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Abstract 

 

In this paper, we compare the forecasting effects of the ARIMA model and the exponential 

smoothing method. The model fitting and the prediction is the complete analysis process of 

these two models. The analysis process is taken in non-seasonal and seasonal time series. 

Differences in prediction performance between the ARIMA model and the exponential 

smoothing method are evaluated on the empirical and simulated data.  

 

 

Contents 

1. Introduction ................................................................................................................................... 3 

2. Methodology of Time Series ......................................................................................................... 4 

2.1 Basic Concept of Time Series ........................................................................................... 4 

2.2 Statistical Characteristics of Time Series ............................................................................ 4 

2.3 Stationarity .......................................................................................................................... 4 

2.4 White Noise ......................................................................................................................... 5 

2.5 Model for Stationary Time Series ....................................................................................... 6 

2.6 The Autocorrelation Function and The Partial Autocorrelation Function ........................... 9 

2.7 The Seasonal Model of Time Series .................................................................................. 11 

2.8 Theory of the Exponential Smoothing Method ................................................................. 12 

3. Analysis of Non-Seasonal Time Series ....................................................................................... 15 

3.1 Preliminary Analysis and Preprocessing of Data .............................................................. 16 

3.2 Establishment of Model .................................................................................................... 18 

3.3 Analysis of Residuals ........................................................................................................ 19 

3.4 Forecasting Based on the ARIMA Model ......................................................................... 20 

3.5 The Exponential Smoothing Analysis ............................................................................... 21 

3.6 Comparison of the ARIMA Model and the Holt Method .................................................. 22 

4. Analysis of Seasonal Time Series ............................................................................................... 23 

4.1 Preliminary Analysis and Preprocessing of Data .............................................................. 23 

4.2 Establishment of Model .................................................................................................... 25 

4.3 Analysis of Residuals ........................................................................................................ 26 

4.4 Forecasting Based on the SARIMA Model ....................................................................... 28 

4.5 The Holt-Winters Analysis ................................................................................................ 28 

4.6 Comparison of the SARIMA Model and the Holt-Winters Method.................................. 30 

5. Conclusion .................................................................................................................................. 31 

 

 

  



1. Introduction 

 

Prediction has always been a hot issue in academic circles and a very important indicator in 

practical application. Finding the appropriate forecasting method has become the primary 

problem of forecasting. The ARIMA model and the exponential smoothing method are classical 

and widely-used methods when analyzing time series. 

 

The time series analysis method can be traced back to 1927. The British statistician G.U. Yule 

(1871-1951) proposed the autoregressive (AR) model[1]. Soon after, the British mathematician 

and astronomer G.T. Walker used the moving average (MA) model[2] and the autoregressive 

moving average (ARMA) model[3] when analyzing the laws of the atmosphere. These models 

lay the foundation of the time series analysis method. In 1970, American statistician G.E.P. Box 

and British statistician G.M. Jenkins Published Time Series Analysis - Forecasting and 

Control[4]. In this book, on the basis of summarizing previous studies, they systematically 

expounded the principles and methods of identification, estimation, test and prediction of the 

autoregressive integrated moving average (ARIMA) model. These are now called classical time 

series analysis methods, which are the core content of time domain analysis methods. The 

ARIMA model is also called the Box Jenkins model to commemorate their contribution. The 

ARIMA model is actually a linear model mainly used in univariate and single-variance 

situations. 

 

In 1957, in a report, C.C. Holt put forward the exponential smoothing method[5] and used it to 

predict and analyze the nonlinear situation. After that, Brown created the Brownian high-order 

exponential smoothing method[6] to predict the inventory. In 1965, James first proposed such a 

time series model, he then got the best prediction result by using the exponential smoothing 

method[7]. The Winters’ linear exponential smoothing method and seasonal exponential 

smoothing method appeared in the late 1970s. They considered seasonal factors and trend 

factors into exponential smoothing method. In 1985, Gardner[8] discussed the exponential 

smoothing method in detail in a published article, which had a far-reaching influence on later 

related research. In the past 30 years, the exponential smoothing method has been developed 

and applied to thousands of forecasting problems in various fields. 

 

Comparing the forecasting effects of these two methods can help us have a better understanding 

of the operating principles and the scopes of application. In this paper, we consider two kinds 

of time series: non-seasonal and seasonal. For the non-seasonal part, we analyze the GDP data 

of China by the ARIMA model and the Holt method. For the seasonal part, we analyze the 

monthly sales of champagne by the SARIMA model and the Holt-Winters method. Besides, to 

obtain the universal evaluation results of the forecasting effects, we enlarge the samples by 

simulating for hundreds of times.  

 

 

 

 



2. Methodology of Time Series 

 

2.1 Basic Concept of Time Series 

 

In the scope of human activities, we often encounter such data, which are arranged according 

to time. For example, monthly and annual sales in business, the data of ECG activity per second 

in biological science, annual crop output in agriculture, daily maximum temperature and annual 

precipitation data in meteorology. 

 

After comprehensive analysis of the characteristics of these data, time series can be understood 

from the following aspects. From the perspective of mathematics, observing one or a group of 

variables 𝑋𝑡 in a process and recording the data at a series of time 𝑡1, 𝑡2,⋯ , 𝑡𝑁(𝑡1 < 𝑡2 <

⋯ < 𝑡𝑁), the set 𝑋(𝑡1), X(𝑡2),⋯ , 𝑋(𝑡𝑁) is a time series. From the perspective of system, time 

series is the response of a certain system to different time (place, condition, etc.). From the 

perspective of statistical significance, time series is to regard the value of an index at different 

times as a sequence. These sequences are arranged in chronological order. 

 

2.2 Statistical Characteristics of Time Series 

 

The sequence of random variables {𝑌𝑡} can be viewed as a stochastic process. We take this 

process as the model of observing the time series. The complete probability structure of this 

process is determined by the joint distribution of 𝑌𝑡. And most of the information of this joint 

distribution can be described by the mean, variance and covariance. 

 

Some statistical characteristics are usually used to describe the properties of a time series. The 

main characteristic quantities are shown below: 

(1)Mean function: 𝜇𝑡 = 𝐸𝑌𝑡 = ∫ 𝑦𝑑𝐹𝑡(𝑦)
∞

−∞
 

(2)Variance: 𝐷𝑌𝑡 = 𝐸(𝑌𝑡 − 𝜇𝑡)
2 = ∫ (𝑦 − 𝜇𝑡)

2𝑑𝐹𝑡(y)
∞

−∞
 

(3)Covariance: Cov(𝑌𝑡 , 𝑌𝑠) = 𝐸(𝑌𝑡 − 𝜇𝑡)(𝑌𝑠 − 𝜇𝑠) also written as 𝛾𝑡,𝑠 

(4)Autocorrelation:  𝜌𝑡,𝑠 =
Cov(𝑌𝑡,𝑌𝑠)

√𝐷𝑌𝑡⋅𝐷𝑌𝑠
=

𝛾𝑡,𝑠

√𝛾𝑡,𝑡𝛾𝑠,𝑠
 

 

2.3 Stationarity 

 

In order to deduce the structure of a stochastic process according to the existing observations, 

it is often necessary to make some reasonable assumptions. And the stationary hypothesis is a 

common but very important one. 

 

The basic idea of stationarity is regarding the process as the equilibrium point in a sense, which 

means that the statistical laws determining this characteristic do not change according to time. 

There are two kinds of stationarity, strict stationarity and weak stationary. 



 

For any 𝑘  and time points  𝑡1, 𝑡2,⋯ , 𝑡𝑛 , if the joint distribution of 𝑌1, 𝑌12  ,⋯ , 𝑌𝑡𝑛  and 

𝑌𝑡1−𝑘, 𝑌𝑡2−𝑘,⋯ , 𝑌𝑡𝑛−𝑘 are same, then {𝑌𝑡} is strict stationary. For any 𝑡, 𝑠, 𝑘: 

Cov(𝑌𝑡 , 𝑌𝑠) = Cov(𝑌𝑡−𝑘, 𝑌𝑠−𝑘) 

Let 𝑘 = 𝑠, then 𝑘 = 𝑡 and there is: 

𝛾𝑡,𝑠 = Cov(𝑌𝑡−𝑠, 𝑌0) = Cov(𝑌0, 𝑌𝑠−𝑡) = Cov(𝑌0, 𝑌|𝑡−𝑠|) = 𝛾0,|𝑡−𝑠| 

Therefore, we can find that the covariance of 𝑌𝑡 and 𝑌𝑠 only depends on the time interval 

|𝑡 − 𝑠|  and is not related to the actual values of 𝑡, 𝑠 . Therefore, the autocorrelation and 

autocorrelation functions of a stationary time series can be abbreviated as: 

𝛾𝑘 = Cov (𝑌𝑡, 𝑌𝑡−𝑘), 𝜌𝑘 = Corr (𝑌𝑡, 𝑌𝑡−𝑘), 𝜌𝑘 =
𝛾𝑘
𝛾0

 

In practical problems, it is difficult to grasp the probability distribution of stationary time series, 

so we take its numerical characteristics into consideration. Therefore, we only require that the 

first and second moments do not change with the translation of time. And this is the weak 

stationarity. The weak stationarity satisfies the following requirements. Otherwise, the time 

series is not stationary. 

(1) 𝐸𝑌𝑡
2 < ∞,∀𝑡 ∈ 𝑇, 𝑇 is the collection of time points. 

(2) 𝐸𝑌𝑡 = 𝜇, 𝜇 is constant, ∀𝑡 ∈ 𝑇, 𝑇 is the collection of time series. 

(3) 𝛾𝑡,𝑠 = 𝛾𝑘+𝑡,𝑘+𝑠, ∀𝑘 + 𝑡, 𝑘 + 𝑠 ∈ 𝑇, which means 𝛾𝑡,𝑠 is related with time interval 𝑡 − 𝑠. 

 

2.3.1 The ADF test 

The unit root test is also called the DF test, which was proposed by Dicky and Fuller. The DF 

test is often used to test the stationarity of 𝐴𝑅(1) process. The ADF test is an advancement of 

the DF test, which can be used to the 𝐴𝑅(𝑝) process. 

 

For any 𝐴𝑅(𝑝) process 𝑋𝑇 = 𝜙1𝑋𝑡−1 +⋯𝜙𝑝𝑋𝑡−𝑝 + 휀𝑡, the characteristic equation is 𝜆𝑝 −

𝜙1𝜆
𝑝−1 −⋯−𝜙𝑝 = 0. If the eigenvalues of the characteristic equation are all contained in the 

unit circle, i.e. |𝜆𝑖| < 1, 𝑖 = 1,2,⋯ , 𝑝 , then the sequence {𝑥𝑡}  is stable. If the sum of 

autoregressive coefficients is equal to 1, the 𝐴𝑅(𝑝) sequence has a unit root. 

𝜙1 + 𝜙2 +⋯+ 𝜙𝑝 = 1, 𝑖. 𝑒. 1 − 𝜙1 −⋯− 𝜙𝑝 = 0 

⇒ 𝜆𝑝 − 𝜙1𝜆
𝑝−1 −⋯𝜙𝑝 = 0 𝑓𝑜𝑟 𝜆 = 1 

𝜙𝑖, 𝑖 = 1,2,… , 𝑝  are the autoregressive parameters, 𝜆𝑖, 𝑖 = 1,2, … , 𝑝  are the characteristic 

roots. Equivalence assumption:  

𝐻0: 𝜌 = 0 ↔ 𝐻1: 𝜌 < 0,where 𝜌 = 𝜙1 + 𝜙2 +⋯+𝜙𝑝 − 1 

Test statistics: 𝜏 =
𝜌
^

𝑆(𝜌
^
)
 where 𝑆(𝜌

^
) is the sample standard deviation of the parameters. 

 

2.4 White Noise 

 

However, not all stationary time series are worth analyzing. We prefer to choose the data which 

is dependent and the future development is influenced by the historical one. 

 

If the values of a sequence are independent, then it is a sequence without memory and the past 

behavior has no influence on the future development. This kind of sequence is a pure random 



sequence, also known as white noise. Assuming {휀𝑡} is stationary, if for any 𝑠, 𝑡 ∈ N, 

𝐸휀𝑡 = 𝜇, Cov (휀𝑡 , 휀𝑠) = {
𝜎2, 𝑡 = 𝑠
0, 𝑡 ≠ 𝑠

 

 

Then {휀𝑡} is white noise, which can be written as 𝑊𝑁(𝜇, 𝜎2). If {휀𝑡} are independent series, 

{휀𝑡} is independent white noise. If 𝜇 = 0, {휀𝑡} is white noise with mean zero. If 𝜇 = 0, 𝜎2 =

1 , {휀𝑡}  is standard white noise. For independent white noise, if 휀𝑡  obeys the normal 

distribution, {휀𝑡} is normal white noise. Introducing the 𝐾𝑟𝑜𝑛𝑒𝑐𝑘𝑒𝑟 function: 

𝛿𝑡 = {
1, 𝑡 = 0
0, 𝑡 ≠ 0

 

Then the above formula can be written in a simple form: 

𝐸휀𝑡 = 𝜇, Cov (휀𝑡, 휀𝑠) = 𝜎
2𝛿𝑡−𝑠 

White noise characterizes a stationary sequence with simple random interference. 

 

2.4.1 The Ljung-Box test 

The Ljung-Box test is a test of randomness and also a statistical test of whether there is 

autocorrelation in a time series. For the pure randomness test, if the 𝑝 value is less than 5%, 

then we reject the hypothesis that the sequence is white noise.  

 

If there is no autocorrelation, the series is a white noise series. Generally, the statistic 𝑄 can 

be constructed as 𝑄 = 𝑁∑ 𝜌
^

𝑟
2

𝑘

𝑟=1
, where {𝜌

^

𝑟
2} are the squared estimated autocorrelations. 

Testing whether the sequence is a white noise sequence is equivalent to check whether the test 

statistic 𝑄 obeys the distribution 𝜒2 with the degree of freedom 𝑘. The original hypothesis 

𝐻0: 𝜌1 = 𝜌2 = ⋯ = 𝜌𝑚 = 0, ∀𝑚 ≥ 1  and the alternative hypothesis 𝐻1:  There is at least 

one 𝜌𝑘 ≠ 0, ∀𝑚 ≥ 1, 𝑘 ≤ 𝑚  at the significance level 𝛼 . According to the 𝛼 , 𝑘  and 𝜒2 , 

we can find out the corresponding value of 𝜒𝛼
2(𝑘). If 𝑄 ≤ 𝜒𝛼

2(𝑘), then we accept the original 

hypothesis, that is, at the assumption that the sequence is a white noise sequence is accepted at 

the significance level 𝛼. If 𝑄 > 𝜒𝛼
2(𝑘), then we reject the assumption at the significance level 

of 𝛼. 

 

2.5 Model for Stationary Time Series 

 

2.5.1 The General Linear Process 

{𝑌𝑡} is the observed time series and {𝑒𝑡} represents the independent identically distributed 

random variables with zero means, also known as white noise. The general linear process {𝑌𝑡} 

can be expressed as: 

𝑌𝑡 = 𝑒𝑡 + 𝜓1𝑒𝑡−1 + 𝜓2𝑒𝑡−2 +⋯ 

That is, a weighted linear combination of past and present white noise with ∑ 𝜓𝑖
2∞

𝑖=1
< ∞. For 

example, assume 𝜓0 = 1 and 𝜓 decrease exponentially with the form: 

𝜓𝑗 = 𝜙
𝑗 

𝜙 is between −1 and +1. Therefore, the process can be expressed as: 

𝑌𝑡 = 𝑒𝑡 + 𝜙𝑒𝑡−1 + 𝜙
2𝑒𝑡−2 +⋯ 



 

2.5.2 The Moving Average Process 

When the finite coefficients 𝜓 are not zero, we can obtain the moving average process: 

𝑌𝑡 = 𝑒𝑡 − 𝜃1𝑒𝑡−1 − 𝜃2𝑒𝑡−2 −⋯− 𝜃𝑞𝑒𝑡−𝑞 

the equation is called the moving average process of order 𝑞, which can be written 

as MA(𝑞) . For the general MA(𝑞)  process, the autocovariance and 

autocorrelation functions can be obtained as  

𝛾0 = {

(1 + 𝜃1
2 + 𝜃2

2 +⋯+ 𝜃𝑞
2)𝜎𝑒

2, 𝑘 = 0

(−𝜃𝑘 + 𝜃1𝜃𝑘+1 +⋯+ 𝜃𝑞−𝑘𝜃𝑞), 1 ≤ 𝑘 ≤ 𝑞

0, 𝑘 > 𝑞

𝜌𝑘 = {

−𝜃𝑘 + 𝜃1𝜃𝑘+1 + 𝜃2𝜃𝑘+2 +⋯+ 𝜃𝑞−𝑘𝜃𝑞

1 + 𝜃1
2 + 𝜃2

2 +⋯+ 𝜃𝑞
2 𝑘 = 1,2,⋯ , 𝑞

0 𝑘 > 𝑞

 

 

From the above formula, we can know the concept of 𝑞 -step censoring, that is, the 

autocorrelation function 𝜌𝑘 of MA(𝑞) sequence is zero when 𝑘 > 𝑞. 

 

It shows that the MA(𝑞) sequence has only a 𝑞-step correlation, when |𝑡 − 𝑠| > 𝑞, 𝑋𝑡 

and 𝑋𝑠  are uncorrelated. This is the essential characteristic of a MA(𝑞)  model. It 

provides a useful way to establish the order in the modeling. The 𝑘 value of censoring is 

the order of the model. Observe that 𝜌𝑞  is only −𝜃𝑞 , and the autocorrelation function is 

truncated after the lag 𝑞 and the autocorrelation coefficient is zero.  

 

2.5.3 The Autoregressive Process 

The autoregressive process is similar to a regression. The 𝑝-order autoregressive process 

{𝑌𝑡} satisfies the equation: 

𝑌𝑡 = 𝜙1𝑌𝑡−1 + 𝜙2𝑌𝑡−2 +⋯+ 𝜙𝑝𝑌𝑡−𝑝 + 𝑒𝑡 

It is abbreviated as 𝐴𝑅(𝑝). 

The current value of the sequence 𝑌𝑡 can be regarded as a linear combination of the most recent 

𝑝-order terms and the information terms 𝑒𝑡, where 𝑒𝑡 consist of the information that the past 

values cannot describe. 

For the general AR(𝑝) process, the autocorrelation function can be obtained by 

{

𝜌1 = 𝜑1 + 𝜑2𝜌1 +⋯+ 𝜑𝑝𝜌𝑝−1
𝜌2 = 𝜑1𝜌1 +𝜑2 + 𝜑3𝜌1 +⋯+ 𝜑𝑝𝜌𝑝−2

⋮
𝜌𝑝 = 𝜑1𝜌𝑝−1 + 𝜑2𝜌𝑝−2 +⋯+ 𝜑𝑝

   (1) 

In the form of matrix: 



(

𝜌1
𝜌2
⋮
𝜌𝑝

) =

(

 
 

1 𝜌1 𝜌2 ⋯ 𝜌𝑝−1
𝜌1 1 𝜌1 ⋯ 𝜌𝑝−2
⋮ ⋮ ⋮ ⋮

𝜌𝑝−1 𝜌𝑝−2 𝜌𝑝−3 ⋯ 1
)

 
 
(

𝜑1
𝜑2
⋮
𝜑𝑝

) 

The above is called the 𝑌𝑢𝑙𝑒 −𝑊𝑎𝑙𝑘𝑒𝑟  equation, and the parameter 𝜎𝑎
2  is given by the 

following equation 

𝜎𝑎
2 = 𝛾0 −∑𝜑𝑗𝛾𝑗

𝑝

𝑗=1

 

The autocorrelation function of AR(𝑝) satisfies formula (1), and the variance of white noise 

sequence satisfies the equation above. It points out that the autocorrelation function of AR(𝑝) 

needs to satisfy the equation (1). According to the linear equation theory, the autocorrelation 

function of the AR(𝑝) sequence is not truncated after a certain step, but gradually decays with 

the increase of 𝑘. This attenuation is controlled by the negative exponential function, which is 

called tailing. 

 

2.5.4 The Autoregressive Moving Average Mixed Model 

If a series is assumed to be combined with autoregressive and moving average, the following 

time series model can be obtained: 

𝑌𝑡 = 𝜙1𝑌𝑡−1 + 𝜙2𝑌𝑡−2 +⋯+ 𝜙𝑝𝑌𝑡−𝑝 + 𝑒𝑡 − 𝜃1𝑒𝑡−1 − 𝜃2𝑒𝑡−2 −⋯− 𝜃𝑞𝑒𝑡−𝑞 

We regard {𝑌𝑡} as an autoregressive moving average mixed process, the orders of which are 

𝑝 and 𝑞 and can be abbreviated as ARMA(𝑝, 𝑞). 

 

Introduce the delay operator: 𝐵𝑌𝑡 = 𝑌𝑡−1, 𝐵
2𝑌𝑡 = 𝐵(𝐵𝑌𝑡) = 𝑌𝑡−2⋯𝐵

𝑘𝑌𝑡 = 𝑌𝑡−𝑘(𝑘 =

1,2,3,⋯ ), 𝐵 is called a one-step delay operator and 𝐵𝑘 is called a 𝑘-step delay operator. The 

equation of ARMA above can be written as 

𝜑(𝐵)Yt = 𝜃(𝐵)𝑒𝑡 

Where 𝜑(𝐵) and 𝜃(𝐵) satisfy: 

𝜑(𝐵) = 1 − 𝜙1𝐵 − 𝜙2𝐵
2 −⋯−𝜙𝑝𝐵

𝑝 

𝜃(𝐵) = 1 − 𝜃1𝐵 − 𝜃2𝐵
2 −⋯− 𝜃𝑞𝐵

𝑞 

 

2.5.5 The Information Criteria 

The AIC criterion was proposed by Akaike[9]. The criterion considers both the proximity of the 

fitting model to the data and the number of unknown parameters in the model to present the 

goodness of fit and the accuracy of parameter estimation. The formula of the Akaike 

Information Criterion is: 𝐴𝐼𝐶 =  −2 ln(𝐿) + 2𝑘 where 𝑘 is the number of parameters and 

𝐿  is the maximum of the likelihood function. We can find the most fitting model with the 

smallest 𝐴𝐼𝐶. 

 

There are also other information criteria that can help us finding the most suitable model. The 



Bayesian information criterion: 𝐵𝐼𝐶 =  −2 ln(𝐿) + ln(𝑛)𝑘 . The Hannan-Quinn criterion: 

𝐻𝑄𝐼𝐶 =  −2 ln(𝐿) + ln(ln(𝑛)) 𝑘. 

 

2.6 The Autocorrelation Function and The Partial Autocorrelation Function 

 

2.6.1 The Autocorrelation Function of ARMA (p, q) 

According to the formula 𝜑(𝐵)Yt = 𝜃(𝐵)𝑒𝑡, if 𝜑(𝐵) satisfies the stationarity condition, then 

the stationary solution of 𝑌𝑡 is 𝑌𝑡 = 𝜑
−1(𝐵)𝜃(𝐵)𝑒𝑡. 

Write 𝜑−1(𝐵) as the series form of 𝐵, so that 𝐺(𝐵) = 𝜑−1(𝐵)𝜃(𝐵) = ∑ 𝐺𝑖𝐵
𝑖∞

𝑖=0
, 𝐺0 =

1 , the sequence {𝐺𝑖}  space is called Green's function. By the following derivation, the 

autocorrelation function of ARMA (𝑝, 𝑞) can be finally obtained. 

{
 
 

 
 

𝜎𝑌
2(1 − 𝜑1𝜌1 −⋯− 𝜑𝑝𝜌𝑝) = (1 − 𝜃1𝐺1 −⋯− 𝜃𝑞𝐺𝑞)𝜎𝑎

2, 𝑘 = 0

𝜎𝑌
2(𝜌1 − 𝜑1𝜌0 − 𝜑2𝜌1 −⋯− 𝜑𝑝𝜌𝑝−1) = (𝜃1 − 𝜃2𝐺1 −⋯− 𝜃𝑞𝐺𝑞−1)𝜎𝑎

2, 𝑘 = 1

𝜎𝑌
2(𝜌𝑞 − 𝜑1𝜌𝑞−1 −⋯− 𝜑𝑝𝜌𝑞−𝑝) = 𝜃𝑞𝜎𝑎

2, 𝑘 = 𝑞

𝜌𝑘 − 𝜑1𝜌𝑘−1 −⋯− 𝜑𝑝𝜌𝑝−𝑞 = 0, 𝑘 > 𝑞

 (2) 

Let 𝑘 = 𝑞 + 1,⋯ , 𝑞 + 𝑝, and we have: 

(

𝜌𝑞 𝜌𝑞−1 ⋯ 𝜌𝑞−𝑝+1
𝜌𝑞+1 𝜌𝑞 ⋯ 𝜌𝑞−𝑝+2
⋮ ⋮ ⋮

𝜌𝑞+𝑝−1 𝜌𝑞+𝑝−2 ⋯ 𝜌𝑞

)(

𝜑1
𝜑2
⋮
𝜌𝑞

) = (

𝜌𝑞+1
𝜌𝑞+2
⋮

𝜌𝑞+𝑝

) 

The autocorrelation function can also be written as: 

𝜌𝑘 =
𝛾𝑘
𝛾0
=

∑ 𝐺𝑗𝐺𝑗+𝑘
∞

𝑗=0

∑ 𝐺𝑗
2

∞

𝑗=0

 

So we have the following theorem: 

Stationary time series {𝑌𝑡} with zero mean is an 𝐴𝑅𝑀𝐴(𝑝, 𝑞) sequence if and only if its 

autocorrelation function satisfies formula (2).  

 

To sum up, the autocorrelation function of 𝐴𝑅𝑀𝐴(𝑝, 𝑞) satisfies the same difference 

equation, 𝜑(𝐵)𝜌𝑘 = 0(𝑘 > 𝑞) . Therefore, the autocorrelation function of 𝐴𝑅𝑀𝐴(𝑝, 𝑞) 

sequence is also trailing and controlled by a negative exponential function. 

 

2.6.2 The Partial Autocorrelation Function of ARIMA(p,q) 

In a stationary time series with zero mean, the partial autocorrelation function between 

𝑌𝑡−1,⋯ , 𝑌𝑡−𝑘+1 and 𝑌𝑡−𝑘 can be defined by the following process. Consider predicting 

𝑌𝑡  based on a linear function of the intervening variables 𝑌𝑡−1, 𝑌𝑡−2, …… , 𝑌𝑡−𝑘+1 , say, 

𝛽
^

1𝑌𝑡−1 + 𝛽
^

2𝑌𝑡−2 +⋯+ 𝛽
^

𝑘−1𝑌𝑡−𝑘+1, with the 𝛽
^

’s chosen to minimize the mean square error of 



prediction. If we assume that the 𝛽
^

’s have been so chosen and then think backward in time, it 

follows from stationarity that the best “predictor” of 𝑌𝑡−𝑘  based on the same 

𝑌𝑡−1, 𝑌𝑡−2,⋯ , 𝑌𝑡−𝑘+1 will be 𝛽
^

1𝑌𝑡−𝑘+1 + 𝛽
^

2𝑌𝑡−𝑘+2 +⋯+ 𝛽
^

𝑘−1𝑌𝑡−1.The partial autocorrelation 

function at lag 𝑘 is then defined to be the correlation between the prediction errors; that is, 

𝜙𝑘𝑘 = Corr (𝑌𝑡 − 𝛽
^

1𝑌𝑡−1 − 𝛽
^

2𝑌𝑡−2 −⋯− 𝛽
^

𝑘−1𝑌𝑡−𝑘+1,

𝑌𝑡−𝑘 − 𝛽
^

1𝑌𝑡−𝑘+1 − 𝛽
^

2𝑌𝑡−𝑘+2 −⋯− 𝛽
^

𝑘−1𝑌𝑡−1)

 

For 𝐴𝑅𝑀𝐴(𝑝, 𝑞)  sequences, we can solve the partial autocorrelation function 𝜑𝑘𝑘  of 

𝐴𝑅𝑀𝐴(𝑝, 𝑞)  by estimating the minimum variance of 𝑌𝑡 .The relationship of partial 

autocorrelation function and autocorrelation function is obtained: 

{

𝜌1 = 𝜙𝑘1𝜌0 + 𝜙𝑘2𝜌1 +⋯+ 𝜙𝑘𝑘𝜌𝑘−1
𝜌2 = 𝜙𝑘1𝜌1 + 𝜌𝑘2𝜌0 +⋯+ 𝜌𝑘𝑘𝜌𝑘−2

⋮
𝜌𝑘 = 𝜙𝑘1𝜌𝑘−1 + 𝜙𝑘2𝜌𝑘−2 +⋯𝜙𝑘𝑘𝜌0

 that is (

1 𝜌1 ⋯ 𝜌𝑘−1
𝜌1 1 ⋯ 𝜌𝑘−2
⋮ ⋮ ⋮

𝜌𝑘−1 𝜌𝑘−2 ⋯ 1

)(

𝜑𝑘1
𝜑𝑘2
⋮
𝜑𝑘𝑘

) = (

𝜌1
𝜌2
⋮
𝜌𝑘

) 

The above formula shows that the partial autocorrelation function 𝜑𝑘𝑘  and parameters 

𝜑𝑘𝑗(j = 1,2,⋯ , 𝑘)  can be obtained by the value of the autocorrelation function. It can be 

directly solved by the formula above, and the commonly used recurrence relation is: 

{
 
 

 
 

𝜑11 = 𝜌1

𝜑𝑘+1,𝑘+1 = (𝜌𝑘+1 −∑𝜌𝑘+1−𝑗𝜑𝑘𝑗

𝑘

𝑗=1

)(1 −∑𝜌𝑗𝜑𝑘𝑗

𝑘

𝑗=1

)−1

𝜑𝑘+1,𝑗 = 𝜑𝑘𝑗 − 𝜑𝑘+1,𝑘+1𝜑𝑘,𝑘+1−𝑗, 𝑗 = 1,2,⋯ , 𝑘

 

The analysis on the characteristics of stationary time series provides an important 

theoretical basis for us to identify the model, and the theory can be summarized in Table 

below. 

 

 

2.6.3 The Durbin-Watson Test 

The Durbin-Watson test, also known as the DW test, is used to test the first-order 

autocorrelations of residuals in regression analysis (especially for time series data). Assume 

that the residual is 𝑒𝑡. The correlation equation of each residual is expressed by 𝑒𝑡 = 𝜌𝑒𝑡−1 +

𝑣𝑡. The original hypothesis of the test is 𝜌 = 0 and the alternative assumption is 𝜌 ≠ 0, test 

statistic: 



𝑑 =
∑ (𝑒𝑡 − 𝑒𝑡−1)

2𝑇

𝑡=2

∑ 𝑒𝑡
2𝑇

𝑡=1

 

because 𝑑 is approximately equal to 2(1 − 𝜌), so the closer the statistical value is to 2, the 

better the model is. Generally, it is between 1 and 3. When it is less than 1, the test indicates 

that the residuals have autocorrelations. 

 

2.6.4 Modeling Process of the ARIMA Model 

The establishment of the ARIMA model is a complicated process, which involves many 

specific parts. Generally speaking, the modeling steps of the ARIMA model can be divided 

into the following processes: 

 

1. The analysis of data. Describe the trend of data and analyze its characteristics through time 

series diagrams or other graphs. 

2. Test of stationarity. Stationarity is the basic premise of time series analysis and prediction, 

so ensuring the stability of data is an important part for future prediction. 

3. Processing of data. If the data is unstable, it must be processed first. Therefore, it 

is necessary to analyze the characteristics of the data first, and treat it with the 

appropriate ways. For example, we can take a difference of data with linear trend 

and take a logarithm for data with exponential trend, etc. After processing the data, 

we need to carry out the stationarity test to ensure that the data is stable before 

continuing the following steps. 

4. Model identification. The model order is identified by the diagram of autocorrelation 

and partial autocorrelation, and the optimal model order is finally determined through 

comprehensive analysis based on the selection principle of order and the evaluation 

principle of the criteria. 

5. The prediction based on the model. Evaluate the prediction effect according to the 

established model and the prediction effect evaluation. 

 

2.7 The Seasonal Model of Time Series 

 

2.7.1 Theory of the SARIMA Model 

The seasonal autoregressive integrated moving average, abbreviated as SARIMA(𝑝, 𝑑, 𝑞) ×

(𝑃, 𝐷, 𝑄)𝑠 , where 𝑝  and 𝑞  are the autoregressive and moving average orders, 𝑑  is the 

difference times, 𝑃 and 𝑄 are the seasonal autoregressive and moving average orders, 𝐷 is 

the seasonal difference times, and 𝑠 is the seasonal cycle length. 

 

If the time series {𝑋𝑡} shows periodic correlation, it satisfies 

𝑈(𝐵𝑆)∇𝑆
𝐷𝑋𝑡 = 𝑉(𝐵

𝑆)휀𝑡 

where 𝐷  is the seasonal difference order, ∇𝑆= 1 − 𝐵
𝑆  is called the seasonal difference 

operator, 𝑆 is the seasonal period. 

𝑈(𝐵𝑆) = 1 − Γ1𝐵
𝑆 − Γ2𝐵

2𝑆 −⋯− Γ𝑃𝐵
𝑃𝑆, 𝑉(𝐵𝑆) = 1 − H1𝐵

𝑆 − H2𝐵
2𝑆 −⋯−H𝑄𝐵

𝑄𝑆 



∇𝑆
𝐷= (1 − 𝐵𝑆)𝐷 

𝑃  is the seasonal autoregressive order, Γ1, Γ2,⋯ , Γ𝑃  are the seasonal autoregressive 

coefficients. 𝑄  is the seasonal moving average order and the seasonal moving average 

coefficients are H1, H2,⋯ , H𝑄. Combine the equations above to obtain the seasonal ARIMA 

model: 

Φ(𝐵)𝑈(𝐵𝑆)∇𝑑∇𝑆
𝐷𝑋𝑡 = Θ(𝐵)𝑉(𝐵

𝑆)휀𝑡 

 

2.7.2 Modeling Process of the SARIMA Model 

1. Stability test. When the sequence is non-stationary, select an appropriate difference 

method to extract the deterministic information such as periodicity and trend change in 

the original sequence to determine 𝑑 and 𝐷. 

2. Model order determination. The properties of sample autocorrelation coefficient and 

partial autocorrelation coefficient are used to determine 𝑃 and 𝑄, but it is rare that the 

parameters 𝑃 and 𝑄 exceed order 2, which can be tried one by one from low order to 

high order. 

3. Parameter estimation and model test. The Box Ljung statistic is used to test whether the 

residual sequence is a white noise sequence. If the alternative model fails, turn to step 2 

and refit. Due to the subjectivity of order determination, the effective model is not unique, 

so it is necessary to select the model with the smallest BIC or AIC function, small 

goodness of fit statistic and concise as the optimal model among all the tested models. 

4. Sequence prediction. The optimal model is used for prediction and verified with actual 

data. The evaluation indexes are prediction error and Root Mean Squared Error (RMSE).  

 

2.8 Theory of the Exponential Smoothing Method 

 

2.8.1 The General Concept of the Exponential Smoothing Method 

The exponential smoothing method uses a special weighted average method, which smooths 

the sample data first, and then makes a prediction. Its principle is to decompose the time series 

into three parts for analysis, the mean, the trend and the seasonal characteristics. Moreover, it 

also owns uniqueness in the distribution of weights. It gives more weight to the latest observed 

values and less weight to the historical values, which not only ensures the integrity of 

information, but also has a side weight. 

 

2.8.2 Characteristics of the Exponential Smoothing Method. 

The exponential smoothing method has many advantages and it is widely used in practical 

applications. After studying and summarizing the exponential smoothing method, we find that 

it mainly presents the following characteristics. 

1. Operational aspects 

The exponential smoothing method is easy to operate. The algorithm can be realized by 

inputting data on ordinary computers. But the drawback is that this method does not generate 



prediction intervals. 

2. Data law 

The exponential smoothing method makes use of all historical data and related information. 

The distribution of weights follows the principle of high weight for recent data and low weight 

for historical data. By smoothing the data by weighting, the model can weaken the influence of 

abnormal data, so that the prediction can be more stable. 

3. Cost aspect 

The data of the next period can be obtained by using the actual data and predicted values of the 

previous period. This method can save cost on processing the data. 

4. Scope of use 

The exponential smoothing is always used in the prediction of time series in economy, 

natural science and military affairs. It is widely used, which can not only predict data alone, 

but also be combined with other methods to make a prediction.  

 

2.8.3 The Moving Average Method. 

When forecasting time series, it is conceivable that the results are generally not ideal if we 

just make the arithmetical average of observed values. If the moving arithmetic mean is 

applied for prediction, although the accuracy may not be high, the change of time series 

can be reflected and the calculation is not complicated. Every time we get the latest period 

data, it will replace the data of the oldest period. By recalculating the average value, we 

can predict the data of the next period and we can get a series of averages. 

 

Assume that the current period is 𝑡 and observed values are 𝑥1, 𝑥2, … , 𝑥𝑡. Calculate the 

average of observed values for every consecutive 𝑛 periods, and regard it as the predicted 

value of 𝑡 + 1 in the next period. Then 𝐹𝑡+1 can be expressed as:  

𝐹𝑡+1 =
1

𝑛
(𝑥𝑡 + 𝑥𝑡−1 +⋯+ 𝑥𝑡−𝑛+1) =

1

𝑛
∑ 𝑥𝑖

𝑡

𝑖=𝑡−𝑛+1

 

In this equation, 𝑥𝑡 represents the latest observed value, and 𝐹𝑡+1 is the predicted value of 

the next period obtained by the moving average method. When 𝑛 = 1, the observed value of 

this period is 𝑥𝑡 and the predicted value of the next period is 𝐹𝑡+1. 

 

2.8.4 The Single Exponential Smoothing Method 

The single exponential smoothing method is a development of the moving average and it 

does not need to keep much historical data. According to the observation value of the 

previous period and the prediction error of this period 𝑒𝑡 = (𝑥𝑡 − 𝐹𝑡) , the data can be 

predicted. The general expression is: 

𝐹𝑡+1 = 𝛼𝑥𝑡 + (1 − 𝛼)𝐹𝑡 

Obviously, it only needs to keep the observed value 𝑥𝑡 of the current period and the predicted 

value 𝐹𝑡 of the previous period, and then it can predict the next period. Also the value of the 



smoothing constant 𝛼 should be kept. 

 

In order to better understand the significance of the exponential smoothing method, we expand 

the formula 𝐹𝑡+1 = 𝛼𝑥𝑡 + (1 − 𝛼)𝐹𝑡, and carry out recursion according to this formula: 

𝐹𝑡+1 = 𝛼𝑥𝑡 + (1 − 𝛼)𝐹𝑡
= 𝛼𝑥𝑡 + (1 − 𝛼)[𝛼𝑥𝑡−1 + (1 − 𝛼)𝐹𝑡−1]

= 𝛼𝑥𝑡 + 𝛼(1 − 𝛼)𝑥𝑡−1 + (1 − 𝛼)
2𝐹𝑡−1

= ⋯
= 𝛼𝑥𝑡 + 𝛼(1 − 𝛼)𝑥𝑡−1 + 𝛼(1 − 𝛼)

2𝑥𝑡−2 +⋯+ 𝛼(1 − 𝛼)
𝑛𝑥𝑡−𝑛

(3) 

It can be seen from the formula above that the weight of observed values decreases 

exponentially. The exponential smoothing method needs to minimize the mean square error 

(𝑀𝑆𝐸) of its estimation error. When 𝑛 goes to infinity, the sum of weights is 1, that is: 

∑𝛼(1 − 𝛼)𝑛−1
∞

𝑛=1

= 1 

Reorganize the equation (3) and get: 

𝐹𝑡+1 = 𝐹𝑡 + 𝛼(𝑥𝑡 − 𝐹𝑡) 

It can be abbreviated as 

𝐹𝑡+1 = 𝐹𝑡 + 𝛼𝑒𝑡 

In this formula, 𝑒𝑡  is the error at time 𝑡, and its value is obtained by subtracting the 

predicted value from the actual value. 

 

It can be seen from the above that the predicted value of the exponential smoothing method can 

be obtained as the sum of the error correction value and the predicted value of the previous 

period. When the value of 𝛼 is approximately 1, it means that all the corrected values of the 

previous prediction errors are included in the new prediction. When the value of 𝛼  is 

approximately 0, only a small part of the corrected value is taken into account in the new 

prediction. When the value of 𝛼 is relatively large, the predicted value can reflect the actual 

change of time series quickly. When the value of 𝛼 is small, the response of the predicted 

value changing with time series will be slow and smooth. 

 

2.8.5 The Double Exponential Smoothing Method 

The double exponential smoothing method is a method that smooths the values again after the 

first exponential smoothing. Generally, there are two common methods, the first is the 

Brownian single-parameter exponential smoothing method and the second is the Holt two-

parameter linear exponential smoothing method. If there is a certain trend in the time series, 

then the predicted values obtained by single and double exponential smoothing will lag behind 

the actual values. Therefore, the difference of the single and double smoothing values can be 

added to the single smoothing value to correct the trend of time series. Its smoothing formula 

is: 

𝑆𝑡
(1)
= 𝛼𝑥𝑡 + (1 − 𝛼)𝑆𝑡−1

(1)
 



𝑆𝑡
(2)
= 𝛼𝑆𝑡

(1)
+ (1 − 𝛼)𝑆𝑡−1

(2)
 

In these equations, 𝑆𝑡
(1)

 is the value of the single exponential smoothing method, 𝑆𝑡
(2)

 is the 

value of the double exponential smoothing method and 𝑥𝑡  is the current observed value. 

Through calculation, two parameters of the linear smoothing model can be obtained:  

𝛼𝑡 = 𝑆𝑡
(1)
+ (𝑆𝑡

(1)
− 𝑆𝑡

(2)
) = 2𝑆𝑡

(1)
− 𝑆𝑡

(2)

𝑏𝑡 =
𝛼

1 − 𝛼
(𝑆𝑡

(1)
− 𝑆𝑡

(2)
)

 

Then a linear smoothing model is obtained as 

𝐹𝑡+𝑚 = 𝛼𝑡 + 𝑏𝑡𝑚 

where 𝑚 is the forward forecast periods. The Brownian single-parameter linear exponential 

smoothing prediction method is usually called a linear smoothing model. 

 

2.8.6 The Holt-Winters Method 

The cubic exponential smoothing method is the Holt-Winters method, which was proposed by 

Holt and Winters. When a sequence has a certain repeated pattern in each fixed time interval, it 

is called seasonal, and such a time interval is called a season. For example, sales show a 

repeated pattern in a week. The length 𝑘  of a season is the number of sequence points it 

contains. 

 

Quadratic exponential smoothing considers the baseline and trend of the series, and cubic 

smoothing adds a seasonal component on this basis. Similar to the trend component, the 

seasonal component should also be exponentially smoothed. For example, when predicting the 

seasonal component of the third point in the next season, the seasonal component of the third 

point in the current season, the seasonal component of the third point in the previous season, 

etc. should be considered exponentially and smoothly. The detailed formula is cumulative 

addition: 

𝑠𝑖 = 𝛼(𝑥𝑖 − 𝑝𝑖−𝑘) + (1 − 𝛼)(𝑠𝑖−1 + 𝑡𝑖−1)

𝑡𝑖 = 𝛽(𝑠𝑖 − 𝑠𝑖−1) + (1 − 𝛽)𝑡𝑖−1
𝑝𝑖 = 𝛾(𝑥𝑖 − 𝑠𝑖) + (1 − 𝛾)𝑝𝑖−𝑘

 

Where, 𝑝𝑖 refers to the periodic part. The prediction formula is: 

𝑥𝑖+ℎ = 𝑠𝑖 + ℎ𝑡𝑖 + 𝑝𝑖−𝑘+ℎ 

And 𝑘 is the length of this period.  

 

3. Analysis of Non-Seasonal Time Series 



 

3.1 Preliminary Analysis and Preprocessing of Data 

 

The annual GDP is a kind of non-seasonal data. We select China’s GDP data[10] from 1952 to 

2019 as the analyzed object for the ARIMA model and the exponential smoothing method. We 

set 90% of data for estimating and determining the models and set 10% of data for comparing 

with the prediction and calculating the accuracy of forecasting.  

 

Figure 3.1 time series of China’s GDP from 1952 to 2012 

 

It is obvious from Figure 3.1 that the data is not stationary, and there is an increasing nonlinear 

trend. This trend reminds us that it may have similar properties to the exponential function. 

Therefore, we take the logarithm of the original data to decrease the values of data, as shown 

in Figure 3.2. 

 

Figure 3.2 time series of GDP data after logarithm 

 

It can be seen from Figure 3.2, the data is still not stationary. Different from Figure 3.1, the 

increasing trend at this time is approximately linear. Therefore, we continue to carry out the 

first-order difference on the logarithmic data. 



 

Figure 3.3 time series of GDP data after logarithm and first difference 

 

It can be seen form Figure 3.3 that the time series fluctuates around zero this time, and the 

amplitude is not very large. Comparing the diagrams of first-order difference and second-order 

difference, we can find that it is already roughly stationary by making the first-order difference. 

To prove that the time series is stationary, we need another more accurate judgement. Unit root 

testing is a strict and authoritative testing method of stationarity. Therefore, we apply ADF 

testing in Python. 

 

It can be seen from the results that 𝑝-values corresponding to the original data and logarithmic 

data are both greater than 0.05, indicating the data is unstable. But, after the first-order 

difference, the corresponding 𝑝-value is 0.00556501958, smaller than 0.05, which means that 

the data turns to be stable at this time. 

 

The plot of autocorrelations is shown below. 

 

Figure 3.4 Autocorrelations 

 

We take the white noise testing of time series. It comes out that the 𝑝-value is 2.44170448e-



14, much smaller than the significance level of 0.05, which indicates that the time series is not 

white noise, and the sequence is highly correlated. That is to say, the past value and present 

value of the stationary sequence at this time have an impact on the future value of the sequence. 

We can find a model to fit this time series. 

 

3.2 Establishment of Model 

 

After the processing of the original data, a set of stable time series is finally obtained. By 

analyzing the stationary time series, we can establish an appropriate model for it, and then use 

the model for further analysis and prediction. 

 

The autocorrelation and partial autocorrelation graphs are obtained by analyzing the sequence, 

as shown in Fig. 3.5. 

  

Figure 3.5 ACF and PACF 

 

It can be seen from Figure 3.5, ARIMA model, the value of 𝑝 may be 2 or 4 and the value of 

𝑞 may be 1, but these are roughly estimated through Figure 3.5. To find the optimal ARIMA 

model, it is necessary to apply other methods to determine the appropriate value of parameters. 

 

Considering the principle of simplification in modeling and practical application, we limit the 

values of 𝑝 and 𝑞 within 4. We can use the packages in Python to find the optimal model for 

the time series. The optimal model tends to have the smallest AIC, BIC. The partial results are 

shown below. 

 

 AIC BIC HQIC 

MA(2) -153.043166 -143.665788 -148.766313 

ARMA(1,1) -150.803014 -142.425635 -147.526160 

AR(2) -151.574611 -143.119723 -148.297758 

 

It can be seen from the result given by Python, that we obtain the best model with minimum 



criteria when 𝑝 = 0, 𝑞 = 2 . Hence, the MA(2) model is the optimal model for data after 

logarithm and first-order difference, which indicates that ARIMA(0,1,2) is the fitting model for 

the original data. 

 

Now, according to the values of 𝑝  and 𝑞  determined at this time, the MA(2) model is 

established first, and the parameters of this model are estimated. The results are shown below. 

 

 

3.3 Analysis of Residuals 

 

We carry out residual testing of the model. We first plot the autocorrelation and partial 

autocorrelation of residuals, as shown in Figure 3.6. 

 

              Figure 3.6 ACF and PACF of residuals 

 

The result of DW testing is 2.039442754255245, close to 2, which indicates that there is no 



(first-order) autocorrelation of residual. The Ljung-Box testing results are given in the 

Appendix. 

 

It can be seen from the qq-diagram that the residual basically meets the normal distribution. 

 

         Figure 3.7 qq-plot of residuals 

 

From the results of several tests, we can find that MA(2) is a reasonable and feasible model that 

can be used to analyze the time series and forecast for the future. 

 

3.4 Forecasting Based on the ARIMA Model 

 

Through discussions above, we establish the MA(2) model for the stationary time series 

obtained after logarithm and first-order difference, that is establishing the ARIMA(0,1,2) model 

for the logarithm of original data. The ARIMA(0,1,2) model is used for prediction of the next 

step.  

 

The prediction results are shown above, but there needs further work for comparing the real 

data with the prediction. The value of RMSE is 42289.8117, which can reflect the relation of 

prediction and real data from 2013 to 2019. It can be seen from the result that the prediction is 

close to the real data, which means that ARIMA(0,1,2) is a feasible model for forecasting. 



 

Figure 3.8 forecasting result 

 

3.5 The Exponential Smoothing Analysis 

 

From the time series shown in Figure 3.1, we can find that GDP data is an unstable data with 

an increasing and non-linear trend. 

 

Figure 3.9 fitting model 

 

The exponential smoothing can be used to fit the unstable data with non-linear trend. We 

attempt to model the GDP data by the exponential smoothing method. And the weight 

coefficients are found by the experiments in Python. It seems that the exponential smoothing 

method with both alpha and beta equal to 1 is the most suitable method. 

 

In order to tell whether the exponential smoothing method is reasonable and feasible, we need 

to compare the prediction generated by the method with the original data. The result is shown 

below.  

 



From the comparison between the prediction of exponential smoothing method and the real 

values, we can see that the prediction results are also very good and the value of RMSE is 

16185.4806, which shows that exponential smoothing method is also a very good method for 

China's GDP data. 

 
Figure 3.10 comparison of prediction and real data 

 

3.6 Comparison of the ARIMA Model and the Holt Method 

 

And if we compare the RMSE of ARIMA model and exponential smoothing method, we can 

find that the value of RMSE is smaller by using the exponential smoothing method. So we can 

find that exponential smoothing method does a better job in analyzing this GDP data. The 

ARIMA model is more suitable when analyzing the data with no trend and stationary.  

The double exponential smoothing method is more suitable when analyzing the data with trend.  

 

The GDP data is a kind of non-seasonal data. The prediction of the exponential smoothing 

method is more accurate than the ARIMA model in this case. But to find the effect of these 2 

models, we need to make more experiments and simulation is needed to generate large numbers 

of data. By the simulation method, we can generate 1000 sets of data from the ARIMA (0,1,2) 

model. Each data set includes 100 data with 90 training data for model to fit and 10 data for 

comparison with the prediction results. 

 

To ensure the robustness of simulation during the replicate, we make a small adjustment of the 

parameters. So the generated model turns to ARIMA(0,1,3). And the parameters of the MA part 

turn to (0.1121, 0.7611, 0.3365). By considering the count, average and median of RMSE, we 

can evaluate the forecasting effects of the ARIMA and Holt methods.  

 

The average of RMSE of the ARIMA model is 3.826110 and the average of RMSE of the Holt 

method is 5.986537. The median of RMSE of the ARIMA model is 3.325974 and the median 

of RMSE of Holt method is 4.782218. During these 1000 replicates, there are 684 times that 

the ARIMA model is better with smaller values of RMSE and 316 times that the Holt method 

is better with smaller values of RMSE. Considering the first and the second replicates, 



forecasting results of ARIMA and Holt model are shown below. 

 

              ARIMA for the 1st replicate                        Holt for the 1st replicate 

 

 

 

             ARIMA for the 2nd replicate                        Holt for the 2nd replicate 

 

We can get the conclusion based on these criteria that the ARIMA model does a better job than 

the Holt method in this simulation.  

 

4. Analysis of Seasonal Time Series 

 

4.1 Preliminary Analysis and Preprocessing of Data 

 

The monthly sale of champagne is a kind of seasonal data[11]. We select sales data from January 

1964 to September 1972 as the analyzed object for the SARIMA model and Exponential 

Smoothing method. We set 90% of data for estimating and determining the models and set 10% 

of data for comparing with the prediction and calculating the accuracy of forecasting.  

 

After cleaning up and separating the data, the training data is shown in Figure 4.1. 



 

Figure 4.1 time series of sales of champagne 

 

It can be seen from Figure 4.1 that the data is not stationary. The increasing trend of this time 

series is approximately linear. Therefore, we continue to carry out the first-order difference on 

the data. 

 

Figure 4.2 time series of sales data after first difference 

 

It can be seen from Figure 4.2 that the time series fluctuates around zero this time, and the 

amplitude is not very large. Comparing the diagrams of first-order difference and second-order 

difference, we can find that it is already roughly stationary by making the first-order difference. 

To prove that the time series is stationary, we need another more accurate judgement. Unit root 

testing is a strict and authoritative testing method of stationarity. Therefore, we apply the unit 

root testing in Python.  

 

It can be seen from the results that 𝑝-value corresponding to the original data is 0.567457 which 

is greater than 0.05, indicating the data is unstable. But, after the first-order difference, the 



corresponding 𝑝-value is 2.656421e-10, much smaller than 0.05, which means that the data 

turns to be stable at this time. 

 

The plot of autocorrelations is shown below. 

 
Figure 4.3 Autocorrelations 

 

4.2 Establishment of Model 

 

After the processing of the original data, a set of stable time series is finally obtained. By 

analyzing the stationary time series, we can establish an appropriate model for it, and then use 

the model for further analysis and prediction. The autocorrelation and partial autocorrelation 

graphs are obtained by analyzing the sequence, as shown in Figure 4.4.  

 

Figure 4.4 ACF and PACF 

 

It can be seen from the result given by Python, we obtain the best model with minimum criteria 

when the values of 𝑝, 𝑞, 𝑑, 𝑃, 𝑄, 𝐷 are all equal to 1. Hence, the SARIMA(1,1,1)x(1,1,1,12) 

model is the optimal model for the original data with minimum AIC.  



 
        Figure 4.5 The fitting model 

 

The SARIMA(1,1,1)x(1,1,1,12) model is established and the parameters of this model are 

estimated. The information of this model is shown below. 

 

 

4.3 Analysis of Residuals 

 

We carry out residual testing of the model. We first draw the autocorrelation and partial 

autocorrelation of residual, as shown in Figure 4.6. 



 

           Figure 4.6 ACF and PACF of residuals 

 

The result of DW testing is 1.894698, close to 2, which indicates that there is no (first-order) 

autocorrelation of the residuals. The Ljung-Box testing results are given in the Appendix. 

 

It can be seen from the qq-diagram that the residual basically meets the normal distribution. 

But there are some outliers in this plot. It may happen when the original time series has a trend 

with a slight slope. To mute this trend, we take the logarithm of the original data, the result 

shows that there are less outliers in the qq-plot, but the results of other criteria are worse and 

the value of RMSE is larger than the data without logarithm. Hence, we prefer to analyze the 

data without the logarithm. 

 

   Figure 4.7 qq-plot of residuals 

 

From the results of several tests, we can find that SARIMA(1,1,1)x(1,1,1,12) is a reasonable 

and feasible model that can be used to analyze the time series and forecast for the future. 

 



4.4 Forecasting Based on the SARIMA Model 

 

The autocorrelation and partial autocorrelation graphs are obtained by analyzing the sequence, 

as shown in Figure 4.4. 

 

Through discussions above, We establish SARIMA(1,1,1)x(1,1,1) model for the original data. 

The SARIMA(1,1,1)x(1,1,1,12) model is used for prediction of the next step.  

 

 
Figure 4.8 comparison of prediction and real data 

 

RMSE equals to 523.764576 in this case. The value of RMSE can reflects the relation of 

prediction and real data. It can be seen from the result that the prediction is close to the real 

data, which means that SARIMA(1,1,1)x(1,1,1,12) is a feasible model for forecasting.  

 

4.5 The Holt-Winters Analysis 

 

From the time series shown in Figure 4.1, we can find that the sales data is a seasonal data with 

an increasing trend. The Holt-Winters method can be used to fit the seasonal data with non-

linear trend. We attempt to model the sales data by Holt-Winters method. And the parameters 

can be found by the experiments in Python.  

 

We first decompose the data and the result is shown below. We can see the seasonality and 

increasing trend clearly from the figure. 



 

Figure 4.9 decomposing of sales data 

 

We can get the information of this Holt-Winters method for sales data from Python. And the 

values of parameters can be seen generated by the experiment of Python. We can first compare 

the training data and the fitting data generated by model. From the figure, we can find that the 

model fits well. 

 

 

Figure 4.10 The fitting model 



 

In order to tell whether the exponential smoothing method is reasonable and feasible, we need 

to compare the prediction generated by model with the original data. The result is shown below. 

 

 

Figure 4.11 comparison of prediction and real data 

 

From the comparison between the prediction of Holt-Winters method and the real values, we 

can see that the prediction results are also very good and the value of RMSE is 484.003570, 

which shows that Holt-Winters method is also a very good model for sales data. 

 

4.6 Comparison of the SARIMA Model and the Holt-Winters Method 

 

And if we compare the RMSE of SARIMA model and Holt-Winters method, we can find that 

the value of RMSE is smaller by using HoltWinters method. So we can find that Holt-Winters 

method does a better job in analyzing this sales data. The SARIMA model is more suitable 

when analyzing the data with no trend and seasonality. Holt-Winters method is more suitable 

when analyzing the data with trend.  

 

The sales data is a kind of the seasonal data. The prediction of Holt-Winters method is more 

accurate than the SARIMA model in this case. But to find the effect of these 2 models, we need 

to make more experiments and simulation is needed to generate large numbers of data. By the 

simulation method, we can generate 200 sets of data from the SARIMA (1,1,1)x(1,1,1,12) 

model. Each data set includes 200 data with 180 training data for model to fit and 20 data for 

comparison with the prediction results. 

 

To ensure the robustness of simulation during the replicate, we make a small adjustment of the 

parameters. We change the first parameter of MA part from 0.947 to 0.647, so that it is not close 

to 1. By considering the count, average and median of RMSE, we can evaluate the forecasting 

effects of SARIMA and Holt-Winters method.  



 

The average of RMSE of SARIMA model is 6.133152 and the average of RMSE of Holt-

Winters method is 12.498379. The median of RMSE of SARIMA model is 5.333017 and the 

median of RMSE of Holt-Winters method is 7.364089. During these 200 replicates, there are 

144 times that SARIMA model is better with smaller values of RMSE and 56 times that Holt-

Winters method is better with smaller values of RMSE. Considering the first and the second 

replicates, forecasting results of the SARIMA model and the Holt-Winters method are shown 

below. 

 

          SARIMA for the 1st replicate                     Holt-Winters for the 1st replicate 

 

 

          SARIMA for the 2nd replicate                    Holt-Winters for the 2nd replicate 

 

We can get the conclusion based on these criteria that SARIMA model does a better job than 

Holt-Winters method in this simulation.  

 

5. Conclusion 

In this paper, we mainly discuss the forecasting effects of the ARIMA model and the 

exponential smoothing method. The RMSE is chosen to be a criterion of prediction. We classify 

the time series into non-seasonal and seasonal. For the non-seasonal time series, we apply the 

ARIMA model and the Holt method to fit the data and make predictions. We first analyze the 

yearly data of China’s GDP in detail and find that the Holt method is better than the ARIMA 

model with smaller RMSE. Then we generate data from the given ARIMA model and simulate 

for 1000 replicates. The result of simulation shows that the ARIMA model does a better job 

considering the average, median and count of the values of RMSE. A similar result occurs 



during the analyzing process of the seasonal data. The Holt-Winters method is better when 

analyzing the monthly sales of champagne but the SARIMA model does a better job in 

simulation. The result of simulation is more persuasive with numbers of samples. It shows that 

the ARIMA model is better for prediction regardless the types of data. But for each replicate of 

simulation, the data is generated by the ARIMA model. We should also take it into consideration 

that it may facilitate the ARIMA model. 
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Appendix 

The Ljung-Box test for residuals of the ARIMA model 

 

The Ljung-Box test for residuals of the SARIMA model 

 



# Code in Python 3 

import pandas as pd 

import numpy as np 

import matplotlib.pyplot as plt 

import statsmodels.api as sm 

from statsmodels.tsa.arima_model import ARMA 

from statsmodels.tsa.arima_model import ARIMA 

from statsmodels.graphics.tsaplots import acf,pacf,plot_acf,plot_pacf 

from statsmodels.graphics.api import qqplot 

%matplotlib inline 

import os 

data=np.loadtxt('C:/1UU1/gdp_data.txt',delimiter='\t') 

print(data) 

data = pd.Series(data) 

data.index = pd.Index(sm.tsa.datetools.dates_from_range('1952','2019')) 

print(data) 

data.plot(figsize=(12,8)) 

plt.show() 

length=data.shape[0] 

length1=round(length*0.9) 

data1=data[0:length1] 

data2 = data.iloc[length1:length] 

print(data2) 

print(data1) 



data1.plot(figsize=(12,8)) 

plt.show() 

datalog=np.log(data1) 

print(datalog) 

datalog.plot(figsize=(12,8)) 

fig = plt.figure(figsize=(12, 8)) 

ax1 = fig.add_subplot(111) 

diff1 = datalog.diff(1) 

diff1.plot(ax=ax1) 

fig = plt.figure(figsize=(12, 8)) 

ax2 = fig.add_subplot(111) 

diff2 = datalog.diff(2) 

diff2.plot(ax=ax2) 

from statsmodels.tsa.stattools import adfuller 

test_adf = adfuller(datalog) 

print(test_adf) 

datalog_diff1 = datalog.diff(1) 

datalog_diff1.dropna(inplace=True) 

fig = plt.figure(figsize=(12,8)) 

ax1 = fig.add_subplot(211) 

fig = sm.graphics.tsa.plot_acf(datalog_diff1,lags=20,ax=ax1) 

ax2 = fig.add_subplot(212) 

fig = sm.graphics.tsa.plot_pacf(datalog_diff1, lags=20,ax=ax2) 

from statsmodels.tsa.stattools import adfuller 



test_adf = adfuller(datalog_diff1) 

print(test_adf) 

from statsmodels.stats.diagnostic import acorr_ljungbox  

p_value = acorr_ljungbox(datalog, lags=1)  

print (p_value) 

from pandas.tools.plotting import autocorrelation_plot 

autocorrelation_plot(datalog_diff1) 

plt.show() 

import statsmodels.tsa.stattools as st 

order = st.arma_order_select_ic(datalog_diff1,max_ar=3,max_ma=3,ic=['aic', 'bic', 'hqic']) 

order.bic_min_order 

arma_mod1 = sm.tsa.ARMA(datalog_diff1,(0,2)).fit() 

print(arma_mod1.aic, arma_mod1.bic, arma_mod1.hqic) 

arma_mod2 = sm.tsa.ARMA(datalog_diff1,(1,1)).fit() 

print(arma_mod2.aic, arma_mod2.bic, arma_mod2.hqic) 

arma_mod3 = sm.tsa.ARMA(datalog_diff1,(2,0)).fit() 

print(arma_mod3.aic, arma_mod3.bic, arma_mod3.hqic) 

resid = arma_mod1.resid 

fig = plt.figure(figsize=(12, 8)) 

ax1 = fig.add_subplot(211) 

fig = sm.graphics.tsa.plot_acf(resid.values.squeeze(),lags=20,ax=ax1) 

ax2 = fig.add_subplot(212) 

fig = sm.graphics.tsa.plot_pacf(resid, lags=20,ax=ax2) 

print(sm.stats.durbin_watson(arma_mod1.resid.values)) 



fig = plt.figure(figsize=(12,8)) 

ax = fig.add_subplot(111) 

fig = qqplot(resid, line='q',ax=ax, fit=True) 

r,q,p = sm.tsa.acf(resid.values.squeeze(),qstat=True) 

data2 = np.c_[range(1,41), r[1:], q, p] 

table= pd.DataFrame(data2, columns=[ 'lag','AC','Q','Prob(>Q)']) 

print(table.set_index('lag')) 

predict_y =arma_mod1.predict('2013', '2019', dynamic=True) 

print(predict_y) 

fig, ax = plt.subplots(figsize=(12,8)) 

ax = datalog_diff1.loc['1952':].plot(ax=ax) 

predict_y.plot(ax=ax) 

datalog0=np.log(data) 

print(datalog0) 

datalog01 = datalog0.diff(1) 

datalog02 = datalog0.diff(2) 

print(datalog01) 

print(datalog02) 

ts_restored = pd.Series([datalog[0]], 

index=[datalog.index[0]]) .append(datalog_diff1).cumsum() 

print(ts_restored) 

model = ARIMA(ts_restored,order=(0,1,2))  

result = model.fit(disp=-1) 

print(result.summary()) 



result.conf_int() 

fig, ax = plt.subplots(figsize=(12, 10)) 

ax = ts_restored.loc['1952':].plot(ax=ax)  

fig = result.plot_predict(5, 68)  

plt.show() 

print(ts_restored) 

forecast_man=[13.160279+0.076430,13.160279+0.076430+0.094780,13.160279+0.076430+

0.094780+0.112069,13.160279+0.076430+0.094780+0.112069*2,13.160279+0.076430+0.09

4780+0.112069*3,13.160279+0.076430+0.094780+0.112069*4,13.160279+0.076430+0.094

780+0.112069*5] 

print(predict_y) 

forecast_y=13.160279+np.cumsum(predict_y) 

print(forecast_y) 

print(forecast_man) 

import numpy as np 

forecast_exp=np.exp(forecast_y) 

print(forecast_exp) 

data_compare=[5.68845e+05,6.36463e+05,6.77000e+05,7.44127e+05,8.27121e+05,9.19281e

+05,9.90865e+05] 

print(data_compare) 

from sklearn.metrics import mean_squared_error 

from math import sqrt   

rmse = sqrt(mean_squared_error(forecast_exp,data_compare )) 

print(rmse) 

data=np.loadtxt('C:/1UU1/gdp_data.txt',delimiter='\t') 



datalog=np.log(data) 

print(datalog) 

print(type(datalog)) 

length=len(datalog) 

length1=round(length*0.9) 

data1=datalog[0:length1] 

data2=datalog[length1:length] 

print(data2) 

print(data1) 

plt.plot(data1); 

data_sr = pd.Series(data1) 

fit11 = Holt(data_sr).fit() 

l11, = plt.plot(list(fit11.fittedvalues)) 

l14, = plt.plot(data_sr, marker='.') 

plt.legend(handles = [l11, l14], labels = ["Holt's linear trend", "Exponential trend", "Additive 

damped trend", 'data'], loc = 'best', prop={'size': 7}) 

plt.show() 

fit11.params 

test_predictions = fit11.forecast(length-length1) 

print(test_predictions) 

print(data2) 

predictions=np.exp(test_predictions) 

data2new=np.exp(data2) 

print(predictions) 



print(data2new) 

from sklearn.metrics import mean_squared_error 

from math import sqrt   

rmse = sqrt(mean_squared_error(data2new,predictions )) 

print(rmse) 

data1new=np.exp(data1) 

l3, = plt.plot(list(data1new) + list(predictions), marker='o') 

l4, = plt.plot(data, marker='o') 

plt.legend(handles = [l3, l4], labels = ['forecast', 'realdata'], loc = 'best') 

plt.show() 

 

import numpy as np 

def ARIMA_s(phi = np.array([0]), theta = np.array([0]), d = 0, t = 0, mu = 0, sigma = 1, n = 

20, burn = 10): 

    """ Simulate data from ARMA model (eq. 1.2.4): 

 

    z_t = phi_1*z_{t-1} + ... + phi_p*z_{t-p} + a_t + theta_1*a_{t-1} + ... + theta_q*a_{t-

q} 

 

    with d unit roots for ARIMA model. 

 

    Arguments: 

    phi -- array of shape (p,) or (p, 1) containing phi_1, phi2, ... for AR model 

    theta -- array of shape (q) or (q, 1) containing theta_1, theta_2, ... for MA model 

    d -- number of unit roots for non-stationary time series 



    t -- value deterministic linear trend 

    mu -- mean value for normal distribution error term 

    sigma -- standard deviation for normal distribution error term 

    n -- length time series 

    burn -- number of discarded values because series beginns without lagged terms 

 

    Return: 

    x -- simulated ARMA process of shape (n, 1) 

 

    Reference: 

    Time Series Analysis by Box et al. 

    """ 

 

    # add "theta_0" = 1 to theta 

    theta = np.append(1, theta) 

     

    # set max lag length AR model 

    p = phi.shape[0] 

 

    # set max lag length MA model 

    q = theta.shape[0] 

 

    # simulate n + q error terms 

    a = np.random.normal(mu, sigma, (n + max(p, q) + burn, 1)) 



     

    # create array for returned values 

    x = np.zeros((n + max(p, q) + burn, 1)) 

 

    # initialize first time series value 

    x[0] = a[0] 

     

    for i in range(1, x.shape[0]): 

        AR_s = np.dot(phi[0 : min(i, p)], np.flip(x[i - min(i, p) : i], 0)) 

        MA_s = np.dot(theta[0 : min(i + 1, q)], np.flip(a[i - min(i, q - 1) : i + 1], 0)) 

        x[i] = AR_s + MA_s + t 

 

    # add unit roots 

    if d != 0: 

        ARMA_S = x[-n: ] 

        m = ARMA_s.shape[0] 

        z = np.zeros((m + 1, 1)) # create temp array 

 

        for i in range(d): 

            for j in range(m): 

                z[j + 1] = ARMA_s[j] + z[j]  

            ARMA_s = z[1: ] 

        x[-n: ] = z[1: ] 

         



return x[-n: ] 

import pandas as pd 

import numpy as np 

from pandas import Series 

 

import statsmodels.api as sm 

from statsmodels.tsa.holtwinters import ExponentialSmoothing, SimpleExpSmoothing, Holt 

 

from statsmodels.tsa.arima_model import ARIMA 

 

import os 

import warnings 

warnings.filterwarnings("ignore") 

 

from sklearn.metrics import mean_squared_error 

from math import sqrt  

 

phi = np.array([0]) # AR part: p=0 

theta = np.array([0.1121, 0.7611, 0.3365]) # MA part: q=2 

n = 100 # number of simulated values for each replicate 

np.random.seed(2) # to get comparable results,seed(2) 

  

rmse_Holt=[] 

rmse_ARIMA=[] 



    

#count_Holt means Holt model is better than ARIMA model with samller RMSE 

count_Holt=0 

count_ARIMA=0     

 

for i in range(1000): 

    #generate data from ARIMA_simulation 

    x = ARIMA_s(phi = phi, theta = theta, n = n)  

    data_diff1=[] 

    for i in range(n): 

        data_diff1.append(x[i][0]) 

     

    data_diff1=pd.Series(data_diff1) 

    data=np.cumsum(data_diff1)#data for analyzing 

     

    #data1: training, data2: evaluating 

    length=len(data) 

    length1=round(length*0.9) 

    data1=data[0:length1] 

    data2=data[length1:length] 

     

    #Holt 

    fit_Holt = Holt(data1).fit() 

    pred_Holt = fit_Holt.forecast(length-length1) 



    rmse_H = sqrt(mean_squared_error(data2,pred_Holt)) 

    #print(rmse_H) 

     

    #ARIMA 

    model = ARIMA(data1,order=(0,1,3))  

    fit_ARIMA = model.fit(disp=-1) 

    pred = fit_ARIMA.predict(start=length1,end=length-1,dynamic=True) 

    pred_ARIMA = np.cumsum(pred)+data1[length1-1] 

    rmse_A = sqrt(mean_squared_error(data2,pred_ARIMA)) 

    #print(rmse_A) 

     

    rmse_Holt.append(rmse_H) 

    rmse_ARIMA.append(rmse_A) 

     

    if rmse_H<rmse_A: 

        count_Holt = count_Holt+1 

    elif rmse_H>rmse_A: 

        count_ARIMA = count_ARIMA+1 

print(count_Holt) 

print(count_ARIMA) 

print(np.mean(rmse_Holt)) 

print(np.mean(rmse_ARIMA)) 

print(np.median(rmse_Holt)) 

print(np.median(rmse_ARIMA)) 
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