)

Thus, one has rxnsppxq “ rxn´1sbpxq. This suggests the existence of
a concrete bijection between planted plane trees and binary trees with n
internal nodes. This bijection is known as rotation correspondence. The
bijection procedure is described in [3], remark 3.3.

Suppose now that we want to count the number of planted plane tree
maps, that is the possible number of embeddings in the sphere of planted
plane trees. Suppose the root has k subtrees. We call them ts1, . . . , sku.
A left to right order is already given, but note that one has no way of
distinguishing the maps ts1, . . . , sku and tsσp1q, . . . , sσpkqu where σ is the
cyclic permutation p1, . . . , kq. Thus, by Polya’s theorem of counting the
generating function of different embeddings of trees, rpxq is given by

rpxq “ x
ÿ

kě0

PCkpppxq, ppx
2q, . . . , ppxkqq

Where Ck is a cyclic group of length k spanned by σ.

2.3.3 Lagrange Inversion Formula

Let apxq “
ř

k akx
k be a power series such that a0 “ 0 and a1 ‰ 0. In

this section we present a classic result that gives a way to determine the
coefficient of the inverse power series of apxq, denoted by ar´1spxq. That is,
the power series such that
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ar´1spapxqq “ apar´1spxqq “ x (22)

Theorem 2.3. Let apxq “
ř

n anx
n be a power series with a0 “ 0 and

a1 ‰ 0. Let ar´1spxq denote its inverse power series, and let gpxq denote
any power series. Then

rxnsgpar´1spxqq “
1

n
run´1sg1pxq

ˆ

u

apuq

˙n

(23)

Proof. A proof can be found in [3, Chapter 2].

Although we barely use it in this work we present a more convenient
form adapted to the problems one usually finds in combinatorics.

Theorem 2.4. Let φpxq be a power series with φ0 ‰ 0 and ypxq the unique
power series satisfying the following functional equation

ypxq “ xφpypxqq (24)

Let gpxq be an arbitrary power series. Then ypxq is invertible and the
coefficients of gpypxqq given by

rxnsgpypxqq “
1

n
run´1sg1puqφpuqn (25)

3 Singularity Analysis and Coefficient Asymptotics

In this section we present the theory necessary to solve a vast range of prob-
lems related to planar graphs. We start with an overview of some basic
concepts on Analytic Functions and Complex Analysis, then we move to
proper coefficient asymptotics where one wants to get information on the
coefficients of a function from asymptotic expansions at its dominant singu-
larity. Here we present the two results commonly referred as “transfer the-
orems”. Thereafter, we devote a section to singularity analysis and present
results that will assist us in getting the required asymptotic expansions at
the dominant singularity. All this will be done without explicitly solving
a functional equation and we will only demand that it satisfies some light
conditions. Finally we finish with the Quasi Powers Theorem, a theorem
that lets us derive Gaussian limit laws involving random variables defined
on combinatorial objects.
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3.1 Basics on Analytic Functions and Complex Analysis

3.1.1 Complex Analysis

During this work we often refer to regions, of the complex plane C. A region
is defined as a path-connected open subset of C. Below we provide some
typical examples.

(a) circular region (b) indented region (c) slit region

The first notion of an analytic function arises from convergent series
expansions.

Definition 3.1. A function fpzq defined over an open region Ω is said to
be analytic at a point z0 P Ω if fpzq admits a representation in the form of a
convergent power series on an open neighbourhood of z0. That is, for z P Ω
sufficiently close to z0 we have

fpzq “
ÿ

kě0

fkpz ´ z0q
k

We say that a function is analytic on a region Ω if it is analytic at every
point of Ω.

Given any power series on pz ´ z0q it is well known that there exists a
disc, possibly of infinite radius, centered at z0 such that the power series is
convergent for z in the interior of said disc and divergent outside. Given
a function f analytic at z0, the radius of convergence of its representative
power series is called the radius of convergence of f at z0 and it is denoted by
Rpf ; z0q. As we will see, the radius of convergence provides basic information
on the growth rate of the coefficients of an analytic function.

An equivalent definition of an analytic function is obtained through com-
plex differentiation. This provides a great advantage since it makes analytic
functions much more tractable and easier to recognise. A function fpzq de-
fined in a region Ω Ă C is complex differentiable if the following limit for
complex δ exists
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lim
δÑ0

fpz0 ` δq ´ fpz0q

δ

This limit as we know, is denoted by f 1pzq. We say that f is differentiable
in a region Ω if it is differentiable at all z P Ω. Note that it follows from the
definition that

fpzq “ f 1pz0qpz ´ z0q ` fpz0q ` opz ´ z0q, as z Ñ z0

Thus, it behaves locally as a linear transformation. In particular, it
preserves angles and infinitesimal squares get transformed into infinitesimal
squares. It follows from the basic equivalence theorem that a a function is
analytic in a region Ω if and only if it is complex differentiable in Ω. Note
that in particular analytic functions are closed under the sum and product,
thus form a ring. Analytic functions are also closed under composition, that
is if f is analytic at a and g is analytic at fpaq, then g ˝ f is analytic. More-
over, if f is analytic at a and f 1paq ‰ 0 then it is locally linear at a, thus there
exists an inverse function g, also locally linear such that g ˝ f “ f ˝ g “ Id.
An analytic function is not only invertible at any point where its derivative
does not vanish, but its inverse is also analytic.

We say that a function is meromorphic at z0 if there are functions fpzq

and gpzq analytic at z0 such that hpzq “ fpzq
gpzq for any z in a suitable neigh-

bourhood of z0. If a function is meromorphic at z0 then it admits a repre-
sentation of the form

hpzq “
ÿ

ně´M

hnpz ´ z0q
n.

If h´M ‰ 0 and M ě 1, then hpzq is said to have a pole of order M at
z0. The coefficient h´1 is called the residue of hpzq at z “ z0 and we write
Resrh, z0s to denote it.

A path in a region Ω is given by a continuous map γ : r0, 1s Ñ Ω.
The path is called closed if γp0q “ γp1q. Two paths γ and γ1 in Ω such
that γp0q “ γ1p0q and γp1q “ γ1p1q are said to be homotopic if one can be
continuously deformed into the other while staying inside Ω. We say that a
path is simple if it is one-to-one. A closed path is said to be a loop of Ω if it
is homotopic to 0. That is, if it can be continuously deformed into a single
point.
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The Null Integral Property of analytic functions tells us that the integrals
over simple loops are zero. Equivalently, for two homotopic paths γ and γ1

we have

ż

γ
fpzqdz “

ż

γ1
fpzqdz

We also recall one of the most important results presented in introduc-
tory classes to complex analysis, the residue theorem.

Theorem 3.1 (Cauchy’s Residue Theorem). Let hpzq be meromorphic on
the region Ω and let γ be a positively oriented simple loop of Ω along which
hpzq is analytic. Then,

1

2iπ

ż

γ
hpzqdz “

ÿ

s

Resrh, ss

where the sum is over all poles s of hpzq enclosed by γ.

This theorem has important implications, the first one being Cauchy’s
Coefficient formula. Let f be analytic at a point z0, and γ be a simple
loop on the region of analyticity of f encircling z0. Then, one has

fpz0q “
1

2iπ

ż

γ
fpξq

dξ

ξ ´ z0

and differentiating with respect to z0 under the integral sign one gets

f 1pz0q “
1

2iπ

ż

γ
fpξq

dξ

pξ ´ z0q
2
,

which leads to

1

k!
f pkqpz0q “

1

2πi

ż

γ
fpξq

dξ

pξ ´ z0q
k`1

.

Note in particular, that once a function is differentiable once then it is
differentiable any number of times.

Let fpzq be an analytic function defined over the interior region Ω de-
termined by a simple closed curve γ, and let z0 be a point of the bounding
curve γ. If there exists an analytic function f˚pzq defined over some open
set Ω˚ containing z0 and such that f˚pzq “ fpzq in ΩXΩ˚, one says that f is
analytically continuable at z0 and that f˚ is the immediate analytic contin-
uation of f . A singularity of an analytic function occurs when such function
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cannot be analytically continued, to be more specific: given a function f
that is analytic on the interior region of a closed curve γ and a point z0 on
γ, that is, on the boundary of the region, one says that that z0 is a singular
point or a singularity of f if f cannot be analytically continued at z0. By
contrast, a point where a function is analytic is called a regular point. It
follows almost immediately from the Cauchy’s Coefficient formula that if a
function is analytic at the origin and it has a radius of convergence R then
it has a singularity on the boundary of the disc of convergence |z| “ R. In
particular, if the function fpzq has positive coefficients then the singularity
necessarily falls at z “ R. This result is known as Pringsheim’s Theorem.

Theorem 3.2 (Pringsheim’s Theorem). If fpzq is representable at the ori-
gin by a series expansion that has non-negative coefficients and radius of
convergence R, then the point z “ R is a singularity of fpzq.

The singularities of a function f analytic at 0, that lie on the boundary of
the disc of convergence are called dominant singularities. As we will see, the
dominant singularities determine the growth of the coefficients of f . Note
that in the case of combinatorial generating functions (which are analytic
at 0 and have positive coefficients), Pringheim’s theorem asserts that their
radius of convergence will be given by a dominant singularity in the real
axis.

3.1.2 Singularities and Coefficient Growth. The Exponential Growth
Formula.

In this section we introduce the first and second principles of coefficient
asymptotics. These determine the asymptotic growth of the coefficients of
an analytic function given its dominant singularity. These results greatly
simplify the work of obtaining counting sequences since one does not need
to have an explicit expression for the generating function anymore. It is
sufficient to determine its dominant singularity and an asymptotic expansion
there to obtain a very precise asymptotic expression.

First Principle of Coefficient Asymptotics: The location of a function’s
singularities dictates the exponential growth of its coefficients.

Second Principle of Coefficient Asymptotics: The associated subex-
ponential factor is determined by the nature of the singularity.
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We say that a sequence tanu Ă C is of exponential order Kn, which is
denoted by an ’ Kn, if

lim sup |an|
1{n “ K

Equivalently, for any ε ą 0 one has

1. |an| ąi.o. pK ´ εqn that is, |an| exceeds pK ´ εqn infinitely often;

2. |an| ăa.e. pK ` εqn that is, |an| is dominated by pK ` εqn almost
everywhere.

This, in turn, can be translated into

an “ Knθpnq

where θpnq is a sub-exponential factor, this means

lim sup
n

|θpnq|x1{n “ 1.

Some examples of sub-exponential factors are logpnq,
?
n, n3{2, n5{2.

Note that if Rconvpf, 0q “ R and rxnsfpxq “ fn then we have

fn ’ p
1

R
qn.

Thus, fn “ p
1
Rq

nσpnq with σpnq being a sub-exponential factor.
We have established the first principle of coefficient asymptotics. In the

next chapter we will develop methods to extract the sub-exponential factors
of functions analytic at 0, with Rconvpf, 0q ą 0.

As we have stated, the sub-exponential factor describing the asymptotic
growth of the coefficients is related to the nature of the singularities present
in the generating function. In general, the singularities encountered when
counting planar graphs are of the square root type. We recall that a square
root of a complex number z “ reiϕ is defined as

?
z “

?
rei ϕ, ϕ P p´π, πs

So we have
?
z2
“ z. We note the importance of the restriction φ P

p´π, πs in the argument φ. If we let φ take any value, we get that
?
z has a

different possible value for every k P Z,
?
z “

?
reiφ{2`πki. This restriction

makes
?
z uni-valued but induces a singularity on the square root function.

To see this consider the complex numbers
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z` “ eipπ´εq (26)

z´ “ ei pπ`εq (27)

hence,

?
z` “ eipπ{2´ε{2q (28)

?
z´ “ eip´π{2`ε{2q (29)

Taking arbitrary small ε the argument in the images still differs by π,
thus the complex root is not differentiable at ´1. This same argument works
for any z ă 0 on the real line.

Not analytic on this strip

1
2

Figure 3: Essential singularity of
?

1´ 2z

Finally, we also use this section to recall the complex logarithm and
complex exponentiation. The complex logarithm for z “ reiθ is defined as

logpzq “ logprq ` iθ (30)

where one needs to choose a determination of the argument if one wants
the function to be continuous on θ. That is, θ P ppk ´ 1qπ, pk ` 1qπq for
some k P Z. Normally one works with k “ 0, so that one gets a purely real
number when taking the logarithm of a positive real. This determination
induces a branch cut, on logpzq. Once a determination of the argument for
the logarithm has been chosen one can define complex exponentiation as
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zw “ ew logpzq

where w, z P C.

3.1.3 Asymptotic notation

Let S be a set, it is assumed that a concept of neighbourhood is defined
on S. Let s0 P S be an element of s. The examples we use frequently are
S “ Zě0 Y t`8u with s0 “ 8, S “ C with s0 “ 0 or s0 “ 1. Let f and g
be two real or complex valued functions on Szts0u.

Big-Oh notation. We write

fpsq “ Opgpsqq s Ñ s0

if fpsq
gpsq stays bounded as s Ñ s0. That is, there exists a neighbourhood

V of s0 and a constant C ą 0 such that

|fpsq| ď C|gpsq| @s P V s ‰ s0

One also says “f is of order at most g”

“„” notation. We write

fpsq „ gpsq s Ñ s0

if fpsqgpsq goes to 1 as sÑ s0. One also says that f and g are asymptotically
equivalent.

Little-Oh notation. We write

fpsq “ opgpsqq s Ñ s0

if fpsq
gpsq goes to 0 as s Ñ s0. That is, for any ε ą 0 there exists a

neighbourhood Vε of s0 that depends on ε such that

|fpsq| ď ε|gpsq|, @s0 P Vε.

An important concept is the one of asymptotic scales. A sequence of
functions twnu is said to be an asymptotic scale if all functions wj exist in
a common neighbourhood of s0 P S and they satisfy
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wj`1psq “ opwjpsqq.

Given a scale φ “ pwjpsqqjě0 a function f is said to admit an asymp-
totic expansion in the scale φ if there exists a family of complex (or real)
coefficients pλjq such that for each integer m

fpsq “
m
ÿ

j“0

λjwjpsq `Opwm`1psqq psÑ s0q.

In this case one writes

fpsq „
8
ÿ

j“0

λjwjpsq sÑ s0 (31)

as an extension of the symbol „.

Remark 3.1. Note that the expression (31) does not imply that the sum
is convergent. In fact often it is not. It has to be interpreted in the sense of
a collection of more and more precise approximations of fpsq as sÑ s0.

3.2 Singularities, inverse functions and the analytic implicit
function theorem

Proposition 3.1 (Analytic Inverse). Let φ be an analytic function, let
φpy0q “ z0 for two complex numbers y0 and z0. If φ1py0q ‰ 0 then, φ
admits an analytic inverse in a neighbourhood of y0.

Proof. The proof relies on the Cauchy Residue Theorem. Consider the func-
tion

σ0pzq “
1

2π

ż

γ

φ1pyq

φpyq ´ z
dy (32)

By the residue theorem, σ0pzq counts the number of zeros with multi-
plicity inside the region defined by γ of the function σpyq ´ z. Note that,
for small enough γ we have σ0pz0q “ 1 since the zeros of analytic functions
are isolated and we have

ry´1s
φ1pyq

φpyq ´ z
“ lim

yÑy0
py ´ y0q

φ1pyq

φpyq ´ z
“ 1. (33)

Thus, σ0pzq is a function that takes integer values and continuously
depends on z. So for z close to z0 we have σpzq „ 1. Thus φpyq “ z has
only one solution so phi is invertible.
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Let ypzq be the inverse of φ, so that φpypzqq “ z. Consider the function

σ1pzq “
1

2π

ż

γ

φ1pyq

φpyq ´ z
ydy (34)

Note that, again by the residue theorem, the value of σ1pzq is given by
the sum of the solutions of φpyq ´ z that fall inside γ, this in our case is
simply ypzq. Thus, ypzq “ σ1pzq, for z sufficiently close to z0. Note that σpzq
is differentiable, thus analytic. This concludes the proof of the theorem.

The analytic inversion lemma states that, an analytic function locally
admits an analytic inverse near any point where its first derivative is non-
zero. However, there cannot be an analytical inverse at a point where the
first derivative vanishes. This is formally shown below.

Consider now a function φpyq such that φ1py0q “ 0 but φ2py0q ‰ 0. By
the taylor expansion of φ one has

φpyq « φpy0q `
1

2
py ´ y0q

2φ2py0q.

Thus, solving for y one gets

y « ˘

d

2

φ2py0q

?
z ´ z0

So we expect that the solutions have a singularity at z0, and, for them
to be well defined one needs to restrict their domain of definition. Indeed
any solution ypzq of φpyq “ z, cannot be analytic at z0. Suppose a contrario
it is. Then it must be differentiable at z0 while satisfying φpypzqq “ z. But
note that composing φpypzqq one gets

φpypzqq “ z0 `Oppz ´ z0q
2q (35)

which cannot be equal to the identity function.

Proposition 3.2 (Singular Inverse). Let φ be an analytic functions, let
φpy0q “ z0 for two complex numbers y0 and z0. If φ1pz0q “ 0 and φ2pz0q ‰ 0
, then for every direction φ there exist two function that are analytic on the
slit neighbourhood along θ

Ωzθz0 “ targpz ´ z0q ‰ θ mod 2π, z ‰ z0u (36)

and both of them have a singularity at z0.
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Proof. Proof can be found in [4] Lemma IV.3 p.277.

Theorem 3.3 (Analytic Implicit Function Theorem). Let Fjpw, zq be an-
alytic functions of pw, zq “ pw1, . . . , wm, z1, . . . , znq in a neighbourhood of
pw0, z0q P Cm ˆ Cn. Assume

Fjpw0, z0q “ 0 (37)

Then, if

detpBFj{Bwkq
m
j,k“1 ‰ 0 (38)

at pw0, z0q. Then the system of equations Fjpw, zq “ 0 have a unique
analytic solution wpzq in a neighbourhood of z0 such that wpz0q “ w0.

Proof. A proof can be found in [5, Theorem 2.1.2]. The proof relies on
differential forms. An equivalent version of the theorem with its proof based
on formal power series and the method of majorants can be found in [6,
Theorem 6.1.2.]

3.3 Complex Asymptotics

3.3.1 Transfer Theorems

Suppose we are interested in a generating function of the form

ypxq “
8
ÿ

k

ykx
k. (39)

If the functional equation at hand cannot be explicitly solved via the La-
grange Inversion formula or some other technique, one can still derive very
precise asymptotic formulas for the coefficients of the generating function.
This section is concerned with methods for asymptotic extraction of coeffi-
cients of the solution of a functional equation without explicitly having to
solve it. We discuss how exactly the location and the type of singularity in
(39) determine the asymptotic behaviour of its coefficents. As we discussed
previously, and as we will see more in-depth in this section, the coefficients
of a generating function grow asymptotically according to two factors, an
exponential factor and a sub-exponential factor

yn „ xn0θpnq.
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The location of the singularity in ypxq determines the exponential growth
factor x0. The nature of the singularity determines the sub-exponential fac-
tor θpnq.

Due to the scaling property of analytic functions we can w.l.o.g. assume
that our singularity is located at 1. Indeed, suppose ypxq is an analytic func-
tion where x0 is a singular point. Then, ŷpxq “ ypx{x0q, has a singularity
at 1 and we have

rxnsŷpxq “ rpx{x0q
nsypx{x0qx

´n
0 “ ynx

´n
0

Thus, the nature of the coefficients remains unchanged besides an extra
factor of x´n0 .

Subsequently we explain the theory developed by Flajolet and Odlyzko,
a very well established reference can be found in [4]. Although the theory
is quite general and works for a wide range of singularities, we shall focus
on singularities of the square root type. Those are the ones present in the
solutions of the functional equations we are interested in. Our aim is to
derive an asymptotic expressions for the coefficients yn of a certain analytic
function with radius of convergence R ą 0. We shall start with the Cauchy
Formula

yn “
ypnq

n!
“

1

2πi

ż

C

ypzq

zn`1

where C is a suitable circular curve around the origin. We then apply
integration over Hankel contours to bound the integrals. A Hankel contour,
Hpεq stems from ´εi ` 8, winds clock-wise around the origin on a semi
circle of radius ε and goes back to εi`8 for some ε P R. The point of such
an integration path is that we get arbitrarily close to the real positive axis
without crossing it. Figure 4 shows a Hankel contour.
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γ2

ε γ3

γ1

Figure 4: Hankel contour of radius ε

Proposition 3.3 (Hankel Formula). The gamma function Γpαq admits the
following integral representation

1

Γpαq
“

1

2πi

ż

H
p´tq´αe´tdt

Proof. Consider,

ż

Cpε,ρq
p´tq´αe´t.

where Cpε, ρq is a path starting at ρ ą 1 following along the real axis to
ε ă 1, winding clockwise around 0 on a circle of radius ε and finally going
back to ρ along the real axis. Note that the part p´tq´α of the integrand is
multivalued unless one chooses a determination. This is done by setting

p´tq´α “ e´αplogp´tqq

and choosing the principal branch of the logarithm. That is, we agree that
´π ď argp´tq ď π for t P C and logptq is purely real when t is on the
positive real axis. Note then that we must have argp´tq “ ´π on the first
part of the path C, then we write t “ ´εeiθ, θ P r´π, πs on the circle winding
around 0 and argp´tq “ π on the last part of the path. This leads to
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ż

Cpε,ρq
p´tq´αe´tdt “ ´2i sinpπαq

ż ρ

ε
t´αe´tdt`Opε<p´αqq

which is valid for any ε and any ρ. Assuming ´<pαq ą 0 and taking the
limits εÑ 0 and ρÑ8 leads to

ż

H
p´tq´αe´tdt “ 2i sinpπαqαΓp´αq,

making use of the relation Γp´zqΓpzq “ π
z sinpπzq leads to the result. Analytic

continuation extends the result to ´<pαq ă 0.

Theorem 3.4 (Standard Function Scale). Let α be an arbitrary complex
number in CzZď0. The coefficient of zn in

fpzq “ p1´ zq´α

admits for large n a complete asymptotic expansion in descending powers of
n

rznsfpzq „
nα´1

Γpαq
p1`

8
ÿ

k“1

ek
nk
q

where ek is a polynomial on α of degree 2k. We shall restrict ourselves to
expansions of order of 1

n . In particular we often use the result

rznsfpzq “
nα´1

Γpαq
p1`Op

1

n
qq.

Our objective is to derive an asymptotic expression for the coefficients
of the function

fpzq “ p1´ zqα

where α P CzZě0. Note that fpzq has a branch cut along the strip t|z| ě
1, argpzq “ 0u. We start with the Cauchy formula for our coefficients fn:

fn “
1

2πi

ż

C

fpzq

zn`1
dz (40)

where C is for example a circle of radius 1{2 around the origin. We
deform C to a contour C 1 given by an outer open circle of radius R ą 1, an
inner semicircle centered at 1 of radius 1

n and two rectilinear paths that are
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parallel to the real axis joining the circles. We note that in the contribution
of the outer circle, the integrand decreases as R´n´1, hence its contribution
goes to 0 as RÑ8. Hence, we can deform C 1 into a path γ “ γ1 Y γ2 Y γ3

that comes from infinity at distance 1{n from the real axis, winds clockwise
around 1 and goes back to infinity. This is properly defined below.

Thus, we need to look at the contribution of the integrals over the fol-
lowing integration curves

γ1 “ tz : z “ w ´
i

n
, w ě 1u

γ2 “ tz : |z ´ 1| “ 1{n, argpzq P r´π{2, π{2su

γ3 “ tz : z “ w `
i

n
, w ě 1u.

Performing the change of variable z “ 1` t
n we get from (40)

fn “
nα´1

2πi

ż

H
p´tq´αp1`

t

n
q´n´1dt

where the contour of integration is now H “ npγ ´ 1q, so a Hankel contour
that winds around 0 and at distance 1 from the real line. We note that the
integrand p´tq´αp1 ` t

nq
´n´1 converges pointwise to ´t´αe´t as n Ñ 8.

Thus if we can take the limit of the integrand and moreover ensure that the
convergence is uniform, we would be very close to the result. This can be
achieved by expanding the expression p1` t

nq “ e´pn`1q logp1` t
n
q and bound-

ing the contributions of the integrand along rT,8q for some big enough T .

By expanding eu and ´n logp1` t
nq one gets

´n logp1`
t

n
q “ ´t`

t2

2n
´

t3

3n2
´ . . .

eu “ 1` u`
u2

2
`
u3

3!
` . . . .

Thus, for fixed t one has

p1`
t

n
q´n´1 “ e´pn`1q logp1` t

n
q

“ e´tr1`
t2 ´ 2t

2n
`

3t4 ´ 20t3 ` 24t2

24n2
` . . . s

(41)
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In fact, we have the expression

p1`
t

n
q´n “ e´tp

ÿ

k

p2kptq

nk
q

where p2kptq is a polynomial on t of oder 2k.

As we hinted before, this convergence becomes uniform for any bounded
t-domain, and these considerations lead us to make the following claim

Claim:

ż

H
p´tq´αp1`

t

n
q´n´1dt “

ż

H
p´tq´αe´tdt

`

1`Op1{nq
˘

Proof. We can see this by first splitting the integration contour in <pzq ą
logpnq2 and <pzq ď logpnq2.

Next we check that the part <pzq ą log2pnq is negligible on the scale we
are working on. This can be done as follows:

First note that

|p´tq´α| “ OppReptq´αq

as well as

|p1`
t

n
q´n´1| “ Opp1`

Reptq

n
q´n´1q

since =ptq is bounded. Thus, it suffices to consider

ż 8

log2 n
x´αp1`

x

n
q´n´1dx

We can further split this integral in two parts. First let us consider
x ď 2n, one has

logp1`
x

n
q ě

x

2n

and thus
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ż 2n

log2 n
x´αp1`

x

n
q´n´1dx ď

ż 2n

log2pnq
x´αe´pn`1q x

2n

ď

ż 2n

log2pnq
x´αe´

x
2 dx

ď 2e´ log2 n{2 maxplogpnq´2α, 2n´αq.

On the other hand, for x ě 2n one has

ż 8

2n
x´αp1`

x

n
q´n´1dx ď

ż 8

2n
x´αp

x

n
q´ndx

“ nn
ż 8

2n
x´pn`αqdx

“ nn
1

n` α´ 1
p2nq1´pn`αq

“
n1´α

n` α´ 1
21´n´α

and both terms go to 0 faster than any power of n and thus are negligible
in front of the first part of the integral. Let us look at the other part of the
split,

ż p0q

logpn2q

t´αp1`
t

n
q´n´1dt.

Now we can expand as in (41) with uniform error terms since t “
logpnq2{n is small, thus justifying term by term integration. We then get

ż

H
p´tq´αp1`

t

n
q´n´1dt “

ÿ

k

ż p0q

logpn2q

p´tq´α
p2kptq

nk
`Ope´ log2pnqq

Note that each term of the form tr

ns induces by Hankel’s formula a term
of the form

n´s

Γpα´ rq
“

n´s

Γpαq
pα´ 1q . . . pα´ rq

and the term Ope´ log2pnqq eventually becomes irrelevant in front of any

power of n, indeed e´ log2pnq is opn´kq for any k. This leads to the result.
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Remark 3.2. One can get a more direct proof using Stirling’s formula.
Stirling’s approximation is a well known approximation for factorials that
extends to the gamma function. It is named after James Stirling, although
it was first stated by Abraham de Moivre. The Stirling’s formula is normally
stated as

n! „
?

2πnp
n

e
qn,

and for the gamma function it reads,

Γpαq „

c

2π

α
p
α

e
qα.

The coefficients in the standard function scale are given by

rxnsp1´ xq´α “ p´1qn
ˆ

´α

n

˙

“p´1qn
p´αqp´α´ 1q . . . p´α´ n` 1q

n!

“
Γpα` nq

Γpαqn!
.

So when using Stirling’s approximation and Γpα`nq “ nαΓpnqp1`Op 1
nqq

one gets

rxnsp1´ xq´α “
nα´1

Γpαq
p1`Op

1

n
qq (42)

as n Ñ 8. Furthermore, by using an asymptotic expansion of Γpnq to
any order Op1{nkq, that is

Γpnq „

c

2π

n
p
n

e
qnp1`

1

12n
`

1

288n2
´

19

51840n3
` . . . q

one can extend (42) to an error term of any order Opn´kq and we get an
equivalent result to the previous theorem.

We show next that for any function fpzq that is of order at most p1 ´
zqα when z Ñ 1 one has rznsfpzq “ Opnα´1q. Thus, we will be able to
precisely determine the behaviour of the coefficients of any function that
can be written in the form

fpzq “ p1´ zq´α `Opp1´ zq´βq
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where β ă <pαq. To show this we first need to introduce the concept of ∆
domain.

Definition 3.2. A delta domain in the complex plane of radius r and angle
φ, denoted by ∆pr, θq is given by

∆pR, θq “ t z P C : |z| ă r, | argpz ´ 1q| ą φu

where R ą 1, and |θ| ă π{2.

φ

r

1

Figure 5: A delta domain ∆pr, φq in the complex plane.

Theorem 3.5 (Big-Oh, Little-Oh transfers). Let apxq “
ř

ně0 anx
n be an-

alytic in a domain ∆pr, φq. Furthermore suppose that there is α P R such
that

fpxq “ O
`

p1´ zq´α
˘

Then we have

rxnsfpxq “ Opnα´1q (43)

Proof. By the Cauchy formula we have

fn :“ rxnsfpxq “
1

2πi

ż

γ
fpzq

1

zn`1
dz

where γ “ γ1Yγ2Yγ3Y γ4 is a path in the region of analiticity of f defined
as follows,
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γ1 “ tz : |z ´ 1| “
1

n
, |argpz ´ 1q| ě θu

γ2 “ tz :
1

n
ď |z ´ 1|, |z| ď r, argpz ´ 1q “ θ u

γ3 “ tz : |z| “ r, |argpzq| ě θu

γ4 “ tz :
1

n
ď |z ´ 1|, |z| ď r, argpz ´ 1q “ ´θ u

with π{2 ą θ ą φ and 1 ă r ă R. The proof follows from bounding the
contributions of each γi. Let us start with the innercircle γ1. By doing the
change of variables z “ 1

ne
iφ ` 1 and taking the modulus of the integrand

one gets

ż

γ1

|fpzq
1

zn`1
| ď K

ż ´θ

θ
|nα

1

p1` 1{neiθqn`1

1

n
|dθ “ OpnαqOp1qn´1

“ Opnα´1q

for some constant K s.t. | fpzq
p1´zq´α

| ď K . As for the outer circle γ3 it is clear

that the contribution goes to 0 as n grows since the integrand is Opr´n´1nαq
and r ą 1. There is only left to bound the contribution from the rectilinear
paths. The bounding arguments are a bit more delicate in this case, but
analogous for γ2 and γ4. We only show how to bound the contribution of
γ2. We use the change of variables z “ 1` eiθ tn . It follows that,

fnγ2 :“

ż

γ2

fpzq
1

zn`1
dz ď

ż nη

1
Cp

t

n
q´α|1`

eiθt

n
|´n´1n´1dt (44)

where C P R is a finite constant, such that |fpzq| ď C|p1´ zq´α|.

We can further bound (44) by

ż 8

1
Cp

t

n
q´α|1`

eiθt

n
|´n´1n´1dt

since the integrand is positive on pnη,8q. Furthermore

|1`
eiθt

n
| ě |1`Rep

eiθt

n
q| “ 1`

t

n
cospθq,
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thus

fnγ2 ď Cnα´1

ż 8

1
t´αp1`

t

n
cospθqq´n´1

loooooooooooooooomoooooooooooooooon

In

dt.

And note that p1 ` t
n cospθqq´n´1 Ñ e´ cospθqt. Since 0 ă θ ă π{2 for

any fixed α there is an N such that for n ą N all the In are bounded
from above by an integrable function, (for example t´2). Hence, we have a
contribution of Opnα´1q. An analogous argument works for γ4. Thus, each
of the integrals contributes to a term of order Opnα´1q.

Finally, we can put together these results in the form of the following
corollary:

Corollary 3.1. Let fpxq be a function that is analytic on a ∆pr, φq domain.
Suppose fpxq admits an expansion of the form

fpxq “ Cp1´
x

x0
q´α `O

`

p1´
x

x0
q´β

˘

as xÑ x0 and where β ă Rpαq. Then we have

an “ rx
nsapxq “ C

nα´1

Γpαq
x´n0 `O

`

x´n0 nmaxpRpαq´2,β´1q
˘

Proof. The proof follows from direct application of the previous theorems.
For the first part of the summand one applies the standard function scale
theorem to get

rxnsCp1´
x

x0
q´α “ C

nα´1

Γpαq
x´n0 p1`Op

1

n
qq,

and then the transfer lemma to obtain

Opx´n0 nβ´1q

in the error term. Thus, one obtains the result.

This result will often be used hereafter, sometimes we will refer to it by
simply saying “applying the transfer theorems one gets...”
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3.3.2 Singularity Analysis and Asymptotic Expansions

Once we are provided with the transfer theorems discussed in the previous
section, we see that, asymptotically, the coefficients rxnsgpxq of our generat-
ing functions are completely determined by the behaviour of the generating
functions at its singularities. Thus, as we hinted previously, our problem
is reduced to two basic questions: One must find the dominant singularity,
that is what we called x0 in our previous section and their asymptotic ex-
pansion at x0, thus determining the constant C. This section provides us
with a set of tools that are useful to determine singular expansions from
functional equations and functional equations involving known functions.

Theorem 3.6. Suppose that F px, yq is an analytic function with positive
coefficients in x and y around x “ y “ 0. Suppose that F p0, yq ” 0. Then
there exists a unique analytic solution around x “ 0 to the equation

y “ F px, yq.

Furthermore let x0, y0 be real numbers within the radius of convergence
of F such that they solve the following system of equations

y “ F px, yq (45)

1 “ Fypx, yq. (46)

Also assume Fyypx0, y0q ‰ 0 and Fxpx0, y0q ‰ 0. Then there exist gpxq
and hpxq that are analytic around x0 such that ypxq admits the following
representation

ypxq “ gpxq ` hpxq

c

1´
x

x0

with ypx0q “ gpx0q and hpx0q “

b

2Fxpx0,y0q
Fyypx0,y0q

. Also we have

rxnsypxq “

d

x0Fxpx0, y0q

2πFyypx0, y0q
x´nn´3{2p1`Opn´1qq

This theorem provides us with a way of solving multiple counting prob-
lems under very mild assumptions on the functional equation.

Remark 3.3. Functional equations of the form y “ F px, yq appear very
often in tree counting problems. They capture the recursive nature of trees
that arises from considering the subtrees of the root. At first glance, one
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would think that trees and planar graphs should not have that much in
common, but as we will show in the subsequent parts of this text much of
the tree structure is preserved in general planar graphs when considering the
right combinatorial constructions, or more precisely “deconstructions”. This
result shall also prove useful for some of our graph enumeration problems.

During the proof we will use the Weierstrass preparation theorem, as
well as the implicit function theorem.

Theorem 3.7 (Weierstrass Preparation Theorem). Every non-zero function
F pz1, . . . , zdq with F p0, . . . , 0q “ 0 that is analytic at p0, . . . , 0q has a unique
factorisation F pz1, . . . , zdq “ Kpza, . . . , zdqW pz1, . . . , zdq where Kp0, . . . , 0q ‰
0 and W pz1; z2, . . . , zdq “ zd1 ` zd´1

1 g1pz2, . . . , zdq ` ¨ ¨ ¨ ` gdpz2, . . . , zdq is
known as the Weierstrass polynomial. All gj are analytic and satisfy

gjp0, . . . , 0q “ 0. (47)

Proof. The statement of the theorem is taken from [3] as it is. A proof can
be found in [6, Theorem 5.1.3.]

The theorem tells us that every function that is analytic in a region
can be factorised in a unique way into a non-vanishing analytic part and
polynomial whose coefficients are analytic functions. Application of this
result will let us single out a singularity of square root type.

Proof of Theorem 3.6. The proof is divided into three parts. First we show
existence and uniqueness of a solution which is achieved through the Banach
fixed point theorem. Further, that a solution of the system of equations
(46) leads to a dominant singularity of square root type. The singular part
of the solution is “separated” from the analytic factors by the Weierstrass
preparation theorem. In order to apply the Weierstrass preparation theorem
one needs to show that y is analytic on a neighbourhood of the point of
interest. This is achieved by noting that Fyp0, yq “ 0 and that x ÞÑ Fypx, yq
is increasing. Thus, one can apply the implicit function theorem to derive an
analytic solution until we hit 1 “ Fypx, yq. Finally, to derive the asymptotic
behaviour of the coefficients we apply the transfer theorems discussed in the
previous sections.

Existence and uniqueness of a solution. We recall that our as-
sumptions are that F is analytic with positive coefficients around p0, 0q and
F p0, yq ” 0 . We want to show that there exists an analytic solution of the
functional equation
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ypxq “ F px, ypxqq.

Let us denote by DpF q the domain of F . We first note that the map
F : pC0pDpF qq, || ¨ ||q ý, y ÞÑ Fyp¨q “ F p¨, yp¨qq is a contraction for small
enough x. To this end we have to show that map F is Lipschitz with
Lipschitz constant L ă 1. Indeed,

||Fy1 ´ Fy2|| “ sup
x
||F px, y1pxqq ´ F px, y2pxqq||

ď||Fyp¨, yq|| ||y1pxq ´ y2pxq||

“L||y1pxq ´ y2pxq||.

Note that F p0, yq ” 0, implies Fyp0, yq “ 0, thus the Lipschitz constant is
made less than one by taking x small enough. Hence, the map is contractive
for x in some neighbourhood of the origin. By the Banach fixed point
theorem the map admits a unique fixed point y˚, that is

y˚ “ Fy˚

in the C0 topology. Existence and uniqueness of a solution follows. To see
analiticity we iteratively define the functions ym as

ym “ F px, ym´1q

y0 “ 0.

Since F is analytic, ym is analytic. The sequence ym is analytic and
uniformly converges to y˚. Thus, y˚ is analytic. Note that by construction
the coefficients of y˚ must also be positive.

Representation ypxq “ gpxq ` hpxq
b

1´ x
x0

. We recall that our as-

sumptions are that a solution px0, y0q of the system of equations (46) exists
and Fxpx0, y0q ‰ 0, Fyypx0, y0q ‰ 0.

Let x0 ą 0 denote the radius of convergence of ypxq. First we argue that
at x0 we must have Fypx0, ypx0qq “ 1. We observe that Fyp0, yq “ 0, as well
as that the map x ÞÑ Fypx, yq is increasing for real and non-negative x since
all coefficients involved are real and non-negative. This, of course, works
as long as ypxq is regular. Also note that by the implicit function theorem
as long as Fypx, yq ‰ 1, we have an analytical solution of y “ F px, yq in

51



a neighbourhood of x. Since Fyp0, 0q “ 0 ă 1 and Fy is increasing, there
exists a limit point x1 such that

lim
xÑx1

Fypx, yq “ 1, and ypx1q “ y1 ă 8

where the implicit function theorem ceases to be applicable. Moreover, y
cannot be regular at x1. If it was, one would have

y1px1q “ Fxpx1, ypx1qq ` Fypx1, ypx1qqy
1px1q,

thus Fxpx1, ypx1qq “ 0, which cannot be true by assumption. By the implicit
function theorem, y exists and it is analytic in a neighbourhood of x, for
any x P p0, x1q, and it ceases to be analytic at x1. Thus, we have x1 “ x0.
In view of this result we write y0 “ ypx0q.

Remark 3.4. By the above considerations the dominant singularity of our
solution ypxq is given by x0, and we have y0 “ ypx0q, where py0, x0q are
solutions of the system of equations (46).

Let us now apply the Weierstrass preparation theorem to isolate the
singular part of y. We want to apply it to a niehgbourhood of px0, y0q.

The function F px, ŷq´ y0 with ŷ “ y´ y0 is analytic at px0, y0q, it is not
identically 0, and vanishes at px0, y0q. So by the Weierstrass preparation
theorem we have functions Hpx, yq, ppxq and qpxq such that

F px, y ´ y0q “ Hpx, yqppy ´ y0q
2 ` ppxqpy ´ y0q ` qpxqq

with Hpx0, y0q ‰ 0, which means that the 0 comes from the Weierstrass
polynomial. So any y satisfying the equation y ´ y0 “ F px, y ´ y0q ´ y0,
that is y “ F px, yq in a subset of a neighbourhood of px0, y0q with x0 at its
border also satisfies

y “ y0 ´
ppxq

2
˘
a

ppxq2{4´ qpxq.

To see this, one simply equates the polynomial part to 0 and solves for
y. Recall that qxpx0q ‰ 0 and ppx0q “ 0, thus

B

Bx

`ppxq2

4
´ qpxq

˘

‰ 0

at x “ x0. Thus, again by the Weierstrass preparation theorem we have
a non vanishing analytic function Kpxq such that

ppxq2

4
´ qpxq “ Kpxqpx´ x0q.
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Thus, for suitable h and g one obtains the representation

ypxq “ gpxq ´ hpxq

c

1´
x

x0
. (48)

Asymptotic Transfer. We have only left to prove

rxnsypxq “

d

x0Fxpx0, y0q

2πFyypx0, y0q
x´nn´3{2p1`Opn´1qq.

To this end we want to apply the transfer lemmas, thus we need to
provide an analytic continuation of y in a delta region x0∆pr, φq for some φ
and r ą 1. Analyticity on a neighbourhood of x0 slit along x ě x0 follows
from (48). Consider now any other point z at the border of the disc of
convergence, that is, |z| “ 0 and z ‰ x0. Since y has positive coefficients
one has limx Ñz |ypzq| ă limx Ñz yp|z|q “ ypx0q. It follows that

|Fypz, ypzqq| ď Fyp|z|, |ypzq|q ă Fyp|z|, yp|z|qq “ Fypx0, y0q “ 1.

Thus, by the implicit function theorem we have an analytic extension of
y in a neighbourhood of z. By compactness this argument only needs to be
repeated a finite number of times to obtain an analytic continuation on an
open cover of x0∆pr, φq. We have

rxnsypxq “ rxnsgpxq ` rxnshpxq

c

1´
x

x0
“

rxnsgpxq ` rxns
`

h0

c

1´
x

x0
`Opp1´

x

x0
q
3
2 q
˘

.

Note that the contribution of gpxq on the coefficients decays exponen-
tially since g is analytic. Applying the transfer theorems leads to

yn “
h0

Γp´1{2q
x´n0 n´3{2 `Opx´n0 n´5{2q.

To calculate h0 “ hpx0q we can apply Taylor’s theorem to F px, yq. We have

0 “F px, yq ´ y

“F px0, y0q ` Fxpx0, y0qpx´ x0q ` Fypx0, y0qpy ´ y0q ´ y

`
1

2
Fyypx0, y0qpy ´ y0q

2 ` Fxypx´ x0qpy ´ y0q ` . . . ,
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substituting in F px0, y0q “ y0, Fypx0, y0q “ 1 and recalling the expansion
for y at x0 leads to

0 “ Fxpx0, y0qpx´ x0q `
1

2
Fyypx0, y0q

“

hpx0q
2p1´

x

x0
q ` 2pgpxq ´ y0qhpx0qp1´

x

x0
q1{2 ` pgpxq ´ y0q

2
‰

` . . .

Noting that g0 “ gpx0q “ y0 and equating the terms with px´ x0q leads
to

hpx0q “

d

2x0Fxpx0, y0q

Fyypx0, y0q
.

This leads to the expression stated at the beginning of the theorem.

Theorem 3.8. Suppose that F px, y, uq “
ř

n,m Fn,mpuqx
nym is an analytic

function in x and y around 0 and u around 1. Such that F p0, y, uq “ 0, that
F px, 0, uq ‰ 0 and that coefficients Fn,mp1q of F px, y, 1q are real and non-
negative. Then the unique solution y “ ypx, uq

ř

n ynpuqx
n of the functional

equation

y “ F px, y, uq

with yp0, uq “ 0 is analytic around 0 and has non-negative coefficients ynp1q
for u “ 1.

Furthermore let x0, y0 be real numbers within the radius of convergence
of F such that they solve the following system of equations

y “ F px, y, 1q (49)

1 “ Fypx, y, 1q. (50)

Moreover, assume Fyypx0, y0q ‰ 0 and Fxpx0, y0q ‰ 0. Then there exists
fpuq, with fp1q “ x0, gpx, uq and hpx, uq that are analytic around x0 and
u “ 1 such that ypx, uq admits the following representation

ypx, uq “ gpx, uq ` hpx, uq

c

1´
x

fpuq

with ypx0, 1q “ gpx0, 1q and hpx0, 1q “
b

2Fxpx0,y0q
Fyypx0,y0q

. Also we have
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rxnsypxq “

d

fpuqFx
`

fpuq, ypfpuq, uq, u
˘

2πFyy
`

fpuq, ypfpuq, uq, u
˘ fpuq´nn´3{2p1`Opn´1qq

uniformly for |u´ 1| ă ε.

Proof. The proof is very similar to the previous theorem and relies on a
variant of Corollary 3.1 where we add an additional parameter u varying in
a compact set. For further reference one can consult [3, Lemma 2.18].

Remark 3.5. For fixed u, the dominant singularity of x ÞÑ ypx, uq is given
by the solution of

y “ F px, y, uq

1 “ Fypx, y, uq.

3.4 More on Singularity Analysis, Inheritance of Singulari-
ties via Functional Equations

In this section we study functions that have a local representation of the
form

fpx, uq “ gpx, uq ` hpx, uq

c

1´
x

ρpuq
(51)

in an open neighbourhood U Ă C2 and px0, u0q P U , with x0 ‰ 0, u0 ‰ 0 and
a function ρ such that ρpu0q “ x0. These types of functions are the ones that
we typically encounter when solving counting problems for planar graphs.
We ask ρ, g and h to be analytic in U , implicitly we also want ρpuq ‰ 0 in
U . Thus, we can be sure that the only singularity present is of the square
root type at x “ ρpuq. The results we present in this section deal with how a
singularity of the type (51) changes in relation to certain operations. These
considerations become important for solving counting problems for different
classes of planar graphs.

Remark 3.6. We note that fpx, uq of the form (51) admits the following
representation as well

fpx, uq “
ÿ

n

Fnpuqp1´
x

ρpuq
qn{2 “

ÿ

n

FnpuqX
n
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where X “
b

1´ x
ρpuq . Indeed, setting

gpxq “
ÿ

n

F2npuqX
2n “

ÿ

n

p´1qnF2npuqρpuq
´npx´ ρpuqqn

hpxq “
ÿ

n

F2n`1puqX
2n “

ÿ

n

p´1qnF2n`1puqρpuq
´npx´ ρpuqqn

one recovers the original expression. Subsequently we shall sometimes
freely interchange these two representations.

Lemma 3.1. Suppose that fpx, uq has a local representation of the form
(51) so that |ρpuq| is the radius of convergence of the function xÑ fpx, uq,
if u is sufficiently close to u0 and ρpuq satisfies ρpu0q ‰ 0 and ρ1puq ‰ 0.
Then we have

fxpx, uq “ g2px, uq ` h2px, uq
1

b

1´ x
ρpuq

and

ż x

0
fpt, uqdt “ g3px, uq ` h3px, uqp1´

x

ρpuq
q3{2

where the functions gi and hi are analytic in a neighbourhood of px0, u0q.

Proof. Let x ď ρpuq and px, uq P U so that (51) holds. We use a representa-
tion of the form

fupx, uq “
ÿ

n

fnpuqX
n (52)

where X “
b

1´ x
ρpuq . Direct differentiation with respect to x leads to the

result. Note that, if the singularity was of the type X2k`1, differentiation
leads to a singularity of the form X2k´1.

For the integral part we recall that the power series (52) converges ab-
solutely and uniformly for a complex neighbour of u0, |u ´ u0| ď r and
for X ď r, for some properly chosen r ą 0. Let η P p0, 1q be such that
0 ă 1´ η ă r2. We now split the integral into two parts.

ż x

0
fpt, uqdt “

ż |ρpuq|η

0
fpt, uqdt`

ż x

|ρpuqη|
fpt, uqdt.
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By assumption fpx, uq has no singularities in |x| ď ρpuq, so the first
integral gives us an analytic function. For the second part, the uniform
convergence of the representation on power series of X justifies integration
term by term. This leads to,

ż x

0
fpt, uqdt “ g3px, uq ` h3px, uqp1´

x

ρpuq
q3{2.

Lemma 3.2. Suppose that fpx, uq has a local representation of the form
(51), and suppose that ρ1puoq ‰ 0 . Then, the representation can be rewritten
as

fpx, uq “ g̃px, uq ´ h̃px, uq

c

1´
u

Rpxq

where Rpxq is the analytic inverse function of ρpuq.

Proof. We use a shifted version Weierstrass preparation theorem centered
at pu0, x0q on pρpuq´xq . Note that pρpu0q´x0q “ 0, but it is not identically
0. Thus,

ρpuq ´ x “ Kpx, uqpu´Rpxqq (53)

with Kpx0, u0q ‰ 0. Note that Rpxq “ u iff ρpuq “ x. Thus, Rpxq is the
inverse function of ρpuq. Equation (53) leads to,

1´
x

ρpuq
“ ´Kpx, uq

Rpxq

ρpuq
p1´

u

Rpxq
q

Now substituting in (51) leads to the result.

Remark 3.7. Note that the argument presented in Lemma 3.2 works for
any singularity of the form p1´ x

ρpuqq
k{2 k P Z leading to singularities of the

form p1´ u
Rpxqq

k{2

The two previous lemmas lead to a useful result that we shall often use
in the arguments that follow.

Theorem 3.9. Suppose that fpx, uq has a singular expansion of the form
(51) and |ρpuq| is the radius of convergence of the function x ÞÑ fpx, uq. If
u is sufficiently close to u0 and ρpuq satisfies ρpu0q ‰ 0 and ρ1pu0q ‰ 0, then
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the partial derivative fupx, uq and the integral
şu
0 fpx, tqdt have local singular

expansions of the form

fupx, uq “
g2px, uq

b

1´ x
ρpuq

` h2px, uq,

and

ż u

0
fpx, tqdt “ g3px, uq ` h3px, uqp1´

x

ρpuq
q3{2

where g2px, uq, g3px, uq, h2px, uq, h3px, uq are analytic at px0, u0q.

Proof. The proof consists of applying first Lemma 3.2 to get the “proper”
singular expansion, then we apply Lemma 3.1 to derive the singular expan-
sions for the derivative and the integral, then we change back to the original
form by applying again Lemma 3.2.

Theorem 3.10. Suppose that F px, y, uq has a local representation of the
form

F px, y, uq “ gpx, y, uq ` hpx, y, uqp1´
y

rpx, uq
q3{2

with functions gpx, y, uq, hpx, y, uq, rpx, uq that are analytic around px0, y0, u0q

and satisfy gypx0, y0, u0q ‰ 1, hpx0, y0, u0q ‰ 0, rpx0, u0q ‰ 0 and rxpx0, u0q ‰

gxpx0, y0, u0q. Furthermore, suppose that y “ ypx, uq is a solution of the
functional equation

y “ F px, y, uq

with ypx0, u0q “ y0. Then ypx, uq has a local representation of the form

ypx, uq “ g1px, uq ` h1px, uqp1´
x

ρpuq
q3{2

where g1px, uq, h1px, uq and ρpuq are analytic at px0, u0q and satisfy h1px0, u0q ‰

0 and ρpu0q “ x0.

Proof. We limit ourselves to presenting the main ideas of the proof. One
first notes that F can be equivalently represented by a singular expansion
of the form

F px, y, uq “ A0px, uq `A2px, uqY
2 `A3px, uqY

3 `A4px, uqY
4 ` . . .
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where Y “
b

1´ y
rpx,uq , note that

y “ rpx, uqp1´ Y 2q “ F px, y, uq. (54)

Thus,

rpx, uq ´A0px, uq “ pA2px, uq ´ rpx, uqqY
2 `A3px, uqY

3 ` . . .

We have rpx0, u0q “ y0 “ gpx0, y0, u0q “ A0px0, u0q, and by assumption,
rxpx0, y0q ‰ A0,xpx0, u0q. Thus we can apply the Weierstrass preparation
theorem and we have

rpx, uq ´A0px, uq “ Kpx, uqpx´ ρpuqq

which when combined with (54) leads to

Lpx, uqX “ B1px, uqY `B2px, uqY
2 `B3px, uqY

3 ` . . . (55)

where X “ p1 ´ x
ρpuqq

1{2, Lpx, uq “ p´Kpx, uqρpuqq1{2 and B1px, uq “

prpx, uq `A2px, uqq
1{2, and Bi are suitable chosen analytic functions. Since

Lpx, uq ‰ 0, B0px, uq “ 0 and B1px, uq ‰ 0 on a neighbourhood of px0, u0q,
one can apply the Lagrange inversion formula to (55) with g “ 1 to obtain
an expression for Y and get.

Y “
Lpx, uq

B1px, uq
X ` C2px, uqX

2 ` C3px, uqX
3 ` . . .

Simple manipulations lead now to the desired representation for y. A
more thorought argument can be found on [3, p. 60, Theorem 2.31.]

3.5 Asymptotic Normality: Generating Functions and Com-
binatorial Central Limit Theorems

The central limit theorem from classic probability theory can be extended
to a similar result adapted to combinatorial structures. This is known as
the quasi-powers theorem. Its proof is due to H. K. Hwang. (1996, [7, 8]).
Although the theorem is valid for general random variables, we only concern
ourselves with the discrete case since it is the natural one in the context of
counting problems.

Let us first recall the concept of probability generating function and
characteristic function. Let X be a discrete random variable taking values
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in the non-negative integers. The probability generating function of X,
pXpuq, is given by

ppuq “ EuX “
8
ÿ

k“0

PpX “ kquk.

Note that

EX “ p1p1q

and that

VX “ p2p1q ` p1p1q ´ pp1p1qq2.

The characteristic function of X is given by

ϕXptq “ EeitX .

We also recall Levy’s continuity theorem, this result states that if a sequence
of random variables Xn is such that their characteristic functions converge
point-wise to the characteristic function of a given random variable X, then

Xn
d
Ñ X.
A random variable X with finite expectation µ and positive and finite

variance σ2, is said to be Gaussian if its probability distribution function is
given by

Pp
X ´ µ

σ
ď xq “ φpxq

where φpxq “ 1
2π

şx
´8

e´t
2{2dt. This is equivalent to its characteristic func-

tion satisfying

EeitX “ eiµt´
σ2t2

2 .

We shall also say that a sequence of random variables satisfies a central
limit theorem with mean µn and variance σ2

n, if

PpXn ď µn ` xσnq “ φpxq ` op1q

or equivalently,

Xn ´ µn
σn

d
Ñ Np0, 1q. (56)
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The intuition behind proving a combinatorial counterpart to the central
limit theorem relies on the fact that if Xn is the sum of i.i.d random vari-
ables Z1, . . . Zn with finite second moment then we have (56). So as for the
characteristic functions we have

EeitXn “ Eeit
ř

i Zi “ pEeitZ1qn.

Thus, if the characteristic function behaves asymptotically as powers of
a fixed function, one can expect pXnqn to follow a central limit law.

Theorem 3.11 (Quasi Powers Theorem). Let Xn be a sequence of random
variables with

EruXns “ eλnApuq`Bpuqp1`Op
1

φn
qq (57)

holding uniformly in a complex neighbourhood of u “ 1 with λn, φn Ñ
8. Apuq and Bpuq are analytic functions in the given neighbourhood with
Ap1q “ Bp1q “ 0, then Xn satisfies the following central limit theorem,

1
?
λn
pXn ´ EXnq

d
ÝÑ Np0, σq

and we have

EXn “ λnµ`Op1` λn{φnq (58)

VarpXnq “ λnσ
2 `Opp1` λn{φnq

2q (59)

where

µ “ a1p1q

σ2 “ a2p1q ` a1p1q.

Finally, if we assume that λn “ φn there exist positive constants c1, c2, c3

such that
Pt| Xn ´ EXn | ě ε

a

λnu ă c1e
´εc2

uniformly for ε ď c3

?
λn.

Proof.

EuXn “ eλnapuq`bpuqp1`Op
1

φn
qq

setting u “ eit, we have
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d

dt
apeitq “ a1peitqieit

d

dt
a1peitqieit “ ´a2peitqe2it ´ a1peitqeit.

So expanding a around t “ 0 we obtain

EeitXn “ exp
`

λnµit´
λnt

2

2
σ2 `Opλnt

3q `Optq
˘

O
`

1`
1

φn

˘

where bpeitq is absorbed in the term Optq and we have set µ “ a1p1q and
σ2 “ a1p1q ` a2p1q. Let us now set

Yn “ 1{
a

λnpXn ´ λnµq.

The characteristic function of Yn, denoted by ϕYn , is related to the char-
acteristic function of Xn, denoted by ϕXn , by

EeitYn “ e´i
?
λnµϕXnp

t
?
λn
q.

This leads to the following experssion for ϕYn

EeitYn “ exp

ˆ

´
σ2

2
t2 `Opt3{

a

λnq `Opt{
a

λnq

˙

p1`Op
1

φn
qq. (60)

Keeping t in a small neighbourhood of 0 and letting n tend to infinity, we
see that the characteristic function of Yn converges point-wise to the char-
acteristic function of a Gaussian random variable with mean 0 and variance
σ2. This together with Levy’s continuity theorem will allow us to prove the
first statement of the theorem.

But first we turn to prove (58). Let us now set fnpuq “ EuXn . Note
that fn is analytic at 1 thus, the characteristic function, fnpe

itq is infinitely
differentiable at 0, which implies that moments of all order exists and are
related to fnpe

itq by

fnpe
itq “ 1`

ÿ

k

pitqk

k!
EXk

n.

A proof for this statements can be found in [18, p.177, Theorem 4.2]. It
follows then that f 1p1q must equal EXn. On the other hand, by Cauchy’s
integral formula, we have
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f 1np1q “
1

2πi

¿

fnpuq

pu´ 1q2
du.

Expanding the right hand side of (57) up to first order around u “ 1 and
recalling that ap1q “ bp1q “ 0, we have

fnpuq “ EuXn “
`

1` pλna
1p1q ` b1p1qqpu´ 1q `Opλnpu´ 1q2q

˘

p1`Op
1

φn
qq,

which leads to

EXn “
1

2πi

¿

1` pλna
1p1q ` b1p1qqpu´ 1q `Opλ2

npu´ 1q2q

pu´ 1q2
dup1`Op

1

φn
qq.

Setting |u ´ 1| “ 1{λn as the path of integration and substituting u “
1
λn
eiθ ` 1 one gets

EXn “
`

λna
1p1q ` b1p1q

˘

p1`Op
1

φn
qq “ λna

1p1q `Op1`
λn
φn
q. (61)

Let us now prove equation (59). Recall that

VarpXnq “ f2np1q ` f
1
np1q ´ pf

1
np1qq

2.

We set gnpuq “ fnpuqu
´hp1q where hpuq “ λna

1puq ` b1puq to simplify
notation. Hence, by means of (61) one obtains

g2npuq “f
2
np1q ´ 2hp1qf 1np1q ` hp1q

2 ` hp1q

“f2np1q ´ f
1
np1q

2 ` f 1np1q `Opp1`
λn
φn
q2q

“VarpXnq `Opp1`
λn
φn
q2q.

We can now use a similar argument as we used for the expectation. By
the Cauchy formula one has

g2np1q “
1

πi

¿

fnpuqu
´hp1q

pu´ 1q3
du

and
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fnpuqu
´hp1q “ eλn

`

apuq´a1p1q logpuq`bpuq´b1p1q logpuq
˘

.

As before, we can expand around u “ 1, canceling the terms of pu ´ 1q
we see that the integrand is approximated by

1

pu´ 1q3

ˆ

1`
`

λnpa
2puq` a1puqq` pb2puq` b1puq

˘pu´ 1q2

2
`Opλnpu´ 1q3q

˙

which after integrating around the contour |u´ 1| “ 1
λn

leads to

g2npuq “ λn
`

a2puq ` a1puq
˘

`Op1`
λn
φn
q.

This in turn yields

VarpXnq “ λn
`

a2p1q ` a1p1q
˘

`Opp1`
1

φn
q2q,

recalling that µ “ a1p1q and σ2 “ a2p1q ` a1p1q, together with equation
(60) proves the first part of the theorem. To obtain tail estimates we do the
following. Suppose λn “ φn. Then, recalling (60) one has

Eet
Xn´EXn?

λn “e
σ2

2
t2`Op t3?

λn
q`Op t?

λn
q
`Op

1

φn
q

“λna
1p1q `

`

1`Op
1

φn
q
˘

.

Thus, one can find positive constants c1, c2, c3 such that

EetY “ Eet
Xn´EXn?

λn ď c1ec
2t2

for real t with t ď c3
?
λn and constants c1, c2, c3.

Using the Chernoff bound (named after Herman Chernoff but due to
Herman Rubin) one has,

Pt|Y | ě ε u “ Ptet|Y | ě etε u ď
Eet|Y |

etε
“ pEetY ` Ee´tY qe´εt

which directly leads to the result by setting c1 “ 2c1, t “ ε{p2c2q, c2 “

1{p4c2q.
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The following theorem is widely used in subsequent parts of the text. It
is a natural consequence of the previous theorem.

Theorem 3.12 (Combinatorial Limit Theorem, algebraic singularities). Let
ypz, uq be a bivariate function that is bivariate analytic at p0, 0q with non-
negative coefficients there. Assume that f admits in D “ t|z| ď r u ˆ t|u´
1| ă εu for some r ą 0 and ε ą 0, the representation

ypz, uq “ apz, uq ` bpz, uqp1´
z

ρpuq
q´α (62)

where a, b are analytic in D and such that bpρ, 1q ‰ 0. Moreover, ρpuq is
such that

´
ρ2p1q

ρp1q
´
ρ1p1q

ρp1q
`
`ρ1p1q

ρp1q

˘2
(63)

is nonzero. Then the random variable with probability generating function

pnpuq “
rznsypz, uq

rznsypz, 1q

converges in distribution to a Gaussian variable. The mean µn and the
standard deviation is asymptotically equal to µn and σ

?
n where µ is given

by ´ρ1p1q
ρp1q and σ2 is given by (63).

Proof. The coefficients of the probability generating function are given by

pnpuq “
rznsypz, uq

rznsypz, 1q
.

On the other hand one has

bpz, uq “ b0puq ` b1puqpz ´ ρpuqq ` . . .

thus,

ypz, uq „ b0puqp1´
z

ρpuq
q´α `Opp1´

z

ρpuq
q´α`1q.

Corollary 3.1 yields

pnpuq „
b0puq

b1puq
p
ρpuq

ρp1q
q´np1`Op1{nqq.

Hence,

65



ppuq “ EuXn „ e
logp

b0puq
b0p1q

´n logp ρpuq
ρp1q

qq
p1`Op

1

n
qq,

and we can apply the previous theorem and we obtain a Gaussian limit law
with

EXn “ n
´ρ1p1q

ρp1q
p1`Op1qq

and

VarpXnq “ np´
ρ2p1q

ρp1q
`
ρ1p1q

ρp1q
` p
´ρ1p1q

ρp1q
q2qp1`Op1qq

4 The Counting Problem for Outerplanar and Series-
parallel Graphs

In this section we shall apply the results presented previously to solve differ-
ent counting problems on random planar graphs. We shall give asymptotic
results for different graph classes, in particular we shall discuss random
outerplanar graphs and random series-parallel graphs. The last section is
reserved for general planar graphs. Functional equations, asymptotic be-
haviour for the coefficients and finally Gaussian limit laws for the number
of edges are derived.

4.1 Preliminaries

A graph G is characterised by a set of vertices V and a set of edges E joining
them. G is called a simple graph if any two vertices are joined by at most
one edge in E. Henceforth, unless stated otherwise, all graphs are assumed
to be simple and labelled.

Let G̃ “ pV,Eq be a graph with a set of vertices V and a set of edges E.
One can interpret each edge tv, uu P E as two directed edges e “ pv, uq and
e´1 “ pu, vq. An embedded graph or map is a graph where for each vertex
v is fixed a cyclic order on the edges pv, .q, that is the edges “coming out”
of v, we assume this order to be clock-wise and we write nxpeq for the next
edge in the order around the starting vertex of e. If G is an embedding of
G̃ the inverse or mirror image, denoted by G´1, is the embedding of G̃ that
has the cyclic orderings around vertices reversed.
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Given an embedding a face is a directed cyclic walk e0, e1, . . . , en´1 so
that for 0 ď i ă n we have nxpe´1

i q “ ei`1 mod n. We say that a pair
of edges te1, e2u forms an angle if we have e2 “ nxpe1q in either G or G´1,
that is if either of them has a face containing pe´1

1 , e2q as a subsequence.
We consider the graph G´1 to be equivalent to G since their faces have the
same underlying sets of defining undirected edges.

Definition 4.1. Let Ĝ be a graph. Let G be one of its embeddings. The
genus of G is defined as follows

γpGq “
2´ v ` e´ f

2

where v, e and f refer respectively to the total number of vertices, edges
and faces.

We say that a graph is planar if it can be embedded with genus 0. We
say that that an embedded graph is plane if it has genus 0.

Definition 4.2 (connected, 2-connected and 3-connected graphs). A graph
G is said to be connected if for any pair of vertices v and u in G there is at
least one sequence of edges that connects them. A graph is 2-connected if
it is connected and we have to remove at least two vertices (and all incident
edges) to disconnect it. A graph is 3-connected if it is 2-connected and one
has to remove at least 3 vertices to disconnect it.

The triangle, K3 is defined to be 2-connected, in general any Kn is said
to be pn ´ 1q-connected. The 3-connected graphs are of interest since they
have a unique embedding. This result is given by Whitney’s theorem.

A well known result due to Hassler Whitney that we shall use in the
subsequent parts of the text is that 3-connected planar graphs in the plane,
that is graphs that can be embedded in the plane with genus 0, have a
unique embedding. Hereafter we give a stronger result using the concept of
polyhedral embedding.

Definition 4.3 (Polyhedral embedding). A polyhedral embedding of a
graph G “ pV,Eq in an orientable surface is an embedding so that each
facial walk is a simple cycle and the intersection of any two faces is either
empty, a vertex, or a single edge.

Remark 4.1. Some references define a planar graph as a graph such that it
can be embedded in the plane without edge crossings. Note that a polyhedral
embedding in the plane can always be drawn without edge crossings, indeed
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all faces are cyclic walks (thus can be drawn without edge crossings) and
two faces can only intersect on a single edge or a vertex. Thus, polyhedral
graphs in the plane are planar in the sense of this remark.

Given an embedding of a planar graph (in the sense above) Ĝ one can
also define the faces of Ĝ as the connected components of R2zĜ. Note that
this definition of faces is equivalent to the one given in our text if such
embedding is a polyhedral embedding in the plane. Indeed, each connected
component defines a facial cyclic walk and vice-versa.

Finally, given a planar graph its number of faces, edges and vertices,
that we denote by f , e and v are related trough the Euler’s formula,

v ´ e` f “ 2

Thus, planar graphs defined in the sense of this remark can also be embedded
in the plane with genus 0.

Theorem 4.1 (Whitney’s theorem). A 3-connected planar graph has a —up
to equivalence— unique polyhedral embedding.

Proof. Let G be a particular polyhedral embedding of a 3-connected graph
and let G´1 denote its mirror image. Let G1 be a non-equivalent embedding
of the same underlying graph. Consider a vertex v in G1. We say that v is
of type 1 if the ordering of the edges around v coincides with the ordering of
the edges around v in G. On the other hand, we say that v is of type ´1 if
the ordering of the edges around v coincides with the ordering of the edges
in G´1. Lastly, we say that v in G1 is of type 2 in any other case. Since G1

is a non-equivalent embedding it follows that either there is a vertex of type
2 in G1 or there are both vertices of type 1 and ´1 in G1.

Assume we are in the first case, that is, there is a vertex v of type 2 in G1.
Let then pe0, . . . , ed´1q be the ordering of edges around v in G1. If te0, e1u

is not an angle of G we take this pair. Otherwise we assume nxpe0q “ e1

in G and let j be the minimal index such that nxpej´1q ‰ ej in G. Since
j is minimal (and greater than 1), nxpej´1q “ ej´2 in G´1. So ej´1 does
not follow ej neither in G nor in G´1 thus tej´1, eju is not an angle of G.
We assume w.l.o.g. j “ 1 so that the ordering around v in G is given by
pe0, ei1 , . . . , eij , e1, . . . , eid´2

q for some j ě 1.
We assume, again w.l.o.g., that d´ 1 is in tij`1 . . . , id´2u. Let y be the

maximum of ti1 . . . iju. Since y ă d´1 we must have y`1 P tik`1, . . . , id´2u.
Thus, tey, ey`1u is not an angle of G. So we find the following setting for the
ordering of the vertices around v in G: pe0, . . . , ey, . . . , e1, . . . ey`1 . . . , eid´2

q.

We consider the faces of G1, F and F 1, containing pe´1
0 , e1q and pe´1

y , ey`1q
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as a sub-sequence of their facial walks. The facial walks cannot be equal
since then they can’t be simple cycles. Notice that in G, F and F 1 are
not facial walks anymore but become two Jordan curves crossing each other
at v. By the Jordan Curve theorem we must have another crossing point
of F and F 1 and since G is planar this crossing point can only be a single
vertex or two vertices adjacent to the same edge. So we found two faces that
intersect each other in two non adjacent vertices. Notice that the second
crossing “traps” at least one vertex inside one of the faces, so that it is only
connected to the rest of the graph by two points. This is a contradiction to
the graph being 3-connected.

Assume now that there are no vertices of type 2 and we have both vertices
of type 1 and ´1 in G1. Since the graph is connected then we can find in G1

an edge connecting a vertex of type 1, that we denote by v1, and a vertex of
type ´1, that we denote by v´1. Since the underlying graph is 3-connected
vertices must have at least degree 3, and a vertex can’t be of type 1 and ´1
simultaneously. Let us denote by e0 the edge connecting v1 and v´1. Let
pe0, . . . , edq with d ě 3 be the ordering in G around v1 and let pe´1

0 , . . . , e1d1q
with d1 ě 3 be the ordering in G around v´1. So that the orderings in G1

become pe0, . . . , edq and pe1d1 , . . . , e
´1
0 q. Consider the two facial walks of G1

containing pe´1
d , e0, e

1
d1q and pe1d1´1, e0´1, edq respectively. Again, these two

simple cycles are no facial walks on G but two Jordan curves crossing each
other on the shared edge e0. Thus, we must have another crossing point
in the form of at least one non-adjacent vertex, again this would make the
underlying graph not 3-connected so it is a contradiction.

Given a graph G we say that H is a minor of G if it can be obtained from
G by contracting edges, removing edges, and/or removing isolated nodes. In
the following sections we work with two particular classes of planar graphs,
outer-planar graphs and series-parallel graphs.

4.2 Outerplanar Graphs

Definition 4.4 (Outerplanar graph). An outerplanar graph is a planar
graph that can be embedded in the plane in such a way that all vertices are
adjacent to the infinite face (that is the exterior face). Equivalently a graph
is outerplanar iff it does not contain a minor isomorphic to K4 or K2,3.

The main result presented in this section is concerned with the counting
problem for labelled outerplanar graphs. The result is divided into two
theorems. First we derive functional equations for our generating functions.
This is done in the first theorem, where we derive a system of functional
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equations relating general outerplanar graphs, connected outerplanar graphs
and 2-connected outerplanar graphs. The general philosophy is to “break
up” a complicated object into its simpler components where one can apply
symbolic methods in a more or less uncomplicated fashion. Then, for each
of our functional equations, we want to determine the dominant singularity
x0 and an asymptotic expansion at x0, applying the transfer theorems then
leads to the results. This is done in the second theorem.

To this end, let bn denote the number of 2-connected outerplanar graphs,
cn denote the number of connected outerplanar graphs, and gn the number of
all outerplanar graphs. Moreover we denote the corresponding exponential
generating functions by

Bpxq “
ÿ

n

bn
n!
xn, Cpxq “

ÿ

n

cn
n!
xn, Gpxq “

ÿ

n

gn
xn

n!

Theorem 4.2. With the above notation the exponential generating functions
for outerplanar graphs satisfy the following functional equations

Gpxq “ eCpxq (64)

C 1pxq “ eB
1pxC1pxqq

B1pxq “ x`
1

2
xApxq (65)

Apxq “
1´ 3x´

?
1´ 6x` x2

4x
(66)

Proof. The first equation is a standard result. It comes from the fact that ev-
ery outerplanar graph can be decomposed into a finite number of connected
outerplanar graphs via its connected components. Thus, an element of the
class of general outerplanar graphs can be represented by a finite sequence of
connected outerplanar graphs. Looking back at the results presented on la-
belled structures in Section 2.2.2 we conclude that their generating functions
are related via the exponential function (64).

The second equation also follows from a standard argument. It reads
as follows: let us denote by c‚n the number of connected rooted outerplanar
graphs on n ` 1 vertices, that is we do not count (nor label) the root. We
note that

c‚n “ cn`1
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where cn`1 is the number of outerplanar graphs on n ` 1 vertices. Indeed,
for any particular outerplanar graph one just has to identify the vertex with
label n` 1 with the root and vice versa.

Thus, the generating function

C 1pxq “
ÿ

ně0

cn`1

n!
xn

can also be interpreted as the generating function of connected rooted outer-
planar graphs. Now, any rooted connected graph can in turn be decomposed
into the root and a finite collection of 2-connected graphs where each ver-
tex corresponds to the root of yet another connected graph. For each edge
adjacent to the root one simply takes the biggest 2-connected component
containing that edge (recall that two vertices connected by an edge are also
2-connected graphs, so we can just take the edge itself together with its adja-
cent vertices if necessary). A schematic example of the described procedure
is illustrated in Figure 6.

B’ B’

xC’

xC’xC’

xC’

Figure 6: Schematic representation of the decomposition of a connected planar
graph into 2-connected and connected components.

By the labelled composition and powerset constructions described in
section 2.2.2 this translates to

C 1pxq “ eB
1pxC1pxqq.

Note that we only want to leave out the root of the original graph, thus
the factor x in B1pxC 1pxqq.

To discuss the last two relations we need to introduce the concept of
dissection. A dissection is an unlabelled 2-connected outerplanar graph on
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“ ` ` . . .

Figure 7: Pictorial decomposition of a dissection. Areas in grey correspond to either
dissection or a single edge.

three or more vertices with a rooted edge on the external face. Equiva-
lently, it is given by the edge-rooted graph of a polygon of any size with
any number of non-crossing internal diagonals. Let us denote by A the class
of dissections, by an the number of dissections on n` 2 vertices (note that
we do not count the vertices of the rooted edge) and as usual we denote its
generating function by

Apxq “
ÿ

nď1

anx
n.

As it turns out dissections have a fairly simple recurrent description. To
see that consider any arbitrary dissection and focus on the (non-external)
face containing the rooted edge. This face can have from three to any
number of adjacent vertices (we need at least three vertices to form a face,
and a single edge is not a dissection). In turn, any of the edges between the
adjacent vertices excluding the rooted edge is either a single edge or it can
be seen as the new rooted edge of another dissection. A pictorial description
can be found on Figure 7.

Then one has,

A “ tεu ˆ pe`Aq2 ` tεu ˆ pe`Aq3 ` tεu ˆ pe`Aq4 ` . . .

where we denote by e a single edge and by ε the class formed by an element
of size 0 corresponding to the rooted edge.

If our generating functions count vertices, by the unlabelled combinato-
rial product and sum operations discussed in Section 2.2.2 one has

Apxq “
ÿ

k“2

xk´1p1`Apxqqk “
xp1`Apxqq2

1´ xp1`Apxqq
.

Notice that each time we add either a dissection or a single edge we
increment the vertex count by one, and when we add the last element “to

72



close the circle” the last vertex is on the original rooted edge, thus we do
not count it. This explains the factor xk´1 in the above equation. Thus, we
obtain

Apxq “ xp1`Apxqq2 ` xp1`ApxqqApxq.

Hence,

Apxq “
1´ 3x´

?
1´ 6x` x2

4x

where we rejected the positive branch since Apxq must be of the form Apxq “
x` 3x2 ` 11x3 ` . . . .

Finally, we turn to equation (65). Note that we can obtain a dissection
from any 2-connected outerplanar graph with at least three vertices. Indeed,
one only needs to do two things: remove the labels and mark an exterior edge
(i.e. mark two vertices). This can be done in the following way, first we mark
any vertex of the 2-connected planar graph as the root. This, as discussed in
the previous chapters, corresponds to differentiating the generating function.
If the original graph was on n`1 labelled vertices, the rooted graph is now on
n labelled vertices. We now remove the n remaining labels, thus reducing
the number of combinatorial elements by n!. Finally, we have to choose
another vertex to obtain the rooted edge, and since we can choose either
the left or the right vertex from the root, we obtain two possible dissections.
These considerations lead to the following relation between the number of
rooted 2-connected graphs and dissections:

2
b‚n
n!
“ an´1.

Recall that in a dissection we do not count the vertices in the rooted edge,
thus a rooted outerplanar graph on n vertices corresponds to a dissection on
n ´ 1 vertices. This relation leads then to the following equation between
generating functions:

B1pxq “ b‚0 ` xb
‚
1 `

x

2
Apxq “ x`

x

2
Apxq.

Theorem 4.3. The numbers bn, cn and gn of 2-connected, connected and
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all labelled outerplanar graphs are asymptotically given by

bn “ bn´5{2p3` 2
?

2qnn!p1`Op1{nqq

cn “ cn´5{2ρnn!p1`Op1{nqq

gn “ gn´5{2ρnn!p1`Op1{nqq

where ρ “ y0e
´B1py0q and y0 satisfies 1 “ y0B

2py0q and b, c and g are positive
computable constants.

Proof. Let us start with the asymptotic behaviour of 2-connected outerpla-
nar graphs. From Theorem 4.2 we know that B1 is explicitly given by

B1pxq “
1` 5x´

?
1´ 6x` x2

8

which can be expressed as

B1pxq “
1` 5x

8
´

a

1´ x{ρ`
8

a

1´ x{ρ (67)

with ρ “ 3 ´ 2
?

2 and ρ` “ 3 ` 2
?

2 ą ρ. Thus B1pxq has a dominant
singularity of square root type at ρ. Note that since we are interested in the
asymptotic behaviour of the coefficients we can forget about the first part
of the summand. Also note that for |x| ă ρ`,

a

1´ x{ρ` is analytic. So
one has as xÑ ρ

B1pxq “ 1´ C
a

1´ x{ρ`Opp1´ x{ρq3{2q

where C “ 1
8

a

1´ ρ{ρ`. By Lemma 3.1 one obtains for Bpxq an asymptotic
expansion of the form

B0 `B2p1´ x{ρq ` ρ
2

3
Cp1´ x{ρq3{2 `Opp1´ x{ρq5{2q

as xÑ ρ and for some constants B0 and B2.
Thus, by Corollary 3.1

rxnsBpxq “ bn´5{2ρ´np1`Op1{nqq (68)

where b “ 2ρ
3Γp´3{2qC and we recall that we are working with e.g.f.

We now turn to connected outerplanar graphs. Notice that the function
ypxq “ xC 1pxq satisfies the functional equation

y “ xeB
1pyq,
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and that xeB
1pyq satisfies the assumptions of Theorem 3.6. The singularities

of y that we denote by x0 may have two sources, either xeB
1pyq becomes sin-

gular, thus x0 “ ρ, or the implicit function theorem ceases to be applicable
inside the disc of convergence |x| ď ρ and thus there is a solution of the
following system of equations:

y “ xeB
1pyq (69)

1 “ xeB
1pyqB2pyq. (70)

The system has a solution with x0 “ y0e
´B1py0q, where y0 is the solution

of 1 “ y0B
2py0q. These are given by y0 “ 0.170769 . . . and x0 “ y0e

´B1py0q “

0.1365937 . . . . Any mathematical software can be used to quickly check these
statements. We have x0 ă ρ, thus by the same theorem we also obtain that
ypxq has the following asymptotic expansion as xÑ x0:

ypxq “ xC 1pxq “ gpxq ´ hpxq
a

1´ x{x0, (71)

where hpx0q “

b

1
pB2py0q2`B3py0qq

and gpx0q “ x0C
1px0q.

Note that, since the Taylor expansion of
a

1´ x{x0 at 0 starts with
1` . . . , in equation (71) we must have a cancelation of the terms h0 and g0.
Thus, we can divide by x and still maintain analyticity of hpxq and gpxq.
Hence,

C 1pxq “ g̃pxq ` h̃pxqp1´ x{ρq1{2, (72)

where now g̃pxq and h̃pxq are simply the previous hpxq and gpxq divided by
x. Equation (72) implies

C 1pxq “ g̃px0q ` h̃px0qp1´ x{x0q
1{2 `Opp1´ x{x0qq.

Hence, again by Lemma 3.1

Cpxq “ Cpx0q ´

ż x0

x
C 1ptqdt “

Cpx0q ´ g̃px0qpx´ x0q ` h̃px0q
2

3
x0p1´

x

x0
q3{2 `Op|x0 ´ x|

2q “

C0 ` C2X
2 ` C2X

3 `OpX4q,

(73)

where we set X “

b

1´ x
x0

.
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Applying now Corollary 3.1, and setting ρ2 “ x0 we get

rxnsCpxq “ cn´5{2ρ´n2 p1`Op
1

n
qq

where c “ 2hpρ2q
3Γp´3{2q “ 0.00491454 . . . (Recall hpρ2q “ h̃pρ2qρ2).

Finally we turn to general outerplanar graphs. Recall that Gpxq “ eCpxq,
thus one has

Gpxq “ eC0p1` C2X
2 ` C3X

3 `OpX4q,

and we have the same type of dominant singularity as in Cpxq up to a
constant.

Applying Corollary 3.1 leads to the asymptotic expansion, where it is
only left to determine C0 “ Cpρq to obtain the constant

g “ eC0c.

In order to determine Cpρq we seek to express Cpxq in terms of known
quantities. We make the following claim.

Claim:

Cpxq “ xC 1pxqp1´ logpxC 1pxqqqq `BpxC 1pxqq (74)

Thus obtaining Cpρq in terms of explicit functions of ρ and y0. In order
to prove (74) we proceed as follows: We set F pxq “ xC 1pxq, then

Cpxq “

ż x

0
F psq{sds “ F pxq logpxq ´

ż x

0
F 1psq logpsqds.

Now we perform the change of variables t “ F psq. We also recall that
the functional inverse of F psq is given by the first equation of (70), thus
s “ te´B

1ptq. Hence,

ż x

0
F 1psq logpsqds “ s

ż F pxq

F p0q
logpte´B

1ptqqdt

“

ż F pxq

0
plog t´B1ptqqdt

“ F pxq logF pxq ´ F pxq ´BpF pxqq

and we obtain the desired result.
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Let us now derive a central limit law for the number of edges. To this
end we introduce the following bivariate generating functions

Bpx, yq “
ÿ

n,m

bn,mx
nym Cpx, yq “

ÿ

n,m

cn,mx
nym Gpx, yq “

ÿ

n,m

gn,mx
nym,

where again B, C and G, refer to 2-connected, connected and general out-
erplanar graphs, and now rxn ymsBpx, yq yields the number of 2-connected
outerplanar graphs with n vertices and m edges. Since the number of edges
is additive, the functional equations stay the same with the exception that
one does not count the rooted edge in dissections. Thus, the above gener-
ating functions satisfy the following system of equations:

Gpx, yq “eCpx,yq

BCpx, yq

Bx
“ exp

ˆ

BB

Bx
px
BCpx, yq

Bx
, yq

˙

BBpx, yq

Bx
“xy `

1

2
xyApx, yq

Apx, yq “xy2 ` 1{2p1`Apx, yqq2 ` xyp1`Apx, yqqApx, yq

“
1´ xy ´ 2xy2 ´

a

1´ 2xy ´ 4xy2 ` x2y2

2xyp1` yq
.

Note that now the dominant singularity of A, seen as a function of x,
with y close to 1 is given by

x “ ρ1pyq “
1

y
p1` 2y ´

a

16y3 ` 16y4

2y2
q,

and when y “ 1 one recovers x0 “ 3 ´ 2
?

2. This is expected since
BxBpx, 1q “ BxBpxq. Let us denote by F px, yq “ xBxCpx, yq, we then obtain

F px, yq “ xeBxBpF px,yq,yq.

Now we apply Theorem 3.8, thus getting a representation for F px, yq of
the form

F px, yq “ g1px, yq ` h1px, yq

ˆ

1´
x

ρ2pyq

˙3{2

,

where ρ2pyq “ x0pyq is given for any y by the solution of the system of
equations
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u “xeBuBpu,yq

1 “xeBuBpu,yqBuuBpu, yq.

Thus, ρ2pyq “ ue´BuBpu,yq and u “ upyq being the solution of

1 “ uBuuBpu, yq

A similar analysis as the one applied to the univariate case yields for
Gpx, yq

Gpx, yq “ g2px, yq ` h2px, yq

ˆ

1´
x

ρ2pyq

˙3{2

.

We note that

EuXn “
rxnsgpx, uq

rxnsgpx, 1q
.

This leads to the following theorem,

Theorem 4.4. Let Xn be a random variable denoting the number of edges
of a random outerplanar graph on n vertices. Then, Xn follows a Gaussian
limit law with mean and variance

EXn “ nµp1`Op1qq

VarXn “ nσ2p1`Op1qq

where µ “ ρ1p1q
ρp1q and σ2 “ ´

ρ2p1q
ρp1q ´

ρ1p1q
ρp1q `

`ρ1p1q
ρp1q

˘2
.

Proof. Apply Theorem 3.12.

4.3 Series-parallel Graphs

Definition 4.5 (Series-parallel graph). A graph is series-parallel if it does
not contain the complete graph K4 as a minor.

Since K3,3 and K5 both contain K4 as a minor, series-parallel graphs are
planar by Kuratowski’s theorem. Series-parallel graphs are obtained from
a sequence of successive parallel extensions and series extensions applied to
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a tree. In a series extension an edge is replaced by a chain of vertices of
finite length. In a parallel extension an edge is replaced by a multiple edge.
Since we are only interested in simple graphs we want the end result of this
procedure to have no multiple edges.

Thus, the basic building block of any series parallel graph is a series-
parallel extension of a single edge. This objects are called networks, and
the vertices corresponding to the original edge are called poles. Understand-
ing networks is important to understand the recursive relations that define
series-parallel graphs. Note also that a series parallel extension does not cre-
ate new connections between the original vertices, thus properties regarding
connectivity (connectedness or 2-connectedness) remain unchanged.

If the first extension done on a single edge is a parallel extension, the
network admits a parallel-decomposition in the form of “parallel” networks
resulting from the subsequent extensions done on the new edges. On the
other hand, if the first extension conducted is a series extension, the network
admits a series decomposition in the form of the new networks resulting from
subsequent extensions done on the chain of vertices. We will call these types
of networks p-networks and s-networks respectively.

The arguments for counting series-parallel graphs mimic the type of ar-
guments used to count outerplanar graphs. Although in the present case
we need to make use of generating functions that also count edges. This
is due to the descriptive relation between series-parallel networks with non-
adjacent poles and 2-connected series parallel graphs. Thus, we introduce
the following bivariate generating functions for general series-parallel graphs,
connected series-parallel graphs and 2-connected series-parallel graphs.

Gpx, yq “
ÿ

n,m

xn{n!ym, Cpx, yq “
ÿ

n,m

xn{n!ym, Bpx, yq “
ÿ

n,m

xn{n!ym,

where the variable x counts vertices and the variable y counts edges. Thus
rxn ymsCpx, yq, for example, gives the number of connected series-parallel
graphs on n vertices and m edges. Note that since only the vertices are
labelled we do not use an EGF for y.

Theorem 4.5. Let bn,m denote the number of 2-connected series-parallel
graphs, cn,m the number of connected series-parallel graphs and gn.m the
number of all series-parallel graphs with n vertices and m edges. Further-
more, let us follow the notation introduced above for the generating functions
of connected, 2-connected and general series-parallel graphs. Then, these
functions are determined by the following system of equations:
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Gpx, yq “eCpx,yq (75)

BCpx, yq

Bx
“ expp

BB

Bx
px
BCpx, yq

Bx
, yqq (76)

BBpx, yq

By
“
x2

2

1`Dpx, yq

1` y
“
x2

2
eSpx,yq (77)

Dpx, yq “p1` yqeSpx,yq ´ 1 (78)

Spx, yq “pDpx, yq ´ Spx, yqqxDpx, yq (79)

Proof. The first two equations (75) and (76) are now obvious, they follow
the same reasoning we used in the case of outerplanar graphs.

For the third equation we denote by

Dpx, yq “
ÿ

n,m

dn,mx
nym

the exponential generating function of all networks on n` 2 vertices and m
edges; we do not count nor label the poles. Let us denote by Spx, yq and
P px, yq the egf of s-networks and p-networks respectively. The relation

D “ S ` P ` y (80)

follows naturally. That is, to obtain a network one can either do first series-
extension, do first a parallel-extension on a single edge with subsequent
arbitrary extensions, or no extensions at all thus adding the y for a single
edge. We also note that the series-decomposition of an s-network is unique
if we limit ourselves to elements that admit a parallel-decomposition, thus
p-networks, and single edges. This uniqueness is also present on p-networks
if we limit the parallel decomposition to either s-networks or single edges.

These considerations lead us to the relation

Spx, yq “ xpP ` yq2 ` x2pP ` yq3 ` ¨ ¨ ¨ “
xpP ` yq2

1´ xpP ` yq
.

Note that the series extension(s) done before the first parallel extension
on an s-network results in a chain of 3, 4, 5, . . . vertices (including the poles).
Between the vertices there is either a single edge or a p-network, thus the
pP ` yqk unit. Since neither in P nor in y we are counting the poles there
is a factor xk´1 that accounts for the missing vertices. On the other hand
for p-networks one obtains
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P px, yq “ peSpx,yq ´ 1´ Spx, yqq ` ypeSpx,yq ´ 1q,

where the first term of the sum refers to the unique parallel-decomposition
into s-networks, thus PsetpSq. From this power set one must subtract the
case of an object of size 0 and the case of a single s-network since none of
those are p-networks. This explains the term ´1 ´ S. The second term of
the sum refers to the case when the poles are connected by an extra single
edge. Recall that we are dealing with simple graphs so this exhausts all
possibilities. Combining these equations with (80) leads to

Dpx, yq “ p1` yqeSpx,yq ´ 1.

Note that the resulting equation makes perfect sense since a connected
network is either an s-network or a parallel-composition of s-networks. If
the poles are connected by and edge we have to account for a factor y.

Finally, we turn to the relation

BBpx, yq

By
“
x2

2
eSpx,yq “

x2

2

1`Dpx, yq

1` y
.

This is easily explained by noticing that a series-parallel network with
non-adjacent poles can be obtained from a 2-connected graph by selecting,
orienting and then deleting an edge of said graph. The orientation explains
the factor 1{2, differentiating with respect to y accounts for the marking
and deleting of an edge. Note that this time we leave the term 1 in eS to
account for the 2-connected edge-rooted graph that is only a single edge and
has EGF x2. Simple manipulations using previous results lead to the second
equality.

Theorem 4.6. The numbers bn, cn and gn of 2-connected, connected and
all series-parallel graphs are asymptotically given by

bn “ bn´5{2ρn1n!p1`Op
1

n
qq

cn “ cn´5{2ρn2n!p1`Op
1

n
qq

gn “ gn´5{2ρn2n!p1`Op
1

n
qq

where ρ1, ρ2 and b, c, g are positive computable constants.
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Proof. The main idea of the proof is to find the dominant singularity of
each generating function to then apply the transfer theorems. This can be
done analogously as in the proof of Theorem 4.6. We shall omit some of the
details.

We first note from the equations (78) and (79), that D satisfies the
equation

D “ p1` yqe
xD2

1`xD ´ 1 “ F px,D, yq

Thus, we can apply Theorem 3.8 and we get

Dpx, yq “ gpx, yq ´ hpx, yq

c

1´
x

ρpyq
(81)

where ρp1q “ 0.12800 . . . . The value of ρp1q is obtained by solving the
system of equations d “ F px, d, 1q , 1 “ Fdpx, d, 1q.

Since we have D “ p1` yqeS ´ 1 and ByB “
x2

2 e
S , S and ByB also have

a singular expansion of the form (81). That is,

ByBpx, yq “ g1px, yq ´ h1px, yq

c

1´
x

ρpyq
.

To apply Lemma 3.1 one needs ρ1p1q ‰ 0 1.
We obtain a local expansion for B of the form

Bpx, yq “ g2px, yq ` h2px, yqp1´
x

ρpyq
q3{2.

From here we can easily derive a singular expression for BxB, this in turn
will give us the singular expansion of BxC:

BxBpx, yq “ g3px, yq ´ h3px, yq

c

1´
x

ρpyq
.

Setting y “ 1 and applying Corollary 3.1 we obtain the desired result.
Lastly, the function vpx, yq “ xC 1px, yq satisfies the functional equation

vpx, yq “ xeBxBpvpx,yq,yq.

Again we find ourselves in a similar situation as the previous theorem.
We can apply Theorem 3.8, and solve the equations

1ρ1p1q ‰ 0 can be checked through implicit differentiation of the system of equations
d “ F px, d, yq , 1 “ Fdpx, d, yq coupled with numerical methods.
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v0 “xe
BxBpv0,1q,

1 “v0 B
2
xBpv0, 1q.

We find v0 “ 0.1279695 ¨ ¨ ¨ ă ρp1q. So the function vpx, yq “ xC 1px, yq
has a local representation of the form

xC 1px, yq “ g4px, yq ´ h4px, yq

c

1´
x

ρ2pyq

with ρ2p1q “ v0e
´B1pv0q. Thus we obtain the corresponding expansion for

Cpxq:

Cpx, yq “ g5px, yq ` h5px, yqp1´
x

ρ2pyq
q3{2 (82)

and consequently,

Gpx, yq “ eCpx,yq “ g6px, yq ` h6px, yqp1´
x

ρ2pyq
q3{2.

Setting y “ 1, the asymptotic behaviour of the coefficients follows.

We can also derive a Gaussian limit law for the number of edges, let Xn

denote the number of edges of a random series-parallel graph of size n, as
before we have

EuXm “
rxnsgpx, uq

rxnsgpx, 1q
.

Corollary 4.1. Let Xn be a random variable denoting the number of edges
of a random outerplanar graph on n vertices. Then, Xn follows a Gaussian
limit law with mean and variance

EXn “ nµp1`Op1qq,

VarXn “ nσ2p1`Op1qq

where µ “
ρ12p1q
ρ2p1q

and σ2 “ ´
ρ22p1q
ρ2p1q

´
ρ12p1q
ρp1q2

`
`ρ12p1q
ρ2p1q

˘2
.

Proof. Again this follows immediately from Theorem 3.12.
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5 The Counting Problem for Planar Graphs

A brief historical note: The results presented in this section are due to
numerous mathematicians. The proof relies on deriving a set of relations
between 3-connected graphs, networks (planar graphs with two special ver-
tices, called poles), 2-connected planar graphs and connected planar graphs.
By Whitney’s Theorem, 3-connected planar graphs have a unique embed-
ding in the plane. Thus, the study of 3-connected graphs can be reduced
to the study of 3-connected maps. On a graph, symmetries are broken via
labelling of the vertices, on plane embedded graphs (maps) symmetries are
broken via Tutte rootings. It is sufficient to select an edge, direct it and
choose a side of the edge (think of it as defining cardinal directions on an
actual geographical map). Hence, if g3pn, qq is the number of 3-connected
planar graphs on n vertices and q edges, and m3pn, qq is the number of
3-connected planar maps on n vertices and q edges one has

n!m3pn, qq “ 4q g3pn, qq.

Mullin & Schellenberg [12], derived a bijection between Tutte-rooted 2-
connected maps (referred to as c-nets) and Tutte-rooted quadrangulations
(bipartite graphs such that each face has four vertices). Furthermore, the au-
thors also obtain a bijection between 3-connected maps and what is known
as simple quadrangulations. The counting problem for simple and gen-
eral quadrangulations is explicitly solved, but most importantly for us, a
functional equation for the generating function Q˚px, yq “

ř

i,jě0 qijx
iyj of

simple quadrangulations on i ` 1 black vertices and j ` 1 white vertices is
obtained. This, as we will see, directly translates to a functional equation
for 3-connected planar maps on i vertices and i ` j edges. In this text we
follow the arguments presented by Drmota in [3]. The main differences be-
ing that we what call rooted 3-connected maps is referred as c-nets in [12]
and that we opt to root and direct an edge on the external face instead of
Tutte-rooting an arbitrary edge.

The next step on our mathematical journey is due to Walsh. If one joins
the poles of a network with an extra edge, one obtains a 2-connected graph.
Thus, the relation between 2-connected graphs and networks becomes (al-
most) straightforward. Namely, we shall show

ByBpx, yq “
x2

2

1`Dpx, yq

1` y
, (83)

where Bpx, yq and Dpx, yq are the generating functions counting respec-
tively 2-connected graphs and networks by number of vertices and edges.
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The arguments of Walsh presented in [16] derive a functional equation re-
lating networks and 3-connected planar maps. The proof is based on decom-
posing a 3-connected planar map into its 3-connected “components” called
h-networks and its 2-connected components referred as p-networks and s-
networks. These results are then picked up by Bender, Gao & Wormald
in [11], where the authors enumerate the number of networks, as well as
the number of two connected planar graphs. Singular expansions for both
generating functions are obtained.

Finally, Gimenez & Noy in [9] build upon the work of Bender et al. to
obtain results for general planar graphs. In the same note the authors derive
various results for general planar graphs, in this text we restricted ourselves
to presenting those that we found most relevant, namely Theorem 5.3, The-
orem 5.4 and Theorem 5.5. These deal respectively with the enumeration
problem, edge distribution, and number of connected components of planar
graphs.

5.1 Quadrangulations

In the subsequent section we study quadrangulations, that is, planar graphs
where each face has valency four. The study of quadrangulations is closely
related to the study of 3-connected graphs, and thus, to solving the counting
problem for general planar graphs. As we stated, there is a bijection between
quadrangulations and 2-connected planar maps. Moreover one can restrict
this bijection to the so-called simple quadrangulations, where one can define a
one-to-one map onto 3-connected maps. By Whitney’s theorem we can then
extend the results obtained on simple quadrangulations (i.e. 3-connected
planar maps) to 3-connected planar graphs. In the subsequent sections,
results on 3-connected planar graphs shall be the starting point of solving
the counting problem for general planar graphs.

Definition 5.1. An unlabelled planar map with at least two faces is said
to be a quadrangulation if each face, including the external face, has valency
4. That is, each face has four adjacent vertices.

We say that a quadrangulation has a diagonal if there is a path of length
2 joining opposite (non-adjacent) vertices of the external face. Moreover, a
quadrangulation is said to be simple if it has no diagonals, if any cycle of
length four defines a face, and if it is not the trivial quadrangulation, that
is, it is not a simple square with four vertices.

Definition 5.2 (Dual map). Let M be a plane embedded graph (or map).
The dual map of M , denoted by M˚, is defined as the graph that has a
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vertex for each face of M and has an edge joining its vertices whenever the
corresponding faces of M are separated from each other by an edge. The
map M˚ has a self-loop when the same face appears on both sides of an
edge.

Figure 8: A planar map (in black), and its dual (in red).

We stress that henceforth, maps do not need to be simple, that is, double
edges are allowed. There is indeed a bijective relation between quadrangu-
lations and 2-connected maps. Let us start with a 2-connected map M . We
can obtain a quadrangulation Q through the subsequent procedure. Let M˚

be the dual map of M . The vertices of Q are all vertices of M and M˚

together. We connect v PM with v˚ PM˚ by an edge in Q if v is contained
on the boundary of the face corresponding to v˚. This defines the edges on
Q. Note that we only connect vertices M to vertices in M˚, thus we obtain
a bipartite graph. We assume the vertices corresponding to M to be black
and the vertices corresponding to M˚ to be white. To see that Q is indeed
a quandrangulation, note that since M is 2-connected, each edge of M has
two adjacent faces, these faces become vertices of M˚ and together with
the original vertices of M form a face on Q of valency four. Note that to
reverse this process, so it becomes a bijection, we need a way to distinguish
the original vertices on M and the original vertices of M˚. This is done
by marking and directing an edge on the external face of M . We assume
the rooted edge to be directed clockwise, the directed edge then becomes a
directed edge on the external face of the quadrangulation. We fix the tail of
the root edge to remain unchanged once the process is complete. Hence, the
tail of the rooted edge of a quadrangulation lets us distinguish the original
vertices of M . Figure 9 exemplifies this procedure.

Furthermore, the above described procedure yields a simple quadrangu-
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(a) Initial 2-connected map

(b) Resulting quadrangulation

Figure 9: Concrete example of the process defining the bijection.

lation, if and only if the original map is simple and 3-connected. The proof
relies on assuming that the corresponding quadrangulation to a 3-connected
map is not a simple quadrangulation. Let us denote the quadrangulation by
Q and the corresponding map by M . Since Q is not a simple quadrangula-
tion, one is able to find a diagonal or cycle of length 4 not corresponding to
a face. Suppose we find a cycle of length 4 that is not a face. By the above
correspondence, this “non-face” is a submap of M that is only connected
to it by two vertices. Thus, contradicting the fact that M is 3-connected.
Suppose then all cycles of length four define a face. If one can find a diag-
onal, say a diagonal connecting two black vertices, the cycle of length four
containing the diagonal and one of the external white vertices needs to be
“empty” inside. This configuration is only possible by using double edges.
The original arguments can be found in [12, Section 5] although the notation
and definitions vary slightly to what we have presented.

We move to enumerate quadrangulations via 2-connected planar maps.
Let us denote by F px, y, wq the generating function of edge-rooted 2-connected
maps with i` 1 vertices j ` 1 faces, the rooted edge is in the external face,
and the degree of the first vertex on the rooted edge has degree k. Since
there is a bijection between externally edge-rooted 2-connected maps and
quadrangulations, this generating function can be seen to count edge-rooted
quadrangulations such that the rooted edge is directed and on the external
face, with i` 1 black vertices j ` 1 white vertices, and with the first vertex
on the rooted edge being of degree k.
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Lemma 5.1. The generating function

F px, y, wq “
ÿ

i,j,k

fi,j,kx
iyjwk

is given by

F px, y, wq “
´1

2w

`

1´ p1` v ´ u` uv ´ 2v2uqw ` vp1´ uq2w2
˘

`
1

2w

`

1´ p1´ uqw
a

1´ 2vp1` u` 2uvqw ` v2p1´ uq2w2
˘

,

where u “ upx, yq and v “ vpx, yq are determined by the system

x “ up1´ vq2,

y “ vp1´ uq2.

Proof. Let us first introduce the generating function counting 2-connected
edge-rooted maps whose external face has fixed valency m with i edges and
j ` 1 faces

wmpx, yq “
8
ÿ

i,j

wi,j,mx
iyj

where wi,j,m denotes the number of 2-connected edge-rooted maps whose
external face has valency m with i edges and j ` 1 faces.

Furthermore, we define wpx, y, wq as

wpx, y, zq “
ÿ

m

wmpx, yqz
m “

8
ÿ

i,j,m

wi,j,mx
iyjzm.

So wpx, y, zq “
ř

i,j,mwi,j,mx
iyjzm is the generating function of 2-connected

edge-rooted maps, with i edges, j`1 faces, and with the external face having
valency m. We will first derive an explicit expression for this function, then
we make use of the dual map to obtain a generating function that counts the
degree of the root vertex instead of the valency of the external face. This
will yield the result.

Let us first derive a functional equation for wpx, y, zq. We consider an
arbitrary edge-rooted 2-connected map such that the rooted edge is on the
external face. The rooted edge is adjacent to the external face, which we can
denote by e, and another face, which we can denote by f . If we delete the
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rooted edge then, depending on how many vertices e and f share, we create
between 0 up to the valency of the external face minus 2 cut vertices in the
graph. Suppose that we obtain exactly k cut vertices. This is exemplified
in Figure 10 below, the cut vertices are labelled a1 . . . ak.

f

e
a1

a2

a3

ak´1ak

Figure 10: Decomposition of an edge-rooted 2-connected planar map with k cut
vertices.

From this decomposition one obtains the relation

wpx, y, zq “ xyz
ÿ

kě0

`

ÿ

mě2

wmpx, yqpz ` z
2 ` ¨ ¨ ¨ ` zm´1q ` xz

˘k`1
(84)

If we look at Figure 10 the inner sum corresponds to each of the 2-
connected components between cut vertices, that is, the shaded areas in
gray. Each 2-connected component with m vertices adjacent to its external
face will contribute at least with one vertex to the valency of e. However,
depending on where we attach the next 2-connected component it can con-
tribute up to m ´ 1. Of course we also need to take into account when
there is only a single edge between cut vertices. This explains the term
ř

mwmpz ` z
2 ` ¨ ¨ ¨ ` zm´1q ` xz, this is to the power of k ` 1 since k cut

vertices yield k ` 1 2-connected components. Finally, we must sum over k
to cover all the cases and add the term xyz outside the parenthesis which
takes care of the external face, the rooted edge that we deleted, and one of
its vertices adjacent to e that we have not counted.

Equation (84) can be rewritten as

w “ xyz

ř

mě2wmpx, yqpz ` z
2 ` . . . zm´1q ` xz

1´
ř

mě2wmpx, yqpz ` z
2 ` . . . zm´1q ` xz

. (85)
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Note that
z ` z2 ` ¨ ¨ ¨ ` zm´1 “

z

1´ z
´

ÿ

kěm

zk.

Thus,

ÿ

mě2

wmpx, yqpz ` z
2 ` ¨ ¨ ¨ ` zm´1q “

1

1´ z
pzwpx, y, 1q ´ wpx, y, zqq,

which when substituted into (85) leads to

wpx, y, zq2 ` pp1´ zqp1´ xzqq ` xyz ´ zwpx, y, 1qwpx, y, zq

´xz2ypxp1´ zq ` wpx, y, 1qq “ 0.
(86)

Let us now consider the generating function hpx, y, wq “
ř8
i,j,m hijmx

iyjwm

which counts the number of edge-rooted 2-connected planar maps with i`1
vertices, j` 1 faces, and such that the external face has valency m. Recall
that wijk counts the number of 2-connected maps with i edges, j ` 1 faces
and an external face of valency k. By Euler’s formula we have

hi,j,m “ wi`j,j,m.

Hence,

hpx, y, zq “
8
ÿ

i,j,m

hi,j,mx
iyjzm “ wpx, y{x, zq.

From (86) it follows that hpx, y, wq satisfies the following functional equa-
tion:

hpx, y, zq2 `
`

p1´ zqp1´ xzq ` yz ´ zhpx, y, 1q
˘

hpx, y, zq

´yz2pxp1´ zq ` hpx, y, 1qq “ 0.
(87)

This can be rewritten as

p1´ zqp1´ xzqhpx, y, zq “ ´ h2px, y, zq ` r´yz ` zhpx, y, 1qs

¨ hpx, y, zq ` yz2rxp1´ zq ` hpx, y, 1qs.
(88)

Let us now define the functions hjpx, zq as the formal power series
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hjpx, zq “
8
ÿ

i“1

8
ÿ

m“2

hi,j,mx
izm

so that

hpx, y, zq “
8
ÿ

j“1

hjpx, zqy
j .

Note that from (88) one can derive a recurrence relation for the functions
hjpx, zq by equating powers of yj , that is if we know hqpx, zq for q “ 0 up to
q “ j we can find hj`1px, zq. Furthermore, h0px, zq “ hpx, 0, zq “ 0 follows
from the definition of h. Thus, any analytic solution f of (88) that satisfies
fpx, 0, zq “ 0 must coincide with h.

We are then looking for a solution pair tσpx, y, zq, τpx, yqu that satisfies

p1´ zqp1´ xzqσpx, y, zq “ ´σ2px, y, zq ` r´yz ` zτpx, yqsσpx, y, zq

`yz2rxp1´ zq ` τpx, yqs
(89)

and

σpx, y, 1q is well defined and equal to τpx, yq.

Note that for any function τpx, yq, σpx, y, zq can be derived by solving
the quadratic equation (89). We take τ to be

τpx, yq “ uvp1´ u´ vq

where u and v satisfy

x “ up1´ vq2,

y “ vp1´ uq2.

Thus, we have

σpx, y, zq “
´1

2
p1´ p1` u´ v ` uv ´ 2u2vqz ` up1´ vq2z2q

`
1

2
p1´ p1´ vqzq

a

1´ 2up1` v ` 2uvqz ` u2p1´ vq2z2q
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as a solution of (88), by the above argument this solution is unique and we
have σpx, y, zq “ hpx, y, zq. A complete argument can be found in [15].

Note that we derived an expression for the generating function hpx, y, zq
counting 2-connected maps with i` 1 vertices j ` 1 faces and external face
of valency m. We want derive an expression for F px, y, wq, which is the
generating function of 2-connected maps with i` 1 vertices, j ` 1 faces and
such that the first vertex on the rooted edge is of degree m`1. To this end we
can make use of the dual map. In this setting faces become vertices, vertices
become faces and the valency of the external face becomes the degree of the
first vertex on the rooted edge, thus the root vertex. Hence,

hpx, y, zq “ zF py, x, zq

We now turn to counting simple quadrangulations or, equivalently,
3-connected planar maps. We set the generating function

Qpx, y, wq “
ÿ

i,j,k

qi,j,kx
iyjwk

to be the generating function of simple quadrangulations with i`1 black
vertices and j ` 1 white vertices, where the first vertex of the root edge has
degree k ` 1. Note that qijk is thus also the number of 3-connected graphs
with i` 1 vertices, j ` 1 faces and degree of the root vertex k ` 1.

Lemma 5.2. The generating function

Qpx, y, wq “
ÿ

i,j,k

qi,j,kx
iyjwk

of simple quadrangulations with i`1 black vertices and j`1 white vertices
where the first vertex of the root edge has degree k is given by

Qpx, y, wq “ xyw
` 1

1` x
`

1

1` wy
´ 1

˘

´
rs

p1` r ` sq3

´w1pr, s, wq ` pr ´ w ` 1q
a

w2pr, s, wq

2ps` 1q2psw ` r2 ` 2r ` 1q

(90)

where w1 and w2 are polynomials given by
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w1px, r, sq “ ´ rsw
2 ` wp1` 4s3rs2 ` 5s2 ` r2 ` 2r ` 2s3

` 3r2s` 7rsq ` pr ` 1q2pr ` 2s` 1` s2q
(91)

and

w2px, r, sq “r
2s2w2 ´ 2wrsp2r2s` 6rs` 2s3 ` 3rs2 ` 5s2 ` r2

` 2r ` 4s` 1q ` pr ` 1q2pr ` 2s` 1` s2q2,
(92)

and rpx, yq and spx, yq are determined by the following system of equa-
tions:

r “ xps` 1q2,

s “ ypr ` 1q2.

Proof. Let F px, y, wq “
ř

ijk fijkx
iyjwk be the generating function discussed

in Lemma 5.1, however in this context we want to see it as the generating
function of edge-rooted quadrangulations with i ` 1 white vertices, j ` 1
black vertices and the first vertex of the rooted edge having degree k ` 1.
We recall that a simple quadrangulation is a quadrangulation such that it
has no diagonal, each cycle of length 4 defines a face and it is not the trivial
quadrangulation. In order to diferentiate between simple and non-simple
quadrangulations, we shall divide the quadrangulations between those con-
taining a diagonal and those containing no diagonal. Following we shall also
distinguish two types of diagonals. We call a diagonal white if it joins two
white vertices, on the other hand we call a diagonal black if it joins two
black vertices.

With this is mind, let FW be the generating function of edge-rooted
quadrangulations containing at least one white diagonal, FB the generating
function of edge-rooted quadrangulations containing at least one black diag-
onal incident to the root vertex, that is, the first vertex on the rooted edge
(note that the rooted edge is always on the external face, thus any black
diagonal must contain the root vertex), and FN the generating function of
quadrangulations with no diagonal. Note that the exterior face has two plus
two alternating black and white vertices. By planarity we can only have
either a black diagonal or a white diagonal. Hence we deduce the relation:

F “ FW ` FB ` FN . (93)
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Figure 11: Schematic representation of a quadrangulation with multiple white di-
agonals

Furthermore, it is not hard to see that any quadrangulation with a diag-
onal can be decomposed into two quadrangulations, one of which lies on the
left side of the diagonal, while the other one lies on the right side. Indeed,
when “breaking” the quadrangulation into two, we are doing little more
than rearranging the external face. If one has, say, a white diagonal, we
have one of the two black external vertices on each side of the split, when
dividing the quadrangulation we recover the black vertex we lost on one side
of the external face from the internal path that now becomes part of the
newly formed external face. Also note that the split is always done in two
clean 2-connected blocks, we do not “split” any edge since the two black
vertices are not connected and by planarity the diagonal perfectly divides
the quadrangulation into different blocks. Figure 11 shows a representation
of a quadrangulation with white diagonals.

As we see shortly, this leads to the following equations for FW and FB:

FW px, y, wq “
`

FBpx, y, wq ` FN px, y, wq
˘

p
F px, y, 1q

y
q,

FBpx, y, wq “
`

FW px, y, wq ` FN px, y, wq
˘

p
F px, y, wq

x
q.

The equations are obtained as follows: suppose we have at least one white
diagonal (respectively black). If we have more than one diagonal (note that
all diagonals must be between the same vertices) we take as a division the
left-most diagonal. Since the division diagonal becomes part of the external
face, on the left side of the split there are no internal 2-paths connecting the
two external vertices. Thus, there cannot be a white diagonal (respectively
black), which explains the term pFB ` FN q (respectively pFW ` FN q). The
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second factor corresponds to the quadrangulation to the right of the split.
Note that the factor dividing x (resp. y) appears since we have to discount
one of the vertices corresponding to the color in the division diagonal that
occurs twice. Indeed on the right hand side we are double-counting three
vertices but then discounting one of each color by definition of the generating
function (recall it was defined on i ` 1 and j ` 1 vertices), so one has to
discount only the vertex of the colour that occurs twice in the diagonal. Also
note that in the white case we have no contributors to the degree of the root
(we can just choose the root vertex to stay on the left side of the split).

To simplify notation we write F “ F px, y, wq and F p1q “ F px, y, 1q.
From the previous equation and equation (93) we obtain

F “pFN ` FBqp1`
F

x
q,

F “pFN ` FW qp1`
F p1q

y
q,

so that,

F ` FN “ F p
1

1` F
x

`
1

1` F p1q
y

q.

Thus,

FN “ F
`

p
1

1` F
x

`
1

1` F p1q
y

q ´ 1
˘

. (94)

We have obtained an expression for quadrangulations that contain no
diagonals. If we can refine this to simple quadrangulations, that is quad-
rangulations where each cycle of length four defines a face, we will obtain
the result. It is clear that any quadrangulation with no diagonals Q can be
decomposed into a simple quadrangulation Q̂ and up to as many quadran-
gulations as Q̂ has faces, excluding the external face. We simply substitute
any face f of Q̂ with the necessary quadrangulation q to obtain again Q.
This is done by identifying the vertices of f with the vertices of q. Thus,
one obtains the following relation
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FN px, y, wq ´ xyw “
ÿ

i,j,k

qi,j,kx
iyj

` F

xy

˘k`F p1q

xy

˘i`j´1´k

“
ÿ

i,j,k

xy

F p1q

`F p1q

y

˘i`F p1q

x

˘j` F

F p1q

˘k

“
xy

F p1q
Q
`F p1q

y
,
F p1q

x
,
F

F p1q

˘

(95)

where we used the notation Qpx, y, wq “
ř

ijk qijkx
iyjzk and the fact that

a simple quadrangulation, counted by qi,j,k has i ` j ` 2 vertices, i ` j ´ 1
internal faces, and k of them are incident to the root vertex. Indeed note
that for each face we want to add to a simple quadrangulation we are forced
to add one white vertex and a black vertex. We must “expand” on the
exterior face since each cycle of length four must define a face.

Using the change of variables X “ F p1q{y, Y “ F p1q{x and W “

F {F p1q, we can rewrite equations (94) and (95) to

QpX,Y,W q “ XYW p
1

1`WY
`

1

1`X
´ 1q ´ F p1qw. (96)

Note that this is almost an explicit expression for QpX,Y,W q! We just
need to get rid of the term F p1qw.

Recall that F p1q “ F px, y, 1q “ uvp1´ u´ vq. Let us substitute

R “
u

1´ u´ v
, S “

v

1´ u´ v
.

Then we have

1`R` S “
1

1´ u´ v

and

F p1q “
RS

p1`R` Sq3
(97)

where R “ RpX,Y q and SpX,Y q are defined by

R “ XpS ` 1q2, S “ Y pR` 1q2. (98)

So now, we are only left to obtain an expression for w in terms of X,Y,W .
Recall that in Lemma 5.1, we obtained hpx, y, wq “ wF px, y, wq. Thus, by
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looking at equation (87), we see that F and F p1q must satisfy the following
equation:

p1´wqp1´ywqwF ´w2F 2`p´xw`wF p1qqwF `xw2pyp1´wq`F p1qq “ 0.

By dividing both sides by F p1q2, and rewriting in terms X “ F p1q{y
Y “ F p1q{x and W “ F {F p1q, one obtains

p1´ wqp
1

F p1q
´
w

X
qwW “ ´w2W 2 ` p1´

1

Y
qw2W `

w2

Y
p

1

X
p1´ wq ` 1q “ 0,

which by multiplying everything in and rearranging terms leads to the fol-
lowing quadratic equation for w:

w2pF p1qW ´ F p1qq ` w
“

F p1qp´YW `XYW 2 `XYW ´XW ` 1`Xq

´XYW
‰

´XYW “ 0.

So we can solve for w. In order to obtain an expression of the form
wpR,S,W q, note that, from equation (97) one has

X “
R

pS ` 1q2
, Y “

S

pR` 1q2
.

t This, together with equation (97), finally leads to

w “
´w1pR,S,W q ` pR´W ` 1q

a

w2pR,S,W q

2pS ` 1q2pSW `R2 ` 2R` 1qq
(99)

where w1 and w2 are the polynomials defined by equations (91) and (92)
respectively. Finally, putting equations (96), (97) and (99) together we
obtain the result.

Corollary 5.1. Let Mpx, yq “
ř

i,jmijx
iyj be the generating function of

edge-rooted 3-connected planar maps with i vertices and j edges and the root
edge on the external face.

Mpx, yq “ x2y2

ˆ

1

1` xy
`

1

1` y
´ 1´

p1` Upx, yqq2p1` V px, yqq2q
`

1` Upx, yq ` V px, yq
˘3

˙

where

Upx, yq “xyp1` V px, yqq2

V px, yq “yp1` Upx, yqq2
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Proof. Simple quadrangulations correspond to edge-rooted 3-connected maps.
Also note that from (90) follows

Qpx, y, 1q “ xy

ˆ

1

1` x
`

1

1` y
´ 1

˙

´
rs

p1` r ` sq3

where r and s satisfy

r “xps` 1q2,

s “ypr ` 1q2.

By Euler’s formula and the definition ofQ we haveMpx, yq “ xQpxy, y, 1q.
The result follows.

5.2 Planar Graphs

5.2.1 Obtaining Functional Equations

We finally turn to the counting problem for planar graphs. As usual we
denote by Bpx, yq, Cpx, yq, Gpx, yq the corresponding bivariate generating
functions counting 2-connected, connected and general planar graphs. The
exponent of x counts vertices and the exponent of y counts edges. Since we
are counting labelled structures the generating function is exponential with
regard to x and B, C and G are of the form

Cpx, yq “
ÿ

ij

cij
xi

i!
yj , Bpx, yq “

ÿ

ij

bij
xi

i!
yj , Gpx, yq “

ÿ

ij

gij
xi

i!
yj .

In order to derive asymptotic estimates for the number of planar graphs
we intend to follow the same schema we have employed in the last two
sections. First one must deduce the functional equations that relate B, C,
G to other combinatorial objects that are easier to treat or that we have
already treated, such as 3-connected maps. To this end we make use of
the concept of planar networks, a class of planar graphs that extends the
concept of series-parallel networks introduced in the last section.

Definition 5.3. A network is a planar graph with two distinguished ver-
tices, the poles, such that the (maybe multi-)graph that results from joining
the poles with an extra edge is 2-connected. Following convention we label
the poles 0 and 8.
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(a) s-network with 4
vertices.

(b) p-network with 4
vertices

(c) h-network with 4
vertices

Another important concept is that of superposition with core M and
components X.

Definition 5.4. Let M be a network with directed edges, and let X be a
set of simple networks indexed by the edges of M . Then we can construct
the superposition with core M and components X, denoted by MpXq by
replacing the edges e of M by the networks Ne in X and indentifying the
poles of each Ne with the vertices joined by e. This construction is called
superposition with core M and components Ne.

Note that MpXq is again a network. Trahktenbrot’s theorem, Theorem
5.1 stated below, shows that networks can be classified in one of the following
three classes.

Definition 5.5. We say that a network N is an h-network if it can be
represented by a superposition with core M and components X for some
network M and some appropriate indexed set of networks X. Moreover,
M must have the property that if one joins the poles by an extra edge the
resulting graph is 3-connected and has at least 4 vertices. On the other hand
we say that N is a p-network if it admits a parallel decomposition. Finally,
we say that N is an s-network if it admits a series decomposition.

Theorem 5.1 (Trakthenbrot’s canonical decomposition theorem for two
terminal networks). Any network with at least two edges belongs to exactly
one of the following classes: h-networks, p-networks or s-networks. Further-
more, any h-network has a unique decomposition of the form N “ MpXq,
and any p-network (respectively s-network) can be uniquely decomposed into
components which are not themselves p-networks (resp. s-networks). Unique-
ness is up to orientation of the edges of the core.

Proof. A proof can be found in [13, p.27, Theorem 3.1.].

In the following pages we concern ourselves with deriving functional
equations for Gpx, yq, Cpx, yq, Bpx, yq. We start by studying a quite nat-
ural relation between 2-connected graphs and networks. Let Kpx, yq “
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ř

n,m
kn,m
n! x

nym be the generating function of labelled planar networks on
n`2 vertices and m edges (again note that we do not count the poles), such
that the two poles are not connected by an edge. Note that, by definition
follows that, by marking, orienting and deleting an edge of a 2-connected
graph one obtains a network. Moreover, each 2-connected graph with j
edges leads to 2j possible networks. Thus,

bi,j “ p2jqki´2,j´1

and consequently,

ByBpx, yq “
x2

2
Kpx, yq.

Our goal now is to relate the above equation to 3-connected graphs
by making use of the decomposition of h-networks into an “(almost-)3-
connected” core M and components X. Let now Dpx, yq be the generating
function corresponding to all connected labelled planar networks, that is,
we ask Dpx, 0q “ 0 (i.e. we want at least one edge). Again, we do not count
nor label the poles. Furthermore, note that Kpx, yq ´ 1 corresponds to the
generating function of all networks with at least one edge such that the poles
are not connected by an edge. Thus we obtain

Dpx, yq “ Kpx, yq ´ 1` yKpx, yq.

Finally, let Spx, yq be the generating function of s-networks. Let F “

Dpx, yq ´ Spx, yq be the generating function of all non s-networks and let
Npx, yq be the generating function of non-p-networks with at least two
edges. By Trakhtenbrot’s theorem we know that any p-network decomposes
uniquely into non-p-networks. Thus,

ÿ

kě2

1

k!
Npx, yqk

corresponds to all p-networks such that the poles are not connected by
an edge. Hence, again by Trakthenbrot’s Theorem,

Kpx, yq “ 1`Npx, yq `
ÿ

kě2

1

k!
Npx, yqk.

We can also relate s-networks to non s-networks. Again by Trakthen-
brot’s Theorem, we know that an s-network uniquely decomposes into non
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s-networks, thus we can always find one vertex that divides the original
s-network into a non-s-network and a general network. This yields

Spx, yq “ xDpx, yqpDpx, yq ´ Spx, yqq.

In fact, we actually have

Spx, yq “ xF 2 ` x2F 3 ` x3F 4 ` ¨ ¨ ¨ “
xF 2

1´ xF
,

since by Trankthenbrot’s Theorem s-networks can be seen as an ordered
sequence of non-s-networks composed in series. By substituting F “ D´ S
one can easily check that the two equations are indeed equivalent. Lastly, we
want to relate these generating functions to Mpx, yq the generation function
of 3-connected maps obtained in Corollary 5.1. Let

T ‚px, yq
ÿ

ij

tij
xi

i!
yj

be the (exponential) generating function of directed edge-rooted labelled 3-
connected planar graphs on i vertices and j`1 edges. By Whitney’s theorem,
and taking into account there are i! ways to label a 3-connected map with i
vertices and two ways of embedding a directed edge rooted planar graph2,
one has

T ‚px, yq “
1

2
Mpx, yq.

Furthermore, an h-network can be seen as a 3-connected edge-rooted
graph where we have deleted the rooted edge and substituted its edges by
networks. By composition it follows that

T ‚px,Dpx, yqq

x2Dpx, yq
“ Npx, yq ´ Spx, yq.

The right hand side describes an h-network as discussed above. Note that
the dividing factor x2 comes from not counting the poles. The right hand
side is an inmediate way of describing h-networks again by Tarkhenbrot’s
Theorem.

The results discussed in the section can be summarised in the following
theorem.

2We still need to choose what lies on the right and left hand side of the rooted edge
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Theorem 5.2. Let Bpx, yq, Cpx, yq, Gpx, yq be the usual generating func-
tions counting the number of vertices with x and the number of edges with
y. Then, we have the following relations:

Gpx, yq “eCpx,yq (100)

BxCpx, yq “e
BxBpxBxC,yq (101)

ByBpx, yq “
x2

2

1`Dpx, yq

1` y
(102)

Mpx,Dpx, yqq

2x2Dpx, yq
“ log

´1`Dpx, yq

1` y

¯

´
xDpx, yq2

1` xDpx, yq
(103)

Mpx, yq “x2y2
´ 1

1` xy
`

1

1` y
´ 1 (104)

´
1` Upx, yqq2p1` V px, yqq2q

p1` Upx, yq ` V px, yqq3

¯

(105)

Upx, yq “xy
`

1` V px, yq
˘2

(106)

V px, yq “y
`

1` Upx, yq
˘2

(107)

Proof. The first two equations are standard. Simple algebraic manipulations
from the previous results lead to the rest of the equations.

The next step is to give asymptotic estimates for the number of planar
graphs.

5.2.2 Obtaining Asymptotic Estimaties for the Number of Planar
Graphs

Our aim in this section is to uncover the behaviour of the coefficients of the
generating function Gpx, yq. This is carried out in the usual fashion, albeit
the case at hand has now considerably increased in difficulty. We aim to
first locate the (dominant) singularity of Gpx, yq, ρpyq. Then we want to
obtain a singular expansion of the from

Gpx, yq “ G0pyq `G1pyqX `G2pyqX
2 ` . . .

where the functions Gi are analytic and X “
b

1´ x
ρpyq . As a matter of

fact, to solve the counting problem one only needs to obtain results for
Gpxq “ Gpx, 1q, namely the generating function of the number of planar
graphs on n vertices. However, it is good to keep a bivariate function in
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mind since we later derive results for the asymptotic distribution of the
number of edges analogous to those obtained for outerplanar graphs and
series-parallel graphs. Moreover, the functional equation we found that re-
lates 2-connected graphs to networks has a derivative with respect to y, thus
a bivariate generating function counting vertices and edges is necessary for
that part. To ease notation during the subsequent presentation we shall of-
ten omit, unless it is not clear from context, the dependency of our functions
on their respective variables. Thus we will write, for example, D instead of
Dpx, yq.

A succinct roadmap of what lies ahead

Our starting point is the system of functional equations derived in The-
orem 5.2. We need to start from the generating function Mpx, yq and find
the dominant singularities there, then move to get a singular expansion for
Dpx, yq, then to Bpx, yq and finally to Gpx, yq. The proof is divided into
four lemmas and a theorem. In the first two lemmas we take care of the
dominant singularity and the singular expansion of Dpx, yq, and in the latter
we derive the required singular expansions for Bpx, yq, lastly Theorem 5.3
takes care of solving the counting problem for planar graphs. Finally,

1. Argue that the dominant singularity of x ÞÑ Mpx, y0q for fixed posi-
tive y0 comes from singularities in Upx, y0q (V and U share the same
singularities by virtue of their defining system of equations).

2. Find the dominant singularity of Upx, y0q expressed as x0ptq, for some
variable t, find an expression of y0ptq and define t “ tpy0q as the inverse
of y0ptq.

3. Find a singular expansion of the form Upx, y0ptqq “
ř

k UkptqX
k where

X “
b

1´ x
x0ptq

4. Argue that the dominant singularity of Dpx, y0q is at x0 and its asymp-
totic expansion at x0ptq is given by, Dpx, y0ptqq “

ř

kDkptqX
k. Find

expressions for the functions Dkptq.

5. ExpressBpx, yq as an analytic function of the variables x, y,Dpx, yq, yp1`
Uq. Thus, it becomes apparent that the dominant singularities of
Bpx, yq are shared with D and U . Get an asymptotic expansion of the

form Bpx, yq “
ř

k BkX
k where X is now given by X “

b

1´ x
Rpyq .
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6. Finally, get the dominant singularity and an asymptotic expansion
for Gpx, yq using equations (100), (101) and the asymptotic expansion
found for Bpx, yq in the last step.

7. Derive analyticity in a ∆-domain and apply the transfer lemmas to
the results obtained.

The arguments presented in this section mainly follow the ones provided
in [14] and [11] for steps 1 to 4, and the ones provided in [9] for steps 4 to
7. We define the following complex variable functions

ξptq “
p1` 3tqp1´ tq3

16t2
,

Y “
1` 2t

p1` 3tqp1´ tq
exp

`

´
t2p1´ tqp18` 36t` 5t2q

2p3` tqp1` 2tqp1` 3tq2
˘

´ 1.

A key fact is that if the equation Y ptq “ y has a solution in a small
neighbourhood of y, then we can define t “ tpyq and subsequently,

Rpyq “ ξptpyqq.

As we will show, the functions ξpyq and Rpyq are related to the singu-
larities of the functions Dpx, yq and Bpx, yq.

5.2.3 Analysis of Mpx, zq

The function Mpx, zq is defined by

Mpx, zq “x2z2p
1

1` xz
`

1

1` z
´ 1´

p1` Uq2p1` V q2

1` U ` V
q,

U “xzp1` V q2,

V “szp1` Uq2.

For any positive z, according to the equations above, singularities on
Mpx, zq must come from either

1. singularities on U and V .

2. a zero of 1` V ` U .
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Let us start by 1. Note that by symmetry U and V share the same
singularities. We can combine the defining equations for U and V to obtain
a single equation, say

U “ xzp1` zp1` Uq2q2 “ F px, u, zq. (108)

F px, u, zq satisfies the assumptions of Theorem 3.6. Thus, as expected,
U is analytic around 0 with positive coefficients (and so is V ) and admits a
singular expansion of the form

Upx, zq “ gpx, zq ` hpx, zq

c

1´
x

x0pzq
(109)

where x0 is related to u and z by the equation (108), and

1 “ 4xz2p1` zp1` uq2qp1` uq,

or equivalently

1 “ 16xz3up1` uq2. (110)

This leads to the following expressions for x0

x0 “
pu` 1qp3u´ 1q3

16u
, z “

1

3u2 ` 2u´ 1
“

1

p3u´ 1qpu` 1q
(111)

and u ą 1{3. Note that zpuq can be inverted, namely

upzq “
´z `

?
3z ` 4z2

3z
, (112)

where we took the positive branch since we know Upx, zq is positive for
positive x and z. Note that Upx0, zq, that is the value of U at the singularity,
is given by the system of equations (111). So upzq above corresponds to u0pzq
in the singular expansion

Upx, zq “ u0pzq ` u1pzqX ` u2pzqX
2 ` u3pzqX

3 ` . . .

where X “
b

1´ x
x0pupzqq

. The subsequent arguments are made clearer by

parametrising x0, z and u by a dummy variable t. We set

u “
1

3t
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and correspondingly make t vary on a closed sub-interval of p0, 1q. Express-
ing (111) as a function of t yields

x0ptq “
p1` 3tqp1´ tq3

16t2
, zptq “

3t2

p1´ tqp3t` 1q
.

The considerations above lead us to the following lemma:

Lemma 5.3. Let x0ptq and zptq be two functions of a complex variable t
as defined above. Fix z0 ą 0, and let t “ tpz0q be the inverse function of
zptq at z0. Then, x ÞÑ Mpx, z0q has unique singularity at x0ptq on the disc
|x| ď x0ptq.

Furthermore, the last part of Theorem 3.6 gives us

u1ptq “ hpx0ptqq “

d

2Fxpx0ptq, u0ptq, zptqq

Fuupx0ptq, u0ptq, zptqq
“

8

3p1´ tq

d

t

p1´ tqp1` tq
.

The importance of x ÞÑMpx, z0q having a single singularity on its radius
of convergence for each positive z0 becomes apparent in subsequent argu-
ments. Particularly, this will enable us to extend analyticity to a ∆-domain,
thus justifying the application of the transfer theorems.

Once we have determined the coefficients u0ptq and u1ptq we can de-
termine the rest by plugging in U “

ř

k ukptqX
k into (109) together with

x “ x0ptqp1 ´ X2q and equating powers of X. Same can be done with
V . Thus, singular expansions for U and V are determined. This, in turn,
enables us to determine a singular expansion at x0 for Mpx, zq of the type

Mpx, zq “M0 `M1X `M2X
2 `M3X

3 . . . (113)

where the Mi are analytic and given as functions of t. The exact details
of these calculations are not important since we do not need them for the
subsequent arguments, although later on we want to apply Theorem 3.10
to obtain a singular expansion for the generating function of networks (and
thus of 2-connected rooted graphs). This justifies the following lemma:

Lemma 5.4. The function Epx, zq defined as

Epx, zq “
p1` Uq2p1` V q2

p1` U ` V q3

where Upx, zq and V px, zq are given by the system of equations (107) admits
the following singular expansion around z0 “ τpxq
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Epx, zq “ E0pxq ` E2pxqZ
2 ` E3pxqZ

3

where Z “
b

1´ z
τpxq and Ei are analytic functions on a small neighbour-

hood of x.

Proof. Consider again the equation

u “ F px, z, uq “ xzp1` zp1` uq2q2.

By Theorem 3.8, Upx, zq admits the representation

Upx, zq “ gpx, zq ` hpx, zq

c

1´
z

τpxq
(114)

for some analytic function τpxq. We rewrite the above representation as
(this can also be done for V )

Upx, zq “ u0pxq ` u1pxqZ ` u2pxqZ
2 ` u3pxqZ

3 ` . . .

V px, zq “ v0pxq ` v1pxqZ ` v2pxqZ
2 ` v3pxqZ

3 ` . . .
(115)

Note that u0 is the solution to the equation

x “
pu` 1qp3u´ 1q3

16u

and τpxq is given by

τpxq “
1

p3u0pxq ´ 1qpu0pxq ` 1q
.

Equation (107) gives us v0 in terms of u.

v0 “
1` u

3u´ 1

Furthermore, Theorem 3.8 gives us u1 as a function of u0 in the form of

u1 “

d

2xpuqFxpxpuq, zpuq, uq

Fuupxpuq, zpuq, uq
.

With this we also get v1. Now, substituting (114) into (115) defines
recurrence relations for the ui’s and vi’s in terms of v0, v1, u0 and u1.
Equating terms in powers of Z leads to
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u0 “ u v0 “
1` u

3u´ 1

u1 “ ´
a

2upu` 1q v1 “
´2

a

2upu` 1q

3u´ 1q

u2 “
p1` uqp7u` 1q

2p1` 3uq
v2 “

2up3` 5uq

pu´ 1qp1` 3uq

u3 “ ´
p1` uqp67u2 ` 50u` 11qu

4p1` 3uq2
?

2u2 ` 2u
v3 “ ´

?
2up1` uqp79u2 ` 42u` 7q

4p1` 3uq2p3u´ 1q
a

up1` uq

These expansions lead to a cancelation of the coefficient of Z in the
expansion of Epx, zq, so that

Epx, zq “ E0 ` E2Z
2 ` E3Z

3 `OpZ4q.

The exact values for Ei in terms of u can be found in [3, p. 393, Theorem
9.13].

5.2.4 Analysis of Dpx, yq

The following section follows the results from Bender et al. [11], Bender &
Richmond [14] and Mullin & Schellenberg [12]. Most of the relevant results
in [12] and [14] have been discussed in the previous section. We aim to find
the dominant singularity x0 and the singular expansion at the singularity of
the function x ÞÑ Dpx, y0q.

To this end, we introduce the following functions of a complex variable
t.

ξptq “
p1` 3tqp1´ tq3

16t2
,

y0ptq “
1` 2t

p1` tqp1´ tq
e´h ´ 1,

h “
t2p1´ tqp18` 36t` 5t2q

2p3` tqp1` 2tqp1` 3t2q
.

Let I and T be closed subintervals of p0,8q and p0, 1q respectively. We
define Iε as

Iε “ tz : |z| P I, |Argpzq| ď εu
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and Tε is defined similarly.

Claim: y0ptq has an analytic inverse function for t P Tε, for some
suitable Tε. Moreover, y0ptq increases from 0 to 8 as t increases from
0 to 1.

Indeed, we have:

y10ptq “
3t2p1` tqα

p1´ tq2p1` 3tq4p1` 2tqp3` tq2
e´h,

α “144` 592t` 644t2 ` 135t3 ` 6t4 ´ 5t5.

Thus, y10ptq ą 0 for 0 ă t ă 1. So by the Analytic Inverse Lemma
(Lemma 3.1) y0 admits an analytic inverse in a neighbourhood of each t.
By compactness of Tε and uniqueness of analytic continuation we can define
an inverse function tpy0q, implicitly defined by y0ptq, which is analytic on
Tε. The second statement of our claim follows from simply checking the
behaviour of y0ptq defined above.

The fact that an analytic inverse of y0 exists, will allow us to directly re-
late the dominant singularity of Dpx, y0q to any y0 P Iε through the function
t. This becomes clear shortly.

Lemma 5.5. Fix y0 P Iε. Let t0 “ tpy0q, where t is the inverse function
whose existence was deduced in the previous claim. Then, Dpx, y0q has a
unique singularity on its circle of convergence and the singularity is given by
x0pt0q. Furthermore, for fixed θ P p0, π{2q, and sufficiently small δ, Dpx, y0q

is analytic on a delta region of the type

∆px0, δq “ tz : |z| ă p1` δq|x0|, |Arg
` z

x0
´ 1

˘

| ě θu

Proof. Recall that Dpx, yq is implicitly defined by Dpx, 0q “ 0 and equation
(103), which we rewrite as :

Hpx,D, yq “
Mpx,Dpx, yqq

2x2Dpx, yq
´ log

´1`Dpx, yq

1` y

¯

`
xDpx, yq2

1` xDpx, yq
“ 0.

This can in turn be rewritten as

D “ p1` yq exp
´Mpx,Dq

2x2D
`

xD2

1` xD

¯

´ 1 “ φpx,D, yq. (116)
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Note that φp0, D, y0q ‰ 0, so we cannot apply Theorem 2.19. Let us
assume for now that there exists a solution to (116) analytic at p0, y0q,
existence of an analytic solution will become apparent in the following. Ac-
cording to (103) singularities of D can only possibly arise from the following
sources:

1. singularities in Mpx, zq,

2. a branch point in solving (103), or

3. 1` xD “ 0 and/or log
`

p1`Dq{p1` yq
˘

becomes unbounded.

We first deal with positive y0 P Iε X R, that is t “ t0 P p0, 1q. The
general statement will then follow from continuity of Dpx, yq. Let us start
with the first option. For any positive z the singularities,+ x0 of Mpx, zq
were studied in the previous section.

We recall that the singularity of x ÞÑ Mpx, zq, x0, was related to z, u
and v through t by Lemma 5.3, and x0 was the unique singularity at the
boundary of the disc |x| ă x0. We had x0 “ ξptq, u “ 1

3t and

z “
3t2

p1´ tqp3t` 1q
v “

3t` 1

3pt´ 1q
. (117)

Since Dpx, y0q plays the role of z in (103), it follows that for M to be
singular at x0 we must have

D0 “ Dpx0, y0q “
3t2

p1´ tqp3t` 1q
.

So D0 is related to y0 via equation (103) and we can eliminate M by
using (106). Solving for y0 gives

y0 “ p1` zqe
´ĥpx,z,u,vq ´ 1. (118)

Plugging in the expressions of zptq, uptq, vptq and x0ptq derived above
into the appropriate expression of ĥ gives y0ptq as claimed. We now prove
that Dpx, y0q presents no further singularities on the disc |x| ď x0. Let us
consider source 2. D is implicitly defined by Hpx,D, yq “ 0.

We have

HD “
1

2x2
BD
Mpx,Dq

D
´

1´ xD2p2` xDq

p1`Dqp1` xDq2
.
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Note that, by definition, Dp0, y0q “ rx
0sDpx, y0q “ y0. If we show that

HD ‰ 0 for |x| ă x0, then, for each pair px,Dpx, y0qq the analytic implicit
function theorem (Theorem 3.3) applies, so there exists locally an analytic
function Dpx, y0q around px, y0q that solves Hpx,Dpx, yq, yq “ 0.

For x ă x0 we have

|HDpx,Dq| ě
ˇ

ˇ

ˇ

1´ xD2p2` xDq

p1`Dqp1` xDq2

ˇ

ˇ

ˇ
´

ˇ

ˇ

ˇ

1

2x2
BD
M3px,Dq

D

ˇ

ˇ

ˇ

ě lim
px,DqÑpx0,D0q

´ 1´ xD2p2` xDq

p1`Dqp1` xDq2
´

1

2x2
BD
Mpx,Dq

D

¯

“
t2p1´ tqp400` 1808t` 2527t2 ` 1155t3 ` 237t4 ` 17t5q

2p1` 3tq2p1` 2tq2p3` tq2
ą 0

for t P p0, 1q. The first step follows from the triangle inequality, the second is
due to x0, y0, D0 “ Dpx0, y0q being strictly positive and both power series of
M and D having non-negative coefficients. The last expression is obtained
using (103) and the expressions for u and v. The authors used the software
MAPLE to assist with calculations. Further details can be found in [11,
Lemma 2].

Lastly, we must check that neither of the terms

log
´1`D

1` y

¯

,
xD2

1` xD

becomes unbounded for |x| ď x0. Note that since the term containing M
is well-defined, both terms need to become unbounded simultaneously for
(103) to hold. This leads to 1`D “ 0 and 1` xD “ 0. Hence D “ ´1 and
x “ 1. This is not possible since we have Dp1, y0q ą 0.

Furthermore, since x0 is the unique singularity of M in |x| ď x0, conti-
nuity of HDpx,Dq leads to analyticity on a ∆-domain.

The following lemma takes care of the singular expansion at x0, for
x ÞÑ Dpx, yq.

Lemma 5.6. For a fixed y in a small neighbourhood of 1, Rpyq “ ξptpyqq is
the unique dominant singularity of Dpx, yq. Moreover Dpx, yq has a branch-
point at Rpyq, and the asymptotic expansion at Rpyq is of the form

Dpx, yq “ D0pyq `D2pyqX
2 `D3pyqX

3 `OpX4q (119)
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where X “
a

1´ x{Rpyq and the functions Dipyq “ Diptpyqq are given by

D0 “Dpx0, y0q “
3t2

p1´ tqp1` tq
,

D1 “0,

D2 “´
48tp1` tqp1` 2tq2p18` 6t` t2q

p1` tqβ
,

D3 “384t3p1` tq2p1` 2tq2p3` tq2α3{2β´5{2.

Proof. Let us fix y and define t “ tpyq as before. In the previous lemma we
found the singularities of x ÞÑ Dpx, yq to be given by x0ptq. By Lemma 5.4,
equation (106) implies that φpx,D, yq admits the following representation
around px0, D0q :

φpx,D, yq “ gpx,D, yq ` hpx,D, yq
´

1´
D

τpxq

¯3{2
.

By what we have discussed above, we have 1 ‰ φDpx0, D0, yq “ gDpx0, D0q.
Now, Theorem 3.10 yields a representation for Dpx, yq of the form

Dpx, yq “ h1px, yq ` g1px, yq
´

1´
x

γpyq

¯3{2

around px0, yq. By the arguments above we must have γpyq “ x0ptq. So
we get a singular expansion of the form

ÿ

k

DkpyqX
k

where X “
a

1´ x{x0ptq and D1 “ 0. Combining equations (106) and
(103) we can eliminate M , equations (107) lets us eliminate V . We obtain
an equation in x “ x0ptqp1 ´X2q, U , and D. Substituting in any of them
the singular expansion for D and the singular expansion for U obtained in
the previous section and equating the terms in powers of X yields:

D0 “Dpx0, y0q “
3t2

p1´ tqp1` tq
,

D1 “0,

D2 “´
48tp1` tqp1` 2tq2p18` 6t` t2q

p1` tqβ
,

D3 “384t3p1` tq2p1` 2tq2p3` tq2α3{2β´5{2.

112



We just need to recall now that Rpyq “ ξptpyqq “ x0ptpyqq.

Corollary 5.2. The number of 2-connected edge-rooted planar maps on n
vertices, is asymptotically given by

rxns
BBpx, yq

By
„

x2
0D3

2p1` yqΓp´3{2q
n´5{2x´n0 (120)

where we set y “ 1, t “ tp1q « 0.62637 and x0 “ x0ptp1qq.
3

Proof. Analyticity of Dpx, yq on a ∆ domain was already established. We
then use equation (102) and the transfer theorems.

5.2.5 Analysis of Bpx, yq

We now turn to finding the singularities and an asymptotic expansion of the
generating function Bpx, yq of 2-connected planar graphs.

Lemma 5.7 (Lemma 5). Let W px, zq “ zp1`Upx, zqq. The generating func-
tion Bpx, yq of 2-connected planar graphs admits the following expression as
a formal power series:

Bpx, yq “ β
´

x, y,Dpx, yq,W
`

x,Dpx, yq
˘

¯

(121)

where

βpx, y, z, wq “
x2

2
β1px, y, zq ´

x

4
β2px, z, wq

and

3tp1q can be found by finding the roots of 1´y0ptq “ 0 with any appropriate numerical
method.
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β1px, y, zq “
xp6x´ 2xzq

4x
` p1` zq logp

1` y

1` z
q

´
logp1` zq

2
`

logp1` xzq

2x2
,

β2px, z, wq “
2p1` xqp1` wqpz ` w2q ` pw ´ zq

2p1` wq2

´
1

2x
logp1` xz ` xw ` xw2q `

1´ 4x

2x
logp1` wq

`
1´ 4x` 2x2

4x
log

´ 1´ x` xz ´ xw ` xw2

p1´ xqpz ` w2 ` 1` wq

¯

.

Proof. We aim to express Bpx, yq in terms of x, y and “known” functions
Dpx, yq, W px,Dpx, yqq. Known is understood in the sense that we have
already located their dominant singularities and derived a singular expan-
sion at that point. Thus, once this lemma is proven, finding the dominant
singularity for x ÞÑ Bpx, yq and its singular expansion will be a routine
computation. As a starting point we recall that in Theorem 5.2 we found
that

ByBpx, yq “
x2

2

1`Dpx, yq

1` y
. (122)

Henceforth we treat x as a fixed number. To get rid of the derivative
w.r.t y, we rewrite (122) as

Bpx, yq “
x2

2
logp1` yq `

x2

2

ż y

0

Dpx, tq

1` t
dt.

Now, our aim is to get rid of the integral sign. Integrating by parts one
obtains

ż y

0

Dpx, tq

1` t
dt “ logp1` yqDpx, yq ´

ż y

0
logp1` tq

BDpx, tq

Bt
dt (123)

To deal with the integral part we can perform the change of variables
s “ Dpx, tq so that t “ φpsq, where φ denotes the functional inverse of D
with respect to t, in the sense that φpDpx, tqq “ t. The function φ can be
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found by looking at equation (103). One obtains without much difficulty,
that

φpuq “ ´1` p1` uq exp
`

´
M

2x2u
´

xu2

1` xu

˘

The aforementioned change of variables leads to

ż D

0
logpφpsqqds “

ż D

0
logp1` sq ´

xs2

1` xs
ds´

ż D

0

M

2x2s
ds.

Note that the first primitive function is easily computable. For the sec-
ond part we make use of equation (106) presented in Theorem 5.2.

1

2x2

ż D

0

M

s
“´ x

ż D

0

p1` Uq2U

p1` U ` V q3
ds

` x2

ż D

0
s
` 1

1` xs
`

1

1` s
´ 1

˘

ds.

(124)

Again we see that one of the primitive functions can be easily computed.
For the first one we note that from the definition of W px, sq “ sp1`Upx, sqq
given in the statement of the lemma it follows that

p1` Uq2U

p1` U ` V q3
“

W ´ s

W p1`W q3

and we are left with

ż D

0

W px, sq ´ s

W px, sqp1`W px, sqq3
ds.

Again, we can do the change of variables t “ W px, sq, thus, s “ φptq
where φptq is the inverse of W px, sq with respect to the second variable.
In order to determine φ, we look at the last two equations of Theorem
5.2. Substituting U “ W´s

s and V “ W 2

s one obtains that W satisfies the
equation

xs2 ` p1` 2xW 2qs`W pxW 3 ´ 1q “ 0.

Thus, we have

φptq “ ´t2 ´
1´Qpx, tq

2x

whereQpx, tq “
?

1` 4xt` 4xt2. Thus, applying the aforementioned change
of variables one has
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ż D

0

W ´ s

W p1`W q3ds
“

ż W px,Dq

0

pQ´ 1´ 2xt´ 2xt2qp2Qt´ 2t´ 1q

2xtp1` tq3Q
dt.

This can be integrated and gives

1´ 2pt` 4x` 4xtq

4xp1` tq2
´

1` 2xp1` tq

2xp1` tq2
Q`p2` 4xt`

1` 2pt´ x´ txq

4xp1` tq2
qQ

`
2x2 ´ 4x` 1

4x
log

`Q` p1´ 2x´ 2xtq

Q´ p1´ 2x´ 2xtq

˘

´
1

2x
logpQ` 1` 2xtq

`
1´ 4x

2x
logp1` tq

Substituting in t “W px,Dq together with equation (124) and

Qpx,W px,Dqq “ 1` 2xpD `W px,Dq2q

yields the result.

Lemma 5.8. For a fixed y in a small neighbourhood of 1, the dominant
singularity of Bpx, yq is equal to Rpyq. The singular expansion of B at Rpyq
is given by

Bpx, yq “ B0pyq `B2pyqX
2 `B4pyqX

4 `B5pyqX
5 `OpX6q

where X “
a

1´ x{Rpyq and Bi are analytic functions in a neighbourhood
of 1.

Proof. Note that locating the dominant singularity of B, and its singular
expansion at the singularity, will give us quite straightforwardly the sin-
gularities of C and G. First note that from (121) around y “ 1 the only
possible singularities come from Dpx, yq. Thus, the singularities of Bpx, yq
are at Rpyq and the first claim follows. In fact we knew this from equation
(122), but the previous lemma enables us to find the singular expansion
for x ÞÑ Bpx, yq. To find the singular expansion at Rpyq consider B as a
function of x, y and D, and recall that W px, zq “ zp1 ` Uq. We just need
to substitute in the singular expansion at Rpyq for Dpx, yq that we found in
Lemma 5.6, and the expansion for Upx, yq that we derived in Section 5.2.3.

Next set x “ ξptqp1´X2q and y “ Y ptq. Expanding the resulting expres-
sions and equating terms one obtains the desired result. Further details can
be found on [9], the authors explicitly state the functions Bipyq in the ap-
pendix and used the program MAPLE to assist with the computations.
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We finally turn to the main result of this chapter:

Theorem 5.3 (Theorem 1 in [9]). Let gn be the number of planar graphs
on n vertices. Then

gn „ g ¨ n´7{2γnn!

where γ “ rpt0q
´1. The appropriate values are γ “ 27.22688 and g «

0.42609 ¨ 10´5

Proof. At this stage we “just” need to find the dominant singularity of
Gpxq, find its asymptotic expansion, derive analyticity on a ∆-region and
then apply the transfer theorems. We note that since Gpx, yq “ eCpx,yq and
the exponential function is an entire function the propagation of the singular
behaviour is straightforward. Thus, we can focus on the function Cpx, 1q.
To this end, we can rewrite the equation BxCpx, 1q “ eBxBpxBxCpx,1q,1q as

F “ xeB
1pF q (125)

where we denote BxBpx, 1q and BxCpx, 1q by B1pxq and C 1pxq respectively,
and also set F “ xC 1pxq. From the above equation it follows that the
functional inverse of F pxq is

φpuq “ ue´B
1puq. (126)

It is indeed easy to check that φpF pxqq “ x. The dominant singularity
of φ is the same as that of B, since again φ is an entire function of B1.
According to Lemma 5.8 the singularity point is given by R “ Rp1q. Now,
in accordance to proposition 3.1 and what was discussed in Section 3.2, we
have two options:

1. There exists τ P p0, Rq such that φ1pτq “ 0. Then φ ceases to be
invertible at τ , and the singularity ρ of F is given by ρ “ φpτq.

2. We have φ1puq ‰ 0 for all u P p0, Rq. Then ρ “ φpRq.

Note that φ1pτq “ e´B
1pτq`τe´B

1puqp´B2pτqq, so the condition φ1pτq “ 0
is equivalent to B2pτq “ 1{τ . But we have that in p0, Rq, B2 is increasing
since all its coeficients are non-negative, and note that 1

u is decreasing. Thus,
we are in case 2 if and only if

B2pRq ă
1

R
. (127)

This is indeed the case as we show below.
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Remark 5.1. Note that case this is equivalent to having a solution px0, f0q

for the system of equations

f “ xeB
1pfq

1 “ Bf pxe
B1pfqq

and we would be able to apply Theorem 3.6.

By the previous lemma, B has a singular expansion of the form

Bpx, 1q “ Bpxq “ B0 `B2X
2 `B4X

4 `B5X
5 `OpX6q

where Bi “ Bip1q and X “
b

1´ x
Rp1q . Thus,

B1pxq “
´1

R
pB2 ` 2B4X

2 `
5

2
B5X

3 `OpX4qq. (128)

and

B2pxq “
1

R2
p2B4 `

15

4
X `OpX4qq

Thus, B2pRq “ 2B4
R2 , and the inequality (127) becomes 2B4 ă R. Which

holds since B4 is given by

B4ptq “
logp 1`t?

1`2t
qp1´ tq6p1` 3tq2

512t6
`

P ptqp1´ tq5

2048t4p3` tqQptq

where P ptq andQptq are polynomials in t. Again we can refer to the appendix
in [9] for further details. Thus, B4p1q “ 0 and the inequality holds.

So we are in case 2 and F must become singular at ρ “ φpRq. From
equations (128) and (126) one can obtain the following singular expansion
for φ

φpxq “ ReB2{R
`

1` p
2B4

R
´ 1qX2 `

5B5

2R
X3

˘

`OpX4q

with X “
a

1´ x
R .

Since we are inverting at a singularity, F pxq also has a singular expansion
of square-root type as we show below. With F being the solution of F “

xeB
1pF q. As a side note, notice that we cannot apply Theorem 3.6 since by

the above arguments the required system of equations has no solution within
the radius of convergence of xeB

1pyq.
By virtue of (128) and Theorem 3.10, F admits the following local rep-

resentation around its singularity, that we can call ρ1:

118



F pxq “ gpxq ` hpxqp1´
x

ρ1
q3{2

Since φ stays analytically invertible until R, we must have ρ1 “ ρ “ φpRq.
Thus,

F pxq “ F0 ` F2X
2 ` F3X

3 `OpX4q (129)

where now X “
a

1´ x{ρ. One can find Fi in terms of φi as follows. We
start from

φpF pxqq “ x. (130)

Substituting the singular expansion of φ on the left side, and adequately
rearranging terms one gets

´φ2F2 ´ φ3F3 ` ¨ ¨ ¨ “ ρp1´
x

ρ
q (131)

where F “

b

1´ F pxq
R . For equation 131 to hold the terms need to be

equal, so F needs to be of the form

F “
c

´
ρ

φ2
X ` f2X

2 ` f3X
3 ` . . . .

By substituting into (131) one obtains the coefficients fi. Squaring both
sides and rearranging terms yields:

F0 “ R,

F1 “ 0,

F2 “
R2

2B4 ´R
,

F3 “ ´
5

2
B5p1´ 2B4{Rq

´5{2.

From here we can obtain a singular expansion for C. Notice that

ż

F psq

s
ds “ F psq logpsq ´

ż

F 1psq logpsqds.

Substituting in (129) and noting that

logpxq “ logpρq ´X2 ´
1

2
X4 `OpX6q
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one gets

Cpxq “ C0 ` C2X
2 ` C4X

4 ` C5X
5 (132)

with

C2 “ ´F0, C4 “ ´
F2 ` F0

2
, C5 “

2

5
F3. (133)

In order to get the value of C0, which is needed to compute the constant
in the asymptotic expansion for G, one can write

Cpxq “ lim
εÑ0

ż x

ε

F psq

s
ds

“ F 1pxq logpxq ´ lim
εÑ0

F pεq logpεq ´ lim
εÑ0

ż x

ε
F pxq logpxq.

Note that limεÑ0 F pεq logpεq “ limεÑ0 εC
1pεq logpεq “ 0, since C 1pxq is

the derivative of an analytic function at 0 and one has ε logpεq Ñ 0 as εÑ 0.
It remains to untangle the term

lim
εÑ0

ż x

0
F 1psq logpsq.

To this end we can perform the change of variables s “ F ptq so that we
have t “ φpsq. One then obtains

lim
εÑ0

ż F pxq

ε
logpφptqqdt “ lim

εÑ0

ż F pxq

ε

`

log t´B1pxq
˘

dt

“ F 1pxq logF pxq ´ F pxq ´BpF pxqq.

Recalling F pρq “ F0 “ R and BpRq “ B0 one has

C0 “ Cpρq “ R logpρq ´R logpRq `R`B0.

Looking back at (132) we see that the dominant singularity is found
at X5, moreover rho is the only singularity in the border of the disc of
convergence. Applying the transfer theorems leads to

cn „ cn´7{2ρ´nn!,

where c “ C5{Γp´5{2q. Finally, we can get a singular expansion for G
by applying the exponential function to (132). This leads to
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Gpxq “ eC0
`

1` C2X
2 `

`

C4 `
C2

2

2

˘

X4 ` C5X
5
˘

`OpX6q

Thus,

gn „ gn´7{2ρ´nn!

where g “ eC0c. As a last step one can determine ρ from

ρ “ φpRq “ ReB
1pRq “ ReB2{R. (134)

Corollary 5.3. The probability that a random graph is connected is asymp-
totically given by

cn
gn
„ e´C0 . (135)

Proof. Follows directly from the previous results.

5.3 Gaussian limit laws and further results

Theorem 5.4. Let Xn denote the number of edges in a random planar
graphs on n vertices. Then Xn is asymptotically normal and the mean µn
and variance σ2

n satisfy

µn „ κn, σ2
n „ λn

where κ « 2.213265 . . . and λ « 0.4303471 . . . . The same is true for con-
nected random planar graphs.

Proof. Our objective is to apply Theorem 3.12. To this end we need to
obtain a singular expansion in two variables of the form

Cpxq “ C0pyq ` C1pyqX ` C2pyqX
2 ` . . . (136)

where X “

b

1´ X
ρpyq . This can be done following similar arguments as

the ones presented in Theorem 5.3. We start from the relation obtained in
Theorem 5.2 and the singular expansion for Bpx, yq obtained in Lemma 5.8.

xC 1px, yq “ F px, yq “ x exppB1pF px, yq, yqq (137)

where F px, yq “ xBxCpx, yq. So for fixed y one has that
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ψpu, yq “ uexC
1px,yq

is the functional inverse of F px, yq. As argued before ψ1px, 1q ‰ 0, by con-
tinuity the same is true for ψ1px, yq for y close to 1. Thus we are again in
case 2 and F px, yq has the same dominant singularities as Bpx, yq. Thus,

ρpyq “ ψpRpyq, yq. (138)

Hence, we can obtain a singular expansion of the form (136), with Cipyq
analytic. Applying Theorem 3.12 yields the result.

Theorem 5.5. Let Xn denote the number of connected components in a ran-
dom planar graph with n vertices. Then Xn´1 is distributed asymptotically
as a Poisson law of parameter ν, where ν “ Cpρq « 0.03749.

Proof. Let ν “ Cpρq “ C0. For fixed k the generating function of planar
graphs with k components is given by

1

k!
Cpxqk

Taking the kth power of the singular expansion Cpxq we have

rxnsCpxqk „ kCk´1
0 rxnsCpxq

Hence the probability of a random planar graph having exactly k com-
ponents is asymptotically

rxnsCpxqk{k!

rxnsGpxq
„
kCk´1

0

k!
e´C0 “

νk´1

pk ´ 1q!
e´ν

122



References
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