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ABSTRACT
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Designing estimators based on low rank signal models is a common practice in
signal processing. Some of these estimators are designed to use a single low rank
snapshot vector, while others employ multiple snapshots. This dissertation deals
with both these cases in different contexts.

Separable nonlinear least squares is a popular tool to extract parameter estimates
from a single snapshot vector. Asymptotic statistical properties of the separable
nonlinear least squares estimates are explored in the first part of the thesis. The as-
sumptions imposed on the noise process and the data model are general. Therefore,
the results are useful in a wide range of applications. Sufficient conditions are estab-
lished for consistency, asymptotic normality and statistical efficiency of the estimates.
An expression for the asymptotic covariance matrix is derived and it is shown that
the estimates are circular. The analysis is extended also to the constrained separable
nonlinear least squares problems.

Nonparametric estimation of the material functions from wave propagation ex-
periments is the topic of the second part. This is a typical application where a single
snapshot vector is employed. Numerical and statistical properties of the least squares
algorithm are explored in this context. Boundary conditions in the experiments are
used to achieve superior estimation performance. Subsequently, a subspace based es-
timation algorithm is proposed. The subspace algorithm is not only computationally
efficient, but is also equivalent to the least squares method in accuracy.

Estimation of the frequencies of multiple real valued sine waves is the topic
in the third part, where multiple snapshots are employed. A new low rank signal
model is introduced. Subsequently, an ESPRIT like method named R-Esprit and
a weighted subspace fitting approach are developed based on the proposed model.
When compared to ESPRIT, R-Esprit is not only computationally more economical
but is also equivalent in performance. The weighted subspace fitting approach shows
significant improvement in the resolution threshold. It is also robust to additive noise.
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Chapter 1

Introduction

1.1 Low Rank Signal Models

WHEN we look for some quick information in a book of a few hundred
pages, generally we don’t start at the beginning. Often, we first open

the index at the end of the book and try to find the pages where we can pos-
sibly find what we are looking for. In this process we reduce our search space
drastically and minimize the effort needed to achieve our goal. Conceptually,
constructing a low rank signal model to deal with parameter estimation prob-
lems is very similar to the above example. When we observe data originating
from a physical process and the problem is to estimate certain parameters that
describe the dynamics of the process, very often constructing a low rank signal
model simplifies the task significantly. Suppose that the observed data can be
reorganized or preprocessed so that the result is a p× 1 vector y and we know
from the physical knowledge of the underlying process that there exists a p×n
matrix Ψ(θ) such that p > n and

y0 = Ψ(θ) c, y = y0 + ỹ (1.1)

for some n× 1 vector c which is generally unknown. Then we say that we have
constructed a low rank signal model. Here θ is the vector of process parameters
we are interested in, and ỹ is the unavoidable disturbance contribution origi-
nating from the errors in the measurements. The relationship (1.1) tells us that
the noise-free part y0 of the observed vector y is actually a linear combination
of the columns of Ψ(θ). Assume that p = 3 and n = 2 for simplicity and

Ψ(θ) =
[

ψ1(θ) ψ2(θ)
]
, c =

[
c1 c2

]�
, (1.2)

where ψ1(θ) and ψ2(θ) are the 3 × 1 columns of the matrix Ψ(θ). Then by
straightforward matrix multiplication we get

y0 = c1ψ1(θ) + c2ψ2(θ). (1.3)

Thus, y0 always lies in a plane in the three dimensional space, which is passing
through the vectors ψ1(θ) and ψ2(θ). Due to the presence of the additive
noise contribution ỹ, the observed vector y gets perturbed and comes out of
the plane. Going back to our information searching analogy, the whole book is
the three dimensional space and the page we are looking for is the plane in the
whole big space where the noise-free signal vector lies.

1



2 1. Introduction

1.2 Estimation using Low Rank Models

In a typical estimation scenario we don’t know in which plane the signal vector
lies. Instead we have a set P of candidate planes to choose from. For any
member plane P ∈ P, there exists a unique θ such that ψ1(θ) and ψ2(θ) lie
on P. Therefore, given the data vector y, we choose a candidate from P which
is maximally oriented to y, and take the associated value of θ as the estimate.

In the previous case we were unfortunate that we had only one observed
vector. However in many problems we can have access to multiple observed
vectors or snapshots i.e.

yk0 = Ψ(θ) ck, yk = yk0 + ỹk (1.4)

for k = 1, · · · , N . Note that for all k we have yk0 lying in the plane passing
through ψ1(θ) and ψ2(θ). In such a case we have more freedom. We can do
as before, tune θ such that the resulting plane P ∈ P passing through ψ1(θ)
and ψ2(θ) is close enough to all the data vectors. However, we have another
option now. First we can fit a suitable plane Q to the observed data vectors.
Note in this case that there may not exist a θ such that both of ψ1(θ) and
ψ2(θ) lie on Q1. Therefore we need a second step, where we tune θ so that the
plane passing through ψ1(θ) and ψ2(θ) is maximally oriented to Q. The first
procedure is often computationally complex but statistically more accurate.
On the other hand the second procedure can be significantly simpler without
any noticeable compromise in the accuracy. Following is a simple illustrative
example.

Example 1.1. Assume that we observe a data sequence {xk, yk}N
k=1 such that

the true values xk0 and yk0 are given by

xk0 = ckθ, yk0 = ckθ2. (1.5)

Our task is to estimate θ from the data samples. First, let us check what is
the minimum value of N required to solve this problem. For N pairs of data
samples, we have 2N equations given by (1.5). We have N + 1 unknowns (θ
and {ck}N

k=1) to solve. Therefore we can solve for θ even if N = 1. First we
construct a low rank model for that problem. It is simple in this case. Define

yk :=
[

xk

yk

]
=
[

x0k

y0k

]
+
[

x̃k

ỹk

]
=
[

1
θ

]
ckθ + ỹk, (1.6)

where x̃k and ỹk are the measurement noise in the kth observed data. Clearly
this is a low rank signal model. Here yk is two dimensional (should lie in a
plane) but its noise-free part is always aligned to the vector

ψ(θ) =
[

1
θ

]
. (1.7)

To see how we can use the low rank model, first consider the case N = 1, i.e.
we have only one snapshot vector. In this case, the idea is to tune θ such that

1In other words Q may not be a member of P.
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the vector ψ(θ) is maximally aligned to the observed vector y1. In other words,
we tune θ to maximize the projection of y1 along direction of ψ(θ). So our
estimate θ̂ is given by

θ̂ = arg max
θ

d1(θ), (1.8)

where from the elementary vector algebra we have

dk(θ) =
{y�

k ψ(θ)}2

ψ�(θ) ψ(θ)
=

(xk + θyk)2

1 + θ2
, (1.9)

the squared projection of y1 along the direction of ψ(θ). Next we consider
the case when N > 1. One approach would be to maximize the mean square
projection of all the data vectors along the direction of ψ(θ), i.e. to obtain the
estimate as

θ̂1 = arg max
θ

N−1
N∑

k=1

dk(θ). (1.10)

The other way would be to adopt the two step procedure. First we choose α
such that the unit vector

a(α) =
[

cos(α)
sin(α)

]
(1.11)

is maximally oriented to the observations, i.e. we obtain an intermediate esti-
mate

α̂ = arg max
α

N−1
N∑

k=1

{y�
k a(α)}2. (1.12)

At the second step we try to choose θ so that ψ(θ) and a(α̂) are maximally
aligned i.e.

θ̂2 = arg max
θ

{
[cos(α̂) + θ sin(α̂)]2

1 + θ2

}
(1.13)

Problems with a single snapshot are often encountered in nonlinear regres-
sion, where it is required to fit a nonlinear trend to a time series. The time
series may be stationary or non-stationary. Often we see ill-conditioned prob-
lems where the dimension of the only observation vector is small. In other
words, the number of equations is equal or slightly larger than the number of
unknowns. We shall deal with various aspects of such estimation problems in
Part I and II of this thesis. In part I, we shall deal with the statistical proper-
ties of the parameter estimates, while in Part II we shall take up a real world
estimation problem. The situation of the second type with multiple snapshot
vectors is comparatively well behaved and has a vast literature devoted toward
it. Such an estimation problem will appear in Part III of the thesis in the
context of frequency estimation problem.



4 1. Introduction

1.3 Illustrative Examples

In this section we shall give some examples where the parameter estimation
problems can be dealt with low rank signal models. Here we shall not go
into the details of the estimation process, rather more emphasis will be put
in constructing the low rank models. First we shall illustrate some typical
scenarios where only one snapshot vector will be available.

Example 1.2. Identification of bilinear systems: Consider the simplest
discrete time SISO bilinear system where the input signal uk to the system at
instant k is related to the system output zk as follows:

xk+1 = axk + fxkuk + buk, (1.14)
zk = xk + z̃k. (1.15)

The problem is to estimate the system parameters a, f and b from the input
output data {uk}N

k=1 and {yk}N
k=1. The system state xk is not measurable

accurately, and z̃k is the measurement noise. Let us define

gk(a, f) = a + fuk, (1.16)

hk
n(a, f) =

⎧⎨⎩
1, k = 0,

hk−1
n (a, f)gn−k+1(a, f), 0 < k ≤ n,

0, otherwise.
(1.17)

Then after a few steps of straightforward calculation we can show that

xn+1 = x1h
n
n(a, f) + b

n∑
k=1

ukhn−k
n (a, f), n ≥ 1. (1.18)

Now if we define
y = [ z1 · · · zN ]�, (1.19)

then it is easy to verify that we get the low rank model (1.1), where θ is
composed of a and f and Ψ(a, f) is an N × 2 matrix. The elements of Ψ(a, f)
and c are given by

[Ψ(a, f)]k1 = hk−1
k−1(a, f), [Ψ(a, f)]k2 =

∑k−1
j=1 ujh

k−1−j
k−1 (a, f), c =

[
x1

b

]�
.

(1.20)

The example above is probably the most simplified case of a bilinear system.
We point out that a similar set of calculations can be carried out for a general
state space model of a bilinear system to arrive at a low rank model. We skip
those details here and refer the interested readers to [68].

Our next example is from the area of solid mechanics. In a dispersive
medium it is often difficult to characterize the wave propagation functions.
The low rank model introduced in the following example is used to estimate
the material functions from one dimensional wave experiments.
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Example 1.3. Estimation of material functions from wave experi-
ments: The strain due to longitudinal wave propagation in a bar specimen at
a location x and frequency ω is given by

ε0(x, ω) = c1(ω)eixγ(ω) + c2(ω)e−ixγ(ω), (1.21)

where γ(ω) is the wave propagation function of the material at frequency ω. In a
typical wave propagation experiment, longitudinal waves are generated in a bar
specimen by a suitable excitation system. The strain due to wave propagation
is measured at locations {xk}p

k=1. The time domain data are transformed to
frequency domain using the Discrete Fourier Transform (DFT). Then the data
at frequency ω are used to estimate γ(ω). The measured strain at location xk

and frequency ω is given by

ε(xk, ω) = ε0(xk, ω) + ε̃(xk, ω). (1.22)

The estimation process exploits a low rank model which is easy to derive. Define
the measurement vector

yω = [ ε(x1, ω) · · · ε(xp, ω) ]�. (1.23)

Then it is easy to verify that

yω = Ψ{γ(ω)}cω + ỹω, (1.24)

where Ψ{γ(ω)} is a p × 2 matrix. The elements of Ψ{γ(ω)} and cω are given
by

[Ψ{γ(ω)}]k1 = eixkγ(ω), [Ψ{γ(ω)}]k2 = e−ixkγ(ω), cω =
[

c1(ω)
c2(ω)

]
. (1.25)

We shall come back to the problem of estimating material functions in Part II
of this thesis.

The next example is probably the most popular application area of low rank
models. This problem appears in sensor array signal processing. In this case
we get multiple snapshot vectors.

Example 1.4. Direction of arrival estimation: Assume that plane wave
from a far field2 emitter is incident on a uniform linear array (ULA) composed
of m sensor elements (ULA means that the sensors are collinear and equi-
spaced). Our task is to estimate the direction of arrival. Let the sensors be
separated by a distance ∆ and the velocity of wave propagation be v. Assume
that the signal received by the sensor-1 (see Figure 1.1) is given by

y1(t) = a(t)eiωct, (1.26)

2A small area on the surface of a huge sphere appears to be planar. Similarly at a point far
from the source the spherical wave fronts appear to be planar.
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× × × × × Sensor
1 2 3 4 · · · m

θ

� �∆

Source

�

��
∆sin

(θ)

Figure 1.1: The uniform linear array.

where the narrow passband of y1(t) is centered around the modulating fre-
quency ωc. At the other sensors we observe delayed versions of y1(t). Note
that a particular wavefront arrives at the kth sensor τk(θ) = ∆

v (k − 1) sin(θ)
sec after it arrives at the first sensor. Under narrow-band condition

a(t − τk) ≈ a(t), (1.27)

since the rate of variation in a(t) is much slower3 than ωc. Then we can write

yk(t) = a(t)eiωc{t−τk(θ)}. (1.28)

Hence, we can readily verify that

y(t) = [ y1(t) · · · ym(t) ]� (1.29)

satisfies
y(t) = ψ(θ)y1(t), (1.30)

where
ψ(θ) =

[
1 eiϕ(θ) · · · ei(m−1)ϕ(θ)

]�
. (1.31)

Here we denoted ϕ(θ) = ∆
v ωc sin(θ).

In the last example we considered only one emitter. We can construct a low
rank model if there are multiple sources. It turns out that the rank of the model
is same as the number of emitters [67, 59]. The model in our next example is
widely used in the line spectrum estimation.

Example 1.5. Multiple sinusoids in noise: Consider that we observe mul-
tiple complex valued sine waves in noise and the observed signal is given by

y(t) =
n∑

k=1

ckeiωk + ỹ(t), (1.32)

3Practically there is no variation in the wave amplitude as the wavefront passes through the
array.
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and we are asked to estimate the real valued frequencies {ωk}n
k=1 and the com-

plex valued amplitudes {ck}n
k=1 from N samples of the observed data {y(t)}N

t=1.
Using the same trick as before we can construct a low rank model for this case
also. Define

ym(t) =
[

y(t) · · · y(t + m − 1)
]�

, (1.33)

ω =
[

ω1 · · · ωn

]�
. (1.34)

It is readily verified that

ym(t) = Ψm(ω) c(t) + ỹ(t), (1.35)

where Ψm(ω) is an m × n matrix and c(t) is an n × 1 vector given by

[Ψm(ω)]kl = ei(k−1)ωl , c(t) =
[

c1eiω1t · · · cneiωnt
]�

. (1.36)

Therefore we have a low rank model provided m > n.

Sinusoids in noise is a good example where we can make use of a single snapshot
or multiple snapshots. One can use the whole data set yN (1) as a single
snapshot vector [60]. Another option is to use several snapshots of smaller size,
i.e. {ym(k)}N−m+1

k=1 , as used in algorithms like MUSIC [50] or ESPRIT [49].

1.4 Thesis Outline

As mentioned before, the thesis is divided in three parts. Outlines of the
chapters in each part are given below.

Part I

Let θn be the vector of the unknown parameters in the signal model (1.1) which
enter the signal model nonlinearly. Similarly define θl to be the vector of the
unknown parameters which enter the signal model linearly. Then a close in-
spection of all the examples in the previous section would reveal that the signal
subspace spanned by the columns of Ψ(θ) is independent of θl. Therefore the
projection type algorithm described in Example 1.1 is in fact a way to elimi-
nate θl and reduce the dimension of the search space. Such algorithms were
formally introduced in [11], and are commonly known as the variable projection
algorithm or separable nonlinear least squares. A mathematical description of
this algorithm is presented in Section 2.1.1 [page 15]. The variable projection
method is ubiquitous in parameter estimation problems. In Part I of this the-
sis we shall present a generalized statistical analysis of this algorithm. The
descriptions of the two chapters in this part follows next.

Chapter 2

In this chapter the large sample properties of the separable nonlinear least
squares algorithm are investigated. Unlike the previous related results in the
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literature, the data are assumed to be complex valued and the whiteness as-
sumption on the measurement noise sequence has been relaxed. First we es-
tablish the convergence properties of the parameter estimates under very weak
assumptions. Asymptotic accuracy analysis is also carried out, in which the
assumptions to be used are weaker than the assumptions in previous related
works. It is shown under quite general conditions that the parameter estimates
are asymptotically circular. Conditions for asymptotic complex normality are
also established. Next, a bound on the deviation of the asymptotic covariance
matrix from the Cramér-Rao bound is derived. Finally a sufficient condition
for the nonlinear least squares estimate to achieve the Cramér-Rao lower bound
(for Gaussian distributed noise) is established. The results are based on the
article

Kaushik Mahata and Torsten Söderström: Large sample properties
of separable non-linear least square estimators. To appear in IEEE
Transactions on Signal Processing, 2003.

The results in this chapter are general and can be applied to any specific ap-
plication where separable nonlinear least squares is employed.

Chapter 3

Possible additional information available in the form of linear or nonlinear
constraints often remains unexplored in the parameter identification problems.
These additional constraints may originate from the physical system descrip-
tion. Our goal in this chapter is to explore the knowledge of the linear con-
straints on the linear parameter vector θl to achieve significant improvement
in the estimation accuracy. In the class of problems being addressed here,
the elements of θl appear as nuisance parameters. As mentioned before, these
nuisance parameters are eliminated from the loss function to get a variable
projection optimization problem in the parameters of interest. Here, we shall
solve a constrained optimization problem instead, subject to the additional lin-
ear constraints on θl. We shall extend the results in Chapter 2 to show how the
accuracy of the estimates is improved by taking the constraints into account.
The materials in this chapter are partially taken from

Kaushik Mahata and Torsten Söderström: Improved estimation
performance using known linear constraints. Provisionally accepted
for publication in Automatica, 2003.

Part II

In the second part we consider Example 1.3 in the context of estimation of
material parameters from wave propagation experiments. Here we apply the
theoretical tools to cope with a real world problem. The statistical properties
developed in Part I have been used to evaluate the estimates. The analytical
results are validated using simulation studies and experimental data.
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Chapter 4

This is an introductory chapter, where we give a brief description of viscoelastic
materials, and their peculiarities. We also touch upon the dynamics of wave
propagation in a viscoelastic solid. The contents of this chapter will provide a
background for following the details in Chapter 5 and Chapter 6.

Chapter 5

In this chapter, we describe various least squares based approaches for identify-
ing material properties in a viscoelastic material. We consider estimation of the
wave propagation function, complex Young’s modulus, complex shear modulus
and complex Poisson’s ratio. There are certain inherent numerical problems
due to associated ill-conditioned matrices. We propose a fix for this problem.
We also present an accuracy analysis of parameter estimates. In some experi-
mental scenarios, we can use additional boundary conditions in the estimation
algorithm. This gives a possible application area of the results presented in
Chapter 3. The validity of the analytical results are confirmed by numerical
studies and experimental tests. The contents of this chapter is partly based on
on the article

Kaushik Mahata, Saed Mousavi, Torsten Söderström, Magnus
Mossberg, Lars Hillström and Urmas Valdek: On the use of flexu-
ral wave propagation experiments for identification of the complex
modulus. To appear in IEEE Transactions on Control Systems
Technology, 2003.

A preliminary version of this article has appeared also in

Kaushik Mahata, Torsten Söderström, Magnus Mossberg, Lars Hill-
ström and Saed Mousavi: Identification of complex elastic modu-
lus from flexural wave experiments. In Proceedings of the 3rd In-
ternational Conference on Identification in Engineering Systems,
Swansea, Wales, April 15-17, 2002.

Some parts of this chapter are taken from

Kaushik Mahata, Saed Mousavi, Torsten Söderström: Complete
material characterization from longitudinal wave experiments. In
preparation.

Chapter 6

Subspace based nonparametric estimation of the wave propagation functions
of a viscoelastic material is considered in this chapter. Widely used nonlinear
least squares based algorithms described in Chapter 5 are often computationally
expensive and suffer from numerical problems. Here, we propose a class of
subspace estimators to remedy these problems. The proposed estimator is
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computationally economical and numerically robust. Analytical expressions
for the estimation accuracy are derived. It is also shown that the subspace
estimators achieve optimal accuracy under optimal weighting. The algorithm
is tested on simulated data as well as on real experimental data. The results
therefrom are shown to confirm the analytical results. The material in this
chapter is based on the article

Kaushik Mahata, Torsten Söderström and Lars Hillström: Compu-
tationally efficient estimation of the wave propagation function of
a viscoelastic material. Provisionally accepted for publication in
Automatica, 2003.

A preliminary version of this article has also appeared in

Kaushik Mahata, Torsten Söderström and Lars Hillström: Compu-
tationally efficient estimation of the wave propagation function of a
viscoelastic material. In Proceedings of the 13th IFAC Symposium
on System Identification, Rotterdam, The Netherlands, August 27-
29, 2003.

Part III

In the third and final part of the thesis we consider estimation of real valued
sine wave frequencies. Here multiple snapshot vectors are used. Although
there exists a vast literature in super-resolution spectrum estimation, little has
been done in case the data are real valued. When we have real valued sine
waves and use classical algorithms (developed primarily for complex valued
sinusoids) for frequency estimation, we need to solve an estimation problem of
the double size. In this part we propose an alternative paradigm for super-
resolution subspace based frequency estimation. In what follows next, we shall
give a brief description of the different chapters.

Chapter 7

This is an introductory chapter, where we review some main results in super-
resolution subspace based frequency estimation. It has been shown that the
performance of the classical algorithms often deteriorate when they are em-
ployed for real valued sine waves.

Chapter 8

In this chapter we propose a novel low rank data covariance model. In the
proposed model the dimension of the signal subspace equals the number of
frequencies present in the data, which is half of the signal subspace dimension
for the conventional model. We also present a comparative study between the
new model and the conventional model. The proposed model is then extended
for the case of complex-valued sine waves.
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Chapter 9

An ESPRIT like algorithm using the proposed data model is presented in this
chapter. Performance analysis of the proposed algorithm is also carried out.
The algorithm is tested in numerical simulations. When compared to ESPRIT,
the newly proposed algorithm results in a significant reduction in the compu-
tational burden without any compromise in the accuracy. The materials in
Chapter 8 and Chapter 9 is taken from

Kaushik Mahata and Torsten Söderström: ESPRIT like estimation
of real-valued sinusoidal frequencies. To appear in IEEE Transac-
tions on Signal Processing, 2003.

Chapter 10

The novel data covariance model proposed in Chapter 8 is used in this chapter
to develop a class of weighted subspace fitting approaches. A new parameter-
ization of the noise subspace is proposed, which is used to solve the subspace
fitting problem analytically. A statistical analysis of the residual is also carried
out, which is used to derive an optimal weighting leading to the Gauss-Markov
estimator. A suboptimal weighting is also proposed, which is very close to the
optimal estimator in performance but computationally economical. The sub-
optimal weighting strategy is quite general and can be used for other related
applications. The performance of the algorithms is illustrated using numerical
simulations. The proposed subspace fitting approach has good resolution prop-
erty and is robust to additive noise. The results show significant improvement
when the data record is small. This chapter is based on the article

Kaushik Mahata: Subspace fitting for frequency estimation of real
valued sine waves. Submitted to IEEE Transactions on Signal Pro-
cessing, 2003.

1.5 Contributions

The root for the research work reported in this thesis is a multi-disciplinary
project Identification of viscoelastic materials by wave propagation experiments,
sponsored by the Swedish Research Council. Several results achieved with
in that project are presented in Part II of the thesis. Some four different
partners participated in the project. More particularly, the experimental work
was carried out by members of the Solid Mechanics Group, Department of
Engineering Sciences at Uppsala University. The role of the author was to
extend previous analysis carried out in the project to a more general form, that
covers various types of wave experiments. The extensions also make it possible
to account for various a priori information about boundary conditions, such
as free end conditions. Further, the author has proposed the alternative and
faster subspace-based algorithm (see Chapter 6), and performed the analysis
thereof.
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The work described above inspired to consider also more fundamental issues
on separable nonlinear least squares problems, as well as using subspace-based
methods for frequency estimation. These two topics are dealt with in Parts I
and III, respectively. In these parts, the role of the author has been to propose
and formulate the problems, develop the analysis with mathematical details,
and writing the draft versions of the paper manuscripts.

1.6 Topics for Future Research

There are several interesting research questions that can be addressed in the
future. In the general separable nonlinear least squares problem the following
topic might be of interest.

• In Chapter 2, we establish a condition for the consistent maximum like-
lihood (ML) estimate to be asymptotically efficient. It is interesting to
investigate whether this condition is violated in any problem. If such a
case exists, then ML will cease to be the asymptotically efficient estimator
for that case.

The following are some of the interesting research questions in material param-
eter estimation problems.

• In this thesis we have been concerned with the one dimensional wave
propagation experiments. One interesting topic of future research would
be to extend the ideas/methods for the two dimensional case. It is also of
interest to investigate if it is possible to develop some simple approaches
as given in Chapter 6 for the two dimensional case.

• Another interesting problem is to design the input excitation signal for
estimation. It is very difficult to excite the specimen such that the es-
timation accuracy is good for all frequencies. However, the accuracy
expressions developed in this thesis can be used for this purpose.

• It is of interest to design some parametric methods for the problem.

• In this thesis we consider only frequency domain approaches. In many
applications the measured signals have a large time width. In such a case
it is convenient to use time domain methods. Therefore designing time
domain algorithms is also an important research topic.

The results in frequency estimation in this thesis give rise to some relevant
questions.

• Extension of the results for real valued sine wave for some practical ap-
plications like passive sonar, ultrasound imaging etc.

• Development of improved low rank models, capable of yielding better
resolution performance and noise rejection.
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Chapter 2

Separable Nonlinear Least Squares

2.1 Introduction

2.1.1 Background

CONSIDER a complex scalar valued sequence {xt}t>0, which is governed
by the model

xt = ft(θ0, c0) = ψ∗
t (θ0) c0, t > 0, (2.1)

where ψt(θ) is a p×1 vector valued nonlinear function of the unknown complex
valued parameter vector θ of dimension n × 1. Note that we use ψ∗

t (θ) to
denote the conjugate transpose of ψt(θ). As a consequence of (2.1), each of
the members of the complex scalar valued sequence of functions {ft(θ, c)}t>0

is linear in c and nonlinear in θ. The parameter c is assumed to be a complex
valued vector of dimension p × 1 with bounded norm. Here, we are concerned
with the problem of estimating the parameters θ0 and c0 from N samples of the
noise corrupted measurements of the sequence {xt}t>0. The observed sequence
is given by

zt = xt + x̃t, (2.2)

where {x̃t}t>0 is the additive measurement noise sequence. Let us introduce
the notations

xN =
[

x1 · · · xN

]�
, (2.3)

fN (θ, c) =
[

f1(θ, c) · · · fN (θ, c)
]�

, (2.4)
ΨN (θ) =

[
ψ1(θ) · · · ψN (θ)

]∗
, (2.5)

so that the N ×1 complex vector valued function fN (θ, c) can be written using
(2.1) as

xN = fN (θ, c) = ΨN (θ) c. (2.6)

We shall maintain
x̃N =

[
x̃1 · · · x̃N

]�
, (2.7)

so that
zN := xN + x̃N = ΨN (θ) c + x̃N . (2.8)

15
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One way to estimate the true parameter θ0 from the observations is to solve
(2.8) in a least squares sense, i.e. to seek for the global minimum point of the
loss function

L̂N (θ, c) := N−1 {zN − fN (θ, c)}∗ {zN − fN (θ, c)} (2.9)

and estimate θ0 as:
θ̂N = arg min

θ

[
min

c
L̂N (θ, c)

]
. (2.10)

However, the optimization problem in (2.10) is separable, in the sense that it
can be solved for θ and c separately. From the theory of linear least squares
[36, 55] it follows that for a given θ the loss function (2.9) can be minimized
analytically with respect to c, and the minimum is achieved at

ĉ(θ) := arg min
c

L̂N (θ, c) = [Ψ∗
N (θ)ΨN (θ)]−1Ψ∗

N (θ) zN

= Ψ†
N (θ) zN , (2.11)

where Ψ†
N (θ) is the pseudo-inverse of ΨN (θ). Note that we assume ΨN (θ)

to have a full column rank p, which in general is a mild assumption. We shall
address this point later. Substituting (2.11) in (2.9), we have the concentrated
loss function

�̂N (θ) := L̂N {θ, ĉ(θ)} = N−1 z∗N Π⊥
ΨN

(θ) zN , (2.12)

where Π⊥
ΨN

(θ) is the orthogonal projection operator onto the null-space of
Ψ∗

N (θ) given by
Π⊥

ΨN
(θ) = IN − ΨN (θ)Ψ†

N (θ). (2.13)

Using (2.12) the optimization problem in (2.10) reduces to

θ̂N = arg min
θ

�̂N (θ). (2.14)

The optimization problem in (2.14) is often referred to as a Variable Projec-
tion Problem, see [11]. In general, such optimization problems must be solved
numerically. Finally, using θ̂N one obtains the estimate of c0 as

ĉN = ĉ(θ̂N ). (2.15)

2.1.2 Contributions and Motivation

As mentioned in [12] and references therein, the nonlinear least squares (NLLS)
is ubiquitous to parameter estimation problems in signal processing. In this
chapter, our object is to study the statistical properties of the variable projec-
tion problem. In Section 2.2, we carry out the consistency analysis assuming
x̃t to be correlated. The additional constraints imposed on x̃t are much weaker
than the whiteness assumption made in previous related works [22, 70].

In Section 2.3, the accuracy analysis is carried out in a very general frame-
work (the noise is correlated, parameters are complex valued and the data are
complex valued). Under very mild conditions the circularity and asymptotic
normality of the estimates are established. The new expressions presented in
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this section generalizes many previous results in the context of specific appli-
cations, see for example [1, 34, 39, 60].

In Section 2.4 we shall give a bound on the loss of statistical efficiency. We
also establish a sufficient condition on the model for which the NLLS achieves
the Cramér-Rao bound (CRB), and thereby give an alternative interpretation
of the result proved in [58].

Finally, in Section 2.5 we extend the previously derived results for real
valued data. All the results derived in this chapter can be readily extended to
the case where the model structure is given by

zt = ft(zt−1, θ0, c0) + x̃t. (2.16)

2.2 Parameter Convergence

In this section our aim is to establish sufficient conditions to ensure the strong
convergence of the parameter estimates. In the rest of this chapter x̃t will be
assumed to satisfy the following.

Assumption 2.1. {x̃k}k>0 is a stationary, zero mean, circular process with
bounded fourth order moment [5, 13], so that

E x̃N = 0N×1, E {x̃N x̃∗
N} = ΛN , E

{
x̃N x̃�

N

}
= 0N×N , (2.17)

where ΛN is a Hermitian and Toeplitz matrix defined in terms of the autocor-
relation sequence {λt} of x̃t as [ΛN ]ij = λi−j . Moreover, the sequence {λk} is
absolutely summable, i.e.

λ := lim
N→∞

N∑
t=−N

|λt| (2.18)

exists so that the process x̃t has a bounded spectral density. We shall use smax

and smin respectively, to denote the supremum and the infinum of the spectral
density of x̃t. Immediately it follows that [52]

smin ≤ eig(Λt) ≤ smax, ∀t > 0, (2.19)

where eig(Λt) denotes an eigenvalue of Λt.

In contrast to the previous related work [22, 70], here we allow x̃t to be
correlated. This is motivated by many practical applications where the additive
noise may not be white1. The condition on circularity in Assumption 2.1 is very
common. For instance we can verify the validity of this assumption when the
measured data are the discrete Fourier transform of real valued data [5], or a
complex valued signal recorded at the receiver in a typical telecommunication
or array application [67]. This condition alone, however, is not sufficient to

1If the noise statistics is known to the user, it is possible to pre-whiten the noise. We shall
come back to this point later.
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ensure the consistency of NLLS. To see that, consider the concentrated loss
function �̂N (θ). It is readily verified from (2.12) and Assumption 2.1 that

E�̂N (θ) = �N (θ) + N−1tr
{
ΛNΠ⊥

ΨN
(θ)
}

, (2.20)

where �N (θ) is the noise-free concentrated loss function obtained by using
x̃t = 0N×1 in (2.12). Assuming that the loss function �̂N (θ) converges (in
a stochastic sense) to its expected value as N → ∞ (which is true in most of
the cases), we can easily notice that in general

arg min
θ

E�̂N (θ) �= arg min
θ

�N (θ). (2.21)

The second term in the right hand side of (2.20) does not in general have
the same minimum point as the first term2. Therefore, we need a stronger
constraint in form of (2.18) to ensure consistency (although it is much weaker
than the whiteness assumption). Intuitively, from (2.21) one would expect bias
effects in finite sample cases, even if the estimates are consistent. We need a
few more assumptions.

Assumption 2.2. The magnitude of the derivative of the function ft(θ, c)
with respect to the real or imaginary part of θk is bounded from below for all
t, and for all 1 ≤ k ≤ n, where θk denotes the kth component of θ.

Assumption 2.3. Introduce

α := [ θ� c� ]�, α0 := [ θ�
0 c�0 ]�. (2.22)

There exists a compact set S ⊂ C
n+p and an integer N0 such that whenever

α ∈ S
0 < bmin ≤ N−1eig{Ψ∗

N (θ)ΨN (θ)} ≤ bmax, ∀N ≥ N0 (2.23)

for finite bmin and bmax. The true parameter vector α0 ∈ S.

Assumption 2.2 can be seen as an identifiability condition. If Assump-
tion 2.2 does not hold, the observed data fails to carry enough information
about the parameter θ for large N even in absence of the measurement noise.
However, this condition might be redundant if N is not considered large. As-
sumption 2.3 is a persistence of excitation condition [33, 55], which ensures
that the information about the parameter can be extracted successfully from
the observed noise corrupted data. This means ΨN (θ) is full column rank and
N−1f∗N (θ, c)fN (θ, c) is bounded on S for all N ≥ N0. We have the following
propositions.

Proposition 2.1. Introduce the noise-free loss function

LN (θ, c) := N−1 {xN − fN (θ, c)}∗ {xN − fN (θ, c)} . (2.24)
2 On the other hand, if ΛN = λ0IN , the inequality in (2.21) can be replaced by an equality,

since tr{Π⊥
ΨN

(θ)} = N − p is independent of θ.
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Then under Assumptions 2.1-2.3,

lim
N→∞

{L̂N (θ, c) − LN (θ, c)} = λ0 (2.25)

uniformly for all α ∈ S with probability one.

Proof: Combining (2.24) and (2.9) and using definitions (2.3)-(2.8) we have

L̂N (θ, c) − LN (θ, c) = N−1
N∑

t=1

[|x̃t|2 + 2Re{x̃t f∗
t (θ, c)}]. (2.26)

Since the fourth order moments of x̃t are bounded, using ergodicity results [55],
the first term in the right hand side of (2.26) converges to λ0 with probability
one. It remains to show that the second term in the right hand side of (2.26)
converges to zero with probability one. Using Kronecker’s lemma [3, 29], it is
sufficient to show that {qN (θ, c)} is a Cauchy sequence on S with probability
one, where

qN (θ, c) :=
N∑

t=1

2
t
Re{x̃t f∗

t (θ, c)}.

Consider rkl(θ, c) := qk+l(θ, c) − qk(θ, c). Since Erkl(θ, c) = 0, using Cheby-
chev’s inequality [43] we have

Prob{|rkl(θ, c)| ≥ ε} ≤ 1
ε2

E r2
kl(θ, c) =

2
ε2

f∗Λlf

≤ 1
ε2

smax

k+l∑
j=k+1

2
j2

|fj(θ, c)|2, (2.27)

where we have used (2.19) in the last inequality and introduced

f =
[

1
k+1fk+1(θ, c) · · · 1

k+lfk+l(θ, c)
]�

. (2.28)

Recall from Assumption 2.3 that |ft(θ, c)| is uniformly bounded for all α ∈ S.
Therefore, for any given ε and l it is possible to make the right hand side of
the last inequality in (2.27) arbitrarily small by increasing k sufficiently. Hence
{qN (θ, c)} is a Cauchy sequence with probability one, and the proposition
follows.

Proposition 2.2. Let the sequence of functions {LN (θ)} be uniformly conver-
gent (as N → ∞) to a continuous function L∞(θ) on a compact set Ω, and let
L∞(θ) have a unique global minimum point at θ∗. Let θ̂N be a global minimum
point of LN (θ) in Ω. Then θ̂N converges to θ∗ as N → ∞.

Proof: See [47, 51].

Assumption 2.4. The set S is dense. The noise-free loss function LN (θ, c)
has a unique global minimum point α∗(N) in the set S, and α∗(N) is an
interior point of S. Moreover, ΨN (θ) is a continuous function of θ on S.
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Proposition 2.2 is quite well known and has been used frequently as an impor-
tant tool for convergence analysis. Assumption 2.4 is a common identifiability
condition. Often it is required to restrict S to satisfy Assumption 2.4. The
problem of estimating the sine wave frequencies from noisy observations [60] is
such an example. We also point out that a necessary condition for Assumption
2.4 to hold asymptotically as N → ∞ is Assumption 2.2. If the noise-free data
do not obey the model (2.1), then we shall have a model error. If the model
is correct, the noise-free loss function LN (θ, c) will have a global minimum at
α0. This is not the case if the model is incorrect, and then the minimum point
of LN (θ, c) would be N dependent. Now, we are ready to state the main result
in this section.

Proposition 2.3. Under Assumptions 2.1-2.4,

lim
N→∞

α̂N − α∗(N) = 0(n+p)×1 (2.29)

almost surely, where we have denoted α̂N := [ θ̂
�
N ĉ�N ]�.

Proof: The proof follows by combining Propositions 2.1-2.2 with Assumption
2.4.

Remarks:

• If the model is correct, α̂N → α0 almost surely.

• The proof presented here does not assume anything regarding the cor-
rectness of the model. Hence the result in Proposition 2.3 is valid in
presence of model errors. Note that, in presence of model errors the true
parameter vector α0 �= α∗(∞). That would lead to regular bias effects.
However, analysis of such bias effects are beyond the scope of this thesis.

• Assumption 2.3 implies that {|xt|}t>0 is a bounded sequence. However,
by proper normalization of the loss function L̂N (θ, c) one can ensure
the consistency of the parameter estimates even if lim supt→∞ |xt| does
not exist. The proof of consistency presented here can be accordingly
modified to include that case also. As a matter of fact, faster convergence
of the parameter estimates results if {|xt|}t>0 diverges at a higher rate.
But such examples are rarely encountered in practical problems.

We point out here that, if the noise statistics is known, that knowledge can
be incorporated in the estimation algorithm using the framework of maximum
likelihood estimation [25]. In such an approach an alternative estimate of the
parameter θ is obtained as

θ̂
o

N = arg min
θ

[min
c

N−1L̄N (θ, c)], (2.30)

where L̄N (θ, c) = {zN − fN (θ, c)}∗Λ−1
N {zN − fN (θ, c)}. Eliminating c as in

(2.10)-(2.12) we get

arg min
θ

N−1 {ΓNzN}∗ Π⊥
ΓNΨN

(θ) {ΓNzN} , (2.31)
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where
Λ−1

N = Γ∗
NΓN (2.32)

is the Cholesky decomposition of Λ−1
N . Using similar calculations as presented

here, it is possible to establish the consistency of θ̂
o

N under milder conditions
(Assumption 2.1 can be relaxed). This phenomenon can easily be explained
since the modified loss function (2.31) involves a pre-whitening step, where the
data is transformed by ΓN .

2.3 Asymptotic Accuracy

In this section we explore the second order statistical properties of the esti-
mates. For that purpose, let us introduce some further notations. Since the
statistical properties of a complex valued quantity is usually expressed in terms
of the joint statistical properties of its real and imaginary parts, it is convenient
to use an associated real valued parameter vector. Let the parameter vectors
θ, c and α [see (2.22)] be expressed in terms of their real and imaginary parts
as

θ = θR + iθI , c = cR + icI , α = αR + iαI . (2.33)

Following the usual convention, the joint statistical properties of the estimates
θ̂N and ĉN will be expressed in terms of the statistical properties of the esti-
mates of the real valued vectors

ᾱ :=
[

αR

αI

]
, θ̄ :=

[
θR

θI

]
, c̄ :=

[
cR

cI

]
. (2.34)

Moreover, we shall use ᾱ0 etc, to denote the true values of ᾱ etc. Note that,
the mapping from the complex valued parameter vector θ etc, to the associated
real valued parameter vector θ̄ is bijective: any function of θ can equivalently
be expressed as functions of the associated real valued parameter vector θ̄.
With a slight misuse of notation, we maintain the same functional symbol to
denote the equivalent function also. For example, we use L(ᾱ) = L(θ, c) and
so on. We need the following differentiability assumption.

Assumption 2.5. The function ΨN (θ) is at least twice differentiable with
respect to θR and θI on S .

Proposition 2.4. Let HN (ᾱ0) be the Hessian matrix and gN (ᾱ0) be the
gradient vector of the loss function L̂N (ᾱ) evaluated at ᾱ = ᾱ0. Then under
Assumptions 2.1-2.5, the asymptotic (as N → ∞) estimation error ˜̄αN :=
ˆ̄αN − ᾱ0 is given by

˜̄αN = −H−1
N (ᾱ0)gN (ᾱ0), (2.35)

Proof: Recall that gN (ˆ̄αN ) = 02(n+p)×1. Using this fact in the Taylor’s series
expansion of L̂(ᾱ) in the neighborhood of ᾱ0 and neglecting the third and
higher order terms in ˆ̄αN − ᾱ0 (which is valid only asymptotically for large N ,
since ˆ̄αN is a consistent estimator of ᾱ0) the proposition follows. The details of
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the proof is available in many related books and papers, see [55] for example.

Next, the properties of the Hessian matrix HN (ᾱ0) and the gradient vector
gN (ᾱ0) will be explored. Since we are concerned about the asymptotic distri-
bution of ˜̄αN , it is not required to establish the almost sure convergence of the
relevant quantities [i.e. HN (ᾱ0) and gN (ᾱ0)], but it would be sufficient to es-
tablish weak convergence in probability, see [3, 29] for details. For what follows
next, we use the following differentiation notations for a complex vector valued
function w(a) of a real and vector valued parameter a = [ a1 · · · am ]�,
where we use

w(k)(a) :=
∂w(a)
∂ak

, w(kl)(a) :=
∂2w(a)
∂ak∂al

, 1 ≤ k, l ≤ m. (2.36)

Further, the matrix of first order derivatives will be denoted by

∂w(a)
∂a

:=
[

w(1)(a) · · · w(m)(a)
]
. (2.37)

Assumption 2.6. The following limit result holds:

lim
N→∞

N−1 Re
{
Qkl

N (ᾱ)
}[

Re
{
P kl

N (ᾱ)
}]2 = 0, ∀1 ≤ k, l ≤ 2(n + p), (2.38)

where
P kl

N (ᾱ) := N−1 {f (k)∗
N (ᾱ) f (l)

N (ᾱ)},
Qkl

N (ᾱ) := N−1 {f (kl)∗
N (ᾱ) f (kl)

N (ᾱ)}. (2.39)

This assumption may appear to be restrictive. However, one can notice that,
neither Qkl

N (ᾱ) nor P kl
N (ᾱ) is required to be bounded by Assumption 2.6. As a

matter of fact, most signal models that satisfy Assumption 2.2 and Assumption
2.3 can be shown to satisfy Assumption 2.6 also3. Recall that, for consistency
it is necessary that Assumption 2.2 and Assumption 2.3 are satisfied. In that
sense, Assumption 2.6 is not restrictive at all. Our next proposition is a con-
sequence of Assumption 2.6.

Proposition 2.5. Under Assumptions 2.1-2.6 the asymptotic covariance ma-
trix of ˆ̄αN is given by

Cᾱ =
1
2
[Re{∇f∗N ∇fN}]−1[Re{∇f∗N ΛN ∇fN}][Re {∇f∗N ∇fN}]−1,(2.40)

where

∇fN :=
∂fN (ᾱ0)

∂ᾱ
. (2.41)

is assumed to have full column rank.
3To the best of the knowledge of the author, all the signal models that satisfy Assumption 2.2

and Assumption 2.3, satisfy Assumption 2.6 also. However, a rigorous mathematical treatment
of this issue is beyond the scope of this thesis.
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Proof: Differentiating the loss function L̂N (ᾱ) in (2.9) with respect to the kth
element of ᾱ and evaluating at ᾱ = ᾱ0, we get using (2.6) and (2.8)

L̂
(k)
N (ᾱ0) = −N−1

[
f (k)∗
N (ᾱ0) x̃N + x̃∗

N f (k)
N (ᾱ0)

]
, (2.42)

⇒ gN (ᾱ0) = −2N−1Re (∇f∗N x̃N ) . (2.43)

Hence, in the aim of computing the second order moment of the gradient vector
gN (ᾱ0), using Assumption 2.1 we have

E{L̂(k)
N (ᾱ0) L̂

(l)
N (ᾱ0)} = 2N−2 Re{f (k)∗

N (ᾱ0)ΛN f (l)
N (ᾱ0)}

⇒ E{gN (ᾱ0)g�
N (ᾱ0)} = 2N−2 Re {∇f∗N ΛN ∇fN} . (2.44)

Next, we consider the asymptotic properties of the Hessian matrix HN (ᾱ0).
Consider the second derivative of the loss function L̂N (ᾱ) with respect to the
kth and the lth element of ᾱ, at ᾱ = ᾱ0, we get using (2.1), (2.3) and (2.4)

L̂
(kl)
N (ᾱ0) = 2N−1 Re{f (k)∗

N (ᾱ0)f
(l)
N (ᾱ0) − f (kl)∗

N (ᾱ0)x̃N}. (2.45)

E{L̂(kl)
N (ᾱ0)} = 2N−1 Re{f (k)∗

N (ᾱ0)f
(l)
N (ᾱ0)}

= 2Re{P kl
N (ᾱ0)}. (2.46)

Var{L̂(kl)
N (ᾱ0)} = 2N−2 Re{f (kl)∗

N (ᾱ0)ΛN f (kl)
N (ᾱ0)}

≤ 2N−2smax Re{f (kl)∗
N (ᾱ0)f

(kl)
N (ᾱ0)}

= 2smax N−1 Re{Qkl
N (ᾱ0)}. (2.47)

Note that in the first equality in (2.47) we have used (2.17), while in the
inequality we have used (2.19). Now using Assumption 2.6, for large N we see
from (2.46) and (2.47) that the mean of each element of the Hessian HN (ᾱ0) is
large compared to the standard deviation. Hence each element of the Hessian
HN (ᾱ0) converges in mean square sense to the corresponding expected value4,
i.e.

L̂
(kl)
N (ᾱ0) ≈ 2N−1 Re

{
f (k)∗
N (ᾱ0) f

(l)
N (ᾱ0)

}
,

⇒ HN (ᾱ0) ≈ 2N−1 Re {∇f∗N ∇fN} , (2.48)

for large N . Hence from (2.44), (2.48), (2.35) and Proposition 2.4 the result
follows.

The result in Proposition 2.5 was derived in [22] assuming P kl
N and Qkl

N to be
bounded asymptotically. Note that if P kl

N and Qkl
N are asymptotically bounded,

Assumption 2.6 is satisfied anyway. From that point view, Proposition 2.5 can

4Apparently the right hand side of (2.48) may approach 0 or diverge as N → ∞. If P kl
N (ᾱ0)

converges to 0 and Assumption 2.6 is satisfied, then the standard deviation of the left hand side
of (2.48) converges at a faster rate than its mean. Therefore the stochastic variation of the LHS
of (2.48) can be neglected compared to the mean value. This is true even when the right hand
side of (2.48) diverges, because in that case the mean diverges at a faster rate compared to the
standard deviation.
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be seen as a generalization of the results given in [22]. However, from an
application point view, it might be too restrictive to assume P kl

N and Qkl
N to be

asymptotically bounded, as illustrated by the following example.

Example 2.1. Consider the problem of estimating frequencies of complex
cisoids in noise:

xt =
p∑

k=1

ckeθkt, zt = xt + x̃t, (2.49)

where {ck}p
k=1 are real valued amplitudes of the sinusoids having frequencies

{θk}p
k=1. A comparison of (2.49) with (2.1) reveals that the problem of esti-

mating the frequencies {θk}p
k=1 and the associated amplitudes {ck}p

k=1 can be
framed as a separable nonlinear least squares problem. Using the analysis pre-
sented so far we can easily verify that the variable projection estimates of the
associated parameters are consistent. It follows after a few steps of calculations
that (using our usual notations)[

∂fN (θ, c)
∂θk

]∗ [
∂fN (θ, c)

∂θk

]
= O(N3), (2.50)[

∂2fN (θ, c)
∂θ2

k

]∗ [
∂2fN (θ, c)

∂θ2
k

]
= O(N5). (2.51)

Clearly, in this case, neither P kl
N nor Qkl

N are bounded for all k and l. However,
it is readily verified that Assumption 2.6 is satisfied here, so that an analogous
asymptotic analysis as Proposition 2.5 can be carried out.

Assumption 2.7. The matrix valued function ΨN (θ) is an analytic function
of θ.

This again is a mild assumption, in the sense that in many practical applications
this assumption is satisfied. Note that fN (θ, c) is linear in c. Using this fact
combined with Assumption 2.7, we have fN (θ, c) as an analytic function of θ
and c.

We also need the following definition. Let us introduce the map I :
C

m×m → R
2m×2m such that

I(A) :=
[

Re(A) −Im(A)
Im(A) Re(A)

]
. (2.52)

Then it is well known (see [13, 52] for example) that I is an isomorphism with
respect to matrix multiplication, i.e.

I(A)I(B) = I(AB). (2.53)

Using the properties of an isomorphism it also follows that

[I(A)]−1 = I(A−1). (2.54)

We are now ready to state the main result of this section.
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Theorem 2.1. Let us define

ΦN (θ) :=
∂fN (θ, c0)

∂θR
. (2.55)

Then under Assumptions 2.1-2.7, the asymptotic covariance matrix Cᾱ is given
by

Cᾱ =
1
2
I(Σ), Σ =

[
Σθθ Σθc

Σ∗
θc Σcc

]
, (2.56)

where

Σθθ = [Φ∗
NΠ⊥

ΨN
ΦN ]−1Φ∗

NΠ⊥
ΨN

ΛNΠ⊥
ΨN

ΦN [Φ∗
NΠ⊥

ΨN
ΦN ]−1, (2.57)

Σcc = [Ψ∗
NΠ⊥

ΦN
ΨN ]−1Ψ∗

NΠ⊥
ΦN

ΛNΠ⊥
ΦN

ΨN [Ψ∗
NΠ⊥

ΦN
ΨN ]−1, (2.58)

Σθc = [Φ∗
NΠ⊥

ΨN
ΦN ]−1Φ∗

NΠ⊥
ΨN

ΛNΠ⊥
ΦN

ΨN [Ψ∗
NΠ⊥

ΦN
ΨN ]−1, (2.59)

and where we have omitted the arguments θ0 of the matrices for simplicity.

Proof: Introduce the notation

∆N (ᾱ0) :=
∂fN (ᾱ0)

∂ᾱR
=
[

ΦN (θ0) ΨN (θ0)
]
. (2.60)

Applying Cauchy-Riemann’s conditions [7] on analytic functions we get

∇fN =
∂fN (ᾱ0)

∂ᾱ
=
[

∂fN (ᾱ0)
∂ᾱR

∂fN (ᾱ0)
∂ᾱI

]
=
[

∆N (ᾱ0) i∆N (ᾱ0)
]
. (2.61)

In what follows we omit the argument ᾱ0 for simplicity. From (2.40) and (2.61)
it follows by straightforward calculation that

2Cᾱ = [I(∆∗
N∆N )]−1 I(∆∗

NΛN∆N ) [I(∆∗
N∆N )]−1

= I {(∆∗
N∆N )−1∆∗

NΛN∆N (∆∗
N∆N )−1

}
:= I {Σ} . (2.62)

In order to show the remaining part of the proposition we apply a well known
block matrix inversion result (see for example [36, 52]) to get

(∆∗
N∆N )−1 =

[
Φ∗

NΦN Φ∗
NΨN

Ψ∗
NΦN Ψ∗

NΨN

]−1

=
[

XN ZN

Z∗
N YN

]
(2.63)

where

XN = [Φ∗
NΦN − Φ∗

NΨN{Ψ∗
NΨN}−1Ψ∗

NΦN ]−1

= [Φ∗
NΠ⊥

ΨN
ΦN ]−1. (2.64)

Similarly

YN = [Ψ∗
NΠ⊥

ΦN
ΨN ]−1, (2.65)

ZN = −XNΦ∗
NΨN{Ψ∗

NΨN}−1, (2.66)
Z∗

N = −YNΨ∗
NΦN{Φ∗

NΦN}−1. (2.67)
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Hence by (2.60) and (2.63)-(2.67) we get after a straightforward block matrix
multiplication

[∆∗
N∆N ]−1∆∗

N =
[

XNΦ∗
NΠ⊥

ΨN

YNΨ∗
NΠ⊥

ΦN

]
. (2.68)

Now from (2.62)-(2.68) one can readily verify (2.57), (2.58) and (2.59).

Remarks:

• It follows immediately from (2.56) that the complex valued random vector
α̂N is asymptotically circular i.e.

Eα̂N α̂∗
N = Σ, Eα̂N α̂�

N = 0, (2.69)

Eθ̂N θ̂
∗
N = Σθθ, Eθ̂N θ̂

�
N = 0, (2.70)

EĉN ĉ∗N = Σcc, EĉN ĉ�N = 0. (2.71)

• The asymptotic covariance matrix of the real valued parameter vector
ˆ̄θN is given by Cθ̄ = 1

2I(Σθθ) and that of ˆ̄cN is given by Cc̄ = 1
2I(Σcc).

• Assumption 2.7 is redundant if the parameter vector is real valued. The
associated analysis is exactly similar but simpler. The resulting expres-
sions are also similar where α̂N is a real valued random vector with
asymptotic covariance matrix Cα = 1

2Σ. We have Cθ = 1
2Σθθ and

Cc = 1
2Σcc also.

• There are applications where θ is real valued but c is complex valued.
Using similar but more tedious calculations one can show that the co-
variance matrix of the real valued (in this case) parameter θ is given by
(under Assumptions 2.1-2.6)

Cθ =
λ0

2
[Re(Φ∗

NΠ⊥
ΨN

ΦN )]−1, (2.72)

when x̃t is a white noise sequence. However, when the noise is coloured
the expressions take more complex forms.

• There are many applications where N is finite but the signal to noise
ratio is large. It can be easily seen that the expressions of the covariance
matrix is the same in such cases. In this context, it can be noted that the
similar expressions as (2.57) and (2.72) for the parameter variance exist
in the literature for large signal to noise ratio, see [1, 34].

Proposition 2.6. Under Assumptions 2.1-2.6, the real valued estimate
√

N ˆ̄αN

is an asymptotically jointly Gaussian random vector with covariance matrix
NCᾱ if P kl

N (ᾱ) is bounded for all 1 ≤ k, l ≤ 2(n+p). Furthermore, if Assump-
tion 2.7 is satisfied then

√
Nα̂N is asymptotically complex Gaussian distributed

with covariance matrix NΣ.
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Proof: Note that, see (2.43),

gN (ᾱ0) = N−1
N∑

t=1

2Re
{[

∂ft(ᾱ0)
∂ᾱ

]∗
x̃t

}
(2.73)

Since P kl
N (ᾱ) is bounded for all k, l, the coefficients of x̃t in the summation

(2.73) are of bounded magnitude for all t. Therefore, it follows that
√

NgN (ᾱ0)
is asymptotically Gaussian [55]. The proposition then follows from (2.35),
since a linear transform of a Gaussian random vector is Gaussian [43]. If
Assumption 2.7 holds, then from Theorem 2.1, the complex valued estimate√

Nα̂N is complex Gaussian with covariance matrix NΣ.

Remarks:

• Note that if P kl
N (ᾱ) is bounded, then NCᾱ is finite for all N .

• If the parameters are real valued, then
√

Nα̂N is Gaussian with covari-
ance matrix 1

2NΣ.

• Proposition 2.6 was proved in [22] for the special case when x̃t is white
and the data and the parameter are real valued.

• We point out here that the general requirements for asymptotic normality
of the parameter estimates are quite stringent in the sense that in many
applications P kl

N would not be bounded, see Example 2.1 for instance.
However, we point out that the condition on boundedness of P kl

N has
been relaxed in [70] by imposing a few more constraints when the noise
sequence x̃t is assumed to be white.

2.4 Cramér-Rao Bound

In this section we compare the results derived in the last section with the
Cramér-Rao bound (CRB) under Gaussian hypothesis5. Next, we derive a
bound on the loss in the statistical efficiency. Finally we derive a sufficient
condition for the NLLS to achieve the Cramér-Rao bound. First we have the
next proposition giving an expression for the CRB.

Proposition 2.7. Under Assumption 2.5, and a few more regularity conditions
[25] on the distribution function of x̃N , the Cramér-Rao bound of the estimation
problem is given by

Cᾱ =
1
2
[∇f∗N Λ−1

N ∇fN
]−1

. (2.74)

Furthermore, if Assumption 2.7 holds, then the Cramér-Rao bound for θ̄ is

5This means that the Cramér-Rao bound is derived under the assumption that the noise
sequence {x̃t} is Gaussian distributed.
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given by

Cθ̄ =
1
2
I ([Φ∗

NΛ−1
N ΦN − Φ∗

NΛ−1
N ΨN{Ψ∗

NΛ−1
N ΨN}−1Ψ∗

NΛ−1
N ΦN ]−1

)
=

1
2
I
(
{[ΓNΦN ]∗Π⊥

ΓNΨN
[ΓNΦN ]}−1

)
, (2.75)

and that of c̄ is given by

Cc̄ =
1
2
I ([Ψ∗

NΛ−1
N ΨN − Ψ∗

NΛ−1
N ΦN{Φ∗

NΛ−1
N ΦN}−1Φ∗

NΛ−1
N ΨN ]−1

)
=

1
2
I
(
{[ΓNΨN ]∗Π⊥

ΓNΦN
[ΓNΨN ]}−1

)
, (2.76)

where ΓN is the Cholesky factor of Λ−1
N as before, see (2.32), and we have

omitted the argument ᾱ0 for simplicity.

Proof: The proof for (2.74) can be found in [59]. For the remaining part we
see that (2.61) holds under Assumption 2.7, so that

2Cᾱ = I([∆∗
N Λ−1

N ∆N ]−1). (2.77)

Noticing the similarity of

∆∗
N Λ−1

N ∆N =
[ {ΓNΦN}∗ {ΓNΦN} {ΓNΦN}∗ {ΓNΨN}

{ΓNΨN}∗ {ΓNΦN} {ΓNΨN}∗ {ΓNΨN}
]

(2.78)

with the first equality in (2.63), we get (2.75) and (2.76) using (2.64) and
(2.65).

If {x̃t}t>0 is a white noise sequence, so that ΛN = λ0IN holds, then θ̂N is a
maximum likelihood estimate [36]. Therefore, we expect that the asymptotic
covariance matrix of the parameter estimates to achieve the Cramér-Rao lower
bound in this case. This can be verified by comparing (2.74) with (2.40)

Cᾱ = Cᾱ =
λ0

2
[∇f∗N ∇fN ]−1

. (2.79)

However, this does not follow immediately from the theory of maximum likeli-
hood estimation, since some of the standard assumptions [25] have been con-
siderably relaxed in the current context. For instance, the process zt is non-
stationary in general in the current context. Notice that if Assumption 2.6 does
not hold, (2.40) may cease to hold any longer. However, it is an open question
if there exists such an example where Assumption 2.6 ceases to hold even when
the conditions for consistency (i.e. Assumption 2.2 and Assumption 2.3) are
satisfied.

If the noise covariance structure is known to the user then (2.31) should
be used. If a similar analysis is carried out for the loss function in (2.31) it
can be shown that the associated estimate achieves the Cramér-Rao bound
asymptotically. This is due to the pre-whitening step involved in (2.31), as
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discussed before. However, in most practical applications ΛN is generally un-
known to the user. In such a case it is of interest to know the difference in the
achieved accuracy by NLLS and the best achievable performance. In the next
proposition we present a bound on the loss of statistical efficiency.

Proposition 2.8. The following inequality holds:

Cᾱ − Cᾱ ≤ 1
2

(smax − smin) [∇f∗N ∇fN ]−1 (2.80)

where for two matrices A and B we write A ≥ B, if A − B is non-negative
definite.

Proof: Note from (2.19) that

∇f∗N ΛN ∇fN ≤ smax∇f∗N ∇fN ⇒ 2Cᾱ ≤ smax [∇f∗N ∇fN ]−1
. (2.81)

Similarly,

∇f∗N Λ−1
N ∇fN ≤ s−1

min∇f∗N ∇fN ⇒ 2Cᾱ ≥ smin [∇f∗N ∇fN ]−1
. (2.82)

Since the sum of two non-negative definite matrices is a non-negative definite
matrix, we get (2.80) by combining (2.81) and (2.82).

The loss in efficiency is low if the spectrum of the noise sequence is flat. This
observation is very common in the literature of system identification. We can
also verify that for white noise where smax = smin, and there is no loss in
statistical efficiency. The bound given by Proposition 2.8 is applicable in quite
general cases. However, it might be interesting to investigate if the estimate
ˆ̄αN can achieve the Cramér-Rao bound even if the additive noise is not white.
The following proposition gives a sufficient condition in that direction.

Proposition 2.9. If each of the columns of ∇fN is an asymptotic eigenvector
of ΛN , i.e.

ΛN ∇fN = ∇fN DN (2.83)

for some real valued nonsingular diagonal matrix DN as N → ∞, then the
estimate ˆ̄αN achieves the Cramér-Rao bound asymptotically.

Proof: Using (2.83) in (2.40) we get

Cᾱ =
1
2
DN [Re(∇f∗N ∇fN )]−1. (2.84)

Now by (2.83) we have
Λ−1

N ∇fN = ∇fN D−1
N (2.85)

also. Hence by (2.85) and (2.74) we see that

Cᾱ =
1
2
DN [Re(∇f∗N ∇fN )]−1. (2.86)
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Combining (2.84) and (2.86) we prove the proposition.

Following the results in Proposition 2.9, it might be interesting to investigate
the asymptotic eigenvalue distribution of a general covariance matrix ΛN as
N → ∞. In this context, we shall use a remarkable result [14, 24]. Let us
introduce

uN (ω) = [ 1 cos(ω) · · · cos{ω(N − 1)} ]�, (2.87)

vN (ω) = [ 0 sin(ω) · · · sin{ω(N − 1)} ]�. (2.88)

Then one can show for large N that6 [14, 24]

ΛN{uN (ω) + i vN (ω)} = s(ω){uN (ω) + ivN (ω)} (2.89)

where s(ω) is the spectral density of x̃t at frequency ω. This result will play
the main role in Example 2.2 in the next section, where we illustrate the result
in Proposition 2.9 for a practical application.

2.5 Real Valued Data

In this section we consider the case where data are real valued. The resulting
analysis is similar. However, the expressions are not exactly the same. Next,
we briefly summarize the results in case the data are real valued.

Proposition 2.10. If the observed data are real valued, then under Assump-
tions 2.1-2.6 (with proper modifications) the asymptotic covariance matrix of
ˆ̄αN is given by

Cᾱ =
[∇f�N∇fN

]−1 [∇f�NΛN∇fN
] [∇f�N∇fN

]−1
, (2.90)

where ∇fN := ∂fN (ᾱ0)
∂ᾱ .

Proof: The proof will follow exactly similar set of calculations given in Proposi-
tion 2.5 and Theorem 2.1. First note that for the real valued data, the gradient
vector gN (ᾱ0) is given by (see (2.42)-(2.43))

gN (ᾱ0) = 2N−1 ∇f�N x̃N

⇒ EgN (ᾱ0)g�
N (ᾱ0) = 4N−2 ∇f�N ΛN ∇fN . (2.91)

Notice that the difference between (2.44) and (2.91) is due to the fact that
for the real valued data case the circularity property of x̃N is no longer there.
Using exactly the similar steps as in (2.45)-(2.47), one can readily verify using
Assumption 2.6 (with proper modifications) that

HN (ᾱ0) = 2N−1 ∇f�N ∇fN . (2.92)

6This a consequence of the fact that ΛN is close to a circulant matrix for large N .
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Now combining (2.35), (2.91) and (2.92), we get (2.90).

Note that the above result is in agreement with the results derived in [22,
70]. The results in Propositions 2.7 and 2.8, are also modified if the data are
real valued. The Cramér-Rao bound is given by, see [59] for details,

Cᾱ =
[∇f∗N Λ−1

N ∇fN
]−1

, (2.93)

and the result in Proposition 2.8 is modified as

Cᾱ − Cᾱ ≤ (smax − smin) [∇f∗N ∇fN ]−1
, (2.94)

which are fairly straightforward extensions of the proof of Proposition 2.8,
using (2.93) and Proposition 2.10. Finally, if the parameter vector α is real
valued, Assumption 2.7 is redundant. The covariance matrix of α̂N is then
given by Cα = Σ. The result in Proposition 2.9 also is directly applicable to
the case when the data are real valued. In the following example we illustrate
Proposition 2.9 for real valued data.

Example 2.2. In this example we consider a sine wave in noise where

zt = ft(ω, φ, c) + x̃t = c sin (ωt + φ) + x̃t, t ≥ 0, (2.95)

Here we are interested in estimating the real valued parameters ω, c and φ from
{zt}N−1

t=0 . Clearly ft is linear in c and nonlinear in φ and ω. In this case we
shall denote θ = [ ω φ ]�. Let us denote [see (2.87) and (2.88)]

tN = [ 0 1 . . . N − 1 ]�, (2.96)
wN (ω, φ) = uN (ω) sin(φ) + vN (ω) cos(φ). (2.97)

Using these notations, it is readily verified that

∇fN =
[

c tN  wN (ω, φ1) cwN (ω, φ1) wN (ω, φ)
]

(2.98)

where φ1 = φ + π/2 and  denotes the Hadamard product (i.e. element-wise
multiplication) between two matrices. Since ΛN is a real valued matrix in this
case, from (2.89) we can see that each of uN (ω) and vN (ω) are real valued
asymptotic eigenvectors of ΛN as N → ∞, with an associated eigenvalue s(ω).
Thus any linear combination of uN (ω) and vN (ω) will also be an asymptotic
eigenvector of ΛN as N → ∞. Hence using (2.97) we see that

ΛN wN (ω, φ) = wN (ω, φ)s(ω) (2.99)

for large N and for all φ . Note that (2.99) is an N × 1 vector equation, where
each component of the vector in the left hand side is a convergent infinite sum,
and the corresponding component in the right hand side is the limit of the sum
as N → ∞. Hence we can differentiate (2.99) with respect to ω to get

ΛN {tN  wN (ω, φ1)} = {tN  wN (ω, φ1)} s(ω) + wN (ω, φ)
∂s(ω)
∂ω

. (2.100)
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Now by Assumption 2.1, the derivative of the spectral density s(ω) is bounded
for all ω (note that at this point we are assuming that the autocorrelation
sequence λt decays faster than t−2, which is a little stronger than Assumption
2.1). Therefore in the right hand side of (2.100), the norm of first term is large
compared to that of the second term. Hence for large N one can approximate

ΛN {tN  wN (ω, φ1)} = {tN  wN (ω, φ1)} s(ω) (2.101)

for all φ. Combining (2.98), (2.99) and (2.101) we see from Proposition 2.9
that the estimates of θ and c will achieve CRB asymptotically as N → ∞.

The results of Example 2.2 can easily be generalized for multiple sine waves
in noise, and also in case the sinusoids are complex valued. We also point
out here that same result for complex valued sine waves was derived in [58].
However, the method of analysis used here is easier and provides a more clear
perspective on this issue. For numerical illustrations in this issue see [58]. Some
more illustrations can be found in [1] where NLLS is dealt with in a general
context.

2.6 Conclusions

In this chapter it was attempted to carry out a complete asymptotic analysis
of the separable nonlinear least squares algorithm. Throughout the analysis we
have maintained rather mild assumptions on the data model and the measure-
ment noise sequence. The consistency analysis presented here can be seen as
a generalization of previously proved results, but with the weaker assumptions
that the data are complex valued and the additive noise can be coloured. In
the accuracy analysis, the results of Proposition 2.5 have been proved under
relaxed assumptions (Assumption 2.6). It has also been shown in Theorem
2.1 that if the functions involved are analytic functions of the parameters, the
estimates are asymptotically circular. Conditions for asymptotic normality are
established. Next, the accuracy expressions were compared to the Cramér-Rao
bound (Proposition 2.7) and we have given a general bound on the loss in
statistical efficiency in Proposition 2.8. Finally, in Proposition 2.9, we have es-
tablished a sufficient condition for the NLLS to achieve the Cramér-Rao bound.
If the measurement noise is white, NLLS achieves CRB under rather mild con-
ditions.

It is interesting to investigate the existence of examples where Assumption
2.6 ceases to hold in spite of Assumptions 2.2 and 2.3 being satisfied. In such
a case NLLS would be a consistent maximum likelihood estimate which may
unable to achieve asymptotic efficiency.



Chapter 3

Constrained Nonlinear Least Squares

3.1 Introduction

IN the last chapter we carried out a statistical analysis of the unconstrained
nonlinear least squares problem. We established sufficient conditions for

strong convergence of the parameter estimates. Subsequently, an accuracy
analysis was carried out. In many practical problems, the user may have a pri-
ori information about the unknown parameters. Such additional information
can be extracted from the physical modeling of the underlying process. This
additional information can be used as constraints, subject to which the nonlin-
ear least squares problem can be solved. In other words, we focus onto a smaller
subset in the parameter space for the optimal point. In Section 5.6 [page 65] we
shall show how the known boundary conditions can be used to impose certain
linear constraints on the nuisance parameters while estimating material param-
eters from wave propagation experiments. It is well known that incorporation
of such additional constraints lead to improved estimates in terms of accuracy.
Our primary objective in this chapter is to quantify the improvement in the
estimation accuracy when the linear parameters are subjected to certain priori
known linear constraints. In that aim, we shall present a systematic treatment
of the constrained optimization problem and give further insights into the pro-
cess. Subsequently, we shall present an accuracy analysis of the constrained
problem and show that the incorporation of a priori known information in the
estimation process leads to improved accuracy of the estimates.

3.2 The Constrained Problem

In this chapter we shall follow the framework presented in Section 2.1.1 [page
15]. Let us assume that we observe the sequence {zt}t>0 which is governed by
(2.1) and (2.2), so that (2.3)-(2.8) are satisfied. Furthermore, we assume that
the vector of nuisance parameters c0 satisfies a priori known linear constraint

U∗(θ0) c0 = ξ, (3.1)

where U(θ) is a full column rank p×m matrix on S, see Assumption 2.3 [page
18], with m < p. That would mean that the information provided by each of
the m linear constraints [corresponding to each to the rows in the vector valued
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equation (3.1)] is not redundant1. In order to incorporate the boundary con-
ditions in the estimation process, we solve a constrained optimization problem
to get a new estimate θ̂

c

N of θ0 as

θ̂
c

N = arg min
θ

{
min

c
‖ zN − ΨN (θ) c ‖2

}
, (3.2)

subject to U∗(θ) c = ξ. (3.3)

3.2.1 A Simple Solution

Since the row-rank of a matrix equals its column-rank, it is possible to choose
m linearly independent vectors among the columns of U∗(θ). Let us denote
the full rank m×m matrix composed of these linearly independent columns by
U∗

1(θ). Picking up the corresponding elements of c in the same order we form
a m dimensional vector c1. Now denote the m × (p − m) matrix composed of
the remaining p − m columns of U∗(θ) by U∗

2(θ). Similarly by picking up the
corresponding elements of c in the same order we form c2. Then (3.3) can be
rewritten as

U∗
1(θ)c1 + U∗

2(θ)c2 = ξ. (3.4)

Note that there exists a p×p permutation matrix P depending upon the order
at which the elements of c appears in c1 and c2 such that

U(θ) = P
[

U1(θ)
U2(θ)

]
, c = P

[
c1

c2

]
. (3.5)

Now we can eliminate c1 from (3.2) using (3.4). We have

c1 = U−∗
1 (θ)ξ − U−∗

1 (θ)U∗
2(θ)c2 ⇒ c = V̌(θ)c2 + q1(θ), (3.6)

where the p × (p − m) matrix V̌(θ) and the p dimensional vector q1(θ) are
given by

V̌(θ) = P
[ −U−∗

1 (θ)U∗
2(θ)

Ip−m

]
, q1(θ) = P

[
U−∗

1 (θ)ξ
0(p−m)×1

]
. (3.7)

Substituting (3.6) in the loss function in (3.2) we get

min
c

‖ zN − ΨN (θ)c ‖2 = min
c2

‖ zN − Υ̌N (θ)c2 − qN (θ) ‖2, (3.8)

where
Υ̌N (θ) = ΨN (θ)V̌(θ), qN (θ) = ΨN (θ)q1(θ). (3.9)

Hence following similar steps as before in Section 2.1.1, we can eliminate c2,
and subsequently get an equivalent unconstrained optimization problem

θ̂
c

N = arg min
θ

{zN − qN (θ)}∗ Π⊥̌
ΥN

(θ) {zN − qN (θ)} . (3.10)

1In case some of conditions are found to be redundant, they can be omitted.
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Note here that we assumed Υ̌N (θ) to be full rank in (3.10), which is true by
construction of Υ̌N (θ) and V̌(θ) in (3.9) and (3.7), respectively. Denote the
argument minimizer of the loss function in the right hand side of (3.8) with
respect to c2 by ĉ2. Then from (3.8) it is easy to derive that

ĉ2 = Υ̌†
N (θ̂

c

N )
{
zN − qN (θ̂

c

N )
}

, (3.11)

and from (3.6) the associated estimate of c0 is given by

ĉc
N = V̌(θ̂

c

N )ĉ2 + q1(θ̂
c

N ). (3.12)

Apparently, the reduced loss function in (3.10) depends upon the partitions
U1(θ) and U2(θ) of U(θ). In fact there are several ways to partition2 the
matrix U(θ). It is reasonable to expect that the final loss function in (3.10)
would be invariant with respect to different ways of partitioning U(θ). We
prove that in the next proposition.

Proposition 3.1. The reduced loss function in (3.10) is invariant with respect
to different ways of partitioning U(θ). As a consequence, the estimates θ̂

c

N

and ĉc
N are independent of the way of partitioning U(θ).

Proof: Note that P2 = Ip, so that from (3.5) and (3.7) we get

V̌∗(θ)U(θ) = −U2(θ)U−1
1 (θ)U1(θ) + U2(θ) = 0(p−m)×m. (3.13)

By construction V̌(θ) is full column rank. Therefore, the columns of V̌(θ)
forms a basis of the null-space of U∗(θ). Hence, we can resolve q1(θ) in two
parts. The first part is the orthogonal projection of q1(θ) onto the column
space of U(θ). The other part is the orthogonal projection of q1(θ) onto the
column space of V̌(θ), i.e.

q1(θ) = U†∗(θ)U∗(θ)q1(θ) + V̌(θ)V̌†(θ)q1(θ), (3.14)
⇒ qN (θ) = ΨN (θ)U†∗(θ)ξ + Υ̌N (θ)V̌†(θ)q1(θ), (3.15)

⇒ Π⊥̌
ΥN

(θ)qN (θ) = Π⊥̌
ΥN

(θ)ΨN (θ)U†∗(θ)ξ. (3.16)

From (3.10) and (3.16) it is straightforward to see that

θ̂
c

N = arg min
θ

{
zN − ΨN (θ)U†∗(θ)ξ

}∗
Π⊥̌

ΥN
(θ)
{
zN − ΨN (θ)U†∗(θ)ξ

}
.

(3.17)
Note that for any choice of partition, (3.13) holds anyway. This would mean
that for a different partition we choose a different basis in the null-space of
U∗(θ). As a result, Υ̌N (θ) in the loss function (3.17) will be replaced by
Υ̌N (θ)S(θ), where S(θ) is a (p − m) × (p − m) nonsingular matrix. However,
it is easy to show that

Π⊥̌
ΥNS(θ) = Π⊥̌

ΥN
(θ), V̌(θ)S(θ)

{
Υ̌N (θ)S(θ)

}†
= V̌(θ)Υ̌†

N (θ). (3.18)

2However, from a numerical point of view, U1(θ) should be chosen to have the minimum
condition number.
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Using the first equality in (3.18) and (3.17) we see that θ̂
c

N is invariant with
respect to different ways of partitioning U(θ), since the loss function in (3.17)
is independent of the U1(θ), U2(θ) and P. Next we show ĉc

N is invariant too.
Using (3.11) and (3.15) we have

ĉ2 = Υ̌†
N (θ̂

c

N )
{
zN − ΨN (θ̂

c

N )U†∗(θ̂
c

N )ξ
}
− V̌†(θ̂

c

N )q1(θ̂
c

N ). (3.19)

Next, we use (3.14) and (3.12):

ĉc
N = V̌(θ̂

c

N )Υ̌†
N (θ̂

c

N )
{
zN − ΨN (θ̂

c

N )U†∗(θ̂
c

N )ξ
}

+ U(θ̂
c

N )U†(θ̂
c

N )q1(θ̂
c

N )

= V̌(θ̂
c

N )Υ̌†
N (θ̂

c

N )
{
zN − ΨN (θ̂

c

N )U†∗(θ̂
c

N )ξ
}

+ U†∗(θ̂
c

N )ξ, (3.20)

which is independent of the way of partitioning U(θ) by the second equality
in (3.18).

In (2.12) [page 16] we minimize the projection of zN onto the orthogonal
complement of the column space of ΨN (θ), since we had the information that
xN lies in the p dimensional column space of ΨN (θ0). But while deriving θ̂

c

N

in (3.10), we make use of m more equations in (3.1). As a result, we derive
more detailed information about xN , which reveals that xN − qN (θ0) belongs
to a p − m dimensional subspace of the column space of ΨN (θ0). Note here
from (3.9) that qN (θ) does also belong to the column space of ΨN (θ). Thus, in
(3.10) we maximize the projection of zN −qN (θ) onto a subspace of dimension
p−m in contrast to dimension p in (2.12). This reduction by m in dimension is a
direct consequence of using m additional equations while deriving (3.10). This
reduction in dimension can also be interpreted as introducing regularization
when solving the original problem (particularly when N is small).

3.2.2 Further Insights

The analysis of this section is motivated by the proof of Proposition 3.1. Con-
sider any p× (p−m) full column rank matrix V(θ) such that its columns span
the null-space U∗(θ), i.e.

U∗(θ)V(θ) = 0m×(p−m). (3.21)

We can resolve c0 into two parts, i.e. its orthogonal projections onto the column
spaces of U(θ0) and V(θ0) respectively:

c0 = U†∗(θ0)U∗(θ0)c0 + V(θ0)V†(θ0)c0

= U†∗(θ0)ξ + V(θ0)ζ(θ0, c0). (3.22)

Clearly, the vector valued function

ζ(θ, c) := V†(θ) c (3.23)

depends upon the choice of V(θ). From (2.6) [page 15] we can see that

xN = ΨN (θ0)U†∗(θ0)ξ + ΥN (θ0)ζ(θ0, c0), (3.24)
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where
ΥN (θ) = ΨN (θ)V(θ). (3.25)

This motivates the following alternative way of solving the optimization prob-
lem (3.2)-(3.3).

Proposition 3.2. Consider any full column rank matrix V(θ) such that (3.21)
is satisfied. Introduce

hN (θ, µ) := ΨN (θ)U†∗(θ)ξ + ΥN (θ)µ. (3.26)

Then the constrained optimization problem in (3.2)-(3.3) is equivalent to min-
imizing the unconstrained least square loss function

L̂c
N (θ, µ) := ‖zN − hN (θ, µ)‖2 (3.27)

and the estimate θ̂
c

N can also be given by

θ̂
c

N = arg min
θ

[
min

µ
L̂c

N (θ, µ)
]

. (3.28)

Proof: Since both V(θ) and V̌(θ) are full column rank and have identical
column spaces, there exists a nonsingular (p − m) × (p − m) matrix S1 such
that

V(θ) = V̌(θ)S1 ⇒ ΥN (θ) = Υ̌N (θ)S1. (3.29)

Therefore ΥN (θ) and Υ̌N (θ) have the same column space. Hence

Π⊥
ΥN

(θ) = Π⊥̌
ΥN

(θ). (3.30)

Now note that

µ̂N (θ) := arg min
µ

L̂c
N (θ, µ) = Υ†

N (θ)
{
zN − ΨN (θ)U†∗(θ)ξ

}
. (3.31)

Therefore, from (3.26) and (3.27) we get

arg min
θ

[
min

µ
L̂c

N (θ,µ)
]

= arg min
θ

{
zN − ΨN (θ)U†∗(θ)ξ

}∗
Π⊥

Υ(θ)
{
zN − ΨN (θ)U†∗(θ)ξ

}
= θ̂

c

N , (3.32)

where we have used (3.17) and (3.30) in the last equality.

Comparing (3.24), (3.26) and the loss function (3.27) we see that µ̂N (θ̂
c

N )
is an estimate of ζ(θ0, c0). Therefore, a natural way to estimate c0 would be
to substitute θ̂

c

N for θ and µ̂N (θ̂
c

N ) for ζ(θ0, c0) in (3.22). This gives the same
estimate ĉc

N in (3.20) as expected.
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It is not always possible to give a closed form expression for a suitable
V(θ). In such situations, one would prefer (3.10) to solve the constrained
problem (3.2)-(3.3). However, in some problems we can give a closed form
expression for V(θ) analytically3, so that the approach given in Proposition
3.2 can be used. Another reason behind introducing Proposition 3.2 is to set
up the background, so that the result in Theorem 2.1 [page 25] can be applied
directly to derive the covariance matrix of θ̂

c

N . This is our main objective in
the next section.

3.3 Accuracy Analysis

In this section we carry out an asymptotic accuracy analysis of the estimates.
The main goal here is to establish the asymptotic accuracy expressions for
the constrained estimator. Subsequently we shall show that the constrained
estimate θ̂

c

N in (3.17) is more accurate than the unconstrained estimate θ̂N in
(2.14) [page 16]. We assume that Assumptions 2.1-2.7 hold, and we need to
introduce one more assumption.

Assumption 3.1. The matrix valued function U(θ) is continuous, analytic
and differentiable function of θ on S.

Proposition 3.3. Let us denote U(k)(θ) := ∂U(θ)
∂Re{θk} etc. Introduce

φ′
k(θ) = U(k)∗(θ) c0, (3.33)

Φ′
N (θ) =

[
φ′

1(θ) · · · φ′
n(θ)

]
, (3.34)

Φ̌N (θ) = ΦN (θ) − ΨN (θ)U†∗(θ)Φ′
N (θ), (3.35)

where ΦN (θ) is defined in (2.55) [page 25]:

ΦN (θ) =
∂fN (θ, c0)

∂θR
=
[

Ψ(1)
N (θ) c0 · · · Ψ(n)

N (θ) c0

]
. (3.36)

Under Assumptions 2.1-2.7 and 3.1, θ̂
c

N is asymptotically circular with covari-
ance matrix

Cc
θ = [Φ̌∗

NΠ⊥
ΥN

Φ̌N ]−1Φ̌∗
NΠ⊥

ΥN
ΛNΠ⊥

ΥN
Φ̌N [Φ̌∗

NΠ⊥
ΥN

Φ̌N ]−1, (3.37)

where the expression is evaluated at θ0 (we have omitted the argument θ0 of
the matrices for simplicity).

Proof: Let us denote

HN (θ) =
[

h(1)
N (θ,µ0) · · · h(n)

N (θ, µ0)
]
, (3.38)

where
µ0 := ζ(θ0, c0). (3.39)

3See Section 5.6 [page 65] for such an example in a practical application.
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Then from Theorem 2.1 it follows that θ̂
c

N is asymptotically circular with co-
variance matrix

Cc
θ = [H∗

NΠ⊥
ΥN

HN ]−1H∗
NΠ⊥

ΥN
ΛNΠ⊥

ΥN
HN [H∗

NΠ⊥
ΥN

HN ]−1, (3.40)

where the expression is evaluated at θ0. It remains to show that the right hand
sides of (3.37) and (3.40) are identical. In that goal, it will be sufficient to show
that

Π⊥
Υ(θ0)HN (θ0) = Π⊥

Υ(θ0)Φ̌N (θ0). (3.41)

Now differentiating (3.25) and (3.26) with respect to Re{θk} we get

h(k)
N (θ, µ0) = t1

k(θ) + t2
k(θ), (3.42)

where we have introduced

t1
k(θ) = Ψ(k)

N (θ){U†∗(θ)ξ + V(θ)µ0}, (3.43)

t2
k(θ) = ΨN (θ)

{
[U†∗(θ)](k)ξ + V(k)(θ)µ0

}
. (3.44)

Recall from the definition of ΦN (θ) in (3.36) and (3.22) that

ΦN (θ0) =
[

t1
1(θ0) · · · t1

n(θ0)
]
. (3.45)

Next we investigate t2
k. It is easy verify that (see also [10])

[U†∗](k) = VV†U(k)[U∗U]−1 − U†∗U(k)∗U†∗, (3.46)

where we have omitted the argument θ of the matrices for simplicity. Differ-
entiating (3.21) with respect to Re{θk} we get

U(k)∗(θ)V(θ) + U∗(θ)V(k)(θ) = 0m×(p−m) (3.47)

Next, we differentiate V(θ) and use (3.47). We have

V(k)(θ) = V(θ)V†(θ)V(k)(θ) + U†∗(θ)U∗(θ)V(k)(θ)
= V(θ)V†(θ)V(k)(θ) − U†∗(θ)U(k)∗(θ)V(θ). (3.48)

Therefore from (3.44), (3.46) and (3.48) we get

t2
k(θ) = t3

k(θ) − t4
k(θ), (3.49)

where we introduced

t3
k(θ) = ΥN (θ)V†(θ)

{
U(k)(θ)[U∗(θ)U(θ)]−1ξ + V(k)(θ)µ0

}
, (3.50)

and
t4
k(θ) = ΨN (θ)U†∗(θ)U(k)∗(θ)

{
U†∗(θ)ξ + V(θ)µ0

}
. (3.51)

Evaluating at θ = θ0 we get using (3.22), (3.33), (3.39) and (3.51)

t4
k(θ0) = ΨN (θ0)U†∗(θ0)U(k)∗(θ0)c0 = ΨN (θ0)U†∗(θ0)φ′

k(θ0). (3.52)
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Note that Π⊥
ΥN

(θ)t3
k(θ) = 0N×1 by (3.50). Hence from (3.42) and (3.49) we

get

Π⊥
ΥN

(θ0)h
(k)
N (θ0, µ0) = Π⊥

ΥN
(θ0)
{
t1
k(θ0) − ΨN (θ0)U†∗(θ0)φ′

k(θ0)
}

(3.53)

Therefore, combining (3.34), (3.35), (3.38) and (3.45) we get (3.41) and the
proposition follows.

We point out that the covariance matrix of θ̂
c

N is independent of the choice of
V(θ), which is an expected result. As far as estimation of θ0 is concerned, c0

acts as a nuisance parameter vector of dimension p. According to the parsimony
principle, the accuracy of the estimates normally improves with the decrease
in the number of the nuisance parameters [55]. Using m additional linear
constraints we have effectively reduced the dimension of the nuisance parameter
vector to p − m. As a result we would expect that θ̂

c

N to be a better estimate
than θ̂N . We are now ready for this main result of the section.

Proposition 3.4. If (3.1) is satisfied then θ̂
c

N is more accurate than θ̂N , i.e.

Cθ ≥ Cc
θ. (3.54)

provided
[

ΦN (θ0) ΨN (θ0)
]

is full column rank4 n + p.

Proof: Here we shall omit the argument θ0 of the variables. First note that

Π⊥
ΥN

− Π⊥
ΨN

= ΨNΨ†
N − ΥNΥ†

N

= ΨNΨ†
N − ΨNV (Υ∗

NΥN )−1 V∗Ψ∗
N . (3.55)

Therefore pre-multiplying (3.55) by Π⊥
ΨN

we get

Π⊥
ΨN

= Π⊥
ΨN

Π⊥
ΥN

. (3.56)

Now from (3.34) and (3.35) we see that

Π⊥
ΨN

ΦN = Π⊥
ΨN

Φ̌N = Π⊥
ΨN

Π⊥
ΥN

Φ̌N . (3.57)

Denote Φ̆N = Π⊥
ΥN

Φ̌N . Hence from (2.57) [page 25] and (3.37) we have

Cθ = {Π⊥
ΨN

Φ̆N}†ΛN{Π⊥
ΨN

Φ̆N}†∗ (3.58)

Cc
θ = Φ̆†

NΛN Φ̆†∗
N . (3.59)

Next we introduce the matrices Σ1 and Σ2 such that

Σ1 :=
[

Φ̆N ΨN

]†
ΛN

[
Φ̆N ΨN

]†∗
, (3.60)

Σ2 :=
[

Φ̆N 0N×n

]†
ΛN

[
Φ̆N 0N×n

]†∗
. (3.61)

4Note that this is not a new assumption. This has been used before, see Theorem 2.1.
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Using similar calculations as in (2.62)-(2.68) [page 25] we can easily see that

Σ1 =
[

Cθ κ

κ κ

]
, Σ2 =

[
Cc

θ 0n×p

0p×n 0p×p

]
, (3.62)

where the elements denoted by κ are not important for the analysis here.
However, we can explicitly find them similarly as in (2.62)-(2.68). It is now
sufficient it we show

Σ1 ≥ Σ2. (3.63)

Denote
ΞN =

[
Φ̆N ΨN

]
. (3.64)

Now from (3.60) and (3.61) we get

ΞNΣ1Ξ∗
N = ΠΞN

ΛNΠΞN
, (3.65)

ΞNΣ2Ξ∗
N =

[
Φ̆N 0N×n

]
Σ2

[
Φ̆N 0N×n

]∗
= ΠΦ̆N

ΛNΠΦ̆N
, (3.66)

⇒ ΞN {Σ1 − Σ2}Ξ∗
N = ΠΞN

ΛNΠΞN
− ΠΦ̆N

ΛNΠΦ̆N

≥ 0N×N , (3.67)

where ΠΞN
denotes the projection operator onto the column space of ΞN . The

last inequality follows since the column space of ΞN contains the column space
of Φ̆N . It is now straightforward to deduce (3.63) from (3.67) provided ΞN is
shown to have a full column rank. In that aim first note from (3.55) that

Π⊥
ΥN

− Π⊥
ΨN

= ΨNΨ†
NΨNΨ†

N − ΨNΨ†
NΥN (Υ∗

NΥN )−1 Υ∗
NΨNΨ†

N

= ΠΨN
Π⊥

ΥN
ΠΨN

. (3.68)

Now we shall use the first equality in (3.57) and (3.68) to get

Φ̆N = Π⊥
ΥN

Φ̌N =
{
Π⊥

ΨN
+ ΠΨN Π⊥

ΥN
ΠΨN

}
Φ̌N

= Π⊥
ΨN

ΦN + ΠΨN Π⊥
ΥN

ΠΨN
Φ̌N

= ΦN + ΠΨN
{Π⊥

ΥN
ΠΨN

Φ̌N − ΦN} (3.69)

Therefore, we can factorize ΞN as, see (3.64),

ΞN =
[

ΦN ΨN

] [ In 0n×p

Ψ†
N{Π⊥

ΥN
ΠΨN

Φ̌N − ΦN} Ip

]
. (3.70)

The first matrix in the right hand side of the last equality is assumed to
be a full column rank matrix, while the second matrix is nonsingular by
construction. Hence we conclude that ΞN is a full column rank matrix.
Therefore, the proposition follows.

The proof of above proposition is easier if x̃t is a white noise sequence. It is
also relevant to investigate the properties of the estimation error under the
circumstance when (3.1) is not exactly satisfied. Such a sensitivity analysis,
however, is beyond the scope of this thesis.
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3.4 Conclusions

In this chapter we have shown how the information present in the form of
additional linear constraints can be used to improve the estimation accuracy.
This linear constraints are used to reduce the dimension of the effective signal
space in the variable projection problem. This reduction in the dimension of
the signal space is caused by the availability of partial information about the
nuisance parameter vector from the boundary conditions. As a consequence,
the number of the parameters to be identified is reduced and estimation accu-
racy of the parameters of interest can be improved. This can also be seen as
an example where the parsimony principle applies. The theory can be applied
to many different problems. It can be used as a tool to design experiments for
different types parameter identification problems, where the system dynamics
is described in a similar fashion. As an illustration, we shall apply the theory
to identification of the wave propagation function of a viscoelastic material in
Section 5.6 [page 65]. The numerical simulations and the experimental results
in Sections 5.7 [page 67] and 5.8 [page 69] will be shown to follow the theory
quite well.
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Chapter 4

Introduction to Viscoelasticity

4.1 Introduction

ESTIMATION of material functions from wave propagation experiments
will be the main topic in this part of the thesis. Here we shall consider

viscoelastic materials. Such materials are being widely used in many appli-
cations like active vibration control, passive noise control in structures, etc.
The behaviour of a viscoelastic material under dynamic loading is of partic-
ular interest in most of these applications. Such dynamic characteristics are
primarily governed by certain time dependent material functions. In terms of
the frequency domain behaviour, the response of a viscoelastic material un-
der harmonic loading varies with the variation in frequency. In this part of
the thesis, the emphasis will be on estimation of different material functions
using wave propagation experiments. We shall present different estimation algo-
rithms, their numerical implementations and associated statistical performance
measures. The aim of this introductory chapter is to provide the necessary
background in that direction. We shall first give a brief introduction to vis-
coelasticity. Next, some parametric models will be described, which are often
used to model the dynamic behaviour of the viscoelastic materials. Next we
shall pass on to the wave propagation experiments, where we shall describe a
few typical experimental set-ups, followed by a brief mathematical description
of the wave propagation dynamics in a viscoelastic material.

4.2 Viscoelasticity

For small strains, many engineering materials can be described by Hooke’s law
of linear elasticity. In such a material, the stress σ(t) at time instant t is directly
proportional to the strain ε(t) at that instant, i.e.

σ(t) = Eε(t), (4.1)

where the constant of proportionality E is the Young’s modulus of the material
under consideration. Most metals follow Hooke’s law with high accuracy and in
this case the history of the strain has no influence on the current stress. Often
materials have a more complex behaviour, i.e they can also exhibit viscous
properties. Materials that exhibit both elastic and viscous properties are called
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viscoelastic, with ceramics and polymers as typical examples. If the stress and
the strain in a viscoelastic solid is related through a linear law, the material is
called linearly viscoelastic. For such a material, the stress σ(t) at time instant
t depends upon the entire deformation history and the relation between the
stress and strain can be expressed as

σ(t) =
∫ t

−∞
Y (t − τ) ε̇(τ) dτ, (4.2)

where Y is the relaxation modulus and ε̇(t) is the time derivative of ε(t) [9, 30].
The convolution relationship in the time domain is equivalently expressed as a
multiplication in frequency domain:

σ′(ω) = E(ω) ε′(ω), (4.3)

where σ′(ω) and ε′(ω) are the Fourier transforms of σ(t) and ε(t), respectively1.
The complex valued frequency dependent quantity

E(ω) := iωY ′(ω) (4.4)

is commonly known as the complex Young’s modulus. Since Y (t) is a real
valued causal function of t, the real part of E(ω) is an even function of ω and
the imaginary part is an odd function of ω. Although the model descriptions
(4.2) and (4.3) are equivalent, the frequency domain representation (4.2) is more
convenient to use when short time data (frequency range of interest is above
10 Hz) are employed to characterize the dynamic behaviour of a viscoelastic
material. On the other hand, the time domain representation (4.2) is more
handy to use while characterizing long time (frequency range below 1 Hz)
dynamic behaviour of the material.

So far we have considered only the tensile stress in the material. However,
a solid is subjected to shear stress also. A similar theory as above applies
for shear loading also and the associated complex valued frequency dependent
shear modulus will be denoted by G(ω) in this thesis. The complex modulus
E(ω) and the shear modulus G(ω) are related by the Poisson’s ratio ν(ω) [65]:

E(ω) = 2G(ω){1 + ν(ω)}. (4.5)

Recall that the Poisson’s ratio is the ratio between the longitudinal strain and
the circumferential strain. It is commonly a real valued negative quantity
for elastic materials. Let the section x of a bar specimen be subjected to
longitudinal strain ε′l(x, ω) at frequency ω, and the associated circumferential
strain be ε′c(x, ω). Then

ν(ω) = −ε′c(x, ω)/ε′l(x, ω). (4.6)

1In some literature σ̂(ω) is used to denote the frequency domain function associated to the
time domain function σ(t). However, in this thesis x̂ has been used to denote estimate of x
(which is a convention, too). Hence to maintain simplicity of notations we use σ′(ω), etc, to
denote the Fourier transform of σ(t) etc.
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The negative sign indicates that an extension along the bar results in a con-
traction in the circumferential direction. This means that if a bar specimen is
subjected to harmonic loading, the longitudinal strain is exactly 180◦ out of
phase with respect to the circumferential strain. However, in general in case of
viscoelastic materials ν(ω) is a complex valued quantity [48] for any non-zero
frequency ω. As a result, the longitudinal strain may not be 180◦ out of phase
with respect to the circumferential strain.

4.3 Parametric Models

The dynamic relationship (4.2) can be viewed as the description of a linear
time invariant (LTI) system with a transfer function E(ω). As in case of an
LTI system, there are parametric models for describing the dynamic behaviour
of a linearly viscoelastic material. There are several such models. However,
we shall describe only the standard linear solid model [6] here. A typical first
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Figure 4.1: The parametric models. (a) The standard linear solid. (b) The generalized
standard liner solid.

order standard linear solid model is expressed as a combination of two springs
and one dashpot as shown in Figure 4.1(a). In order to derive the associated
transfer function E(ω), first note that

ε(t) = ε1(t) + ε2(t). (4.7)

Now the force balance equation on the system gives

σ(t) = κ1ε1(t) = κ2ε2(t) + ηε̇2(t). (4.8)

Transforming (4.7) and (4.8) to frequency domain and after a few steps of
straightforward calculations we get

E(ω) := σ′(ω)/ε′(ω) =
κ1(κ2 + i ωη)
κ1 + κ2 + i ωη

. (4.9)

Note that the complex modulus E(ω) is a material characteristic, hence the
same applies to the constants κ1, κ2 and η. For the same reason, the order of the
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dynamics associated to E(ω) also depends on the material under consideration.
Often a first order model is not sufficient to describe the dynamic behaviour of
the material. It is then required to have a model of order higher than one. In
that case the generalized standard linear solid model (GSLS) in Figure 4.1(b)
is often employed, where we have shown an l-th order model. Using (4.9) it
is straightforward to derive that the transfer function associated to the model
shown in Figure 4.1(b) is given by

E(ω) =
l∑

k=1

κk1(κk2 + i ωηk)
κk1 + κk2 + i ωηk

=
l∑

k=1

Mk
1 + i ωτk1

1 + i ωτk2
(4.10)

where we have introduced

Mk :=
κk1κk2

κk1 + κk2
, τk1 :=

ηk

κk2
, τk2 :=

ηk

κk1 + κk2
, 1 ≤ k ≤ l. (4.11)

Note that the description in (4.10) involves 3l parameters. However, the model
(4.10) has only 2l + 1 degrees of freedom, since it follows after a few steps of
calculations that

E(ω) = M +
l∑

k=1

i ωτk3

1 + i ωτk2
(4.12)

where

τk3 = Mk(τk1 − τk2), M =
l∑

k=1

Mk, 1 ≤ k ≤ l. (4.13)

The generalized standard linear solid models are used extensively for simulation
of the wave dynamics in viscoelastic solids. Since one way to characterize the
material properties is to identify the parameter of the generalized standard
linear solid model, one can also carry out a parametric identification of the
parameters of GSLS in that goal. See [38] for such an approach. However, in
the context of this thesis, we use GSLS for simulation purposes only.

4.4 Wave Propagation Experiments

In this section we describe wave propagation experiments. A typical transversal
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Figure 4.2: Transversal wave experimental set up.

wave experimental setup is described in Figure 4.2. A bar specimen is impacted
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laterally by a steel ball giving rise to flexural waves traveling along the bar.
It is ensured that within the beam segment XY under consideration, there
are no external load, support, joint or spot of contact with any other body.
Note that the steel ball collides with the beam outside the segment under
consideration. The strains due to the wave propagation are registered using
strain gauges at sections {xi}p

i=1 within the beam segment under consideration.
At every measurement section two strain measurements are done. The strain
gauges are mounted such that one of them measures the longitudinal strain at
the upper surface, while the other one measures that along the lower surface.
These strain signals can be processed in a Wheatstone bridge circuit to derive
a signal proportional to the bending moment at the measurement section.

A longitudinal wave experiment can be designed in a similar way. Here the
specimen is excited along its length. Such an experimental set-up is outlined

� x�

X Yx1

ε1

x2

ε2

xp

εp

· · ·
· · ·

L� �

Figure 4.3: Longitudinal wave experimental set up.

in Figure 4.3. The bar specimen is impacted longitudinally at one end giving
rise to longitudinal waves traveling along the bar. The bar segment under
consideration is XY, within which there are no external load, support, joint
or spot of contact with any other body. The longitudinal strains due to the
wave propagation are registered using strain gauges at sections {xi}p

i=1, located
within XY. Similar types of experiments can be carried out for torsional waves
also.

4.5 Wave Propagation Dynamics

The basic idea used to estimate the material functions from a wave propaga-
tion experiment is to fit the experimental data from the multi-channel mea-
surements to the physical model. The physical model is derived from the wave
propagation dynamics in solids. In that aim, we present a brief description of
the dynamics of wave propagation in solids. Since our main focus is on one
dimensional wave experiments, here we shall describe three types of 1-D wave
propagation in solids, namely the longitudinal waves, transverse or flexural
waves, and torsional waves.
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4.5.1 Longitudinal Waves

The longitudinal waves are originated in a bar specimen due to impact or
loading along the length of the specimen. As a result the strain at a section
due to wave propagation are manifested as elongation or contraction of the
specimen in the direction of wave propagation. Let ρ and Y (t) be the density
and the relaxation modulus of the material, respectively. It can be deduced
from Newton’s laws of motion and (4.2) that the longitudinal strain εl(x, t) at
section x and at time t satisfies the partial differential equation [35, 19]

Ẏ (t) ∗ ∂2εl(x, t)
∂x2

= ρ
∂2εl(x, t)

∂t2
, (4.14)

where ∗ denotes the convolution operation. The standard trick to solve such an
equation is to take a Fourier transform with respect to t so that the convolution
operation (in the time domain) on the left hand side of (4.14) is converted to
a multiplication in frequency domain. In this process we get the resulting
ordinary differential equation

d2ε′l(x, ω)
dx2

= − ρω2

E(ω)
ε′l(x, ω) (4.15)

in the frequency domain. The solution to (4.15) is given by

ε′l(x, ω) = c+(ω) e−xγl(ω) + c−(ω) exγl(ω), (4.16)

where the frequency dependent wave propagation function γl(ω) is given in
terms of the material functions as

γl(ω) =

√
− ρω2

E(ω)
. (4.17)

The functions c+(ω) and c−(ω) depend on the boundary conditions. The first
term on the right hand side of (4.16) corresponds to the contribution of the
wave propagating in the positive x direction, while the second term can the
attributed to the reflected wave propagating in the negative x direction. Note
that γl(ω) is a complex valued function in general. The real part of γl(ω) is
responsible for the rate of attenuation of the wave energy as it propagates along
the bar, while its imaginary part is inversely proportional to the wavelength
at frequency ω. Setting x = 0 in (4.16) we see that the strain at x = 0 and
frequency ω due to the wave propagating in the positive x direction is given
by c+(ω) and that due to the wave propagation in the negative x direction is
c−(ω).

4.5.2 Transverse Waves

Impact or loading in the direction perpendicular to a beam gives rise to the
transverse or flexural waves in the beam. As a result, the displacements due to
wave propagation are perpendicular to the propagation direction. The resulting
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bending moment m(x, t) and the shear force q(x, t) at any section x at time t
are related to the rotational velocity φ̇(x, t) and ẇ(x, t), the time derivative of
the centre-line deflection, see [18, 35] for details. These quantities constitute
the state vector

s(x, t) =
[

q(x, t) ẇ(x, t) m(x, t) φ̇(x, t)
]�

. (4.18)

As in case of longitudinal waves, the dynamics of the state vector is more con-
veniently expressed in the frequency domain, where the convolutions are trans-
formed to multiplication and underlying partial differential equations are trans-
formed to ordinary differential equations. We shall consider the Timoshenko
beam theory2 in this thesis. Here we omit the details and state the frequency
domain relationship straightaway. Let the beam have a cross-sectional area A,
density ρ and complex Young’s modulus E(ω). In the frequency domain, the
state vector follows a system of first order ordinary differential equations [18]
given by

ds′(x, ω)
dx

= R(ω)s′(x, ω), (4.19)

where we denote the Fourier transform of the vector s(x, t) by s′(x, ω) and

R(ω) =

⎡⎢⎢⎢⎣
0 iωρA 0 0

iωψ(ω)
AE(ω) 0 0 −1

1 0 0 iωρI
0 0 iω

IE(ω) 0

⎤⎥⎥⎥⎦ . (4.20)

Note that, we have introduced

ψ(ω) :=
2
κ
{1 + ν(ω)}, (4.21)

where κ is a dimensionless quantity. The value of κ depends upon the cross-
sectional geometry [18] of the beam. We have κ = 0.9 for circular cross-section.
The general solution to (4.19) is given by

s′(x, ω) = c+
1 (ω) e−γf1(ω)x + c+

2 (ω) e−γf2(ω)x

+ c−1 (ω) eγf1(ω)x + c−2 (ω) eγf2(ω)x, (4.22)

where {±γfi(ω)}2
i=1 are the eigenvalues of R(ω). They are commonly referred

to as the wave propagation functions for transverse wave propagation. The
vectors {c+

i (ω)}2
i=1 and {c−i (ω)}2

i=1 depend upon the boundary conditions. In
order to determine the eigenvalues of R(ω), we need to solve the characteristic
equation of R(ω), which is given by

γ4(ω) + 2a(ω)γ2(ω) − b(ω) = 0, (4.23)

2Another and more simplified theory is well known as the Euler-Bernoulli beam theory, see
[35] for details.
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where

a(ω) =
ρω2

2E(ω)
[1 + ψ(ω)] , (4.24)

b(ω) =
ρω2

E(ω)

[
A

I
− ρω2

E(ω)
ψ(ω)

]
. (4.25)

Hence from (4.23), the wave propagation functions are given by

γ2
f1(ω) = −a(ω) +

√
a2(ω) + b(ω), (4.26)

γ2
f2(ω) = −a(ω) −

√
a2(ω) + b(ω). (4.27)

We note in passing that each component of the state vector s′(x, ω) is composed
of the contributions of two different waves corresponding to the propagation
functions γf1(ω) and γf2(ω) respectively. Moreover, γfi(ω) corresponds to
the wave propagation in the negative x direction, and −γfi(ω) represents the
reflected wave in the positive x direction. The vectors {c+

i (ω)}2
i=1 are the

contributions to the state vector x = 0 and frequency ω due to the associated
waves propagating in the positive x direction, while {c−i (ω)}2

i=1 are contributed
by the associated waves propagating in the negative x direction.

4.5.3 Torsional Waves

Twisting torque along the circumferential direction of a bar specimen gives rise
to torsional waves traveling along the bar. As a result, the sections of the bar
are subjected to shear strain. The dynamics associated to the torsional wave
propagation is similar to that due to the longitudinal wave propagation, where
the shear strain ε′t(x, ω) at section x and frequency ω satisfies the ordinary
differential equation [35]

d2ε′t(x, ω)
dx2

= − ρω2

G(ω)
ε′t(x, ω) (4.28)

where G(ω) denotes the complex shear modulus of the material. The solution
to (4.28) is given by

ε′t(x, ω) = c+(ω) e−xγt(ω) + c−(ω) exγt(ω), (4.29)

where the frequency dependent wave propagation function γt(ω) is given in
terms of the material functions as

γt(ω) =

√
− ρω2

G(ω)
. (4.30)

Note that all the solutions to the 1-D wave equations discussed in this section
contain the contributions due to both the forward propagating wave and the
reflected wave. Thus, using such models for identification is advantageous
because the reflection of the waves from the boundaries are implicitly taken
care of.
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4.5.4 Some Important Relationships

The wave propagation functions for transverse, longitudinal and torsional waves
are inter-related. These relations may be used as additional information during
the estimation process. From (4.5), (4.17) and (4.30) it is straightforward to
see that the wave propagation function for the longitudinal wave is related to
that for the torsional wave through the Poisson’s ratio:

γ2
t (ω)/γ2

l (ω) = 2{1 + ν(ω)}. (4.31)

On the other hand, from (4.17), (4.24) and (4.25) we have

−2a(ω) = γ2
l (ω) [1 + ψ(ω)] = γ2

f1(ω) + γ2
f2(ω), (4.32)

b(ω) = −γ2
l (ω)

[
A

I
+ γ2

l (ω)ψ(ω)
]

. (4.33)

Equations (4.32) and (4.33) combined with (4.24) and (4.25) reveals that the
flexural wave propagation functions can be expressed in terms of γl(ω) and
ν(ω) [recall that ψ(ω) can be determined from ν(ω)].

4.6 The Identification Problem

From the discussion in the previous section it is evident that the physical model
for wave propagation in a viscoelastic solid can be derived in the frequency do-
main and the associated time domain models are not readily available. There-
fore we transform the experimental data to the frequency domain using the
Fast Fourier Transform (FFT) algorithm. Subsequently, the frequency domain
model is fitted to the frequency domain data. For each frequency we tune the
value of the wave propagation function to optimize a certain criterion function.
The criterion function can be optimized with respect to the complex moduli
and the complex Poisson’s ratio also. Therefore, in general the optimization is
carried out with respect to the parameters of interest. The identification pro-
cess is repeated for each frequency, and such identification method is commonly
known as a nonparametric method. In the following chapters we shall discuss
two types of estimation methods. In the first approach a least squares crite-
rion will be used. This is described in Chapter 5. The least squares estimates
achieve optimal accuracy, but the criterion function is optimized numerically.
This method may also suffer from numerical problems in some situations. To
remedy these problems we shall describe a subspace based technique in Chap-
ter 6. The subspace method is computationally economical and also has nice
statistical as well as numerical properties.
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Chapter 5

Least Squares based Methods

5.1 Introduction

IN the last chapter we gave a brief description of the wave propagation dynam-
ics in viscoelastic solids. Since the analytical solution of the wave equation

is carried out in the frequency domain, it is evident that the physical model
must be constructed in the frequency domain. The main idea in the estimation
process is to fit the frequency domain model to the data. For this purpose,
it is required to transform the sampled time domain data to the frequency
domain using Discrete Time Fourier Transform (DFT). Subsequently, for each
frequency we carry out a least squares data fitting to the model (in other words,
we carry out a non parametric estimation of the material functions using least
squares), which is the main topic of this chapter. We shall discuss the least
squares estimation of wave propagation functions followed by estimation of the
complex Young’s modulus and Poisson’s ratio. Numerical aspects in the op-
timization process will be the next topic. We shall also discuss the statistical
accuracy of the parameter estimates. Then we discuss how the information
present in the boundary conditions can be used to get improved estimates. Fi-
nally, the analytical results will be illustrated using numerical simulations and
experimental observations.

5.2 The Low Rank Model

As a first step of least squares estimation, we construct a low rank signal model.
The low rank signal model is constructed using the knowledge of the 1-D wave
propagation described in Section 4.5. We denote the strain measurement at
section xi at time t by ε(xi, t), while in the frequency domain we shall use
our usual notation ε′(xi, ω). To keep the description general we assume the
measurements to be noise corrupted:

ε(xi, t) = ε0(xi, t) + ε̃(xi, t) (5.1)

for all i = 1, · · · , p. Here ε0(xi, t) is the noise-free part of the measurement and
ε̃(xi, t) is the measurement noise. It is assumed that the measurement noise is
independent and identically distributed at each sensor. The strain signals are
sampled at time instants {kT}N−1

k=0 , where T denotes the sampling interval. For

55
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notational simplicity, we refer to any signal ε(kT ) by ε(k), etc. The measured
strains are transformed into the frequency domain using the Discrete Fourier
Transform (DFT) to obtain strains at N discrete frequencies given by

ωk =
{ 2πk

NT , 0 ≤ k ≤ N
2

2π(k−N)
NT , N

2 < k < N
. (5.2)

Since the measured signals are real-valued, it is sufficient to consider only the
positive frequencies. Thus we shall consider only

ωk =
2πk

NT
, 0 < k < N

2 (5.3)

in our analysis. The maximum frequency that can be observed is 1
2T Hz. In

order to avoid aliasing, it is necessary pass the analog strain signals through a
low pass anti-aliasing filter before sampling. The maximum possible value of
the cut-off frequency fc of the anti-aliasing filter is 1

2T Hz. Let the maximum
frequency at which we need to estimate the material functions be fmax and the
transition band of the anti-aliasing filter be B. Then we must have

fmax ≤ fc − B ≤ 1
2T

− B ⇒ T ≤ 1
2 (fmax + B)

. (5.4)

The resolution in the frequency domain is 1
NT . Thus, a required resolution in

the frequency domain sets a lower bound on N .
Since DFT is a linear operation we have from (5.1) for k = 0, · · · , N − 1,

ε′(xi, ωk) = ε′0(xi, ωk) + ε̃′(xi, ωk). (5.5)

From the discussion in Section 4.5, it is easy to see that the transformed (to
frequency domain) strain ε′0(x, ω) at section x and frequency ω due to 1-D wave
propagation in a viscoelastic solid is given in general by

ε′0(x, ω) =
n∑

k=1

[
c+
k (ω)eγk(ω)x + c−k (ω)e−γk(ω)x

]
, (5.6)

where for longitudinal and torsional waves we have n = 1, while n = 2 for
transversal waves. The strain is measured at sections x = xi for i = 1, . . . , p,
where p ≥ 3n. In what follows next we shall handle all the three types of waves
simultaneously in a common framework. The problem we consider in this sec-
tion is to estimate the complex valued wave propagation functions {γk(ω)}n

k=1

as functions of frequency ω from the measurements {ε′(xi, ω)}p
i=1. Although

in the present context n ≤ 2, the methods presented here can handle model
structures where n > 2. Introduce

γω =
[

γ1(ω) · · · γn(ω)
]�

. (5.7)

εω0 =
[

ε′0(x1, ω) · · · ε′0(xp, ω)
]�

, (5.8)

ε̃ω =
[

ε̃′(x1, ω) · · · ε̃′(xp, ω)
]�

, (5.9)
εω = εω0 + ε̃ω. (5.10)
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It is also important to characterize the statistical properties of the measurement
noise in frequency domain. We have the following proposition in that direction.

Proposition 5.1. Assume that the noise sequence at the sensors are inde-
pendent and identically distributed and the spectral density of the distribution
exists at each frequency ω. Denote the spectral density at frequency ω by λω.
Then as the number of data samples (at each sensor) N → ∞, ε̃ωk

is asymp-
totically1 complex Gaussian distributed for all k with covariance matrix λωk

Ip,
where Ip denotes the identity matrix of order p. Moreover, ε̃ωk

and ε̃ωl
are

mutually uncorrelated for l �= k as N → ∞, so that

Eε̃ωk
ε̃∗

ωl
= λωk

δk,lIp, Eε̃ωk
ε̃�

ωl
= 0 , (5.11)

for 0 ≤ k, l ≤ N/2, Furthermore, the expressions (5.11) hold for any finite N if
the noise sequences are temporally white.

Proof: See Appendix 5.A. See also [5, 46].

Using (5.6), (5.8) we can write the true strain vector εω0 as

εω0 = Ψ(x,γω)cω , (5.12)

where

Ψ(x, γω) =

⎡⎢⎣ eγ1(ω)x1 e−γ1(ω)x1 · · · eγn(ω)x1 e−γn(ω)x1

...
...

. . .
...

...
eγ1(ω)xp e−γ1(ω)xp · · · eγn(ω)xp e−γn(ω)xp

⎤⎥⎦ (5.13)

is a p × 2n matrix and cω is a 2n dimensional vector given by

cω =
[

c+
1 (ω) c−1 (ω) · · · c+

n (ω) c−n (ω)
]�

. (5.14)

The expression (5.12) can now be combined with (5.10) to get

εω = Ψ(x,γω)cω + ε̃ω. (5.15)

In (5.15) we see that the noise-free part of εω always lies in the subspace
spanned by the columns of Ψ(x, γω) for all cω. This provides us with a low
rank signal model2, which can be exploited for estimation purpose. The basic
idea is to project the measurement vector onto the null-space of Ψ∗(x, γω) and
tune the material parameters to minimize the length of the projection.

1We emphasize that N → ∞ is not a strong assumption in Proposition 5.1. In a practical
experimental scenario the value of is typically 215. For such high values of N the result of
Proposition 5.1 can be assumed to be true for all practical purposes.

2Note that the dimension of the snapshot vector is p. In the discussions in the Part I of the
thesis we had dimension of the snapshot vector to be equal to the number of the data samples
N . That is not the case here.
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5.3 Maximum Likelihood Estimation

5.3.1 Estimation of Propagation Functions

In a typical experimental scenario, the number of data samples N is 215. For
such large N the results of Proposition 5.1 can be applied, so the probability
density function of εω is given by

℘(εω) = (2πλω)−
p
2 exp

{
− 1

2λω
‖εω − Ψ(x,γω)cω‖2

}
. (5.16)

Therefore, to derive the maximum likelihood estimate of γω and cω, we need
to maximize the log-likelihood function given by

�(γ, c, λ) = − 1
2λ

‖εω − Ψ(x, γ)c‖2 − p

2
loge(λ), (5.17)

which has to be maximized with respect to γ, c and λ. Note that c, γ and λ
in (5.17) are dummy parameters on which the optimization is carried out. By
a few steps of straightforward (and standard) calculations we can show that

arg max
λ

�(γ, c, λ) =
1
p
‖εω − Ψ(x, γ)c‖2, (5.18)

and the optimization problem reduces to the separable non-linear least squares
problem [18, 39, 11], where the estimate γ̂ l

ω is given by

γ̂ l
ω = arg min

γ

{
min

c
‖εω − Ψ(x, γ)c‖2

}
. (5.19)

Since the optimization problem (5.17) is linear in c, it can be separately solved
in γ and c. Eliminating c we get, see Section 2.1.1,

γ̂ l
ω = arg min

γ
ε∗

ω(x)Π⊥
Ψ(x,γ)εω(x). (5.20)

Here Π⊥
Ψ(x, γ) is the projection operator [10] onto the null-space of Ψ∗(x,γ),

is given by
Π⊥

Ψ(x, γ) = Ip − Ψ(x, γ)Ψ†(x, γ). (5.21)

Further, Ψ†(x, γ) is the pseudo-inverse of Ψ(x, γ). Since γ̂ l
ω in (5.20) is the

maximum likelihood estimate of γω [55], γ̂ l
ω is also an asymptotically efficient

estimate3 if the signal to noise ratio is large.

5.3.2 Estimation of Complex Moduli

The complex Young’s modulus at frequency ω can be estimated from an es-
timate of γl(ω) using (4.17) [page 50]. One way of doing that would be to

3This is true if no other information is used in the estimation process. However, for transver-
sal wave experiments one can consider additional information to get improved accuracy of the
estimates. See Section 5.3.2 for details.
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estimate γl(ω) from a longitudinal wave experiment as described in Section 4.4
[page 48] and use the methodology described in Section 5.3.1. Using a longi-
tudinal wave experiment is suitable for the frequency range from 1 kHz to 10
kHz, [19, 39]. See also [53] for a related discussion. Similarly (4.30) [page 52]
suggests a straightforward way of estimating the complex shear modulus using
torsional wave experiment, where as an intermediate step, γt(ω) is estimated
using the least squares technique described in the last section, see [40] for more
details. Since the complex Young’s modulus and the complex shear modulus
are interrelated through (4.5) [page 46], it is possible estimate G(ω) from E(ω)
provided ν(ω) is known. Estimation of the Poisson’s ratio ν(ω) will be taken
up in the next section.

Estimation of E(ω) from flexural wave experiments is of interest when the
frequency range under consideration is ranging from 10 Hz to 1 kHz, see [18,
53] for a related discussion. However, for this purpose it is required to know
ν(ω) beforehand, since ν(ω) appears in the model through ψ(ω), see Section
4.5.2 [page 50]. A straightforward way to estimate E(ω) from transverse wave
experiments would be to estimate γf1(ω) and γf2(ω) using the least squares
technique described in Section 5.3.1 and then use (4.32) [page 53] to estimate
γl(ω). Next, E(ω) can be estimated from the estimate of γl(ω) using (4.17) [page
50]. However, this approach does not account for the additional information
provided by (4.33) [page 53] and hence is not the optimal way. In order to
achieve the optimal accuracy one needs to solve the optimization problem (5.20)
subject to the constraints (4.32) and (4.33). This can be converted to an
unconstrained problem, where we estimate γl(ω) by γ̂f

ω given by

γ̂f
ω = arg min

γ
ε∗

ω(x)Π⊥
Ψ(x,γ)εω(x) (5.22)

where γ = [ γ1 γ2 ]� is an implicit function of γ where4

γ2
1 = −a +

√
a2 + b, γ2

2 = −a −
√

a2 + b, (5.23)

where

a = −1
2
γ2 [1 + ψ(ω)] , b = −γ2

[
A

I
+ γ2ψ(ω)

]
. (5.24)

Recall that for flexural waves it is required to have at least 6 sensors when the
unconstrained optimization as in Section 5.3.1 is carried out. However, if the
estimation is done as mentioned above, the minimum number of instrumented
sections comes down to 5, because the number of unknowns are five.

5.3.3 Estimation of Poisson’s Ratio

Poisson’s ratio is an important material function which is required for a com-
plete characterization of the material. A straightforward way to estimate the
Poisson’s ratio is suggested by its definition in Section 4.2. If both the lon-
gitudinal and circumferential strains are measured at a given section during

4Note that γ is just a dummy parameter here. Same are a, b, γ1 and γ2.
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the longitudinal wave experiment, it is possible to estimate the Poisson’s ratio
from (4.6). However, this method suffers from a serious drawback. It is gener-
ally difficult to excite the bar such that the strain at the instrumented section
is large enough at all the frequencies. When we say large enough strain, we
mean that the signal to noise ratio of the measured strain is large enough to
give reasonably accurate estimates. For the above mentioned difficulty more
than one section is generally instrumented, while both the longitudinal and
circumferential strains are measured in each section. Finally, an average of the
estimates obtained from all the sections is computed, see [40, 18] for details.
However, a simple modification of the estimation algorithm can be used for a
complete characterization of the material under consideration.

Assume that in the experiment we measure the circumferential strain in
sections {xci}pc

i=1, while the longitudinal strain is measured in sections {xei}pe

i=1.
It is not restrictive to have xci = xej for some i and j. The total number of
strain measurements p = pe + pc must be at least 5 (five unknowns). Let
us denote the longitudinal strain measurement at section xei and frequency
ω by ε′e(xei, ω), and circumferential strain measurement at section xci will be
denoted by ε′c(xci, ω). Introduce

xc =
[

xc1 · · · xcpc

]� (5.25)

xe =
[

xe1 · · · xepe

]� (5.26)

εc(ω) =
[

ε′c(xc1, ω) · · · ε′c(xcpc
, ω)
]� (5.27)

εe(ω) =
[

ε′e(xe1, ω) · · · ε′e(xepe , ω)
]� (5.28)

sω =
[

ε�
e (ω) ε�

c (ω)
]�

. (5.29)

Immediately we see from (4.6) [page 46] that the noise-free part sω0 of sω is
given by

sω0 =
[

Ψ(xe, γl)
−ν(ω)Ψ(xc, γl)

]
cω, (5.30)

where c is determined by the boundary condition. Denote

ϕω =
[

γl(ω)
ν(ω)

]
, Ψ(ϕω) =

[
Ψ(xe, γl)

−ν(ω)Ψ(xc, γl)

]
. (5.31)

Therefore, it is possible to estimate both γl(ω) and ν(ω) from the same exper-
iment as (similarly as in Section 5.3.1),

ϕ̂ω = arg min
ϕ

s∗ωΠ⊥
Ψ

(ϕ)sω. (5.32)

As before, one can estimate E(ω) using (4.17) and the estimate of γl(ω), while
G(ω) can be estimated using (4.5) from the estimate of ν(ω) and E(ω). This
enables us to identify all the material functions from a single experiment.

5.4 Numerical Aspects

In the development of the least squares algorithm discussed in Section 5.3.1, we
assumed implicitly that the matrix Ψ(x, γω) is full column rank for all γω. This
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condition is necessary for the expression (5.21) to hold. This is not a restrictive
assumption in general, in the sense that each of the single dimensional subspaces
spanned by the individual columns of Ψ(x, γω) are well separated from each
other. However, the matrix Ψ(x, γω) is often badly scaled so that its condition
number is significantly large. Under this condition it is likely to introduce
significant numerical errors while computing Π⊥

Ψ(x,γω). Hence, it is often
likely to do some serious rounding errors during the optimization in (5.20), so
that we arrive at an estimate which may differ drastically from the true value.
This problem is typical to flexural wave experiments at higher frequencies,
since the condition number of Ψ(x,γω) increases at a significant rate with the
frequency. In what follows next, unless mentioned otherwise, we shall treat the
case of flexural wave experiments.

To explain why Ψ(x, γω) is often badly scaled, let us refer to Figure 5.1.
We note here that the real part of the propagation function γf1(ω) increases
rapidly with increasing frequency. Assume that the value of x increases toward
right (see Figure 4.1). Then the first column of Ψ(x, γω) has a significantly
large norm compared to the norms of the other columns, see (5.13). Similarly,
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Figure 5.1: The wave propagation functions of polymethyl methacrylate (PMMA)
plotted as a function of frequency.

with the increase in the frequency, the norm of the third column of Ψ(x, γω)
also increases to a large value compared to the norms of the second and the
fourth columns; (recall that n = 2 for flexural waves, thus Ψ(x, γω) has four
columns). In fact, the norms of the second and the fourth columns of Ψ(x, γω)
are decreasing functions of frequency. Hence the condition number of Ψ(x, γω)
grows very fast with the frequency.

To cope with the problem mentioned here, it is thus necessary to scale the
columns of Ψ(x,γω) properly, so that the norms of the individual columns of
the scaled matrix are of comparable magnitude. In this aim we introduce the
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Figure 5.2: The condition numbers of Ψ(x, γω) (solid line) and Ψs(x, γω) (dotted
line) for PMMA plotted as a function of frequency where x corresponds to the sensor
locations given in (5.7).

2n × 2n diagonal matrix

D(ω) =

⎡⎢⎢⎢⎢⎢⎣
e−γ1(ω)xL 0 · · · 0 0

0 eγ1(ω)x0 · · · 0 0

0 0
. . . 0 0

0 0 · · · e−γn(ω)xL 0
0 0 · · · 0 eγn(ω)x0

⎤⎥⎥⎥⎥⎥⎦ , (5.33)

where x0 denote the position of section X of the bar segment under consider-
ation (see Figure 4.1) and xL = x0 + L, where L is the length of the segment
under consideration. We scale Ψ(x, γω) as

Ψs(x,γω) = Ψ(x, γω)D(ω). (5.34)

The matrix Ψs(x, γω) is well behaved and has good numerical properties. See
Figure 5.2 for a comparison between the condition numbers of Ψ(x,γω) and
Ψs(x,γω) . Note that the column-space of Ψs(x,γω) is the same as the col-
umn space of Ψ(x,γω), and hence Π⊥

Ψ(x,γω) in (5.20) can be replaced by
Π⊥

Ψs
(x,γω) without any modification of the loss function. We point out that

the real parts of γl(ω) and γt(ω) are also increasing functions of frequency.
Hence for all types of experiments the norms of the odd numbered columns of
Ψ(x, γω) blow up, while the norms of the even numbered columns decrease with
frequency. Hence to be on the safe side, it is advisable to use the scaled matrix
Ψs(x,γω) for longitudinal and torsional experiments also. We also emphasize
that the D(ω) can be chosen also as another suitable nonsingular matrix and
it need not be diagonal.

It can be seen in Figure 5.2 that the condition number of the scaled matrix
also is an increasing function of ω. To keep the rounding errors under control,
it is recommended to use QR factorization [10] while computing the projection
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operator Π⊥
Ψs

(x, γω). Consider the QR factorization

Ψs(x, γω) = QR =
[

Q1 Q2

] [ R1

0

]
, (5.35)

where Q is a p × p orthogonal matrix splitted into blocks Q1 (p × 2n) and Q2

(p× (p− 2n)), and R is an upper triangular matrix which has a 2n× 2n upper
triangular block R1. Note that

Ψs(x,γω) = Q1R1 (5.36)

Thus, we have

Ψ†
s(x, γω) = [R∗

1Q
∗
1Q1R1]

−1 R∗
1Q

∗
1 = R−1

1 Q∗
1.

Note that we used Q∗
1Q1 = I2n in the last equality, which follows from the

orthogonality of Q. Hence the projection operator Π⊥
Ψs

(x, γω) is given by

Π⊥
Ψs

(x,γω) = Ip − Ψs(x,γω)Ψ†
s(x, γω) = Ip − Q1R1R−1

1 Q∗
1

= Ip − Q1Q∗
1 = Q2Q∗

2, (5.37)

which can be used to compute the loss function in (5.20) in a numerically sound
way.

5.5 Analysis

In this section, we focus on the statistical performance of the least squares
estimators. Here we shall use the accuracy results developed in Chapter 2.
However, in this particular application, the dimension of the observed data p
is not large. On the other hand, the signal to noise ratio (SNR) is large. All
the statistical results presented in this section assumes SNR to be large.

Assume that we optimize the loss function in (5.20) with respect to a com-
plex valued parameter, which in general is vector valued:

αω =
[

α1(ω) · · · αm(ω)
]

(5.38)

and γω is an implicit or explicit function of αω. It is further assumed that
the optimization is carried out independently in m dimensions in each of
{αk(ω)}m

k=1. Consider the estimation of wave propagation functions described
in Section 5.3.1. In this case αω = γω. However, for flexural wave experiments
(n = 2) we know that the two wave propagation functions γf1(ω) and γf2(ω)
are related to each other. So, instead of optimizing (5.20) independently with
respect to γf1(ω) and γf2(ω), it is better to optimize it with respect to the
scalar valued parameter γl(ω) (or equivalently E(ω) using only the positive
square root in (4.17) [page 50]) as shown in (5.22). In this case αω = γl(ω) [or
equivalently, one can also have αω = E(ω)]. Introduce

Φ(αω) :=
[

∂Ψ(γω)
∂α1(ω) cω · · · ∂Ψ(γω)

∂αm(ω) cω

]
. (5.39)
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Then from Theorem 2.1 [page 25] and Proposition 5.1 we can derive that the
least squares estimate α̂ω of αω is circular with an associated covariance matrix

cov(α̂ω) = λω[Φ∗(αω)Π⊥
Ψ(x, γω)Φ(αω)]−1, (5.40)

The covariance matrix of ĉω, which is the estimate of the nuisance parameter
cω, is given by

cov{ĉω} = λω[Ψ∗(x, γω)Π⊥
Φ(αω)Ψ(x, γω)]−1, (5.41)

while the cross-covariance matrix between α̂ω and ĉω is given by

cov{α̂ω, ĉω} = λω[Φ∗(αω)Π⊥
Ψ(x, γω)Φ(αω)]−1

Φ∗(αω)Π⊥
Ψ(x, γω)Π⊥

Φ(αω)Ψ(x, γω)
[Ψ∗(x, γω)Π⊥

Φ(αω)Ψ(x,γω)]−1. (5.42)

From Proposition 5.1, ε̃ω is complex Gaussian distributed for large N . There-
fore, the estimates are also complex Gaussian distributed for large N . In (5.11)
we see that the noise values at two different frequencies are uncorrelated. This
ensures that the estimates of αω and cω at two different frequencies are also
statistically uncorrelated. Note that we need N to be large for above expres-
sions to hold, see Proposition 5.1. However, if the measurement noise sequences
are temporally white, the expressions above will hold for any finite N , although
the estimates will not be complex Gaussian in general.

Commonly, the computation of Φ(αω) involves a few straightforward dif-
ferentiation operations. However, in case of flexural wave experiments, where
one carries out the optimization with respect to γl(ω), as given in (5.22), the
computation of the partial derivative of Ψ(x,γω) with respect to γl(ω) is a
little tedious, where one has to differentiate (4.26), (4.27) [page 52], (4.32) and
(4.33) [page 53]. Another problem in computing Φ(αω) is encountered when
it is required to evaluate the performance of the estimates obtained from the
measured data. In such a situation cω is unknown. One has to estimate cω

and use it in (5.39):

ĉω = Ψ†(x, γω)εω, (5.43)

since the signal to noise ratio is large. Note that, from the numerical point of
view, it is more safe to use

ĉω = D(ω)Ψ†
s(x, γω)εω, (5.44)

in (5.39) and Π⊥
Ψs

(x, γω) instead of Π⊥
Ψ(x, γω) during the computation of the

covariance matrices.
Finally we note in passing that the analysis presented here can be easily

extended for the approach of estimating complex modulus and Poisson’s ratio
described in Section 5.3.3. In that case αω = ϕω, and it is required to replace
Ψ(x, γω) by Ψ(ϕω) in the expressions (5.39)-(5.42).
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5.6 Using the Boundary Conditions

During the experiment design it is sometimes possible to set up the experiment
such that one of the boundaries of the beam segment under consideration can be
set free. For a more precise description, let us refer to Figure 4.3 [page 49]. Here
in the longitudinal wave experimental set up the beam segment of interest is
XY and the excitation is provided at the end adjacent to X. In other words, the
excitation to the beam segment XY is provided through the boundary section
X. It is generally difficult to measure or define the exact boundary conditions
at the section X. For different types of supports, clamping, pinning or roller
for example, there exist ideal boundary conditions in the literature [35], but
it is very difficult to realize these ideal conditions in practice. However, the
free boundary condition can be realized in laboratory experiments, if proper
precaution is taken. For example, in Figure 4.3 it is possible to set the boundary
section Y free. In the context of longitudinal wave experiment this would mean
that

ε′0(0, ω) =
n∑

k=1

(c+
k + c−k ) = 1�

2ncω = 0, (5.45)

where the origin of the spatial co-ordinate system is chosen at the free boundary
and 12n denotes the 2n dimensional vector of all ones. Recall that in (5.45),
n = 1 for longitudinal waves. The equation (5.45) can be seen as an additional
relationship which is known to the user, and can be seen as a linear constraint
on the nuisance parameter vector cω. We can solve the optimization problem
(5.20) subject to the constraint (5.45). As we shall show later, it is possible
to achieve significant improvement in the estimation accuracy by solving the
constrained problem. The detailed discussion on solving such problems is given
in Chapter 3.

Similar constrained problem can also be posed for torsional wave experi-
ments, where one can solve (5.20) subject to the constraint (5.45). See [40] for
a discussion on the experimental setup to create a free boundary at one end of
the bar specimen.

For flexural wave experiments, it is possible to get one more relation other
than (5.45) from the free boundary. The setup depicted in Figure 4.2 [page 48]
does not have any free boundary. The excitation end is mounted on a roller
support, while the other end is pinned here. As mentioned earlier, it is not
advisable to use the ideal boundary conditions for the pinned end, since it is
not realizable exactly. However, a free boundary can be created in a different
experimental setup, where the beam is mounted vertically. In this case the
beam is supported through flexible clamping at its upper end and its lower end
is set free. The point of excitation is above the point of clamping. In such case
we have setting x = 0 at the free end

m(0, t) = 0, q(0, t) = 0, (5.46)

where m(x, t) and q(x, t) denote the bending moment and shear force at section
x and time t. Recall that the measured signal for a flexural wave experiment
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is proportional to the bending moment. Thus from the first boundary condi-
tion on the bending moment (5.45) follows with n = 2. To examine the other
condition it is required to express shear force q′(x, ω) in terms of m′(x, ω). Elim-
inating φ′(x, ω) and w′(x, ω) from the system of equations (4.19) and (4.20),
see also (4.18), one can show that (see Appendix 5.B for a proof)

d3 m′(x, ω)
dx3

+
{

A

I
− γ2

l (ω)
}

dm′(x, ω)
dx

=
{

A

I
+ γ2

l (ω)ψ(ω)
}

q′(x, ω). (5.47)

Using the second boundary condition in (5.46) we get from (5.47)

d3 m′(0, ω)
dx3

+
{

A

I
− γ2

l (ω)
}

d m′(0, ω)
dx

= 0. (5.48)

Since the strain ε′0(x, ω) is directly proportional to the bending moment
m′(x, ω), we get using (5.48)

d3 ε′0(0, ω)
dx3

+
{

A

I
− γ2

l (ω)
}

d ε′0(0, ω)
dx

= 0. (5.49)

Recall that for flexural waves we have n = 2, γ1(ω) = γf1(ω) and γ2(ω) =
γf2(ω) in the general model structure (5.6). After a few steps of straightforward
calculations using (5.6) and (5.49)

(c+
1 − c−1 )

{
γ2

f1 − γ2
l +

A

I

}
γf1 + (c+

2 − c−2 )
{

γ2
f2 − γ2

l +
A

I

}
γf2 = 0, (5.50)

where we have omitted the argument ω of the variables for simplicity. When the
optimization (5.20) is carried out subject to the constraints (5.45) and (5.50),
we need at least four instrumented sections, while for the optimization (5.22)
subject to (5.45) and (5.50), we need at least three measurement sections.

The accuracy of the parameter estimates improves significantly when
boundary conditions are employed in the estimation process. They can be
seen as extra noise-free measurements [39]. Using the treatment presented in
Chapter 3, it is possible to quantify the accuracy of the resulting estimates when
the boundary conditions are employed. From the discussion above, we can see
that the linear constraint on cω originating from the boundary conditions can
be put in the following general form:

U∗{E(ω)}cω = 0n×1, (5.51)

where U∗{E(ω)} = 12 for longitudinal waves is actually independent of E(ω).
For flexural waves U∗{E(ω)} is a 4×2 matrix. From (5.45) and (5.50) we have

U∗{E(ω)} =

⎡⎢⎢⎢⎢⎢⎢⎣
1

{
γ2

f1(ω) − γ2
l (ω) + A

I

}
γf1(ω)

1 −
{

γ2
f1(ω) − γ2

l (ω) + A
I

}
γf1(ω)

1
{

γ2
f2(ω) − γ2

l (ω) + A
I

}
γf2(ω)

1 −
{

γ2
f2(ω) − γ2

l (ω) + A
I

}
γf2(ω)

⎤⎥⎥⎥⎥⎥⎥⎦

�

. (5.52)
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Recall from the discussion in Chapter 3 that we need to construct a 2n × n
matrix V{E(ω)} such that

U∗{E(ω)}V{E(ω)} = 0n×n. (5.53)

A simple and fairly general way of constructing such V{E(ω)} is given in Section
3.2.1 [page 34]. However, for the case here we can construct such V{E(ω)}
analytically. For longitudinal wave experiments we can use

V{E(ω)} =
[

1 −1
]�

, (5.54)

and for flexural wave experiments we have

V{E(ω)} =

⎡⎢⎢⎢⎢⎢⎢⎣
1

{
γ2

f2(ω) − γ2
l (ω) + A

I

}
γf2(ω)

1 −
{

γ2
f2(ω) − γ2

l (ω) + A
I

}
γf2(ω)

−1 −
{

γ2
f1(ω) − γ2

l (ω) + A
I

}
γf1(ω)

−1
{

γ2
f1(ω) − γ2

l (ω) + A
I

}
γf1(ω)

⎤⎥⎥⎥⎥⎥⎥⎦ . (5.55)

Therefore, we can use the optimization approach given in Section 3.2.2 [page
36]. Now we can derive the covariance matrix of the constrained estimate when
the constraint (5.51) is employed. Introduce

Υ{E(ω)} = Ψ(x,γω)V{E(ω)}, (5.56)

Φ′(αω) =
[

∂U∗{E(ω)}
∂α1(ω) cω · · · ∂U∗{E(ω)}

∂αm(ω) cω

]
, (5.57)

Φ̌(αω) = Φ(αω) − Ψ(x, γω)U†∗{E(ω)}Φ′(αω). (5.58)

Using our notation αω as in Section 5.5 for the parameter of interest let us
denote the constrained estimate by α̂c

ω. Then for large N and large signal to
noise ratio it follows from Proposition 3.3 [page 38] and Proposition 5.1 [page
57] that α̂c

ω is complex Gaussian with covariance matrix

cov(α̂c
ω) = λω[Φ̌∗(αω)Π⊥

Υ{E(ω)}Φ̌(αω)]−1. (5.59)

As before, if the noise sequence is temporally white, the above expression holds
also for any N . However, the estimates will only be circular but not Gaussian
in general. From Proposition 3.4 we can see that

cov(α̂c
ω) ≤ cov(α̂ω). (5.60)

5.7 Numerical Simulation Study

Here we illustrate the analytical results using a numerical simulation study.
The first example concerns the estimation of the complex Young’s modulus
from flexural wave propagation experiments. The identification is carried out
using (5.22), which is considered in a Monte Carlo simulation study in order to
investigate the validity of the accuracy expression given Section 5.5. Data for
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the wave propagation functions were generated using two standard linear solid
models in parallel [6], see Section 4.3, for which the complex modulus is given
by

E(ω) =
M

2

{
1 + i ωτ1

1 + i ωτ2
+

1 + i ωτ3

1 + i ωτ4

}
, (5.61)

where we have taken M = 2.231 GPa, τ1 = 765.2 µs, τ2 = 504.8 µs, τ3 = 95.6
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Figure 5.3: The excitation pulse (a) and its frequency response in the region of interest
(b) used as the boundary condition in the simulations.
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(b) Variance of the imaginary part

Figure 5.4: Comparison between the analytical variance (solid line) with the numerical
variance (dotted line) from the simulations. (a) Variance of Re{E(ω)}, (b) Variance of
Im{E(ω)}.

µs and τ4 = 75.53 µs. With this choice of viscoelastic parameters, the material
model applies to the dynamic behaviour of polypropylene (PP), for which the
density ρ = 915 kg/m3 and the Poisson’s ratio ν = 0.44. We have ψ = 3.2 for
a circular cross-section. The boundary conditions for the experimental set up
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are as follows.

m(x0 + L, t) = ζt(t), m(x0, t) = 0,
w(x0, t) = 0, w(x0 + L, t) = 0.

(5.62)

The exciting bending moment pulse ζt(t) at the right end of the bar was chosen
so that sufficient excitation for all considered frequencies were provided. The
excitation pulse and its frequency response are shown in Figure 5.3. The vector
cω is determined by using the boundary conditions (5.62). The length of the
bar was L = 1.5 m, the number of data points was N = 215 and the sampling
interval was T = 50 µs. The positions {xi}n

i=1 of the sensors were taken as

x =
[

0.102 0.348 0.468 0.685 0.870 1.003 1.147 1.300
]�

,

where the co-ordinates are expressed in meter. The simulated strains were
affected by noise in the time domain and estimates of the complex modulus
were obtained using (5.22). This procedure of noise addition and estimation
was repeated 100 times with different noise realizations. The ratio of the noise
standard deviation to the maximum absolute value of the true strain was of the
order 10−2. The standard deviations of the estimates from the 100 simulated
experiments were compared to the corresponding analytical values given by
(5.62). The result of such a comparison is shown in Figure 5.4. The numerical
variance of the estimates can be seen to be well in accordance with the analytical
variance predicted by (5.40).

5.8 Experimental Results

The example on flexural wave experiments, in Section 5.7 was taken up in a real
world experiment, where the recorded analog strain signals were sampled at 20
kHz and the corresponding value of sampling interval T = 5 µs . The number
of samples collected from each channel was N = 215. With this choice of N we
can use the computationally efficient radix-2 Fast Fourier Transform algorithm
[41] to compute the DFT. With these values of N and T we have a resolution
of 0.611 Hz in the frequency domain. At the beginning of each interval of
measurement, the tested beam was at rest, and at the end the signals were
reduced almost to the level of the noise. This ensures that the signals could be
transferred to the frequency domain by the FFT algorithm without the use of
any window technique.

The experiment was repeated ten times to obtain ten statistically indepen-
dent data sets. The results of the identification is plotted in Figure 5.5, where
the variation of the real part and the imaginary part of the estimated com-
plex modulus, each as a function of frequency, are shown. The results given
in Figure 5.5(a) were obtained when the boundary conditions were not used
in the estimation algorithm. When the boundary conditions at the free end
were used, the results shown in Figure 5.5(b) were obtained. In each case, the
value of the complex modulus at each frequency was obtained by averaging the
results of ten independent experiments. As can be seen in Figure 5.5 that the
use of the free end boundary conditions leads to improved estimates.
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(a) Unconstrained estimate
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(b) Constrained estimate

Figure 5.5: Mean value of the estimated complex modulus Ê(ω) as a function of fre-
quency.

In order to check the validity of the expression given by (5.40), the analytical
standard deviation was compared with the sample standard deviation obtained
from the ten independent experiments. The result of such a comparison is
shown in Figure 5.6(a) and Figure 5.6(b). Note that the noise spectral density
λω is unknown. If the noise is white, the analytical variance (5.40) obtained
using an arbitrary value of of the noise variance is directly proportional to
the actual variance of the estimates, which should be reflected as a constant
difference in a semi-log scale. The value of λω used in the calculation of the
analytical variance (5.40) is 0.56 × 10−8 for all ω. It can be seen in Figure
5.6(a) and Figure 5.6(b) that the theoretical prediction using (5.40) is very
well in accordance with the results obtained from the experiments. Let us now
focus into the results in Figure 5.6(c), where we have shown a zoomed version of
Figure 5.6(b). A close inspection reveals that the analytical standard deviation
is significantly low in comparison to the the experimental standard deviation
at frequencies which are close to 50 Hz, 100 Hz, 150 Hz and 250 Hz. This
proves the presence of strong 50 Hz power line interference. Next, we compare
the standard deviation of the constrained estimate (which uses the boundary
conditions at the free end) with the standard deviation of the unconstrained
estimate in Figures 5.6(d) and 5.6(e). In Figure 5.6(d) we have compared the
standard deviations of the real parts of the complex modulus estimates. A
similar comparison for the imaginary part is shown in Figure 5.6(e). Here
we see that the constrained estimate always outperforms the unconstrained
estimate. The validity of the expression (5.59) is checked in Figure 5.6(f), where
the experimental standard deviation of the imaginary part of the constrained
complex modulus estimate is compared with the analytically predicted standard
deviation5. It can be seen that the experimental standard deviation is very
well in accordance with the analytical prediction. Finally, in Figure 5.6(a),

5It was not possible to compute the analytical standard deviation of the constrained estimate
accurately for the whole frequency range due to numerical problems. Therefore, a part of the
frequency range is considered in Figure 5.6(f).
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(b) S.D. of the imaginary part
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(c) Figure 5.6(b) zoomed
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(e) S.D. of the imaginary part
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Figure 5.6: Analytical S.D. and experimental S.D. of the estimated complex modu-
lus. (a) and (b): Comparison between the analytical and the experimental S.D. of the
unconstrained estimate of the complex modulus E(ω). (c): Zoomed version of Figure
5.6(b). (d) and (e): Comparison between the experimental S.D. of the constrained and
unconstrained estimates. (f) Comparison between the analytical and the experimental
S.D. of the imaginary part of the constrained estimate.
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5.6(b), 5.6(d) and 5.6(e) we see that the standard deviation of the estimates
increases rapidly with frequency. This indicates that the excitation at the
higher frequencies is not of sufficient magnitude, and must be improved in
order to obtain better estimates at higher frequencies.

5.A Proof of Proposition 5.1

Consider the time domain noise sequence at a particular sensor {ε̃(t)}N−1
t=0 . Here

we omit the argument x for simplicity. Since the noise sequence is independent
and identically distributed in all the sensors, the following holds good for any
of the sensors. Define

aN (ω) =
[

1 e−iω · · · e−i(N−1)ω
]�

, (5.63)

eN =
[

ε̃(0) · · · ε̃(N − 1)
]�

. (5.64)

Hence, the DFT of {ε̃(t)}N−1
t=0 is given by

ε̃′(ωk) =
1√
N

N−1∑
t=0

ε̃(t)e−iωt =
1√
N

e�
NaN (ωk), (5.65)

where ωk is defined in (5.2) and we consider 0 ≤ k ≤ N/2. Now

Eε̃′∗(ωk)ε̃′(ωl) =
1
N

a∗
N (ωk)RNaN (ωl), (5.66)

Eε̃′(ωk)ε̃′(ωl) =
1
N

a�
N (ωk)RNaN (ωl), (5.67)

where RN = EeNe�
N . Now since the spectral density λω exists at every fre-

quency ω, it is well known that [14, 24]

RNaN (ω) = λωaN (ω) (5.68)

as N → ∞. For large but finite N the above equality is a fairly good approxi-
mation, and the accuracy depends upon the rate of decay of the autocorrelation
sequence of {ε̃(t)}. Using (5.68) in (5.66) and (5.67), we get as N → ∞

Eε̃′∗(ωk)ε̃′(ωl) =
λω

N
a∗

N (ωk)aN (ωl) = λωδk,l, (5.69)

Eε̃′(ωk)ε̃′(ωl) =
λω

N
a�

N (ωk)aN (ωl) = 0, (5.70)

for 0 ≤ k, l ≤ N/2. If the noise is temporally white, RN is proportional to IN

so that (5.69) and (5.70) hold for any finite N . Also in the summation in (5.65)
the coefficient of ε̃(t) is of bounded magnitude for all t. Since ε̃(t) is stationary,
it follows that [55] (see also [32], where the result was originally proved)6 ε̃′(ωk)
is asymptotically complex Gaussian for all k. Hence (5.11) and the proposition
follow immediately since noise at the sensors are mutually independent and
identically distributed.

6Note that from the definition of circularity the real and imaginary parts of ε̃(t) are mutually
independent and identically distributed. We need the spectrum of the distribution to be rational
and the underlying white noise sequence should have bounded fourth order moment. This is a
mild assumption.
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5.B Proof of (5.47)

In this appendix the first order partial derivative of a function f with respect
to x will be denoted by fx. The second order derivative with respect to x will
be denoted by fxx, and so on. The system of differential equation in (4.19) can
be written as

q′x(x, ω) = iωρAẇ′(x, ω), (5.71)

ẇ′
x(x, ω) =

iωψ(ω)
AE(ω)

q′(x, ω) − φ̇′(x, ω), (5.72)

m′
x(x, ω) = q′(x, ω) + iωρIφ̇′(x, ω), (5.73)

φ̇′
x(x, ω) =

iω
IE(ω)

m′(x, ω). (5.74)

In what follows next, we shall omit the arguments of the variables for simplicity.
First we shall eliminate φ′ and q′ from (5.71), (5.73) and (5.74). Differentiating
(5.73) with respect to x and combining with (5.74) we get

m′
xx = q′x − ρω2

E m′ = q′x + γ2
l m′ = iωρAẇ′ + γ2

l m′, (5.75)

where we have used (5.71) and γ2
l = −ρω2/E in the last equality. Now we

eliminate φ′ from (5.72) and (5.73). We have

q′ = m′
x − iωρIφ̇′ = m′

x + iωρIẇ′
x − I

A
ψγ2

l q′

⇒
{

A

I
+ ψγ2

l

}
q′ =

A

I
m′

x + iωρAẇ′
x. (5.76)

Finally, we eliminate ẇ′ from (5.75) and (5.76). We differentiate (5.75) with
respect to x and subtract from (5.76). We have{

A

I
+ ψγ2

l

}
q′ = m′

xxx +
{

A

I
− γ2

l

}
m′

x, (5.77)

which concludes the proof.
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Chapter 6

A Subspace Method

6.1 Background

LEAST SQUARES estimation of material functions was considered in the
last chapter. The main drawback of the least squares method is that the

optimization must be solved numerically. The process is computationally de-
manding [39] and has to be repeated for a large number of frequency points.
As we noted in Section 5.4 [page 60], the optimization process may also be
problematic from the numerical point of view [19]. Often, we encounter several
false minima and sometimes the computation of the cost function is ill-posed
[18]. In order to circumvent these problems we propose a subspace based tech-
nique in this chapter. The basic assumption is that the sensors are equi-distant.
Under this assumption, we derive a class of computationally economical sub-
space estimators of the wave propagation functions. Subsequently, an analysis
of accuracy is also carried out. Using the result of the accuracy analysis we
show that the optimally weighted subspace estimates have equivalent statisti-
cal performance as the least squares estimates described in Section 5.3.1 [page
58]. However, in the subspace estimation process, we cannot account for the
boundary conditions or other additional physical relationships as described in
Section 4.5.4 [page 53]. In that sense the subspace estimator is not the best al-
ternative. However, the subspace estimates of the wave propagation functions
can serve as excellent initial values for the least squares based methods.

6.2 A Subspace Approach

In this section we introduce a subspace based method. The main idea is to
parametrize the null-space of Ψ∗(x, γω) by a new parameter vector θω, which
is an invertible function of γω in such a way that the estimation problem in
θω can be solved in a relatively simple manner, i.e., in a computationally
economical and non-iterative way. Subsequently γω, the parameter vector of
interest, can easily be recovered from the estimates of θω. As a consequence,
the subspace based approach is computationally efficient and numerically more
robust than the least squares. Throughout this chapter we shall assume p ≥ 3n.
The most crucial step here is to assume equidistant sensor configuration, i.e.

xi = xi−1 + d, i = 2, . . . , p. (6.1)

75
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This is not a restrictive assumption, since the sensor configuration is a part
of the experiment design and is under control of the user. It is though well
known that the nonlinear least squares method described in the previous section
breaks down at certain frequencies if sensors are equidistant [19]. The method
described in this section is not susceptible to similar problems. We shall come
back to this point in a later section and address this issue in detail. Note
that under the assumption (6.1) the matrix Ψ(x, γω) in (5.13) [page 57] is a
Vandermonde matrix [10].

Ψ(x, γω) =

⎡⎢⎢⎢⎣
1 1 · · · 1 1

edγ1(ω) e−dγ1(ω) · · · edγn(ω) e−dγn(ω)

...
...

. . .
...

...
e(p−1)dγ1(ω) e−(p−1)dγ1(ω) · · · e(p−1)dγn(ω) e−(p−1)dγn(ω)

⎤⎥⎥⎥⎦
(6.2)

The Vandermonde structure of Ψ(x, γω) will be exploited in what follows.
Introduce the polynomial

A(z) :=
2n∑

k=0

akzk =
n∏

k=1

{(
z − edγk

) (
z − e−dγk

)}
=

n∏
k=1

{
1 − 2z cosh(dγk) + z2

}
. (6.3)

It is readily verified by the spectral factorization theorem [55] that the coeffi-
cients {ak}2n

k=0 satisfy

ak = a2n−k, i = 0, . . . , 2n, (6.4)
a0 = a2n = 1, (6.5)

where 1 ≤ k ≤ n. Introduce the n dimensional vector θω such that

θω =
[

a1 · · · an

]�
. (6.6)

Note that by (6.3) and (6.4) the polynomial A(z) is uniquely parameterized by
the vector θω. Since the coefficients of the 2n order polynomial A(z) in (6.3)
is uniquely defined by its 2n roots, by (6.3) and (6.4) we can define a map
f : C

n → C
n such that

θω = f(γω). (6.7)

Note that the map f is surjective but not injective (onto but not one to one)
in the sense that

f(x1) = f(x2) ⇒ x1 = Px2 (6.8)

for an n×n permutation matrix P. But this is not restrictive for our problem,
since we are not concerned with any particular permutation of the propagation
functions in the parameter vector γω. Note that from (6.3) it is evident that

A{e±dγi(ω)} =
2n∑

k=0

ake±kdγi(ω) = 0, i = 1, . . . , n. (6.9)
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Introduce the p × (p − 2n) Toeplitz matrix M such that

M(θω) =

⎡⎢⎢⎢⎢⎣
a0 · · · a2n 0 · · · 0

0 a0 · · · a2n
. . . 0

...
. . .

. . .
. . .

. . .
...

0 · · · 0 a0 · · · a2n

⎤⎥⎥⎥⎥⎦
∗

. (6.10)

From (6.9), (6.10) and (5.13) [page 57] it is straightforward to see that under
the assumption (6.1)

M∗(θω)Ψ(x,γω) = 0 ⇒ M∗(θω)εω0 = 0. (6.11)

Note that, since a0 = 1, M(θ) has full column rank for all θ by construction.
Since Ψ(x, γω) is assumed to be having full 2n column rank, the full p − 2n
column-rank property of M(θω) together with (6.11) ensures that the p − 2n
dimensional null-space of Ψ∗(x, γω) is uniquely parameterized by θω. We make
a note in passing that a similar approach for parameterizing the orthogonal
complement of the column space of a Vandermonde matrix has been used in
the field of frequency estimation and array signal processing in the context of
the Iterative Quadratic Maximum Likelihood (IQML) and Method of Direction
Estimation (MODE), see for example [8, 26].

Now for large signal-to-noise ratio (SNR), from (6.11) and (5.15) [page 57]
it follows that we can estimate θω as

θ̂
s

ω = arg min
θ

‖Γ1/2M∗(θ)εω‖2 = arg min
θ

ε∗
ωM(θ)ΓM∗(θ)εω, (6.12)

where Γ is an arbitrary positive definite weighting matrix1. Note that Γ is
user defined and can be data dependent also. Later in this section we address
the issue of choosing Γ. Now, by construction of M(θω) in (6.10) and (6.4) it
follows that

M∗(θω) =
n∑

k=0

akTk, (6.13)

where the (p − 2n) × p Toeplitz matrices {Tk}n
k=0 are defined element-wise as

[Tk]ij =

⎧⎨⎩
1, j − i = k
1, j − i = 2n − k
0 otherwise

. (6.14)

Next, we introduce a few notations to simplify the expressions. Define

ŝk(ω) := Tkεω, sk(ω) := Tkεω0 (6.15)

for 0 ≤ k ≤ n. Thus, according to the notations in (6.15) and by the structure
of M(θ) in (6.13) we have

M∗(θ)εω =
∑n

k=0 akŝk(ω) = ŝ0(ω) + Ŝ(ω)θ,
M∗(θω)εω0 = s0(ω) + S(ω)θω = 0,

(6.16)

1Note that θ̂
s
ω is consistent for any Γ as SNR→ ∞. However, for finite SNR the problem

being in an errors-in-variables setting, θ̂
s
ω fails to become consistent as p → ∞. This case is

irrelevant in the context of this thesis.
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where we have used (6.11) in the last equality and introduced

Ŝ(ω) :=
[

ŝ1(ω) · · · ŝn(ω)
]
, S(ω) :=

[
s1(ω) · · · sn(ω)

]
. (6.17)

Note that Ŝ(ω) and ŝk(ω) are functions of data only, while S(ω) and sk(ω)
are the respective noise-free parts of them. By the theory of weighted least
squares, it follows from (6.16) that the optimization problem in (6.12) can
be solved analytically and the corresponding minimizing argument is uniquely
given by

θ̂
s

ω = −
{
Ŝ∗(ω)Γ Ŝ(ω)

}−1

Ŝ∗(ω)Γ ŝ0(ω). (6.18)

Note that we need S(ω) to be full column rank in (6.18). In Appendix 6.D,
we show that S(ω) is indeed full rank provided Ψ(x,γω) is full rank. The
estimated θ̂

s

ω can now be used to form an estimate of the polynomial A(z) in
(6.3), which in turn can be factorized and the natural logarithm of the roots
yield the estimates of the wave propagation functions, i.e. in a more compact
form, according to our notation, γω can be estimated by finding a γ̂s

ω such that

θ̂
s

ω = f(γ̂s
ω). (6.19)

6.3 Analysis

6.3.1 Asymptotic Accuracy

As a consequence of Proposition 5.1 we have the following result concerning the
accuracy of the estimates by subspace method introduced in this section. In the
analysis presented here we shall assume (as before) that the measurement noise
at different sensors are independent and identically distributed, and the spectral
density of the distribution exists at all frequencies. The spectral density of the
distribution at frequency ω will be denoted by λω.

Theorem 6.1. If the number of time domain data samples N at every sensor
and the SNR are large, then the estimation errors θ̃

s

ω := θ̂
s

ω−θω and γ̃s
ω := γ̂s

ω−
γω are asymptotically zero mean complex Gaussian with covariance matrices
λωQω and λωRω, respectively, where Qω and Rω are Hermitian matrices given
by

Qω = {S∗(ω)ΓS(ω)}−1 S∗(ω)ΓM∗(θω)M(θω)ΓS(ω) {S∗(ω)ΓS(ω)}−1 (6.20)

Rω = J−1
f (γω)QωJ−1∗

f (γω), γω �= i
kπ

d
, k ∈ Z. (6.21)

The Jacobian matrix Jf (γω) of the function f is evaluated at the true param-
eters. If the noise sequences are temporally white, the estimates are circular
(but not necessarily complex Gaussian) and have the same covariance matrices
for all finite N .

Proof: See Appendix 6.A for the proof. For an expression of Jf (γω) see
Appendix 6.C.
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Remarks

• Since γ̂s
ω is circular, the real and the imaginary parts of γ̂s

ω have the same
asymptotic covariance matrix irrespectively of their relative magnitudes2.
We can also observe that the matrices Rω are Hermitian with real valued
diagonal entries. Hence we can conclude that the real part of γ̂s

i (ω) is
uncorrelated to the imaginary part of γ̂s

i (ω) for each i = 1, . . . , n. The
elements of θ̂

s

ω also have the same properties, since Qω is Hermitian.

• It can be readily verified that the covariance matrix of the estimates is
inversely proportional to the SNR.

• The covariance matrix of γ̂s
ω is inversely proportional to d2 if SNR remains

constant, see (6.21), and also (6.75) in the appendix.

• The condition in (6.21) never arises for viscoelastic materials. This con-
dition is though typical for materials with zero damping, i.e. for perfectly
elastic materials.

6.3.2 An Optimum Subspace Method

From (6.20) we note that the weight Γ affects the positive definite matrix Qω,
which in turn influences the second order statistics of the parameter estimates.
It might be interesting to know if there exists any optimal choice of Γ that
keeps the covariance matrices of the parameter estimates at a minimal value.

It turns out that, see [36, 55] for example, the matrix Qω can be minimized
with respect to Γ by the choice

Γo = {M∗(θω)M(θω)}−1 (6.22)

in the sense that Qω − Qo
ω is always positive semidefinite, where Qo

ω denote
the minimal value of Qω corresponding to optimal weighting and is given by

Qo
ω =
{
S∗(ω) [M∗(θω)M(θω)]−1 S(ω)

}−1

. (6.23)

Introduce
Ro

ω = J−1
f (γω)Qo

ωJ−1∗
f (γω). (6.24)

Note from (6.21) and (6.23) that Rω−Ro
ω is ensured to be positive semidefinite

since Qω − Qo
ω is positive semidefinite.

From (6.22) the optimal weight Γo is a function of the true parameter vector
θω. Since θω is unknown, practically it is not possible to determine Γo. But

2Recall that due to circularity

E[Re{γ̂s
ω}Re{γ̂s

ω}�] = E[Im{γ̂s
ω}Im{γ̂s

ω}�] =
λω

2
Re{Rω},

E[Re{γ̂s
ω}Im{γ̂s

ω}�] =
λω

2
Im{Rω}
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a consistent3 estimate of θω, for example θ̂
s

ω obtained from (6.18) for a known
Γ (e.g. Γ = Ip−2n) can be used to replace θω in (6.22) to derive a consistent
estimate Γ̂ of Γo:

Γ̂ =
{
M∗(θ̂

s

ω)M(θ̂
s

ω)
}−1

. (6.25)

Next, we can use Γ = Γ̂ back in (6.18) to obtain a refined estimate of θω

θ̂
r

ω = −
{
Ŝ∗(ω) Γ̂ Ŝ(ω)

}−1

Ŝ∗(ω) Γ̂ ŝ0(ω). (6.26)

From the estimates of θ̂
r

ω we can estimate γω by finding γ̂r
ω such that

θ̂
r

ω = f(γ̂r
ω). (6.27)

We have the following result relating the optimal subspace approach and the
nonlinear least squares approach introduced in Section 2.1.

Theorem 6.2. Introduce θ̂
l

ω such that

θ̂
l

ω = f(γ̂l
ω), (6.28)

where γ̂l
ω is the nonlinear least squares estimate defined in (5.20) [page 58].

Furthermore, denote the hypothetical optimal subspace estimate of θω with
Γ = Γo in (6.18) by θ̂

o

ω. Then θ̂
l

ω, θ̂
o

ω and θ̂
r

ω have the same asymptotic
distribution. As a consequence, γ̂l

ω, γ̂o
ω and γ̂r

ω have the same asymptotic
distribution.

Proof: See appendix 6.B.

Remarks

• γ̂r
ω is asymptotically statistically efficient as N and SNR are large. The

asymptotic covariance matrix of γ̂l
ω and γ̂r

ω is given by Ro
ω.

• The bi-iteration estimate θ̂
r

ω ensures the optimal accuracy of estimates
at the minimal computational cost. Therefore, we refer to θ̂

r

ω as the
Efficiently Realizable Optimal Subspace Estimate (EROSE).

6.4 Numerical Simulation Results

6.4.1 Longitudinal Waves

The non-parametric identification techniques were considered in a Monte Carlo
simulation study in order to investigate the validity of the proposed algorithm.
Note that for longitudinal waves the number of wave propagation functions
n = 1. Thus here we have γω and θω as complex valued scalar quantities.

3Consistent as SNR → ∞.
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Data for the longitudinal wave propagation functions were generated using the
same model described in Section 5.7 [page 67]. The boundary conditions for
the experimental set up are given by

ε0(L, ω) = ζf (ω), ε0(0, ω) = 0, (6.29)

where the zero strain at x = 0 corresponds to a free end. The pulse ζt(t),
which is the time domain counterpart of ζf (ω) was chosen so that sufficient
excitation for all considered frequencies were provided. The excitation pulse
and its frequency response are shown in Figure 5.3 [page 68]. The functions
c+(ω) and c−(ω) in (5.6) [page 56] are determined by inserting the boundary
conditions (6.29) into (5.6). The length of the bar was L = 2 m, the number
of data points was N = 215, and the sampling interval was T = 50 µs. The
positions {xi}p

i=1 of the sensors were taken as

x =
[ −0.10 −0.70 −1.30 −1.90

]
, (6.30)

where the co-ordinates are expressed in meter. Thus, the inter-sensor sepa-
ration is d = 0.60 m. The simulated strains were affected by noise in the
time domain, and estimates of the wave propagation function was obtained
using the different subspace approaches described in Section 2. This procedure
of noise addition and estimation was repeated 100 times with different noise
realizations. The ratio of the noise standard deviation to the maximum abso-
lute value of the true strain was of the order 10−2. In Figure 6.1 we have
shown the deviation of the true wave propagation function from the mean of
the same obtained from the numerical simulation. The maximum deviation is
of the order of 0.1% of the true mean value, which indicates that the estimates
are unbiased. The validity of the analytical expressions for the estimation ac-
curacy of the subspace estimates of γω and θω are examined in Figure 6.2,
where the numerical standard deviation of the estimates are compared with
the analytical standard deviation predicted by Theorem 6.1. The very similar
comparison between the analytical and the numerical standard deviations for
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Figure 6.1: Deviation of the numerical mean of (γ̂s
ω) from γω.
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Figure 6.2: Comparison between the analytical and numerical standard deviation of γ̂s
ω

and θ̂
s

ω.

realizable two step subspace approach (EROSE) is depicted in Figures 6.3. As
it can be seen from Figures 6.2 - 6.3, the analytically predicted values of the
standard deviations are quite well in accordance with the numerical standard
deviations obtained in the numerical simulations. Finally, in Figure 6.4 we
have shown the comparative performance of the optimal subspace estimation
with respect to the simple subspace estimate. In Table 6.1 we have compared
the Matlab flops required to compute the estimates for the subspace method
with identity weighting, bi-iteration EROSE approach and the nonlinear least
squares method described in Section 5.3.1. It must be mentioned here that the
nonlinear least squares cost function (5.20) was minimized using the function
fminsearch in Matlab 5.3, where the optimization was initialized at the true
parameter vector. As mentioned earlier, the computational advantage of the
subspace method is significant compared to that of the least squares method.
The bi-iteration EROSE method is as accurate as the least squares method but
nearly 50 times faster for the single wave case (n = 1). Even though the precise
number of floating point operations will vary somewhat with the implementa-
tion, the striking difference in the computational load between the nonlinear
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Figure 6.3: Comparison between the analytical and numerical standard deviation of γ̂r
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and θ̂
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least squares and the subspace algorithm will remain to be of the same order.
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Figure 6.4: Ratio of the numerical standard deviations of the subspace estimate γ̂s
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Subspace method EROSE Nonlinear LS
Matlab flops 466 2112 64660

Table 6.1: Comparison of computational load for different methods (Matlab version 5.3
is used).
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Figure 6.5: Deviation of the numerical mean of γ̂s
ω from γω.

6.4.2 Transversal Waves

Next we illustrate the results in case of non-parametric identification techniques
for transversal waves. Note that for transversal waves the number of wave
propagation functions n = 2. Thus here we have γω and θω as two dimensional
complex valued vector quantities. The exciting pulse ζt(t) is maintained the
same as in the longitudinal wave case. The length L of the beam is 3 m. The
locations of the sensors are given by

x = [−0.10,−0.50,−0.90,−1.30,−1.70,−2.1,−2.5,−2.9] , (6.31)
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Figure 6.6: Numerical standard deviation of γ̂s
ω compared with its analytically predicted

value.

1 2 3 4 5 6 7
0

0.5

1

1.5

2

2.5

f (kHz)

R
ea

l(γ
) 

[1
/m

]

(a) Re(γ1)

1 2 3 4 5 6 7
0

5

10

15

20

25

30

f (kHz)

Im
ag

(γ
) 

[1
/m

]

(b) Im(γ1)

Figure 6.7: EROSE estimate of the wave propagation function. (a) The real part. (b)
The imaginary part.



86 6. A Subspace Method

where the co-ordinates are expressed in meters. Hence the sensor separation is
0.4 m.

In Figure 6.5 we have shown the deviation of the true wave propagation
function from the mean of the same obtained from the numerical simulation.
The maximum deviation is of the order of 1% of the true mean value, which
indicates that the estimates are unbiased. The estimation accuracy is depicted
in Figure 6.6. Here we have compared the numerical and the analytical stan-
dard deviations of the parameter estimates. As in the case of the longitudinal
waves, the numerical standard deviation is very well in accordance with the
analytical standard deviation in Figure 6.6.

6.5 Experiments

The algorithm was tested also with real experimental data. A longitudinal
wave experiment was performed with equidistant sensors at the locations

x =
[

0.2 0.4 0.6 0.8
]

[m].

The length of the Polypropylene bar was 2 m. Detailed results using least
squares estimation on the same experimental data have been reported in [19].
Here we demonstrate the results using the proposed subspace algorithm. In
Figure 6.7 we have shown the variation of the real and imaginary parts of
the EROSE estimate of the wave propagation function as a function of the
frequency. We can notice here a regular bias effect, more prominent in the
real part of γ̂r

ω, around 4.5 kHz. This effect can be accounted for the finite
signal to noise ratio as well as the Jacobian matrix Jf having relatively high
condition number. Under such conditions we can no longer neglect the higher
order terms in (6.41). A detailed analysis of such bias terms are beyond the
scope of this thesis.

6.6 Discussion

A close observation of Figures 6.2(a) and 6.2(b) reveals that the standard de-
viation of γ̂s

ω shows a periodic variation with the frequency. There are several
significantly high peaks at certain frequencies followed by valleys in regular
intervals. The same pattern can also be observed in Figure 6.3(a) and 6.3(b).
On the contrary, standard deviations of θ̂

s

ω and θ̂
r

ω in Figures 6.2(c), 6.2(d),
6.3(c) and 6.3(d) do not show fluctuations of such a large amplitude. This
phenomenon in the standard deviation of the estimates of γω can be explained
using (6.21) and the expression for the Jacobian matrix Jf (γω) in (6.74)-(6.75).
In particular, from (6.74) we can note that the elements of Jf (γω) are very small
quantities when dγk(ω) is close to integral multiple of iπ. This causes J−1

f (γω)
to have a large norm, which eventually occurs in (6.21). This problem is more
enhanced for materials with low damping.

It is well known that the nonlinear least squares method in Section
2.1 suffers from numerical problems when equidistant sensor configuration
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is used. For a detailed discussion and experimental observations on this
aspect we refer the reader to [19, 53]. The fundamental assumption of
full rank Ψ(x, γω) is not fulfilled if dγk(ω) is an integral multiple of iπ.
In fact, for materials of substantially low damping, Ψ(x,γω) can become
numerically ill-conditioned for certain frequencies. Note that, in order to
compute γ̂l

ω we need to optimize the cost function in (5.20) numerically.
For frequencies close to the critical frequencies it is difficult to evaluate
the cost function accurately because of the ill-conditioning of Ψ(x,γω), for
which it is not possible to compute Π⊥

Ψ(x, γω) even with stable numerical
techniques. We stress here that the alternative optimal estimate γ̂r

ω can be
still be computed without any numerical problem at these critical frequen-
cies, though the variance of the estimates is high, as mentioned earlier. To
illustrate this point let us consider the following simple but worst case scenario.

Example 6.1. Consider the case of longitudinal wave propagation in a bar
of perfectly elastic material, i.e there is no damping and n = 1. Suppose the
frequency ω is such that

γ(ω) = i
2kπ

d
, k ∈ Z. (6.32)

Thus from (5.13) we get

Ψ(x, γω) =
[

1p 1p

]
, (6.33)

where 1p denote the p dimensional column vector of all ones. Thus Ψ(x, γω)
is clearly a rank-1 matrix, and it is required to take special precautions to
compute the least squares cost function in (5.20) at the true parameter values.

To observe the consequences in the subspace approach, notice first that

εω =
{
c+(ω) + c−(ω)

}
1p + ε̃ω. (6.34)

By definition of T0 and T1 for n = 1 in (6.14) it readily follows from (6.15)
that

ŝ0(ω) = 21p−2 + O(‖ε̃ω‖), Ŝ(ω) = 1p−2 + O(‖ε̃ω‖). (6.35)

Thus from (6.18) it is easy to verify that

θ̂
s

ω = −2 − O(‖ε̃ω‖) � −(2 + δ) (6.36)

where δ = O(‖ε̃ω‖) ≥ 0. Hence we get

A(z) = 1 − (2 + δ)z + z2

⇒ edγ̂(ω) = 1 +
δ

2
+

√
δ

{
1 +

δ

4

}
≈ 1 +

√
δ (6.37)

where we consider the root of A(z) located outside the unit circle. From (6.37)
we see that4

γ̂(ω) = i
2kπ

d
+ O(

√
‖ε̃ω‖), k ∈ Z, (6.38)

4Note that loge(1 +
√

δ) = loge(1) +
√

δ − δ
2

+ · · ·
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which ensures consistent estimate as SNR approaches infinity.

Next we comment on identifiability issues. Here we consider the case when
n = 1 to keep the discussion simple, but it is easy to extend the idea to the
case n > 1. Consider that a global minima of the loss function in (5.20) is
at γ = α + i β. Then for equidistant sensor configuration it is easy to verify
that each of γ = ±{α + i (β + 2kπ

d )} for k ∈ Z is also a global minima of the
loss function. The subspace estimates also have the same property for the loss
function (6.12). The ambiguity in sign can easily be resolved by imposing a
restriction |eγ | ≥ 1. The ambiguity in k can be resolved as follows. First the
estimation of γ is carried out such that −π ≤ arg

[
edγ
] ≤ π and |edγ | ≥ 1 as

a function of frequency. Note that the wave propagation function of a linearly
viscoelastic solid is a continuous function of frequency, since so is the complex
modulus. Thus, the estimated phase of edγ is adjusted such that the resulting
arg
[
edγ
]

is a continuous function of frequency. This operation on the phase of
a complex valued continuous function is very common in several other fields of
signal processing, like the study of complex and real cepstrum [41] for example,
is called unwraping of the phase. In Matlab this operation can be accomplished
by the function unwrap in Signal Processing Toolbox.

Finally, we comment on the effect of sensor separation d on the estimation
methods as well as accuracy. For a given material, increasing d causes an
increase in the real part of dγω. This helps keeping the magnitudes of the
elements in Jf and (6.74) at a comparatively high value at critical frequencies,
which as a consequence, lowers the variance of the parameter estimates. Also
the covariance matrix of γ̂s

ω is inversely proportional to d2, see (6.75) and (6.21).
Hence we conclude that the accuracy of the wave propagation function estimate
improves significantly, particularly in the regions close to the critical frequencies
with increasing d, as long as the SNR remains constant. But we must recall that
the SNR of the data decreases with the sensor separation d if the magnitude
of the excitation remains constant. Hence, increasing d to improve accuracy
must be accompanied by a simultaneous increase in excitation5.

6.7 Conclusions

In this chapter, we have presented a computationally efficient algorithm for
estimating the wave propagation function of a viscoelastic material from one
dimensional wave experiments. The sensors are required to be equidistantly
located. The special structure of the problem, due to the equidistant sensor
locations, are exploited to develop a class of subspace based estimators. Fur-
ther, it has been established that the subspace estimate with optimal weighting
achieves optimal statistical accuracy. Apart from being computationally eco-
nomical and statistically efficient, the class of subspace methods presented here

5It might be required to increase excitation when the material is known to have very large
damping. In such a scenario, the intensity of the reflected wave can be small (if the length of the
specimen is too large) resulting a numerically ill-conditioned Ψ(x, γω). An increase in excitation
can remedy this problem by increasing the SNR.
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are numerically robust and do not suffer from the problem of local minima like
least squares. Thus, it is not required to have any prior knowledge about the
parameters to apply the subspace based algorithms. The algorithm has been
applied successfully to numerically simulated data as well as to real experimen-
tal data. The results therefrom confirm the theoretical assertions.

6.A Proof of Theorem 6.1

In this appendix we shall omit the argument ω for convenience. Note from
(5.10), (6.15) and (6.17) that

S̃ := Ŝ − S = O(‖ε̃ω‖),
s̃0 := ŝ0 − s0 = O(‖ε̃ω‖). (6.39)

Using (6.39) and (6.16) in (6.18) we get after a few steps of straightforward
algebra

θ̂
s

ω − θω =
{
Ŝ∗ΓŜ

}−1

Ŝ∗Γ
[
ŝ0 + Ŝ∗θω

]
= −{S∗ΓS}−1 S∗ΓM∗(θω)ε̃ω + O(‖ε̃ω‖2). (6.40)

Note that θω = f(γω). By a Taylor’s series expansion in the neighborhood of
true parameters we get, neglecting the higher order terms for large SNR

γ̂s
ω − γω = −J−1

f (γω) {S∗ΓS}−1 S∗ΓM∗(θω)ε̃ω + O(‖ε̃ω‖2), (6.41)

where Jf is the Jacobian matrix of the function f . Using Proposition 5.1
Theorem 6.1 follows from (6.40) and (6.41).

6.B Proof of Theorem 6.2

Recall from (6.40) that θ̂
s

ω − θω = O(‖ε̃ω‖). Now M(θ) is a linear function of
θ, see (6.10). Hence the elements of Γ−1

o = M∗(θω)M(θω) are quadratic in θ.
Thus from (6.25) we have

Γ̂ =
[
M∗(θ̂

s

ω)M(θ̂
s

ω)
]−1

= Γo + O(‖ε̃ω‖). (6.42)

Then following similar steps as in (6.40) we get from (6.26)

θ̂
r

ω − θω = −
[
Ŝ∗Γ̂Ŝ

]−1 {
Ŝ∗Γ̂ŝ0 + Ŝ∗Γ̂Ŝθω

}
= −

[
Ŝ∗Γ̂Ŝ

]−1

Ŝ∗Γ̂M∗(θω)ε̃ω

= −{S∗ΓoS}−1 S∗ΓoM∗(θω)ε̃ω + O(‖ε̃ω‖2)

= θ̂
o

ω − θω + O(‖ε̃ω‖2). (6.43)
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Next, we show that

θ̂
l

ω − θω = θ̂
o

ω − θω + O(‖ε̃ω‖2). (6.44)

In what follows next, we shall suppress the argument x for convenience. Denote
the loss function in (5.20) by

l2(γ) := ε∗
ωΠ⊥

Ψ(γ)εω

= ε∗
ωM{f(γ)} [M∗{f(γ)}M{f(γ)}]−1 M∗{f(γ)}εω. (6.45)

The last equality follows from the fact that M(θω) has a full column rank of
p − 2n and (6.11) holds, i.e. columns of M(f(γ)) forms a basis of the p − 2n
dimensional null-space of Ψ∗(γ) provided Ψ∗(γ) has full column rank. At this
point we need a new notation. For a k× l complex valued matrix B, define the
bijective map J : C

k×l → R
2k×l such that

J (B) =
[

Re(B)
Im(B)

]
. (6.46)

Recall the isomorphism I(·) defined in (2.52) [page 24]. It is straightforward
to verify that

I(A)J (B) = J (AB) (6.47)

where A and B are of compatible dimensions. Let us denote θ = f(γ) and
introduce

ζ := J (θ), (6.48)

and ζω is the associated true parameter, while ζ̂
l

ω is the estimate of ζω derived

from θ̂
l

ω. With a slight misuse of notations we shall use

l2(γ) := �{f(γ)} = �(θ) = �(ζ). (6.49)

Note that �(ζ) is a real valued function of the real valued vector ζ. From (6.45)

it is clear that � is minimized when θ = θ̂
l

ω, see (6.28) and (5.20), i.e. ζ̂
l

ω is a
stationary point of �(ζ). Using this fact in the Taylor’s series expansion of �(ζ)
in the neighbourhood of ζω we get

ζ̂
l

ω − ζω = −
[

∂2�(ζ)
∂ζ ∂ζ�

]−1

ζ=ζω

[
∂�(ζ)
∂ζ

]
ζ=ζω

+ O(‖ε̃ω‖2), (6.50)

Recall that the components of θ are {ak}n
k=1, see (6.6). We have from (6.13)

∂M∗(θ)
∂Re(ak)

= Tk,
∂M∗(θ)
∂Im(ak)

= iTk, 1 ≤ k ≤ n. (6.51)

Next we differentiate �(ζ) in (6.49) with respect to Re(ak), and Im(ak) and
evaluate at the true parameters. In what follows next, we shall suppress the
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argument ω for convenience. We have Using (6.51), (6.11) and (6.16) after a
few steps of tedious but straightforward calculations we get for 1 ≤ k ≤ n,

∂�(ζω)
∂Re(ak)

= Re{s∗kΓoM∗(θω)ε̃ω} + O(‖ε̃ω‖2), (6.52)

∂�(ζω)
∂Im(ak)

= Im{s∗kΓoM∗(θω)ε̃ω} + O(‖ε̃ω‖2), (6.53)

where sk(ω) is defined in (6.15). Similarly, for the second derivatives, one can
show that

∂�2(ζω)
∂Re(aj) ∂Re(ak)

= Re{s∗jΓosk} + O(‖ε̃ω‖), (6.54)

∂�2(ζω)
∂Im(aj) ∂Re(ak)

= Im{s∗jΓosk} + O(‖ε̃ω‖), (6.55)

∂�2(ζω)
∂Re(aj) ∂Im(ak)

= −Im{s∗jΓosk} + O(‖ε̃ω‖), (6.56)

∂�2(ζω)
∂Im(aj) ∂Im(ak)

= Re{s∗jΓosk} + O(‖ε̃ω‖). (6.57)

At this point we need the definitions (2.52) [page 24] and (6.46). We shall
be using the properties (2.53) [page 24] and (6.47) of the maps I(·) and J (·).
Using (6.50) and (6.52)-(6.57) we have

ζ̂
l

ω − ζω = −I−1(S∗ΓoS)J {S∗ΓoM∗(θω)ε̃ω} + O(‖ε̃ω‖2)

⇒ J (θ̂
l

ω − θ) = −J {[S∗ΓoS]−1S∗ΓoM∗(θω)ε̃ω} + O(‖ε̃ω‖2) (6.58)

Comparing (6.58) with (6.43) we get (6.44). Therefore from (6.43) and (6.44)

it follows that θ̂
r

ω, θ̂
o

ω and θ̂
l

ω have the same asymptotic distribution. Now
premultiplying both the sides of (6.43) and (6.44) by J−1

f (γω) we get

γ̂r
ω − γω = γ̂o

ω − γω + O(‖ε̃ω‖2) = γ̂l
ω − γω + O(‖ε̃ω‖2), (6.59)

which implies that γ̂r
ω, γ̂l

ω and γ̂o
ω have the same asymptotic distribution when

SNR is large.

6.C Jacobian of f

In this appendix we derive the Jacobian matrix Jf of the function f . In that
aim we first obtain the partial derivatives ∂ak

∂γj
for 1 ≤ j ≤ n. Introduce the

polynomial

B(j)(z) �
2n−2∑
k=0

b
(j)
k zk =

n∏
k=1
k �=j

{
1 − 2 cosh(dγk)z + z2

}
. (6.60)
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We also note that each polynomial B(j)(z) is symmetric and has the same
property as A(z) in (6.4) and (6.5), i.e.

b
(j)
k = b

(j)
2n−2−k, b

(j)
0 = b

(j)
2n−2 = 1. (6.61)

Note that for all j we have from (6.3) and (6.60)

A(z) = B(j)(z)
{
1 − 2 cosh(dγj)z + z2

}
. (6.62)

Equating the coefficients different powers of z in both the sides of (6.62) we get

a0 = b
(j)
0 = 1 (6.63)

a1 = b
(j)
1 − 2b

(j)
0 cosh(dγj) (6.64)

ak = b
(j)
k − 2b

(j)
k−1 cosh(dγj) + b

(j)
k−2 k = 2, . . . , n. (6.65)

Hence it is straightforward to see that

∂ak

∂γj
= −2 d b

(j)
k−1 sinh(dγj) 1 ≤ k ≤ n. (6.66)

It is not convenient to express the derivatives in terms of the coefficients b
(j)
k

from the implementation point of view. In fact, it is preferable to express the
partial derivatives in terms of the coefficients of the polynomial A(z). Thus
it is required to express the coefficients {b(j)

k }n−1
k=0 in terms of {ak}n

k=0. We
introduce the following notation for simplicity of the expressions

Γ0(α) = 1; Γk(α) = αk + αk−2 + · · · + α2−k + α−k, k > 0. (6.67)

It is straightforward to verify by direct multiplication that

Γk(α)Γ1(α) − Γk−1(α) = Γk+1(α). (6.68)

It is also readily verified that

Γk−1(ex) sinh(x) = sinh(kx). (6.69)

Next, we prove by induction over k that

b
(j)
k =

k∑
l=0

ak−lΓl(edγj ). (6.70)

Note that (6.70) is true for k = 0 and k = 1 from (6.63) and (6.64). Now
assume (6.70) is true for k ≤ � − 1. Then using (6.65) we get

b
(j)
� = a� + b

(j)
�−1Γ1(edγj ) − b

(j)
�−2 (6.71)

= a� +
�−1∑
l=0

a�−1−lΓl(edγj )Γ1(edγj ) −
�−2∑
l=0

a�−2−lΓl(edγj ) (6.72)

=
�∑

l=0

a�−lΓl(edγj ), (6.73)



6.D. Rank of S(ω) 93

where we have used (6.68) in the last equality. Hence, (6.70) follows from (6.73)
by induction. Now from (6.66), (6.69) and (6.70) we get

∂ak

∂γj
= −2d

k−1∑
l=0

al sinh [(k − l)dγj ] . (6.74)

Hence repeating (6.74) for 1 ≤ j, k ≤ n and arranging in a matrix form we get

Jf =

⎡⎢⎣
∂a1
∂γ1

· · · ∂a1
∂γn

...
. . .

...
∂an

∂γ1
· · · ∂an

∂γn

⎤⎥⎦

= −2d

⎡⎢⎢⎢⎣
a0 0 · · · 0
a1 a0 · · · 0
...

...
. . .

...
an−1 an−2 · · · a0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

sinh(dγ1) · · · sinh(dγn)
sinh(2dγ1) · · · sinh(2dγn)

...
. . .

...
sinh(ndγ1) · · · sinh(ndγn)

⎤⎥⎥⎥⎦
(6.75)

6.D Rank of S(ω)

In this section, we show that S(ω) is a full rank matrix provided Ψ(x, γω) is
full rank. The proof will be given by contradiction. Assume that S(ω) is rank
deficient, which would mean that there exists a vector

g = [ g1 · · · gn ]� (6.76)

such that

S(ω)g = 0(p−2n)×1 ⇒
n∑

k=1

gkTkΨ(x,γω)cω = 0(p−2n)×1, (6.77)

where we used (5.12), (6.15) and (6.17). Since εω0 �= 0p×1 and (6.77) holds for
all cω, we conclude that

n∑
k=1

gkTkΨ(x,γω) = 0(p−2n)×2n. (6.78)

Let us define (2n − 1) × 1 vectors

g1 = [ g1 · · · gn−1 gn gn−1 · · · g1 ]�, (6.79)

ej = [ 1 edγj(ω) · · · e(2n−2)dγj(ω) ]�, 1 ≤ j ≤ n. (6.80)

Then simplifying (6.78) we get equivalently

g�
1 ej = 0, 1 ≤ j ≤ n. (6.81)
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Using (6.81) it is readily verified that there exists {hk}p−2n+2
k=1 such that

h�
k Ψ(x,γω) = 01×2n, 1 ≤ k ≤ p − 2n + 2, (6.82)

where
h�

k =
[

01×(k−1) g�
1 01×(p−2n−k+2)

]�
. (6.83)

Since {hk}p−2n+2
k=1 forms a linearly independent set of vectors, we see from (6.82)

that the rank of Ψ(x, γω) is at most 2n − 2, which is a contradiction. Hence
the conjecture that S(ω) is rank deficient is false.
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Chapter 7

Background

7.1 Introduction

IN several applications, particularly in communications, radar, sonar, geo-
physical seismology and so forth, the signals dealt can be described by the

superposition of d discrete time complex valued sine waves

z0(t) =
d∑

k=1

ak ei{ωkt+φk}, (7.1)

where {ak}d
k=1, {ωk}d

k=1 and {φk}d
k=1 respectively, are the amplitudes, angular

frequencies and initial phases of the sinusoids. Assume that we observe z(t)
which is a noise corrupted (which actually is true for most practical applica-
tions) version of z0(t), i.e.

z(t) = z0(t) + z̃(t), (7.2)

where z̃(t) is a zero mean, complex valued white circular noise sequence of
variance σ2:

Ez̃(t)z̃∗(s) = σ2δt,s, Ez̃(t)z̃(s) = 0. (7.3)

It is further assumed that the measurement noise sequence is statistically in-
dependent of z0(t). It is natural to assume that the initial phases {φk}d

k=1 are
mutually independent and each of them is distributed uniformly in [0, 2π). The
problem under consideration is to estimate the parameter vector of frequencies

ω0 :=
[

ω1 · · · ωd

]� (7.4)

from N samples of the the observed data {z(t)}N
t=1. In this chapter, we give

a brief overview of the super-resolution subspace based frequency estimators.
By the word super-resolution we refer to the estimation methods which have
superior resolution performance compared to the Discrete Time Fourier Trans-
form (DTFT). The classical way to solve the line spectrum estimation problem
is to transform the time domain signal to the frequency domain using DTFT
(which is often accomplished in a computationally efficient way using the Fast
Fourier Transform or FFT algorithm). However, if |ωj − ωk| ≤ 2π

N for some
integers j and k, 1 ≤ j, k ≤ d, then it is not possible to resolve these fre-
quencies using a Fourier Transform [41, 59]. This is true also for other Fourier
based techniques [23, 59]. The super-resolution parametric methods are not

97
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only capable of yielding improved resolution threshold, but also are robust to
additive measurement noise. Most of these methods rely on a low rank multi-
dimensional signal model, which will be introduced in the next section. This
low rank model is commonly known as the covariance matrix model. There are
several algorithms developed based on the covariance matrix model. We shall
briefly touch upon these approaches in the subsequent sections. Next, we shall
introduce the case when the data are real valued. Using simulation results, it
will be shown that the performances of the parametric methods degrade when
applied to real valued data compared to the case when they are employed to
complex valued data.

7.2 Covariance Matrix Model

In this section we briefly review the covariance matrix model for the multiple
complex valued sine waves in noise [59]. Note that the noise-free part zm0(t)
of the m × 1 vector

zm(t) :=
[

z(t) · · · z(t + m − 1)
]� (7.5)

satisfies, see (7.1),
zm0(t) = Ac(ω0) sc(t), (7.6)

where Ac(ω0) is a m × d matrix and sc(t) is a d × 1 vector given by

Ac(ω0) =

⎡⎢⎢⎢⎣
1 · · · 1

eiω1 · · · eiωd

...
. . .

...
eiω1(m−1) · · · eiωd(m−1)

⎤⎥⎥⎥⎦ , sc(t) =

⎡⎢⎣ a1 ei(ω1t+φ1)

...
ad ei(ωdt+φd)

⎤⎥⎦ .

(7.7)
We refer to zm(t) as the forward snapshot vector. Next, we shall define the
backward snapshot vector. For that purpose we define Jm as the m × m per-
mutation matrix having ones along its anti-diagonal and zeros elsewhere:

Jm =

⎡⎢⎣ 0 · · · 1
... . .

. ...
1 · · · 0

⎤⎥⎦ . (7.8)

When Jm is pre-multiplied to a m× 1 vector, the resulting m× 1 vector is the
original vector flipped upside down. We define the backward snapshot vector
as Jmz̄m(t), where z̄(t) denotes the conjugate of z(t). It is readily verified that
the noise-free part of the backward snapshot vector satisfies

Jmzm0(t) = Ac(ω0) s̄c(t + m − 1). (7.9)

Hence from (7.6) and (7.9) it is straightforward to see that for m > d, the
respective noise-free parts zm0(t) and Jmzm0(t) of the forward and backward
snapshot vectors for all t are confined to the d dimensional subspace of C

m,
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spanned by the columns of Ac(ω0). This observation provides us with a low
rank signal model. The d dimensional subspace spanned by the columns of
Ac(ω0) is commonly known as the signal subspace while its m− d dimensional
orthogonal complement is referred to as the noise subspace. Note that Ac(ω0)
is a full rank Vandermonde matrix as long as {ωk}d

k=1 are distinct [10].
The main idea behind any subspace based frequency estimation technique

is to estimate a basis of the signal subspace (or equivalently the noise sub-
space) from the data. Subsequently the estimated subspace is processed in
different ways to derive different estimators. The subspace estimation step can
be achieved by a Singular Value Decomposition (SVD) [10]. To see the details,
introduce the data matrices

Zfm :=
[

zm(1) · · · zm(N − m + 1)
]
, (7.10)

Zm :=
[

Zfm JmZfm

]
. (7.11)

Assuming that the data are noise-free, we see for m > d that Zfm is of rank d
whenever N > d+m− 1. The data matrix Zm, which is composed of both the
forward and backward snapshot vectors, is of rank d whenever N > d/2+m−1.
Since the column space of Zfm or Zm is the same as the range space of Ac(ω0),
d dominating left singular vectors of either of Zfm, or Zm give an orthonormal
basis of the column-space of Ac(ω0).

When the data are noise corrupted, then it is required to have N sufficiently
large compared to m in order to justify the above mentioned way of estimating
an orthogonal basis of the column-space of Ac(ω0). To see that introduce

Rf := Ezm(t)z∗m(t),
Rc := 1

2E
{
zm(t)z∗m(t) + Jmz̄m(t)z�m(t)Jm

}
= 1

2 (Rf + JmRfJm).
(7.12)

Note that we use z∗m(t) to denote the conjugate transpose of zm(t). Since z0(t)
and z̃(t) are independent of each other, it is easy to derive that

Rf = Rc = Ac(ω0)PcA∗
c(ω0) + σ2Im, (7.13)

where we denote the identity matrix of dimension m by Im and Pc is a d × d
matrix:

Pc = Esc(t)s∗c(t) = E s̄c(t)s�c (t) = diag( a2
1 · · · a2

d ). (7.14)

The last equality is well known, see [43] for a proof. We emphasize here that
for the following development the last equality in (7.14) is not a necessary
condition. Consider the eigenvalue decomposition

Rc = ScΛcS∗
c + GcΣcG∗

c , (7.15)

where Λc is a d × d diagonal matrix having the d largest eigenvalues of Rc as
its diagonal entries and the m× d matrix Sc is composed of the corresponding
eigenvectors. Similarly, Σc = σ2Im−d constitutes remaining m − d eigenvalues
of Rc. Columns of the m × (m − d) matrix Gc constitute the corresponding
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eigenvectors1. Note that the columns of Sc constitute an orthonormal basis of
the column-space of Ac(ω0). After a few steps of calculations [62] we can show
using (7.13) and (7.15) that

Sc = Ac(ω0)Cc, (7.16)

where
Cc = PcA�

c (ω0)ScΛ̃−1
c , Λ̃c = Λc − σ2Id. (7.17)

It follows from (7.16) and the orthogonality of Sc and Gc that

G∗
cAc(ω0) = 0(m−d)×d. (7.18)

Either of (7.16) or (7.18) forms the starting step in designing subspace algo-
rithms. First the estimates of Sc and Gc are computed from the data, which
may be processed in different ways to estimate the frequencies.

Next, we show how Sc and Gc can be obtained using SVD. From (7.10) and
(7.11) it is easy to see that the estimates R̂f and R̂c of Rc can be obtained as

R̂f =
1
M

ZfmZ∗
fm, R̂c =

1
2M

ZmZ∗
m, (7.19)

where M = N −m + 1. However from (7.13) we see that they are estimates of
the same quantity and R̂c can be expected to be the better one. The reason
is the number of data vector used in computing R̂c is 2M , while R̂f uses only
M snapshot vectors2. From (7.19) we can see that an estimate of Sc can be
obtained by considering d dominating left singular vectors of Zm, which in
theory is equivalent to compute the eigenvectors associated to the d largest
eigenvalues of R̂c. Similarly, m − d left singular vectors of Zm corresponding
its m− d lowest singular values give an estimate of Gc. However, computing d
dominating left singular vectors of Zm is generally economical and numerically
robust as well.

In the following sections we shall describe super-resolution subspace based
parametric methods for frequency estimation. The objective here is to develop
the background for the later chapters in this thesis. We note by passing that
apart from the methods to be discussed here, there are several other approaches
(High order Yule-Walker, Instrumental variable, State space methods are a
few examples) which are beyond the scope of discussion here. See [59] for a
comprehensive discussion.

7.3 Noise Subspace Fitting

There are various approaches which have been developed based on the noise
subspace fitting idea. These methods use (7.18), where an estimate of Gc is

1Note that Gc is not unique. Any unitary transformation of Gc can replace Gc in (7.15).
2There are some additional advantages of using R̂c. In direction of arrival estimation using

R̂c it is possible to handle coherent signals, see [45] for details. Special structures present in R̂c is
exploited in the development of the Unitary ESPRIT algorithm which causes significant reduction
in computational demand with increased accuracy [16]. See also [8] for a related discussion.
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obtained from the data and used in further processing. Let us define

a(eiω) =
[

1 eiω · · · ei(m−1)ω
]�

. (7.20)

It is easy verify that

Ac(ω0) =
[

a(eiω1) · · · a(eiωd)
]
. (7.21)

Now consider the case when d = 1. Then equation (7.18) suggests that a
consistent frequency estimate can be obtained by

ω̂1 = arg min
ω

‖Ĝ∗
ca(eiω)‖2

F = arg max
ω

1
a∗(eiω)ĜcĜ∗

ca(eiω)
, ω ∈ [−π, π).

(7.22)
This leads us to the MUSIC (Multiple Signal Classification) algorithm [50]
where for d sinusoids one looks for d peaks of the function

1
a∗(eiω)ĜcĜ∗

ca(eiω)
,

which is sometimes called a pseudo-spectrum. Note that MUSIC is a nonpara-
metric method. A parametric counterpart of MUSIC exploits the fact that the
true frequency values {ωk}d

k=1 are the only solutions of the equation

a∗(eiω)GcG∗
ca(eiω) = 0 (7.23)

for any m > d. The proof of this statement follows from the Vandermonde
structure of the vector a(eiω), see [2, 59] for a proof. Therefore, the frequency
estimates can be determined from the d (pairs of reciprocal) roots of the equa-
tion

a�(x−1)ĜcĜ∗
ca(x) = 0, (7.24)

which are located nearest to the unit circle. This algorithm is commonly known
as the Root–MUSIC algorithm [2]. There are several modifications and im-
provements of the MUSIC algorithm, see [59] for details. See also [69] for a
comprehensive discussion on noise subspace fitting in the context of array signal
processing.

7.4 Signal Subspace Fitting

In this approach an estimate of Sc is used. The idea here is to choose the
estimate ω̂ such that the null-space of A∗

c(ω̂) is maximally orthogonal to the
column-space of Ŝc. Let us define

ω =
[

�1 · · · �d

]�
. (7.25)

The first step in signal subspace fitting is to parameterize the noise subspace
i.e. the null-space of A∗

c(ω). One such parameterization [4] is given by the
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m × (m − d) matrix G1{gc(ω)} such that

G∗
1{gc(ω)} =

⎡⎢⎢⎢⎢⎣
g1(ω) · · · gd(ω) 0 · · · 0

0 g1(ω) · · · gd(ω)
. . . 0

...
. . .

. . .
. . .

. . .
...

0 · · · 0 g1(ω) · · · gd(ω)

⎤⎥⎥⎥⎥⎦ (7.26)

where the components of the vector gc(ω) :=
[

g1(ω) · · · gd(ω)
]

are given
by

1 +
d∑

k=1

gk(ω)zk :=
d∏

k=1

{1 − ze−ik}. (7.27)

It is easy to verify using (7.26) and (7.27) that

G∗
1{gc(ω)}Ac(ω) = 0(m−d)×d, (7.28)

is satisfied, i.e. the null-space of A∗
c(ω) is spanned by the columns of

G1{gc(ω)}. Introduce

ε(ω) := vec[G∗
1{gc(ω)}Sc ]. (7.29)

where we denote the vectorization operation by vec[ · ]. Since the columns of
Sc forms an orthonormal basis of the subspace spanned by the columns of
Ac(ω0), an estimate ω̂ of the parameter vector ω can be obtained by solving
the optimization problem

ω̂ = arg min
ω

�W (ω), (7.30)

�W (ω) = ε̂�(ω)Wε̂(ω), (7.31)

where W is an user defined positive definite weighting matrix and the residual
vector ε̂(ω) is an estimate of ε(ω) obtained by replacing Sc by Ŝc in (7.29).
It can be shown [8, 61] that optimization problem (7.30) can be solved in
gc(ω) analytically by solving a weighted least squares problem. Therefore, the
simple way to obtain the WSF estimates is to solve (7.30) in gc(ω) and use
the resulting estimate of gc(ω) to estimate the frequencies through polynomial
rooting. The optimal choice of W depends on the residual covariance matrix.
See [8, 27] for details.

7.5 ESPRIT

ESPRIT – Estimation of signal parameters using invariant subspace rotation
techniques was introduced in [44, 49] in the context of spatial spectrum esti-
mation. The same principle hold good also for temporal spectrum estimation.
The key step is to identify from the Vandermonde structure of Ac(ω0) that[

0m×1 Im−1

]
Ac(ω0) =

[
Im−1 0m×1

]
Ac(ω0)Dc (7.32)
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where
Dc = diag( eiω1 · · · eiωd ). (7.33)

Thus from (7.16) and (7.32) it follows that[
0m×1 Im−1

]
Sc =

[
Im−1 0m×1

]
ScΦc (7.34)

where Φc = CcDcC−1
c , the eigenvalue decomposition of Φc. The relation (7.34)

leads to the ESPRIT algorithm, where an estimate Ŝc of Sc is obtained from
the singular value decomposition of Zm. Next, an estimate Φ̂c is obtained by
solving (7.34) for Φc with Sc replaced by Ŝc. The eigenvalues of Φ̂c would then
lead us to the frequency estimates. We also mention here that the estimate Ŝc

deviates from Sc to some extent. Hence, while solving (7.34) for Φc, an exact
solution may not be possible. It would be required to solve the equation in
least squares (or total least squares) sense [10, 36, 55, 66].

7.6 Real Valued Data

Consider the case when the data are real valued i.e. the noise-free signal is
given by

z0(t) =
d∑

k=1

ak cos {ωkt + φk} . (7.35)

There are several practical applications where the noise-free part of the signal
follows (7.35). In such cases, it is generally pretended that the data consist of a
double number of complex valued sinusoidal signals [57], i.e. (7.35) is rewritten
as

z0(t) =
d∑

k=1

ak

2
{ei(ωkt+φk) + e−i(ωkt+φk)}. (7.36)

Following similar steps as in (7.6) and (7.9) we have

zm(t) = A(ω0) s(t), Jmzm(t) = A(ω0) s̄(t + m − 1), (7.37)

where

A(ω0) =
[

Ac(ω0) Āc(ω0)
]
, s(t) =

[
sc(t)
s̄c(t)

]
. (7.38)

In contrast to the complex valued case, we have the signal subspace dimension
2d when the data are real valued. All subspace based techniques can now be
extended to real valued case in a straightforward manner. The main drawback
in this approach is the point that the realness of the data is never used, and as
a consequence 2d frequencies are estimated. This leads to performance degra-
dation of the subspace algorithms when they are employed for real valued data.
In Figure 7.1 we have an illustrative example, where this issue is highlighted.
Here we have plotted the mean square estimation error as a function of snap-
shot dimension m when the data are complex valued and compared with the
case when the data are real valued. For both the cases (i.e. when the data
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Figure 7.1: Comparison of the small sample mean square error performance of forward-
backward ESPRIT algorithm applied to complex and real valued data (N = 25, SNR
= 15 dB, ω1 = 0.60 rad, ω2 = 0.75 rad).

are real and when the data are complex) we have ω1 = 0.60 rad and ω2 = 0.75
rad, signal to noise ratio 15 dB, number of data samples N = 25 and forward-
backward3 ESPRIT is employed to estimate the frequencies. From Figure 7.1
it is clear that the estimation performance is significantly better when the data
are complex valued4. In the two following chapters we consider the estimation
of the frequencies of real valued sine waves where the realness of data will be
used to design more economical and accurate algorithms.

In Chapter 8 we shall propose an alternative low rank model for real valued
sine waves, where the dimension of the signal subspace will be same as the
number of the sinusoids. This novel data model will then be used to develop an
ESPRIT like algorithm named R-Esprit in Chapter 9 and a weighted subspace
fitting approach in Chapter 10. We shall see that the computational complexity
of R-Esprit is significantly lower than forward-backward ESPRIT algorithm
without any compromise in the performance. The weighted subspace fitting
approach, on the other hand, is robust to additive noise and therefore shows
significant improvement in the resolution performance.

3When ESPRIT algorithm uses both the forward and the backward snapshot vectors, it is
called forward-backward ESPRIT. Hence the first step in the implementation of forward-backward
ESPRIT is to compute the singular value decomposition of Zm.

4Note that when we apply ESPRIT for real valued data having d sine waves, the estimated
Φ̂c is of size 2d×2d. Next we compute the eigenvalues of Φ̂c and derive the frequency estimates
from the phase of the complex valued eigenvalues. One may think that we get two different
estimates for the same frequency in this process, and a weighted averaging (with proper weights)
of these two estimates would lead to a better estimate. Unfortunately these two estimates are
identical. The phenomenon can be attributed to the fact that Φ̂c is always a real valued matrix.
Therefore it always has d complex conjugate pairs of eigenvalues.



Chapter 8

An Alternative Data Model

8.1 Introduction

SUPER-RESOLUTION subspace algorithms for the frequency estimation
problem are well documented in the literature, see [59] and references

therein. However, these algorithms assume that the data are complex valued.
Some of these algorithms were discussed in the previous chapter. Although
it is generally argued that all these algorithms are applicable to real valued
data pretending that the data consist of a double number of complex valued
sinusoidal signals, it is reasonable to expect better results if the information
that the data are real valued can somehow be incorporated in the algorithm.
In fact, we have shown in Chapter 7 that the performance of ESPRIT algo-
rithm degrades significantly when applied to real valued data compared to the
case when data are complex valued. Incorporation of realness constraint may
however lead to additional computational complexity. In fact, in [57] it was
reported that the accuracy degradation by applying the conventional MUSIC
approach to the real valued signals is not significant enough as compared to the
corresponding savings in the computational cost. Thus, from a computational
standpoint, the conventional approach using complex valued signal model is
the method of choice for most applications. Therefore, it is still an open ques-
tion whether it is possible to incorporate the information that the data are
real valued in such a fashion that the resulting algorithm is computationally
efficient and also more accurate.

It is well known in context of subspace based algorithms for frequency esti-
mation or array signal processing, that the estimation accuracy improves with
increase in the dimension of the noise subspace. Consider the case when the
data are real valued. Then for d sinusoids we saw in Chapter 7 that the signal
subspace dimension is 2d, see (7.38). This is in contrast to the dimension d
of the signal subspace when the data are composed of d complex valued sine
waves, see (7.6) and (7.7). This is one main factor which causes the perfor-
mance degradation of the subspace algorithms when applied to the real valued
data. In the aim of circumventing this problem, in this chapter we construct
an alternative low rank model where the noise-free part of the snapshot vector
lies in a subspace of dimension d. Next, we shall relate the proposed model to
the conventional covariance matrix model and present a comparative study.

105
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8.2 The Compact Model

Consider the data where we observe d real valued sine waves in noise

y(t) =
d∑

k=1

ak cos {ωkt + φk} + ỹ(t), (8.1)

and where {ak}d
k=1, {ωk}d

k=1 and {φk}d
k=1 are respectively the real valued am-

plitudes, angular frequencies and the initial phases of the sinusoids. Here ỹ(t)
is a zero mean white noise sequence of variance σ2. The initial phases {φk}d

k=1

are mutually independent, and each of them is uniformly distributed in [0, 2π).
Here our goal is to construct an m dimensional low rank signal model where the
noise-free part of the snapshot vector always lies in subspace of dimension d.
The primary motivation behind such an attempt comes from the conventional
data model for a complex valued signal, where the signal subspace dimension
equals the number of sine waves. To study the feasibility of such a compact rep-
resentation, recall that the first d columns of the conventional manifold matrix
for real valued data are precisely the complex conjugate of the next d columns,
see (7.38). This dependence can be exploited using nonlinear techniques but
that would lead to a heavier computational load. In fact, this was the major
disadvantage encountered by the authors of [57]. Here we attempt another
approach. The idea is to modify the conventional snapshot vector so that the
nonlinear dependence between the individual columns of the conventional man-
ifold matrix can be converted to a linear dependence in the new model. In that
aim let us introduce

ym(t) =
[

y(t) · · · y(t + m − 1)
]�

, (8.2)

yr(t) =
1
2
{ym(t) + Jmym(t − m)} , (8.3)

where Jm is the m×m permutation matrix having ones along its anti-diagonal
and zeros elsewhere. From the above definitions it is easy to see that the
noise-free part yr0(t) of yr(t) is given element-wise as

[yr0(t)]j =
1
2

d∑
k=1

ak [cos {ωk(t + j − 1) + φk} + cos {ωk(t − j) + φk}]

=
d∑

k=1

ak cos {ωk (t − 1/2) + φk} cos {ωk (j − 1/2)} . (8.4)

Thus, from (8.4) we have

yr(t) = Ar(ω0)sr(t) + ỹr(t), (8.5)
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where Ar(ω0) is an m× d matrix and sr(t) is an d× 1 vector, which are given
by

Ar(ω0) =

⎡⎢⎢⎢⎣
cos
(

ω1
2

) · · · cos
(

ωn

2

)
cos
(

3ω1
2

) · · · cos
(

3ωd

2

)
...

. . .
...

cos
{(

m − 1
2

)
ω1

} · · · cos
{(

m − 1
2

)
ωd

}
⎤⎥⎥⎥⎦ , (8.6)

sr(t) =
[

a1 cos
{
ω1t + φ+

1

} · · · an cos
{
ωdt + φ+

d

} ]�
, (8.7)

where φ+
k = φk − 1

2ωk for 1 ≤ k ≤ d. The noise snapshot vector ỹr(t) in the
modified model is given by

ỹr(t) =
1
2
{ỹm(t) + Jmỹm(t − m)} , (8.8)

where ỹm(t) is the noise contribution to ym(t). In Appendix 8.A we have
shown that Ar(ω0) has full column rank. Note here that in contrast to the
complex valued data model, the noise-free part of yr(t) lies in a d dimensional
subspace. Hence, we have now a more compact model, which is real valued.
We shall refer to this model as RDM. We introduce

P := Esr(t)s�r (t), (8.9)

also note that ỹm(t) and ỹm(t−m) are mutually independent random vectors
for all t, which would mean Eỹr(t)ỹ�

r (t) = σ2

2 Im. It is straightforward to see
that

R := Eyr(t)y�
r (t) = Ar(ω0)PA�

r (ω0) +
σ2

2
Im. (8.10)

Consider the eigenvalue decomposition

R = SΛS� + GΣG� (8.11)

where Λ is d × d a diagonal matrix having the d dominating eigenvalues of R
as its diagonal entries and m × d matrix S is composed of the corresponding
eigenvectors. Similarly, Σ is a diagonal matrix having the remaining m − d
eigenvalues of R as its diagonal entries. Columns of the m× (m− d) matrix G
constitute the corresponding eigenvectors, i.e. the columns of G are orthogonal
to those of S. Comparing (8.10) and (8.11) with (7.13) and (7.15) in Chap-
ter 7, we see that analogous relationships as (7.16), (7.17) and (7.18) follows
immediately in this case also, with Ac(ω0) replaced by Ar(ω0). We thus have

S = Ar(ω0)C , (8.12)

where

C = PA�
r (ω0)SΛ̃−1, Λ̃ = Λ − σ2

2
Id. (8.13)
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8.3 Extension to Complex Valued Case

Let us get back to the complex valued data model introduced in (7.1) Our
object in this section is to extend the data model designed (for real valued
sinusoids) in the previous section to the complex case. The idea here is to split
the complex valued data in its real and imaginary parts, and process them as
a real valued data set. In our aim, let us define

zm(t) =
[

z(t) · · · z(t + m − 1)
]�

,
zx(t) = 1

2 {zm(t) + Jmzm(t − m)} .
(8.14)

Similarly, we define the noise snapshot vector z̃x(t) as before, as the noise
corrupted part of zx(t), where z̃x(t) is complex valued in this case. Define

z̃1(t) := Re{z̃x(t)}, z̃2(t) := Im{z̃x(t)}. (8.15)

It follows readily that z̃1(t) and z̃2(t) are uncorrelated to each other and have
identical second order statistics which is similar to that of ỹr(t), i.e.

Ez̃1(t)z̃�1 (t) = Ez̃2(t)z̃�2 (t) =
σ2

4
Im, (8.16)

since z̃(t) is circular with variance σ2. Following the same steps in the derivation
of RDM it is easy to derive that

Re{zx(t)} = Ar(ω0)s1(t) + z̃1(t),
Im{zx(t)} = Ar(ω0)s2(t) + z̃2(t),

(8.17)

where s1(t) and s2(t) are given by

s1(t) =

⎡⎢⎣ a1 cos
{
ω1t + φ+

1

}
...

ad cos
{
ωdt + φ+

d

}
⎤⎥⎦ , s2(t) =

⎡⎢⎣ a1 sin
{
ω1t + φ+

1

}
...

ad sin
{
ωdt + φ+

d

}
⎤⎥⎦ , (8.18)

where φ+
k = φk − 1

2ωk as before in the basic RDM description. These observa-
tions leads us to the extended RDM for complex valued sinusoids. Define

R1 := E
[
Re{zx(t)}Re{z�x (t)}] , R2 := E

[
Im{zx(t)}Im{z�x (t)}] , (8.19)

Rx := R1 + R2 = 2Ar(ω0)PxA�
r (ω0) +

σ2

2
Im, (8.20)

where

Px := E
{
s1(t)s�1 (t)

}
= E
{
s2(t)s�2 (t)

}
=

1
2
diag

(
a2
1, · · · , a2

n

)
. (8.21)

It is interesting to note that s1(t) and s2(t) have identical second order statis-
tics. However, this is not used in the further development of any estimation
algorithm based on RDM. Rather, the objective is to utilize all the available
snapshot vectors belonging to the range space of Ar(ω0), which is the cen-
tral idea behind forward-backward averaging [8, 21], see also [28] for a similar
approach.
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8.4 Comparison with the Covariance Matrix Model

In this section, our goal is to investigate the relationship between the covariance
matrix model described in Section 7.2 and RDM. Consider the complex valued
case in the previous section. Define the data matrices

Zx =
[

zx(m + 1) · · · zx(N − m + 1)
]
, (8.22)

Zx =
[

Re(Zx) Im(Zx)
]
. (8.23)

Note that Ŝ is composed of the d dominating singular vectors of Zx. During
the computation of Ŝ, it is preferred to perform a singular value decomposition
of Zx instead of computing the eigenvalue decomposition of R̂x, because the
resulting approach is numerically robust and economical. Similar to (8.22) and
(8.23), let us define

zy(t) =
1
2
{zm(t) − Jmzm(t − m)}, (8.24)

Zy =
[

zy(m + 1) · · · zy(N − m + 1)
]
, (8.25)

Zy =
[ −Im(Zy) Re(Zy)

]
. (8.26)

Then a similar set of calculations as in (8.4)-(8.7) gives

Re{zy(t)} = −Ai(ω0)s2(t),
Im{zy(t)} = Ai(ω0)s1(t),

(8.27)

where

Ai =

⎡⎢⎢⎢⎣
sin
(

ω1
2

) · · · sin
(

ωd

2

)
sin
(

3ω1
2

) · · · sin
(

3ωd

2

)
...

. . .
...

sin
{(

m − 1
2

)
ω1

} · · · sin
{(

m − 1
2

)
ωd

}
⎤⎥⎥⎥⎦ (8.28)

and s1(t) and s2(t) are same as in (8.18). This gives another alternative model
using the data matrix Zy instead of using Zx. Note the negative sign in
the first element in the matrix in the right hand side of (8.26) which does not
influence the left singular vectors. The reason for introducing this negative sign
will be clarified shortly. Using the data matrices Zx and Zy we can compare
the real valued model RDM with the conventional complex valued model, see
Chapter 7. The comparison will be made by investigating the ways how RDM
and the covariance matrix model process the data for a given size of the data
window. Using a data window of length 2m, RDM derives a snapshot vector of
dimension m. When we employ the covariance matrix model (employing both
the forward and backward snapshot vectors) using data window of length 2m,
we compute the d dominating left singular vectors of Z2m, see (7.11). Let us
introduce

Hm(t) =
[

zm(t) · · · zm(t + N − 2m)
]
. (8.29)

Then from (7.11) we can verify that

Z2m =
[

Hm(1) JmHm(m + 1)
Hm(m + 1) JmHm(1)

]
. (8.30)
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It is also readily verified that

2Zx = Hm(m + 1) + JmHm(1), 2Zy = Hm(m + 1) − JmHm(1). (8.31)

Define the 2m × 2m unitary matrix V1 and 2(N − 2m + 1) × 2(N − 2m + 1)
unitary matrix V2 such that

V1 =
1√
2

[
Jm Im

−iJm iIm

]
, V2 =

1√
2

[
IN−2m+1 −iIN−2m+1

IN−2m+1 iIN−2m+1

]
, (8.32)

and introduce Z, an unitary transformation of Z2m:

Z = V1Z2mV2. (8.33)

Then using (8.30), (8.31) and (8.32) we get

1
2
Z =

[
Re(Zx) Im(Zx)

−Im(Zy) Re(Zy)

]
=
[ Zx

Zy

]
=
[

Ar(ω0)
−Ai(ω0)

] [ S1 S2

]
,(8.34)

where

S1 =
[

s1(m + 1) · · · s1(N − m + 1)
]
, (8.35)

S2 =
[

s2(m + 1) · · · s2(N − m + 1)
]
, (8.36)

and it is assumed that the data are noise-free for simplicity. Note that the low
rank model in (8.34) is of rank d. Therefore, an alternative way1 of computing
the 2m × d matrix of d dominating left singular vectors of Z2m is to compute
V∗

1SC , where SC (2m × d) is composed of d dominating singular vector of Z.
Therefore, given the size of the data window to be 2m, RDM forms a data
matrix of size m × 2(N − 2m + 1), while the covariance matrix forms a data
matrix of size 2m× 2(N − 2m + 1). It is also clear that at the signal subspace
estimation step using RDM for complex valued data we choose not to use the
additional information present in either of Zy or Zx. On the other hand the
covariance matrix model uses both Zy or Zx. We underline here that the
entries in the data matrices Zx or Zy are highly correlated, see (8.14) and
(8.24). In that sense, one would expect that the loss in the information by not
using either of Zy or Zx is insignificant. On the other hand, the trade off is
useful since a smaller size of the data matrix reduces the computational demand
significantly. Even when compared to the computationally efficient Unitary
ESPRIT implementation, RDM is more efficient at the subspace estimation
step (while the information loss in RDM is not significant). Coming back to
the real valued data case, it is interesting to note from (8.23) and (8.26) that
the data matrix Z is block diagonal if the data are real valued:

Z =
[ Zx

Zy

]
=
[

Ar(ω0) 0m×d

0m×d −Ai(ω0)

] [ S1 0d×(N−2m+1)

0d×(N−2m+1) S2

]
.

(8.37)
1Unitary ESPRIT – the real valued and economical implementation of ESPRIT algorithm with

forward-backward averaging [16] – in fact uses this approach in the subspace estimation step.
Since Z is a real valued matrix, the computation of SC is of significantly lower complexity than
computing the d dominating left singular vectors of Z2m directly.
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As a result, the rank of the subspace representation here is 2d. Using only Zx

(or Zy) in RDM reduces the rank of the signal model to d. However, due to
its block diagonal structure, the SVD of Z, can be computed by evaluating
two smaller sized singular value decompositions corresponding to the SVDs of
its diagonal blocks (this is considerably economical compared to the case when
the data are complex valued), which need about twice the computational task
demanded by RDM.

8.5 Conclusions

In this chapter, we have proposed an alternative low rank model for real valued
sinusoids. We have extended the model for complex valued sine waves. Many
of the algorithms based on the conventional covariance matrix model can be
extended using RDM. For example, the noise subspace fitting algorithms dis-
cussed in Chapter 7 can be easily extended for RDM. It is also possible to
extend signal subspace fitting and ESPRIT algorithms. The extension of the
ESPRIT algorithm will be the topic of the next chapter, while weighted sub-
space fitting approach will be developed in Chapter 10.

8.A Rank of Ar and Ai

Introduce the 2m × d matrices AC and AR such that

[AC ]kl = ei(k−1)ωl , [AR]kl = cos{(k − 1)ωl + ψl}, (8.38)

where {ψk}d
k=1 can be chosen arbitrarily. Let us define

D1 = diag{ eiψ1 · · · eiψd } (8.39)

D2 = diag{ ei(2m−1)ω1 · · · ei(2m−1)ωd } (8.40)

X =
[

D1 D1D2

D1 D1D2

]
, (8.41)

where D1 denotes the conjugate of D1, etc. Recall that Jm denotes the m×m
permutation matrix having ones along its anti-diagonal. Then it is readily
verified that

A0 :=
[

AR J2mAR

]
=

1
2
[

AC ĀC

]
X. (8.42)

By the properties of Vandermonde matrices, the first matrix on the right hand
side of the second equality in (8.42) is of rank 2d. For the second matrix, it
can be shown that

|det(X)| = 2d
d∏

k=1

sin{2ψk + (2m − 1)ωk}. (8.43)

Next, partition A0 into m × d blocks

A0 =
[

AR1 JmAR2

AR2 JmAR1

]
(8.44)
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and introduce the unitary matrices

U1 =
1√
2

[
Jm Im

−iJm iIm

]
, U2 =

1√
2

[
Id iId

Id −iId

]
. (8.45)

Then one can verify that

U1A0U2 =
[

JmAR1 + AR2 0m×d

0m×d JmAR1 − AR2

]
. (8.46)

If X is nonsingular, it is easy to see that the rank of the matrix in the right
hand side of (8.46) is 2d. Now from (8.38) it follows that

JmAR1 + AR2 = 2Ar(ω0)D3, (8.47)
JmAR1 − AR2 = −2Ai(ω0)D4, (8.48)

where

D3 = diag{ cos[ψ1 + (m − 1/2)ω1] · · · cos[ψd + (m − 1/2)ωd] },
D4 = diag{ sin[ψ1 + (m − 1/2)ω1] · · · sin[ψd + (m − 1/2)ωd] }.

Since we can choose {ψk}d
k=1 so that the matrices X, D3 and D4 are nonsin-

gular, from (8.47) and (8.48) it follows that each of Ar(ω0) and Ai(ω0) are
full column rank matrices.



Chapter 9

An ESPRIT like Algorithm

9.1 Introduction

ESPRIT – Estimation of signal parameters via rotational invariance tech-
niques [44, 49] – is one of the most popular subspace based techniques for

sinusoidal frequency estimation (although the algorithm was first proposed in
context of sensor array signal processing). The reason behind its popularity is
its capability of yielding very accurate estimates at significantly low computa-
tional cost. In this chapter, we extend these ideas of ESPRIT algorithm to the
real valued sinusoid model RDM. The resulting algorithm will be referred to
as the R-Esprit algorithm. Next, we we present an asymptotic analysis of the
R-Esprit algorithm for both real and complex valued case. Through numerical
simulations we shall show that the frequency estimates obtained using R-Esprit
algorithm are as accurate as the ESPRIT estimates, while the complexity of
R-Esprit is significantly lower than that of ESPRIT.

9.2 Modified ESPRIT

We saw in Section 7.5 how the Vandermonde structure of Ac(ω0) is exploited
to develop the ESPRIT algorithm. For RDM the manifold matrix Ar(ω0) is no
longer a Vandermonde matrix. However, it is possible to exploit the structure
in Ar(ω0) in a similar way, as it is done in case of ESPRIT. The key step here
is to identify the two (m − 2) × m Toeplitz matrices

T1 =

⎡⎢⎢⎢⎣
0 1 0 0 · · · 0
0 0 1 0 · · · 0
...

. . .
. . .

. . .
. . .

...
0 · · · 0 0 1 0

⎤⎥⎥⎥⎦ , T2 =
1
2

⎡⎢⎢⎢⎣
1 0 1 0 · · · 0
0 1 0 1 · · · 0
...

. . .
. . .

. . .
. . .

...
0 · · · 0 1 0 1

⎤⎥⎥⎥⎦ .

(9.1)
Then using (8.6) [page 107] and (9.1) we have

T2Ar(ω0) = T1Ar(ω0)D, (9.2)

where
D = diag

(
cos{ω1} · · · cos{ωd}

)
. (9.3)

113
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Note that we have used the identity

1
2

[cos {(j − 3/2)ω} + cos {(j + 1/2) ω}] = cos {(j − 1/2)ω} cos (ω) (9.4)

in (9.2). Now from (8.12) [page 107] and (9.2) it follows that

T2S = T2Ar(ω0)C = T1Ar(ω0)DC = T1SC−1DC = T1SΦ (9.5)

where Φ := C−1DC, which clearly is an eigenvalue decomposition of Φ. From
the above discussions we can easily derive an ESPRIT like algorithm. It is
first required to estimate Ŝ, which will then be used in (9.5) to solve for Φ̂.
A diagonalization of Φ̂ will then lead us to D̂ and finally an arccos operation
on the diagonal elements of D̂ will give the frequency estimates. We shall
refer to this algorithm for real valued sinusoids as R-Esprit algorithm1. We
also mention here that the estimate Ŝ deviates from S to some extent. Hence,
while solving (9.5) for Φ, an exact solution may not be possible. It would be
required to solve the equation in least squares (or total least squares) sense
[10, 36, 55, 66]. Solving (9.5) in least squares sense gives the LS version
R-Esprit algorithm, while the TLS version corresponds the case when (9.5) is
solved in total least squares sense2. In general, the TLS version brings in an
improvement in small sample properties of the estimates as compared to the
LS version. However, in many earlier papers on signal processing and system
identification it has been shown that TLS and LS behave equivalently as far as
large sample behaviour is concerned [63, 54], see also [42] for a comprehensive
description of the large sample behaviour of the TLS-ESPRIT. For what
follows in the rest of this chapter, we shall confine ourselves in the LS version
of the R-Esprit algorithm. We have the following theorem for the asymptotic
accuracy.

Theorem 9.1. Denote the kth column of Id by ek and define for 1 ≤ k ≤ d,

ξ�
k := e�k

{
A�

r T�
1 T1Ar

}−1
A�

r T�
1 {T2 − T1 cos(ωk)} , (9.6)

Br := Ar

{
A�

r Ar

}−1
=
[

ν1 · · · νd

]
, (9.7)

where we have omitted the argument ω0 of Ar for convenience. Denote the
estimation error in ωk by ω̃k for 1 ≤ k ≤ d. Assume that the noise sequence
ỹ(t) is Gaussian with variance σ2. Then for a fixed finite m, the large sample
(N � m) asymptotic second order statistics of the estimation error is given by

Eω̃kω̃l =
4σ4

N − 2m + 1
1

a2
ka2

l sin(ωk) sin(ωl)

×
2m−1∑

τ=−2m+1

{
ξ�

k Q(τ) ξl ν�
k Q(τ)νl + ξ�

k Q(τ)νl ν�
k Q(τ) ξl

}
, (9.8)

1 Note that D is not unitary. Therefore, R-Esprit no longer uses rotation invariance. However,
we prefer to name it R-Esprit because of its close similarity with the ESPRIT algorithm.

2Algorithms for solving a system of equations in total least squares sense are well documented
in the literature, see for examples [10, 66].
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where Q(τ) is given element-wise as

[Q(τ)]jk =
1
4
{δj−k,|τ | + δk−j,|τ | + δj+k−1,|τ |}. (9.9)

and δj,k denotes the Kronecker delta function.

Proof: See Appendix 9.A. The expression (9.9) follows from (9.27) in
Appendix 9.B.

Recall that in Section 8.4 we proposed another alternative possibility of
constructing a low rank model in (8.24),(8.27) and (8.28), where the manifold
matrix is denoted by Ai(ω0). Using a similar step as in (9.2)-(9.4) it also
follows that

T2Ai(ω0) = T1Ai(ω0)D. (9.10)

Hence from (9.10) we see the possibility to get another alternative R-Esprit
estimate. From here on wards we refer to the R-Esprit estimate using Ar(ω0),
as R-Esprit-1, while that using Ai(ω0) will be called R-Esprit-2. A straight-
forward extension of Theorem 9.1 will give the asymptotic covariance matrix
of R-Esprit-2 by replacing all the functions of Ar(ω0) by similar functions of
Ai(ω0) in the statement of Theorem 9.1 (the same is valid also for Theorem
9.2). We omit the details here.

9.3 Complex Valued Sinusoids

In this section we revisit the problem of estimating the frequencies of complex
valued sinusoids in noise. As mentioned earlier the subspace based super-
resolution frequency estimation algorithms evolved primarily in the context
of complex valued sinusoids. Since any complex valued sequence can be
expressed as a combination of two real valued sequences, corresponding to its
real and imaginary parts, the R-Esprit has a natural extension to the complex
valued signals using extended RDM described in Section 8.3. In the context
of the current chapter, it is a natural question to ask whether one can gain
(compared to ESPRIT in terms of computational complexity or accuracy)
using such an extension or not. Intuitively, one can expect such a gain. For
complex valued signals the ESPRIT algorithm uses complex operations. This
can be reduced by an extended R-Esprit algorithm since all operations in
R-Esprit algorithm will still involve only real numbers. The second point is
related to nuisance parameters. Note that for classical ESPRIT, actually 2d
real valued parameters are estimated3. On the other hand, this constraint is
inbuilt in the R-Esprit. From (8.20) it is easy to see how R-Esprit can be
extended for complex valued sinusoids. The R-Esprit algorithm for complex
valued sinusoids will require an estimate R̂x of Rx. The remaining steps will
be exactly the same as for the R-Esprit algorithm. Regarding the estimation
accuracy, we have the following straightforward extension of Theorem 9.1.

3This problem is overcome by Unitary ESPRIT algorithm [16], see also [15].
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Theorem 9.2. Assume z̃(t) is complex Gaussian with variance σ2. Let
{ξk}d

k=1 and {ν}d
k=1 be defined as in (9.6) and (9.7), respectively, and let

ek denote the kth column of Id. Denote the estimation error in ωk by ω̃k for
1 ≤ k ≤ d. Then for the extended R-Esprit algorithm the asymptotic second
order statistics of the estimation error for a fixed finite m is given by

Eω̃kω̃l =
σ4/2

N − 2m + 1
1

a2
ka2

l sin(ωk) sin(ωl)

×
2m−1∑

τ=−2m+1

{
ξ�

k Q(τ)ξl ν�
k Q(τ)νl + ξ�

k Q(τ)νl ν�
k Q(τ)ξl

}
. (9.11)

Proof: The proof is similar to that of Theorem 9.1.

Note that it is also possible to apply R-Esprit algorithm individually to each
of the real and imaginary parts of the observed complex valued data. It is easy
to see from Theorem 9.1 that such an estimate has a parameter variance twice
that of the extended R-Esprit algorithm. This is expected because R-Esprit
applied to the real part (or imaginary part) of the data used only half the
number of data samples used by the extended R-Esprit algorithm.

9.4 Numerical Simulation Results

In this section we present a comparative performance study of the R-Esprit
algorithm and the conventional ESPRIT based algorithms. The Unitary ES-
PRIT algorithm is used as a benchmark because of two reasons. Firstly, it is
one of the most economical and accurate among all ESPRIT implementations.
The second reason is the close similarity of R-Esprit and Unitary ESPRIT
as mentioned before. We underline here that Unitary ESPRIT incorporates
forward-backward averaging, which is known to give better estimates of the
covariance matrices [21, 31] for small samples, which in turn results in a better
accuracy of the parameter estimates [8]. In Figure 9.1 we have compared the
mean square errors obtained from R-Esprit-1, R-Esprit-2 and Unitary ESPRIT
as a function of the data window size4. The frequencies of the real valued sine
waves are ω1 = 0.48 and ω2 = 0.52. The signal to noise ratio is 15dB and the
number of data samples N is 75. Note that the resolution of the FFT algorithm
is 2π/N = 0.0838, which is about twice the difference of frequencies here. For
each value of the data window size, the results are obtained from 500 indepen-
dent Monte-Carlo simulations. The results from the experiments, where the
data are complex valued are depicted in Figure 9.2. We notice that for real
valued case R-Esprit performs marginally better that ESPRIT for ω1 = 0.48
and vice-versa for ω2 = 0.52. For the complex valued case, performance of both
the algorithms are comparable. In Figure 9.3 we compare the Matlab floating
point operations for R-Esprit and ESPRIT as functions of the data window size
both for real and complex valued data. As described in the previous section,

4Recall that for snapshot vector dimension m, R-Esprit uses a data window of length 2m, but
for that same size of the window the dimension of the snapshot vector used by ESPRIT is 2m.
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Figure 9.1: Comparison of the mean square error performance of R-Esprit-1, R-Esprit-2
and Unitary ESPRIT algorithms plotted as functions of the data window size for real
valued data (N = 75, SNR = 15dB).
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Figure 9.2: Comparison of the mean square error performance of R-Esprit-1, R-Esprit-2
and Unitary ESPRIT algorithms plotted as functions of the data window size for complex
valued data (N = 75, SNR = 15dB).

the signal space was estimated using the data matrix directly. Solution of the
least squares problem arising in estimating Φ̂ was carried out using a QR fac-
torization based approach [10]. As expected, R-Esprit is computationally more
economical than the ESPRIT algorithm. For the same amount of computation,
R-Esprit can process a larger data size, which would lead to more accurate es-
timates. Another interesting point in Figure 9.3 is that the number of floating
point operations is a concave function of the data window size. For a fixed N ,
the computational demand reaches the maximum when the data matrix is close
to a square matrix. This occurs when the dimension of the snapshot vector is
approximately equal to the number of the snapshot vectors.

In Figure 9.4 we have plotted the normalized variance of R-Esprit estimate
as a function of the number of data samples N . By normalized variance of
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Figure 9.3: Comparison of the Matlab floating point operations for R-Esprit and Unitary
ESPRIT algorithms plotted as functions of the data window size for real and complex
valued data (N = 75).

the frequency estimate ω̂k we mean the variance of ω̂k

√
N − 2m + 1. In this

example ω1 = 0.3, ω2 = 0.7 and the SNR is maintained at 6 dB. For each value
of N the numerical variance is computed from 100 independent Monte-Carlo
simulations and the dimension of the snapshot vector m = 5. The numerical
variance is also compared with the analytical variance predicted by Theorem
9.1. We can see that for large N the numerical variance is well in accordance
with the analytical variance.

9.5 Conclusions

In this work we have proposed an ESPRIT like algorithm, namely R-Esprit for
estimation of the frequencies of real valued sine waves observed in noise. The
algorithm is motivated by the real valued data case where the conventional
subspace based algorithms do not account for the realness of the data. In or-
der to incorporate this additional information in the algorithm, we propose a
compact low rank signal model, RDM, where for d real valued sine waves, the
dimension of the signal subspace is reduced to d from 2d, which is the case for
the conventional complex valued data model. An ESPRIT like algorithm is
also developed, which exploits RDM to obtain the estimates of the frequencies.
Next, R-Esprit is extended for the case of complex valued sine waves, where
the real and imaginary parts of the complex valued data are used as input to
the R-Esprit algorithm. Asymptotic analysis of the R-Esprit algorithm is pre-
sented both for real valued and the complex valued data case. The algorithms
are compared using numerical simulations. The results from the numerical sim-
ulations show that the R-Esprit algorithm results in a significant reduction in
the computational complexity compared to ESPRIT, without any compromise
in the accuracy.
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Figure 9.4: Comparison between the analytical and the numerical variance of R-Esprit
estimate (m = 5).

9.A Proof of Theorem 9.1

The proof the theorem follows the same outline as the analysis of ESPRIT
algorithm carried out in [62]. Introduce

P(τ) := Esr(t + τ) s�r (t) =
1
2
diag

{
a2
1 cos(ω1τ) · · · a2

d cos(ωdτ)
}

, (9.12)

which is easy to prove [43]. Denote the eigenvalues of D by ρk = cos(ωk).
Let ω̂k and ρ̂k be the R-Esprit estimates of ρk and ωk respectively. Denote
ρ̃k = ρ̂k − ρk and ω̃k = ω̂k − ωk. Now using Proposition 9.1 in Appendix 9.B
we get

ω̃k = −ρ̃k/ sin(ωk) = − 2ξ�
k R̂νk

a2
k sin(ωk)

, (9.13)

where we have used first order approximation for large N . Next we apply
Proposition 9.2 in Appendix 9.B. In terms of the notations in Proposition 9.2,
here M = N − 2m + 1. We have

Eω̃kω̃l =
4σ4(N − 2m − 1)−1

a2
ka2

l sin(ωk) sin(ωl)

2m−1∑
τ=−2m+1

{
ξ�

k Q(τ)ξl ν�
k Q(τ)νl

+ξ�
k Q(τ)νl ν�

k Q(τ)ξl + ξ�
k Q(τ)ξl e�k P(τ)el

}
, (9.14)

where ek denotes the kth column of Id. Note that P(τ) is a diagonal matrix.
Hence using (9.12) we get for the last term within brackets in the right hand
side of (9.14)

2m−1∑
τ=−2m+1

ξ�
k Q(τ)ξl e�k P�(τ)el =

a2
k

2
ξ�

k

{
2m−1∑

τ=−2m+1

Q(τ) cos(ωkτ)

}
ξl δk,l = 0,

(9.15)
where we have used (9.32) in Appendix 9.B. From the remaining terms of
(9.14) it is straightforward to get (9.8).
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9.B Preliminary Results

In this section we prove three preliminary results which have been used to prove
Theorem 9.1.

Proposition 9.1. Denote the eigenvalues of Φ (i.e. the diagonal entries of D,
see (9.3)) by {ρk}d

k=1. Then for large N , the first order perturbation ρ̃k of the
estimate ρ̂k from the true value ρk is given by

ρ̃k = (2ξ�
k R̂νk)/a2

k, (9.16)

where ξk and νk are defined in (9.6) and (9.7).

Proof: The essential ingredients for the proof of this proposition is given in
[62]. We repeat a summary of the proof here for convenience of the readers. The
goal of this proposition is to relate the perturbation ρ̂k to the data {y(t)}N

t=1

through the estimated covariance matrix R̂. In that aim well known results
on the first order perturbation expansion of the eigenvalues of matrices, see
[56, 64], we have the perturbation ρ̃k due to a perturbation Φ̃ in Φ as

ρ̃k = e�k CΦ̃C−1ek. (9.17)

Next we consider the perturbation Φ̃ due to a perturbation S̃. Recall that Φ̂
is a least squares solution of (9.5) with S replaced by Ŝ. Introduce

S1 := T1S, A1 := T1Ar, (9.18)
S2 := T2S, A2 := T2Ar. (9.19)

Then using well known results in the theory of least squares estimation and
instrumental variables methods [55, 33], the perturbation Φ̃ is given by

Φ̃ =
{
S�

1 S1

}−1
S�

1

{
S̃2 − S̃1Φ

}
= C−1

{
A�

1 A1

}−1
A�

1

{
T2S̃ − T1S̃Φ

}
, (9.20)

where S̃ denotes the perturbation in S. Hence combining (9.17)-(9.19) we get

ρ̃k = e�k
{
A�

1 A1

}−1
A�

1

{
T2S̃ − T1S̃Φ

}
C−1ek

= e�k
{
A�

1 A1

}−1
A�

1

{
T2S̃C−1 − T1S̃C−1D

}
ek

= e�k
{
A�

1 A1

}−1
A�

1 {T2 − T1ρk} S̃C−1ek

= ξ�
k S̃C−1ek, (9.21)

where we have used the definition of ξk in (9.6). Next we need to relate the
perturbation S̃ in S to R̂. An interesting observation regarding ξk is very
crucial for that purpose. For all 1 ≤ k ≤ d

ξ�
k Ar = e�k

{
A�

1 A1

}−1
A�

1 {A2 − A1ρk}
= e�k {D − ρkId} = 01×m, (9.22)
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which means that ξk belongs to the null space of A�
r . This observation leads

us to
ξ�

k S̃ = ξ�
k R̂S

{
Λ − (σ2/2)Id

}−1
(9.23)

where we have used a well known first order perturbation result, which has
been proved in many previous papers on this subject and direction of arrival
estimation (see for example [62]). Now from (8.13) and (9.7) we have

P−1 = A�
r S
{
Λ − (σ2/2)Id

}−1
C−1 ⇒

BrP−1 = Ar{A�
r Ar}−1A�

r ArC
{
Λr − (σ2/2)Id

}−1
C−1

= S
{
Λ − (σ2/2)Id

}−1
C−1. (9.24)

Combining (9.12), (9.21), (9.23) and (9.24) the proposition follows.

Proposition 9.2. Assume that the covariance matrix R is estimated as

R̂ =
1
M

M∑
t=1

yr(t)y�
r (t). (9.25)

Then for large M � m (m may also be large)

E{(ξ�
k R̂νk)(ξ�

l R̂νl)} =
σ4

M

2m−1∑
τ=−2m+1

{ξ�
k Q(τ)ξl ν�

k Q(τ)νl

+ξ�
k Q(τ)νl ν�

k Q(τ)ξl + ξ�
k Q(τ)ξl e�k P(τ)el}, (9.26)

where ξk, νk and Q(τ) are defined in (9.6), (9.7) and (9.9) respectively.

Proof: From the construction of ỹr(t) in (8.2) and (8.3) and definition of Q(τ)
in (9.9) it is straightforward to verify that

Eỹr(t + τ)ỹ�
r (t)

= E {ỹm(t + τ) + Jmỹm(t + τ − m)} {ỹm(t) + Jmỹm(t − m)}�
= σ4Q(τ) (9.27)

Now from (8.5), (9.7) and (9.21) we have

ξ�
k yr(t) = ξ�

k ỹr(t), (9.28)
ν�

k yr(t) = e�k sr(t) + ν�
k ỹr(t). (9.29)

so that from (9.25) we get

ξ�
k R̂νk =

1
M

M∑
t=1

ξ�
k ỹr(t)

{
ỹ�

r (t)νk + s�r (t)ek

}
. (9.30)

Note that sr(t1) and ỹr(t2) are independent random variables for all t1 and t2,
and that the third order moments of a Gaussian random vector vanish. Using
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results on the fourth order moments of jointly Gaussian random vectors [20]
we get

E{(ξ�
k R̂νk)(ξ�

l R̂νl)}

=
1

M2

M∑
t1=1

M∑
t2=1

E{ξ�
k ỹr(t1)ỹ�

r (t1)νkξ�
l ỹr(t2)ỹ�

r (t2)νl

+ξ�
k ỹr(t1)s�r (t1)ekξ�

l ỹr(t2)s�r (t2)el}

=
σ4

M2

M∑
t1=1

M∑
t2=1

{ξ�
k Q(0)νkξ�

l Q(0)νl + ξ�
k Q(t1 − t2)ξlν

�
k Q(t1 − t2)νl

+ξ�
k Q(t1 − t2)νlξ

�
l Q(t2 − t1)νk + ξ�

k Q(t1 − t2)ξle
�
k P(t1 − t2)el}. (9.31)

Note that Q(0) = 1
2Id, also ξ�

k νk = 0 from (9.7) and (9.21). Hence the first
term in the right hand side of (9.31) vanishes. For the remaining terms we
shall use Q(τ) = 0m×m for τ ≥ 2m. Substituting τ = t1 − t2 and taking
M → ∞ we get (9.26).

Proposition 9.3. The following equality holds.

ξ�
k

{
2m−1∑

τ=−2m+1

Q(τ) cos(ωkτ)

}
ξl = 0, 1 ≤ k, l ≤ d. (9.32)

Proof: Note from (9.9) that Q(τ) = 0m×m for |τ | ≥ 2m. Let us define

Xk :=
2m−1∑

τ=−2m+1

Q(τ) cos(ωkτ). (9.33)

Then it can be easily verified from (9.9) that the element at the jth row and
the lth column of Xk is given by

[Xk]jl =
1
2
{cos[(j + l − 1)ωk] + cos[(j − l)ωk]}

= cos{(j − 1/2)ωk} cos{(l − 1/2)ωk}. (9.34)

Let ak is the kth column of Ar. Then from (8.6) it is straightforward that
Xk = aka�

k . Note that ξk is orthogonal to the columns of Ar from (9.21), so
the proposition follows.



Chapter 10

Weighted Subspace Fitting

10.1 Introduction

IN Chapter 7 we saw that the resolution and the robustness to the additive
noise of the ESPRIT algorithm are worse when applied to the real valued

data as compared to the situation when they are applied to the complex valued
sinusoids. The same is true for other subspace techniques also. In Chapter 8
we proposed an alternative data model RDM, where for d real valued sine
waves, the dimension of signal subspace was d. In Chapter 9 we proposed the
R-Esprit algorithm using RDM, which results in a significant reduction in the
computational load without any compromise in the accuracy. However, RDM
takes a data window of length 2m and derives a snapshot vector of dimension
m. In this process, the number of snapshot vectors for RDM can be very few
when the number of data samples is small. As a result, the performance of
R-Esprit degrades. In this chapter, our prime objective is to combine the nice
properties of the well known subspace fitting approaches with the advantages
associated with RDM to develop noise tolerant estimators of high resolution
capability even when only a few data samples are available. When the data are
modeled as a superposition of complex valued sine waves, a computationally
efficient weighted subspace fitting (WSF) approach was devised in [8]. In [8] an
expression for the optimal weighting matrix was also derived, for the complex
case. The same WSF problem was considered again in [27], where the results in
[8] were refined and further insights were given. In what follows in this chapter
we shall use the ideas presented in [27] to develop a computationally efficient
WSF estimate for the real valued data case.

10.2 Weighted Subspace Fitting

10.2.1 Background

In Chapter 8 we derived that the columns of S constitute an orthonormal basis
of the subspace spanned by the columns of Ar(ω0), see (8.12). Now, given
the parameter vector ω one can construct a full column rank matrix Ğ(ω) of
dimension m × (m − d) such that

Ğ�(ω)Ar(ω) = 0(m−d)×d, (10.1)

123
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is satisfied1, i.e. the null-space of A�
r (ω) is spanned by the columns of Ğ(ω).

Introduce
ε(ω) := vec[Ğ�(ω)S]. (10.2)

where we denote the vectorization operation by vec[ · ]. Since the columns of S
form an orthonormal basis of the subspace spanned by the columns of Ar(ω0),

ε(ω0) = 0d(m−d)×1. (10.3)

Therefore, given Ğ(ω) an estimate ω̂ of the true parameter vector ω0 can be
obtained by solving the optimization problem

ω̂ = arg min
ω

�W (ω), (10.4)

�W (ω) = ε̂�(ω)W ε̂(ω), (10.5)

where W is an user defined positive definite weighting matrix and the residual
vector ε̂(ω) is an estimate of ε(ω) obtained by replacing S by its estimate Ŝ
in (10.2). In the signal processing literature a similar approach is very com-
mon and well known as weighted subspace fitting approach [69]. Let R̂ be a
consistent estimate of R, and we compute Ŝ by computing the d dominating
eigenvectors of R̂. Then for large N , R̂ → R with probability one. Therefore,
Ŝ → S almost surely. Hence from (10.3)

lim
N→∞

�W (ω0) = 0 (10.6)

almost surely for all W. Since �W (ω) is non-negative for all ω, clearly ω̂ in
(10.4) is a consistent estimator of ω0 for all W. However, W has a significant
influence on the asymptotic accuracy of the parameter estimates. For a vector
valued function f(w) of a vector valued variable

w =
[

w1 · · · wn

]
, (10.7)

introduce the Jacobian matrix of first derivatives

∇f (w) :=
[

∂f(w)
∂w1

· · · ∂f(w)
∂wn

]
. (10.8)

Using this notation, the asymptotic (as N → ∞) covariance matrix of the
estimate ω̂ is given by [27]

cov(
√

N ω̂) = {∇�
ε (ω0)W∇ε(ω0)}−1

{∇�
ε (ω0)W∆W∇ε(ω0)}{∇�

ε (ω0)W∇ε(ω0)}−1, (10.9)

where ∆ is the asymptotic covariance matrix of the residual vector:

∆ = cov{
√

N ε̂(ω0)}. (10.10)

1Note that Ğ(ω) can be chosen arbitrarily in general and this matrix is not related to G1 in
(7.26).
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The Gauss-Markov estimate ω̂M has the minimum covariance matrix among
the class of WSF estimators in the sense that cov(ω̂) − cov(ω̂M ) is a positive
semidefinite matrix and the corresponding optimal choice WM of W is given
by

WM = ∆−1 (10.11)

so that the optimal covariance matrix is given by

cov(ω̂M ) = {∇�
ε (ω0)∆−1∇ε(ω0)}−1. (10.12)

Note that, if ∆ is a singular matrix, one should replace ∆−1 in (10.11) and
(10.12) by the pseudo-inverse ∆†. Also, one needs some additional conditions
to justify that the inverse in (10.12) exists. Using WM as the weighting matrix
can be interpreted as pre-whitening of the residual vector, see (10.5), (10.10)
and (10.11). Later, we shall derive an explicit expression for ∆. Another im-
portant issue in the WSF approach is the associated computational complexity.
For an arbitrary choice of Ğ, the approach in (10.4) is computationally demand-
ing in general, since the loss function in (10.5) must be optimized numerically.
In the next section, we present a specific choice of Ğ, for which the optimization
problem can be solved analytically.

10.2.2 Noise Subspace Parameterization

In this section our objective is to derive a new noise subspace parameterization
for RDM so that the optimization problem in (10.5) can be solved analytically
in a non-iterative manner. Using similar recipes given in [61, 8], we shall show
that the problem in (10.5) can be reduced to a weighted least squares problem,
which can be solved readily using standard least squares theory. We have the
following proposition which gives a specific noise subspace parameterization.

Proposition 10.1. Define the symmetric polynomial [see also (7.25) in page
101 for the definition of ω]

G(z, ω) :=
d∑

k=−d

gk(ω)zk :=
d∏

k=1

{z−1 − 2 cos(�k) + z}. (10.13)

Also let gk(ω) = 0 for |k| > d. Introduce the G0(ω) of dimension m× (m− d)
which is given element-wise as

[G0(ω)]jk = gj−k(ω) + gj+k−1(ω). (10.14)

Then
G�

0 (ω)Ar(ω) = 0(m−d)×d. (10.15)

Proof: See appendix 10.A.
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Proposition 10.1 provides a way to parameterize the null-space of A�
r (ω), which

will help us to simplify the optimization problem in (10.5). First note that

gd(ω) = g−d(ω) = 1, gτ (ω) = g−τ (ω). (10.16)

Hence, the polynomial G(ω, z) is completely specified by the vector

g(ω) :=
[

g0(ω) · · · gd−1(ω)
]�

. (10.17)

Since the symmetric polynomial G(ω, z) can be factorized uniquely in d pairs of
mutually reciprocal roots lying on the unit circle, the parameter vector ω can
be recovered from g(ω) through polynomial rooting. The idea here is to use
G0(ω) for Ğ(ω) in (10.2) and solve the optimization problem (10.5) in g(ω)
instead of ω. Then an estimate of ω0 can be obtained from the estimate of
g(ω0) through polynomial rooting. In what follows next, we show that the loss
function �W (ω) is quadratic in g(ω). In that aim, let us define the sequence of
m × (m − d) matrices {Kj}d

j=0 which are given element-wise as

[Kj ]lk = δ|l−k|,j + δl+k−1,j , (10.18)

where δk,l is the Kronecker delta function. Then it is readily verified from
(10.14) and (10.18) that

G0(ω) =
d∑

j=0

Kj gj(ω). (10.19)

Now let us define the d(m − d) × 1 vector u and the d(m − d) × d matrix U
such that

u = vec{K�
d S}, U =

[
vec{K�

0 S} · · · vec{K�
d−1S}

]
. (10.20)

Recall that gd(ω) = 1 for all ω. Substituting Ğ(ω) = G0(ω) in (10.2), and
using (10.19) and (10.20) we get

ε(ω) = u + Ug(ω). (10.21)

Note that the vector u and the matrix U can be estimated from the data. Hence
the ω-dependence of ε(ω) is linear, in the sense that ε(ω) is a linear function
of g(ω). This observation leads us to a simple way to solve the optimization
problem in (10.5), where the loss function �W (ω) is first minimized with respect
to g(ω) to obtain an estimate ĝ of g(ω0):

ĝ = −[Û�WÛ]−1Û�Wû, (10.22)

where û and Û are obtained by replacing S in (10.20) by its estimate Ŝ. Sub-
sequently, the estimate of ω0 is obtained by polynomial rooting.
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10.2.3 Covariance Estimates

From (8.10) it is straightforward to see that R can be estimated from the data
as

R̂ =
1
M

N−m+1∑
t=m+1

yr(t)y�
r (t), (10.23)

where M = N − 2m + 1. It is well known in the literature that the estimation
accuracy can be improved significantly when the special structures present
in the covariance matrix are considered in the estimation algorithm. In [8],
forward-backward symmetry of the covariance matrix was exploited to improve
the estimation accuracy significantly. This idea was extended in [27], where the
Toeplitz structure in the covariance matrix was considered. Our objective here
is to use the same notion in the problem under consideration. However, the
structure here is little more complicated. To proceed further, we need to define
the autocorrelation sequence of the observed data y(t):

rτ = E{y(t + τ) y(t)}. (10.24)

Now from the definition (8.10) and equations (8.2)-(8.3) it is easy to verify that
a generic element of R is given as:

[R]kl =
1
4
{rk−l + rl−k + rl+k−1 + rk+l−1}. (10.25)

The complete structure in R can be exploited if we use an alternative estimator
R̂S which is composed of the estimated autocorrelation sequence r̂τ for 0 ≤
τ ≤ 2m − 1 as

r̂τ =
1
N

N∑
t=1

y(t + τ)y(t), r̂−τ = r̂τ (10.26)

and obtain [R̂S ]kl as

[R̂S ]kl =
1
2
{r̂k−l + r̂k+l−1}. (10.27)

Note in (10.26) that, the estimates of the autocorrelation r̂τ are biased for
small samples. We also underline that the frequency estimates using R̂S will
not be large SNR efficient. As a result, one can notice finite sample bias effects
in the frequency estimates. As far as the weighted subspace fitting approach
is concerned we prefer R̂S over R̂. The reason is the improved estimation
performance and the possibility to explore the inherent structure in further
analysis. We conclude this section with the following proposition, which is a
consequence of the structure imposed on R̂S .

Proposition 10.2. Let the sequence qτ (ω), |τ | < 2m − d, be defined as

qτ (ω) =
d∑

k=−d

gk(ω)r̂k+τ (10.28)
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Then the matrix G�
0 (ω)R̂S of dimension (m− d)×m is given element-wise as

[G�
0 (ω)R̂S ]lk =

1
2
{ql−k(ω) + ql+k−1(ω)} (10.29)

=
1
4
{qk−l(ω) + ql−k(ω) + ql+k−1(ω) + q1−k−l(ω)}. (10.30)

Proof: See Appendix 10.B.

10.2.4 Analysis of the Residual

In this section we present a large sample statistical analysis of the residual
vector ε(ω0). Such an analysis has twofold motivations. Firstly, the covariance
matrix ∆ of the residual vector arises in the expression of the asymptotic
covariance matrix of the parameter vector in (10.9). Secondly, the knowledge
of ∆ is required to find the optimal weighting WM in (10.11). First note that
for large N , we have [62]

ε(ω) = vec
{
G�

0 (ω) Ŝ
}

= vec
{
G�

0 (ω) R̂SSΛ̃−1
}

= (Λ̃−1S� ⊗ Im−d)vec[G�
0 (ω) R̂S ], (10.31)

where ⊗ denotes the matrix Kronecker product operator and R̂S is used to
estimate R. Next, we simplify (10.31). First, let us introduce the (4m − 2d −
1) × 1 vector

q(ω) :=
[

q−2m+d+1(ω) · · · q2m−d−1(ω)
]
. (10.32)

After a few steps of straightforward algebraic manipulations it can be verified
from (10.30) that

G�
0 (ω) R̂S =

1
4
[

T1q(ω) · · · Tmq(ω)
]
, (10.33)

where each of {Tk}m
k=1 is a (m − d) × (4m − 2d − 1) matrix given by

Tk =
[

0(m−d)×(m+k−1) Jm−d Im−d 0(m−d)×(m−k)

]
+
[

0(m−d)×(m−k) Jm−d Im−d 0(m−d)×(m+k−1)

]
, (10.34)

and Jn denotes the n×n permutation matrix having ones along its anti-diagonal
and zeros elsewhere. Now define

T :=

⎡⎢⎣ T1

...
Tm

⎤⎥⎦ . (10.35)
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Immediately using (10.31) and (10.33) we get

ε(ω) =
1
4
(Λ̃−1S� ⊗ Im−d)Tq(ω). (10.36)

Thus, to find an expression for ∆, it only remains to find the covariance matrix
of q(ω0). We have the following proposition in that direction.

Proposition 10.3. The asymptotic covariance matrix (as N → ∞) ∆0 of√
Nq(ω0) is given by

∆0 = σ4GR(ω0){I4m−1 + J4m−1}G�
R(ω0) (10.37)

where GR(ω) is a (4m − 2d − 1) × (4m − 1) matrix given by

GR(ω) =

⎡⎢⎢⎢⎢⎣
g−d(ω) · · · gd(ω) 0 · · · 0

0 g−d(ω) · · · gd(ω)
. . . 0

...
. . .

. . .
. . .

. . .
...

0 · · · 0 g−d(ω) · · · gd(ω)

⎤⎥⎥⎥⎥⎦ . (10.38)

Proof: See Appendix 10.C.

From Proposition 10.3 it is easy to see that residual covariance matrix ∆ is
given by

∆ = σ4ΨΨ� (10.39)

where Ψ is a d(m − d) × 2m matrix given by

Ψ =
1
4
(Λ̃−1S� ⊗ Im−d)TGR(ω0)

⎡⎣ I2m−1 0(2m−1)×1

01×(2m−1)

√
2

J2m−1 0(2m−1)×1

⎤⎦ . (10.40)

10.2.5 Implementation

The optimally weighted subspace fitting algorithm is composed of a two step
procedure. The reason for this is the fact that the residual covariance matrix
depends on the true parameter vector ω0, see (10.39) and (10.40). Hence, it
is required to replace ω0 [or more precisely g(ω0)] by a consistent estimate
in (10.39). An initial estimate ĝ can be obtained using (10.22) for any non-
negative definite W (one can use W = Im(m−d), for example). Next, the
estimate ĜR(ω0), which is straightforward to obtain from ĝ, is substituted for
GR(ω0) in (10.40). Similarly, we replace S by Ŝ, and Λ̃ bŷ̃Λ = Λ̂ − 1

m − d
tr{Σ̂} (10.41)

in (10.40) to obtain an estimate (up to a scale factor) Ψ̂ of Ψ. In order to
compute the optimal weight WM , first note that Ψ is of rank 2m at most, and
hence ∆ is rank deficient whenever

d(m − d) > 2m ⇒ m(d − 2) > d2. (10.42)
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From a practical standpoint (10.42) is generally satisfied, so that the optimal
weight is given by the pseudo-inverse of ∆̂. However, from a computational
point of view, one prefers to compute the inverse of a matrix rather than a
pseudo-inverse. Following the recommendation in [27], one can circumvent this
problem using a small regularization2:

WM = {∆̂ + ρId(m−d)}−1. (10.43)

Now one can replace W in (10.22) by WM in (10.43) to obtain the optimally
weighted estimator.

Finally, we introduce an ad hoc weighting. This is motivated by the second
equality in (10.31). We note for large N that

G�
0 (ω0)Ŝ = G�

0 (ω0)R̂SSΛ̃−1. (10.44)

Clearly, the perturbation due to additive noise in the kth column of G�
0 (ω0)Ŝ

is inversely proportional to [Λ̃]kk. Since, the condition number of Λ̃ is often
quite large, the estimate of the first column of G�

0 (ω0)S is much more reliable
compared to the that of its dth column3. Hence, it is natural to weight the kth
column of G�

0 (ω0)Ŝ by a factor [Λ̃]kk. This would mean that

W1 = [Λ̃ ⊗ Im−d]�[Λ̃ ⊗ Im−d] (10.45)

is used as the weighting matrix. As before, for practical implementation one

needs to replace Λ̃ by ̂̃Λ. However, this suboptimal weighting can be imple-
mented without any knowledge of ω0, and hence it is an one-step procedure.
Also the implementation of the weighting can be done in an efficient manner,
where one can multiply each individual column of Ŝ by the corresponding entry

of ˜̂Λ, which can be accomplished by md real multiplications. This makes the
suboptimal weighting to have much smaller complexity. We shall show in the
next section that the estimate corresponding to this ad hoc weighting yields
estimates having accuracy which is close to that of the optimal estimate ω̂M .

10.3 Numerical Illustrations

In this section we illustrate the performance of the algorithms discussed in the
previous sections using numerical simulation. We shall compare the perfor-
mance of the optimal subspace fitting estimate ω̂M with the WSF estimator
with ad hoc weighting (10.45) and the R-Esprit algorithm discussed in Section
9. We shall also make a comparison with the conventional forward–backward

2Another way would be to compute the singular value decomposition of Ψ̂ and obtain the
pseudo-inverse of Ψ̂�Ψ̂. Note that it is not required to compute the left singular vectors of Ψ̂.

3Note that we assume

[Λ̃]11 > · · · > [Λ̃]dd.
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ESPRIT algorithm as a representative of the conventional complex data model
based approaches. We choose FB-ESPRIT since that is known to yield accu-
rate estimates (as good as WSF estimates for complex data model [8, 26]) at
comparatively less computational burden. In Figure 10.1 we have shown the
mean square estimation error (MSE) as a function of m, the dimension of the
snapshot vector. We have considered the optimally weighted subspace fitting
estimate ω̂M , the subspace fitting with ad hoc weighting in (10.45), R-Esprit
estimate and the conventional forward-backward ESPRIT estimate. The fre-
quencies are ω1 = 0.8 and ω2 = 0.9. The signal to noise ratio is 15dB. The
number of data samples N is 25.
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(a) ω1 = 0.8
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Figure 10.1: Comparison of the MSE obtained from different approaches (N = 25,
SNR= 15dB). Optimally weighted subspace fitting (solid line), subspace fitting with ad
hoc weighting (10.45) (dash dotted line), R-Esprit (dotted line), FB-Esprit (dashed line).
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Figure 10.2: Comparison of the MSE as a function of SNR obtained from different ap-
proaches (N = 25). Optimally weighted subspace fitting (solid line), subspace fitting with
ad hoc weighting (10.45) (dash dotted line), R-Esprit (dotted line), FB-Esprit (dashed
line).

For each value of m the individual MSE of the estimates were computed
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from 1000 independent Monte-Carlo simulations. Note that the maximum
value of m that can be used for R-Esprit algorithm is 12. We can notice that
the subspace fitting estimates outperforms the ESPRIT based algorithms by a
large margin. We mention that the computational complexity of the optimally
weighted subspace fitting algorithm is comparable to that of the ESPRIT for
m < 10, while the complexity using the ad hoc weighting is comparable to that
of R-Esprit. However, for larger m subspace fitting may be expensive. It is
also interesting to note that the loss in the estimation performance using the
ad hoc weighting is not significant, although the computational advantage is
significant. In Figure 10.2 we have plotted the MSE as a function of SNR. For
R-Esprit we have used m = 9, where for the other algorithms we have used
m = 13. In Figure 10.2 we note that the performance of the WSF estimates
do not improve with increased SNR, while ESPRIT based algorithms being
high SNR efficient gives much better result. This phenomenon regarding WSF
estimate is due to the associated small sample bias effects.

10.4 Conclusions

In this chapter, we have presented a subspace fitting approach for estimation of
the real valued sine wave frequencies. We have presented a novel noise subspace
parameterization for the real valued data model. This new parameterization
helps to simplify the associated optimization problem and solve it in an ana-
lytical and non-iterative manner. We have presented a statistical analysis of
the residual vector which leads to the optimally weighted subspace fitting es-
timate. Subsequently, we have proposed a suboptimal weighting for which the
corresponding estimation accuracy is close to that of the optimal one, while the
savings in the computational load is significant. The same suboptimal weight-
ing can be used in any subspace fitting problem in a broader perspective, sensor
array processing being an example. The main advantage of the proposed algo-
rithm is its improved small sample properties in presence of noise. However,
the resulting estimates are biased. This bias effects can be eliminated if the
covariance estimate R̂ is used. Thus for large SNR signals it is preferable to
use R̂, while R̂S should be used for low SNR signals.

10.A Proof of Proposition 10.1

From the construction of the polynomial G(z, ω) in (10.13) it follows that

G(eik , ω) = 0, 1 ≤ k ≤ d. (10.46)

Multiplying both sides of (10.46) by eiφ (for any arbitrary φ) and taking the
real part we have

d∑
τ=−d

gτ (ω) cos(�kτ + φ) = 0. (10.47)

Next, using (10.47) we show that every element of the matrix

X := G�
0 (ω)Ar(ω) (10.48)
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equals zero. In that aim, we first note using (8.6) and (10.14) that a generic
element of X is given by

[X]lk =
m∑

j=1

{gj−k(ω) cos[(j − 1/2)�l] + g1−j−k(ω) cos[(1/2 − j)�l]} .

(10.49)
where we have used cos(−θ) = cos(θ) and gk(ω) = g−k(ω). Now with a
straightforward change in variables in (10.49) it is easy to derive that

[X]lk =
m−k∑

τ=−m−k+1

gτ (ω) cos[(τ + k − 1/2)�l]. (10.50)

Now recall that 1 ≤ k ≤ m−d. Hence we see that m−k ≥ d and −m+1−k ≤
−m < −d. Since gτ (ω) = 0 if |τ | > d we have from (10.50)

[X]lk =
m−k∑

τ=−m−k+1

gτ (ω) cos[�lτ + �l(k − 1/2)] = 0 (10.51)

using (10.47). With this observation, the proposition is proved.

10.B Proof of Proposition 10.2

Let
P1 = G�

0 (ω)R̂S . (10.52)
Using (10.14) and (10.27) we get

[P1]ij =
1
2

m∑
k=1

{gi−k + gi+k−1}{r̂k−j + r̂k+j−1} (10.53)

where we have omitted the argument ω for simplicity. Using gi−k = gk−i, we
have after a straightforward change of sum indices,

2[P1]ij =
m−i∑

τ=1−i

gτ r̂τ+i−j +
m+i−1∑

τ=i

gτ r̂τ+j−i

+
m−i∑

τ=1−i

gτ r̂τ+i+j−1 +
m+i−1∑

τ=i

gτ r̂τ−i−j+1

=
m−i∑

τ=−m−i+1

gτ r̂τ+i−j +
m−i∑

τ=−m−i+1

gτ r̂τ+i+j−1 (10.54)

where in the last equation we have used that gt = g−t, also r̂t = r̂−t. Recall
that 1 ≤ i ≤ m − d. Therefore, the maximum value of the lower sum index is
−m, while the minimum value of the upper sum index is d. Also gτ = 0 for
|τ | > d. Hence, from (10.28) we get

2[P1]ij = qi−j + qi+j−1, (10.55)

which proves (10.29). Note that by definition qτ (ω) is a symmetric sequence.
This fact leads us to (10.30).
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10.C Proof of Proposition 10.3

Let us define the correlation vector

r =
[

r−2m+1 · · · r0 · · · r2m−1

]�
. (10.56)

Then from the definitions of GR(ω) in (10.38) and of q(ω) in (10.32) and
(10.28) we have

q(ω) = GR(ω) r̂, (10.57)

where r̂ denotes the estimate of r. Introduce

yt =
[

y(t − 2m + 1) · · · y(t) · · · y(t + 2m − 1)
]�

= y0t + ỹt, (10.58)

where y0t is the noise-free part of y(t), while ỹt is the noise contribution to
y(t). In this appendix, we shall use

r̂ =
1
N

N−2m+1∑
t=2m

yty(t). (10.59)

Note that the estimate of the autocorrelation sequence according to (10.59) is
different from that obtained by (10.26). However, this difference is only due to
the edge effects, and vanishes as N increases. Since we are interested only in
the large sample properties (N → ∞) in this section, we are permitted to use
the estimate (10.59) instead of (10.26). It is easy to show4 from (8.1), (10.38)
and (10.47) that

GR(ω0)y0t = 0(2m−1)×1. (10.60)

Hence we have

q(ω0) =
1
N

GR(ω0)
N−2m+1∑

t=2m

ỹt{y0(t) + ỹ(t)}. (10.61)

Since, y0(t) and ỹ(t) are independent of each other it follows from (10.61) that

Eq(ω0) =
σ2M1

N
GR(ω0) e, (10.62)

where we denote M1 = N − 4m + 2 and

e =
[

01×(2m−1) 1 01×(2m−1)

]�
. (10.63)

Next in the aim of computing the second order moments we note that the
third order moments of a jointly Gaussian distributed random variable are
zero. Using the well known formula for the fourth order moments of jointly
Gaussian random variables we have

Eq(ω0)q�(ω0) =
1

N2
GR(ω0)QG�

R(ω0), (10.64)

4Arguments are similar to that of the proof of Proposition 10.1.
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where

Q :=
N−2m+1∑

t1=2m

N−2m+1∑
t2=2m

Eỹt1{y0(t1) + ỹ(t1)}{y0(t2) + ỹ(t2)}ỹ�
t2 (10.65)

is of the form
Q = Q1 + Q2 + Q3 + Q4, (10.66)

where

Q1 =
N−2m+1∑

t1=2m

N−2m+1∑
t2=2m

E{ỹt1 ỹ
�
t2}E{y0(t1)y0(t2)}, (10.67)

Q2 =
N−2m+1∑

t1=2m

N−2m+1∑
t2=2m

E{ỹt1 ỹ(t1)}E{ỹ(t2)ỹ�
t2} = σ4M2

1 ee�, (10.68)

Q3 =
N−2m+1∑

t1=2m

N−2m+1∑
t2=2m

E{ỹt1 ỹ
�
t2}E{ỹ(t1)ỹ(t2)}, (10.69)

Q4 =
N−2m+1∑

t1=2m

N−2m+1∑
t2=2m

E{ỹt1 ỹ(t2)}E{ỹ(t1)ỹ�
t2}. (10.70)

In order to evaluate the right hand side of (10.67), we get by straightforward
calculations that Q1 is a symmetric Toeplitz matrix which is given element-wise
as

[Q1]ij = σ2(M1 − |i − j|)
n∑

k=1

a2
k

2
cos{(i − j)ωk}. (10.71)

After a few more steps of straightforward calculations one can show using
(10.47) and (10.38) that as N → ∞

GR(ω0)Q1G�
R(ω0) = 0(4m−2d−1)×(4m−2d−1). (10.72)

Similarly, it is easy to verify that Q3 is a diagonal matrix and Q4 is an anti-
diagonal matrix, which are given element wise as

[Q3]ij = σ4(M − |2m − i|)δi,j , [Q4]ij = σ4(M − |2m − i|)δi+j,4m. (10.73)

Taking N → ∞ and combining (10.62)-(10.73) the proposition follows.
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