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This thesis, consisting of three papers and a summary, studies topics in the theory
of stochastic processes related to long-range dependence. Much recent interest in
such probabilistic models has its origin in measurements of Internet traffic data,
where typical characteristics of long memory have been observed. As a macroscopic
feature, long-range dependence can be mathematically studied using certain scaling
limit theorems.

Using such limit results, two different scaling regimes for Internet traffic models
have been identified earlier. In one of these regimes traffic at large scales can
be approximated by long-range dependent Gaussian or stable processes, while in
the other regime the rescaled traffic fluctuates according to stable “memoryless”
processes with independent increments. In Paper I a similar limit result is proved
for a third scaling scheme, emerging as an intermediate case of the other two. The
limit process here turns out to be a non-Gaussian and non-stable process with long-
range dependence.

In Paper II we derive a representation for the latter limit process as a stochastic
integral of a deterministic function with respect to a certain compensated Poisson
random measure. This representation enables us to study some further properties
of the process. In particular, we prove that the process at small scales behaves like
a Gaussian process with long-range dependence, while at large scales it is close to
a stable process with independent increments. Hence, the process can be regarded
as a link between these two processes of completely different nature.

In Paper III we construct a class of processes locally behaving as Gaussian
and globally as stable processes and including the limit process obtained in Paper
I. These processes can be chosen to be long-range dependent and are potentially
suitable as models in applications with distinct local and global behaviour. They
are defined using stochastic integrals with respect to the same compensated Poisson
random measure as used in Paper II.
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Sammanfattning p̊a svenska

Denna avhandling best̊ar av tre artiklar och en ramberättelse som handlar
om l̊angstidsberoende, ett fenomen som har observerats i vissa natursystem.
Fenomenet beskrivs matematiskt med hjälp av stokastiska processer och vissa
gränsvärdessatser i sannolikhetsteorin. Ett tillämpningsomr̊ade där forskningen
kring l̊angstidsberoende p̊a den senaste tiden har varit speciellt aktiv är model-
lering av Internettrafik, där man har observerat alla karakteristiska drag av
denna företeelse. De flesta fr̊agor och modeller som tas upp i denna avhandling
är ocks̊a relaterade till Internettrafiken men de erh̊allna resultaten kan tillämpas
även p̊a andra omr̊aden.

En stationär andragradsserie {Xk, k ≥ 1} sägs vara l̊angtidsberoende eller
att ha l̊angtidsminne om dess korrelationsfunktion är relativt l̊angsamt avta-
gande, nämligen om

r(k) ∼ k−βL(k), d̊a k →∞,

där 0 < β < 1 är ett reellt tal och L(k) är en l̊angsamt varierande funk-
tion. Denna definition passar bra för att karakterisera alla Gaussiska serier
med l̊angtidsberoende, ty en s̊adan serie beskrivs av dess korrelationsfunktion
p̊a ett entydigt sätt.

Ofta vill man dock betrakta modeller där det förekommer icke-Gaussiska
serier och även s̊adana som har oändlig varians. Definitionen ovan har visat
sig att vara sv̊ar att generalisera i s̊adana fall. Det finns fortfarande inte
n̊agon mer generell definition p̊a l̊angtidsberoende som inte bygger p̊a andramo-
ment, men ett vanligt förekommande tillvägag̊angsätt är att använda speciella
gränsvärdessatser. I s̊adana satser bevisar man att en viss stationär serie är
asymptotiskt ekvivalent med en annan serie som har en bestämd beroendeform.
Följaktligen förklarar man att minnet är lika l̊angt i b̊ada serierna.

Med hjälp av s̊adana gränsvärdessatser har man tidigare identifierat att i
modeller för Internettrafik finns det tv̊a olika omskalningsregimer. I en av
regimerna beskrivs trafiken asymptotiskt av en Gaussisk eller stabil process
med l̊angtidsberoende, medan i den andra regimen följer trafikfluktuationerna i
stor skala stabila processer med oberoende inkrement. Dessutom har man fun-
nit att det finns en kritisk gräns i villkoren där överg̊angen sker i beteendet av
trafikprocessen mellan l̊angtidsminne och inget minne alls.
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I artikel I i avhandligen bevisas en gränsvärdessats som handlar om asympto-
tiska egenskaper hos trafikprocessen i överg̊angsomr̊adet. Det visar sig att även
under överg̊angsvillkoret finns det en omskalningsregim och ett gränsvärdes-
resultat där trafiken kan approximeras med en ny process som är icke-Gaussisk
och icke-stabil men som är l̊angtidsberoende. Denna process karakteriseras i
uppsatsen genom kumulantgenererande funktion för dess ändligtdimensionella
fördelningar.

I artikel II härleder vi en annan representation för den erh̊allna gränsvär-
desprocessen. Det visas att processen kan skrivas som en stokastisk integral
av en deterministisk funktion med avseende p̊a ett visst kompenserat stokas-
tiskt Poissonm̊att. Med hjälp av den nya representationen kan vi studera vissa
skalningsegenskaper hos processen. Vi finner bl.a. att processen är lokalt och
globalt asymptotiskt självsimilär. Detta innebär att processen i liten skala beter
sig som en Gaussisk process med l̊angtidsberoende medan i stor skala kan den
approximeras med en stabil process med oberoende inkrement. Därmed kan
processen tolkas som en brygga mellan de tv̊a andra helt olika processerna.

Artikel III handlar om en mer generell klass av processer som kan uttryckas
som stokastiska integraler av en deterministisk funktion med avseende p̊a det
kompenserade stokastiska Poissonmåttet som används i intergralrepresentatio-
nen för den beskrivna gränsvärdesprocessen. Processerna som ing̊ar i klassen
har ytterligare den speciella egenskapen att vara b̊ade lokalt Gaussiska och
globalt stabila. Speciellt intressanta processer i den här klassen är s̊adana
som lokalt och globalt har olika beroendestruktur, och som länkar samman
l̊angminnesbeteendet med det utan minne. De senare processerna kan poten-
tiellt användas som modeller i system med tv̊a olika omskalningsscheman och
f̊as som gränsvärdesprocesser i liknande resultat som det som bevisats i artikel
I.
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Introduction

In our opinion much strength of probability theory lies in its closeness to real-
world applications. Even behind a most theoretical study in probability hides
a “phantom” of an application, which is still there and is affecting the course of
thought.

The phantom and the main source of inspiration of this thesis is the field of
telecommunications, in particular, Internet traffic modelling. In this sense the
thesis continues the tradition of cooperation between probability and telecom-
munications, which has a long history and has always lead to quite intricate but
beautiful mathematics. The examples date back to 1908 when the first model
of a telephone switch was built by the Danish mathematician A.K.Erlang, or
work of C.Palm, probably the first Swedish corporate researcher in fundamental
sciences, performed at Ericsson in the forties.

The appearance of the Internet has posed plenty of new adventurous and
challenging problems. One of them, the presence of long-range dependence,
has attracted and still attracts wide attention of mathematicians, this thesis
being a part of it. As always, to create a rigorous theory in the area has taken
much longer time than undertake practical actions. As a result, a great part of
the efforts of the probabilistic community are still concerned with the problems
formulated in the context of the Internet in its early stages. And since that time
the real situation in the network has changed dramatically... Nevertheless, we
still hope that the results of this study can be applied in practice.

1 Self-similarity in the Internet traffic

The phenomenon of long-range dependence in data is closely related to another
phenomena, called self-similarity. In fact, these notions are quite often mixed
up. Since self-similarity is somehow a more intuitive concept and, in contrast
to long-range dependence, rather well-formalized mathematically, it is a good
starting point towards understanding both of them.

Data with characteristic features of self-similarity, or for that matter also
long-range dependence, is a relatively old subject in statistics and has been ob-
served in a number of real-world systems in physics, biology, hydrology, eco-
nomics etc. (see Cox (1984), Keshner (1982) or Mandelbrot (1982) for an
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2 Introduction

overview and examples). However, it would not be an exaggeration to say that
a new wave of interest of the probalitistic community in this area was created
by the prominent paper of Leland et al. (1993).

This paper contained two quite unexpected messages. First, the Internet
traffic exhibited scale-invariance or self-similarity, at least over a certain range
of scales. Second, all traffic models used at that time failed to incorporate this
property. Before reviewing the results of Leland et al. (1993) in more detail, let
us first define the notion of self-similarity more rigorously.

1.1 Self-similar time-series

Self-similarity and fractals are terms coined by B.Mandelbrot and refer to the
sets that look exactly the same under all scales (Mandelbrot, 1982). In the
probabilistic sense, self-similar random functions are the ones that have the same
distributional properties under rescaling, i.e. when considered at different scales,
they follow the same random patterns rather than being exactly the same. Such
processes play an important role in limit theorems for sums of random processes
(see Samorodnitsky and Taqqu (1994) or Embrechts and Maejima (2002)).

More formally, consider a discrete stationary zero-mean time-series {Xk, k ≥
1}. (By stationarity we mean that for any k ≥ 1 the processes {Xk+j , j ≥ 1}
and {Xj , j ≥ 1} have the same finite-dimensional distributions.) Define the
aggregated process {X(m)

k , k ≥ 1}, where m ≥ 1 is a positive integer, as a series
of sums over non-overlapping blocks of size m of the original process:

X
(m)
k =

km∑
i=(k−1)m+1

Xi. (1)

Then the process X is said to be self-similar with exponent H if for every m ≥ 1,
the aggregated process X(m) has the same finite-dimensional distributions as the
rescaled process mHX:

{X(m)
k , k ≥ 1} fdd

= {mHXk, k ≥ 1}, for all m ≥ 1. (2)

Self-similarity yields a number of other, rather unusual properties for a
time-series. One of them is that if, additionally, a self-similar stationary se-
ries {Xk, k ≥ 1} has finite second moment, then it follows from (2) that its
autocorrelation function must be equal to

r(k) =
1
2
(
(k + 1)2H − 2k2H + (k − 1)2H

)
, k ≥ 1, (3)

where 0 < H < 1. Since the autocorrelation function determines a stationary
Gaussian zero-mean sequence uniquely, this, in turn, implies that there exists
only one self-similar Gaussian stationary time-series. This series is called frac-
tional Gaussian noise. For H = 1

2 it becomes usual Gaussian white noise.



1 Self-similarity in the Internet traffic 3

So, what was observed in Leland et al. (1993) for the Internet traffic data?
This paper analyzes the measurements collected under four years in the com-
puter network of the Morris Research and Engineering Center at the Bellcore
company. The measurements constitute traces or time-series representing the
amount of data sent from the local network “out” to the Internet. More exactly,
every point in such a trace is a number of data packets, the smallest possible
blocks of data in the Internet, transmitted per corresponding time unit (10
miliseconds).

Leland et al. (1993) carries out a number of statistical tests to test if data is
self-similar and the results of all the tests are affirmative. Over at least 5 scales
of order 10, scale-invariance of the data is indeed the case.

The results of this paper are in a very best way summarized in their Figure
1. It shows a traffic trace X together with aggregated processes X(10), X(100),
X(1000), X(10000) defined in (1). A stunning effect of the figure is that the trace
follows the same random pattern under all 5 scales, and hence there does not
exits a characteristic scale which would reveal intrinsic features of the data.

1.2 Consequences of self-similarity

Contrary to a widely spread misunderstanding, self-similarity of network traffic
in itself does not need to have any negative implications on the network perfor-
mance. In fact, there is a self-similar process which has successfully served as
a model in all possible areas of natural sciences for many decades, that process
being white-noise time-series, or, equivalently, Brownian motion. Instead, it is
the property of long-range dependence, present in a variety of self-similar sys-
tems (Brownian motion being an exception) which has a very serious impact on
the behaviour of such systems.

Indeed, consider again a self-similar stationary time series {Xk, k ≥ 1} de-
fined in (3) with additional assumption of finite second moment. The special
form (3) of the autocorrelation function implies that for large k and H 6= 1

2 this
function behaves as

r(k) ∼ H(2H − 1)k2H−2, as k →∞, (4)

(for a proof see Samorodnitsky and Taqqu (1994, Proposition 7.2.10)). This, in
turn, yields

∞∑
k=1

|r(k)|
{

= ∞ if 1
2 < H < 1,

< ∞ if 0 < H < 1
2 .

Hence, in the case 1
2 < H < 1, even if correlations between two points of a

self-similar process X “far apart” from each other are negligible, they decrease
relatively slowly. As a result, their joint contribution is rather strong and hence
every point of the process depends on all of its past. It is this property that is
referred to as long memory, long persistence or long-range dependence.



4 Introduction

2 What is long-range dependence?

In this section we shall temporarily leave Internet traffic modelling and discuss
the phenomena of long-range dependence in a more general situation, which will
be needed for our purposes later on.

We have deliberately stated the title of this section as a question since the
concept of long-range dependence in general turns out to be involved with con-
siderable difficulties. In fact, as up to now, the question above is still open and,
except for some cases (though general enough for applications), there still does
not exists a commonly agreed definition of long-range dependence.

Nevertheless, a substantial progress in this direction has been achieved in
the last few years. For an up-to-date account and a survey on the results we
refer to the recent volume Doukhan et al. (2003). Another source containing
some new and highly original ideas together with a comprehensive overview is
Samorodnitsky (2002). A very clear, statistically inclined introduction to the
subject can be found in Beran (1994).

2.1 Definition involving correlations

A classical definition of long-range dependence relevant also for the Internet
traffic data is based on the property (4) of slowly decaying correlations for a
self-similar stationary time series {Xk, k ≥ 1} with finite second moment.

By this approach, a second order stationary process {Xk, k ≥ 1} with au-
tocorrelation function r(k) is said to be long-range dependent, if there exist
0 < β < 1 and a slowly varying function L(k) such that

r(k) ∼ k−βL(k), as k →∞. (5)

However, even if probably well-suited for the Internet traffic data, such a
definition of long-range dependent series has some serious drawbacks. The main
shortage is that correlations measure only the degree of linear dependence. As
known, the autocorrelation function describes completely the distribution of
a Gaussian zero-mean time-series, however, with this function in hand it is
impossible to distinguish between other, non-Gaussian, processes. Moreover, in
some applications suitable models involve sequences with infinite second moment
and, consequently, no autocorrelation function, while the corresponding data
behave as being long-range dependent.

Hence, it would be desirable to have a definition of long-range dependence
not relying on the second moment. But how to measure dependence beyond
that of linear?

2.2 Dependence beyond correlations

One approach, which de facto became a most popular one used by probabilists,
is to define long-range dependence through limit theorems (see a survey in
Doukhan (2003)). In the form used below it was formulated by Surgailis (2002)
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and credited by him to R. L. Dobrushin. In fact, this idea is implicitly present
already in Taqqu (1975); Davydov (1970); Dobrushin and Major (1979) and
possibly can be traced back even to some earlier works.

The idea is based on the observation that for a second-order stationary time-
series {Xk, k ≥ 1} the variance of the partial sums Sn =

∑n
k=1 Xk is equal to

VarSn = σ2(n +
n−1∑
k=1

(n− k)r(k)),

where σ2 = VarX1. Hence, if
∑∞

k=1 r(k) < ∞, i.e. the process is “short-range
dependent”, then as n →∞,

VarSn ∼ c2
rn,

where c2
r = σ2(1+2

∑∞
k=1 r(k)). Further, the Functional Central Limit Theorem

holds for the process X (under some additional regularity assumptions, see
Whitt (2002, Section 4.5)):

S[nt] − ES[nt]√
n

fdd−→ crB(t), as n →∞,

where B(t) is Brownian motion.
On the other hand, if the process is long-range dependent and the correla-

tions decay slowly as in (5), then as n →∞,

VarSn ∼ σ2n2−βL(n),

implying that the Central Limit Theorem can not hold. However, such sequences
are often in the scope of so called non-central limit theorems (Whitt, 2002,
Sections 4.6-4.7).

For example, if {Yk, k ≥ 1} is a stationary second-order sequence such that
Yk = G(Xk), where {Xk, k ≥ 1} is a Gaussian sequence with slowly decaying
correlations as in (5) and G is a so called function of Hermite range 1, then by
Taqqu (1975, Theorem 2.1),

S[nt] − ES[nt]

n1−β/2L(n)
1
2

fdd−→ σBH(t), as n →∞, (6)

where H = 1 − β/2 and BH(t) is fractional Brownian motion, the process de-
fined below in Section 2.3. To be able to interpret the limit result we note that
fractional Brownian motion is a continuous time Gaussian process, which has
a sequence of fractional Gaussian noise as its increment process. Heuristically,
by this limit result a second order sequence with slowly decaying correlations
satisfying the assumptions of the theorem is asymptotically equivalent to frac-
tional Gaussian noise. Hence, it should have the same dependence structure as
the latter sequence, at least asymptotically.
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Another illustrative example is a moving average process with innovations
obeying a heavy-tailed distribution:

Xk =
∞∑

j=0

ajYk−j ,

where {Yj , j ∈ Z} are i.i.d. random variables with distribution in the domain of
attraction of an α-stable law, 0 < α < 2. Assume also that EYi = 0 if 1 < α < 2
and the distribution of Yi is symmetric if α = 1. Then as proved in Astrauskas
(1983) or Davis and Resnick (1985), if

∞∑
j=0

|aj | < ∞,

then
S[nt]

n
1
α L∗(n)

fdd−→ Λα(t), as n →∞,

where Λα(t) is an α-stable Lévy motion, i.e. a stable process with independent
increments and L∗(t) is such function that L(u1/αL∗(u))/L∗(u)α → 1, as u →
∞. A similar interpretation of the result as above in this case tells that since
asymptotically the sequence X is equivalent to a sequence of independent stable
random variables, it should be weakly dependent.

These considerations suggest that long-range dependence can be defined by
such asymptotic equivalence for any stationary sequence without assumption of
finite second moment. Hence, the following definition, formulated in Surgailis
(2002).

Definition 1. Suppose a stationary sequence {Xk, k ≥ 1} is such that there
exists H > 0, a sequence {an}, a function L(t) and a process {R(t), t ≥ 0} such
that

S[nt] − a[nt]

nHL(n)
fdd−→ R(t), as n →∞.

The sequence X is weakly dependent if the limit process R(t) has independent
increments and long-range dependent if R(t) has dependent increments.

According to Definition 1 and the convergence results above, a Gaussian
stationary sequence with slowly decaying correlations is long-range dependent,
while a moving average process with heavy-tailed innovations is not, which is in
agreement with intuition.

The approach to define long-range dependence as above through limit the-
orems is criticized in Samorodnitsky (2002) for one its properties, which seems
counterintuitive and from a first sight undesirable. Indeed, Samorodnitsky
(2002), using the results of Taqqu (1975) and Breuer and Major (1983), con-
structs a stationary sequence {Xk, k ≥ 1} and a one-to-one function G(t) such
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that the process X is long-range dependent in the sense of Definition 1, while
the process {G(Xk), k ≥ 1} is short-range dependent.

Therefore, an alternative way to define long-range dependence is proposed in
this latter paper. However, since this thesis is concerned with the question why
long-range dependence is present in the applications rather than investigating
what long-range dependence is, we end the discussion here and before going
back to our favourite application, the Internet traffic modelling, we give a short
introduction to some continuous-time long-range dependent processes.

2.3 Long-range dependence in continuous time

By the classical results of Lamperti (1962), the limiting relation appearing in
Definition 1 implies that the continuous-time limit process R(t) is self-similar,
in the sense that there exists H > 0 such that for any c > 0

{R(ct), t ≥ 0} fdd
= {cHR(t), t ≥ 0}.

Furthermore, since the sequence X is stationary, even if the process R(t) is not
stationary, it always has stationary increments:

{R(t + h)−R(t), h ≥ 0} fdd
= {R(h), h ≥ 0}.

Hence, if we start from Definition 1, then in order to characterize all sta-
tionary long-range dependent sequences, it is meaningful to study the class of
continuous-time processes which are self-similar and has stationary increments
(written H-sssi). A by now classical and extensive treatment on the latter
processes is Samorodnitsky and Taqqu (1994). See also a recent account of
Embrechts and Maejima (2002).

An important property of any H-sssi process X(t) is that it either has inde-
pendent increments or its increments constitute a long-range dependent sequence
in the sense of Definition 1. Indeed, since necessarily X(0) = 0, for any integer
n ≥ 1 self-similarity implies

{n−H
n∑

k=1

(
X(kt)−X((k−1)t)

)
, t ≥ 0} = {n−HX(nt), t ≥ 0} fdd

= {X(t), t ≥ 0}

and hence for the stationary process {X(tk) − X(t(k − 1)), k ≥ 1} the limit
relation in Definition 1 becomes an equality.

Concluding, we say that any, not necessarily self-similar, random process
{X(t), t ≥ 0} with stationary increments is long-range dependent if for each
t ≥ 0 the sequence of its increments {X(tk)−X(t(k − 1)), k ≥ 1} is long-range
dependent.

A canonical example of a long-range dependent H-sssi process is fractional
Brownian motion, which has fractional Gaussian noise with the autocorrelation
function (3) as the increment process. It also appeared in (6) as the limit of par-
tial sums of a Gaussian sequence with slowly decaying correlations. Fractional
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Brownian motion {BH(t), t ≥ 0} of index 0 < H < 1 is defined as a zero-mean
Gaussian process with covariance function

EBH(s)BH(t) =
σ2

2
(
|t|2H + |s|2H − |t− s|2H),

for any s, t ≥ 0 and σ2 = Var BH(1). It can also be expressed as a stochastic
integral with respect to standard Brownian motion:

BH(t) =
1

C(H1)

∫
R

(
(t− u)H− 1

2
+ − (−u)H− 1

2
+

)
dB(u),

where u+ = u ∨ 0 and

C1(H)2 =
∫ ∞

0

(
(1 + s)H− 1

2 − sH− 1
2
)2

ds +
1

2H

=
Γ(H + 1

2 )2

Γ(2H + 1) sin(πH)
.

This, and other properties of fractional Brownian motion can be found in
Samorodnitsky and Taqqu (1994, Section 7.2).

Other often used long-range dependent H-sssi processes are stable processes
given by various fractional integrals with respect to stable random measures.
The definite source of information about those is also Samorodnitsky and Taqqu
(1994).

3 Models for Internet traffic

3.1 The failure of Poisson modelling

Going back to the Internet traffic modelling, whatever long-range dependence
means, and whatever the networking conditions became in the latest years (Cao
et al., 2003), a well-approved fact is that long-range dependence is (at least
under certain circumstances) present in Internet traffic. Moreover, in contrast
to other applications, this feature is “built-in” into the system and affecting its
performance in one or other way. Thus, it is crucial for the development of the
Internet to find the origins of the phenomenon.

An important result of Leland et al. (1994) was the comparison of data
indicating self-similarity with the existing mathematical models used for the
Internet traffic at that time. All the models were based on the Poisson process
and gathered from the telephone networks where they were successfully applied
earlier.

Again the results of Leland et al. (1994) in a most compact way are given
by a figure. The right-hand side of their Figure 4 depicts a trace generated
synthetically by using a compound Poisson process with the same average packet
size and arrival rate as the real-traffic trace on the left. The trace is aggregated in
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the same way under 5 different time scales and can be compared to the behaviour
of the real data. Unfortunatelly, the divergence of the syntetically generated
data from the aggregated real trafic traces can be seen even by an “untrained
eye”. Indeed, the compound Poisson process is in the scope of Central Limit
Theorem and, hence can not be used to model long-range dependent data.

The same “disappointing” results has been confirmed in other, more de-
tailed, studies, such as those of Paxson and Floyd (1995) and Crovella and
Bestavros (1997), where the most common types of Internet traffic at the time
were analyzed. As noticed in a paper by Willinger and Paxson (1998), which
also greatly influenced the way of the research, a “paradigm shift” was under
way. Furthermore, it was stated in this paper that not only the Internet en-
gineering community wanted to renew mathematical models used but also the
way “how mathematics was done” by their own words.

In particular, they declared as irrelevant the “black box” approach, em-
ployed in the classical time-series analysis. The “black box” refers to that clas-
sical, parameter-estimation-oriented, statistical methods are meant to produce
a model which fits a specific data-set well. There is no need for such a model to
have a clear physical interpretation, which would explain why the data behaves
in the way it does.

On the other hand, in the Internet context no notion of the data-set describ-
ing the system exists. A large amount of data-sets, which can be also completely
different, can be produced in short time. Instead, a demand for a rudimentary
model describing the key-features of the system becomes central.

3.2 Renewal-reward model

As an attempt to explain the presence of long-range dependence in Internet
traffic, Leland et al. (1993) suggested to apply the ideas of Mandelbrot (1969),
which dealt with occurrence of long-range dependence in economic time-series.
The intuitive statements of Mandelbrot (1969) have been implemented and rig-
orously proved in Taqqu and Levy (1986); Levy and Taqqu (1987, 2000) (see
also Pipiras et al. (2003)).

The main findings of these works is that self-similar processes, with or with-
out long-range dependence, can be obtained as limits of properly normalized
sums of so called renewal-reward processes. Indeed, define a renewal-reward
process as

R(t) =
∞∑

n=1

Wn1(Sn−1,Sn](t), (7)

where following Taqqu and Levy (1986), the time-parameter t = 0, 1 . . . is a non-
negative integer, {Wn, n ≥ 1} is a sequence of i.i.d. zero-mean random variables
called rewards and {Sn, n ≥ 0} is a renewal process, i.e.

S0 = 0, Sn =
n∑

k=1

Uk,
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where {Un, n ≥ 1} are positive independent random variables referred to as
interrenewal times. The latter take values in the positive integers and they
are also independent from the sequence of rewards. Moreover, the interrenewal
times {Un, n ≥ 2} are identically distributed, while the first interrenewal U1

is distributed according to the so called equilibrium distribution making the
renewal process {Sn, n ≥ 0} stationary (in the sense of point processes). As
up to now, we do not make any further assumptions on the distributions of
interrenewal times and rewards.

The next step is to consider a sequence of renewal-reward processes {R(i)(t), t =
0, 1, . . .}, i = 1, 2, . . . where for each i, R(i)(t) is an i.i.d. copy of the process R(t).
Then, aggregate the proccesses to obtain the cumulative reward process:

W (m, t) =
t∑

k=0

m∑
i=1

R(i)(k) =
t∑

k=0

m∑
i=1

∞∑
n=1

W (i)
n 1

(S
(i)
n−1,S

(i)
n ]

(k). (8)

It turns out that it is the asymptotic behaviour of the cumulative reward process
W (m, t) as both t → ∞ and m → ∞, that can provide an explanation to the
long-range dependence in the applications.

From the application prospective, in the original paper of Mandelbrot (1969)
the renewal-rewards processes could e.g. correspond to behaviour of the traders
in a stock-exchange following cycles of selling and buying, while the cumulative
reward process would then describe the process of prices.

In the Internet traffic modelling a renewal-reward process is meant to de-
scribe data transmitted in a particular “sender-receiver” connection, while the
sum of the processes refers to the cumulative traffic from a large number of
network stations.

3.3 The on-off and infinite source Poisson models

Since the pioneering paper Leland et al. (1993), a number of variations of
renewal-reward model and some other, related, models describing the Inter-
net traffic have been constructed or rediscovered from the earlier engineering
literature.

In all these models the main object is the cumulative arrival process

W (m, t) =
m∑

i=1

∫ t

0

X(i)(s) ds, (9)

where m ≥ 1 is a positive integer corresponding to the number of traffic sources,
and X(i)(t), i = 1, . . . ,m are independent copies of a traffic-rate process X(t),
usually a piecewise-constant or a point process.

The term arrival process originates from the following interpretation. In the
Internet, data-packets sent from a certain station on their way to the receiver
pass a chain of network nodes or routers. In every router they possibly wait in a
queue, after which they are superposed or“multiplexed” together with packets
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from other possible sources, and then they are sent further to their destination,
or another router. Hence, the cumulative process W (m, t) corresponds to the
amount of data or work, which arrived to a router from m sources up to time t.

The on-off source model

A popular model for a traffic-rate process is a so called on-off process, or, in
mathematical terminology, an alternating renewal process. In this context it
was introduced in Willinger et al. (1997), as a traffic model in Anick et al.
(1982).

Simply speaking, an on-off process is defined as

X(t) =
{

1, if at time t the source is on,
0, if at time t the source is off.

The process starts by a randomly long on-period, at which the source transmits
data at a constant rate, then it changes to an off-period corresponding to the
source being not active. It continues by alternating between on- and off-states.
More formally, for t ≥ 0, a (stationary) on-off process is given by

X(t) = X01[0,U1)(t) +
∞∑

n=1

1(Tn,Tn+Un+1](t),

where {Un, n ≥ 1} are positive independent “on-periods”, {Vn, n ≥ 1} are
positive independent “off-periods”, {Tn, n ≥ 0} is a renewal process:

Tn =
n∑

k=1

(Un + Vn),

and X0 is a Bernoulli random variable such that P (X0 = 1) = EU/(EU +EV ).
The sequences of Un’s, Vn’s and X0 are independent of each other. The first
on- and off-periods are taken according to the equilibrium distributions.

An on-off process X(t) belongs to the class of Markov-modulated renewal
processes (corresponding to a trivial modulating process jumping between the
states 0 and 1 with transition probability 1).

The infinite source Poisson model

The model was constructed in Cox (1984). In this model traffic sources arrive
according to a Poisson process on R with intensity λ, and then each source is
active for a random time, i.e. it generates data at a constant rate.

Three slightly different but equivalent approaches to define the model can
be found in Kurtz (1996), Mikosch et al. (2002) and Kaj (2003). Here we use
that of Kaj (2003).
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Consider a Poisson point process {Γn, n ≥ 1} of intensity λ > 0 on [0,∞),
with corresponding counting process {N (λ)

t , t ≥ 0}. The number of active
sources at time t is then equal to

H(t) =
M(λ)

ν∑
i=1

1(0,Vi](t) +
N

(λ)
t∑

i=1

1(Γi,Γi+Ui](t),

where {M (λ)
t , t ≥ 0} is an independent copy of the Poisson process N

(λ)
t ,

ν = EU , {Un, n ≥ 1} are positive i.i.d. random variables corresponding to the
activity period of a traffic source, and {Vn, n ≥ 1} are i.i.d. random variables
with equilibrium distribution for the sequence {Un}. The sequence {Vn} is
introduced to make the process stationary. For the cumulative arrival process
this yields

W (λ, t) =
∫ t

0

H(s) ds =
M(λ)

ν∑
i=1

(t ∧ Vi) +
N

(λ)
t∑

i=1

((t− Γi) ∧ Ui).

Using analogous ideas as in Kurtz (1996), the last expression can be written
as

W (λ, t) =
∫ ν

0

(t ∧ V
M

(λ)
s

) M (λ)(ds) +
∫ t

0

((t− s) ∧ U
N

(λ)
s

) N (λ)(ds), (10)

where M (λ)(ds) and N (λ)(ds) are Poisson random measures on (0,∞) with mean
measure λds.

3.4 Sums of renewal processes and other models

In Paper I of this thesis we investigate a model for Internet traffic based on
renewal processes. It was chosen mostly due to its relative mathematical sim-
plicity, since a lot of is known about these processes. Here a source sends one
packet or a unit of work for a router at time epochs described by a renewal
process.

The traffic-rate process is given by a renewal point process

η =
∞∑

k=1

δSk
,

where Sn =
∑n

k=1 Uk and {Un, n ≥ 1} are positive independent interrenewal
times. {Un, n ≥ 2} are identically distributed, while U1 obeys the equilibrium
distribution. The amount of work created up to time t by one source is then
simply the corresponding renewal counting process

Nt = max{n : Sn ≥ t} =
∞∑

k=1

1[Sn,∞)(t),
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and the cumulative arrival process is equal to

W (m, t) =
m∑

i=1

N
(i)
t , (11)

where {N (i)
t }, i = 1, 2, . . . is a sequence of i.i.d. copies of the counting process

Nt.

Other models

Recently, Çaglar (2003) proposed a modification of the infinite source Poisson
model, where the cumulative arrival process is given by

W (t) =
∫ ∞

δ

∫ ∞

−∞

∫
E

(
ξ((t− u)+ ∧ x)− ξ((−u)+ ∧ x)

)
N(dx, du, dξ),

where E = D[0,∞) is a space of cádlág functions on [0,∞), 0 < δ < 1, and
N(dx, du, dξ) is a Poisson random measure on R × [b,∞) × E with intensity
measure

n(dx, du, dξ) = λαbαx−α−1 dxduF (dξ),

for parameter 1 < α < 2, F being the distribution on E of a compound Poisson
process η(t) on [0,∞) given by η(t) =

∑Nt

i=1 Bi, where {Bk, k ≥ 1} are i.i.d. pos-
itive random variables and Nt is a Poisson process. As we shall see, the process
W (t) defined above has a direct connection to the results of this thesis.

Another generalization of the infinite source Poisson model is a so called
Poisson shot noise, defined as

W (t) =
Nt∑
i=1

Xi(t− Γi) =
∫ t

0

XNt(t− s)N(ds),

where Nt is a Poisson process on [0,∞) with points {Γk, k ≥ 1}, and Xi, i =
1, 2, . . . is a sequence of i.i.d. random processes on R such that X(t) = 0 for
negative t. The cumulative arrival process W (λ, t) for the infinite source Poisson
model belongs to the class of Poisson shot noises with the process Xi(t) =
(t ∧ Ui)+. See Klüppelberg et al. (2003) and references therein for results and
applications of this class. For teletraffic applications, see Kurtz (1996); Maulik
et al. (2002).

Poisson shot noises also include Poisson cluster processes with the process
X(t) being a finite point process with the first point located at t = 0. Recently,
in Hohn et al. (2003) evidence has been found that Poisson cluster processes are
well-suited for modelling of “http-flows” i.e. web request arrivals.

A possible step in the similar direction of adding more small jumps to the
traffic-rate process is also a model studied in Kaj and Martin-Löf (2003), where
the renewal-based model is extended to the inverse process of a Lévy subordi-
nator. The latter process is quite similar to a renewal counting process but,
additionally, it has a number of small jumps between long “plateaus” where it
stays constant.
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4 Convergence of the Internet traffic models

In this section we review the results on the asymptotic behaviour of the cumu-
lative arrival process W (m, t) as both t and m tend to infinity. More exactly,
such results are limit theorems as m,T →∞ derived for the properly normalized
cumulative arrival process W (m, t) in (9):

Ŵ (m,Tt) =
1

bm,T

(
W (m,Tt)− a(m,Tt)),

where a(m,Tt), bm,T are normalizing sequences.
It turns out that it is these limiting relations combined with Definition 1

that can explain the long-range dependence in the applications. Remarkably,
all the models for the Internet traffic presented in Section 3 lead to completely
analogous asymptotic results for the process Ŵ (m,Tt). The main factor which
determines the limiting bahaviour of the process are the tails of the distribution
of the sojourn or interarrival times of the traffic-rate process X(t).

We note also that the asymptotic behaviour of the cumulative arrival pro-
cess W (m, t) is an important ingredient in so called heavy-traffic limit theorems
in the queueing theory. They describe performance of a service system (e.g. a
router) as the traffic load increases (see Whitt (2002, Section 5) for an intro-
duction).

4.1 Connection times with finite variance

Assume that sojourn or interarrival times in the traffic-rate process follow a
distribution with finite second moment. Then the following convergence result
is proved in Taqqu and Levy (1986, Theorem 5) for the renewal-reward model
and the cumulative arrival process W (m, t) defined in (8).

• Denote µU = EU and recall that EW = 0, where U is an interrenewal
time and W is a reward. If EU2 = µ

(2)
U < ∞ and EW 2 = µ

(2)
W < ∞, then

for t ≥ 0,

fdd- lim
m→∞

lim
T→∞

W (m, [Tt])
m1/2T 1/2

= fdd- lim
T→∞

lim
m→∞

W (m, [Tt])
m1/2T 1/2

= cµB(t),

where fdd- lim denotes convergence of finite-dimensional distributions, B(t)
is standard Brownian motion and c2

µ = µ
(2)
U µ

(2)
W /µU .

In fact, it can be proved that Brownian motion is obtained in the limit if only
one of the parameters m and T is taken to infinity. Since Brownian motion
has independent increments, in view of Definition 1, we conclude that in the
case when renewals and rewards have finite second moments, the sequences of
increments {W (m, [kt])−W (m, [(k−1)t]), k ≥ 1} or {W (m, t)−W (m−1, t), k ≥
1} are weakly dependent.
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It can be shown that the same results hold for the cumulative arrival pro-
cesses in the on-off, infinite sources Poisson and renewal-based models under
assumptions that sojourn times in the corresponding traffic-rate process have
finite second moments.

4.2 Connection times with infinite variance

A more interesting and from a first sight surprising situation, which has also
shown to be relevant for the real Internet traffic data, is when the sojourn or
interarrival times in the traffic-rate process obeys a heavy-tailed distribution.
In this case, a parallel and complementing survey on the convergence results
can (and should) be found in Willinger et al. (2003). See their Table 1.1 for a
nice summary of the presently known results.

Again it is convenient to use the renewal-reward model as the pilot case.
Remarkably, here four different situations can arise depending on the tails of the
distributions of renewals and rewards and interplay between them. In particular,
the cumulative arrival process W (m,Tt) has different normalization and limits
depending on which of the parameters m or T is taken to infinity first.

Traffic rate with finite variance

The following is proved in Taqqu and Levy (1986, Theorem 6). The cumula-
tive arrival process W (m, t) here is defined in (8). Below we shall extensively
use various results on regularly varying functions, which can be found in the
monograph of Bingham et al. (1989). Introduce also

cα
α = − cos(

πα

2
)
Γ(2− α)
(α− 1)

, (12)

and for a slowly varying function L(u) denote by L∗(u) a function such that

L(u1/αL∗(u))
L∗(u)α

→ 1, as u →∞. (13)

Assume that

(i) interrenewal times {Un, n ≥ 2} have a distribution with regularly varying
tails of index 1 < α < 2:

P (U ≥ u) ∼ u−αL(u), as u →∞,

where L(u) is a slowly varying function. Denote µU = EU < ∞.

(ii) the distribution of the rewards has a finite second moment: EW 2 = µ
(2)
W <

∞.

With assumptions (i) and (ii) satisfied,
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• if m →∞ first, followed by T , then

fdd- lim
T→∞

lim
m→∞

W (m, [Tt])
m1/2T (3−α)/2L(T )

= σαBH(t),

where H = (3− α)/2, BH(t) is standard fractional Brownian motion (see
Section 2.3) and σ2

α = 2µ
(2)
W /(µ(α− 1)(2− α)(3− α)).

• if T →∞ first, followed by m, then

fdd- lim
m→∞

lim
T→∞

W (m, [Tt])
m1/αT 1/αL∗(m)

= µ−1/αE|W |αcαΛα(t),

where Λα(t) is α-stable Lévy motion such that Λα(1) ∼ Sα(1, EWα
+ −

EWα
− , 0), L∗(u) is defined by (13) and cα by (12).

In Taqqu et al. (1997) (see also Mikosch and Stegeman (1999)) analogous
results are shown to hold for the on-off model when the distributions of on-
and off- periods have regularly varying tails with exponents 1 < αon < 2 and
1 < αoff < 2 respectively. In this case self-similarity parameter of fractional
Brownian motion is H = 3−αmin

2 , where αmin = αon ∧ αoff . The obtained
stable Lévy motion Λα(t) is such that α = αmin and Λα(1) ∼ Sα(1, β, 0), where

β =


1, if αon < αoff ,
−1, if αon > αoff ,
µα

off `−µα
on

µα
off `+µα

on
, if αon = αoff ,

for ` = limx→∞ P (U > x)/P (V > x).
The same limits are also obtained as λ →∞ and T →∞ for the cumulative

arrival process W (λ, T t) in the infinite source Poisson model under assumption
that the distribution of activity periods for sources has a regularly varying tail
of index 1 < α < 2. Kurtz (1996) proves the convergence to fractional Brownian
motion, while the reversed limit to stable Lévy motion is established in Konstan-
topoulos and Lin (1998); Resnick and van den Berg (2000). Here self-similarity
parameter of fractional Brownian motion is H = 3−α

2 and the corresponding
stable Lévy motion Λα(t) is totally skewed to the right: Λα(1) ∼ Sα(1, 1, 0).

Recalling that parameters m or λ in the models is the number of sources
or intensity of active sources respectively, while T is the time scale, the results
above can be interpreted as follows. If the number of sources m is taken to
infinity first, then only the inner sum in (8) is essential in the limit. The latter
is a sum of finite-variance independent random variables {R(i)(k), i ≥ 1} and
hence the Central Limit Theorem yields that the limit is a Gaussian random
variable. Further, when we sum-up these Gaussian random variables a second
time with respect to the parameter t, due to heavy tails of the interarrival
distribution dependence is introduced in the resulting superposition process.
Hence, this regime implies a Gaussian and long-range dependent limit process.
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On the other hand, if the time scale T is taken to infinity first, we have a case
of Central Limit Theorem for the weakly dependent variables {R(i)(k), k ≥ 0},
which are in the domain of attraction of α-stable law. This implies that the
limit for

∑[Tt]
k=0 R(i)(k) for every fixed i is α-stable Lévy motion. The remaining

summation with respect to the parameter m simply adds up a sequence of
independent stable Lévy motions and results into the same process.

Rewards with infinite variance

If we take in the renewal-reward model also the distribution of rewards to have
a regularly varying tail with exponent 0 < β < 2, we get two more different
processes in the limit. In the form the on-off, infinite sources Poisson or the
renewal-based models are defined in Section 3, this is an impossible case where,
due to the assumption that the sources generate traffic with constant inten-
sity. However, this assumption is not very realistic in practice and hence one
should not exclude a possibility that these different limit processes may occur
in the Internet... The solution is to consider generalized models, those revised
in Section 3.4 or other, where a random process is included to account for the
varying traffic rate of one source. In this regard, a renewal-reward model seems
to provide a very convenient alternative.

With this model in mind, suppose that the following hold:

(iii) interrenewal times {Un, n ≥ 2} have a distribution with regularly varying
tail of index 1 < α < 2:

P (U ≥ u) ∼ u−αLU (u), as u →∞,

where LU (u) is a slowly varying function. Denote µU = EU < ∞.

(iv) the distribution of rewards is symmetric and has regularly varying tails of
index 0 < β < 2:

P (|W | ≥ w) ∼ w−βLW (w), as w →∞,

where LW (w) is a slowly varying function satisfying some additional reg-
ularity conditions.

With assumptions (iii) and (iv) satisfied,

• (Levy and Taqqu, 2000; Pipiras and Taqqu, 2000, 2003) if α < β < 2 and
m →∞ first, followed by T , then

fdd- lim
T→∞

lim
m→∞

W (m, [Tt])
T (β−α+1)/βm1/βLU (T )1/βL∗W (m)

= µ−1
U cβZH(t),

where H = (β − α + 1)/β, cβ is given by (12) and ZH(t) is a symmetric
β-stable process given by

ZH(t) =
∫ ∞

0

∫ ∞

−∞

(
((t + u) ∧ 0 + x)+ − (u ∧ 0 + x)+

)
M(dx, du), (14)
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where M(dx, du) is a symmetric β-stable random measure on [0,∞) × R
with the control measure x−α−1dxdu. The process ZH(t) is H-self-similar
and has stationary increments.

• (Levy and Taqqu, 2000, Theorem 2.1) if 0 < β < α and m → ∞ first,
followed by T , then

fdd- lim
T→∞

lim
m→∞

W (m, [Tt])
m1/βT 1/βL∗W (m)

= µ
−1/β
U EUβΛβ(t),

where Λβ(t) is symmetric β-stable Lévy motion such that Λβ(1) ∼ Sβ(1,
0, 0).

• (Levy and Taqqu, 1987, Theorem 1) if α < β < 2 and T → ∞ first,
followed by m, then

fdd- lim
m→∞

lim
T→∞

W (m, [Tt])
m1/αT 1/αL∗U (T )

= µ
−1/α
U E|W |αΛα(t),

where Λα(t) is symmetric α-stable Lévy motion such that Λα(1) ∼ Sα(1,
0, 0).

• (Levy and Taqqu, 1987, Theorem 1) if 0 < β < α and T → ∞ first,
followed by m, then

fdd- lim
m→∞

lim
T→∞

W (m, [Tt])
m1/βT 1/βL∗W (m)

= µ
−1/β
U EUβΛβ(t),

where Λβ(t) is symmetric β-stable Lévy motion such that Λβ(1) ∼ Sβ(1,
0, 0).

Thus, analogously as in the case of rewards with finite variance, a long-
range dependent limit process is obtained if rewards have lighter tails than
interrenewal times and the parameter m, the number of superposed renewal-
reward processes, is taken to infinity first. A difference from the former situation
is that here the limit process ZH(t) is stable instead of earlier Gaussian. Its
form is quite unexpected in the sense that it should be regarded as a stable
counterpart to fractional Brownian motion. However, it is a well-known fact
that the latter process has no unique stable counterpart. There exist a large
number of different stable processes which become fractional Brownian motion
when a stable random measure in their integral representation is changed to
a Gaussian (see e.g. Samorodnitsky and Taqqu (1994) or Pipiras and Taqqu
(2003)).

Originally in (Levy and Taqqu, 2000, Theorem 2.1) the limit process ZH(t)
was characterized by the characteristic function of its finite-dimensional distri-
butions, whose definition involved a quite intricate mathematical expression.
In this regard, the integral representation (14) of the process ZH(t) derived in
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Pipiras and Taqqu (2000) can be an important step toward understanding long-
range dependence. Indeed, a representation of a random process as a stochastic
integral with respect to a random measure in a clear and parsimonious way
reveals the dependence and distributional structure of the process. Dependence
is described by a deterministic kernel, while the stochastic part is contained
in the random measure. Hence, such integrals can be a new starting point for
description of long-range dependence in the case when data has infinite variance
or is non-Gaussian. This idea has been proposed by M.S.Taqqu in some of his
presentations, and the results obtained in Paper II of this thesis confirm that it
can be a prospective one. An important question however is the uniqueness of
such representations. In the case of stable processes this question is answered
in Rosiński (2003).

As an example consider again the integral (14). If we instead of a stable
random measure M(dx, du) on [0,∞)×R in (14) take a Gaussian one W (dx, du)
with variance measure x−α−1dxdu, then we get a representation for fractional
Brownian motion as a double stochastic integral (see Kurtz (1996) or Çaglar
(2003)):

BH(t) =
∫ ∞

0

∫ ∞

−∞

(
((t + u) ∧ 0 + x)+ − (u ∧ 0 + x)+

)
W (dx, du), (15)

where H = (3− α)/2. In this form fractional Brownian motion can be seen as
the process ZH(t) for parameter β = 2.

4.3 Simultaneous limits

In the interpretation of parameters m and T as a number of traffic sources and
a time scale respectively, the limit as m →∞ corresponds to the superposition
of traffic from a growing number of sources, while the limit when T → ∞ is
the rescaling of time. Hence, in the limit regimes where one of the parameters
grows to infinity first, followed by the other, both operations are carried out
separately in a sequential order. From a practical point of view, an interesting
question is what happens if the two operations are performed at the same time,
that is if the limits are taken when one of the parameters is a function of the
other and grow to infinity simultaneously.

This question was posed already in Taqqu and Levy (1986) for the renewal-
reward model and answered there in the simplest case when both renewals and
rewards have finite variance. The result is as follows.

• (Taqqu and Levy, 1986, Theorem 5, (iii)) If EU2 = µ
(2)
U < ∞, EW 2 =

µ
(2)
W < ∞ and m = m(T ) is some function such that m(T ) → ∞ as

T →∞, then

fdd- lim
T→∞

W (m, [Tt])
m1/2T 1/2

= cµB(t).
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In view of Definition 1, this means that if renewals and rewards have finite
second moments, then the sequence of increments {W (m(k), [kt]) − W (m(k −
1), [(k − 1)t]), k ≥ 1} is weakly dependent.

Simultaneous limits in the case when a traffic rate process has infinite vari-
ance were first found for the on-off and infinite Poisson models in Mikosch et al.
(2002). Later, analogous results were established for the renewal-reward model
in Pipiras et al. (2003).

By findings of Mikosch et al. (2002), who took the parameter m to be a
function m(T ) of T , the limit processes in the simultaneous limit regimes, as
T → ∞, depend on the growth rate of the function m(T ) when compared to
that of a certain power of T . Not following the historical order, we shall again
review in more detail the results reported in Pipiras et al. (2003) for our “pilot
case”, the renewal-reward model, and then comment on the other models.

We consider only the case when the distribution of rewards has finite variance
and that of interrenewal times has a regularly varying tails of exponent 1 < α <
2, as given by assumptions (i) and (ii) in Section 4.2. Then the conditions of
Mikosch et al. (2002) become

• Fast growth: lim
T→∞

mLU (T )
Tα−1

= ∞;

• Slow growth: lim
T→∞

mLU (T )
Tα−1

= 0.

Under these conditions two different scaling and limiting regimes arise.

• (Pipiras et al., 2003, Theorem 2.1) Under assumptions (i) and (ii) and fast
growth condition,

fdd- lim
T→∞

W (m, [Tt])
m1/2T (3−α)/2(LU (T ))1/2

= σαBH(t),

where H = (3− α)/2, BH(t) is standard fractional Brownian motion and
σ2

α = 2µ
(2)
W /(µ(α− 1)(2− α)(3− α)).

• (Pipiras et al., 2003, Theorem 2.3) Under assumptions (i) and (ii) and
slow growth condition,

fdd- lim
T→∞

W (m, [Tt])
m1/αT 1/αL∗U (Tm)

= µ−1/αE|W |αcαΛα(t),

where Λα(t) is α-stable Lévy motion such that Λα(1) ∼ Sα(1, EWα
+ −

EWα
− , 0). and cα is given by (12).

The ratio appearing in the fast and slow growth conditions can be interpreted
as a number of sources m per expected time interval Tα−1 over which the sources
are active. Indeed, since the activation periods or interrenewal times have a
regularly varying tail of exponent α, due to Karamatas theorem the tail of their
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truncated mean should have a regularly varying tail of exponent α− 1. For this
reason, Mikosch et al. (2002) called this ratio the connection rate.

Note that the presented results correspond well with the case of separate
limits. If the number of sources grows faster than the time scale, the depen-
dence occuring in the cumulative process when adding up traffic from different
sources becomes more important in the limit than heavy tails of the interrari-
val distribution. This results in a long-range dependent Gaussian process in
the limit. While if the situation is reversed, a stable process with independent
increments is obtained.

A new and important fact which could not be seen in the results with sep-
arate limits is that there exists a critical connection rate corresponding to the
boundary of transition between long-range dependent and weak-dependent be-
haviour of the cumulative arrival process. The boundary occurs when the num-
ber of sources m grows proportionally to the expected time scale Tα−1. A
question arising here is what happens on this boundary and is the passage be-
tween long and short memory of discrete or continuous type?

5 Linking Gaussian long-memory with stable in-
dependent increments

5.1 Convergence under the intermediate growth condition

The last question of the previous section is a starting point of Paper I of this
thesis. It contains some preliminary results in the case when the boundary
connection rate is assumed instead of the fast or slow one. A model chosen for
this problem in Paper I is none of the earlier used models, but sums of renewal
processes described in Section 3.4. It was constructed by I.Kaj and from the first
sight seemed more easy to handle than the others (independently, very similar
models are also introduced and extensively used in Whitt (2002)). Mainly due
to a quite simple expression (11) for the cumulative arrival process.

In Paper I the parameter T is taken to be a function of m. More exactly,
T is defined to be any sequence Tm such that Tm → ∞ as m → ∞. We
motivate this again by relative simplicity, since in this way more weight is put
on investigating a rescaled renewal process NTt rather than thinned sums of
such processes. Anyhow, the two approaches are equivalent by taking Tm as the
(possibly generalized) inverse of function m(T ) or the other way around.

Thus, assume that interrenewal times {Uk, k ≥ 2} have a distribution with
a regularly varying tail of index 1 < α < 2:

P (U ≥ u) ∼ u−αL(u), as u →∞, (16)

where L(u) is a slowly varying function. Denote EU = µ and recall that the
first interrenewal U1 has the equilibrium distribution F1(t) = 1

µ

∫ t

0
P (U > u) du.

The fast, slow and intermediate growth conditions in this case are
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• Fast growth:
mL(Tm)

Tα−1
m

→∞;

• Slow growth:
mL(Tm)

Tα−1
m

→ 0;

• Intermediate growth:
mL(Tm)

Tα−1
m

→ µ.

Then the convergence results for the renewal-reward model reviewed in Sec-
tion 4 with separate limit regimes as well as those under fast and slow growth
conditions are also valid here. In this case we have to normalize cumulative
arrival process:

W (m)(t) =
1

bm

(
W (m,Tmt)−mTmtµ−1

)
,

where we have subtracted the mean EW (m,Tmt) = mtTm/µ and the normaliz-
ing sequence bm is chosen in the same way as in the renewal-reward model. The
results for rewards having finite variance and interrenewals a regulary vaying
tail of exponent 1 < α < 2 apply for the process W (m)(t) by formally inserting
rewards to be W ≡ 1.

Furthermore, it turns out that under condition of intermediate growth a third
scaling and limiting regime exists for the normalized process W (m)(t) with the
sequence bm = Tm. The following result is proved in Paper I.

• Under assumption (16) and intermediate growth condition,

fdd- lim
T→∞

W (m,Tmt)−mTmtµ−1

Tm
= −µ−1Yα(t),

where Yα(t) is a zero mean, non-Gaussian, non-stable and not self-similar
process with stationary increments. The finite-dimensional distributions
of the increments of Yα(t) are characterized by the following cumulant
generating function:

log E exp
{ n∑

i=1

θi

(
Yα(ti)− Yα(ti−1)

)}
(17)

=
1

α− 1

n∑
i=1

θ2
i

∫ ti−ti−1

0

dx

∫ x

0

eθiyy1−α dy

+
1

α− 1

n−1∑
i=1

n∑
j=i+1

θiθj exp
{ j−1∑

k=i+1

θk(tk − tk−1)
}

×
∫ ti−ti−1

0

dx

∫ tj−tj−1

0

exp{θix + θjy}(tj−1 − ti + x + y)1−α dy,

where 0 = t0 ≤ t1 ≤ . . . ≤ tn.
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We note also that recently it has been shown in Kaj (2003) and Kaj and
Martin-Löf (2003), that the same limit process appears even under the inter-
mediate growth condition in the infinite source Poisson model and the model
extending the sums of renewal processes to those of independent copies of the
inverse process of a Lévy subordinator.

5.2 A Gaussian smile and an infinite variance frown

The fact that the limit process Yα(t) is non-Gaussian, non-stable and not self-
similar is quite unexpected for a limit process due to the mentioned results of
Lamperti (1962). However, as we shall see, the process Yα(t) satisfies some
asymptotic scaling relations and is asymptotically self-similar.

Some other facts found in Paper I are that Yα(t):

• has finite moments of all orders:

EYα(t) = 0,

E|Yα(t)|k ∼ (k − 1)k
(α− 1)(k − α)(k + 1− α)

tk+1−α, as t →∞,

for any integer k ≥ 2;

• has the same covariance as a multiple of fractional Brownian motion of
index H = 3−α

2 :

EYα(t)Yα(s) = σ2
α

(
t3−α + s3−α − |t− s|3−α

)
,

where σ2
α = 2/((α− 1)(2− α)(3− α));

• is continuous;

• is Hölder continuous of order γ, for any 0 < γ < 1.

Hence, the finite-dimensional distributions of the process are “very” regular if
compared to stable processes. The sample paths of it are also more regular
than those of fractional Brownian motion. This makes it rather suitable for
applications. Unfortunally, we can not make the same assessment about the
cumulant generating function (17). Here we arive at the question addressed in
Paper II, namely that of a more tractable representation for the process Yα(t).

Paper II pursues the idea of a representation of a long-range dependent
process as a stochastic integral. Suitable integrals for this purpose are those with
respect to independently scattered random measures, constructed in Rajput
and Rosiński (1989). In Paper II we show that the process Yα(t) is infinitely
divisible and derive a so called Maruyamas representation for it (Maruyama,
1970; Rajput and Rosiński, 1989). The main result of the paper is that in the
sense of finite-dimensional distributions the process Yα(t) can be expressed as
the stochastic integral

Yα(t) =
∫ ∞

0

∫
R

(
((t + u) ∧ 0 + x)+ − (u ∧ 0 + x)+

)
Ñ(dx, du), (18)
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where Ñ(dx, du) = N(dx, du) − n(dx, du) is a compensated Poisson random
measure on [0,∞) × R with intensity measure n(dx, du) = αx−α−1 dxdu. A
closely related representation for the process Yα(t) is also obtained in Kaj (2003).

This representation in a very clear way reveals the relation between the
process Yα(t), fractional Brownian motion in the form (15) and the stable limit
process ZH(t) obtained in the case of infinite-variance rewards and given by
(14). We see that the integration kernel in all three stochastic integrals is the
same, meaning that all of them have the same dependence structure. Moreover,
by looking at the expression (10) of the cumulative arrival process in the infinite
Poisson case we see that similar structure is already present there. This makes
us speculate that a possibly prospective approach to limiting results considered
here is through the stability-type results as those of Kurtz (1996) and Kaj (2003)
for the stochastic integrals of type (10).

Moreover, the integral representation (18) also enables us to study some
further properties of the process Yα(t). Indeed, another message of Paper II is
that the process Yα(t) is both locally and globally asymptotically self-similar:

Y (t + λ·)− Y (t)
λH

fdd−→ σαBH(·), as λ ↓ 0, (19)

where H = 3−α
2 , BH(u) is fractional Brownian motion, σ2

α = 2/((α − 1)(2 −
α)(3− α)), and, further,

λ−κY (λt)
fdd−→ cαΛα(t), as λ → +∞, (20)

where κ = 1
α , cα is as in (12) and Λα(t) is α-stable Lévy motion such that

Λα(1) ∼ Sα(1, 1, 0).
These asymptotic scaling relations imply that the process Yα(t) at small

scales can be approximated by fractional Brownian motion, while at large scales
being close to α-stable Lévy motion totally skewed to the right. Hence it can
be regarded as a link between the latter two processes of completely different
nature: a long-range dependent Gaussian and a “memoryless” stable.

Remarkably, the process with exactly these features is described in the very
first work in the area: Mandelbrot (1969). He writes about “a Janus-like random
process that combines H-spectrum and infinite variance features”, or in more
detail,

[...] we shall construct a family of stationary random processes with
a parameter α (1 < α < 2), where each member of the familly is
locally Gaussian in a nontrivial sense and possesses the following
properties:

The process X(t) has finite variance and a population spectral den-
sity S′(f) that is proportional for small f to fα−2. [...]

The sequential sum X∗(t) is nearly Gaussian when t is small [...].
If t is sufficiently large, [...] the distribution of t−

1
α X∗(t) will be
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indistinguishable from a symmetric stable Paretian distribution of
exponent α.

[...] X(t) presents such different faces depending upon the angle from
which it is inspected. Like the Roman god Janus, one face wears a
(Gaussian) smile, while the other wears an (infinite variance) frown.

5.3 A class of locally Gaussian and globally stable pro-
cesses

The notions of local and global asymptotic self-similarity for the process Yα(t)
given by relations (19) and (20) have been introduced for general processes in
Benassi et al. (1997, 2002); Peltier and Lévy Véhel (1995) as an extension of the
usual self-similarity property. Even if the names and mathematical expressions
for both notions are quite similar, in general they describe two very different
features, occurring independently of each other.

In this sense the process Yα(t), possessing both of these properties, is an
exception rather than a rule. However, up to now some more such processes
are already known, e.g. harmonizable Lévy motions defined in (Benassi et al.,
2002). The example of Internet traffic and the process Yα(t) also suggests that
processes with different local and global behaviour can be potentially used as
models in applications where different local and global scaling is observed. We
also believe that processes of this type may appear as limits in the limiting
regimes analogous to that under intermediate growth condition.

Motivated by this, two classes of such processes are constructed in Paper III.
The construction involves stochastic integrals of deterministic functions with the
respect to the same compensated Poisson random measure as used in the integral
representation (18) of the process Yα(t). The advantage of such construction is
that the scaling properties of such integrals translates into scaling properties of
the deterministic integrand used. Hence, the problem is reduced to investigation
of certain spaces of deterministic functions.

Summarizing, all the processes considered in Paper III have the following
three properties:

1. in the sense of finite dimensional distributions, they are given by the in-
tegral

X(t) =
∫ ∞

0

∫
R

f(t, x, u) Ñ(dx, du), (21)

where Ñ(dx, du) = N(dx, du) − n(dx, du) is a compensated Poisson ran-
dom measure with intensity measure n(dx, du) = αx−α−1 dxdu, for pa-
rameter 1 < α < 2, f(t, x, u) : R × [0,∞) × R → R is a deterministic
function such that for each t ∈ R, f(t, ·, ·) ∈ L2(n(dx, du)). The integral
is defined in the sense of integration with respect to an independently
scattered random measure.
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2. the process X(t) in (21) is locally asymptotically self-similar with a Gaus-
sian tangent process, i.e. there exists H > 0 and a Gaussian process T (u)
such that for each t ∈ R

X(t + λ·)−X(t)
λH

fdd−→ T (·), as λ ↓ 0.

3. the process X(t) is asymptotically self-similar at infinity with an α-stable
process as its asymptotic process, i.e. there exists κ > 0 and an α-stable
process V (t) such that

X(λt)
λκ

fdd−→ V (t), as λ → +∞.

An interesting example with these properties introduced in Paper III is the
process

Qr(t) =
1

Γ(r + 1)

∫ ∞

0

∫
R

(
(x + t + u)r

+ − (t + u)r
+

−(x + u)r
+ + ur

+

)
Ñ(dx, du),

where Ñ(dx, du) is a compensated Poisson random measure defined in (21) and
the parameter α−1

2 < r < α+1
2 . For r = 1 it becomes the process Yα(t) and

hence it can be seen as a further parametrization of the latter.
The process Qr(t) is locally asymptotically self-similar at every point t ∈ R

with exponent H = 2r+1−α
2 and fractional Brownian motion as the tangent

process. Also it is asymptotically self-similar at infinity with exponent κ =
r − 1 + 1

α and the asymptotic process Zκ(t) which is a linear fractional stable
motion defined by

Zκ(t) =
1

Γ(κ− 1
α + 1)

∫
R

(
(t− u)κ− 1

α
− − (−u)κ− 1

α
−

)
Λ(du),

where Λ(du) is an α-stable random measure totally skewed to the right with
Lebesgue control measure (see Samorodnitsky and Taqqu (1994, Section 7.4)
for details on this process).

We conclude that in general the process Qr(t) “connects” the two long-range
dependent processes above. However, for parameter values r = 1 and r = α/2
two special cases appear. The case r = 1 corresponds to the limit process
Yα(t), which has stable Lévy motion as its asymptotic process, while if r = α/2,
then the process Qα/2 has standard Brownian motion as its tangent process.
Thus, the process Q1(t) = Yα(t) provides a link between a Gaussian long-range
dependent process and a stable process with independent increments, while for
the process Qα/2 the dependence forms are reversed. In this sense Q1(t) and
Qα/2 can be regarded as counterparts of each other.
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Embrechts, P. and Maejima, M. (2002). Selfsimilar processes. Princeton Uni-
versity Press, Princeton, NJ.

Falconer, K. J. (2003). The local structure of random processes. J. London
Math. Soc. (2), 67(3):657–672.

Hohn, N., Veitch, D., and Abry, P. (2003). Cluster processes, a natural language
for network traffic. IEEE Transactions on Signal Processing, 51(8):2229–2244.

Kaj, I. (2003). The long-memory infinite source Poisson model: scaling limit
and its representation. Technical report, no. 2003:19. Uppsala University,
Department of Mathematics.
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Klüppelberg, C., Mikosch, T., and Schärf, A. (2003). Regular variation in the
mean and stable limits for Poisson shot noise. Bernoulli, 9(3):467–496.

Konstantopoulos, T. and Lin, S.-J. (1998). Macroscopic models for long-range
dependent network traffic. Queueing Systems Theory Appl., 28(1-3):215–243.

Kurtz, T. G. (1996). Limit theorems for workload input models. In Stochastic
networks: theory and applications, pages 119–139. Clarendon Press, Oxford.

Lamperti, J. (1962). Semi-stable stochastic processes. Trans. Amer. Math. Soc.,
104:62–78.

Leland, W. E., Taqqu, M. S., Willinger, W., and Wilson, D. V. (1993). On the
self-similar nature of Ethernet traffic. In ACM SIGCOMM, pages 183–193,
San Francisco, California.

Leland, W. E., Taqqu, M. S., Willinger, W., and Wilson, D. V. (1994). On the
self-similar nature of Ethernet traffic (extended version). IEEE/ACM Trans.
on Networking, 2(1):1–15.

Levy, J. B. and Taqqu, M. S. (1987). On renewal processes having stable inter-
renewal intervals and stable rewards. Ann. Sci. Math. Québec, 11(1):95–110.
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