
.

The magnetic field of ϕ Draconis

Nikolaos Papakonstantinou

Supervisor: Oleg Kochukhov

Uppsala University
Department of Physics and Astronomy

January 24, 2022



Sections and Chapters

Contents

1 Introduction 3

2 Methods 4
2.1 Theoretical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1.1 Atom in a magnetic field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.1.2 Polarisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1.3 Polarised radiative transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1.4 Disk-integrated polarisation profiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Stellar magnetic field diagnostics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.1 Least-squares deconvolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2.2 Mean longitudinal magnetic field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.3 Zeeman Doppler imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Observational data 15
3.1 Spectropolarimetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.2 TESS photometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

4 Analysis and results 17
4.1 Spectroscopic binary orbit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2 Rotational period from TESS photometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.3 Refinement of mean abundances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.4 LSD profiles and longitudinal magnetic field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.5 Abundance and magnetic mapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5 Conclusions and discussion 34

6 Acknowledgements 38

A Lines used for mean abundance determination 42



Abstract

Within this past decade, advances in spectropolarimetric analyses allowed mapping surface character-
istics of nearby non-resolved stars with unique characteristics. In this study, we attempt mapping of the
magnetic field structure and surface distribution of elements for such a star, the magnetic Ap star ϕ Dra.
Using high-precision photometric data from TESS satellite, we improve its rotation period. Spectrum
synthesis calculations allow compilation of a list of lines present in its spectrum. The resulting synthetic
spectrum and observed NARVAL spectra are used to re-estimate element abundances. Least-squares
deconvolved (LSD) intensity and circular polarisation profiles are then computed from a sample of 1260
metal lines. To determine which element(s) are most suitable for in-depth analysis, variability of LSD
profiles is studied qualitatively for Fe, Cr and Si. The longitudinal magnetic field of ϕ Dra is calculated
from LSD circular polarisation profiles. Stellar magnetic field maps and distributions of Fe concentration
are derived through Zeeman Doppler Imaging (ZDI). The resulting maps of this study show five areas of
high Fe concentrations, in the Northern stellar hemisphere. The magnetic field topology of ϕ Dra result-
ing from our analysis is that of an offset dipole with small quadrupole contributions. Our abundance and
magnetic maps suggest correlation between high concentrations of Fe and high magnetic field strength.
The field is primarily radial in 4 out of 5 such regions, contrary to theoretical expectations.
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Sammanfattning

Under de senaste årtionden har utvecklingen av spektropolarimetriska analyser gjort det möjligt att
kartlägga karaktärsdragen av ytorna p̊a närbelägna oupplösta stjärnor som p̊avisar unika egenskaper. I
denna studie eftersträvar vi att kartlägga det magnetiska fältet och den kemiska sammansättningen av
ytan p̊a en s̊adan typ av stjärna, som Ap stjärnan ϕ Dra. Genom att använda hög kvalitiva fotometrisk
data fr̊an TESS satelliten, förbättrade vi uppskattningen p̊a stjärnans rotationsperiod. Beräkningar av
syntetiska spektrum resulterade i en lista av spektrallinjer som återfinns i dess spektrum. Det resul-
terande syntetiska spektrumet och det observerade NARVAL spektrumet användes för att göra en ny
uppskattning av ämnenas halter. Minsta kvadrat deconvolved (LSD) intensitet och cirkulärt polariserade
profiler är därefter framtagna fr̊an en samling av 1260 metallinjer. För att dra en slutsats kring vilket
ämne(ämnen) som är mest lämpade för vidare analys, studerades variabiliteten av LSD profiler kvalita-
tivt, för Fe, Cr och Si. Det longitudinella magnetiska fältet av ϕ Dra är uppskattade fr̊an de cirkulärt
polariserade LSD profilerna. Stjärnans magnetfältstruktur och fördelningen av Fe-halten är framtagna
genom Zeeman Doppler avbildning (Zeeman Doppler Imaging, ZDI). Det resulterande kartorna fr̊an
denna studie visar p̊a fem omr̊aden med hög Fe koncentration i den norra hemisfären av stjärnan. Mag-
netfältets topologi av ϕ Dra, baserat p̊a v̊aran analys, är en icke-centrerad dipol med bidrag fr̊an en
kvadrupol komponent. Kartläggningen av den kemiska sammansättningen och magnetfältet p̊avisar en
korrelation mellan höga halter av Fe och starka magnetfält. Detta fält är i största del radiell i 4 av 5
s̊adana regioner i motsatts till teoretiska förväntningar.
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1 Introduction

Recent breakthroughs in observational astronomy have granted access to very high resolution spectra. This
has enabled physicists to study a certain type of nearby, but visually unresolved, stars on a much more
complete basis, providing a greater sample for stellar magnetic field research. Larger samples in stellar
physics observables, magnetic structure of stellar atmospheres in this case, facilitate the understanding of
physical processes. For example, it is crucial to understand the extent to which stellar evolution is connected
to stellar magnetic fields. Meanwhile, the interplay between different fields of physics involved in such research
helps determine and eventually overcome the limits of what can be observed. Moreover, physical theories
used to produce relations used in this analysis, and eventually a concrete result, are put to the test. Namely
electrodynamics, particle physics and astrophysics are all involved in the deduction of relations contributing
to the task at hand. The result itself may be in favor of confirming our hypothesis of separation of certain
elements because of the existence of magnetic fields in a stellar atmosphere or hint in an entirely different
direction. Also, the applicability of methods presented in this paper depends on not only availability of high
precision data, but also accurate application of their processing. As a result, researching such structures
allows testing of statistical methods being applied in other fields of physics. Another indirect benefit of
such research is that it motivates refinement of observational instrumentation, from which various fields of
astronomy can benefit. Finally, the way several entirely different research components came together to
minimise statistical noise in the spectra can be put to use even in fields outside physics.

The target of this study, ϕ Draconis, otherwise known as HD170000 or TIC 356822358, was decided
upon by an earlier investigation (Papakonstantinou 2021) on a type of stars called Chemically Peculiar
(CP) A-peculiar (Ap) stars. Ap stars are magnetic stars of the upper main sequence, with spectral types
ranging from B8 to F0 (Kurtz & Martinez 2000). These stars often show photometric variability attributed
to chemical inhomogeneities on their respective photospheres. Chemical ”patches” are created, presumably
as a result of the existence of magnetic fields. In cooler stars, element mixing would not allow for such
structures, but due to magnetic field pressure the process of diffusion is enhanced, leading to separation
of elements. Moreover, as such a star rotates and its axis of rotation is not aligned with the line of sight,
both photometric and spectroscopic variability can be measured. This stems from the fact that the regions
mentioned present different opacity in the optical, while absorption lines of a particular element that is
involved in spot structures can also vary. Their variation depends on the projected position and rotational
velocity of such patches, as described in later sections, potentially allowing surface mapping chemical or
magnetic characteristics.

Previous relevant literature on this star offered crucial components to the following analysis. Kuschnig
(1998) studied the chemical composition of the CP component of the system and estimated its metal abun-
dances, while it still is the sole source of a He abundance estimate for that star. Later, Lǐska (2016) provided
a better understanding of the multiple system components. In their paper, they constrained relative mass
and luminosity estimates for the spectroscopic binary components and attempted to resolve the orbit of the
presumably triple system. Then, Bischoff et al. (2017) arrived at an improved orbital solution of the system
using radial velocity measurements from Doppler shifts of Balmer lines. Finally, Sikora et al. (2019a) and
Sikora et al. (2019b) deduced useful estimates on the projected rotational velocity and the inclination for
the CP component of ϕ Dra.

In this study, we use several different techniques to achieve mapping of surface characteristics for ϕ Dra.
Initially, we attempt to improve the rotation period of the star, as modulation of relevant observables heavily
depends on it. Then, calculation of a synthetic spectrum that is in good agreement with observations is
necessary, to estimate elemental abundances in its atmosphere. Calculation of the mean Stokes profiles
will then be attempted, extracting polarisation signal from metal lines in each of our observed spectra.
Through LSD profile signal to noise ratios, an assessment on which lines should be included in the analysis is
made. Using polarisation signal from those lines to produce mean intensity and circular polarisation profiles,
longitudinal magnetic field measurements are to be made for each pair of profiles. That will attempted while
using lines of all elements and lines of Fe, Si and Cr individually. Furthermore, using the time-dependent
variability of the highest quality profiles, we apply ZDI to map the surface distribution of that element(s).
Furthermore, mapping the magnetic field structre of ϕ Dra may be possible. Achieving both will hopefully
provide insight on the interplay between magnetism and separation of elements in quiet stellar atmospheres.
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2 Methods

2.1 Theoretical background

A technique known as ”spectropolarimetry” brings together aspects by two of the three most applied meth-
ods of observation in astronomy, spectroscopy and polarimetry. Spectropolarimetry pertains analyzing the
intensity and polarisation spectra, which are crucial prerequisites for stellar magnetic field mapping. To
quantify the results of spectropolarimetric observations and interpret them, one has to familiarize with sev-
eral theoretical concepts. An introduction to many of those concepts therefore follows and a way to apply
them to observations is described. Also a general description of key methods and techniques to detect and
interpret magnetic field signatures is made, along with how to reconstruct detected magnetic fields and map
other stellar surface structures. Ongoing research on what type of stars can currently produce observable
magnetic field signatures with the current instrumental limitations is another aspect to consider.

2.1.1 Atom in a magnetic field

The general expression for the Hamiltonian of an atom in a magnetic field can be given with five discrete
terms:

H = − h̵

2m
∇2 + V (r) + ξ(r)L ⋅ S + eh̵

2mc
(L + 2S)⋅B + e2

8mc2
(B × r)2 (1)

In equation 1, m and e represent the atom mass and charge. As commonly referred to, c and h̵ are the
speed of light and the Planck constant, while B is the vector magnetic field. L and S represent the orbital
angular momentum and spin operators. The four terms that appear all concern discrete constituents in an
atomic energy state. The first exists to describe the kinetic energy of the particle, while the second represents
the Coulomb potential energy. The third term is included to take a spin-orbit coupling approximation into
account, whereas the fourth and fifth terms are usually referred to as the ”linear” and ”quadratic” field terms
of the magnetic field. The linear Zeeman regime is that which concerns stellar magnetic field diagnostics the
most, in effect where the quadratic field term is much smaller than the linear field term, which is in turn
much smaller than the spin-orbit term.

At this point, it should be clarified that ϕ Dra is expected to present typical characteristics of Ap stars
and, unless great divergence from those is observed in the results produced, the few approximations made in
the following analysis are justified. In their magnetic field strength range, the linear field term dominates and
the Paschen-Back effect can be neglected. In that linear regime, where the fine structure splitting is more
pronounced than magnetic perturbations, the quantum number J of an atom splits into 2J + 1 sublevels.
Those levels are in general given by the relation:

E = E0 + g
eh̵

2mc
BM (2)

where
M = −J,−J + 1, ..., J − 1, J (3)

and g is the Lande factor, a dimensionless parameter that can be approximated by:

g = 2

3
+ S(S + 1) −L(L + 1)

2J(J + 1) (4)

for light elements, but has to be more meticulously determined for ones that are within the iron-peak group
or heavier. Another parameter to be considered is the selection rule, allowing transitions between states that
satisfy:

∆M = 0, ±1 (5)

Those which correspond to ∆M = 0 are called π components and those to ∆M = ±1, σ components. The
latter are either red or blue shifted with respect to the original line (λ0) and the amplitude of that line-center
shift can be calculated by:

∆λ(Ml,Mu) = (glMl − guMu)
eBλ20
4πmec

= 4.67 ⋅ 10−13(glMl − guMu)Bλ20 (6)
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Figure 1: Depiction of the σ (blue and red) and π (black) component polarisation signals, as observed from different aspect
angles relative to the magnetic field vector. Image is adapted from Kochukhov (2018).

As can be seen in relation 6, the line separation is linearly proportional to magnetic field strength B (G)
and quadratically proportional to wavelength (Å). Hence, splitting can be discerned more easily at the
long-wavelength part of a spectrum.

Regarding the different components, for a q= ∆M the strength of that component can be deduced using
3-j symbols :

Tq(Ml,Mu) = ( Ju Jl 1
−Mu Ml −q )

2

(7)

as described in Landi Degl’Innocenti & Landolfi (2004), using a normalization to unity for each type of
component.

2.1.2 Polarisation

According to electrodynamics, light is an intensity oscillation of the electromagnetic field. In the general case,
the electric field vector oscillation can point in any direction normal to its propagation, resulting in light from
a source to not show a preferred oscillation direction. That multitude of randomly oriented electromagnetic
field vector oscillations is what we call non-polarised light. However, in the presence of magnetic fields,
particle motions are such that the emitted light presents a non-random electric field vector orientation. Two
such non-random variations are of particular interest in spectropolarimetry. The first regards the electric
field vector oscillation to occur along the straight line where the electromagnetic wave propagates, and is
called linear polarisation. The second involves electric field vector rotation along a circle and is called circular
polarisation. Also, both these types of polarisation can be present simultaneously, resulting in an elliptical
trail of the electric field vector perpendicular to the direction of propagation.

What is of great interest for interpreting physical properties behind polarisation signals, is the way
the angle between the emitted light and the magnetic field vector connects to the relative intensities and
polarisation properties of σ and π split line components. In the case when that angle is zero, π components
disappear while the σ ones present opposite circular polarisation. Instead, when that angle is 90o, both
appear linearly polarised, the π ones parallel and the σ ones perpendicular to the field. In Figure 1, from the
work of Kochukhov (2018), one can see various possible configurations of the field alignment with respect to
the line of sight, on which the observed light propagates, and the corresponding polarisation.

2.1.3 Polarised radiative transfer

To effectively describe polarisation, the Stokes I vector is introduced, which is comprised by four compo-
nents, namely I, Q, U and V. The first component is simply a total light intensity. Each of the other three
components corresponds to a theoretically perfect measurement of a polariser, with the signal lacking con-
tribution from any other polarisation orthogonal to it. Q and U correspond to measurements by an ideal
linear polariser, while the V involves circular polarisation signal. For example, Stokes I is the total radiation
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intensity that is measured either by two perfect linear polarisers inclined by 90o with respect to each other,
or by two circular polarisers with different handedness:

I = ⟨I0⟩ + ⟨I90⟩ = ⟨I
⟳

⟩ + ⟨I
⟲

⟩ (8)

In the Stokes relation above as well as the ones that follow, ”⟨⟩” symbolise the temporal average. On the
other hand, Stokes Q refers to the difference between the same two linear polarisation intensities of a given
ray of light:

Q = ⟨I0⟩ − ⟨I90⟩ (9)

Moreover, Stokes U can be obtained if the linear polarisation measurements taken when the transmission
axis of a linear polariser is set to 45o and 135o are subtracted:

U = ⟨I45⟩ − ⟨I135⟩ (10)

Finally Stokes V , which concerns the circular polarisation of light, is computed by subtracting the intensities
of different-handedness polarisation signals, right circular polarisation (RCP) and left circular polarisation
(LCP) :

V = ⟨I
⟳

⟩ − ⟨I
⟲

⟩ (11)

As one can see, Stokes polarisation diagnostics are always differential, in the sense that two polarisation
signals on different planes or with opposite handedness need to be compared.

In order to connect a stars’ Stokes polarisation signatures with its surface characteristics, one needs to
model propagation of radiation in its atmosphere. The radiative transfer equation is one of the most pivotal
relations in stellar physics analyses. In general, radiation from a star reaches an observer after multiple
interactions with matter within its stellar atmosphere. These interactions and the resulting radiation emitted
can be described by the radiative transfer equation or, in the case were magnetic fields are involved, the
polarised radiative transfer (PRT) equation. It therefore stands to reason that the PRT equation must be
solved, under educated assumptions, while conducting spectropolarimetric analyses. The main assumption
is that of the Local Thermodynamic Equilibrium (LTE) for deduction of the emission vector J. That vector
is included in the analogous transfer equation of the Stokes I vector:

dI

dz
= −KI + J (12)

In this relation, z is a coordinate of choice, K is a 4×4 matrix that essentially stands for the atmosphere-
specific absorption of light and various effects that change its polarisation characteristics. To unravel the
meaning of J and K, one must introduce the Voigt H and Faraday-Voigt L absorption and anomalous
dispersion profiles of a spectral line. Those profiles, for a given Zeeman component λ0 + ∆λ(Ml,Mu), using
the relative line strengths described in relation 7, are:

φq = ∑
MlMu

Tq(Ml,Mu)H [λ − λ0 −∆λ(Ml,Mu)
∆λD

, α] (13)

and

ψq = ∑
MlMu

Tq(Ml,Mu)L [λ − λ0 −∆λ(Ml,Mu)
∆λD

, α] (14)

Within the equations above, ∆λD stands for the Doppler width attributed to thermal or turbulent
broadening. Also, α incorporates broadening from van der Waals and Stark effects in addition to the natural
one and is called the Lorentzian profile width. The notation q stands for each type of Zeeman component,
as described in relation 7. These two widths used in the line profiles are also calculated for the particular
model atmosphere which is used in spectrum calculations. In turn, the Voight H and Faraday-Voight profiles
are crucial for determination of the absorption and anomalous dispersion terms, η and ρ. These terms differ
for each Stokes vector component and are seven in total:

ηI =
1

2
[φp sin2 θ + φb + φr

2
(1 + cos2 θ)]
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Figure 2: Illustration of the line of sight parallel (B∥) and perpendicular (B⊥) field components, along with the angles χ and
θ used in the analysis.

ηQ = 1

2
[φp −

φb + φr
2

] sin2 θ cos 2χ

ηU = 1

2
[φp −

φb + φr
2

] sin2 θ sin 2χ

ηV = 1

2
[φr − φb] cos 2θ

ρQ = 1

2
[ψp −

ψb + ψr
2

] sin2 θ cos 2χ

ρU = 1

2
[ψp −

ψb + ψr
2

] sin2 θ sin 2χ

ρV = 1

2
[ψr − ψb] cos 2θ

In these relations, θ refers to the angle between the magnetic field vector and line of sight, and χ is the
azimuthal orientation of the projection of the magnetic field vector onto the plane perpendicular to the line
of sight. The angles in question are illustrated in Figure 2. Mathematically, the absorption and anomalous
dispersion terms are all components of the 4×4 absorption matrix Φ`, which is used in deriving both J and
K. That matrix is formulated as:

Φ` =
⎛
⎜⎜⎜
⎝

ηI ηQ ηU ηV
ηQ ηI ρV −ρU
ηU −ρV ηI ρQ
ηV ρU −ρQ ηI

⎞
⎟⎟⎟
⎠

(15)

and is in turn used for deriving J:

J = kcScJ +∑
`

k`S`Φ`J (16)

and K:

K = kcI +∑
`

k`Φ` (17)
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In those relations kc, k` are the continuum and central line opacity coefficients and Sc, S` the contin-
uum and line source functions. The source functions are also connected to the temperature and pressure
gradients meaning that they are directly connected to the model atmosphere used. Hence, both line opacity
coefficients have to be derived for that particular atmosphere, as yet more factors, like chemical composition
and occasionally microturbulence, which need to be taken into account. Considering that calculations are
performed under LTE conditions, both source functions are equal to the Plank function, which is tempera-
ture dependent. The summation in those relations includes all relevant lines for the wavelength range being
examined. Finally, J represents a 4×1 matrix:

J =
⎛
⎜⎜⎜
⎝

1
0
0
0

⎞
⎟⎟⎟
⎠

As expected, to solve the PRT equation for a given atmosphere, a significant amount data must be
employed. The available data must cover four main characteristics of a stellar atmosphere, namely the
magnetic field vector properties, the dependence of temperature and pressure with respect to z, chemical
abundance information and all information concerning Zeeman splitting of select absorption lines. Through
employing those, determination of the absorption matrix and the opacity coefficients should allow for a
solution. The use of a dense vertical grid in a stellar atmosphere, covering several orders of magnitude in
optical depth, is also necessary. Therefore, PRT calculations are demanding both in terms of input data and
computationally.

Hence, research on more approximate approaches was motivated, where certain conditions constrain the
free parameters. One of these approaches, the weak field approximation, is highly interesting for studying
CP Ap stars such as ϕ Dra. This approximation can be used in the magnetic field strength regime where
any Zeeman splitting is much smaller than the intrinsic line width. This is applicable for fields smaller than
1 to 0.5 kG depending on the line (Kochukhov 2018), in which case the Taylor expansion of a Stokes vector
results in only circular polarisation signatures. An interesting result of this approach is that Stokes V relates
to Stokes I as:

V (λ) = −∆λB ḡcosθ
BI

Bλ
= −4.67 × 10−13ḡλ20B∥ (18)

With the field being measured in G and the wavelength in Å. The effective Lande factor ḡ is not to be
confused with the Lande factors of the upper and lower atomic levels. The former describes the sensitivity
of a line, as it essentially translates to the shift of the centers of gravity of the σ components from the
unperturbed line wavelength. That quantity can be calculated by using Ju, Jl, gu, gu for the upper and
lower energy levels as:

ḡ = gl + gu
2

+ gl − gu
4

[Jl(Jl + 1) − Ju(Ju + 1)] (19)

Furthermore, in the limit kl/kc << 1 of weak line formation, where 1 -Iλ/Ic∝ ηI , ηI assumes a Gaussian
function form, leading to the extraction of an analytical expression for V .

Despite the benefits of using such approximations, in our study mapping surface characteristics of the
star with the highest possible precision is attempted. This means the more demanding, numerical solution of
the PRT equation was preferable instead and was carried out under LTE conditions. In particular, the PRT
equation was solved numerically for a realistic model atmosphere, using techniques and coding described by
Kochukhov & Piskunov (2002) and Kochukhov et al. (2014).

2.1.4 Disk-integrated polarisation profiles

An important notion to be considered throughout the analysis is that the Stokes profiles may significantly
vary for different parts of the star. Even in the case of surface magnetic field structures that do not change
over time, the field vector direction on the visible part of the stellar surface changes because of the stellar
rotation, as does the total field modulus. In addition, the general case is that observed objects are not
spacially resolved to begin with, and their rotation introduces Doppler shifts. Those shifts in the signal
vary according to the location and orientation of each structure.An example of the Stokes I and V signals
resulting by a single magnetic spot with field directed along the line of sight can be seen in Figure 3. One
can see the change in I and V signals for different values of the projected rotational velocity of the structure.
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Figure 3: On the left, one can see theoretical Stokes I and V signals (lower left) produced by a magnetic monopole structure
on a stellar surface (upper left). The different colours correspond to various projected rotational velocity values, from higher to
lower values depicted as green, blue, red, and black. On the right, one can see the observed effect on a single line profile from
different magnetic field vector orientations with respect to the line of sight. In particular, the 5018 Å Fe II line Stokes I (upper
right) and V (lower right) profiles formed due to a 1kG magnetic field structure. Figures are taken from Kochukhov (2018).

To understand the complexity of the observed signal, one can also see how Stokes profiles of a single Fe line
would change if the magnetic field vector had a different orientation with respect to the line of sight.

In conclusion, disc integration leads to complicated signals, as signals originating from different parts of
the unresolved stellar disk add up in a configuration-specific way. The shape of those complex signals may
be unlike any that would result from an isolated magnetic spot structure and their amplitude is directly
connected to the projected stellar rotational velocity. Later in the analysis, a method known as Zeeman
Doppler Imaging (ZDI) is introduced, which takes advantage of differences among local profiles and the
rotational modulation of Stokes spectra.

The complexity of the signal increases in the case of a dipole with respect to that of a single pole
structure. As an example, in Figure 4 one can see how four spots of different polarity, comparable strength
and different coordinates on the stellar surface, produce a complex Stokes V signal. In the middle frame in
particular, where the major contribution to the signal comes from the two spots of opposite polarities and
comparable strength, one can discern the blue-shifted and red-shifted Stokes V signals. Moreover, in phases
0 and 0.25 it is evident that the contributions to the signal by the spots further from the disk center are also
non-negligible. In the end all zones of the visible stellar surface are taken into account to construct the disk
integrated Stokes profiles.

2.2 Stellar magnetic field diagnostics

Utilising all aforementioned theoretical background and certain observables, one can in principle map the
magnetic field of a given star under few and reasonable approximations. The question then is what obser-
vational quality is needed to apply stellar magnetic field diagnostics. Furthermore, the choice of accurate
techniques, used to extract information about the magnetic field through the calculated Stokes profiles, is
essential. Also, information acquired through those techniques has to be processed in a reproducible way,
with minimal assumptions, to allow accurate reconstruction of a stellar magnetic field topology.

9



Figure 4: In this figure by Kochukhov (2015), Stokes V signal modulation is shown at different phases of the stellar rotation
(top panels) for each respective phase of its multi-polar field structure.

2.2.1 Least-squares deconvolution

Several techniques have been developed over the past few decades concerning extraction of magnetic field
information through polarisation signals. One of those, that has been applicable to high-resolution Stokes
spectra is called the ”Moment technique”, initially introduced by Mathys (1988) and Mathys (1989) and
applied, for instance, by Bagnulo et al. (2000). Through that, by using non-blended lines, assuming a lack of
surface inhomogeneities and the weak line limit, valuable information has successfully been extracted through
the first or second moments of Stokes V and I for many stars over the years. However, this technique’s
application is limited on targets expected to present a large scale dipolar-like magnetic topology.

To achieve higher accuracy and be able to access a broader range of potential targets, a method on
combining polarisation signal information from many lines of a given spectrum has been developed. In
the weak field and weak line regime, under the assumption that spectral lines typically present a similar
shape, only central intensity, magnetic sensitivity parameters and wavelength affect line strength in every
Stokes parameter. This dependence is present for both local profiles and for disk-integrated spectra. These
principles led Donati et al. (1997) to develop the Least Squares Deconvolution (LSD) technique. Using this
method, a high-precision Stokes V signal can be extracted from polarisation spectra of moderate S/N by
treating disc integration as a linear addition of magnetic field structures with different Doppler shifts.

In the years that followed, Wade et al. (2000) and Kochukhov et al. (2010) expanded that technique to
all four Stokes parameters. This resulted in a set of equations dependent on the position of each individual
line in the velocity space (ui) and its corresponding weight for that profile (wiX). By using those, the whole
spectrum is effectively described as a linear superposition of the scaled mean profiles, by using d, the line
depth in the disk integrated spectrum, λ, the corresponding central line wavelength and Ḡ, a circular and
linear polarisation sensitivity indices which are functions of Ju,l and gu,l. Those mean profiles are then
formulated as:

I(v) = 1 −∑
i

wiIZI(v − vi) , wiI = di (20)

V (v) = 1 −∑
i

wiV ZV (v − vi) , wiV = ḡλidi (21)

Q(v) = 1 −∑
i

wiQZQ(v − vi) , wiQ = Ḡλ2i di (22)

U(v) = 1 −∑
i

wiQZU(v − vi) , wiU = Ḡλ2i di (23)

This description of stellar Stokes spectra can be equivalently represented as matrix operations using the
line mask matrix M and the mean line profiles ZX . Z is a multi-element line profile and M a line-pattern
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matrix pertaining all necessary information on the line positions and strengths. With the observed intensity
or polarisation spectra denoted as X, these terms are connected as:

X = MZX (24)

through which the mean profile ZX can be determined.
Concerning the line pattern matrix, using the line weight and position in the velocity space, vi = c∆λi/λi,

one can calculate its bidiagonal elements (comprised by the diagonal elements Mi,j and the Mi,j+1 ones). In
this case, where we have finite resolving power and hence a wavelength grid of observations, we use indices
i and j, of which the first refers to the wavelength space and j to the velocity points of the LSD profile. vi
can then be expressed as:

vi = c(λi − λl)/λl , vj ≤ vi ≤ vj+1 (25)

to produce the aforementioned elements of the line pattern matrix:

Mi,j = wl(vj+1 − vi)/(vj+1 − vj) (26)

Mi,j+1 = wl(vi − vj)/(vj+1 − vj) (27)

Through linear regression, minimisation of a χ2 of the form:

χ2 = (Xobs −MZX)T ⋅E2
obs ⋅ (Xobs −MZX) (28)

can be achieved, where Eobs is a diagonal matrix whose non-zero elements are the inverse of observational
errors : Eii= 1/σii. Through that minimisation, one arrives to a solution for the mean profile in the form:

ZX = (MT ⋅E2
obs ⋅M)−1MT ⋅E2

obs ⋅Xobs (29)

MT ⋅ E2
obs ⋅ Xobs in this context represents a weighed cross-correlation matrix. The quantity within the

parenthesis of relation 29 is called the autocorrelation matrix, whose inverse effectively deconvolves the
cross-correlation matrix. In the solution of this χ2 minimisation, the intensity of blended lines often seems
to be overestimated, as mentioned in Kochukhov et al. (2010). Also, the error bars of the resulting profile
are scaled so that χ2 will be equal to unity.

Through the LSD method, detection of polarisation signatures with amplitudes down to 10−5 can be
made, as achieved for example by Petit et al. (2011) for the normal, fast rotating star Vega. Kochukhov
et al. (2010) also showed that for field strengths up to 1-2 kG, Stokes I and V profiles can be fairly well
approximated by a single fictitious line, in contrast to Q and U profiles. In best cases, the longitudinal
magnetic field can formally be derived within a 0.5 to 1.0 G error margin. Through LSD, information about
the transverse components can also be extracted from a non-zero net linear polarisation signature, similar
to a technique known as Broad Band Linear Polarisation (BBLP) developed by Landi Degl’Innocenti et al.
(1981). Later, Kochukhov et al. (2014) showed that any LSD profile can be modelled directly, by calculation
of a star’s full synthetic spectrum and then application of the same line-averaging process. The linear
nature of disk integration is what allows interchanging the operations of LSD and disk integration. Chemical
abundance determination or temperature mapping of late-type active stars has proven to be impossible using
Stokes I signatures within the context of the single profile approximation. However, the LSD method has
been considered more promising for reconstructing even complex magnetic field topologies, as for example
attempted for the G-type 37 Comae by Tsvetkova et al. (2017). The main steps and differences of that
method from the single-line LSD analyses can be seen in Figure 5. The same line mask is used in both the
extraction of the observed and theoretical LSD profiles, but calculation of each of the two is independent.
In the end, the observed and synthetic profiles are compared and adjustments might be made to minimize
discrepancies.

This is a computationally demanding method, but is so far the most precise. The LSD approach offers the
advantage of using a concatenation of differently weighed Mk matrices to construct a composite line pattern
matrix M ′. Achieving a multiprofile LSD description of the Stokes I spectrum ensures that the result is
much more refined than being deduced by the single-line approximation. Moreover, there is potential on
making further improvements, like including nonlinear addition treatment of blended lines. The original
method used by Kochukhov et al. (2010) could already partly account for blending when one is performing
LSD for a given element in a blended line where that element is the dominant one.
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Figure 5: Schematic of the main steps of single-line interpretation of LSD profiles (a) and a more sophisticated one, using
spectrum synthesis calculations (b). The image is reproduced from the work of Kochukhov et al. (2014).

2.2.2 Mean longitudinal magnetic field

The mean longitudinal magnetic field is defined as the line of sight-parallel magnetic field component,
averaged over the whole visible stellar surface. In the general case of a non-homogeneous magnetic field
structure on a stellar atmosphere, modulation of that quantity is expected to be observed due to stellar
rotation. Through high-resolution spectropolarimetric observations, one should easily be able to extract
longitudinal magnetic field information. Within the weak line approximation, one finds a relation to directly
derive the mean longitudinal magnetic field ⟨Bz⟩. In this work, the Stokes I and V profiles will be used to
derive the longitudinal magnetic field, in the context of the LSD method outlined in subsection 2.2.1. While
polarisation signal of greater amplitude detected by a given instrumental configuration would present greater
S/N ratio, field strengths in the kG order, that would increase the probability of observing such signals, are
rare. In addition, rotational broadening interferes with Zeeman splitting detections in the intensity spectrum.
As shown by Wade et al. (2012), detection by a single line is likely not possible, even for high resolution
measurements.

In practice, many lines are included in an analysis to retrieve reliable polarisation signal. In the present
study, this analysis is applied to a magnetic star with the field strength below 1.2 kG, where the weak field
approximation is applicable, as mentioned by Donati et al. (1997). Within that work, they specified that
the longitudinal magnetic field can be retrieved using the Stokes I and V profiles discussed previously. In
particular, one can measure the mean longitudinal magnetic field using:

⟨Bz⟩ = −7.145 × 106 ∫ vV (v)dv
λ0ḡ0 ∫ [1 − I(v)]dv

(30)

with λ being the wavelength in Å, v the velocity in km/s, ⟨Bz⟩ the longitudinal magnetic field in G and
ḡ0 being the Lande factor used for the normalisation of the Stokes V weights. Through this relation, after
deriving Stokes I and V LSD profiles for a given spectrum of an Ap star, calculation of its mean longitudinal
magnetic field becomes easy.

2.2.3 Zeeman Doppler imaging

Concerning the spots in CP stars like ϕ Dra, atomic diffusion processes lead to a separation of elements. The
observable result is formation of extensive regions with high and low concentrations of an element on their
stellar photosphere, otherwise known as chemical spots. One of the two straightforward ways of identifying
the existence of such structures on the surface of non-resolved stars is to study the details and variations
of spectral line profiles. An absorption line profile for a homogeneous stellar surface is centered around the
wavelength of absorption and has a finite width. This is the result of various broadening mechanisms in
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Figure 6: Line profile distortion due to spot of enhanced element abundance. The local profile of the spot (red) is stronger
than what would otherwise result from a surrounding stellar disc (blue). The image is reproduced from Kochukhov (2016).

disc-integrated spectra, one of which is stellar rotation. The existence of a chemical spot leads to locally
enhanced line strength in spectral lines of that element, but within a wavelength span smaller than that
of the line width in the disk-integrated spectrum. A spectral distortion appears, which is Doppler-shifted
according to both the location of the spot on the stellar surface, with respect to the disc center, and the
stellar rotation.

The method known as Doppler imaging (DI) aims to use these line profile distortions to extract infor-
mation about the extent and location of such spots. This technique suggests that it is essentially the local
projected rotational velocity and the contrast between the spots and the surface that define the form of the
distortions in line profiles. When using DI the star being studied is treated as an oblique rotator. This
means that periodic variability of its line profiles is a result of the rotational modulation between a chemical
spot structure’s aspect angle and the line of sight of a distant observer. An example of the effect that a
chemical spot has on a line profile is presented in Figure 6. There, the local stellar spectrum of a spot is
seen to differ from that of the photospheric spectrum. In this particular figure, the star rotates so that at
this phase the spot is moving away from the observer, producing a red-shifted spectral distortion.

The latitude of a chemical spot not only affects for what part of the rotation cycle it will be visible, but
also the degree of the Doppler shift with respect to the line center. In the case where the spot latitude is
greater than the inclination angle of rotation, it is visible constantly and therefore continuously introduces
periodic distortions. In contrast, in the case where the latitude is low and the spot is closer to the non-
visible rotational pole, the spot is either rarely visible to the observer or not visible altogether. Effectively,
distortions which span over small fractions of the rotation period present smaller Doppler shift extrema than
spots visible for greater fractions. Spots with a latitude in between these extreme cases, create spectral
distortions that are observed for an intermediate part of the rotational cycle and periodically disappear.
Due to the line of sight component of a spot’s velocity, a distortion can move from blue to red or (rarely)
the opposite. For the latter to be observed, the inclination of the star has to be other than zero and one of
the spots must be visible for more than half the rotational period, being close to the visible rotational pole.

Over the last few decades, efforts have been made to reproduce magnetic field topologies, which eventually
led to great advances in that field. The most important limitations of techniques used in the past involved
introduction of several assumptions, a restricted range of applications and the non-uniqueness of a solution.
The development of the Zeeman Doppler imaging (ZDI) technique was the first step in overcoming those
limitations. ZDI is the extension of DI to the polarisation spectra, and was first applied by Brown et al.
(1991), using Stokes V in combination with DI to extract information on magnetic field geometry. This
technique takes advantage of observing the splitting of magnetically sensitive lines and polarisation in the
Zeeman components of lines, as for example shown in Figure 4.

As in the case of DI, ZDI analysis is conducted using the concept of an oblique rotator. Periodic variability
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of the magnetic field strength and orientation is a result of the rotational modulation of a magnetic field
aspect angle as seen by a distant observer. Additional information about the latitude of magnetic field
structures is similarly extracted from the time dependent modulation of such splitting and polarisation of
spectral lines. In the context of those principles, Kochukhov & Piskunov (2002) and Piskunov & Kochukhov
(2002) showed that a vector magnetic field map can be reconstructed by using the same formulation as DI.
The simplicity of the form of a Stokes V signal (S-shaped) in contrast to that of Q and U (M or W-shaped),
in addition to the advantage of V being ten times stronger than Q and U , has led to the majority of analyses
relying solely on Stokes I and V profiles, much like this study.

Since both these techniques will be used in our analysis, it useful to illustrate the formulation and
restraints imposed on each of them. The main challenge when using either of them is that an infinite
number of solutions can fit a given signal. This means fitting is mathematically degenerate and therefore it
has to rely on additional constraints.

The true advantage of using DI emerged from the groundbreaking suggestion of Goncharskii et al. (1977),
to use a regularisation procedure for converging to a solution that fits observations with the least complex
surface distribution. By applying these constraints on the family of solutions, one can identify the ones that
correspond to smallest contrast. That application includes a minimization method, but as analysis of the
whole formulation in their paper is beyond the scope of this work, we adopt here the form appearing in
Kochukhov (2016). That relation describes minimization of expressions containing the observed spectrum
Sobs, the model spectrum Smod(ε,B), the observational error σ2

obs, regularization parameters Λε and ΛB
corresponding to the regularization functions for abundance and magnetic field, R(ε) and R(B). The total
discrepancy function to be minimised has the form:

∑[Sobs − Smod(ε,B)]2/σ2
obs +ΛεR(ε) +ΛBR(B) (31)

For the Tikhonov regularization, the approach uses:

R(ε) = ∣∣∇ε∣∣ (32)

which ensures that the resulting maps present the least local gradient. The magnetic field regularisation
function R(B) will be discussed later in this section. In this work, abundance mapping is based on the
application of that same Tikhonov regularization. Using that, one produces maps of the least possible
gradient and hence the highest possible smoothness.

For achieving chemical mapping of the stellar surface, applying DI is enough, for magnetic mapping
however, an appropriate spherical harmonic expansion needs to be introduced. One of the two reasons for
that is for the field structure to satisfy Maxwell’s equations. To be specific, ∇B = 0. The second reason is
that quantitative characterisation of the various field components becomes easier. For example, it is possible
to discern which of the radial and horizontal poloidal and horizontal toroidal magnetic field components
presents the highest strength. Such an expansion includes spherical harmonic functions of degree ` and order
m, defined as a function of colatitude and longitude at the stellar surface, θ and φ and Legendre polynomials
P`,m(θ). The functions to be used in our analysis, which were presented in the paper of Kochukhov et al.
(2014), have the form:

Y`,m(θ, φ) = −C`,mP`,∣m∣(cos θ)Km(φ), (33)

Z`,m(θ, φ) = C`,m
` + 1

BP`,∣m∣(cos θ)
Bθ

Km(φ), (34)

X`,m(θ, φ) = −C`,m
` + 1

P`,∣m∣(cos θ)
sin θ

mK−m(φ), (35)

where

C`,m =
¿
ÁÁÀ2` + 1

4π

(` − ∣m∣)!
(` + ∣m∣)! (36)

and

Km(φ) = { cos(∣m∣φ), m ≥ 0
sin(∣m∣φ), m < 0

. (37)

and are used in expansions of the form:

Br(θ, φ) = −
`max

∑
`=1

`

∑
m=−`

α`,mY`,m(θ, φ), (38)
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Bθ(θ, φ) = −
`max

∑
`=1

`

∑
m=−`

[β`,mZ`,m(θ, φ) + γ`,mX`,m(θ, φ)] , (39)

Bφ(θ, φ) = −
`max

∑
`=1

`

∑
m=−`

[β`,mX`,m(θ, φ) − γ`,mZ`,m(θ, φ)] , (40)

In this formulation, the free parameters to be fitted so as to retrieve the radial, azimuthal poloidal and
azimuthal toroidal surface magnetic field components, Br, Bθ and Bφ, are α`,m, β`,m, and γ`,m. The
maximum degree of polynomials included in our fitting is `max= 10, resulting in 120 spherical harmonic
coefficients for each group of α, β, and γ. This means a total of 360 magnetic field parameters are used for
description of the magnetic field topology in this work. Also, it is important that the regularization is done
in a way that minimises complexity but ensures quality of the Stokes profiles fitting. To help achieve that,
a penalty function is imposed in the magnetic map calculation, which has the form:

R(B) = ∑
`,m

`2(α2
`,m + β2

`,m + γ2`,m) (41)

With the help of this magnetic regularisation function, contributions of high order harmonic modes are
reduced for the fitting.

To discern whether one can actually compare the chemical and magnetic topologies, it is useful to know
the resolution of surface structures produced by inversion. As described, DI takes advantage of the time-
dependent line profile distortions to produce maps of large scale surface features. In order to attempt
recovery of a 2-D surface map of a certain parameter, chemical composition for example, the map is divided
in zones comprised of discrete surface elements. Abundance information can then be recovered for each of
those elements, from observations taken at different rotational phases. Within the framework of DI, the
angular size of surface resolution element in degrees can be expressed as:

δl = 90o
∆λ

λ

c

ve sin i
(42)

with λ/∆λ being the resolution of the spectrograph and the last fraction being the speed of light over the
projected rotational velocity. For instance, our spectra with a resolution of 65000 for a ve sin i ≈ 90 km/s
result in a δl ≈ 4.6o. To match this angular resolution, we employ a surface grid containing 1876 zones. This
grid has unequal number of zones for different latitude belts, with the largest number (77) at the rotational
equator. To extract latitudinal information, a series of spectra corresponding to a multitude of phases must
be taken. In this work, 22 time-series spectra are employed to achieve high latitudinal resolution through
modulation of the observed distortions.

To conclude, constraining the family of solutions in chemical and magnetic mapping of ϕ Dra will be
achieved by two critical conditions. The first includes applying the Tikhonov regularisation, to ensure
smoothness. The second, involves imposing the penalty function while fitting a multipole expansion, to
ensure the solution will present the least possible magnetic field complexity. This way, realistic chemical
and magnetic maps of ϕ Dra can in principle be calculated, with adequate resolution to investigate surface
structures.

3 Observational data

3.1 Spectropolarimetry

The spectra used in this work were obtained with the NARVAL spectropolarimeter attached to the 2.03
m Palomar-type equatorial ”Telescope Bernard Lyot” (TBL) telescope, stationed in the Observatoire Midi-
Pyrénées. These spectra are of high precision as the NARVAL cross-disperced echelle spectrograph/spec-
tropolarimeter has a resolution of approximately δλ/λ = 65000. Complete optical spectra in the range of
3694 to 10483 Å were obtained with minimal instrumental polarisation and an exposure time of 24 min-
utes for each observation. The spectra were then reduced by the automatic pipeline of the TBL telescope.
To ensure that instrumental polarisation is not introduced during observations, polarimetric sub-exposures
were additionally combined by the pipeline in such a way as to cancel the stellar signal. This provided the
diagnostic null spectrum, which should be consistent with statistical noise for trustworthy field detection.
A more complete description of the data reduction, including steps concerning spectropolarimetry, is made
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Table 1: Heliocentric Julian dates (HJD) and UT times of observation for each of the 24m-exposure NARVAL spectra. In
addition, longitudinal magnetic field measurements are included in the last column.

Date
(HJD)

UT Date
(y, m, d h, m, s)

⟨Bz⟩
(G)

2457621.400910525631 2016-08-20 21:23:51.374 -236 ± 26
2457622.367733366936 2016-08-21 20:36:11.451 387 ± 25
2457623.417184417646 2016-08-22 21:47:22.593 -171 ± 33
2457624.420523775430 2016-08-23 21:52:07.330 406 ± 25
2457625.413571358408 2016-08-24 21:42:04.760 191 ± 27
2457630.447838340346 2016-08-29 22:31:22.864 -1 ± 32
2457631.517013336308 2016-08-31 00:10:59.424 -103 ± 24
2457634.387361994855 2016-09-02 21:04:13.133 430 ± 26
2457635.367113249802 2016-09-03 20:35:04.397 -76 ± 30
2457638.397205591588 2016-09-06 21:18:23.814 -81 ± 24
2457639.403571137048 2016-09-07 21:27:34.128 307 ± 28
2457640.390586487704 2016-09-08 21:08:45.481 -285 ± 24
2457643.391737684758 2016-09-11 21:10:31.215 233 ± 24
2457644.309956105826 2016-09-12 19:12:41.377 141 ± 30
2457734.236896271802 2016-12-11 17:26:51.623 435 ± 33
2457735.235025776658 2016-12-12 17:24:04.770 109 ± 30
2457736.234398683519 2016-12-13 17:23:13.200 -112 ± 23
2457737.235589739589 2016-12-14 17:24:57.915 364 ± 26
2457801.722460171951 2017-02-17 05:06:36.809 -291 ± 26
2457802.710150156714 2017-02-18 04:48:55.307 421 ± 25
2457803.708869101310 2017-02-19 04:47:03.132 -69 ± 28
2457804.699017667939 2017-02-20 04:32:53.584 349 ± 28

in Donati et al. (1997). The ratio method was introduced in that paper, which has since been revisited by
Bagnulo et al. (2009). The latter showed that a systematic wavelength shift between a pair of orthogonal
beams may be fully compensated by the data reduction process. This is true in both the case where the
shift is caused by misalignment of the retarder plane and the one where it is introduced by the Wollaston
prism. However, if the shift appears in only one of the four sub-exposures, this will lead to non-zero Null
polarisation signal, meaning a higher probability of false detection. The diagnostic null is therefore the best
known method criterion to detect and prevent introduction of such artifacts and was computed by the TBL
pipeline during data reduction.

In Table 1, one can see the times of each observation for the two intervals of consecutive observations,
both in Heliocentric Julian Date and in UT date form. In total, 22 spectra were obtained with typical
signal-to-noise ratio of 1000 at the wavelength of 5500 Å. In addition, longitudinal magnetic field values
calculated by the observations are also included, however, the specifics of this calculation will be discussed
later, in subsection 4.4.

3.2 TESS photometry

The Transiting Exoplanet Survey Satellite (TESS) mission is an all-sky mission aiming to map the pho-
tometric behaviour of all observable objects in search of planet transits. A wide field of view, of 24○x96○

made up of four 24○×24○ cameras, is being used to monitor large regions of the sky. A single session of
observations of the same region over an average of 27 days with 2-minute cadence comprises a ”sector”. In
our case, observations from TESS were being taken every 2 s for a total of 2 minutes to then be stacked into
a single image, being the single observation. Since the spacecraft alignment of detectors is oriented such that
their 24○ sides are constantly directed toward the ecliptic poles, an overlap of the sectors allows certain sky
regions to be observed in multiple sectors. In effect, targets with an ecliptic latitude approximately greater
than 75○ or lower than -75○ are observed almost continuously. The sky coverage by the spacecraft detector
in ecliptic coordinates can be viewed in Figure 7, where the continuous viewing zone can be seen in bright
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Figure 7: Sky map of TESS observations depicting the separate sectors (left) and the resulting observational coverage, with
respect to time, of certain parts of the sky (right). The numbers within each red part of a sector in the left panel correspond
to that sector’s number. Different colours on the right map represent a different number of total sectors in which targets with
such coordinates have been observed. In particular the colour changes from light blue (1 sector) to bright red (12 sectors), the
latter corresponding to the ”continuous viewing zone”. Image taken from the TESS page: https://tess.mit.edu/observations/.

red colour, close to the ecliptic poles. As shown in an earlier work (Papakonstantinou 2021), ϕ Dra is found
in such a region of the sky and has thus been observed in 12 sectors, 14 through 26 except for sector 22. This
corresponds to being continuously observed for almost 12 months, from June 2019 to June 2020, providing
us with a large sample of high-precision photometric measurements.

The TESS light curve of ϕ Dra, reduced as described by Jenkins et al. (2016), was downloaded from
Mikulski Archive for Space Telescopes (MAST). In this work we used the Simple Aperture Photometry
(SAP) version of the light curve. The second version of the reduction, Pre-search Data Conditioning Simple
Aperture Photometry (PDCSAP) data, was found to contain large artefacts, rendering it unusable for ϕ
Dra.

4 Analysis and results

4.1 Spectroscopic binary orbit

It is noteworthy that ϕ Dra is the brightest member of a multiple star system, likely a triple rather than a
four-body one (Lǐska 2016). As such, to take into account effects resulting from its orbital motion, parameters
related to that motion were obtained, from the work of Bischoff et al. (2017) in particular.

A depiction of the multiple star system included in the work of Lǐska (2016) can be seen in Figure 8.
There, the optical binary (A, B) components can be viewed, along with a third visual companion. To produce
the orbital solution with their data, Lǐska (2016) adopted a mass of 3.3 M⊙ for the primary component (Aa),
by Kochukhov & Bagnulo (2006), and a triple system mass of 7.59 M⊙ deduced by a parallax measurement
of π = 10.77(38) mas (Van Leeuwen 2007). Using radial velocity measurements, a period of P ≈128 d was
deduced for the close components, similar to what was first reported by Beardsley (1969), and an inclination
angle of i ≈ 50o. Their solution results in a mass of 3.28 M⊙ for the primary component and a total 7.6 M⊙

mass for the triple system. It is noteworthy that, according to Lǐska (2016), A is expected to be one to two
magnitudes brighter than B.

A set of orbital parameters for the Aab system was needed to account for radial velocity Doppler shifts
of the intensity and polarisation spectra at our disposal. These parameters, effectively describing the motion
of the close component of the system, were adopted from Bischoff et al. (2017). Their approach included
analysing 40 spectra of resolution R ≈ 9,300 to derive a period estimate of 128.165(56) d for the close
components of the system through radial velocity measurements. The resulting radial velocity dispersion in
their fitted orbit was low with respect to measurement errors, crediting the reliability of their solution.
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Figure 8: Schematic of the multiple system ϕ Dra. The fourth component has not been verified as gravitationally bound.
Reproduced from Lǐska (2016).

Table 2: Orbital parameters initially adopted for the multiple system ϕ Draconis. The table includes the period, the radial
velocity semi-amplitude K, the argument of periastron ω, the eccentricity e and the systemic velocity γ (the radial velocity of
the center of mass) of the system. These values were adopted from Bischoff et al. (2017).

P (d) T (BJD − 2450000) K (kms−1) γ (kms−1) ω (o) e

128.165 ± 0.056 6956.94 ± 0.54 27.29 ± 0.31 −16.61 ± 0.11 134.8 ± 0.9 0.675 ± 0.004

However, a discrepancy was noted once the observed and synthetic LSD profiles were plotted on overlap-
ping plots. When first attempting line profile modeling, a slight shift between the observed and computed
Stokes I profiles in the velocity space was first observed. This shift depended on phase of the spectroscopic
binary orbit, revealing a small but non-negligible systematic offset between the adopted and actual orbital
velocity. This motivated refinement of the semi-amplitude for the radial velocity of the primary component.
Regarding the cause of this discrepancy, one has to take a closer look to the method through which the radial
velocity in the work of Bischoff et al. (2017) was determined. Their velocity measurements were obtained
from the cores of hydrogen Balmer lines. By fitting a Gaussian to determine centers of the Balmer lines,
potential contribution of secondary was not taken well into consideration. Since Balmer lines are usually the
strongest absorption lines in spectra of A-type stars, even though Balmer lines of the secondary component
should present much smaller absorption than those of the primary, their contribution is non-negligible. This
leads to the Balmer lines measured to roughly present the shape of two overlapping Gaussians. The peak of
the Gaussian corresponding to the primary star was offset by this blending with the secondary. Effectively,
the radial velocity of the primary was underestimated. Regarding the properties of Ab component, not much
is known besides the minimum mass (Lǐska 2016). Nevertheless, with the help of Doppler imaging analysis of
Fe LSD profiles discussed in Sect. 2.2.1 and 2.2.3, the radial velocity value adopted for the primary of ϕ Dra
was refined. This was achieved by finding the value that minimizes the discrepancy between the observed
and model Stokes I spectra. As a result of this analysis, the value of the radial velocity semi-amplitude was
changed to K=33.62±0.9 km/s. The impact of the existence of the secondary in our analysis is revisited in
Sect. 4.5.

4.2 Rotational period from TESS photometry

In order to more accurately account for stellar rotation, the ”Atess” program was used, as described in section
3.3 of Papakonstantinou (2021) for the simultaneous fitting of 12 TESS sectors of photometric observations.
Initially a Lomb-Scargle periodogram was calculated using these photometric data (Lomb 1976, Scargle
1982). That periodogram can be seen in Figure 9 in which the first 10 harmonics, 6 of which are clearly
seen, are highlighted. The secondary peaks close to maxima are formed because of the discrete nature of
the sample and are a direct consequence of periodogram calculations. This means they do not correspond
to physical detection of separate periodic signals and their width can be reduced by minimizing the interval
between observations or acquiring a larger sample. In practice, reaching a continuous sample of photometric
observations is impossible. In our case, where the secondary peaks seem to be symmetric around each peak
and narrow, we are assured that the dispersion of the observations is low and the sample is large.
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Figure 9: This Lomb-Scargle periodogram was calculated using photometric observations of ϕ Dra by TESS. The vertical
dashed and doted lines depict the harmonic frequency local maximum while the order of that harmonic is depicted in deep
blue on the top, as a product of the first harmonic. The original graph was created using the ”atess” IDL program by Oleg
Kochukhov.

Table 3: The results of the fitting of the first ten harmonics to TESS photometric data are presented here. Formal errors
given were calculated as part of the least squares fitting. For frequency and period, higher order harmonic errors are not given,
as these parameters are not calculated independently, but fixed to be multiples of frot. Errors in amplitude correspond to each
individual harmonic.

f
(1/d)

P
(d)

a
(mmag)

frot: 0.582580969(81) 1.71649960(24) 10.62560(59)
2frot: 1.165161938 0.85824980 2.23730(59)
3frot: 1.747742907 0.57216653 0.70487(59)
4frot: 2.330323877 0.42912490 0.26501(59)
5frot: 2.912904846 0.34329992 0.08853(59)
6frot: 3.495485815 0.28608327 0.10164(59)
7frot: 4.078066784 0.24521423 0.03157(59)
8frot: 4.660647753 0.21456245 0.02011(59)
9frot: 5.243228722 0.19072218 0.01070(59)
10frot: 5.825809691 0.17164996 0.00899(59)

A model light curve was fitted to the observed light curve of ϕ Dra for measurements of TESS sectors
15 to 26. During photometric analyses, observations greatly deviating from the light curve local mean are
removed, a process referred to as clipping. Fitting of the harmonic modes calculated from the observations is
iterative, allowing clipping to be performed in between iterations. This enabled a 5-σ clipping with respect
to the final fit, preventing appearance of statistical noise discrepancies and leading to a more reliable result.
By attributing the first harmonic to rotational photometric modulation due to chemical spots, a rotation
period of 1.71649960(24) d was calculated for the Aa component. The first ten harmonics can be seen in
Table 3.

4.3 Refinement of mean abundances

To apply the LSD approach described in section 2.2.1, one needs to produce an accurate synthetic spectrum
of the examined star. That spectrum, therefore, must match observations in the best way possible. Given
the line list produced by VALD3, one has to evaluate the validity of abundances adopted from previous
studies on that star. However, abundances estimated by previous studies might need to be revised, because
of the time-dependent spectral distortions, excibited by ϕ Dra.

Several stellar characteristics were retrieved from the literature. The ones used in the beginning were
those needed as input for spectrum synthesis calculations. Namely, the effective temperature, surface gravity
and He, Si, Ti, Cr and Fe element abundance values of ϕ Dra. The initial set of parameters used in this
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Table 4: Model atmosphere parameters for ϕ Dra. Column (1) contains the source, columns (2) and (3) the effective
temperature and surface gravity and columns (4) to (8) various elemental abundances of an element ”el” as ε(el)=log(Nel/Ntot).

Author Teff (K) log(g) ε(He) ε(Si) ε(Ti) ε(Cr) ε(Fe)
(1) (2) (3) (4) (5) (6) (7) (8)

Sikora et al. (2019a) 11630 ± 110 3.85+0.03
−0.07 - −3.07 ± 0.48 −7.70 ± 0.80 −5.38 ± 0.26 −3.69 ± 0.19

Kuschnig 1998a 12500 4.0 −2.4 ± 0.3 −3.75 ± −0.65 −6.8 ± 0.3 −5.85 ± 0.65 −4.25 ± 0.65

Average 12065 3.93 −2.4 ± 0.3 −3.41 −7.25 −5.62 −3.97

Adopted 12000 4.0 −2.4 ± 0.3 −3.07 ± 0.48 −7.70 ± 0.80 −5.38 ± 0.26 −3.69 ± 0.19

spectrum synthesis was based on the PhD thesis of Kuschnig (1998) along with some from the recent work
of Sikora et al. (2019a).

Model atmosphere parameters adopted initially were primarily those by Sikora et al. (2019a), with the
exception of surface gravity and He abundance. In particular, the paper of Sikora et al. (2019a) provided
no estimate for the latter. Concerning the star’s effective temperature and surface gravity respectively, we
adopted the rounded average from the two papers. Neither of these two values is expected to change on the
timescale of these analyses and there was no compelling reason to prefer either of the two. It goes without
saying that these values will have to be reconsidered if considerable discrepancies between the synthetic
and average spectra are found. The data retrieved from those papers along with their average, wherever
averaging is possible, and the adopted values for our initial spectrum synthesis can be seen in Table 4.

In order to account for rotational broadening of spectral lines, a value of the projected rotational velocity
was needed. The paper of Sikora et al. (2019a) also provided that value, v sin i = 81.9± 1.6 km/s, along with
another estimate of the inclination angle in their second paper Sikora et al. (2019b). Their determination of
vsini was based on fitting stellar spectra under the assumption of a uniform stellar surface. We will revise
these parameters later in the ZDI analysis.

Since line distortions in the spectra of ϕ Dra are time dependent, one needs to be careful in defining
the representative observed spectrum. The times of spectropolarimetric observations were randomly chosen,
meaning the spectra we use correspond to various different phases of rotation. If we define a set of observa-
tions as those taken within the same month, observations of each set were made on a near-daily basis, at a
near 24 h interval. That, combined with the fact that the rotational period of ϕ Dra is far from being an
integer number of days, ensures the spectra are taken at different rotational phases. Therefore, introduction
of bias to the sample of spectra by many of them being taken at the same rotational phase, and therefore
presenting similar line distortions, was avoided. Because of that, modulation of the spectrum should in
principle be such that a spectrum averaging process will not be biased. An average spectrum is therefore
the best source of information to estimate mean element abundances of ϕ Dra.

During averaging of spectra we corrected radial velocity shifts due to the orbital motion. As input for
the averaging of spectra, the orbital values by Bischoff et al. (2017) were also used. That observed average
spectrum is the one used for revision of mean abundances listed in Table 4.

Spectrum synthesis calculations were performed with the help of the VALD3 database (Ryabchikova
et al. 2015). That database is an extension of the original VALD (Piskunov et al. 1995), which contains
information about more than 600000 atomic transitions. To produce the line list parameters of Table 4 were
supplied to VALD3. Using the results from that database query, a program for polarised radiative transfer
calculations, SYNMAST by Kochukhov (2007) and Kochukhov et al. (2010), was ran to calculate a non-
magnetic synthetic spectrum. The model atmosphere with the parameters given in Table 4 was computed
with the help of the LLmodels code (Shulyak et al. 2004).

Following the calculation of this synthetic spectrum of ϕ Dra, an IDL program called BinMag1 was
utilised to plot the synthetic and average observed spectra. The average spectrum and the one produced by
SYNMAST are initially used as input. The rotational broadening can introduce large changes in a spectrum,
so that if it is not taken into account, the disagreement between the observed and synthetic spectra are like
in Figure 10 for example. To bring the synthetic spectrum to the form it should have for a given rotational

1This program is publicly available and can be found in: https://www.astro.uu.se/~oleg/binmag.html
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Figure 10: The average observed (black) and synthetic (red) spectrum, of ϕ Draconis when using the adopted values in Tables
2 and 4. Rotational broadening has not yet been introduced to the synthetic spectrum, leading to disagreement between the
two spectra.

broadening, one supplies a value for the projected rotational velocity of the star. Using that, the program
calculates rotational broadening for all lines and adjusts the spectrum accordingly. During initial steps
of spectral analysis it was apparent that the value of v sin i= 81.9±1.6 adopted from Sikora et al. (2019a)
was roughly correct, as can by discerned by the agreement of synthetic broadened spectrum lines with the
observed ones in Figure 11.

The decisive advantage of using synthetic spectra and adjusting them through BinMag is that it allows
one to see the elements contributing to the formation of a line. Moreover, it also graphically exhibits the
contribution of an element absorption to each particular line, allowing one to assess the changes needed to
improve the agreement between spectra. One can see in Figure 11, for instance, for blended lines formed
through absorption by several different elements, the contribution from each of those elements.

To disentangle the complications introduced by blending and arrive at a reasonably good agreement
between the synthetic and observed spectra, a modification of the abundance values from the literature
had to be made. In Figure 11, for instance, one can see discrepancies between the lines of the observed
and synthetic spectrum. This is due to errors in the adopted abundances used in producing the synthetic
spectrum. It is evident that even with a global offset a satisfactory matching of the two spectra cannot be
achieved. Since these are few of the many discrepancies between the observed and synthetic spectra, an
abundance adjustment process was necessary for improving mean abundance determination.

The element for which adjustments were initially made, was Fe. The number of blended lines where
iron was the dominant absorber, in the regions not influenced by the broadened Balmer line wings, was
large compared to that of other elements. In the case of Fe, 32 lines were examined before moving on to
adjustments in the spectrum for other elements. Obviously, besides Balmer lines, the telluric line regions
were also avoided for this part of the analysis.

By adjusting the abundance value for a certain element, small changes were made to the synthetic
spectrum, corresponding to that change alone. To decide whether the next matching attempt should include
a synthetic spectrum with a higher (deeper lines) or lower (shallower lines) abundance, tables were made to
decide on an accurate estimate. In those tables, it was noted whether a lower or higher flux was needed for
a blended line to match the average spectrum. Also, a rough weight value between 0 and 1 was assigned
to each blended line corresponding to the fractional contribution in that line by the examined element.
Then, to quantify the result and determine whether a decrease or increase of iron abundance was needed,
the weights supporting an increase or decrease were respectively added and compared. Following that, an
adjustment of 0.1 dex was made in favor of the higher weight sum, so that a new synthetic spectrum would
be produced and checked against the average one. For example, a total weight of 7.7 in favour of a +0.1
dex adjustment superseded the one of a -0.1 dex adjustment with a total weight of 4.8, leading to making
the former adjustment. The increase or decrease of an element abundance was no longer necessary when the
total number of positively or negatively (in the abundance space) diverging lines in the sample were fewer
than the total weight of the abundance value best matching observations. In addition, certain blended lines
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Figure 11: The image colors and spectral region shown are the same as in Figure 10, but after introduction of rotational
broadening by a v sin i=81.9 km/s to the synthetic spectrum. In this figure, one can view the relative contributions of particular
elements (vertical red bars) to the absorption producing a given blended spectral line.

Figure 12: A wavelength region spanning over several blended lines. An example where synthetic spectrum abundance
adjustments yielded a better match between the averaged (black) and synthetic (green) spectrum. As a reference, the synthetic
spectrum produced by initially adopted abundances can also be seen (red). Wavelengths corresponding to specific lines and
their scaled expected line strengths are also shown for the adjusted synthetic spectrum with vertical green bars.

with comparable absorption contributions by two or more elements were inspected. This helped to estimate
the necessary relative abundance modifications. For example, an overall decrease in the concentration of one
of the absorbers of those multi-element blended lines required an increase in the concentration of at least
one other absorber.

The lists of blended lines used for all adjusted elements can be found in Table 8 of Appendix A. There,
wavelength values noted in Å order represent the strongest known line close to the blended line center.
Blended lines formed by contribution of many single lines significantly deviate from a Gaussial line profile
however, hence the term line center here represents the highest absorption area. For higher precision, in Table
9 of Appendix A one can find the approximate wavelength extrema of these blended lines. The agreement
between the observed and synthetic spectra seemed significantly better after the abundance adjustment
procedure. The result also justified our initial choice of effective temperature and surface gravity, for which
no adjustment was made. Examples of the how the average element abundance adjustments helped to
improve the match between observations and the model can also be seen in Figures 12 and 13. In the first of
the two, many blended lines of the synthetic spectrum can be seen to match the observed spectrum better.
In the second figure, an illustration of two of the six blended lines caused by three or more absorbers each
can be seen. These lines were mainly used as indicators for the relative strengths of absorbers during the
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Figure 13: In this figure, one can see a spectral region including two out of the six blended lines which included comparable
contributions by three of the investigated absorbers. In particular, the better fit for Fe-Si-Cr lines around 5569 and 5578 Å can
be seen for our adjusted (green & higher flux) in comparison to the adopted (red & lower flux) synthetic spectra abundances
in this complex blended line region.

refinement process and were the most difficult ones to match. The Mg blended line around 4481 Å was
not matched well, as Mg was not part of this process, but is hinting at a possible overestimation of the Mg
abundance. In Table 5 all abundance values concerning spectrum synthesis calculations computed through
SYNMAST are listed. The resulting abundance values from this analysis are summarised in Table 6 and
describe the chemical composition of ϕ Dra better for a realistic continuum normalisation.

Table 5: List of element abundances used in our spectrum synthesis calculations. The values presented are formulated similarly
to those in Table 4.

H : 0.92 He: -2.40 Li:-10.94 Be:-10.64 B : -9.49 C : -3.52 N : -4.12
O : -3.21 F : -7.48 Ne: -3.96 Na: -5.71 Mg: -4.46 Al: -5.57 Si: -3.52
P : -6.59 S : -4.71 Cl: -6.54 Ar: -5.64 K : -6.92 Ca: -5.68 Sc: -8.87
Ti: -6.90 V : -8.04 Cr: -5.58 Mn: -6.65 Fe: -4.09 Co: -7.12 Ni: -5.79
Cu: -7.83 Zn: -7.44 Ga: -9.16 Ge: -8.63 As: -9.67 Se: -8.63 Br: -9.41
Kr: -8.73 Rb: -9.44 Sr: -9.07 Y : -9.80 Zr: -9.44 Nb:-10.62 Mo:-10.12
Tc:-20.00 Ru:-10.20 Rh:-10.92 Pd:-10.35 Ag:-11.10 Cd:-10.27 In:-10.38
Sn:-10.04 Sb:-11.04 Te: -9.80 I :-10.53 Xe: -9.87 Cs:-10.91 Ba: -9.91
La:-10.87 Ce:-10.46 Pr:-11.33 Nd:-10.54 Pm:-20.00 Sm:-11.03 Eu:-11.53
Gd:-10.92 Tb:-11.69 Dy:-10.90 Ho:-11.78 Er:-11.11 Tm:-12.04 Yb:-10.96
Lu:-11.98 Hf:-11.16 Ta:-12.17 W :-10.93 Re:-11.76 Os:-10.59 Ir:-10.69
Pt:-10.24 Au:-11.03 Hg:-10.91 Tl:-11.14 Pb:-10.09 Bi:-11.33 Po:-20.00
At:-20.00 Rn:-20.00 Fr:-20.00 Ra:-20.00 Ac:-20.00 Th:-11.95 Pa:-20.00
U :-12.54 Np:-20.00 Pu:-20.00 Am:-20.00 Cm:-20.00 Bk:-20.00 Cf:-20.00
Es:-20.00
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Table 6: Adjusted abundances for ϕ Draconis. Chemical elements are the same as in Table 4, so are sources for the initially
adopted values. The first row contains values adopted for our initial synthetic spectrum calculations. In the second one, values
leading to the best match between the observed and synthetic spectra are presented.

Author Teff (K) log(g) ε(He) ε(Si) ε(Ti) ε(Cr) ε(Fe)
(1) (2) (3) (4) (5) (6) (7) (8)

Initial guess 12000 4.0 −2.4 ± 0.3 −3.07 ± 0.48 −7.70 ± 0.80 −5.38 ± 0.26 −3.69 ± 0.19

Adjusted to fit 12000 4.0 −2.4 ± 0.3 −3.5 ± 0.1 −6.9 ± 0.1 −5.6 ± 0.2 −4.1 ± 0.1

4.4 LSD profiles and longitudinal magnetic field

Having achieved a satisfactory match between the average spectrum and the synthetic one, preparations for
the extraction of Stokes profiles, through LSD, were nearly complete. The remaining factor to be considered
in our LSD analysis, was what criterion should be used for a spectral line to be included in LSD profile
calculations.

The first remark in that direction regards weaker lines, where Stokes signal amplitude becomes comparable
to statistical noise. Due to this signal degradation effect, described for example by Semel (1989), the criterion
should involve line depth. The second important remark is that inclusion of more lines can increase the quality
of Stokes profiles. However including all relevant lines of elements in an attempt to increase quality would
also lead to inclusion of lines where signal degradation is observed. There is therefore a trade-off between
inclusion of many lines, to average over more profiles, and inclusion of fewer and stronger lines, where each
signal presents less noise. Clearly, inclusion of a line should be determined by the resulting signal strength.
That is connected to line strength and therefore the minimum strength that a line must have to be included
in the sample.

To optimise results, we applied a cut-off criterion using the average signal to noise ratio of the Stokes V
LSD profile. To determine that threshold, LSD profile calculations were repeated using different values of
cut-off for the mask containing all metal lines. The signal to noise ratio (SNR) was defined as the fraction
of signal amplitude, averaged over central part of the profile and all profiles, to the same average of signal
dispersion:

SNR = ⟨∣V ∣max⟩
⟨σ(V )⟩ (43)

This was calculated for each cut-off in the 5% to 20% of the normalized continuum intensity range. This
resulted in the curve shown in Figure 14, which helped decide on a minimal line depth of 5%. For that
cut-off, the signal to noise ratio was the second highest by a very small margin, but a greater number of
lines (more than 100) was also included in the sample by using that instead of the 7 % cut-off which was
the highest one. By that reasoning, a total of 1260 lines were included in our sample for calculation of the
observed LSD profiles.

In addition, after deduction of the necessary abundance adjustments on the synthetic spectrum, a new
query was made in VALD3, to produce a line list based on updated abundances. Using that improved line
list, final calculation of the LSD profiles was performed. This process was carried out by script written in
IDL. The program derived Stokes I, V and Null mean profiles for all rotational phases using prescribed
selection of lines. That selection included a possibility of using all metal lines as well as lines of specific
elements. The quality of LSD profiles calculated by lines of an element needs to be high for chemical mapping
of that particular element to be possible. To determine which of the chemical elements could later be used
in mapping the stellar surface, LSD signal extraction was attempted for all elements at once (1260 lines) and
then for each of the elements Fe (828 lines), Si (103 lines), and Cr (113 lines) individually. The individual
element processing was introduced because spots of each element can be distributed differently on the stellar
photosphere. As such, any spectral distortion formed by a single chemical spot of an element corresponds to
signal from the lines of that particular element. By S/N ratio calculations, it was determined that Fe and
Si were both good candidates for chemical mapping, but Fe seemed much more promising as it presented
almost two times greater S/N (8.1) than Si (4.6). We also attempted to extract LSD profiles of Cr since
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Figure 14: Change in the LSD profile average S/N with respect to the spectral line depth cut-off, concerning the minimum
line depth required for inclusion of a line.

this element has many lines which show strong variability. However, Stokes V signal quality from lines of
that element turned out to be low (< 4), meaning it should should be excluded from further analysis. The
final LSD profiles calculated by lines of all elements and lines of individual elements are shown in Figures
15 through 18.

To arrive at this form for the profiles, they were normalised once more, as continuum normalisation is
an intricate process, subject to errors that can be propagated to the profiles. To eliminate possible bias, a
more systematic normalisation of the observed LSD profiles was achieved by calculating the average signal
in specific regions of higher and lower velocities outside main profile. That signal area is the one shown with
the pink stripes across those Stokes I profiles. The continuum correction factors established from Stokes I
were applied to the Stokes V and Null profiles.

Based on this LSD profile calculation, determination of the longitudinal magnetic field also becomes
possible by use of equation 30. Since the Stokes I and V profiles were successfully calculated for all lines and
each element individually, an investigation of the rotational modulation of the longitudinal magnetic field
became possible. To ensure instrumental polarisation did not interfere with this analysis, mean longitudinal
magnetic field values were also calculated using Stokes Null profile signal. Since all values lie less than 3σ
from zero, with most of them less than 2σ when using all lines), the analysis is not compromised. The S/N
ratio of Cr LSD profiles seemed to be particularly low compared to that of other elements, making extraction
of signal using only its lines impossible. Hence, it was excluded from this analysis. In Figure 19 one can see
the ⟨Bz⟩ rotational phase curve derived using lines of all metals and the same when using only Fe or Si lines.
Moreover, the values used to construct these plots can be found in Table 7.

In addition a comparison of our results with those from Sikora et al. (2019b) can be made. They analysed
21 out of the 22 NARVAL spectra on which this work is based. By plotting our results over those from their
work, one can discern a rough agreement on almost all values through Figure 20. Since the shifts of 16 out
of 21 values compared seem to be within error margins, with almost no value deviating more than twice as
much as the error, the agreement is very good. A slight trend for higher longitudinal magnetic field value in
their paper for the positive field measurements can be observed.
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Figure 15: The Stokes I (left), V (center) and Null (right) LSD profiles calculated by using lines of metals. The Stokes V and
Null profiles are multiplied by a factor of 15. Profiles shown follow an order of increasing phase from top to bottom, denoted
in blue to the right of each Stokes I profile. In the Stokes I frame, part of the region used for normalization is visible in pink.
Such regions exist on both the negative and positive velocity sides, but the one on the positive side lies outside the plot. The
part of the profile highlighted with grey background corresponds to the interval used for longitudinal field measurements.
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Figure 16: LSD profiles calculated for Fe lines. Symbols and colours are the same as in Figure 15 and part of the velocity
interval used for normalisation is also visible.

4.5 Abundance and magnetic mapping

In this work, the inverse imaging method and formulation applied is the same as described in Kochukhov
et al. (2014)and summarised in Sect. 2.2.3. The mapping code, written in Fortran, reconstructs surface
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Figure 17: The LSD profiles calculated for Si lines. All symbolism, colours and positioning are the same as in Figure 15.

distribution of chemical abundance and/or magnetic field geometry given LSD profile observations in several
Stokes parameters. Local theoretical line profiles are calculated according to the principles outlined in
Sect. 2.2.1 using the same model atmospheres and mean abundances as discussed above. Here we perform
modelling using only Fe LSD profiles; therefore local profiles are tabulated as a function of Fe abundance,
magnetic field strength and orientation. After inversion is completed, the results are visualised using IDL.
At this stage we are able to examine both spherical and rectangular surface maps, compare the observed
and model profiles, and quantify their agreement with standard deviation or chi-square.

As discussed in an earlier section, to reduce discrepancies between the observed and model Stokes profiles,
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Figure 18: The Stokes profiles calculated from Cr lines. Symbols, colours and positioning are the same as in Figure 15, with
the exception that the pink stripe on the side indicates the full negative velocity region of the signal used for normalisation.
The corresponding positive velocity normalisation region lies outside the plot.

a refinement of the adopted radial velocity semi-amplitude was introduced. That K= 33.62±0.9 km/s was
more appropriate for interpretation of our high-resolution metal line profiles.

Since the magnetic field of ϕ Dra is relatively weak, we expect variability in Stokes I profiles to be
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Figure 19: The longitudinal magnetic field with respect to phase from Stokes V(blue) and Null(green). Each Figure corre-
sponds to the longitudinal magnetic field signature calculated from LSD profiles of all lines (upper plot), iron lines (middle
plot) and silicon lines (bottom plot) respectively.
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Table 7: Longitudinal magnetic field values with respect to phase which were illustrated in Figure 19 are presented in this
table. Parentheses contain indicators of lines used to derive the LSD profiles leading to longitudinal magnetic field calculations.
The phase and longitudinal field values are chronologically ordered from earlier to later observations.

Phase ⟨Bz⟩
(G)

(All) ⟨Bz⟩
(G)

(Fe) ⟨Bz⟩
(G)

(Si)

0.361 -236 ± 26 -253 ± 38 -251 ± 39
0.925 387 ± 25 444 ± 30 312 ± 57
0.536 -171 ± 33 -140 ± 47 -225 ± 49
0.120 406 ± 25 418 ± 33 471 ± 47
0.699 191 ± 27 247 ± 35 35 ± 48
0.632 -1 ± 32 78 ± 43 -75 ± 52
0.255 -103 ± 24 -86 ± 33 -140 ± 37
0.927 430 ± 26 457 ± 32 523 ± 61
0.498 -76 ± 30 -82 ± 43 -208 ± 44
0.263 -81 ± 24 -71 ± 34 -83 ± 37
0.849 307 ± 28 373 ± 34 340 ± 61
0.424 -285 ± 24 -273 ± 34 -291 ± 35
0.173 233 ± 24 238 ± 32 293 ± 40
0.708 141 ± 30 198 ± 39 106 ± 54
0.097 435 ± 33 470 ± 44 396 ± 65
0.679 109 ± 30 220 ± 40 -80 ± 50
0.261 -112 ± 23 -134 ± 33 -27 ± 36
0.844 364 ± 26 457 ± 32 240 ± 57
0.413 -291 ± 26 -301 ± 37 -266 ± 38
0.989 421 ± 25 492 ± 31 368 ± 56
0.570 -69 ± 28 -39 ± 40 -268 ± 44
0.147 349 ± 28 367 ± 37 340 ± 54

mostly influenced by abundances spots. We therefore started by reconstructing Fe spots from Stokes I LSD
profiles of this element assuming zero magnetic field. As explained in Sect. 2.2.3, regularisation plays an
important role in surface mapping. In this case, we have to specify the strength of Tikhonov regularisation.
The corresponding regularisation parameter value is not known a priori and has to be adjusted for each data
set to achieve a balance between reproducing observations and not overfitting them. We searched for an
optimal regularisation value by repeating inversions by gradually decreasing regularisation parameter. With
each smaller regularisation parameter value, better fit to observations is achieved, following minimisation of
the quantity presented in relation 31. However, once the regularisation parameter becomes too small, the
map shows spurious features of high contrast. Through this trial and error process, we determined that the
value of Tikhonov abundance regularisation parameter should be approximately Λε = 4.921 × 10−9.

Having decided upon the regularisation parameter, Fe abundance maps for different values of the pro-
jected rotational velocity were examined. By examining how the deviation between the synthetic and the
observed profile behaved with respect to v sin i, one can find the rotational velocity that minimises the
deviation.

After inspection of the smoothness in the maps produced and the Stokes I signal deviations within the
79 to 86 km/s interval, it was confirmed that the 81.9 km/s projected rotational velocity determined by
Sikora et al. (2019a) corresponds to a local minimum with respect to signal deviation. The deviation for
the Stokes I profile fit reached a minimum of ≈0.074%. In Figure 21 one can see the agreement between the
observed and synthetic LSD profiles for that value of projected rotational velocity as well as the spherical
and rectangular projections of the resulting Fe abundance map.

One must, however, keep in mind that this is was not the final form of the abundance map. Inclusion of
magnetic fields in the analysis means taking into account Zeeman distortions in the line profiles. With that
reasoning, magnetic and abundance inversions do in general have to be carried out while taking both Stokes
I and V into consideration. To accomplish that, we used adopted the previous value for Λε as an initial guess
and attempted fitting over a sample of 3 ΛB for a range of v sin i in the 79 to 86 km/s interval. Effectively, the
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Figure 20: Comparison between the longitudinal magnetic field measurements in this paper and Sikora et al. (2019b). The
straight line corresponds to longitudinal magnetic field value equality.

behaviour of the χ2 between observed and model Stokes V signals with respect to the projected rotational
velocity was monitored. That deviation between profiles grew in a way that indicated 83.9 km/s to be a
true local minimum in that velocity interval. Apparently, the introduction of magnetic fields in the analysis
caused this deduction to be slightly different than the previous one, which closely agreed with that of Sikora
et al. (2019a). Moreover, the value of stellar inclination used in the modeling was adopted from Sikora et al.
(2019b) to be i= 48+5

−4
o.

After adopting these values for v sin i and i, mapping was extended to magnetic field and Stokes V
parameter. In this inversion abundance map from the previous step was adopted as an initial guess and
the same Tikhonov regularisation parameter was applied. The magnetic field map was parametrised with
the multipole expansion described in Sect. 2.2.3 and imposing the penalty function to constrain use of
high-order harmonics. The strength of this regularisation is regulated by the parameter ΛB . To chose the
regularisation parameter ΛB that would lead to the best possible fit while avoiding unjustified complexity,
we followed the same procedure of step-wise reduction of regularisation strength as was applied to the Stokes
I profile modelling above. To find an optimal ΛB , an additional criterion was introduced. That criterion was
connected to the relation between the Stokes V chi-square and magnetic regularisation terms in Eq. 31. The
magnitude of these terms was plotted against the regularisation parameter. Following Kochukhov (2017),
the optimal regularisation parameter was assumed to correspond to the situation when the regularisation
term is roughly equal to one third of the Stokes V deviation term. This process of finding the optimal
magnetic regularisation parameter is illustrated in Fig. 22.

For the final magnetic regularisation parameter of ΛB=10−10, the signal deviation reached ≈0.0696%
and ≈ 0.0083 % for the Stokes I and V profiles respectively. The agreement between the final observed and
synthetic Stokes profiles used in the inversion of the Fe abundance and magnetic field of ϕ Dra can be seen in
Figure 23. Moreover, spherical maps of the Fe abundance and magnetic field structure of this star calculated
through this inversion can be seen in Figure 24.

Concerning the impact of the Ab component on LSD profile analysis and inversion, mentioned in Sect.
4.1, one can see evidence of weak contribution in the far wings of LSD profiles. However, the rotational and
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Figure 21: Visualisation results for Fe abundance mapping from Stokes I profiles. Left: The observed(white) and synthetic
(red) Stokes I profiles. The profiles have been shifted vertically with a constant step in order of increasing phase (top to
bottom).That phase is denoted in light blue at the right of each profile. The Spherical abundance maps are inclined by 48o,
and rotated by phase ϕ (top to bottom). Right: rectangular representation of the Fe abundance map. The y axis signifies
stellar latitude (+90o to -90o) and the x axis stellar longitude (0o to 360o). In all maps, brighter colour corresponds to higher
Fe concentration.

orbital periods are very different. This means contributions of the secondary appear in different parts of a
joint profile at similar rotational phases, so they are unlikely to lead to spurious surface structures.

According to the derived abundance maps, areas with strongly enhanced Fe concentrations appear on the
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Figure 22: The magnetic regularisation term (blue) and the deviation between the observed and synthetic Stokes V profiles
(orange solid line) are plotted with respect to magnetic regularisation parameter ΛB . The dashed orange line corresponds to
one third of the deviation.

stellar surface. All high Fe concentrations seem to be located on the northern stellar hemisphere, whose Fe
abundance mapping was more complete. This is due the geometry of observations, as the inclination of the
axis of rotation with respect to the line of sight allowed for all regions of that hemisphere to be observed. On
the contrary, all visible areas of the southern stellar hemisphere show lower concentrations of Fe, reaching
more than two orders of magnitude of difference from peak concentrations in the northern one. Also, near its
stellar equator, zones of similar abundance seem to have exist, with decreasing abundance as one approaches
the stellar equator.

Concerning the magnetic field maps, one can see that the positive radial magnetic field component of
the visible surface presents larger amplitude than the negative one, in agreement with longitudinal magnetic
field results. The magnetic field modulus seems to present two peaks of comparable strength where the field
reaches approximately 1.3 kG. Combined with information from the radial field component map, one can
see that these peaks present the same polarity.

In order to more quantitatively inspect the magnetic field structure, one can also examine the way the
field is described by spherical harmonics used in the inversion. In Figure 25 one can see the distribution
of energy with respect to the harmonic degree `. As a first note, one can see that the vast majority of the
field energy (87%) lies in the poloidal components of the first (dipolar) and second (quadrupolar) degree
harmonics. Moreover, there is no spherical harmonic degree where the field energy of the toroidal component
is higher than the corresponding poloidal one. To put these numbers in the global surface magnetic field
context of ϕ Dra, the mean absolute magnetic field is 0.487 kG, while the mean absolute radial field is 0.439
kG. Another interesting remark is that description of the stellar magnetic field did not require introduction
of high-order harmonics, as the energy of any higher degree harmonic than the fifth is lower than 0.5 %.
This confirms the effectiveness of the penalty function imposed, described by relation 41.

5 Conclusions and discussion

In this work, Fe abundance and magnetic mapping of the primary of the optically non-resolved spectroscopic
binary ϕ Dra was achieved. The maps of the primary component in this system were reconstructed using
ZDI inversion based on the LSD profiles calculated for its observed and synthetic spectra.

Initially, in an effort to match the observed and synthetic spectra of this star, abundance adjustments were
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Figure 23: Stokes I (right) and V (left) profiles derived from observations (black) and from synthetic spectrum calculations
(red) used in the inversion. The Stokes I profiles are shifted by -0.01 per spectrum while the Stokes V ones are multiplied by
15 and shifted by 0.015 per spectrum. The rotational phase, which can be seen on the right of each plot.

made. Through the adjustment process, loose agreement was found with the value mentioned in literature
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Figure 24: Spherical maps of the Fe abundance (row a), magnetic field modulus (b), radial magnetic field component (c)
and surface magnetic field vector (d) obtained from LSD profile inversion. In rows a and b, darker colours represent higher
abundance and magnetic field strength respectively. In rows c and d, red colour stands for outward (radially positive) direction
of the magnetic field lines and blue corresponds to inward (radially negative) direction with the intensity again measured in
kilo-Gauss. Crosses depict one of the rotational poles and the white curved line in each represents the stellar equator. The
spherical maps of each row are rotated from φ=0 (left) to φ=0.8 (right) with a step of 0.2. Contours are drawn at a 0.2 dex
step for a and at a 0.2 kG step for b and c.

for the abundance of Cr, as it showed a slightly lower (-0.2 dex) concentration than recently reported in
Sikora et al. (2019a). Concerning Si and Fe abundances, however, the agreement with their conclusion was
less good with a -0.45 and -0.4 dex divergence respectively. A significant discrepancy was found during this
optimization process, which was a higher value in the estimate of Ti abundance, by +0.8 dex higher than
reported in their paper. In fact, this value is in good agreement with an earlier result by Kushnig (1998a),
as our Ti abundance estimate is smaller by only -0.1 dex.

Using TESS photometry, the rotational period of ϕDra was also greatly refined to a value of 1.71649960(24)
d as photometric modulation is dependent on its rotation. The greatest amplitude of this modulation reaches
1% of the total flux. The star also exhibits higher order harmonics, with near-monotonically decreasing am-
plitude per harmonic order.

By repeating inversions with a Doppler imaging code, we could derive the projected rotational velocity
vsini and semi-amplitude of the orbital radial velocity variation. By looking for a set of values that yields
a better agreement between observed and synthetic profiles, it was determined that a value of 83.9 km/s
for the projected rotational velocity and a radial velocity semi-amplitude of 33.62±0.9 km/s minimized that
deviation.

Also, longitudinal magnetic field values were calculated using observed Stokes V profiles and compared
with those from Sikora et al. (2019b). Agreement was found between these sets of longitudinal field calcula-
tions, with a small possible systematic offset for the high positive values.

The circular polarisation signal retrieved from Fe lines proved to be strong enough for mapping magnetic
field and Fe concentration in the stellar photosphere. By that mapping, five chemical spots were detected,
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Figure 25: Distribution of the magnetic field energy as a function of angular degree of spherical harmonics. Energy percentages
corresponding to poloidal (turquoise) and toroidal (orange) field components are shown for each angular degree (`).

in which the concentration of Fe nearly reached 100 times greater value than that in other photospheric
regions. Moreover, zones of decreasing Fe concentration toward the stellar equator seem to exist while two
large regions of Fe underabundance lie on the visible part of the southern stellar hemisphere.

The first magnetic mapping of ϕ Dra was achieved in this paper. The result of this mapping suggests
that the magnetic topology of ϕ Dra is predominantly dipolar with the radially positive magnetic pole
being stronger than the negative one. The dipole seems to be offset so that both poles are located in
positive latitudes. The magnetic field minima can be found in a plane nearly perpendicular to the rotational
equator. This includes the north rotational pole that seems to be in an area of low magnetic field strength.
Concerning the magnetic field energy distribution, more than 70 % of that energy is in the form of the
poloidal component of the dipole harmonic mode (`=1). Furthermore, less than 13 % of the total magnetic
field energy is distributed in toroidal and poloidal components other than the poloidal ones of the dipole
and quadrupole.

Through the top two rows of Figure 24 (a and b), one can see that relative positions of four out of five
high Fe concentration regions overlap with those of high magnetic field strength. The fifth overabundance
spot is in a region where the horizontal field component is stronger than the radial one and the magnetic
field modulus is close to half maximum. Furthermore, the large underabundance regions close to the equator
and in the southern hemisphere of ϕ Dra coincide with a weak field modulus. The above are indicators that
magnetic field strength may also be correlated with Fe concentration in the photosphere of a magnetic Ap
star. According to previous observations, patches of elements that show most clear connection to the field
topology are those of Li (Polosukhina et al. 1999) and O (Rice et al. 1997). In early studies of Ap stars, Ca,
Fe, Ti or Cr showed little or no such correlation. However, results of this work suggest a possible correlation
between magnetic field and Fe concentrations on Ap stars. In addition, spots of that particular element seem
to form primarily in regions where the radial field component is stronger, contrary to what theoretical model
calculations have shown in the past (Alecian & Stift 2010) and even more recently for Fe concentrations on
a model with Teff= 10000 k and logg= 4 (Alecian 2015). Also, these results are partly in agreement with
the ones of Kochukhov et al. (2014), showing high Fe concentrations in areas where the positive or negative
radial field component is strong. Also the (likely) two most pronounced Fe underabundance regions lie in
areas of low magnetic field strength in agreement with results for CU Vir. Similar results in support of
this correlation were obtained in the work of Kochukhov et al. (2019) for θ Aur and ε UMa. However, the
horizontal field component is not strong in four out of five enhanced Fe abundance areas, contrary to what
has been observed for CU Vir.

As observational results contradict theoretical expectations, a more complete theoretical understanding
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of element segregation is needed. Revisiting theoretical assumptions might be needed to provide a better
description of how chemical spots are related to magnetic field topologies and the extent to which that
applies. Only then may one understand if and how these, presumably fossil, magnetic fields are connected
to stellar evolution.

6 Acknowledgements

I’d like to thank my supervisor Oleg Kochukhov for the pivotal methodological guidance and insight he
provided throughout this project. Also, special thanks go to my parents, whose support has been critical in
all accounts for the completion of this work.

38



References

Alecian, G. (2015), ‘Abundance distributions over the surfaces of magnetic ApBp stars: theoretical predic-
tions’, MNRAS 454(3), 3143–3149.

Alecian, G. & Stift, M. J. (2010), ‘Bi-dimensional element stratifications computed for magnetic Ap star
atmospheres’, A&A 516, A53.

Bagnulo, S., Landolfi, M., Landstreet, J., Degl’Innocenti, E. L., Fossati, L. & Sterzik, M. (2009), ‘Stellar
spectropolarimetry with retarder waveplate and beam splitter devices’, Publications of the Astronomical
Society of the Pacific 121(883), 993.

Bagnulo, S., Landolfi, M., Mathys, G. & Landi Degl’Innocenti, M. (2000), ‘β Coronae Borealis: a combined
interpretation of the magnetic quantities obtained through the moment technique, and of the observations
of broadband linear polarisation’, Magnetic Fields of Chemically Peculiar and Related Stars pp. 168–170.

Beardsley, W. R. (1969), ‘The Radial Velocities of 129 Stars in the Years 1906 tp 1917’, Publications of the
Allegheny Observatory of the University of Pittsburgh 8, 91–263.
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A Lines used for mean abundance determination

Table 8: Blended line lists for each of the elements beside Fe that were used in synthetic spectrum adjustments to match the
average. The last column contains line including two or all three of the elements mentioned

Fe (Å) Cr (Å) Ti (Å) Si (Å) Fe, Cr, Ti, Si (Å)
4024 4145 4163 4183 4233
4063 4224 4294 4187 4533
4173 4242 4443 4200 5346
4178 4252 4468 4259 5569
4296 4261 4549 4621 5578
4303 4284 4563 5055 6168
4384 4555 4571 5185
4405 4558 5466
4416 4565 5639
4451 4588 5669
4491 4616 5806
4508 4634 5977
4515 4812 6239
4541 4824 7848
4583 5237
4629 5274
4731 5313
4923 5334
5001 5390
5018
5035
5100
5169
5216
5227
5316
5427
5534
5780
5902
6147
7513
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Table 9: Estimates for the highest and lowest wavelength limits of the blended lines of Table 8, given in Å.

Line Start End Line Start End

4024 4023.4 4027.2 4621 4620.0 4623.5
4063 4062.2 4064.7 4629 4628.0 4630.4
4145 4144.3 4147.5 4634 4632.8 4634.9
4163 4162.2 4165.7 4731 4730.0 4732.8
4173 4169.3 4175.3 4812 4811.1 4813.3
4178 4175.6 4180.2 4824 4822.7 4825.5
4183 4180.2 4185.5 4923 4922.5 4925.4
4187 4185.5 4188.9 5001 5000.5 5005.3
4200 4196.7 4203.7 5018 5016.8 5019.9
4224 4223.4 4225.9 5035 5034.1 5038.3
4233 4231.4 4234.4 5055 5054.4 5058.9
4242 4240.7 4243.4 5100 5099.1 5102.2
4252 4251.3 4256.7 5169 5167.7 5170.5
4259 4256.8 4260.4 5185 5183.9 5186.4
4261 4260.7 4262.8 5216 5212.3 5220.0
4284 4282.8 4285.3 5227 5221.2 5229.0
4294 4292.6 4295.2 5237 5235.8 5238.8
4296 4295.2 4297.7 5274 5274.0 5275.3
4303 4301.8 4304.3 5313 5312.0 5314.8
4384 4381.8 4386.3 5316 5315.0 5319.6
4405 4401.0 4411.0 5334 5332.9 5336.1
4416 4414.6 4417.5 5346 5344.5 5348.7
4443 4441.8 4445.0 5390 5388.8 5392.0
4451 4450.6 4452.9 5427 5426.3 5431.2
4468 4467.0 4469.7 5466 5464.1 5470.7
4491 4485.9 4492.5 5534 5533.0 5536.5
4508 4505.8 4509.4 5569 5566.1 5571.6
4515 4510.3 4513.3 5578 5574.4 5579.4
4533 4531.2 4536.1 5639 5637.7 5641.9
4541 4540.0 4542.8 5669 5667.9 5670.9
4549 4547.6 4550.7 5780 5578.6 5781.6
4555 4553.6 4557.0 5806 5804.9 5808.2
4558 4557.2 4559.8 5902 5901.1 5904.5
4563 4562.0 4564.7 5978 5977.0 5980.5
4565 4564.9 4567.0 6147 6146.2 6151.7
4571 4570.0 4573.4 6158 6152.8 6162.6
4583 4581.3 4585.5 6239 6238.5 6240.4
4588 4586.1 4591.0 7513 7510.4 7519.9
4616 4615.1 4617.7 7848 7845.5 7853.3
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