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Abstract: Quantum scattering amplitudes for massive matter have received new attention
in connection to classical calculations relevant to gravitational-wave physics. Amplitude
methods and insights are now employed for precision computations of observables needed
for describing the gravitational dynamics of bound massive objects such as black holes. An
important direction is the inclusion of spin effects needed to accurately describe rotating
(Kerr) black holes. Higher-spin amplitudes introduced by Arkani-Hamed, Huang and Huang
at three points have by now a firm connection to the effective description of Kerr black-hole
physics. The corresponding Compton higher-spin amplitudes remain however an elusive
open problem. Here we draw from results of the higher-spin literature and show that
physical insights can be used to uniquely fix the Compton amplitudes up to spin 5/2, by
imposing a constraint on a three-point higher-spin current that is a necessary condition for
the existence of an underlying unitary theory. We give the unique effective Lagrangians
up to spin 5/2, and show that they reproduce the previously-known amplitudes. For the
multi-graviton amplitudes analogous to the Compton amplitude, no further corrections to
our Lagrangians are expected, and hence such amplitudes are uniquely predicted. As an
essential tool, we introduce a modified version of the massive spinor-helicity formalism which
allows us to conveniently obtain higher-spin states, propagators and compact expressions
for the amplitudes.
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1 Introduction

More than a century after its inception, General Relativity continues to reap successes by
accurately describing new physical phenomena, such as gravitational waves from inspiraling
black holes [1] and neutron stars [2]. However, despite having received considerable attention,
the classical scattering of massive spinning objects in General Relativity is still poorly
understood. The classical scattering problem is closely related to bound-orbit dynamics,
as both depend on the calculation of a two-body effective potential, which may include
radiative effects. In the regime in which the compact objects are well separated, the effective
potential is most naturally presented in a post-Minkowskian or post-Newtonian expansion.
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The seemingly-unrelated problem of quantum scattering amplitudes, accompanied
by a classical limit procedure, has provided a versatile novel perspective to tackle these
challenges [3–43].1 Amplitude methods draw from ideas that originate from the effective-
field-theory (EFT) approach to quantum theories and are carried over to gravitational
physics [48–55]. Like in other analytical approaches, the goal is to describe the inspiral
phase of a merging binary system, thus taking full advantage of the separation of scales
inherent to the problem.

Powerful techniques developed for amplitude computations over the past three decades
are now being routinely employed for calculations in classical gravity, including Britto-
Cachazo-Feng-Witten (BCFW) on-shell recursion [56], loop-level unitarity methods [57–60]
and the double-copy construction [61–63] (see ref. [64] for a comprehensive review). Most
notably, scattering-amplitude methods have been instrumental in the calculation of the
two-body effective potential up to the third and fourth post-Minkowskian orders O(G3

N )
and O(G4

N ) for non-spinning black-hole-like objects [15, 19, 24, 35], where GN is Newton’s
constant.2 The two-body effective potential can in turn be used as analytical input for the
calculation of gravitational-wave templates (see e.g. refs. [69, 70]).

While many of the current applications of amplitude techniques concern scattering of
objects without spin (e.g. Schwarzschild black holes), an important research direction aims
at quantifying the spin effects of rotating compact objects (e.g. Kerr black holes). In the
EFT framework, the study of spin effects was initiated in ref. [71] and further developed
over the following years [55, 72–99]. More recently, quantum scattering amplitudes involving
particles of arbitrary spin were re-analyzed by Arkani-Hamed, Huang and Huang using the
massive spinor-helicity formalism [100]. Those results gave rise to an emergent research
direction that seeks to establish a link between classical spin corrections to the two-body
effective potential and quantum scattering amplitudes for spinning matter [17, 101–110]
(see also related work [20, 111–117]). In particular, certain three-point amplitudes found
in ref. [100] were later shown to reproduce the classical scattering of spinning Kerr black
holes via exponentiation of soft-graviton exchanges [104], as well as through other direct
matchings [17, 105, 110].

Quantum amplitudes for massive particles of spin s can be used to access spin corrections
of power (Sµ)2s in the two-body effective potential, where Sµ is the classical spin vector.
Such calculations will in general need input from loop-level Feynman diagrams where
the classical limit is taken such that the mass, momentum and spin of each scattered
object become large macroscopic quantities. Alternatively, by using the factorization
properties of loop diagrams and taking into account that the large scale separation of the
massive objects implies small graviton exchange momenta, it is possible to show that all
the necessary information for computing the classical process is contained within tree-level
scattering between a single black hole (counted as two states in an out-out formalism) and
n−2 gravitons.

1See also refs. [44–47] for earlier related work.
2See also current state-of-the-art post-Newtonian calculations of the conservative effective potential up

to fifth and sixth orders [65–68]. While the connection of new techniques to more traditional approaches
deserves an in-depth discussion, this is beyond of the scope of this paper.
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The natural higher-spin three-point amplitudes were sewn together via BCFW on-
shell recursion to produce simple candidates for the four-point Compton amplitudes in
refs. [100, 118]. However, for spin s ≥ 2, spurious poles develop in the kinematic space of
the Compton amplitudes, indicating that certain contact terms are not correctly included
by the naive factorization.3 Indeed, it is well-known that factorization properties alone
do not completely fix higher-point tree amplitudes, which is especially true for generic
spin. In this case, the ambiguity in the Compton amplitude is linked to the proliferation of
possible Lagrangian contact terms that respect all known symmetries of the problem. Thus,
it becomes important to find physical principles to constrain amplitudes that go beyond
three-point factorization.

A well-established approach for constraining amplitudes is to consider the high-energy
limit, as done for the three-point amplitudes of ref. [100], where they were deemed natural
based on having a certain good high-energy behavior. A further interpretation that can be
inferred from ref. [100] is that these three-point amplitudes provide a “minimal” description
of the higher-spin states,4 and that the inclusion of other possible three-point contributions
would correspond to having additional physical quantities (e.g. Wilson coefficients) that
further characterize the massive spinning states. While these are very reasonable properties
that seem to resonate with what we know about black holes, it is important to establish the
precise constraints that should be imposed on amplitudes at higher points. Furthermore, it
would be desirable to have a covariant Lagrangian understanding of the properties of the
amplitudes in ref. [100] and, in general, determine what makes them special.

The higher-spin literature has long studied similar theories from a different angle [119–
140] (for a review, see ref. [141]). Theories with massive higher-spin fields and Minkowski
background are understood as effective theories that exist below a certain energy scale. This
occurs when the spin-s fields are coupled to gravity (s > 2), or to electromagnetism (s > 1),
and thus the force carrier is not the field of highest spin. The presence of an intrinsic
cutoff in these theories is linked to acausal behavior at high energy and, ultimately, leads
to an obstruction to having a local fundamental theory with a finite number of elementary
higher-spin fields. Cucchieri, Deser and Porrati showed in ref. [120] that a theory with
elementary higher-spin fields of mass m violates tree-level unitarity at energies well below
the Planck scale. They attempted to restore tree-level unitarity by adding non-minimal
higher-derivative terms ∼ ∂/m to the Lagrangian, and argued that a necessary condition
for the theory to be well defined up to the Planck scale is that the longitudinal part of the
higher-spin current Jµ vanishes in the m→ 0 limit,5

∂µJ
µ = O(m) . (1.1)

3BCFW recursion should, in principle, also include residues at infinity of the complex plane, which would
remove the spurious poles. In general, these contributions cannot be a priori calculated.

4In this paper, we use the term “minimal coupling” to describe interactions to matter that are induced
by covariantizing the derivatives of the free-theory Lagrangian, and this should not be confused with the
similar term used to describe the amplitudes in ref. [100], which require non-minimal Lagrangian terms for
spin large enough.

5This is equivalent to requiring higher-spin gauge invariance in the massless limit. For spin s ≥ 5/2 this
formula will be restricted to the traceless part, as we explain later.
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Since the higher-spin current can be used to compute scattering amplitudes after dressing
the free indices with on-shell polarizations, this condition has a direct link to the problem
of finding natural and well-behaved Compton amplitudes.

In this paper, we argue that the problem of fixing contact-term ambiguities of spinning
black-hole Compton amplitudes is directly tied to established results in the higher-spin
literature. We show that, given some standard physical assumptions on higher-derivative
operators, the condition (1.1) uniquely fixes three-point and Compton amplitudes for
massive spin s ≤ 5/2 fields in General Relativity and, analogously, for massive charged
spin s ≤ 3/2 fields coupled to electromagnetism. The gravitational amplitudes that we find
should be useful for computing (Sµ)≤5 corrections in the two-body effective potential for
binary Kerr black holes. We also give the Lagrangians for the spin s ≤ 5/2 fields coupled
to General Relativity, and argue that there exist no further terms that can be added to
improve the tree-level unitarity properties (as addressed by eq. (1.1)).

It should be emphasized that the kinematical regime in which classical black-hole
calculations are carried out (mass and black-hole momenta large in Planck units) is quite
different from the one originally envisioned in the higher-spin literature, which has masses
well-below the Planck scale. This seems to require some mild reinterpretation of the precise
connection between the tree-level unitarity argument and the (quantum) effective theory
perspective. In order to practically calculate observables relevant to classical black-hole
physics, the Lagrangians given in this paper are ultimately meant to be used in a classical
limit where the momentum transfer (carried by gravitons) is smaller than the inverse
Schwarzschild radius, which is in turn is smaller than the inverse Compton length of the
black hole. This kinematical limit may be taken after obtaining the loop integrand of the
amplitude under consideration, which can be done via Feynman diagrams or by unitarity-cut
methods. In section 3.4, the classical limit for tree-level amplitudes is briefly reviewed in
our notation but, for a thorough exhibition of this procedure at the multi-loop level, we
refer the reader to the unitarity-cut methods used in refs. [7, 15, 19, 36, 37, 40, 101, 142].

In this paper, we make heavy use of a novel notation obtained as an extended version
of the massive spinor-helicity formalism [100, 143]. In particular, the massive spinor-helicity
formalism is simplified by dressing the little-group indices with auxiliary variables, which
turn expressions involving spinors or polarizations into polynomials, or in some situations,
rational functions. Higher-spin states and amplitudes can be easily constructed in this
notation, and through the completeness relation of such states one can infer important
details of the off-shell propagators for higher-spin fields. As a non-trivial application,
we construct generating functions for all higher-spin projectors, as well as all covariant
three-point amplitudes that match the known spinor-helicity expressions [100].

The paper is structured as follows: in section 2, we review our notation and introduce
an extended version of the spinor-helicity formalism. In section 3, we review the massive
higher-spin three-point amplitudes in both spinor-helicity and covariant notation, and show
how to use the current constraint (1.1) to build Ansätze that uniquely reproduce these
amplitudes up to spin 5/2. In section 4, we review the Compton amplitudes and display the
new spurious-pole-free results. In section 5, we consider Lagrangians that are compatible
with the current constraint (1.1), and show that they are unique for the theories that we
are considering.
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2 Massive spinor-helicity for higher-spin states

In this section, we present an extension of the massive spinor-helicity formalism from
ref. [100] (see also [143] for an early version) which is designed to conveniently describe
higher-spin states and amplitudes. We recycle many of the conventions introduced in
ref. [100], such as using bold spinors for massive states with suppressed little-group indices.
Hence, the translation should be straightforward.

2.1 Massive spinor parametrization

Consider a four-dimensional momentum pµ that obeys the on-shell condition p2 = m2. Let
us decompose it in terms of the null vectors kµ, qµ,

pµ = kµ + m2

2p · q q
µ , (2.1)

where we take qµ to be an arbitrary reference vector, and kµ is then defined by the
decomposition. Note that the decomposition implies the identity p · q = k · q.

Using the fact that k, q are null, we may now employ the massless spinor-helicity
formalism. First, we rewrite eq. (2.1) into bi-spinors by contracting the momenta with σµαα̇
matrices,

σ · p = |k〉[k|+ m2

2p · q |q〉[q| ≡ |p
a〉[pa| . (2.2)

We intentionally suppress the (α, α̇) spinor indices of the Lorentz group SL(2,C) ∼ SO(1, 3).
We then recognize that the two terms can be reinterpreted as the contraction of two massive
spinors that carry a, b, . . . indices of the little group SU(2) ∼ SO(3). The massive spinors
can be identified as

|pa〉 =
(
|q〉 m
〈k q〉
|k〉

)
, |pa] =

(
|k]
|q] m

[k q]

)
. (2.3)

The mirrored spinors 〈pa| and [pa| are obtained, as implied by the notation, by transposing
the massless spinors: |k〉→〈k|. Since the little group is SU(2), we lower and raise those
indices using the rules |pa〉 = εab|pb〉 and |pa〉 = εab|pb〉; that is, we always multiply with the
Levi-Civita symbols from the left. The antisymmetric Levi-Civita symbols are normalized
as ε12 = ε21 = 1. For real momentum p with E > 0, m2 > 0, the angle and square spinors
are complex conjugates of each other, up to a similarity transform. More specifically,
(|pa])∗ = Ω|pa〉, (|pa〉)∗ = ΩT |pa], where Ω is a 2-by-2 unitary matrix. Because the massive
on-shell spinors are related by complex conjugation, one is justified to think of them as the
two chiral components of a massive Majorana spinor.

In general, we will consider amplitudes that depend on many momenta pµi , with particle
labels i = 1, . . . , n, which makes it convenient to simplify the notation by only indicating
the particle label inside the spinor

|ia〉 ≡ |pai 〉 , |ia] ≡ |pai ] . (2.4)

For each particle i we have the associated reference vector qµi and mass mi.

– 5 –
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2.2 Bookkeeping of little-group indices, polarizations and projectors

It is convenient to define massive bosonic spinors that have no free little-group indices,

| i 〉 ≡ |ia〉zi,a , | i ] ≡ |ia]zi,a (2.5)

where zi,a = εab z
b
i are complex Grassmann-even auxiliary variables that transform as spinors

under the little group. Because we take the z variables to be complex, the two chiral spinors
are no longer related by complex conjugation, and thus the spinors (2.5) can be interpreted
as the chiral components of a massive Dirac spinor.

The spinor products are antisymmetric under label swaps,

〈12〉 = −〈21〉 , [12] = −[21] , (2.6)

implying that spinor products with repeated indices vanish, e.g. 〈11〉 = 0. Many other
identities familiar from the massless spinor-helicity formalism still hold, such as Schouten
and Fierz identities:

〈12〉〈34〉+ 〈23〉〈14〉+ 〈31〉〈24〉 = 0 , 〈1|σµ|2]〈3|σµ|4] = 2〈13〉[42] . (2.7)

Because all indices are absent and the spinors are bosonic, we can now take arbitrary powers
of the spinors, e.g.

〈12〉2s = degree-4s polynomial in (za1 , za2) , (2.8)
which makes it possible to write down analytic functions with the spinors as arguments.
As a first example, consider the polarization vector for a massive vector boson, which we
define as

εµi = 〈i|σ
µ|i]√

2mi

= [i|σ̄µ|i〉√
2mi

= (z1
i )2εµi,− −

√
2z1
i z

2
i ε
µ
i,L − (z2

i )2εµi,+ . (2.9)

Here εi,± = εi,±(ki, qi) are standard (massless) polarization vectors for the null momenta
ki, with qi as the reference vector that appeared in eq. (2.1), and εi,L is a longitudi-
nal polarization. Explicit expressions can be given, e.g.

√
2εµi,+ = 〈qi|σµ|ki]/〈qiki〉 and

εi,L = ki/mi −miqi/(2pi · qi). Note that the massive polarization εµi is still a null vector,
since ε2

i ∝ 〈i i〉 [i i], and 〈i i〉 = [i i] = 0. Also, since the z variables are complex, the
polarization εµi naturally describes a complex massive vector boson. In the massless limit,
the longitudinal polarization will behave as εµL ∼ pµ/m and is thus singular, whereas the
transverse polarizations ε± are well defined. It is interesting to note that the need of an
arbitrary reference vector q to describe a massless polarization vector is easy to understand
from the ambiguity of the parametrization (2.1) we used for the massive spinors.

To check the completeness relation for the polarization vectors, we need to introduce
polarizations that are complex conjugated,

ε̄µi =
(
[i|σµ|i〉

)∗
√

2mi

≡ −(z̄1
i )2εµi,− +

√
2z̄1
i z̄

2
i ε
µ
i,L + (z̄2

i )2εµi,+ , (2.10)

where we have used (za)∗ = z̄a, (za)∗ = −z̄a and (εµi,−)∗ = εµi,+. We then get the following
non-zero Lorentz product

εi · ε̄i = −(zai z̄i,a)2 , (2.11)
where the sign can be traced to the mostly-minus metric ηµν = diag(1,−1,−1,−1).

– 6 –
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If we contract the little-group indices using a derivative operator, we get the completeness
relation for the transverse part of the Lorentz group,

− 1
4

(
∂2

∂zi,a∂z̄ai

)2

εµi ε̄νi = ηµν − pµi p
ν
i

m2
i

. (2.12)

The result should be familiar as the massive spin-1 projector, or as the tensor structure of
the massive spin-1 propagator. We will see that a direct generalization of the derivative
operator introduced here will be convenient for computing state sums that contribute to
amplitude factorization residues or loop-level unitarity cuts, for any spin states.

2.3 Bosonic higher-spin states

Polarization tensors for bosonic spin-s fields are simply products of s polarization vectors

εµ1µ2···µs
i ≡ εµ1

i εµ2
i · · · ε

µs
i = degree-2s polynomial in zai . (2.13)

Polarization tensors are automatically symmetric, traceless and transverse. Transversality
pi,µ1ε

µ1µ2···µs
i = 0 follows from the fact that 〈ia|pi|ib] ∝ εab, which vanishes after contracting

with the symmetric object zai zbi .
Contracting two CPT-conjugate polarizations gives the little-group completeness rela-

tion
εµ1µ2···µs
i ε̄i,µ1µ2···µs = (−1)s(zai z̄i,a)2s , (2.14)

where again the sign is needed due to our mostly-minus signature. For spin 2, we get the
following completeness relation for the Lorentz structure:

1
(4!)2

(
∂2

∂zi,a∂z̄ai

)4

εµνi ε̄ρσi = 1
2
(
η̃µρη̃νσ + η̃µση̃νρ − 2

3 η̃
µν η̃σρ

)
, (2.15)

where η̃µν ≡ ηµν − pµi p
ν
i

m2
i

is a shorthand notation for the spin-1 projector that appeared in
eq. (2.12). The above eq. (2.15) is the expected state projector for the five physical degrees
of freedom of a massive spin-2 field (e.g. massive graviton).

For general bosonic spin s, we have the following state sum to evaluate:

(−1)s
(2s)! 2

(
∂2

∂zi,a∂z̄ai

)2s

εµ1µ2···µs
i ε̄ν1ν2···νs

i = 1
s! (η̃

µ1ν1 η̃µ2ν2. . .η̃µsνs + perms) + . . . ≡ P ~µ~ν(s) . (2.16)

Here P ~µ~ν(s) is a compact notation for the state projector of an on-shell symmetric and traceless
spin-s state. (See, e.g., ref. [144] for early work on projectors.) Considered as a matrix, the
projector should satisfy

P(s)P(s) = P(s) , P T(s) = P(s) , trP(s) = 2s+1 , pµiP(s) = 0 ,

P(s)
∣∣
µi↔µj

= P(s) , ηµiµjP(s) = 0 , ηµsνsP(s) = 2s+1
2s−1P(s−1) , (2.17)

– 7 –
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where trP(s) = 2s+1 is the number of degrees of freedom for a massive spin-s state. From
these properties, we can find a recursive formula that computes the projector:

P ~µ~ν(s) = 1
(s!)2

∑
perm ~µ

∑
perm ~ν

(
η̃µsνsP ~µ~ν(s−1) −

(s− 1)2

(2s− 1)(2s− 3) η̃
µsµs−1 η̃νsνs−1P ~µ~ν(s−2)

)
, (2.18)

where P(0) = 1. It is convenient to simplify the notation by contracting the free Lorentz
indices with auxiliary (symmetric) polarizations ε~µ ≡ ∏i ε

µi and ε̄~ν ≡
∏
i ε̄
νi , where the

complex vector εµ is a dummy variable. We then get the simpler recursive formula for the
scalar-valued projector P(s)(ε, ε̄) = ε~µP

~µ~ν
(s) ε̄~ν ,

P(s)(ε, ε̄) = ε.ε̄P(s−1)(ε, ε̄)−
(s− 1)2

(2s− 1)(2s− 3)ε
2ε̄2P(s−2)(ε, ε̄) , (2.19)

where all dot products are taken using the spin-1 projector η̃µν ; that is, the “lower dot
product” is defined as ε.ε̄ ≡ εµη̃µν ε̄ν , with ε2 = ε.ε and ε̄2 = ε̄.ε̄. This compact notation will
only be used in the current section. The recursive formula (2.19) can be solved in terms of
the hypergeometric function 2F1,

P(s) (ε, ε̄) =
∞∑
j=0

(ε.ε̄)s−2j
(
−ε

2ε̄2

2

)j
s! (2s− 2j − 1)!!

j! (s− 2j)! (2s− 1)!!

= (ε.ε̄)s 2F1

(
1− s

2 ,−s2 ,
1
2 − s,

ε2ε̄2

(ε.ε̄)2

)
. (2.20)

Alternatively, the spin-s projector can be written directly in terms of Legendre polynomi-
als Pn(x),

P(s)(ε, ε̄) =
(
ε2ε̄2

)s/2
s!

(2s− 1)!! Ps(x) , (2.21)

where x2 = (ε.ε̄)2

ε2ε̄2 . Using Rodrigues’ formula for Legendre polynomials, we can simplify the
state projector so that it is manifestly local in the auxiliary vectors,

P(s) (ε, ε̄) = s!
(2s)!

(
∂

∂ε.ε̄

)s (
(ε.ε̄)2 − ε2ε̄2

)s
. (2.22)

Since the spin-s projector is unique for on-shell states, we can use it to construct a propagator
for a spin-s field, which takes the form

∆(s)(ε, ε̄) = i
P(s)(ε, ε̄) + . . .

p2 −m2 , (2.23)

where the ellipsis denote possible terms of O(p2−m2) that vanish on shell. Such off-shell
terms depend on the precise details of the Lagrangian formulation used to describe the
theory, and they can be altered by field redefinitions.
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2.4 Fermionic higher-spin states

Polarization spinors for fermionic spin-(s+ 1
2) fields are built analogously to the bosonic

ones. From products of the massive chiral spinors and polarization vectors we get two chiral
spin-(s+ 1

2) polarizations,

|i〉µ1µ2···µs ≡ |i〉εµ1
i εµ2

i · · · ε
µs
i ,

|i]µ1µ2···µs ≡ |i]εµ1
i εµ2

i · · · ε
µs
i , (2.24)

which are both degree (2s+ 1) polynomials in zai . The spinors are automatically symmetric
and traceless in the Lorentz indices, but also gamma-traceless. They are gamma-traceless
because σµ1 |i〉µ1µ2···µs = 〈ii〉|i]µ2···µs and 〈ii〉 = 0, with an analogous relation for the
other spinor.

The chiral spinors can be assembled into a spin-(s+ 1
2) Dirac tensor-spinor as follows,

vµ1µ2···µs(pi) ≡ v(pi) εµ1
i εµ2

i · · · ε
µs
i =

(
|i〉µ1µ2···µs

−|i]µ1µ2···µs

)
, (2.25)

where v is an on-shell Dirac spinor,

v(pi) =
(
|ia〉
−|ia]

)
zi,a , (/pi +mi)v(pi) = 0 , (2.26)

where, as before, the auxiliary zi,a soak up the SU(2) little-group indices. The on-shell
Dirac (tensor-)spinors are Grassmann even, and the fermionic statistical factors have
to be added by hand in any calculation, which is the standard textbook treatment for
fermionic polarizations.

Let us be precise and write out the Dirac conjugate in this notation,

v̄(pi) = z̄i,a
(
〈ia| , [ia|

)
. (2.27)

The inner product of two Dirac spinors of the same momentum is then

v̄(pi)v(pi) = 2miz̄
a
i zi,a . (2.28)

The completeness relation is the familiar one,

∂2

∂zi,a∂z̄ai
v(pi)v̄(pi) =

(
−mi σ · pi
σ̄ · pi −mi

)
= /pi −mi . (2.29)

The corresponding u(pi) and ū(pi) Dirac spinors are defined in appendix A.
The inner product of two spin-(s+ 1

2) tensor-spinors of the same momentum, but with
conjugate auxiliary z’s, is given by

v̄µ1µ2···µs(pi)vµ1µ2···µs(pi) = 2mi (−1)s(z̄ai zi,a)2s+1 , (2.30)

where v̄µ1µ2...µs(pi) = ε̄µ1
i ε̄µ2

i · · · ε̄
µs
i v̄(pi) is the standard Dirac conjugate. Similarly, the

completeness relation for spin-(s+ 1
2) is

(−1)s
(2s+ 1)! 2

(
∂2

∂zi,a∂z̄ai

)2s+1

vµ1µ2···µs(pi)v̄ν1ν2···νs(pi) ≡ P ~µ~ν(s+1/2) , (2.31)
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where we have introduced the on-shell state projector. The state projector for fermionic
higher-spin states can be worked out. It satisfies the same properties as the bosonic
one (2.17), but, in addition, it is gamma-traceless: γµiP

~µ~ν
(s+1/2) = 0.

By considering all the constraints on P ~µ~ν(s+1/2) one can find a recursive formula that can
be solved explicitly. The solution can be written down using the same compact notation as
in the bosonic case, P(s+1/2)(ε, ε̄) = ε~µP

~µ~ν
(s+1/2)ε̄~ν ,

P(s+1/2) (ε, ε̄) = (/p+m) A(s) +
(
/ε+ p · ε

m

)
(/p−m)

(
/̄ε+ p · ε̄

m

)
B(s) , (2.32)

where all objects that contain gamma matrices are explicitly displayed, and thus A(s), B(s)

are scalar-valued functions that depend on the dummy vector εµ and momentum pµ. They
satisfy the relations

A(s) = ε.ε̄ A(s−1) − s+ 1
(2s− 1)(2s+ 1)ε

2ε̄2A(s−2) ,

B(s) = A(s−1)

2s+ 1 , (2.33)

with A(0) = 1, B(0) = 0. The solution can again be given in terms of a hypergeometric
function,

A(s) =
∞∑
j=0

(ε.ε̄)s−2j
(
−ε

2ε̄2

2

)j
s! (2s− 2j + 1)!!

j! (s− 2j)! (2s+ 1)!!

= (ε.ε̄)s 2F1

(
1− s

2 ,−s2 ,−
1
2 − s,

ε2ε̄2

(ε.ε̄)2

)
. (2.34)

As before, the modified dot product in ε.ε̄, ε2, ε̄2 include the spin-1 state projector η̃µν ,
whereas the dot products p · ε and p · ε̄ in eq. (2.32) are standard Lorentz products.

The function A(s) can be related to the associated Legendre functions P 1
s+1(x), and

there is a Rodrigues’ formula for it,

A(s) = s!
(2s+ 2)!

(
∂

∂ε.ε̄

)s+2 (
(ε.ε̄)2 − ε2ε̄2

)s+1
, (2.35)

which makes manifest that it is a polynomial.
Again, the fermionic spin-(s+ 1/2) projector is unique for on-shell states, and it can be

used to construct a propagator

∆(s+1/2)(ε, ε̄) = i
P(s+1/2)(ε, ε̄) + . . .

p2 −m2 , (2.36)

where in general there are additional terms of O(p2−m2) in the numerator that contribute
off shell. These terms depend on the details of the Lagrangian formulation of the theory.

For the case of spin 1/2 and spin 3/2, additional terms are not expected, and the
propagators are

∆(1/2)(ε, ε̄) = i
/p+m

p2 −m2 ,

∆(3/2)(ε, ε̄) = i
(/p+m) ε.ε̄+ 1

3(/ε+ p·ε
m )(/p−m)(/̄ε+ p·ε̄

m )
p2 −m2 , (2.37)
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with ε.ε̄ = εµ(ηµν − pµpν
m2 )ε̄ν . The propagators with free Lorentz indices can be obtained by

taking an appropriate number of derivatives ∂
∂εµ and ∂

∂ε̄ν that act on ∆(s+1/2)(ε, ε̄). This
will automatically symmetrize the Lorentz indices on each side of the propagator matrix.

3 Higher-spin three-point amplitudes

We now consider amplitudes for a pair of spin-s particles using the massive spinor-helicity
formalism. To avoid displaying unimportant overall normalization factors in the spinor-
helicity formulae, we denote amplitudes with either straight or calligraphic symbols. The
calligraphic ones, A(1, 2, . . . , n) for gauge theory andM(1, 2, . . . , n) for gravity, are more
suitable for covariant formulae that use polarization vectors. The straight ones, A(1, 2, . . . , n)
and M(1, 2, . . . , n), are more suitable for spinor-helicity expressions. Their relative normal-
izations are

A(1, 2, . . . , n) = (−1)dse
(√

2e
)n−2

A(1, 2, . . . , n) ,

M(1, 2, . . . , n) = (−1)dse
(κ

2
)n−2

M(1, 2, . . . , n) .
(3.1)

where e is the gauge theory (electric) coupling, κ is the gravitational coupling, with
κ2 = 32πGN . The ceiling function dse takes into account phases that depend on the spin
of the massive particle, which appear due to our mostly-minus metric signature choice.
Furthermore, sometimes it is convenient to set e = 1 or κ = 1, in which case the two
normalizations simply differ by powers of

√
2 and signs.

3.1 Spinor-helicity three-point amplitudes

It was proposed by Arkani-Hamed, Huang and Huang [100] that the most natural three-
point amplitudes between two massive higher-spin particles and a gauge boson should be
the following maximally-chiral objects:

A(1φs, 2φ̄s, 3A+) = mx
〈12〉2s

m2s , A(1φs, 2φ̄s, 3A−) = m

x

[12]2s
m2s , (3.2)

where φs is a (complex) spin-s field (bosonic or fermionic) of mass m, and A± is a massless
photon with helicity ±1. The x notation was introduced [100] as a shorthand notation for
the dimensionless scalar amplitude, and in our normalization convention it is given by

A(1φ, 2φ̄, 3A±) = i√
2

(p1 − p2) · ε±3 ≡ mx±1 . (3.3)

The amplitudes (3.2) were identified as being special due to their properties in the high-
energy limit, and because they agree with well-known gauge-theory amplitudes for low
spin s = 0, 1/2, 1.

It is instructive to consider the high-energy limit in some detail. In this limit, the
massive spinors degenerate into massless spinors, up to corrections O(m). We can choose
the momenta such that 〈12〉 ∼ p, [12] ∼ m, and x ∼ m/p, where p� m is some scale that
characterizes the momenta. (Note that three-point kinematics require complex momenta,
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thus the spinors are not related by complex conjugation). The amplitudes (3.2) behave in
this limit as,

mx
〈12〉2s

m2s ∼
p2s−1

m2s−2 ,
m

x

[12]2s
m2s ∼ p , (3.4)

and we can compare this to generic amplitude terms

Ageneric
s′,s′′ (1φs, 2φ̄s, 3A±) ∼ mx±1 〈12〉2s′

m2s′
[12]2s′′

m2s′′ ∼ p2s′∓1

m2s′−1∓1 , (3.5)

where s′, s′′ = 0, 1/2, 1, 3/2, . . . are allowed powers and s = s′+ s′′. We see that, in this high-
energy limit, the most singular positive-helicity terms and least singular negative-helicity
terms coincide with the amplitudes from ref. [100].6

It is interesting to note that some of the generic terms are both more singular and more
soft than the ones from ref. [100] (in a helicity averaged amplitude). For example, amplitude
contributions ∼ x−1〈12〉2s−1[12] are more singular than the terms ∼ x〈12〉2s, and the terms
∼ x[12]2s−1〈12〉 are softer than ∼ x−1[12]2s. For s = 1, such amplitude contributions do
appear in a spin-1 Lagrangian with non-minimal coupling ∆L ∼ αW

µ
W νFµν , and they

only cancel out for α = 1, which corresponds to a spontaneously-broken Yang-Mills theory,
i.e. in a theory where the W -boson acquired its mass through the Higgs mechanism. See
section 5.1.1 for further details on the spin-1 Lagrangian.

3.2 Constraining covariant three-point amplitudes and currents

In this paper, we argue that the three-point amplitudes (3.2) admit a covariant description
in terms of off-shell higher-spin currents that appear to be associated to softly-broken
higher-spin (gauge) symmetry. That is, we can find an off-shell current Jµ, associated to a
massive higher-spin field, that appropriately vanishes as m→ 0 when contracted with one
power of its momentum,

pµJ
µ
∣∣
traceless = O(m) . (3.6)

We restrict the condition to hold for the traceless part (gamma-traceless part for fermions)
of the contracted current. Since the current constraint holds off-shell, it is a powerful tool
for constraining the higher-spin Lagrangian that gives the three-point amplitudes (3.2).
See section 5 for Lagrangian constructions based on this constraint, here we only focus on
the current and amplitudes. Naively, the property (3.6) is somewhat surprising, since the
higher-spin amplitudes (3.2) have arbitrarily high powers of the mass in the denominator,
and the massless limits are expected to be singular rather than soft, at least beyond spin 2.

We will not give the complete details of the off-shell currents here, since they are quite
lengthy objects and contain ambiguities due to their off-shell nature. We will however show
a few steps and then quote the final results for the three-point case. In section 5, more
details are given using Lagrangians up to spin 5/2.

As a first step, we will find a covariant on-shell formula for the amplitudes (3.2). This
formula will reveal the number of derivatives that are present in the three-point interactions,

6Alternatively, one can consider the opposite limit 〈12〉 ∼ m, [12] ∼ p which is closer to the considerations
of ref. [100]. However, the two limits are related by CPT conjugation.
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and also make manifest that all interactions are parity even. We will quote the formula
now without further delay, and then prove it later. To give the covariant formula for all
bosonic spin-s amplitudes, it is easiest to construct a generating series,

∞∑
s=0

A(1φs, 2φ̄s, 3A) = AφφA + AWWA − (ε1 · ε2)2AφφA

(1 + ε1 · ε2)2 + 2
m2 ε1 · p2 ε2 · p1

, (3.7)

where the spin-0 and spin-1 amplitudes appear abbreviated on the right hand side, their
explicit covariant forms are

AφφA ≡ i
√

2 ε3 · p1 , AWWA ≡ i
√

2 (ε1 · ε2 ε3 · p2 + ε2 · ε3 ε1 · p3 + ε3 · ε1 ε2 · p1) . (3.8)

Note that the massive polarization vectors are polynomials of zai and hence the generating
function is a rational function in these variables. Series expansion around zai = 0 will return
the amplitudes for different spins.

To prove that eq. (3.7) is the covariant formula for the resummed amplitudes (3.2),
we simply evaluate the polarization vectors in terms of the spinor-helicity variables. The
denominator evaluates to

(1 + ε1 · ε2)2 + 2
m2 ε1 · p2 ε2 · p1 =

(
1− 〈12〉2

m2

)(
1− [12]2

m2

)
, (3.9)

and the numerator becomes AWWA − (ε1 · ε2)2AφφA = x〈12〉2(m2 − [12]2)/m3 for positive
helicity ε+

3 (the negative helicity case is obtained by swapping square and angle spinors, and
letting x→ 1/x). The factor with square brackets cancels out between the denominator
and numerator, and the generating function simplifies to

∞∑
s=0

A(1φs, 2φ̄s, 3A+) = mx

1− 〈12〉2
m2

, (3.10)

which is indeed the geometric series that describes A(1φs, 2φ̄s, 3A+) in eq. (3.2). The
negative helicity amplitudes A(1φs, 2φ̄s, 3A−) are obtained analogously. This proves the
assertion that eq. (3.7) gives the covariant bosonic amplitudes.

Let us address the question of uniqueness of eq. (3.7). It is straightforward to check at
low spin that there exist no other covariant and parity-even formulae with lower number
of momentum powers (i.e. derivatives in the Lagrangian). Also, one can confirm that
it is not possible to write down Gram-determinant expressions for the five independent
vectors {ε1, ε2, ε3, p1, p2}, since such terms would necessarily be quadratic in the massless
polarization vector ε3 and hence describe interactions of a graviton rather than a gauge boson.
Finally, we note that, given that we assume parity-even and gauge-invariant interactions,
there are only four independent dimensionless variables that can be used to construct
the amplitude: two of them involve ε3, and can be chosen to be the amplitudes AφφA/m
and AWWA/m, and the other two can be chosen as ε1 · ε2 and ε1 · p2 ε2 · p1/m

2. The
spinor-helicity expressions appear to only involve three dimensionless variables: 〈12〉/m,
[12]/m, and x. However, because the amplitudes in eq. (3.2) give two equations in these
variables, there is a unique covariantization of the spinor-helicity amplitudes.
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It turns out that the generalization to fermionic gauge-theory amplitudes is almost
identical to the bosonic case. We only need to identify two low-spin amplitudes, say, spin 1/2
and spin 3/2, and then the other fermionic amplitudes are linear combinations of these. In
fact, we observe that it is exactly the same linear combinations that appeared in the bosonic
generating function (3.7). Hence, the fermionic amplitudes can be formally resummed as

∞∑
s=0

A
(
1φs+1/2, 2φ̄s+1/2, 3A

)
= AλλA + AψψA − (ε1 · ε2)2AλλA

(1 + ε1 · ε2)2 + 2
m2 ε1 · p2 ε2 · p1

, (3.11)

where AλλA = i√
2 ū2/ε3v1 is the standard electron-photon three-point amplitude in quantum

electrodynamics, and AψψA is a well-known gravitino-photon amplitude that is unique
in supergravity with spontaneously-broken supersymmetry. The details of this spin-3/2
amplitude are given in section 5.1.2; for the current purpose we only need to know that
AψψA comes from parity-even interaction terms that are linear in the momenta. That the
covariant formula eq. (3.11) is correct follows from analogous arguments to the ones used
below eq. (3.9). The uniqueness is less clear since Gram-determinant expressions can be
constructed using the vectors and higher-rank forms that come from the fermion bilinears
ū2γ

µ1...µnv1. Nevertheless, at spin 1/2 and spin 3/2, the covariant amplitudes are unique as
will be discussed in section 5.1.2.

Let us now switch the discussion to gravitational higher-spin amplitudes. In ref. [100]
Arkani-Hamed, Huang and Huang gave the following three-point amplitudes:

M(1φs, 2φ̄s, 3h+) = im2x2 〈12〉2s

m2s ,

M(1φs, 2φ̄s, 3h−) = i
m2

x2
[12]2s
m2s . (3.12)

It is clear from the spinor-helicity expressions that they are related to the gauge-theory
amplitudes by the double copy [61],

M(1φs, 2φ̄s, 3h±) = iA(1φsL , 2φ̄sL , 3A±)A(1φsR , 2φ̄sR , 3A±) , (3.13)

where s = sL + sR, and equivalent formulae are obtained for any sL, sR ≥ 0. Since this
relation is insensitive to the helicity of the massless state, it follows that the covariant
gravitational amplitudes are also given by a double copy of the covariant gauge-theory
amplitudes.

Using the double copy, it is a small step to show that a generating function for the
covariant gravitational amplitudes can be constructed out of the gauge-theory generating
functions. However, because the spin s can be decomposed into sL + sR in multiple different
ways, there is some ambiguity on how to write it. We find that it is convenient to write a
combined generating function for bosonic and fermionic covariant gravitational amplitudes,
which has the form
∞∑

2s=0
M
(
1φs, 2φ̄s, 3h

)
= M0⊕1/2 + iAWWA

(
A0⊕1/2 +

A1⊕ 3/2 − (ε1 · ε2)2 A0⊕1/2

(1 + ε1 · ε2)2 + 2
m2 ε1 · p2 ε2 · p1

)
,

(3.14)
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where the sum runs over both integer and half-integer spin s. Here we use the short-
hands A0⊕1/2 = AφφA + AλλA, A1⊕ 3/2 = AWWA + AψψA and M0⊕1/2 = iAφφAA0⊕1/2,
which combine the independent low-spin amplitudes that appeared in the bosonic (3.7)
and fermionic (3.11) generating functions. The reason for multiplying the gauge-theory
generating function by AWWA, rather than by AφφA, is that this way of writing it exposes
the correct maximal momentum power counting of the gravity amplitudes.

As an aside, it is interesting to note that we have already identified the gauge-theory
amplitudes AWWA and AψψA, as well-known three-point amplitudes in theories with
spontaneously broken gauge symmetry (s = 1) and supersymmetry (s = 3/2), respectively.
From this we should expect that some of the low-spin gravitational amplitudes also have
an interesting physical interpretation. Indeed, it is known from previous work on the
double copy [145, 146] that these massive spin-1 and spin-3/2 gravitational amplitudes,
AφφA ×AWWA and AλλA ×AWWA, are precisely those that appear in R-symmetry gauged
supergravity, and the massive spin-2 amplitude (AWWA)2 is precisely the one that appears
in Kaluza-Klein gravity [147–152]. Indeed, in section 5.2.4, we obtain a spin-2 Lagrangian
from Kaluza-Klein compactification, and show that it is compatible with the expected
spin-2 current and Compton amplitude.

3.3 Off-shell current construction

Inspecting the covariant formulae (3.7), (3.11) and (3.14), we learn that the gauge theory
higher-spin three-point interactions are parity invariant, and they have an upper bound
for the number of derivatives. For integer s ≥ 1, the bosonic and fermionic covariant
gauge-theory amplitudes have a maximal power of momentum (derivatives) that scale as

A(1φs, 2φ̄s, 3A) ∼ p2s−1 , A(1φs+1/2, 2φ̄s+1/2, 3A) ∼ p2s−1 . (3.15)

For integer s ≥ 2, the bosonic and fermionic covariant gravity amplitudes have a maximal
power of momentum (derivatives) that scale as

M(1φs, 2φ̄s, 3h) ∼ p2s−2 , M(1φs+1/2, 2φ̄s+1/2, 3h) ∼ p2s−2 . (3.16)

This matches the scaling that we found in eq. (3.4) for gauge-theory bosons. For fermions,
an extra power of momentum can be attributed to the wave functions, but it is not counted
here since we now focus on the momentum which is explicit in the covariant formulae, as
this will correspond to the derivatives in a putative Lagrangian. The gravity momentum
scaling is also compatible with eq. (3.4) after accounting for the extra factor of x ∼ m/p
in the gravitational amplitudes (3.12). Note that the covariant amplitudes have a slightly
different scaling in the gauge-theory s < 1 and gravity s < 2 cases. In these cases, the
massive particle is not the highest spin state, and thus the gauge and gravity theories are
expected to be completely standard, that is, with minimally-coupled matter.

Let us now discuss off-shell versions of the covariant amplitudes. Consider constructing
an Ansatz for the off-shell correlation function between two bosonic higher-spin fields φs, φ̄s
and a gauge boson Aw of spin w, that is we combine the discussion of gauge theory (w = 1)
and gravity (w = 2), so that Aw = (Aµ, hµν). The discussion simplifies if we saturate all
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the free Lorentz indices with dummy vectors εµi , in analogy with the projector discussion
in section 2. The off-shell correlation function for bosonic higher-spin fields then takes
the form

〈φs(p1)φ̄s(p2)Aw(p3)〉 = mw Poly(εi · εj , εi · pj/m, pi · pj/m2) , (3.17)

where Poly(. . .) is a polynomial Ansatz of the Lorentz invariants that appear in the
arguments. The range of leg labels is i, j = 1, 2, 3; we assume momentum conservation,
p1 + p2 + p3 = 0, but no other relations exist among the arguments. All the arguments
are dimensionless, and we have factored out w powers of the mass, so that the correlator
is of the correct dimension for a gauge/gravity theory. For fermionic higher-spin fields,
the correlation function is almost the same, except that the polynomial Ansatz (3.17) also
contains contractions between the dimensionless vectors pµi /m, ε

µ
i and the dimensionless

fermion bilinears ū2γ
µ1...µnv1/m, where ū2, v1 are temporarily treated as unconstrained

off-shell spinors. Note that every term in the polynomial Ansatz must contain exactly
one fermion bilinear, and since the polarizations and momenta constitute five independent
vectors, the tensor rank of the fermion bilinear is at most five.

We will now give a list of constraints on the off-shell correlator that is compatible with
the covariant amplitudes (3.7), and hence compatible with the Arkani-Hamed, Huang and
Huang amplitudes [100]. In fact, the constraints will uniquely pin down these amplitudes
up to spin-3/2 gauge theory, and spin-5/2 gravity. We constrain the polynomial (3.17)
such that:

• Each term contains s powers of the higher-spin polarizations, (ε1)s, (ε2)s, and w

powers of the gauge boson (ε3)w;

• Each term have at most p2s−w powers of momenta;

• Gauge invariance is imposed for the gauge current p3 · Jgauge = 0;

• The current constraint is imposed on the higher-spin currents; for leg 1 this means
p1 · J

∣∣
traceless = O(m), and similarly for leg 2;

• Standard kinetic-term behavior is imposed on interactions.

Let us clarify what this list of constraints means. Firstly, the gauge current and higher-spin
current are defined as

Jµgauge = ∂

∂εµ3
〈φs(p1)φ̄s(p2)Aw(p3)〉

∣∣∣
1&2 on shell

,

Jµ = ∂

∂εµ1
〈φs(p1)φ̄s(p2)Aw(p3)〉

∣∣∣
2&3 on shell

, (3.18)

and the higher-spin current for leg 2 is obtained by swapping 1↔ 2. The currents are simply
defined as the correlator where a Lorentz index is exposed corresponding to an off-shell leg,
and then the remaining two legs are subject to on-shell conditions. The on-shell conditions
for the higher-spin legs i = 1, 2 are {p2

i = m2, εi · pi = 0, ε2i = 0} and for the gauge-field leg 3
they are {p2

3 = 0, ε3 · p3 = 0, ε23 = 0}. For fermions, the on-shell conditions are supplemented
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by {(/p1 + m)v1 = ū2(/p2 −m) = /ε1v1 = ū2/ε2 = 0}. Note that tracelessness, ε2i = 0, and
gamma-tracelessness, /ε1v1 = ū2/ε2 = 0, are not imposed for the off-shell legs in the current.
However, after contracting the higher-spin current into its momentum, we remove the trace
components from the current constraint: p1 · J

∣∣
traceless = O(m). Without removing the

trace components, the current constraint is too restrictive.
Finally, we need to impose the existence of a standard kinetic term. This may sound

strange since the correlator Ansatz (3.17) only contains the three-point interactions. It
is clear that some of the terms in the three-point correlator will originate from the non-
linear terms of the kinetic term, whereas other terms originate from higher-derivative
gauge-invariant cubic operators (involving the gauge-boson field strength). To have a
standard kinetic term, we need to forbid interaction terms that originate from possible
higher-derivative kinetic terms. This can be done by demanding that all higher-derivative
terms obey gauge invariance for the full off-shell correlator (hence they originate from the
field strength, and not from the covariant derivatives of the kinetic term). The standard
kinetic term behavior is imposed on the off-shell correlator by the constraint

pµ3
∂

∂εµ3
〈φs(p1)φ̄s(p2)Aw(p3)〉 = O(m0) . (3.19)

The right hand side of this equation involves no inverse powers of the mass, since such
terms come from higher-derivative operators, which should be fully gauge invariant off-shell.
A standard kinetic term would have no poles in m, and the corresponding interaction terms
need not be gauge invariant for an off-shell correlator.

After having applied the above constraints on the correlator Ansatz (3.17), all legs can
be placed on-shell to obtain a covariant amplitude. Without any input from Lagrangians
or spinor-helicity formulae, this gives unique tree-point amplitudes for spin-1 and spin-
3/2 gauge theory, as well as spin-2 and spin-5/2 gravity, precisely agreeing with the
covariant amplitudes (3.11) and (3.14).7 For higher spin, beyond spin-3/2 gauge theory and
beyond spin-5/2 gravity, the procedure does not result in unique amplitudes, but within
the parameter space of the allowed solution one can always find the amplitudes (3.11)
and (3.14). We explicitly constructed the correlator and currents up to spin 5 for both
gravity and gauge theory, and found them to be compatible with the covariant amplitudes.
Thus there is strong evidence that the spinor-helicity amplitudes of ref. [100] originate from
higher-spin theories that obey the current constraint.

Thus far, we have ignored the subtleties that come from four-dimensional kinematics,
so let us comment on this. For spin-5/2 gravity, one can find a unique solution to the
current constraint, but this requires that we use the following Gram-determinant identity:

G = ε1µf3νρf2σκū2γ
[µνv1f

ρσ
3 ε

κ]
2

D=4= 0 , (3.20)

where the five upper Lorentz indices are antisymmetrized, and fµνi = pµi ε
ν
i − pνi ε

µ
i is a field

strength of particle i (the corresponding linearized “Riemann tensor” is the square fµνi fρσi ).
7The Ansatz procedure also leads to unique amplitudes for the low spin cases, s < 1 gauge theory and

s < 2 gravity, but the derivative counting needs to be adjusted upwards to be compatible with the kinetic
term; hence these are all minimal-coupling theories.
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The current constraint then holds modulo this four-dimensional identity

p1 · J5/2

∣∣∣
traceless

∼ G

m
+O(m) . (3.21)

Note that G is one of the first Gram determinants that can appear for low-spin correlators.
In fact, for three-point correlators in a bosonic gauge theory one cannot write down any
Gram determinant compatible with our Ansatz. Similarly, in a bosonic gravity theory one
can write down only one, G(ε1, ε2, ε3, p1, p2), which is quadratic in all three polarizations.
This object can first show up in a current constraint for spin-3 particles; however, we find
that the current constraint can be solved without imposing the vanishing of the Gram
determinant. For fermionic gauge theory correlators, one could in principle write down
G′ = f3ρσf2κλε1ν ū1γ

[νρσκv2ε
λ]
2 , which also corresponds to spin 5/2. However, surprisingly,

we find that we do not need to make use of such identities. It is curious that it is only for
the fermionic gravity correlators that it seems necessary to use the Gram determinants to
satisfy the current constraint.

3.4 Classical limit

The gravitational amplitudes discussed in section 3 have been shown to match the classical
energy-momentum tensor of a Kerr black hole [17, 104]. Here we briefly review that
argument using our notation, and we will also make an interesting comparison to the
higher-spin classical amplitudes recently computed in ref. [142].

The linearized energy-momentum tensor for a Kerr black hole can be given in momentum
space as [102, 104]

Tµν(−k) = 2π δ(p · k) p(µexp(m−1S ∗ ik)ν)
ρ p

ρ , (3.22)

where pµ and Sµ are the black hole momentum and classical spin vector (Pauli-Lubanski
vector), respectively, and (S ∗ k)µν = εµνρσS

ρkσ.
We can contract the tensor with an on-shell graviton polarization to obtain what one

may call a classical amplitude [104],

εµν (k)Tµν (−k) = (2π)2 δ (p · k) δ
(
k2
)

(ε · p)2 exp
(
−ikµενS

µν

ε · p

)
, (3.23)

where εµν (k) = εµ(k)εν(k) and Sµν = m−1εµνρσpρSσ.
One can compare the above classical amplitude to the quantum three-point amplitude

obtained by Arkani-Hamed, Huang and Huang. Let us focus on a positive-helicity graviton
with momentum k and polarization εµν(k) that scatters against two bosonic spin-s particles
with momenta p1 and p2. We express a 〈12〉2 factor in terms of massive polarizations to
get an expression reminiscent of an exponential,

(−1)s im
2x2

2
〈12〉2s

m2s = −i (ε · p1)2
(

ε2 ·
(

1 + 1
m
k · Ŝ + 1

m2

(
k · Ŝ

)2
)
· ε1

)s
, (3.24)

where Ŝµ = (2m)−1 εµνρσp1νMρσ is a spin operator, with (Mµν)αβ = 2iδ[µ
α δ

ν]
β being the

spin-1 Lorentz generator. The positive-helicity amplitude is similar, and it can be obtained
by the replacement Ŝ → −Ŝ in the above expression.
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We will now take the classical limit, which we can do in two steps. First take the
momentum of the graviton k to be small compared to momenta of the higher-spin particles.
Using momentum conservation and imposing that polarizations are null and transverse, one
can relate ε2 and ε̄1 through a finite power series in k,8

εµ2 = −ε̄µ1 + pµ1
ε̄1 · k
m2 + kµ

ε̄1 · k
2m2 . (3.25)

Next, we identify the classical spin vector with the spin-operator expectation value as
−ε̄1 · Ŝµ · ε1 → Sµ/s. We also assume that the polarizations are normalized such that
ε̄1 · ε1 = −1 (which imposes (z̄aza)2 = 1). The second step is to take the large-spin limit.
Combining both steps, we get the result

k�p−→ (ε · p)2
(

1 + 1
ms

k · S +O
(
S2/s2

))s
s→∞−→ (ε · p)2 exp

( 1
m
k · S

)
. (3.26)

The suppressed quadratic term corresponds to a quantum contribution and vanishes in the
large-s limit. Finally we have to make use of the on-shell relation ikµε±ν Sµν = ∓k·S ε±· p1/m

and then the match to eq. (3.23) works up to the overall normalization.
It is instructive to compare to the results from ref. [142], where a higher-spin Lagrangian

formalism was used to obtain amplitudes that reproduces the linearized energy-momentum
tensor (3.22) in the classical limit. The three-point amplitude, with the same momentum
and polarization labeling as above, can be written as [142]

M
(
1φs, 2φ̄s, 3h

)
= −i (ε · p1)2 εs2 ·

(
exp

( 1
m
k · S

)
− i

m2 p1 ·M · k
)
· εs1 , (3.27)

where M and S are the spin-s representations of the operators that we called M and Ŝ

above. Even before taking the classical limit, we can note that the exponential term can be
expanded out as

εs2 · exp
( 1
m
k · S

)
· εs1 =

(
ε2 · exp

( 1
m
k · Ŝ

)
· ε1

)s
(3.28)

=
(

ε2 ·
(

1 + 1
m
k · Ŝ + 1

2m2

(
k · Ŝ

)2
)
· ε1

)s
,

where we used that the exponent is a nilpotent matrix
(
k · Ŝ

)3
= 0. This expression looks

very similar to the quantum amplitude (3.24), except that the term quadratic in Ŝ has a
numerical coefficient smaller by a factor of 1/2. Since we already mentioned that this term
vanishes in the classical limit, it can be thought of as a quantum contribution. The same is
true of the second term in eq. (3.27) that contains p1 ·M · k.

Let us check if the two contributions responsible for the quantum mismatch between
eq. (3.24) and eq. (3.27) are perhaps related. We find the relation

εs2 ·
(
i

m2 p1 ·M · k
)
· εs1 = s (ε1 · ε2)s−1 ε2 ·

( 1
m2

(
k · Ŝ

)2
)
· ε1 , (3.29)

8We thank Lucile Cangemi for highlighting the importance of this relation.
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and for s = 1 the two expressions indeed conspire in eq. (3.27) with numerical coefficients
1/2− 1. However, this still does not add up to the unit coefficient of this term in eq. (3.24),
which through s ≤ 5/2 should give the unique theories that satisfy tree-level unitarity.
That said, the terms proportional to p1 ·M · k or to ε2 ·

(
k · Ŝ

)2
· ε1 are subleading in the

classical limit and thus the quantum difference is irrelevant for the purpose of describing
astrophysical black holes. In conclusion, this analysis confirms that eq. (3.27) and eq. (3.24)
are classically equivalent and match the Kerr black-hole dynamics.

4 Spinor-helicity Compton amplitudes for s ≤ 5/2

In ref. [100], three-point higher-spin amplitudes, which we discussed in section 3, were
used together with BCFW recursion [56, 153] to construct candidates for the Compton
amplitudes with opposite-helicity photons/gravitons. In a later reference the equal-helicity
Compton amplitudes were obtained in the same way [118]. Let us start by inspecting the
photon amplitudes

A(1φs, 2φ̄s, 3A+, 4A+) = i
〈12〉2s[34]2
m2s−2t13t14

, (4.1a)

A(1φs, 2φ̄s, 3A−, 4A+) = −i [4|p1|3〉2−2s([41]〈32〉+ [42]〈31〉)2s

t13t14
, (4.1b)

where s12 = (p1 + p2)2 and tij = (pi + pj)2 − m2. As was discussed in ref. [100], the
opposite-helicity amplitude is well behaved for s ≤ 1, and starting at s = 3/2 it develops a
spurious pole corresponding to the factor [4|p1|3〉2−2s. This pole is unphysical, and must
be canceled by adding a contact interaction to the Compton amplitude, such that it has
a compensating spurious pole. Exactly how to do this in a unique way has not yet been
firmly established. In contrast, we see that the equal-helicity Compton amplitude does not
have a spurious pole for any spin. And this suggests that it should not be corrected by
contact terms, although a priori it cannot be ruled out that it receives corrections that are
manifestly free of momentum poles.

Next, let us quote the corresponding candidate Compton amplitudes for gravity, which
can be obtained via BCFW recursion in the same way [100, 118],

M(1φs, 2φ̄s, 3h+, 4h+) = i
〈12〉2s[34]4

m2s−4s12t13t14
, (4.2a)

M(1φs, 2φ̄s, 3h−, 4h+) = i
[4|p1|3〉4−2s([41]〈32〉+ [42]〈31〉)2s

s12t13t14
. (4.2b)

Again, the opposite-helicity amplitudes develop a spurious pole [4|p1|3〉4−2s for spin s > 2.
The naive application of BCFW recursion does not yield a physical answer, and an unknown
contact term needs to be added to cancel the spurious pole. The results are perhaps not
surprising, since naive application of BCFW recursion assumes a good high-energy behavior
with an absent residue at infinity. However, higher-spin theories are effective theories, and
one may expect that their high-energy behavior requires a careful analysis. A possible
choice for the residue at infinity was discussed in ref. [100], but it is not unique and thus
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further physical criteria are needed for pinning down these contributions, and by extension,
finding the Compton amplitudes that describe a Kerr black hole.

In section 5, we will show the explicit details of using the P · J = O(m) condition to
uniquely obtain the three-point and Compton amplitudes up to spin-3/2 gauge theory and
spin-5/2 gravity. These exactly agree with the spurious-pole-free amplitudes of refs. [100,
118]. In addition, we obtain unique contact term corrections to the spin-3/2 gauge theory
and spin-5/2 gravity Compton amplitudes. As a spoiler of that discussion, here we will
briefly quote the new spurious-pole-free amplitudes, and in section 5.3 we will revisit the
details of the correction terms.

First, let us pick a shorthand notation for some recurring spinor combinations,

N2 = [41]〈32〉+ [42]〈31〉 ,
N ′2 = [41]〈32〉 − [42]〈31〉 , (4.3)
N4 = [14][24]〈13〉〈23〉 ,

where the subscripts are indicating the dimension counting. In the opposite-helicity case,
we obtain the following Compton amplitude for spin-3/2 matter coupled to photons:

A(1φ3/2, 2φ̄3/2, 3A−, 4A+) = iN2
m4t13t14

(m3N2(〈21〉+[21])+m2[4|p1|3〉〈21〉[21]+[3|p1|4〉N4) .
(4.4)

The corresponding equal-helicity Compton amplitude for spin-3/2 matter receives no
corrections, and hence eq. (4.1a) remains valid.

In the case of spin-5/2 matter coupled to gravitons, we obtain a corrected opposite-
helicity Compton amplitude given by

M(1φ5/2, 2φ̄5/2, 3h−, 4h+) = iN2
m4Q4 +m3Q3 +m2Q2 +Q0

m6s12t13t14
, (4.5)

where we have decomposed the contributions according to powers of the mass; these are

Q0 = −s12N
2
4 [3|p1|4〉 ,

Q3 = 2N2(〈12〉+ [12])
(
[4|p1|3〉2(〈12〉 − [12])2 + s12N4

)
, (4.6)

Q4 = −2N2
2 [4|p1|3〉(〈12〉 − [12])2 ,

and

Q2 = 1
2[4|p1|3〉

{
2[4|p1|3〉2〈12〉[21]

(
〈12〉2 + [12]2 + 3〈12〉[21]

)
+ [4|p1|3〉(〈12〉2 + [12]2)

(
[2|p3,4|1〉(N ′2 +N2) + [1|p3,4|2〉(N ′2 −N2)

)
+ 2N4s12

(
3〈12〉2 + 3[12]2 + 4〈12〉[21]

)}
, (4.7)

where p3,4 ≡ p3 − p4. Again, the equal-helicity Compton amplitude for spin-5/2 matter
receives no corrections, and hence eq. (4.2a) remains valid. Note that, although the opposite-
helicity Compton amplitude is much more complicated than the equal-helicity one, they are
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both given by the same covariant expression obtained via the Lagrangian that we give in
section 5.2.5.

Before moving on to derive these expressions, let us comment about the possibility
of including additional contact terms. We first note that the gauge theory amplitude in
eq. (4.4) is dimensionless, and thus any additional terms must be dimensionless and free of
any kinematic poles. This means that all the spinors need to appear in the numerator; for
example, the schematic minimal expression |1〉3|2〉3|3〉2|4]2/m5 has the right little-group
weights and dimension to be a contact term corresponding to an operator quadratic in field
strength ∼ (Fµν)2. However, it clearly has a different 1/m behavior than the terms already
present in eq. (4.4), hence it seems implausible that such contact terms would conspire
to further improve the high-energy behavior or the tree-level unitarity properties of the
Compton amplitude.

The same analysis can be done for the gravitational amplitude (4.5), which is of
dimension two. A schematic minimal expression that has the correct little-group weights
and dimension is |1〉5|2〉5|3〉4|4]4/m7, which corresponds to an operator quadratic in the
Riemann tensor ∼ (Rµνρσ)2. However, again it has a higher power of 1/m than the terms
already present in eq. (4.5) and thus there is no reason to think that the addition of such
terms can improve the high-energy behavior or the tree-level unitarity properties of the
Compton amplitude. For the theories we consider in the next section, we will see that
operators that are quadratic in the field strength or Riemann tensor do not appear in
Lagrangians that have a minimal number of derivatives and satisfy the current constraint.

5 Lagrangians and Compton amplitudes from P · J = O(m)

It is well known from the higher-spin literature that the minimal-coupling prescription,
i.e. only replacing ordinary derivatives with covariant ones, is not the most natural choice
for higher-spin interactions in gauge theory and gravity. For instance, ref. [119] shows the
necessity of non-minimal terms to avoid tree-level unitarity violations, and how this imposes
the familiar value of g = 2 for the gyromagnetic ratio.

In this section we will discuss the natural Lagrangians for spinning massive matter,
and how they are uniquely fixed by the current constraint P · J = O(m) and counting
of derivatives. We start with matter with low spin and work our way up in spin until it
exceeds the spin of the gauge bosons (photon/graviton). While these Lagrangians are far
from new, the purpose of this exercise is to connect the Lagrangians to the three-point and
four-point amplitudes in sections 3 and 4, which have been argued to describe the dynamics
of Kerr black holes, as well as “root-Kerr” gauge theory solutions [17, 154].

Effective Lagrangians appropriate for describing black holes and other massive objects
will in general contain additional higher-derivative terms that behave as (∂/m)w for some
positive power w. The scattering processes that the effective Lagrangians are geared towards
describing include the Compton amplitude, but also any n-point process involving two
massive higher-spin states and n−2 gravitons (or gluons). This implies that we are interested
in higher-derivative operators that involve two higher-spin fields and n−2 factors of field
strengths Rµνρσ (or Fµν) for the massless gauge bosons. Thus, there is a minimum number
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of derivatives that an n-point amplitude must contain in order for such an operator to be
present. In gravity it is (∂/m)2n−4 and in gauge theory it is (∂/m)n−2 derivatives. Whether
or not one should add such n-point operators to the Lagrangian depends on the derivative
counting that is already present in the amplitude from previously-added operators, as
well as whether there are problems with the minimal-coupling Lagrangian that the new
operators will cure. In the cases that we consider, the tree-level unitarity violation will
be ameliorated by the addition of three-point operators, which then dictate the derivative
counting such that it forbids possible n>3 higher-derivative operators. The details will be
shown below. Of course, one could still consider including such operators, but they are
not expected to help with the tree-level unitarity considerations, and instead they could
potentially re-introduce the tree-level unitarity problem. Thus, in this section we will make
the minimalistic choice to not consider operators that are beyond linear in the field strength,
up to spin-5/2 gravity and spin-3/2 gauge theory.

5.1 Gauge-theory Lagrangians

As a warm-up, we here consider massive spinning fields in a gauge theory, and we use
the current constraint to find the allowed theories with the lowest number of derivatives.
In particular, in section 3, we showed that the current constraint can be solved at cubic
order with at most ∂2s−1 derivatives for a spin-s boson. Assuming that additional quartic
interactions introduce no worse momentum scaling in the four-point amplitude, this implies
an expectation of ∂2s−1 1

�∂
2s−1 = ∂4s−4 derivatives for the quartic terms. Here we assumed

that the propagator schematically behave as 1
� (in the high-energy limit), which can only be

true if the current constraint is obeyed, as we will elaborate on shortly. Similarly, for a spin-s
fermion, the current constraint can be solved at cubic order with at most ∂2s−2 derivatives,
which implies the expectation of ∂2s−2 1

∂∂
2s−2 = ∂4s−5 derivatives at quartic order.

More generally, we can do the same derivative counting in terms of schematic new
n-point operators, under the assumption that their existence is tied to the non-minimal
interactions at three points. For multiplicity n ≥ 2 and bosonic spin s ≥ 1, the derivative
counting of section 3 permits operators

∆L(s)
n ∼ D2(n−2)(s−2)+2 φ̄s

(
Fµν
m2s−2

)n−2
φs , (5.1)

or with fewer derivatives. Here D is the covariant derivative, φs is the higher-spin field,
and Fµν is the photon field strength. For fermions, the same schematic formula is obtained
except that the operators have exactly one derivative less. We see that the number of
covariant derivatives becomes negative for s ≤ 3/2 and n ≥ 4, and thus such operators are
not considered.

5.1.1 Spin 1 — the W boson

Let us begin from the simplest case where a current for the matter field can be first defined,
that of a massive charged spin-1 fieldWµ ≡ φ1, coupled to the photon Aµ. From the general
considerations in section 3, we expect that the current constraint can be satisfied by cubic
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interactions with at most one derivative, and quartic interactions with zero derivatives. The
Lagrangian Ansatz is then

L = 2D[µW ν]D
[µW ν] −m2WµW

µ + ieαW
µ
W νFµν , (5.2)

with covariant derivative Dµ = ∂µ − ieAµ and field strength Fµν = 2∂[µAν]. The free
parameter α multiplies the non-minimal interaction, and the choice α = 0 gives the
minimally-coupled theory. Since quartic operators must come with derivatives in the form
of F 2 terms, such operators are not allowed by our derivative counting. For convenience,
we work with e = 1 in the rest of this section.

Let us compute the Compton amplitude, as well as the three-point current. To do so,
we will need the massive spin-1 propagator,

∆ρσ
(1) (p) = i

p2 −m2

(
ηρσ − pρpσ

m2

)
. (5.3)

Following ref. [119], one notes that this propagator may introduce a mass singularity in the
Compton amplitude. This can be phrased as tree-level unitarity problem: for momentum
p � m, the amplitude may grow larger than unity. The problem can be avoided by
constraining the off-shell current that is contracted into the propagator.

Let Jµ(−P, p2, p3) be the three-point current of the massive spin-1 field, µ its free
Lorentz index and P = p2+p3 its off-shell momentum. The momenta p2, p3 correspond to an
on-shell spin-1 boson and an on-shell photon, respectively. Suppose that the current satisfies

PµJ
µ(−P, p2, p3) = mX(−P, p2, p3) , (5.4)

with X(−P, p2, p3) bounded as m→ 0. With these conditions, the potentially dangerous
mass singularity in the propagator factor Pµ/m is neutralized when contracted into the
current as one builds up the Feynman diagrams. Hence, the current constraint is a necessary
condition for avoiding the tree-level unitarity violation.

Explicit computation using the Lagrangian (5.2) yields

PµJ
µ(−P, p2, p3) = im2ε2 · ε3 + i(1− α)(ε3 · P ε2 · p3 − ε2 · ε3 p3 · P ) , (5.5)

which confirms that tree-level unitarity requires α = 1. Not surprisingly, this is precisely
the value that is required for W -bosons in a spontaneously-broken Yang-Mills theory, such
as the Standard Model.

We may confirm that α = 1 reproduces the expected amplitudes. The three-point
amplitude, with P → −p1 on shell, is given by

A(1W, 2W, 3A) = −2iε1 · ε2 ε3 · p1 − i(1 + α)ε2µf
µν
3 ε1ν , (5.6)

where fµν3 = pµ3ε
ν
3 − pν3ε

µ
3 . With photon helicity ε3 = ε−3 , we have

A(1W, 2W, 3A−) = −(1 + α)x−1

2m [12]2 − (1− α)x−1

2m [12]〈12〉 , (5.7)

which reduces to eq. (3.2) for α = 1. Furthermore, at four points, one finds that α = 1
reproduces exactly the spin-1 Compton amplitude in eq. (4.1). Of course, we could have

– 24 –



J
H
E
P
0
2
(
2
0
2
2
)
1
5
6

directly matched the amplitudes to eq. (3.2) or eq. (4.1), which would have given the same
α = 1 solution. However, as we will demonstrate with more examples, the current constraint
pins down both the Lagrangians and the amplitudes with very little input.

Before moving on to higher spin, let us discuss some salient points. In the m→ 0 limit,
the current constraint (5.4) becomes the Ward identity corresponding to gauge invariance
of a massless spin-1 particle. It is not surprising that the resulting Lagrangian (5.2) is built
out of the standard interaction terms for W -bosons, which in the massless limit reduces
to non-abelian Yang-Mills theory. Here we are not interested in the W 4 contact terms
and the Higgs field that are also present in such a theory because, with an eye towards
the application of classical scattering with very massive compact objects (black holes in
gravity), such terms would correspond to quantum corrections that are irrelevant. Thus,
we are only interested in Lagrangians that are quadratic in the massive spinning field.

5.1.2 Spin 3/2 — charged gravitino

We now discuss the Lagrangian for photons coupled to a massive charged spin-3/2 field
ψµ, which for convenience we often call “gravitino”. We follow the approach of ref. [155]
and consider the most general Lagrangian linear in the field strength, which precisely
matches our expectation on the maximum number of allowed derivatives, as discussed in
the beginning of this section. Although the considerations in section 3 ruled out parity-odd
terms, we include them here for illustrative purposes. The Lagrangian Ansatz consists of
the Rarita-Schwinger Lagrangian [156] plus non-minimal terms,

L = ψ̄µγµνρ

(
iDν − 1

2mγ
ν
)
ψρ − ie

m

(
l1ψ̄µF

µνψν + l2ψ̄µFρσγ
ργσψµ + l3F

µν(ψ̄µγνγ · ψ

+ ψ̄ · γγµψν) + l4ψ̄ · γFρσγργσγ · ψ + il5F
µν(ψ̄µγνγ · ψ − ψ̄ · γγµψν)

)
, (5.8)

with the same covariant derivative and field strength as defined in the previous subsection.
The gravitino is described by a vector-spinor field, with the free equation of motion
γ · ψ = (i/∂ −m)ψµ = 0.

It is known that the parameter values l1 = −2, l2 = 1/2, l3 = 1, l4 = −1/2, l5 = 0
uniquely match a truncation of gauged N = 2 supergravity [157]. As a spoiler, this choice
precisely gives the three-point amplitude (3.2), as well as the Compton amplitudes (4.1)
and (4.4). Furthermore, these values are uniquely fixed by the property P · J = O(m).
With this said, let us clean up the Lagrangian corresponding to this parameter choice,

L = ψ̄µγµνρ

(
iDν − 1

2mγ
ν
)
ψρ + ie

m
ψ̄µFµνψν , (5.9)

where Fµν ≡ Fµν − i/2 γ5εµνρσFρσ is a gamma-matrix-augmented field strength, which is
parity even.

Let us confirm the result. Consider the three-point amplitude in the Lagrangian Ansatz,
and note that l3, l4 and l5 do not contribute due to the gamma-tracelessness of on-shell
gravitinos. Assuming ε3 = ε−3 , we have

A
(
1φ3/2, 2φ̄3/2, 3A−

)
= iū2ρ/ε3v

ρ
1 + i

l1
m
ū2µf

µν
3 v1ν + i

l2
m
ū2µf3ρσγ

ργσvµ1 , (5.10)
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which leads to the spinor-helicity expression

A
(
1φ3/2, 2φ̄3/2, 3A−

)
= − x

−1

2m2 [12]3
(
−2〈12〉

[12] + l1

(
1−〈12〉2

[12]2

)
+ 4l2

(
〈12〉
[12] −

〈12〉2

[12]2

))
.

(5.11)
One sees that l1 = −2 and l2 = 1/2 reproduce eq. (3.2).

Next, consider the calculation of the Compton amplitude. We need the massive gravitino
propagator that we derived in eq. (2.37); here it is in full detail:

∆ρσ
(3/2) (p) = i

p2 −m2

((
ηρσ − pρpσ

m2

)(
/p+m

)
+ 1

3

(
pρ

m
+ γρ

)(
/p−m

)(pσ
m

+ γσ
))

.

(5.12)
Similar to the spin-1 case, the above propagator introduces mass divergences in the Compton
amplitude. Note that, with the field content considered, we will not be able to find a special
theory that has a finite massless limit. If this were possible, it would result in a massless
spin-3/2 field coupled to the photon, and this is forbidden by various no-go results [158, 159],
including the Weinberg-Witten theorem [160]. The only known completion of a massless
spin-3/2 theory is within the context of supergravity, but that would require that we add
a graviton as well as other fields to the Lagrangian [157, 161, 162]. For a review on these
topics, see ref. [141].

Nonetheless, there is a notion of unitarity violation in the Lagrangian (5.8) that we can
cure. A detailed argument can be found in ref. [120], here we give a brief summary. Imposing
the constraint P · J = O (m) ensures that the mass divergences due to the longitudinal part
of the current drop out. However, the addition of non-minimal terms in the Lagrangian will
in general introduce explicit poles 1/m, as can be seen in eq. (5.8), and hence give new mass
divergences in the transverse part of the current J⊥, which automatically obeys P · J⊥ = 0.
One can argue that this is a separate problem that needs to be solved via other methods,
such as introducing new fields, including possibly an infinite tower of higher-spin fields [120].
Such an approach, however, cannot solve the unitarity violation in the longitudinal current,
and hence the current constraint is yet again to be interpreted as a necessary condition for
tree-level unitarity.

Now we follow the same procedure as in the spin-1 case. Let us define the three-point
current Jµ(−P, p2, p3), where P is off shell, and p2 and p3 are on-shell. From eq. (5.8) we
compute the current

Jµ(−P, p2, p3)vPµ =

iū2µγ
µνρε3νvPρ + il1

m
fµν3 ū2µvPν + 2il2

m
ū2µ/p3/ε3v

µ
P + il3 − l5

m
fµν3 ū2µγνγ · vP , (5.13)

where ū2µ is an on-shell vector-spinor, and vPµ is an auxiliary vector-spinor for the off-shell
leg. To check the current constraint, we replace vPµ → PµvP , where vP is an off-shell
spinor, giving

Jµ(−P, p2, p3)PµvP = imε3 · ū2vP − i(1− l3 − il5)fµν3 ū2µγνvP

+ i

m
(l1 + 2l3 + 2il5)fµν3 p2µū2νvP + i

m
(2l2 − l3 − il5)k · ū2 /ε3/p3vP . (5.14)
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To have P · J = O(m), we need all terms except the first one to vanish. Since the li are
real parameters, this implies l1 = −2, l2 = 1/2, l3 = 1, l4 = −1/2, l5 = 0, as promised.

We proceed to compute the Compton amplitude for the truncated supergravity theory.
The ingredients required are the three-point vertex (5.13) and the propagator (2.37). The
final result is best presented in terms of spinor-helicity notation, and it exactly gives the two
formulae already quoted in eqs. (4.1a) and (4.4) for the equal- and opposite-helicity cases,
respectively. This confirms that the equal-helicity amplitude is not modified by the contact
term that cures the spurious-pole problem of the opposite-helicity Compton amplitude.
Also, by the analysis of Lagrangian properties (current constraint and derivative counting)
we can rule out the presence of F 2 operators in a well-behaved and hairless spin-3/2 gauge
theory. By “hairless” we mean that there are no physical properties (e.g. Wilson coefficients)
that characterize the spin-3/2 particle other than its mass, spin and charge.

5.2 Gravity Lagrangians

We now proceed to analyze gravitational Lagrangians and amplitudes for spinning matter.
We find that imposing P · J = O(m) on the currents uniquely fixes the Lagrangians up to
spin 5/2, which in turn gives the tree-point amplitudes in eq. (3.12), as well as the unique
Compton amplitudes that we presented in section 4.

In analogy with the gauge-theory discussion around eq. (5.1), we will work with
gravitational theories that can satisfy the current constraint with the fewest number of
derivatives in the non-minimal interactions. Given that we already know the three-point
derivative counting from the discussion in section 3, we can infer the multiplicity-n counting
by assuming that they give rise to no worse behavior. For spin-s bosons we get that the
derivative counting is compatible with n-point operators of the schematic form

∆L(s)
n ∼ ∇2(n−2)(s−3)+2 φ̄s

(Rµνρσ
m2s−4

)n−2
φs , (5.15)

where ∇ is the covariant derivative, φs is the higher-spin field, and Rµνρσ is the Riemann
tensor. For fermions, the same schematic formula is obtained except that the operators
have exactly one derivative less. The number of derivatives becomes negative for s ≤ 5/2
and n ≥ 4, thus they are not considered. For further details on the non-minimal terms, see
ref. [107] where an on-shell action was given for arbitrary spin up to n = 3, which matches
with the three-point amplitudes of ref. [100].

5.2.1 Spin 1/2 — standard fermion

We start by considering the simplest example of a spin-1/2 massive field λ ≡ φs=1/2 coupled
to gravity. While this case is somewhat trivial, it gives a warm-up that highlights how
fermions couple to gravity. Since the spin-1/2 current will not have any free Lorentz indices,
the current constraint does not apply. However, it then automatically follows that the
minimally-coupled theory is free of tree-level unitarity problems. For convenience, we work
with κ = 1 in this section.
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The minimally-coupled Lagrangian is given by the fermion kinetic and mass terms,
L = √−g λ̄(i /∇−m)λ, which we expand out for convenience,

√
−g λ̄(i /∇−m)λ = λ̄(i/∂ −m)λ− i

2 λ̄γ
ahµa∂µλ+ i

8 λ̄γ
µωabµ [γa, γb]λ+O(h2, ηµνhµν). (5.16)

We here distinguish between Greek indices {µ, ν, . . . } used for curved coordinate indices,
and Latin indices {a, b, . . . } used for flat indices, such as in the tetrad eµa . However, when
there is no potential for confusion, such as in amplitude and current expressions, we resort
to using Greek indices for flat space contractions.

The covariant derivative is written explicitly as

∇µλ = ∂µλ+ 1
8ω

ab
µ [γa, γb]λ , (5.17)

in terms of the spin connection (ωab)µ ≡ eaν∇µebν = (1/2)(ηbcΓacµ−ηacΓbcµ)+O(h2). Gamma
matrices with curved indices are defined in terms of the flat-space gamma matrices and
the tetrad as γµ = γaeµa . In turn, the tetrads are expanded in terms of the fluctuations of
the metric hµν as eµa = δµa − (1/2)hµa +O(h2). Hence, there will be additional contributions
to the vertices coming from the expansion of the tetrad fields which dress the flat-space
gamma matrices. This corresponds to the second term in eq. (5.16).

Now we wish to compute the three-point amplitude. The connection one-form term does
not contribute if the graviton is on shell. This is because the symmetry of the Christoffel
symbol and the Clifford algebra relations can be used to rewrite it in terms of ηµνΓλµν and
Γµµν , both vanishing on-shell. The second term instead gives

M(1φ1/2, 2φ̄1/2, 3h) = i

2ε3 · p1 ū2/ε3v1 . (5.18)

Assuming the helicity choice ε3 = ε−3 , we have

M
(
1φ1/2, 2φ̄1/2, 3h−

)
= −imx

−2

2 [12] , (5.19)

in agreement with eq. (3.12).
The Compton amplitude can be computed by expanding the kinetic term to second order

in hµν , and also considering the cubic graviton self-interactions coming from the Einstein-
Hilbert action. We will not give the details of the calculation here, as it has little bearing on
the higher-spin current argument. We can instead rely on BCFW recursion or double copy
to argue that the Compton amplitude must agree with eq. (4.2). For minimally coupled
matter of spin s ≤ 2, BCFW recursion is expected to give correct Compton amplitudes
with no contributions from infinity of the complex plane (see e.g. refs. [100, 118, 163, 164]).
The double copy is also expected to hold for Compton amplitudes of minimally coupled
massive matter with spin s ≤ 2 (see e.g. refs. [118, 145–147, 165–167]).

5.2.2 Spin 1 — Proca boson

Like the previous subsection, the spin-1 case is somewhat trivial, but for the sake of
completeness we discuss it briefly. Consider a massive spin-1 field Wµ ≡ Φs=1 coupled
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to gravity. The Lagrangian is obtained by covariantizing the Proca Lagrangian, which is
essentially the quadratic piece of the Lagrangian (5.2),

L =
√
−g

(
2∇[µW ν]∇[µW ν] −m2WµW

µ
)
. (5.20)

Here the covariant derivative is given by

∇µWρ = ∂µWρ − ΓλρµWλ . (5.21)

The current constraint is automatically satisfied in this case. This is not surprising given
that the Proca field can be thought of as a W boson in a spontaneously-broken U(1) gauge
theory in the Stückelberg formulation.

Explicit computation using the Lagrangian (5.20) yields the amplitude

M
(
1W, 2W, 3h

)
= iε1 ·ε2 p1 · ε3 ε3 ·p2− ip1 ·ε2 ε1 · ε3 ε3 ·p2− ip2 ·ε1 p1 · ε3 ε3 ·ε2 . (5.22)

If we take ε3 = ε−3 , we obtain the amplitude

M(1W, 2W, 3h−) = − i2x
−2[12]2 , (5.23)

in agreement with eq. (3.12). We will not work out the Compton amplitude, since it was
already checked in ref. [118] using Feynman rules that it agrees with the amplitudes (4.2).
That reference also showed that the double copy provides a streamlined method for com-
puting multi-graviton scattering with massive spin-1 vectors, by means of computing the
much simpler quark-gluon diagrams of QCD [118, 168].

5.2.3 Spin 3/2 — massive gravitino

We consider the minimally-coupled theory of a massive spin-3/2 field ψµ ≡ φs=3/2 coupled
to gravity. The Lagrangian can be read off from the minimal part of eq. (5.8), and this is
simply the covariantization of the Rarita-Schwinger Lagrangian,

L =
√
−gψ̄µγµρσ

(
i∇ρ −

1
2mγρ

)
ψσ ≡ Lfree + Le + Lω +O(h2, ηµνhµν) , (5.24)

where

Le = −1
2 ψ̄µ(hµaγaρσ + hρaγ

µaσ + hσaγ
µρa)i∂ρψσ −

m

2 ψ̄µ(hµaγaρ + hρaγ
µa)ψρ ,

Lω = i

8 ψ̄µγ
µρσωabρ [γa, γb]ψσ = i

8 ψ̄µγ
µρσΓabρ[γa, γb]ψσ . (5.25)

Note that, at O(h), there is no difference between the Latin and Greek indices in Le and
Lω, since eµa = δµa at zeroth order. Also note that the above Lagrangian, in the massless
limit, becomes the gravitino Lagrangian in supergravity [169, 170]. The covariant derivative
here is given by

∇µψρ = ∂µψρ + 1
8ω

ab
µ [γa, γb]ψρ − Γλρµψλ , (5.26)

but the last term drops out due to the antisymmetry of γµρσ.
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We wish to computeM(1φ3/2, 2φ̄3/2, 3h), but, having the Compton amplitude in mind,
we can start by keeping the gravitinos off-shell and derive the three-point Feynman rules in
momentum space. The three-point current contribution from Le is given by

− i

2{ε3 · ū2γ(ε3, P, vP ) + ε3 · Pγ(ū2, ε3, vP ) + γ(ū2, P, ε3)ε3 · vP

+mε3 · ū2γ(ε3, vP ) +mγ(ū2, ε3)ε3 · vP }, (5.27)

which for on-shell gravitinos reduces to

i

2ε3 · p1ū2ρ/ε3v
ρ
1 + i

2p3 · ū2/ε3ε3 · v1 . (5.28)

Similarly we can find the contribution from Lω,

i

8 ū2µ(γµεν3 − γνε
µ
3 )f3abγ

aγbvPν , (5.29)

which on-shell reduces to
− i

2ε3 · ū2/ε3p3 · v1 . (5.30)

The graviton is on-shell in all the above expressions. Summing the contributions in
eq. (5.28) and eq. (5.30) yields

M(1φ3/2, 2φ̄3/2, 3h) = i

2ε3 · p1ū2ρ /ε3v
ρ
1 + i

2f3ρσū
ρ
2/ε3v

σ
1 . (5.31)

Assuming ε3 = ε−3 , we have

i

2ε3 · p1ū2ρ /ε3v
ρ
1 + i

2f3ρσū
ρ
2/ε3v

σ
1 = i

x−2

2m [12]3 , (5.32)

matching eq. (3.12). Now we wish to check the property P · J = O(m). We consider the
current Jµ(−P, p2, p3) with two massive gravitinos of momenta −P and p2 and one graviton
of momentum p3. From eq. (5.27) and eq. (5.29) we have:

Jµ (−P, p2, p3) vPµ = i

2

(
f3µν ū

µ
2γ

νε3 · vP − ε3 · p2ū2ρ/ε3v
ρ
P + ε3 · ū2/ε3P · vP

− ε3 · ū2/ε3 /p3/vP −
1
2ε3 · ū2γ

ν
/p3/ε3vPν

)
, (5.33)

where vνP is a reference vector-spinor, and hence:

Jµ(−P, p2, p3)PµvP = im

4 ε3 · ū2(/P +m)/ε3vP , (5.34)

where vP is a reference spinor.
The remaining task is to compute the Compton amplitude, and show that it equals

eq. (4.2). However, this is a standard text-book calculation, equivalent to that of considering
a massive gravitino amplitude in a spontaneously broken supergravity, so we will not do it
explicitly. We use an indirect argument instead. Due to the property (5.34), the gravitino
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propagator is not responsible for any 1/m poles in the amplitude. Any such poles must
come from the longitudinal part of the polarization vectors, at most one 1/m factor for
each external gravitino. Thus the Compton amplitude obtained from the Lagrangian (5.24)
at worst scale as 1/m2. Any local ambiguity of the Compton amplitude must correspond
to a gauge-invariant operator, which on shell is a polynomial in the spinors. For example,
consider a schematic local expression |1〉3|2〉3|3〉4|4]4/m5, which has the correct dimension
at the expense of too many powers of 1/m. Thus eq. (4.2) is the only possible answer
compatible with the Lagrangian (5.24). As can be seen, the Compton amplitudes (4.2) have
in fact no 1/m poles, because in the m→ 0 limit there is a hidden symmetry that protects
it, namely, supersymmetry.

5.2.4 Spin 2 — Kaluza-Klein graviton

In this subsection, we discuss a convenient way to obtain the Lagrangian for a massive
spin-2 field Hµν ≡ φs=2. The starting point is the Einstein-Hilbert action in one dimension
higher,

SEH = −2
∫
d5x
√
−g R . (5.35)

The action is expanded in terms of the graviton field as gµ̂ν̂ = ηµ̂ν̂ + hµ̂ν̂ . Upon dimensional
reduction to four dimensions, the five-dimensional graviton yields a rank-two symmetric
tensor, a vector and a scalar,

hµ̂ν̂ =
{
hµν , aµ ≡ hµ5 , φ ≡ h55

}
. (5.36)

Masses are associated to the five-dimensional components of momenta. Massive and massless
modes can be separated as

hµ̂ν̂ = h0
µν +

∑
m

H(m)
µν . (5.37)

The summation runs over the whole Kaluza-Klein tower of states and involves an infinite
number of massive modes. Having Compton amplitudes in mind, we only keep terms in the
Lagrangian that have two massive fields with equal mass (up to a sign).9 We now indicate
the massive spin-2 fields as Hµν ,Hµν and massive vectors and scalars as Aµ, Āµ and Φ,Φ.

Using the equivalent of the Rξ unitarity gauge, we introduce a gauge-fixing term of
the form

Lgf = −2
ξ

∣∣∣∂νHν
µ − ∂µHν

ν − imξAµ −
1
2∂µΦ

∣∣∣2 − 2
ξ

∣∣∣∂µAµ + 3
2 imH

µ
µ −

i

2mξΦ
∣∣∣2 . (5.38)

Additionally, the spin-2 field is redefined as

Hµν → Hµν + 1
2ηµνΦ . (5.39)

With these, the kinetic term becomes diagonal in the different fields. In the ξ →∞ limit,
vector and scalar become infinitely massive and can be integrated out (in fact, these fields

9Note that this is not a consistent truncation in the conventional sense as general amplitudes from the
truncated Lagrangian cannot be obtained from the full Kaluza-Klein theory by simply inserting projectors
on the external states. However, for the subsector that contains the Compton amplitude, as well as the
multi-graviton generalizations of the Compton amplitude, the truncation can be done consistently.
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contain no physical states, they are pure gauge). By carrying out an explicit calculation,
we find that the Compton amplitude from Kaluza-Klein gravity is reproduced by the
simple Lagrangian

L =
√
−g

(
∇µHνρ∇µHνρ − 2∇νH

ν
µ∇ρHµ

ρ −H
ρ
ρ∇µ∇νHµν −Hρ

ρ∇µ∇νH
µν

−∇µH
ν
ν∇µHρ

ρ −m2HµνH
µν +m2H

µ
µH

ν
ν − 2RµνρσHµρHνσ

)
. (5.40)

This is a complex version of the Fierz-Pauli Lagrangian [171] with the addition of a non-
minimal coupling proportional to the Riemann tensor. It is instructive to consider the case
in which the non-minimal term has a free coefficient,

Lnon-min = −2α
√
−g RµνρσHµρHνσ . (5.41)

A direct calculation of the amplitude at three points leads to

M
(
1H, 2H, 3h−

)
= i

x−2

2m2 [12]4
{

1 + (α− 1)
(

1− 〈12〉
[12]

)2}
. (5.42)

This reproduces the three-point amplitude from Arkani-Hamed, Huang and Huang provided
that α = 1 [100].

The same Lagrangian, up to total-derivative terms, can be obtained by calculating the
longitudinal part of the off-shell current

P νJµν(−P, p2, p3) = i(α− 1)
(
P 2 ε2·ε3+2P ·ε2 P ·ε3

)(
p3·ε2 ε3µ−p3µ ε2·ε3

)
+O(m2). (5.43)

Imposing that the current vanishes as m2 in the m→ 0 limit fixes again α = 1. Starting
with a more general Ansatz in which all terms in the Lagrangian (5.40) have free coefficients,
this condition fixes completely the theory up to terms proportional to the mass.

The Compton amplitude can be calculated using the Feynman rules coming from the
Lagrangian (5.40). But it is easier to use the Kaluza-Klein trick directly on a massless
graviton amplitude. Starting from a covariant four-graviton amplitude, two of the external
momenta are chosen as pµ̂1 = (pµ1 ,m), pµ̂2 = (pµ2 ,−m), and the remaining momenta p3, p4,
as well as all the polarizations, are chosen to only have four-dimensional components.
After plugging in these momenta and polarizations into the amplitude, and converting to
spinor-helicity notation, the answer agrees with eq. (4.2).

5.2.5 Spin 5/2

The Lagrangian for a spin-5/2 field minimally coupled to gravity can be written in terms of
a symmetric tensor-spinor ψµν ≡ φs=5/2 and an auxiliary spinor λ,

e−1Lmin = ψ̄µν(i /∇−m)ψµν + 2ψ̄µνγν(i /∇+m)γρψµρ −
1
2 ψ̄

µ
µ(i /∇−m)ψρρ

− (2ψ̄ρµi∇ργνψµν + 2ψ̄µνγνi∇ρψρµ) + (ψ̄µµi∇ργσψρσ + ψ̄ρσγσi∇ρψµµ)

+m(ψ̄µµλ+ λ̄ψµµ)− 12
5 λ̄(i /∇+ 3m)λ , (5.44)
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where e = √−g and the covariant derivatives are

∇µψρσ = ∂µψρσ + 1
8ω

ab
µ [γa, γb]ψρσ − Γλρµψλσ − Γλσµψρλ , (5.45)

∇µλ = ∂µλ+ 1
8ω

ab
µ [γa, γb]λ . (5.46)

This Lagrangian can be derived from the one by Singh and Hagen [172] via a field redefinition.
The free equations of motion are given by (i/∂ − m)ψµν = γµψµν = ∂µψµν = λ = 0.
In addition, by taking m → 0 in the free Lagrangian one recovers a gauge symmetry
δψµν = ∂(µξν). Note that this is a restricted gauge symmetry, since the spinor-vector
gauge variable ξµ must satisfy the conditions γ · ξ = 0. This implies a modification of the
P · J = O(m) condition in the gravitational current, as we will see shortly.

The propagator can be written as

εµεν∆µν,ρσ
(5/2) ε̄ρε̄σ = i

p2 −m2

(
P(5/2) + (p2 −m2)∆(2)

)
, (5.47)

where for convenience we have contracted the Lorentz indices with auxiliary polarizations,
following the discussion in section 2. The first term of the propagator corresponds to
the on-shell spin-5/2 projector that we computed in that section; we spell it out here in
full detail

P(5/2) =(/p+m)
(
P(1) (ε,ε̄)2 − 1

5P(1) (ε,ε)P(1) (ε̄,ε̄)
)

+ 2
5P(1) (ε,ε̄)

(
/ε+

ε·p
m

)(
/p−m

)(
/̄ε+ ε̄·p

m

)
,

(5.48)
where P(1)(ε, ε′) ≡ ε ·ε′−(ε ·p)(ε′ ·p)/m2 is the spin-1 projector. As expected, the propagator
becomes proportional to the spin-5/2 projector for p2 = m2. The second term depends on
the details of the Lagrangian (5.44), and in our case it is given by

∆(2) =
ε2ε̄2(/p+ 13m)

1280m2 +
ε · p ε̄ · p /ε(/p+ 5m)/̄ε

80m4 −
ε · p ε̄2/ε(/p+ 9m)

160m3 + (ε̄ · p)2ε2

40m3

− (ε̄ · p)2 ε · p/ε
10m4 +

{
ε̄↔ ε, γµ1 · · ·γµn ↔ γµn · · ·γµ1

}
. (5.49)

The ∆(2) term has important implications on the current constraint: contrary to all
the previous cases, not all mass divergences in the propagator come with a factor of pµ
contracting into the vertices. Hence, we might expect a modification of the P · J = O(m)
condition. The correct prescription turns out to be PµJµνvPν = O(m), where vPν is a
reference vector-spinor satisfying γ · vP = 0, recovering the Ward identity for restricted
gauge invariance in the massless limit [120].

Therefore, we wish to add a non-minimal term to the Lagrangian (5.44), such that we
get PµJµνvPν = O(m) with γ · vP = 0. As we will see, this requires [120]

Lnon-min = − 1
m

√
−g ψ̄µρRµνρσψνσ , (5.50)

where Rµνρσ = Rµνρσ − (i/2)γ5ερσαβRµναβ is a gamma-matrix-augmented Riemann tensor,
and Rµνρσ is the standard Riemann tensor. The full Lagrangian is thus given by L =
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Lmin + Lnon-min. Interestingly, the non-minimal term is analogous to the one that appeared
in gauge theory, eq. (5.9), which is consistent with the observed double-copy structure of
the three-point amplitudes.

To check that the above is the theory we want, we start by computing the three-point
amplitude. Note that only the first term in eq. (5.44) contributes, as well as the non-minimal
term, since the others are zero on-shell. The result is

M(1φ5/2, 2φ̄5/2, 3h) = i

2ε3 · p1 ū2µκ/ε3v
µκ
1 + ifκλ3 ū2µκ/ε3v

µ
1 λ −

i

2mfκλ3 ū2µκF
µν
3 v1νλ , (5.51)

where Fµνj ≡ f
µν
j − (i/2)γ5εµνρσfjρσ.

Using the on-shell identity ū2µF
µν
3 v1ν ε1·ε2 ε3·p1=−mū2ρ/ε3v

ρ
1 ε2µf

µν
3 ε1ν , this can be

written as

M(1φ5/2, 2φ̄5/2, 3h) = i

2(ū2ρ/ε3v
ρ
1 −

1
m
ū2µF

µν
3 v1ν)(ε1 · ε2 ε3 · p1 + ε2µf

µν
3 ε1ν)

= − i2A(1φ3/2, 2φ̄3/2, 3A)A(1φ1, 2φ̄1, 3A) . (5.52)

The right-hand side is a product of the amplitudes of eq. (3.2) for spins 1 and 3/2, hence
by double-copy theM(1φ5/2, 2φ̄5/2, 3h) amplitude will match eq. (3.12).

As we did in the spin-2 case, we can also consider a one-parameter family of Lagrangians
where the non-minimal term is given by

Lnon-min = − α
m

√
−g ψ̄µρRµνρσψνσ . (5.53)

In this case, the three-point amplitude is

M(1φ5/2, 2φ̄5/2, 3h) = − i2
x−2

m3 [12]5
{

1 + (α− 1)
(
1− 〈12〉

[12]
)2}

. (5.54)

Then we proceed to checking the PµJµνvPν = O(m) property. The current is easiest written
with indices contracted with an off-shell spinor-tensor vPµν ,

Jµν(−P, p2, p3)vPµν = − i2ε3 · p2 ū
µν
2 /ε3vPµν −

i

2p3µε3ν ū
µν
2 /ε3v

ρ
Pρ + iε3 · ūµ2/ε3P · vPµ

+ 2iε3 · p2 ε3 · ūµ2γ · vPµ − iε3µε3ν ū
µν
2 γσv

ρσ
P p2ρ − iε3 · ūµ2/p3ε3 · vPµ

+ i

2ε3µε3ν ū
µν
2 /p3v

ρ
Pρ − imε3 · ūµ2/ε3γ · vPµ − iε3 · ūµ2/ε3 /Pγ · vPµ

− i

2ε3 · ūµ2/p3/ε3γ · vPµ + ifρσ3 ū2µρ/ε3v
µ
Pσ −

i

2mfµν3 ū2µκF
κλ
3 vPνλ ,

(5.55)

with P = p2 + p3. We should now check the behavior of the current contracted into its
momentum, PµJµνvPν . Let us quote an identity that we need to use,

1
m
fκλ3 Pλū2µκF

µν
3 = fκλ3 fµν3 ū2µκγλ , (5.56)
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Figure 1. Feynman diagram with an exchange of the massive spin-5/2 field.

which is valid for on-shell p2 and p3. This identity follows from the Gram-determinant
expression given in eq. (3.20), and hence it is an identity specific to four dimensions. We
get that the contracted current is

Jµν(−P, p2, p3)PµvPν = − im2 ε3µε3ν ū
µν
2 p2 · vP −

im

4 ε3 · ūµ2/ε3(/p3− 2m)vPµ , (5.57)

provided that the residual off-shell vector-spinor is gamma-tracless, γ · vP = 0. Therefore
the theory satisfies the required current constraint.

All that is left to do is to compute the Compton amplitude. We start from the massive
channel diagrams. The first one is the exchange of the physical spin-5/2 field shown in
figure 1, and it can be computed via the Feynman rules in eq. (5.47) and eq. (5.55). There
are also diagrams involving the auxiliary field λ, shown in figure 2. Here we need the
auxiliary field propagator ∆aux, the three-point current Jaux between the fields {h, ψ, λ},
and the two-point vertex V (2)

aux between ψ and λ.10 These are given below:

∆aux(p) = − 5i
12

/p− 3m
p2 − 9m2 ,

Jaux(−P, p2, p3) = −imε3µε3ν ū
µν
2 v

(λ)
P ,

V (2)
aux(p) = im(ūp)ρρv(λ)

p .

(5.58)

Note that the propagator ∆aux introduces spurious poles; however, these cancel out in the
sum of all diagrams.

Next, we compute the graviton-exchange diagram. This is simpler, since the ψ field is
on-shell and the ψ propagator does not appear. Aside from the usual graviton Feynman
rules, we need the three-point current Jgrav between the fields {ψ̄, ψ, h}, the latter being
off-shell with momentum qµ = −pµ1 − p

µ
2 ,

Jgrav(p1, p2, q) = − i4εq · (p2− p1) ū2µν/εqv
µν
1 + ifµνq ū2µρ/εqv

ρ
1ν −

i

2mfµνq ū2µκF
κλ
q v1νλ . (5.59)

Finally, we need to include the four-point contact diagram, which for our purpose is
easy to do by requiring that we add local terms which restore gauge invariance of the
full amplitude. This is possible to do without mixing in new operators into the contact
terms, because in the current Lagrangian there is only one explicit power of 1/m in the

10The auxiliary-field propagator is simply the inverse of the term quadratic in λ in the Lagrangian. This
is different from eq. (5.47), which is obtained by resumming all auxiliary-field insertions.
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Figure 2. Massive exchange diagrams that involve non-diagonal propagators. The solid line is the
physical spin-5/2 field and the dotted line the auxiliary spin-1/2 field.

vertices, whereas the simplest independent contact operator would be of the schematic
form ψ̄R2ψ/m3. Putting everything together, we obtain the amplitude in eq. (4.5) for
opposite-helicity gravitons, and eq. (4.2) in the same-helicity case. Note that eq. (4.5) is
O(m−6) in the m → 0 limit, whereas ψ̄R2ψ/m3 is O(m−7), hence, as before, the theory
with no R2 contributions has the smallest mass singularity.

The final result is best presented in terms of spinor-helicity notation, and it exactly gives
the two formulae already quoted in eqs. (4.2a) and (4.5) for the equal- and opposite-helicity
cases, respectively. This confirms that the equal-helicity amplitude is not modified by
the contact term that cures the spurious-pole problem of the opposite-helicity Compton
amplitude. Also, by the combined analysis of Lagrangian properties (current constraint and
derivative counting) and the spinor-helicity amplitude properties (little-group weights and
1/m scaling), we can rule our the presence of R2 operators in a well-behaved and hairless
spin-5/2 gauge theory. By “hairless” here we mean that there are no physical properties
(e.g. Wilson coefficients) that characterize the spin-5/2 particle other than its mass, spin
and (zero) charge. We conclude that this Lagrangian is well suited for describing a Kerr
black hole of spin s = 5/2.

5.3 Compton amplitude revisited

Having completed the analysis for Lagrangians and currents, we revisit the construction of
the opposite-helicity Compton amplitudes (4.4) and (4.5). Based on their specific forms one
can infer that there is an alternative route for finding these. Let us start with spin-3/2 gauge
theory. As discussed, the candidate expression (4.1) has a simple pole that is unphysical,
and one can try to proceed naively by subtracting its residue from the original expression.
Of course, whether or not this works, depends on the details of how we choose to write
the residue.
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Omitting some overall factors, and considering general spin, we may write the relevant
pieces of the residue as

lim
[4|p1|3〉→0

N2s
2

t13t14
=

m−2−2sss−1
12 N s

4 s integer ,
m−2−2ss

s−3/2
12 mN2N

s−1/2
4 s half-integer ,

(5.60)

where the Ni variables are defined in eq. (4.3). Since the spin-3/2 amplitude only has a
simple pole, we can remove it by a single subtraction, and get the Compton amplitude

A(1φ3/2, 2φ̄3/2, 3A−, 4A+) = −i N2
[4|p1|3〉

(
N2

2
t13t14

− N4
m4

)
. (5.61)

This expression is now spurious-pole-free (although not manifestly), and by construction
it matches eq. (3.2) on the physical factorization channels, and it has at most a mass
singularity 1/m4. Earlier, we have argued that eq. (4.4) is the unique amplitude with these
properties, and indeed a simple check confirms that the two expressions are equivalent.

We can repeat the same procedure in the case of spin-5/2 gravity, since it also has a
simple pole that is unphysical. Recycling eq. (5.60) for gravity, we construct a new Compton
amplitude that is spurious-pole-free,

M(1φ5/2, 2φ̄5/2, 3h−, 4h+) = i
N2

[4|p1|3〉

(
N4

2
s12t13t14

− N2
4

m6

)
. (5.62)

By construction this expression matches eq. (3.12) on the factorization channels, and it has
a mass singularity of at most 1/m6. These properties are also true for the amplitude (4.5),
and this uniquely identifies the two amplitudes. Indeed, a simple check confirms that the
two expressions are equivalent.

While the amplitudes (5.61) and (5.62) are not related by the usual four-point KLT
formula [61], is interesting to note that there is a clearly visible echo of the double copy in
this way of writing the amplitudes. In fact, before subtracting out the N4/m

4 and N2
4 /m

6

terms, the two amplitudes are exactly related by the four-point KLT formula. However,
the subtraction terms spoils this relation (see ref. [118] for a detailed discussion on this
issue). Since the subtraction terms are also related by a squaring procedure, it may suggest
the existence of a modified double-copy formula that perhaps can be generalized to other
higher-spin Compton amplitudes.

The expressions obtained by a direct subtraction of the simple spurious pole are very
compact, not much more complicated than the BCFW-constructed original ones [100].
It suggest that direct subtraction may be a useful approach; and indeed, it has been
previously used in ref. [105] for general spin, and in ref. [173] for spin-5/2 gravity. We find
agreement with the spin-5/2 Compton amplitude in ref. [173], but not with the corresponding
Compton amplitudes of ref. [105]. We believe that the current condition P · J = O(m)
is a powerful approach with the potential to overcome ambiguities related to subtraction
schemes. Without using the three-point amplitudes (3.2) and (3.12) as input, it provided
an independent derivation of those results up to spin-3/2 gauge theory and spin-5/2 gravity.
Also the new insights presented in this paper establish a link to known theories in the
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higher-spin literature. Since we have the Lagrangian descriptions, it is easy to directly
compute the covariant amplitudes and show that they match the equal-helicity cases eq. (4.1)
and eq. (4.2), as well as the opposite-helicity amplitudes given by the above subtractions.

6 Conclusion

In this work, we used spinor-helicity methods as well as Lagrangian approaches to analyze
amplitudes and currents of massive spin-s particles in gauge theory and gravity. Physically-
motivated conditions on the higher-spin currents uniquely fix the three-point and Compton
amplitudes up to spin 3/2 in gauge theory and up to spin 5/2 in gravity. The three-point
amplitudes agree with those of Arkani-Hamed, Huang and Huang [100], and the Compton
amplitudes we obtain extend their results by eliminating certain spurious poles. By our
combined on-shell and off-shell approach, we learn that the natural higher-spin amplitudes
from ref. [100], which are believed to describe Kerr black holes [17, 104, 105, 110], are
constrained to be compatible with tree-level unitarity arguments.

Tree-level unitarity considerations are important in the higher-spin literature [119, 174],
where Lagrangians are constrained by demanding that off-shell currents obey

∂µJ
µ
∣∣∣
traceless

= O(m) . (6.1)

We used this condition together with standard physical assumptions on higher-derivative
operators to show that Lagrangians are uniquely determined up to spin 3/2 in the gauge
theory and spin 5/2 in gravity. Crucially, the Lagrangians for the higher-spin fields are
assumed to contain the lowest number of derivatives for which there exists a solution to the
current constraint. This implies that there is little room for new higher-derivative operators
to contribute at higher multiplicity, since the derivative counting prevents them from mixing
with the terms already included.

The restriction on the number of derivatives rules out, for example, interaction terms
proportional to F 2 in spin s ≤ 3/2 gauge theory, as well as R2 terms in spin s ≤ 5/2 gravity.
Such interaction terms would correspond to independent contact terms at four points, and,
if included in the Lagrangians, they would likely come with their own independent Wilson
coefficient. In the situation in which we aim at describing objects whose only invariant
attributes are mass, spin and charge, the expectation is that such Wilson coefficients
are not needed. For example, recently it has been shown that Kerr black holes are best
described by a vanishing Love number [175–178], which controls the tidal deformability
via R2 interactions. While the details may be different, this result is in line with our
general conclusions.

We note that the Compton amplitudes and Lagrangians up to spin 2 in gravity and
spin 1 in gauge theory correspond to familiar theories. They can all be obtained from the
corresponding minimally-coupled massless five-dimensional theories, by compactifying to
four dimensions and keeping the lowest massive Kaluza-Klein mode as well as the graviton
or the photon (in the gravity or gauge-theory case, respectively). We illustrated this
in detail for the case of massive spin 2, which gives a Kaluza-Klein graviton described
by a non-minimally coupled Lagrangian. The truncation is straightforward for tree-level
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theory coupling Compton Lagrangian P · J

spin-3/2 gauge
min m−4 1 1

generic m−6 m−1 1
special m−4 m−1 m

spin-5/2 gravity
min m−6 1 1

generic m−8 m−1 1
special m−6 m−1 m

Table 1. Details of the m→ 0 scaling for the parallel cases of spin-3/2 gauge theory and spin-5/2
gravity. Minimal coupling is compared with generic or special non-minimal couplings linear in the
field strength. The special theories satisfy the current constraint, with non-minimal couplings (5.9)
and (5.50). Note that the longitudinal components of the polarizations dominate the behavior of
the Compton amplitudes.

amplitudes with two massive and n−2 massless states. As a further practical simplification,
massive spin-2 and spin-3/2 gravity theories can be obtained as double copies of spin-1
gauge theory (spontaneously-broken Yang-Mills theory) with itself [147] or with massive
spin-1/2 gauge theory [145, 146], respectively. The same holds for lower spin, massive spin-1
gravity can, for example, be obtained via the square of QCD [168]. See also refs. [118, 166],
where the double-copy connection to low-spin Kerr black holes was first discussed in some
detail. Altogether, this suggests an efficient route for obtaining massive spin s ≤ 2 tree
amplitudes with any number of gravitons: recycle the corresponding massless spin s ≤ 1
gauge theory amplitudes and use the double copy together with compact momentum for
the mass parameter; see e.g. refs. [167, 179] for such calculations.

Let us further elaborate on the validity of our four-point results for s = 5/2 gravity
and s = 3/2 gauge theory. As mentioned, the current-constraint method permits us to
resolve the contact-term ambiguity [100] in the opposite-helicity Compton amplitude, giving
a unique result up to spin 5/2. Furthermore, our covariant amplitude exactly reproduces
the spurious-pole-free equal-helicity Compton amplitude that was obtained through BCFW
on-shell recursion in ref. [118], and thus this is a strong check that our approach is consistent.
As a further supporting argument, we note that the same corrected Compton amplitudes
have recently appeared in the appendix of ref. [173], where an approach was used that
relied on improving the amplitude behavior in the m → 0 limit. While this approach
can naively be suspected to be related to the current constraint method, there is a clear
distinction if we look at the general behavior of different deformed Lagrangian theories.
Table 1 summarizes the interesting m → 0 behavior of some of quantities that we have
considered. It is interesting to note that the minimally-coupled theories and the special
theories (i.e. the theories studied in this work) have equally good behavior in the m→ 0
limit for the Compton amplitude, whereas a generic deformation linear in the field strength
has worse behavior. At the Lagrangian level, the special theories look worse than the
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minimally-coupled theories, but the special theories shine when it comes to the current
constraint, which is necessary for tree-level unitarity.

Beyond s > 5/2 gravity (and s > 3/2 gauge theory), our method constrains the
tree-point amplitudes such that they are compatible with the ones in ref. [100]; however,
they are no longer unique. One can, of course, impose by hand agreement at three points,
but the non-uniqueness hints that the problem of fixing contact-term ambiguities for
Compton amplitudes may become harder starting with spin-3 gravity (and spin-2 gauge
theory). We also observe that for these spins the straightforward derivative counting, implied
by the counting for three-point amplitudes, leads to a proliferation of new higher-point
higher-derivative operators, assuming that no further considerations forbid them.

In this paper, we have developed an extended version of the massive spinor-helicity
formalism [100], optimized for complicated calculations involving higher-spin asymptotic
states. We use auxiliary parameters to soak up the free little-group indices of the higher-spin
states, which implies that any such state is an ordinary product of elementary spin-1/2
and spin-1 polarizations. The on-shell conditions (symmetric, traceless, transverse) are
automatic and the amplitudes become polynomials that are easy to manipulate. With this
notation, we can write down general analytic functions of the spinors and polarizations,
as we demonstrate by writing down two all-spin generating functions for the covariant
three-point amplitudes.

The massive spinor-helicity formalism [100] has provided both valuable insights and
practical means for new calculations, which bode well for the future. The treatment of spin
effects is instrumental for understanding gravitational radiation from astrophysical black
holes, and applying amplitude methods to calculations is a powerful complement to more
traditional approaches [55, 71–80, 82–98]. A natural next step is to use the amplitude (4.5)
for computing observables for binary black-hole scattering (or bound systems). These
could in turn be compared to the EFT results in the literature that include spin effects,
or to standard General Relativity considerations where the Kerr metric is systematically
perturbed using the framework of the Teukolsky equation. Alternatively, closer to the
amplitudes approach, it would be interesting to compare calculations using the Lagrangians
given here to those obtained through the general-spin EFT of ref. [142], which has a more
straightforward classical limit.

A promising direction for follow-up work is to systematically extend our work beyond
spin 5/2. The long-term goal of this line of research is to find a Lagrangian description for
any spin s, which can produce the correct tree amplitudes for a Kerr black hole scattering
against n−2 gravitons. The first attempt in this direction used BCFW recursion to compute
the spin-s Compton amplitudes, which gives spurious poles for higher-spin particles [100].
The elimination of such spurious poles introduces in turn a proliferation of contact-term
ambiguities [105], many of which may contribute to the classical limit. The methods
presented here provide a new strategy for constraining such ambiguities.

The rationale behind the P · J = O(m) constraint comes from an EFT picture where
the interactions of the massive higher-spin fields are demanded to be consistent up to an
improved cutoff. In this regard, it was originally introduced as a necessary condition for
restoring tree-level unitarity [119, 174] in the minimally-coupled theories. The constraint
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can be also thought of as the requirement that the higher-spin gauge symmetry of the
free theories is restored in the m→ 0 limit, even if this limit is not expected to exist for
finite-spectrum theories. It is unclear why these considerations are relevant to classical
black-hole scattering. Indeed, the appropriate kinematical limit that one considers for
classical black-hole EFT calculations is very different from the one probing the high-energy
properties of a subatomic theory. A better understanding of this issue may uncover a deeper
connection between black holes and high-energy properties of higher-spin theories.

Since the current condition P · J = O(m) is expected to be valid in any theory that
respects tree-level unitarity, and certainly valid in a consistent theory of quantum gravity,
it would be useful to compare to known consistent theories that have massive higher-spin
excitations. An obvious candidate is string theory, which contains a multitude of different
massive states of the same spin. Initial checks show that three-point amplitudes in string
theory differ from eq. (3.12) for higher spins, and thus further work is needed to study how
string theory can be of assistance. Further work is ongoing, and we hope that additional
physical requirements, to be imposed on amplitudes, currents and Lagrangians, will point us
in a direction that ultimately fully constrains the classical Kerr black hole scattering process.

Note added. During the completion of this work, an updated version of ref. [173] appeared
that contains an equivalent spin-5/2 Compton amplitude to the one obtained here.
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A More on spinor-helicity, conventions and identities

We work in mostly-minus signature ηµν = diag(1,−1,−1,−1). Massless Weyl spinors satisfy
the identities

|k]〈k| = k · σ̄ ,
|k〉[k| = k · σ ,

k · σ|k] = k · σ̄|k〉 = 0 ,

kµ = 1
2〈k|σ

µ|k] ,

(A.1)
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where kµ is a massless momentum. Similarly, for massive momentum p2 = m2, massive
Weyl spinors satisfy the identities

p · σ|pa] = m|pa〉 ,
p · σ̄|pa〉 = m|pa] ,
|pa〉[pa| = εab|pa〉[pb| = p · σ ,
|pa]〈pa| = εba|pa]〈pb| = p · σ̄ ,

|pa〉α〈pa|β = mδβα ,

|pa]α̇[pa|β̇ = mδα̇
β̇
,

[papb] = −〈papb〉 = mεab ,

pµ = 1
2〈p

a|σµ|pa] ,

(A.2)

where a, b = 1, 2 are the SU(2) little-group indices, and εab is the antisymmetric Levi-Civita
tensor with normalization ε12 = ε21 = 1. The indices α, β = 1, 2, α̇, β̇ = 1, 2 are left and
right SU(2) indices of the Lorentz group.

Dirac spinors for particles and antiparticles can be written as

ua(p) =
(
|pa〉
|pa]

)
, ūa(p) =

(
〈pa| , −[pa|

)
,

va(p) =
(
|pa〉
−|pa]

)
, v̄a(p) =

(
〈pa| , [pa|

)
.

(A.3)

The Dirac spinors are related by va(p) = ua(−p) and v̄a(p) = ūa(−p), given that we use
the standard convention for extracting an overall momentum sign out of the spinors

|−pa〉 = |pa〉 , |−pa] = −|pa] . (A.4)

This rule guarantees that the spinor-helicity variables behave well under global transforma-
tions (P,T) of the Lorentz group. The completeness relation for the ua and va spinors are

ua(p)ūa(p) = /p+m, va(p)v̄a(p) = /p−m. (A.5)

The boldface notation for massive spinors mean that we have soaked up the little-group
indices using auxiliary variables za,

|p] = |pa]za , |p〉 = |pa〉za . (A.6)

It allows us to define massive (p2 = m2) and massless (k2 = 0) polarization vectors as follows:

ε(p) =
√

2 |p〉[p|
m

, εµ(p) = 〈p|σ
µ|p]√

2m
,

ε+(k, q) =
√

2 |q〉[k|
〈q k〉

, εµ+(k, q) = 〈q|σ
µ|k]√

2 〈q k〉
,

ε−(k, q) =
√

2 |k〉[q|[k q] , εµ−(k, q) = 〈k|σ
µ|q]√

2 [k q]
,

(A.7)
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where q is an arbitrary reference null vector. The polarizations are null vectors εµεµ = 0,
εµ±ε

±
µ = 0, and the normalization is εµ+ε−µ = −1.
The Dirac spinors in boldface notation are

u(p) =
(
|p〉
|p]

)
, ū(p) =

(
〈p| , −[p|

)
,

v(p) =
(
|p〉
−|p]

)
, v̄(p) =

(
〈p| , [p|

)
,

(A.8)

where the bared Weyl spinors are defined as |p〉 = |pa〉z̄a, |p] = |pa]z̄a. For real momentum,
with E > 0 and m2 > 0, they are related to the unbarred spinors as |p〉 =

(
[p|
)† and

|p] = −
(
〈p|
)†. The auxiliary variables satisfy (za)∗ = z̄a, (za)∗ = −z̄a under complex

conjugation. Together this implies that the Dirac conjugates are related in the standard
way, ū = u†γ0 and v̄ = v†γ0.

Note that the z variables simply describe outgoing particles, and z̄ variables describe
incoming particles. If amplitudes are computed in the out-out formalism, they will only be
functions of z’s. Conversely, if the in-in formalism is used, the amplitudes will be functions
of only z̄’s. We use the former, hence only z-dependent spinor-helicity variables appear in
the amplitudes of this paper. Note that this interpretation explains why all inner products
between identical massive states are zero, e.g. 〈p p〉 = 0, [p p] = 0 and εµεµ = 0. Since
the massive states considered in this paper are complex (charged) they can only have a
non-zero overlap with the CPT conjugate states, hence it follows that 〈p p〉 6= 0, [p p] 6= 0
and εµε̄µ 6= 0.

We define the x-factor for three-point amplitudes (with momenta satisfying p2
1 = p2

2 =
m2 and (p1 + p2)2 = p2

3 = 0) as follows:

x = i
〈q|p1|3]
m 〈q 3〉 = i

m [q 3]
〈3|p1|q]

,

√
2i
m

ε±3 · p1 = x±1 ,

(A.9)

and we give the following useful formulae, valid at three-point and assuming ε3 = ε−3 :

[13] = ix〈13〉 ,
[23] = −ix〈23〉 ,

x〈23〉〈31〉 = im(〈21〉 − [21]) ,
ε2 · ε1 = 〈12〉[21]/m2 ,

f3ρσερ2εσ1 = ix−1(〈12〉[21] + [12]2)/
√

2m,

iū2 /ε3v1 =
√

2x−1[12] .

(A.10)

When studying Compton scattering, we will use massive momenta p1, p2 and massless
momenta p3, p4 with the following Mandelstam variables:

s12 = (p1 + p2)2 = 2p3 · p4 ,

t13 = (p1 + p3)2 −m2 = 2p1 · p3 ,

t14 = (p1 + p4)2 −m2 = 2p1 · p4 ,

(A.11)

which satisfy s12 + t13 + t14 = 0.
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Our gamma matrices are in the Weyl basis,

γµ =
(

0 σµ

σ̄µ 0

)
, (A.12)

and we define the higher-rank matrices as γµ1µ2···µn = γ[µ1γµ2 · · · γµn], where the antisym-
metrization includes an 1/n! factor. Using γ5 = iγ0γ1γ2γ3 = −iγµνρσεµνρσ, we list some
gamma matrix identities that were convenient in our calculations,

γabcγc = 2γab ,
γabγb = 3γa ,
γabcAc = γab /A− 2γ[aAb] ,

γ(A,B,C) ≡ γabcAaBbCc = /A/B /C −A ·B /C −B · C /A+A · C /B ,
γ(A,B) ≡ γabAaBb = /A/B −A ·B .

(A.13)

Finally, the four-dimensional fully-antisymmetric Levi-Civita tensor εµνρσ is normalized
such that ε0123 = 1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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