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Abstract
We consider leveraging the joint potential of non-orthogonal multiple access (NOMA)
and traffic offloading to benefit cell-edge users in multi-cell scenarios. We formulate the
edge-driven throughput maximisation problem where both the offloading decision and
resource allocation are to be optimised, accounting for the impact of the inter-cell
interference on the decoding order in NOMA. The inter-cell interference is not given
constants as it is influenced by resource allocation. Therefore the non-orthogonal mul-
tiple access (NOMA) decoding order is not known a priori. We explore the problem by
decomposing it into two subproblems. By analysis of structural properties, we derive
algorithm modules which interact iteratively for reciprocity, forming the overall algo-
rithm. Numerical results show that the proposed scheme considerably improves the cell-
edge throughput, compared with the conventional scheme of orthogonal multiple access
without traffic offloading.

1 | INTRODUCTION

1.1 | Background

In multi-cell networks, cell-edge users have worse channel
conditions and suffer stronger interference from adjacent cells,
compared with cell-centre users. The low bitrate of cell-edge
users is an issue in performance engineering [1–3]. A conven-
tional approach to address the issue is allocating more resource
to cell-edge users. In addition, improving the efficiency of
resource utilisation is a promising solution. Allowing resource
sharing between users, non-orthogonal multiple access
(NOMA) [4] has higher spectral efficiency than conventional
orthogonal multiple access (OMA), as investigated in [4–10].
Traffic offloading [11], on the other hand, allows users, especially
users located at cell edge, to be served by multiple cells. With
respect to traffic offloading, the throughput of a user is the sum
of those achieved in all its serving cells. Traffic offloading is
particularly useful to accommodate traffic demands in hetero-
geneous networks (HetNets) [11–16].

Here, we pursue the joint potential of NOMA and traffic
offloading to improve the throughput of cell-edge users. With

the combined scheme, we consider jointly optimising the traffic
offloading (including association decision and traffic allocation)
and resource allocation (including user grouping, power control
and resource unit [RU] allocation in NOMA). The objective is
maximising the throughput of cell-edge users with respect to
their reference demand values. This problem is indeed chal-
lenging because of the interdependence of system components.
First, traffic offloading and resource allocation are strongly
intertwined with each other. Second, even without traffic off-
loading, inter-cell interference is induced by resource allocation,
and hence the decoding order in successive interference
cancellation (SIC) in NOMA cannot be determined in advance
in problem solving, and explained in detail in Section 2.1.

1.2 | Related work

The studies in [8, 9, 17–22] are concerned about resource
allocation in multi-cell scenarios. To characterise the dynamics
between resource allocation and inter-cell interference, these
works adopt fixed-point iterations across cells. In particular, [8,
9, 17, 18] target the multi-cell NOMA scenarios. In [17], the
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authors consider one user group and one RU in each cell, and
propose an optimal distributed power control algorithm to
minimise the energy consumption. For the same purpose, in
[8], the authors consider two-user groups and multiple RUs in
each cell, and optimally optimise the resource allocation best
with a composite OMA-NOMA model. Additional analysis of
convergence of the algorithm is provided in [9]. The work in
[18] is based on the beam-forming technology, and two algo-
rithms are proposed. The first one performs user grouping by
channel conditions and optimally solves the power allocation.
The second one enumerates all possible clustering strategies,
and optimises the power allocation for each of them. The
optimal clustering is then solved by the Kuhn-Munkres
algorithm.

Further, the joint optimisation of user-cell association and
power allocation in multi-cell NOMA has been studied in [5,
6]. In [5], the sum rate maximisation problem is formulated,
and two game-theory-based algorithms are proposed to ach-
ieve sub-optimal and optimal solutions respectively. In [6], the
authors pursue the max-min fairness in NOMA, and decouple
the problem into two subproblems, for which three offloading
criteria and adaptive power allocation are proposed. However,
in [5, 6], there is no traffic offloading, and the optimisation is
not edge-oriented. Further, inter-cell interference is simplified
to be constant.

Works [11–16, 23, 24] investigate the traffic offloading
problem in HetNets. In [12], the authors optimise traffic off-
loading from macro cells to small cells using a Markov
approximation and game-theoretic approaches. In [14], traffic
offloading of mobile users via cell dual-connectivity (DC) with
guaranteed secrecy is studied, and two algorithms for single-
cell and femto-cell scenarios are proposed. In particular, the
studies in [23, 24] consider NOMA-assisted DC traffic off-
loading. In [23], the proposed two-sided power allocation
problem is reformulated as a convex optimisation problem. In
[24], the authors transform the non-convex power allocation
problem into the traffic scheduling problem, which can be
solved by an approximation method. However, the impact of
inter-cell interference on power allocation is not considered in
[23, 24].

1.3 | Contributions

Our motivation of leveraging traffic offloading to improve the
cell-edge throughput stems from the following. In multi-cell
NOMA networks, the resource consumptions vary by cell [8,
9]. Due to the existence of inter-cell interference, some unused
resource cannot be further utilised. More specifically, using this
resource leads to the increase of interference to other cells,
some of which may become overloaded. Traffic offloading,
such as allowing an user equipment (UE) to be served by more
than one cell, can balance the traffic distribution and conse-
quence interference in the network, thus enabling resource
utilisation in a more even and efficient way. This facilitates
better resource utilisation for cell-edge users, for whom the
throughput can be improved.

The main contributions of the paper are summarised below:

� We formulate the edge-driven throughput maximisation
problem in multi-cell NOMA with traffic offloading.

� For problem solution, we decompose the problem into two
subproblems: traffic offloading and resource allocation. By
mathematical analysis, we derive the respective algorithm
modules, which interact iteratively to form our overall
algorithm.

� Numerically, we show the advantage of the proposed
scheme in throughput improvement of cell-edge users,
compared with the scheme of multi-cell OMA without
offloading.

Here we distinguish between our contributions and those
of [8, 17, 18, 23, 24]. The studies in [8, 17, 18] aim at resource
consumption minimisation subjected to the required
throughput of each user, while our work targets the cell-edge
throughput maximisation with resource limit. The perfor-
mance of cell-edge users has not been paid attention in [8, 17,
18]. Besides, departing from the fixed one-to-one user-cell
association in [8, 17, 18], we consider traffic offloading which
allows one-to-many association to be part of the optimisation.
The works in [23, 24] focus on power control. Compared to
[23, 24], we jointly optimise user pairing, power control and
RU allocation. More importantly, we consider the coupling of
resource allocation and inter-cell interference.

This study is organised as follows. In Section 1, we introduce
the background and related work. In Section 2, we build the
system model and formulate the problem. In Section 3, we
derive the algorithm for problem solving. In Section 4, we show
numerical results. Finally, we conclude our work in Section 5.

2 | SYSTEM MODEL

2.1 | Multi-cell NOMA with traffic
offloading

We consider the multi-cell scenario, where the set of cells and
UEs are denoted by I ¼ f1; 2;…; ng and J ¼ f1; 2;…;mg,
respectively. Here the UE refers to a physical entity, though this
concept is extended to logical UEs in Section 2.3. Denote the
channel gain from cell i to UE j by gij, which is known a priori.
Initially, each UE is assigned to the cell with the highest gain,
called the main cell of the UE.

Under the initial association, UEs are classified to cell-
centre UEs and cell-edge UEs, the sets of which are denoted
by J c and J e, respectively. The partition can be based on the
power gains of UEs, and we assume such a rule is in place. One
of practicable rules is defining the cell-edge UEs of a cell as a
proportion (denoted by μ) of UEs having lowest gains in it.

Denote by dj the minimum throughput required by UE j,
also called the demand of j. Our target is to maximise the
throughput of cell-edge UEs, while ensuring the minimum
throughput required by each UE. So, to this end, we allow for
traffic offloading of cell-edge UEs, which means that a UE in
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J e can be served simultaneously by multiple cells. The
throughput of a cell-edge UE is the sum of those provided by
all its serving cells. Figure 1 shows such an example in a two-
cell scenario. In Figure 1, the cell-edge UEs (i.e. UE 1, UE 2
and UE 3) are served by two base stations (BS) simultaneously,
while the cell-centre UEs (i.e. UE 4 to UE 9) are served by only
one of the BS1 and BS2. As analysed in Section 1.3, some
unused resource cannot be further utilised, due to the unbal-
anced resource consumption and inter-cell interference. Traffic
offloading facilitates better resource utilisation for cell-edge
users, by the balance effect. Define the candidate cells of a cell-
edge UE as cells that potentially serve it. Denote by Jþi the set
of UEs whose main cell or candidate cell is i. Denote by J i the
set of UEs served by cell i. In each J i, the cell-centre UEs are
definite and the cell-edge UEs are to be optimised.

The UEs are served in NOMA pattern. The resource in
time-frequency domain is divided into RUs. In NOMA, one RU
can be shared by multiple UEs in a group, using superposition
coding and SIC. In a cell, a UE group is assigned the same subset
of RUs, and different groups do not overlap. To determine
which group will be allocated RUs, is based on the optimisation
part. In our model, a UE group consists of two UEs, called a UE
pair. Denote by (i, j ) the pair of UE i and UE j. This setup is
reasonable and practical, given the trade-off between perfor-
mance and decoding complexity. Previous works [10, 25] have
demonstrated that most of the possible performance improve-
ment by SIC can be reached by grouping as few as two UEs.
Moreover, more UEs in SIC means fast growing decoding
complexity [10]. Figure 2 illustrates user pairing and RU sharing
in single-cell NOMA. There are four pairs in the cell, and the
UEs within one pair share the same subset of RUs, as indicated
by the respective colours. Note that if the number of UEs in a
cell is odd, there exists at least one unpaired UE. To facilitate the
presentation, this UE is perceived as paired with a zero-demand
virtual UE, such as pair 4 in Figure 2. The virtual UE has any
nonnegative gains but zero demand; hence it requires no
resource allocation. For a UE, pairing with the virtual UE served
in NOMA is equivalent to being served in OMA.

In multi-cell NOMA, by traffic offloading, a cell-edge UE
can belong to multiple pairs served by different cells, whilst a

cell-centre UE only locates in a pair. Figure 1 shows user
pairing in the two-cell NOMA scenario. UE 3 is in pairs (3, 4)
and (3, 5), which are served by cell 1 and cell 2, respectively.
UE 1 and UE 2 are paired with each other and served by both
cell 1 and cell 2. There are two additional UE pairs, each of
which is served by one cell. Denote by Uþi all possible pairs of
UEs in Jþi . Denote by U i the selected UE pairs served by cell
i. Define yi

jh to indicate whether the pair of (j, h) is selected in
cell i: If it is selected, yi

jh ¼ 1; otherwise, yi
jh ¼ 0. It holds that

yi
jh ¼ yi

hj , and

u 2 U i
j 2 J i

�

if yi
jh ¼ 1 ð1Þ

In a cell, different UE pairs do not overlap, hence

X

h2Jþi =j

yi
jh ≤ 1 ð2Þ

Consider allocating a RU to UE pair u (j, h 2 u) in cell i.
Denote by pi the transmission power on a RU. For a RU
allocated to u, pi is split into two parts (qi

ju; q
i
hu) for UEs (j, h)

respectively, and the following equation is stated accordingly.

qi
ju þ qi

hu ¼ pi ð3Þ

F I GURE 1 A two-cell NOMA scenario with traffic offloading of cell-edge UEs

F I GURE 2 User pairing and RU sharing in single-cell NOMA
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Note that this power split is subject to optimisation.
The signal received by UE j from cell i is qi

jugij . However,
UE j also receives UE h's signal qi

hugij , inter-cell interference
and noise. The signal of h will cause the intra-cell interference,
if j is unable to decode it. The signal-to-interference-and-noise
ratio (SINR) of UE j in cell i is stated as follows.

SINRi
ju ¼

qi
jugij

I inter þ I intra þ σ2 ð4Þ

where I inter and I intra represent the inter-cell and intra-cell
interference respectively, and σ2 represents the noise power.

Intuitively, the inter-cell interference is positively correlated
to the RU consumption in cells generating interference.
Denote by xi

u the proportion of RUs allocated to pair u in
respect of total RUs in cell i. Denote by ρi the total propor-
tional RU consumption in cell i, we have:

ρi ¼
X

u2U i

xi
u ≤ 1 ð5Þ

Both xi
u and ρi are to be optimised. The so called load

coupling model [8, 9], where ρi is also called the load of cell i,
characterises the positive correlation by

I inter ¼
X

k2Infig

pkgkjρk ð6Þ

where ρk can be interpreted as the probability of receiving
interference originating from cell k on any RU.

The presence of intra-cell interference depends on whether
UE j is able to decode the signal of UE h, indicated by a binary
indicator θi

hj : If it does, θi
hj ¼ 0, otherwise θi

hj ¼ 1. Then I intra

is represented as:

I intra ¼ gijq
i
huθi

hj ð7Þ

In SIC, a UE can decode signals stronger than its own.
We remark that θi

hj has to be consistent with the correct
decoding order, determined by channel conditions, inter-cell
interference and noise. Define wi

j ¼
P

k2Infigpkgkjρk þ σ2
� �

=

gij , we have [9]:

θi
hj ¼ 1; iff wi

h ≤ wi
j ð8Þ

Denote by ci
ju the normalised (in respect of the RU

bandwidth) achievable capacity of UE j (j 2 u) on a RU in cell
i. By Shannon's theorem, we have

ci
ju ¼ log2ð1þ SINRi

juÞ ð9Þ

Hence the normalised achievable rate (in respect of the RU
bandwidth and total number of RUs) of UE j (j 2 u) providing

by cell i is ci
juxi

u. Recall that we aim at maximising the
throughput of cell-edge UEs, ensuring the minimum
throughput required by each UE. The performance of cell-
centre UE j is considered guaranteed if

ci
juxi

u ≥ dj ð10Þ

For the cell-edge UEs, we define a demand scaling factor α
(α ≥ 1) and let

X

i2I

ci
juxi

u ≥ αdj; u 2 U i ð11Þ

Then, note that maximising the throughput is equivalent to
maximising α.

2.2 | The edge-driven throughput
maximisation problem

By (1)–(11), we formulate the edge-driven throughput max-
imisation problem as follows. The bold symbol means the
vector or tuple form of the corresponding variables.

α ≥ 1;
max
y ;x ;q≥0

α
ð12aÞ

s:t: ρi ≤ 1; i 2 I ð12bÞ

ρi ¼
P

u2U i

xi
u; i 2 I ð12cÞ

ci
juxi

u ≥ dj; j 2 Jc; j 2 u; u 2 U i; i 2 I ð12dÞ
P

i2I
ci
juxi

u ≥ αdj; j 2 Je; j 2 u; u 2 U i ð12eÞ

ci
ju ¼ log2 1þ

qi
ju

qi
huθi

hj þ wi
j

 !

; j 2 u; u 2 U i; i 2 I

ð12f Þ

qi
ju þ qi

hu ¼ pi; h; j 2 u; u 2 U i; i 2 I ð12gÞ

wi
j ¼

P

k2Infig
pkgkjρk þ σ2

 !,

gij; j 2 J i; i 2 I ð12hÞ

ðθi
hj; θ

i
jhÞ ¼

ð0; 1Þ; if wi
h > wi

j

ð0; 1Þ or ð1; 0Þ; if wi
h ¼ wi

j

ð1; 0Þ; if wi
h < wi

j

8
>>><

>>>:

ð12iÞ

u 2 U i

j 2 J i

�

if yi
jh ¼ 1; h; j 2 u; u 2 Uþi ; i 2 I ð12jÞ

P

h2J þi =j
yi

jh ≤ 1; j 2 J þi ; i 2 I ð12kÞ

yi
jh ¼ yi

hj 2 f0; 1g; h; j 2 Jþi ; i 2 I ð12lÞ
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This problem is the joint optimisation of traffic off-
loading (including association decision and traffic allocation)
and resource allocation (including user grouping, power
control and RU allocation). In (12), the decision variables
are y, x, q, and α, while others are the intermediate vari-
ables. In (12), the offloading association and user pairing are
determined by y. The power control is set by q. The RU
allocation is given by x. The offloading proportions are
given by y, x and q together, which can be verified by
examining (12e).

Among the constraints, (12b) restricts the total available
resource in a cell. Constraint (12c) models the relationship
between the cell load and RU consumption of each selected
UE pair. Constraint (12d) requires that the demand of any cell-
centre UE is satisfied. Constraint (12e) indicates that the
throughput of any cell-edge UE is maximised with respect to
their reference demand values. Constraints (12f) and (12h)
state that the transmission rate is governed by the allocated
power, decoding order and inter-cell interference. Constraint
(12g) constrains the total allocated power on any RU.
Constraint (12i) gives the correct decoding order in SIC.
Constraints (12j)–(12l) hold for user pairing.

Next, we analyse the constraints for traffic offloading,
starting from the most prominent one. In (12e), the
throughput of the cell-edge UE j achieved in cell i is ci

juxi
u, and

UE j can be served by multiple cells. Hence the total
throughput of UE j is the sum of ci

juxi
u in i, which has to be no

less than the scaled demand αdj. It can be verified that ci
ju in

(12e) depends on x and q, by inspecting (12c) and (12f)–(12i).
It can also be verified that U i in (12e) is determined by y, by
examining (12j)–(12l). Further, x is constrained due to the
limited total resource, by (12b)–(12e). Hence the constraints of
(12b)–(12i) are indeed mutually intertwined, and all of them
together model the optimisation of traffic offloading.

The formulation in (12) is a mixed integer non-linear
programming (MINLP). We analyse its complexity in Theorem
1, which implies that no low-complexity and exact algorithm
can be expected for (12), unless P = NP.

Theorem 1 The problem in (12) is NP-hard in general.

The proof of Theorem 1 is given in Appendix.

2.3 | The resource allocation subproblem

According to the proof of Theorem 1, the decision of asso-
ciation between cells and cell-edge UEs renders the overall
problem in (12) hard to solve. But what if the serving cells and
proportions of demand they take respectively are in place for
each cell-edge UE? In this case, the traffic offloading is
regarded as fixed. To explore (12), we consider decomposing it
into two subproblems: traffic offloading and resource alloca-
tion with given traffic offloading.

Consider the resource allocation subproblem. To simplify
the discussion, we extend the concept of UEs to logical UEs.
By (12e), the throughput of cell-edge UE j is in the cumulative

form in respect of cells. Hence with the given traffic off-
loading, a physical cell-edge UE j can be perceived as multiple
logical UEs with the same channel conditions, but different
serving cells and demands. The logical UEs inherit the cell-
edge property from the physical UE and carve up its demand,
that is, the sum of demands of these logical UEs equals dj. The
vector of demands of these logical UEs is called the demand
split of j. Note that a logical UE is only located in a pair and
served by a cell.

In the proposed model, we consider both cell-edge logical
UEs and cell-centre physical UEs, and reindex all UEs uni-
formly. Note that in the remaining text, ‘UE’ refers to the
extended conception, if we do not emphasise that it is phys-
ical. After extension, denote by dj

0 the demand of UE j.
Denote by J 0;J 0i, and J

0
e the sets of UEs, UEs served by cell

i and cell-edge UEs respectively. Denote by U0þi all possible
UE pairs in cell i. Denoted by U0 and U0i the sets of selected
pairs in all cells and selected pairs in cell i respectively. Note
that pairs of logical UEs originating from the same physical
UE are excluded from U0 and U0i. We formulate the sub-
problem of resource allocation with the given traffic off-
loading in (13).

α ≥ 1;
max
y ;x ;q≥0

α
ð13aÞ

s:t: ρi ≤ 1; i 2 I ð13bÞ

ρi ¼
P

u2U0i

xu; i 2 I
ð13cÞ

cjuxu ≥ d0j; j 2 J c; j 2 u; u 2 U0 ð13dÞ

cjuxu ≥ αd0j; j 2 J 0e; j 2 u; u 2 U0 ð13eÞ

cju ¼ log2 1þ
qju

qhuθhj þ wj

 !

; j 2 u; u 2 U0 ð13f Þ

qju þ qhu ¼ pi; j; h 2 u; u 2 U0i; i 2 I ð13gÞ

wj ¼
P

k2Infig
pkgkjρk þ σ2

 !,

gij; j 2 J 0; i 2 I j

ð13hÞ

ðθhj; θjhÞ ¼

ð0; 1Þ; wh > wj

ð0; 1Þ or ð1; 0Þ; wh ¼ wj

ð1; 0Þ; wh < wj

8
<

:
ð13iÞ

u 2 U0i; if yjh ¼ 1; h; j 2 u; h; j 2 J 0i; i 2 I ð13jÞ
P

h2J 0i=j
yjh ≤ 1; h; j 2 J 0i; i 2 I ð13kÞ

yjh ¼ yhj 2 f0; 1g; h; j 2 J 0i; i 2 I ð13lÞ

At first glance, the problems in (12) and (13) seem very
similar, and no constraint or variable is eliminated in (13),
though the traffic offloading is given. In fact, the constraints
of (12) and (13) have the same implications, but are based
on the one-to-many and one-to-one UE-cell association,
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respectively. This is the most important difference. The var-
iables dj, U i, and Jþi in (12) correspond to d0 j, U0i and J

0
i in

(13), respectively, where the prime symbol indicates that the
notations are based on logical UEs. In addition, we omit the
superscript i in (13) and eliminate the cumulative form
in (13e), since a UE can only locate in a pair and be served
by a cell.

Note that the variables play different roles in (12) and (13).
In (13), y only refers to the user pairing, since J 0i is fixed.
Meanwhile q and x only play the role of determining power
and RU allocation, not the offloading proportions. One can
verify that by comparing (12e) and (13e).

3 | ALGORITHM

We first derive an efficient algorithm to achieve the optimum
of the resource allocation subproblem, i.e., (13), in Sec-
tions 3.1–3.3. Then we design a sub-optimal algorithm for the
traffic offloading subproblem in Section 3.4. These two algo-
rithm modules iteratively consist of our overall algorithm,
formulated and analysed in Section 3.5.

3.1 | Necessary conditions for the optimal
solution of (13)

To solve (13), we start from analysing the necessary conditions
for the optimal solution.

Lemma 2 For ρ0 < ρ, 0 < λ < 1, and β = 1/λ > 1:

cju λρþ ð1 − λÞρ0ð Þ < λcjuðρÞ þ ð1 − λÞcjuðρ0Þ ð14Þ

cjuðβρÞ > βcjuðρÞ ð15Þ

Proof: (14) can be proved by computing the Hessian matrix
of cju(ρ). Define A = qjugij, B =

P
k2I\{i}pkgkjρk + qhugijθhj +

σ2, and one can verify that A, B > 0. In the Hessian matrix:

∂2cju

∂ρk∂ρh
¼ pkgkjphghj ⋅

AðAþ 2BÞ
B2ðAþ BÞ2

> 0; k; h 2 Infig ð16Þ

Define rk = pkgkj. The Hessian matrix of cju( ρ) can be
transformed to a positive definite quadratic form of r. Hence
cju( ρ) is strictly convex in ρ. Thus (14) follows. By putting ρ0 =
0, β = 1/λ and ρ = ρ/β into (14), we have (15). Hence, we
arrive the conclusion. □

Theorem 3 Define H( ρ) as:

HðρÞ ¼maxi2Iρi ð17Þ

α* and ρ* are optimal to (13) only if all constraints of (13d) and
(13e) hold as equalities and H(ρ*) = 1.

Proof: Suppose H(ρ*) < 1. Consider increasing ρ* to ρ0 =
βρ*(β = 1 + ɛ, ɛ > 0). By (15) in Lemma 2, (13e), (13d) and ρ0
= βρ, if ɛ is sufficiently small, one can increase α* to βα*(β >
1) with feasible ρ0:

cjuðρ0Þxu > βα�d0j ð18Þ

Hence H(ρ*) < 1 cannot be optimal.
If UE j (j 2 J 0, j, h 2 u) with the strict inequality of

(13d) or (13e) at optimum. This strict inequality still holds, if
xu is reduced to xu − ɛ with sufficiently small ɛ. By equally
reallocating ɛ to other UEs, all constraints of (13d) and (13e)
hold as strict inequalities. Then α* can be improved, violating
the assumption. Thus the conclusion is obtained. □

3.2 | Throughput maximisation

Intuitively, the higher throughput (α) requires more resource
allocation (ρ). By Theorem 3, a possible approach for solving
(13) is iteratively improving α while minimising ρ with fixed α
(called throughput maximisation and cell load minimisation for
short), until H(ρ) = 1. We prove that the optimal solution of
(13) indeed can be achieved by this method.

Recall Section 2.1 in which the proposed model in fact
allows a UE to be served in OMA pattern (i.e. paired with the
virtual UE). However, we prove that for the cell load mini-
misation problem, no UE will be in resource allocation of
OMA at optimum, except an unpaired UE in a cell with an odd
number of UEs.

Consider a more general composite OMA-NOMA model
[8, 9], where a UE is allowed to access both orthogonal and
non-orthogonal RU and singleton pair is not allowed. Denote
by xj and cj the proportional orthogonal RU allocated to UE j
and the normalised achievable capacity of j on any orthogonal
RU, respectively. For a pair ( j, h 2 u), we formulate the
resource minimisation problem in (23) and prove Theorem 4
(see Appendix).

Theorem 4 The sufficient condition for optimum of
(23) is that xj = 0, xh = 0, and cjuðqjuÞdh¼ chuðqjuÞdj.

Consider the cell load minimisation problem under the
same composite OMA-NOMA model. The only special case is
an unpaired UE in a cell with an odd number of UEs, and
resource allocation for all pairs follows Theorem 4. Hence no
matter how UEs pair, we have Corollary 5.

Corollary 5 For the cell load minimisation problem,
no paired UE will be in resource allocation of OMA at
optimum, except an unpaired UE in a cell with an odd
number of UEs.

270 - ZHAO ET AL



Corollary 5 validates our model, and it is significant for
simplifying a wide class of problems based on the composite
OMA-NOMA model. By Corollary 5, we formulate below the
cell load minimisation problem under our model, where T(ρ) is
any function monotonically increasing with ρ:

min
y ;x ;q≥0

TðρÞ ð19aÞ

s:t: cjuxu ≥ d00j ; j 2 J 0 ð19bÞ

ð13bÞ; ð13cÞ; ð13fÞ − ð13lÞ ð19cÞ

where the demand of UE j is denoted by d00j , for distinguishing
between dj

0 in (13). Next, we analyse the relationship between
problems in (13) and (19). We can make the constraints of (13)
and (19) identical by a mapping from dj

0 to d00j :

d00j ¼
d0j; j 2 J c

αd0j; j 2 J 0e

8
<

:
ð20Þ

Denote by ρ = G(ρ, d0) and ρ = F( ρ, d00) the self-mapping
functions implied by (13) and (19) respectively with all con-
straints of (13d)–(13e) and (19b) holding as equalities. Note that
d 0 andd 00 are known and α is the only variable in (20), hence ρ =
G( ρ, d0) and ρ = F( ρ, d00) can be reformulated to ρ = G(ρ) and
ρ = F( ρ, α), respectively.

Theorem 6 ρ = G(ρ) and ρ = F(ρ, α*) have the same
fixed point ρ*.

Proof: It has been proved in [8, 9] that all constraints of
(19b) in (19) hold as equalities at optimum of (19). One can
verify that if α = α* in (20), the constraints in (13) will be
identical to those in (19), regarding the optimality in both
formulations. By the definitions of ρ = G( ρ) and ρ = F( ρ, α),
we have ρ = G(ρ) = F( ρ, α*). Thus, the conclusion is
obtained. □

Theorem 7 The fixed point of ρ = F(ρ, α) is element-
wisely and monotonically increasing with α.

Proof: Suppose ρ1 is the optimal solution for ρ = F( ρ, α1).
Consider any α2 > α1. Replacing α1 by α2 causes (19b) being
violated. Hence the optimum under α1 is no longer feasible.
The feasible region becomes smaller, and because of mini-
misation of F( ρ, α), the theorem follows. □

According to Theorems 3, 6 and 7, the optimal solution
of α is guaranteed to be unique, if it exists. Hence we can
find α* for (13) by bi-section search in ρ = F( ρ, α) with the
termination condition of H( ρ*) = 1. The premise of this
method is that ρ = F( ρ, α) can be solved for any given α. To
this end, we derive the fixed-point iteration algorithm for
solving ρ = F( ρ, α).

3.3 | Cell load minimisation

For the problem in (19), consider any cell i and one can define
the single-cell load minimisation problem as a function of
other cells' loads ρ−i = [ρ1, ρ2, …ρi−1, ρi+1, …, ρn]:

f ðρ−iÞ ¼ min
y ;x ;q≥0

ρi s:t: ð19bÞ - ð19cÞ of cell i ð21Þ

It has been proved that f ð ρ−iÞ ði 2 IÞ is a standard
interference function (SIF) [8, 9], hence we can compute the
unique fixed point ρ* (ρ* = f(ρ*)) through fixed-point itera-
tions on f( ρ). Namely for the iterative process ρ(k+1) = f( ρ(k))
(k ≥ 0), we have limk→+∞ ρ(k) = ρ* for an arbitrary non-
negative starting point ρ(0).

For any ρ(k), computing f(ρ(k)) means solving (21). Problem
in (21) needs the joint optimisation of q, x and y in one cell
with the given inter-cell interference. In fact, computing the
optimum allows an approach using decomposition of
the optimisation variables [8, 9]. To solve (21), we first
compute the correct decoding order (θhj, θjh) and minimise xu
by optimising qju for each pair u (j, h 2 u). By Theorem 4, q�ju
can be solved by bi-section search of qju in the monotonically
increasing function DC(qju), with the initial interval [0, pi]:

DCðqjuÞ ¼ d00hcjuðqjuÞ − d00
j
chuðqjuÞ ¼ 0 ð22Þ

If u contains only one UE, xu can be directly computed.
Next, we select pairs by minimising the sum of xu, that is, ρi.
This problem can be transformed to the maximum weight
matching problem in graph Gi ¼ ðJ

0
i;EÞ, where the vertexes

are UEs in cell i and the weight of the edge between j and h is
W ij ¼ T − x�u (T is a constant ensuring Wij > 0). The problem
can be solved by a polynomial time algorithm in [26]. Then we
get the optimal cell load ρ�i for (21). Putting the pieces together
optimally solves (19). We call the algorithm for solving (19) the
load minimization (MIN-L) algorithm, outlined in Algo-
rithm 1. The bi-section search method calling MIN-L for
solving (13) forms the resource allocation module in our
overall algorithm (see Algorithm 2 in Section 3.5). Note that
variables following the reserved word ‘global’ in Algorithm 1
are global variables, which change with the result of another
algorithm module (see Section 3.4) in iterations of the overall
algorithm.

The resource allocation module achieves the optimal user
pairing, power control and RU allocation with given traffic
offloading. The matching-based method has been proved
optimal for the cell load minimisation problem [8, 9]. Based on
the results in [8, 9], MIN-L adopts the same method for user
pairing, but a simplified method for power control and RU
allocation, without any loss of optimality, by Theorem 4 and
Corollary 5. Hence MIN-L achieves the optimum of cell load
minimisation with the given α. Then the bi-section search
invoking MIN-L will yield the optimal α*, following Theorems
3, 6, and 7.
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Algorithm 1 MIN-L

Input: α
Output: y*, x*, q*, ρ*, θ*
1: global I , J 0, J 0, d0, g, p, σ2, ε
2: k ← 0, ρ(0) ←0,
3: while k = 0 or ‖ρ(k) −ρ(k−1)‖∞ > ε
4: k ← k + 1
5: [y(k), x(k), q(k), θ(k)] ← [0, 0, 0, 0 ]
6: for i 2 I
7: for u 2 U0þi (j, h 2 u)
8: Compute θ�jh and θ�hj by (13h) and (13i)
9: Compute q�ju by bi-section search on DC(qju)
10: q�hu ← pi − q�ju
11: x�u ← dj=cjuðqjuÞ

12: end for
13: T ←maxu2U0þi

x�u
14: ConstructGi ¼ ðJ

0
i;EÞwithweightsW ij ← T − x�u

15: U0i←maximum-weighted-matching(Gi)
16: for u 2 U0i
17: yðkÞjh ← 1, yðkÞhj ← 1
18: ½xðkÞu ; qðkÞju ; q

ðkÞ
hu ; θ

ðkÞ
ju ; θ

ðkÞ
hu �← ½x

�
u; q
�
ju; q

�
hu; θ

�
ju; θ

�
hu�

19: end for
20: ρi

ðkÞ←
P

u2U0i
xðkÞu

21: end for
22: end while
23: [y*, x*, q*, ρ*, θ*] ← [y(k), x(k), q(k), ρ(k), θ(k)]

3.4 | Traffic offloading optimisation

For the traffic offloading subproblem, we update the UE-cell
association and offloading proportions among the serving
cells, based on the resource consumption caused by the current
traffic offloading.

The initial state is no offloading, and the main cell for UE
j is determined by main-cellj ¼ argmaxi2Igij . For given J 0,
J 0 and d 0, the process of resource allocation optimisation
ends up with H( ρ) = 1, which means at least one full-load
cell. Consider that there is only one full-load cell, denoted by
l, and l ¼ argmaxiρi. The exhausted resource in cell l impedes
further improving α, even though the available resource in
other cells allows improving α locally for their own cell-edge
UEs. In this case, if we offload the traffic of a cell-edge UE in cell
l to another cell with an appropriate proportion,H(ρ) will be less
than 1, permitting further improvement of α. Given the resource
efficiency, we select offloaded UE z by z¼ arg minj2J l

SINRl
ju

and the new serving cell by new-cellz ¼ argmaxi2I=lgiz. The split
of dz is optimised by several discrete trials, and then two logical
UEs are generated. The above process is another module of our
overall algorithm.

The basic idea of traffic offloading optimisation is to make
more resources utilised. Following this idea, one can in fact

develop a set of offloading strategies. For instance, try off-
loading of UEs in cell l in turn, instead of only UE z.

3.5 | The algorithmic framework

The above two modules iteratively interact to form the
overall algorithm called MAX-ET (outlined in Algorithm 2),
for solving the edge-driven throughput maximisation prob-
lem in (12). The termination condition for iteration is that
α cannot be improved or the maximum number for itera-
tion, denoted by K, is reached. This algorithmic framework
is flexible in terms of how offloading is optimised,
unlocking the potential of a higher α, which is beyond our
work.

Algorithm 2 MAX-ET

Input: I , J , g, d, p, σ2, ε
Output: α, J 0, J 0, d0, ρ, q, x, θ
1: α0, α ← 1, ρ ←0, k ← 0
2: while (ρ = 0 or α − α0 > 0) and k < K do
3: k ← k + 1
4: The traffic offloading module
5: if ρ = 0
6: J 0← J , d 0 ←d
7: for j 2 J 0

8: main-cellj ← argmaxi2Igij
9: update J 0

10: end for
11: else
12: l ← argmax

i
ρi

13: z← arg minj2J l
SINRl

ju
14: new-cellz ← argmaxi2I=lgiz
15: Optimising the spilt of dz with discrete trials
16: Generate two logical UEs, update ½J 0;J 0;d 0�
17: end if
18: The resource allocation module
19: αs, αe ← 1
20: [y, x, q, ρ, θ] ← MIN-L(αe)
21: while H(ρ) < = 1
22: αe ← 2 * αe
23: [y, x, q, ρ, θ] ← MIN-L(αe)
24: end while
25: while H(ρ)≠1 AND |αs − αe| > ε
26: αm ← (αs + αe)/2
27: [y, x, q, ρ, θ] ← MIN-L(αm)
28: if H(ρ) < 1 then
29: αs ← αm
30: else
31: αe ← αm
32: end if
33: end while
34: α0 ← α, α ← αm
35: end while
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The convergence of fixed-point iteration on ρ = F(ρ, α)
with fixed α has been proved in Section 3.3. Moreover, the bi-
section search leads to convergence to α*. In MAX-ET, the
iteration between two modules will finally end up with several
high-load cells.

Now, we analyse the computational complexity of the MIN-
L algorithm. In MIN-L, Steps 7–12 have the complexity of
OðjU ijlog

pi
ϵÞ. Steps 13–14 and 16–20 run with complexity

OðjU ijÞ. For Step 15, the best-known complexity is
OððjU ij þ jJ ijÞ

ffiffiffiffiffiffiffiffi
jJ ij

p
Þ [26]. Hence the complexity of the inner

loop (Steps 6–21) is OðjI j ⋅ maxfjU ijlog
pi
ϵ ; ðjU ij þ jJ ijÞ

ffiffiffiffiffiffiffiffi
jJ ij

p
gÞ. For the outer loop (Step 3) with fixed point iterations

for SIF, the convergence to the unique solution is guaranteed,
and the worst-case convergence rate is sub-linear [27].

As for the MAX-ET algorithm, one can verify that the
traffic offloading module has lower complexity than the
resource allocation module, which is in fact a bi-section search
invoking MIN-L. In addition, the maximum number of itera-
tions in Step 2 in MAX-ET is K. Hence the MAX-et algorithm
runs with complexity OðK log 1

ϵ Sðϵ; I ;U i;J i; piÞÞ, where
OðSðϵ; I ;U i;J i; piÞÞ denotes the computational complexity
of MIN-L for the given input.

4 | NUMERICAL RESULTS

We give numerical results to validate the proposed scheme
and algorithm. For the experimental setup, there are 7 macro
cells, 14 small cells and 210 UEs, as shown in Figure 3, where
the red lines indicate the association between UEs and their
main cells. The transmission powers of one RU in macro and
small cells are 200 and 50 mW, respectively. The noise power
spectral density is −174 dBm/Hz, and the RU bandwidth is
180 KHz. The normalised user demand is uniform (hence
the index is omitted, denoted by d) and ranging from 0.03 to
0.09 in the steps of 0.01. The proportion of cell-edge UEs
(μ) ranges from 5% to 20% in the step of 5%. The step in
optimisation for demand split is 0.1. The convergence
tolerance is 10−4.

We choose multi-cell OMA and NOMA without traffic
offloading for comparison. For the former, the globally
optimal α is solved by bi-section search and the algorithm in
[19]. For the latter, the global optimum is obtained by
running the resource allocation module in the MAX-
ET algorithm. Denote by α�0, α�1 and α�2 the maximum de-
mand scaling factors achieved in OMA without offloading,
NOMA without offloading and NOMA with offloading,
respectively. Denote by ρ�1 and ρ�2 the cell loads as achieving
α�1 and α�2 in NOMA.

Figure 4 shows α�0, α�1 and α�2 under d ranging from 0.03
to 0.09 and μ = 5%. The improvement of α�1 and α�2 over α�0
ranges from 5.77% to 35.97% and from 14.12% to 68.18%,

F I GURE 3 A HetNet with 7 macro cells (red circles), 14 small cells
(green rectangles) and 210 UEs (blue dots). The initial UE-cell association
is indicated by red lines

F I GURE 4 Maximum demand scaling factors:
α*
0 (OMA without offloading), α*

1 (NOMA without
offloading) and α*

2 (NOMA with offloading) under
different normalised user demand d and μ = 5%
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respectively. Figure 5 shows α�0, α�1 and α�2, under μ ranging
from 5% to 20% and at d = 0.09. The improvement of α�1
and α�2 over α�0 drops from 35.97% to 22.76% and from
68.18% to 30.67%, respectively. Figures 4 and 5 demonstrate
the advantage of the proposed scheme in throughput
improvement of cell-edge UEs, and it reveals that the
advantage is more remarkable under a higher d and a lower
μ. The results make sense because a higher d means more
traffic can be offloaded in an iteration and a lower μ means a
larger proportion of UEs among cell-edge UEs can be
involved in offloading.

Figure 6 shows ρ�1 and ρ�2 under μ = 20% and d = 0.06.
There are more high-load cells in ρ�2, reflecting that more re-
sources are utilised for improving the throughput of cell-edge
UEs. An obvious offloading is from cell 3 to cell 11. Cell 17
has a low load, because of the bad channel conditions from it
to UEs.

Figure 7 shows the convergence rate of the MIN-L algo-
rithm, under μ = 5% and d = 0.05. Our theoretical analysis in
Section 3.5 about the convergence is verified. We can get the
result within a few iterations, though the algorithm converges
slower under a higher α. It means to achieve the higher cell-

F I GURE 5 Maximum demand scaling factors:
α�0 (OMA without offloading), α�1 (NOMA without
offloading) and α�2 (NOMA with offloading) under
different proportion of cell-edge UEs μ and d = 0.09

F I GURE 6 Cell loads: ρ*
1 (NOMA without offloading) and ρ*

2 (NOMA with offloading), under μ = 20% and d = 0.06

F I GURE 7 The convergence rate of the MIN-L
algorithm, under μ = 5% and d = 0.05
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edge throughput, longer time and more iteration are needed
for convergence.

5 | CONCLUSION

In this paper, we model the edge-driven throughput max-
imisation problem in multi-cell NOMA with traffic offloading,
and derive a two-module algorithm for problem solving. Simu-
lation results show considerable improvement of the proposed
scheme in the cell-edge throughput, compared with OMA
without traffic offloading. We have planned to include studies of
more efficient algorithms for traffic offloading, the convergence
rate of fixed-point iterations for SIF and the joint optimisation of
traffic offloading and resource allocation in multi-cell NOMA
with joint transmission (JT), in the future.
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APPENDICES

PROOF OF THEOREM 1
To prove Theorem 1, we use a polynomial-time reduction from
the 3-satisfiability (3-SAT) problem to the problem in (12). The
3SAT problem is an NP-complete problem, and please see [28]
for more details. All notations we defined in this section are
used for this proof only.

Consider a 3-SAT instance with n Boolean variables x1,
x2, …, xn, and m clauses. Denote by bxi the negation of xi. A
literal means a variable or its negation. Each clause is
composed by a disjunction of exactly three distinct literals, for
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example, bx1 ∨ x2 ∨ xn. The problem is whether there exists an
assignment of true/false values to the variables, such that all
clauses are satisfied.

For any instance of 3-SAT, we construct a corresponding
network in Figure 8. In respect of each literal (xi or bxi), a cell-
edge UE ui and two cells (ci and c0i) potentially serving ui are
defined. For each clause, a cell-centre UE uj and a cell cj serving
the UE are defined. Note that cj ‘serves’ uj, instead of ‘potentially
serves’, since uj is a cell-centre UE. However, the cell-centre UE
uj suffers from the interference from cells corresponding to
literals in the clause. For example, the un+1 corresponding to
(x1 ∨ bx2 ∨ xn) will receive interference from c1, c02 and cn if these
cells are active, that is, serving u1, u2 and un respectively. The
interference from other cells is perceived as negligible. So far we
have UEs u1, u2, …un for n literals, and un+1, un+2, …un+m for
m clauses. In addition, we create an extra cell-centre UE u0 and a
cell c0 serving u0. UE u0 can be interfered by cells defined for all
literals. For any of un+1, un+2,…un+m, the gain from the serving
cell is 3, while that of u0 is n + 1. The non-negligible gains of
other channels are uniformly 1. The number of RU and transmit
power on a RU in each cell, the demand of any UE, and the noise
are uniformly set to 1. In each cell, there is only one UE, hence it
is considered as paired with a virtual UE. To make Figure 8
concise, the virtual UE is omitted.

Taking the network as the input of (12), one can verify that
the variable vector to be optimised is only y, that is, the UE-
cell association, since there is only one RU and one UE in each
cell. The association of cell-centre UEs is fixed, and what re-
mains is to select cells to serve the cell-edge UEs, that is, u1,
u2, …un. Denote by P0 this special case of (12). We affirm that
a feasible solution is also the optimal solution of P0. At opti-
mum of P0, only one of ci and c0i is selected for each i, and
there are at most two active cells imposing interference to any
of un+1, un+2, …un+m. We defer the proof of this statement to
the next paragraph, and first prove that the optimality of P0 is
equivalent to the satisfiability of the 3SAT problem, based on
this affirmation. If the optimum of P0 exists, we accordingly set
the value of xi true, if c0i is selected to serve ui; otherwise we
set the value of xi false. Then all clauses can be satisfied, since
at least one of three literals will be true. If there is no feasible
solution of P0, at least one of clauses cannot be satisfied, since
the values of its literals are all false. Conversely, if the clauses
are satisfiable, we can determine c0i (ci) to serve ui, if the value
of xi is true (false). Otherwise, there is no feasible solution
(hence no optimum) of P0.

Next, we give the proof of the above affirmation. By (12a),
α ≥ 1, hence there will be at least one cell serving any cell-edge
UE. Suppose any of ci and c0i serves ui for each i, we have 1 �
log 2(1 + 1/1) = 1 � 1. So, the feasible and also optimal α* = 1
exist. Suppose u1 is concurrently served by c1 and c01 (they will
causing interference mutually), while any other cell-edge UE is
served by one cell. The load of any active cell is 1, and then for
u0, we have 1 � log 2(1 + (n + 1)/(2 + n − 1 + 1)) < 1, that is
the demand of u0 cannot be satisfied. Hence, only one of c1
and c01 can be selected. Similarly, if three cells impose inter-
ference simultaneously to any of un+1, un+2, …un+m, we have
1 � log 2(1 + 3/(3 + 1)) < 1. Hence, the conclusion.

PROOF OF THEOREM 3
To prove Theorem 4, consider the resource consumption
minimisation problem for a pair (j, h 2 u) in (23):

x ≥ 0;
min
p>qju>0 xj þ xh þ xu ð23aÞ

s:t: cjxj þ cjuðqjuÞxu ¼ dj ð23bÞ

chxh þ chuðqjuÞxu ¼ dh ð23cÞ

cjuðqjuÞ ¼ log2 1þ
qju

wj

� �

ð23dÞ

chuðqjuÞ ¼ log2 1þ
p − qju

qju þ wh

 !

ð23eÞ

cj ¼ log2 1þ
p
wj

� �

ð23f Þ

ch ¼ log2 1þ
p

wh

� �

ð23gÞ

wj ≤ wh ð23hÞ

Proof: By (23b) and (23c), we have:

xu ¼
dj

cjuðqjuÞ
−

cj

cjuðqjuÞ
xj ð24Þ

xu ¼
dh

chuðqjuÞ
−

ch

chuðqjuÞ
xh ð25Þ

By (24) and (25), we can eliminate xu:

xj ¼
chuðqjuÞdj − cjuðqjuÞdh

chuðqjuÞcj
þ

cjuðqjuÞch

chuðqjuÞcj
xh ð26Þ

By (25) and (26), we can eliminate xu and xj, and represent
xj + xh + xu as a function of qju and xh:

xh þ xj þ xu ¼ AðqjuÞ þ BðqjuÞxh ð27Þ

F I GURE 8 A reduction from 3SAT to the problem in (12)
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where AðqjuÞ ¼
chuðqjuÞdj−cjuðqjuÞdhþcjdh

chuðqjuÞcj
and BðqjuÞ ¼

cjuðqjuÞchþchuðqjuÞcj−cj ch

chuðqjuÞcj
.

Note that the elimination of some of the variables will
cause the change of the domain of xh and qju, as analysed
below. By the non-negativity of xu and (25), we have:

xh ≤ dh=ch ð28Þ

By the non-negativity of xj and (26), we have:

xh ≥
cjuðqjuÞdh − chuðqjuÞdj

cjuðqjuÞch
ð29Þ

Define LBðqjuÞ ¼
cjuðqjuÞdh−chuðqjuÞdj

cjuðqjuÞch
. The problem in (23) can

be reformulated as:

min
xh;qju

AðqjuÞ þ BðqjuÞxh ð30aÞ

s:t: 0 < qju < p ð30bÞ

max 0;LBðqjuÞ
n o

≤ xh ≤ dh

.
ch ð30cÞ

ð23dÞ - ð23hÞ ð30dÞ

Next, for solving (30), we consider the two cases of wj =
wh and wj < wh.

In the first case, wj = wh, then by (23f) and (23g), we have
cj = ch. It can be verified that cju(qju) + chu(qju) = cj by (23d)–
(23g) and some algebraic simplifications:

cjuðqjuÞ þ chuðqjuÞ ¼ log2 1þ
qju

wj

� �

þ log2 1þ
p − qju

qju þ wh

 !

¼ log2
wj þ qju

wj

� �

þ log2
wj þ p

qju þ wj

 !

¼ log2
wj þ p

wj

� �

¼ cj

ð31Þ

By replacing cju by cj − chu, A(qju) can be simplified to A
(qju) = (dj + dh)/cj and B(qju) in fact equals zero, B(qju) = 0. It
can be verified that A(qju) + B(qju)xh is a constant which always
equals dj þ dh

� �
=cj, for any xh and any qju that meet con-

straints of (30b) and (30c). Hence in this case, the optimal
solution is not unique. It can be verified that the solution of
x�h ¼ 0 and q�ju determined by cjuðqjuÞdh¼ chuðqjuÞdj satisfies
(30b) and (30c). By x�h ¼ 0, (23b) and (23c), we have x�j ¼ 0.

In the second case, wj < wh. We begin with proving the
non-negativity of B(qju). The basic idea is that if B(qju) > 0,
∀qju 2 (0, p), then A(qju) + B(qju)xh is monotonically
increasing with xh, and then x�h always equals the lower
bound of xh at optimum of (30). Define D(qju) = cju(qju)ch +
chu(qju)cj − cjch, we have BðqjuÞ ¼

DðqjuÞ

chuðqjuÞcj
. By the first de-

rivative of D(qju), there is a single maximum in the interval
of [0, p]. It can be verified that D(0) = D(p) = 0 by some
algebraic simplifications. Hence B(qju) is non-negative in the
interval, and for any qju 2 (0, p), x�h always equals the lower
bound of xh.

Consider cases of LB(qju) < 0 and LB(qju) ≥ 0, we have:

x�hðqjuÞ ¼
0 LBðqjuÞ < 0

LBðqjuÞ LBðqjuÞ ≥ 0

�

ð32Þ

It can be verified that LB(qju) is monotonically increasing
with qju, and thus either x�hðqjuÞ. By putting (32) into A(qju) +
B(qju)xh, we have a piecewise function:

AðqjuÞ þ BðqjuÞxh

¼
AðqjuÞ LBðqjuÞ < 0

AðqjuÞ þ BðqjuÞLBðqjuÞ LBðqjuÞ ≥ 0

�

ð33Þ

By limit calculation andmonotonicity property ofA(qju)+ B
(qju)xh, one can verify that it is continuous and reaches the
unique minimum value if and only if LB(qju) = 0. And LB(qju) =
0 means cjuðqjuÞdh¼ chuðqjuÞdj. Hence x�h ¼ 0 and q�ju deter-
mined by cjuðqjuÞdh¼ chuðqjuÞdj is the optimal solution of (30).
By x�h ¼ 0, (23b), and (23c), we have x�j ¼ 0. Thus, we obtain the
conclusion. □
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